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PREFACE 


The  following  pages  are  primarily  intended  to  form  a  text-book 
suitable  for  a  student  who  is  already  familiar  with  the  very 
elements  of  the  subject.  Nevertheless  it  is  hoped  that  the  refer- 
ences to  the  most  elementary  parts  of  the  subject  are  sufficiently 
full  to  prevent  the  necessity  of  the  reader  having  to  refer  to  any 
other  book.  It  has  been  the  aim  throughout  to  make  the  de- 
monstrations of  the  various  propositions  considered  as  elementary 
as  possible.  Thus  a  knowledge  of  the  elements  of  algebra  and 
Euclid  and  of  the  meaning  of  the  trigonometrical  ratios  is  all  that 
is  assumed.  Those  sections  which,  on  account  of  their  difficulty 
or  less  importance  as  far  as  the  sequence  of  the  subject-matter 
is*  concerned,  may  well  be  omitted  on  a  first  reading,  have  been 
marked  with  an  asterisk. 

The  settling  of  the  order  in  which  the  various  branches  should 
be  studied  is  a  matter  of  some  difficulty.  Thus  the  strictly  logical 
order,  or  at  any  rate  the  order  which  is  most  suitable  from  the 
standpoint  of  the  nature  of  the  phenomena  dealt  with,  is  often 
unsuitable  in  an  elementary  text- book.  In  such  a  work  it  is  of 
the  utmost  importance  that  vary  little,  if  anything,  should  be 
taken  for  granted  on  account  of  the  proof  being  postponed.  The 
necessity  for  adopting  an  arrangement  in  which  everything  taken 
for  granted  in  any  section  has  been  proved  in  the  preceding 
sections,  has  been  forced  on  me  during  my  teaching  work,  at  any 
rate  for  Elementary  students.  Thus  in  the  following  pages,  in 
deciding  on  the  order  in  which  the  subjects  are  dealt  with,  the 
question  of  the  most  convenient  sequence  from  the  point  of 
exposition  has  been  considered  of  paramount  importance. 
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Preface 


As  no  text-book  can  take  the  place  of  experimentally  illus- 
trated lectures  and  of  practical  work  in  the  laboratory,  no  attempt 
has  been  made  to  describe  experimental  illustrations  of  the  various 
.  phenomena.  For  the  same  reason  the  figures  are  entirely  dia- 
grammatic in  character,  and  are  not  intended  as  pictures  of 
apparatus,  &c. ;  the  object  of  the  figures  being  to  elucidate  the 
text  and  not  to  take  the  place  of  the  actual  apparatus.  In  the 
preparation  of  the  cuts  I  have  received  great  assistance  from 
Mis  5  M.  Reeks,  who  has  taken  great  pains  with  the  drawings,  and 
in  many  cases  has  succeeded  in  making  a  clear  and  instructive 
diagram  from  very  sketchy  materials. 

In  conclusion  I  have  to  thank  my  colleague,  Mr.  S.  W.  J. 
Smith,  M.A,  for  kindly  looking  through  the  section  dealing  with 
electrolysis,  and  for  many  valuable  suggestions. 


PREFACE 

TO  THE  SECOND  EDITION 

I  AM  sorry  to  say  that  in  the  first  edition  there  were  a  very  much 
larger  number  of  typographical  and  other  errors  than  I  had  hoped. 
I  wish  to  tender  my  sincere  thanks  to  those  correspondents  who 
have  been  so  good  as  to  send  me  lists  of  errata.  In  this  edition 
I  hope  I  have  corrected  all  the  errors  of  any  importance. 

W.  W. 

October  190a 


PREFACE 

TO  THE  THIRD  EDITION 

In  this  edition  some  additions  have  been  made  to  the  text  where  the 
treatment  seemed  inadequate,  and  a  set  of  Examples  and  Questions, 
arranged  according  to  the  chapters,  has  been  added.  It  is  hoped 
that  the  answers  are  correct,  as  they  have  been  checked  by  Mr. 
W.  S.  Tucker,  to  whom  the  author  wishes  to  express  his  thanks.  Any 
reader  who  discovers  any  mistakes  will  confer  a  great  favour  by 
sending  a  note  of  such  errors  to  the  publishers  or  author. 

W.  W. 
January  1902. 
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BOOK   I 

MECHANICS   AND  PROPERTIES  OF  MATTER 

PART    I— INTRODUCTORY 
CHAPTER  I 

MATTER  AND  ENERGY 

L  Province  of  Physics.— As  a  result  of  the  observations  and 
ezpeaiments  made  during  many  generations  we  are  led  to  make  certain 
assumptions  or  axioms  which  state  that  the  physical  universe  has  an 
objective  existence,  and  that  wc  are  made  acquainted  with  it  solely  by 
means  of  our  senses^  If  further  we  give  the  name  M///^  to  that  with  the 
objective  existence  of  which  we  are  acquainted  by  our  senses,  then  it 
follows  that  m  the  physical  universe  there  arc  only  two  classes  of  things  ; 
to  these  the  names  Afa/fcr  and  Ener^  arc  given.  Time  and  space,  and 
many  other  quantities,  such  as  Number,  Velocity,  Position,  Temperature, 
&c,  are  not  things. 

It  will  probably  be  allowed  at  once  that  every  form  of  maitcr.  />.  a 
stone,  a  drop  of  water,  the  air,  &c.,  has  objective  existence  ;  the  most 
powerful  argument  in  favour  of  this  belief  being  the  fact  that  all  experi- 
ments have  shown  that  under  no  circumstance  whatever  can  we  alter  the 
quantity  of  matter.  This  result  of  experience,  which  is  a  fundamental 
assumption  in  all  quantitative  chemical  experiments,  is  generally  referred 
to  as  the  Ccnsert'aiion  of  Matter. 

The  statement  that  energy  has  an  objective  existence  is,  however,  one 
which  is  not  so  readily  accepted  ;  in  fact  its  acceptance  by  scientific  men 
only  dales  back  a  comparatively  short  time.  Experiments,  with  which 
we  shall  deal  later  on,  have  however  shown  that  energy,  like  matter,  is 
indestructible  and  uncreatable  by  man.  The  objective  existence  is,  as 
Professor  Talt  has  pointed  out,  virtually  admitted  in  a  curious  way  by  its 
being  advertised  for  sale,  it  being  quite  common  in  manufacturing  centres 
lo  see  the  notice  **  Spare  Power  to  Let."     Again,  water  under  a  great 
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pressure  is  supplied  for  the  purpose  of  working  hydraulic  lifts,  &c.,  and 
since  the  price  paid  for  a  given  quantity  of  water  is  in  these  circum- 
stances much  higher  than  that  for  which  the  same  quantity  of  water 
would  be  obtained  at  such  pressures  as  are  found  in  the  ordinar)'  supply 
mains,  we  infer  that  the  purchaser  thinks  he  is  buying  some  "thing" 
besides  the  matter  of  which  the  water  is  composed. 

From  the  foregoing  considerations  we  arc  led  to  define  Physics  in  its 
most  general  aspect  as  a  discussion  of  tht  properties  of  matter  and 
energy.  It  is,  however,  usual  to  restrict  somewhat  thr  definition  so  as  to 
exclude  the  discussion  of  those  properties  of  matter  \vhich  depend  simply 
on  the  nature  of  the  different  forms  of  matter  (Chemistry),  as  also  the  pro- 
perties of  matter  and  energy  as  related  to  living  things  (Biology).  The 
line  of  demarcation  separating  Physics  an*!  Chemistry  has  never  been 
very  clear,  and  of  late  years  has  practically  vanished.  ■ 

2.  Matter.  ^ — Of  the  numerous  definitions  of  matter  which  have  from  ■ 
lime  to  time  been  given,  we  may  at  present  adopt  the  following  :  Matter 
is  that  which  can  occupy  space.  This  deHnition  does  not  attempt  to 
stale  what  matter  /V,  it  only  gives  us  a  working  definition,  which  in  the 
present  state  of  our  knowledge  as  to  the  ultimate  structure  of  niatter  is 
all  that  can  be  done. 

We  may  speak  of  a  limited  portion  of  matter  as  a  body,  and  of  matter 
of  a  certain  deiiniie  kind  as  a  substance.  Thus  water,  sugar,  air,  lead, 
are  all  matter,  since  they  all  occupy  space  or  have  dimensions.  Since 
each  of  these  things  is  a  special  kind  of  matter  possessing  distinct 
properties,  they  each  form  a  distinct  substance.  A  drop  of  water,  a 
lump  of  sugar,  the  air  enclosed  in  a  given  vessel,  is  each  an  example  of 
a  body. 

8.  Enerficy.— Energy  may  be  defined  as  the  capacity  of  doing  work,       ^ 
where  by  work  we  mean  the  act  of  producing  a  change  of  the  state  of     ■ 
matter  against  a  resistance  which  opposes  any  such  change.     The  real 
meaning  of  this  definition  will  be  made  clearer  when  we  come  to  con- 
sider the  various  forms  in  which  energy  can  exist. 

4.  General  Maxim  of  Physical  Science.— There  is  a  maxim  to 
the  effect  that  the  same  cause  will  always  produce  the  same  effects, 
which  is  at  the  foundation  of  all  our  investigations  in  Physical  Science. 
Since  no  event  ever  happens  more  than  once,  it  is  evident  that  the  causes 
and  effects  spoken  of  above  cannot  be  the  same  in  all  respects.  What  is 
meant  is  that  if  the  causes  only  differ  as  regards  the  absolute  time  and 
place  at  which  the  event  we  are  considering  occurs,  so  the  effects  will 
also  only  differ  as  regards  the  absolute  time  and  place.  In  order  to  meet 
this  defect  in  the  maxim,  Maxwell  has  proposed  to  substitute  the 
following :  '*  The  difference  l^etween  one  event  and  another  does  not 
depend  on  the  mere  difference  of  the  times  or  the  places  at  which  ihey 
occur,  but  only  on  differences  in  the  nature,  configuration,  or  motion  of 
the  bodies  concerned. 
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It  follows  that  if  a  certain  event  has  happened  under  a  certain  definite 
set  of  conditions,  then  if  at  any  time  exactly  the  same  conditions  again 
arise,  a  similar  event  must  necessarily  follow. 

The  belief  in  the  truth  of  this  maxim  is  at  the  foundation  of  all  experi- 
ments, for  an  experiment  is  simply  the  artificial  arrangement  of  certain 
causes,  so  that  we  may  determine  how,  when  one  or  more  of  the  causes 
is  inoperative,  the  event  differs  from  that  observed  when  all  the  causes 
ordinarily  present  are  effective.  If,  then,  by  experiment  we  find  that 
certain  causes  are  allied  to  certain  effects,  we  feel  sure  that  the  same 
causes  and  the  same  effects  will  always  be  allied ;  while  if  in  any 
experiment  the  effect  observed  varies  when  we  keep  constant  all  the 
causes  that,  as  far  as  we  know,  are  operative,  then  we  may  at  once 
assume  that  there  is  some  other  cause  besides  those  we  have  taken  into 
account  which  is  varying  and  causing  the  variation  in  the  effects ;  and 
it  is  by  investigating  such  causes  that  our  knowledge  of  nature  is  gradu- 
ally extended. 


CHAPTER    II 


PHYSICAL    QUANTfTIES  AND   MEASUREMENTS 


5.  Physical  Magnitudes. — Although  in  some  cases  we  may  not  be 
able  to  measure  iL  with  any  great  accuracy,  every  physical  quantity  has 
a  certain  definite  magnitude.  Wliatever  the  nature  of  the  physical  quan- 
tity may  be,  we  employ  to  measure  its  ma>*nitude  a  certain  fixed  amount 
of  the  sttftttf  kind  of  physical  quantity,  which  we  call  the  //«//  of  that  par- 
ticular quantity.  The  given  quantity  is  then  said  to  be  equal  to  so  many 
times  the  unit. 

Thus,  in  order  to  measure  the  magnitude  of  a  given  length,  we  lake 
as  our  unit  some  standard  length,  say  the  yard,  and  then  find  how  many 
limes  this  length  will  go  inlo  the  given  length.  Say  it  goes  jr  times, 
where  x  may  be  a  whole  number  or  a  proper  or  improper  fraction,  then 
the  given  length  is  said  to  l>e  .r  yards.  We  see,  therefore,  that  the  com- 
plete statement  of  the  result  of  a  measurement  of  a  physical  quantity 
consists  of  two  parts  ;  first,  a  pure  number,  called  the  numeric,  which 
states  the  number  of  times  the  unit  is  contained  in  the  given  quantity  ; 
and,  second,  the  name  of  the  unit  which  has  been  employed.  Every 
statement  of  the  magnitude  of  a  physical  quantity  must  consist  of  these 
two  parts,  or  iL  will  be  ambiguous.  Thus  if  we  were  to  say  that  a  certain 
length  was  three,  it  would  be  uncertain  whether  we  meant  three  inches, 
or  three  feet,  or  three  miles,  &c. 

6.  Units. — Since  the  magnitude  of  every  physical  quantity  has  to  be 
measured  in  terms  of  a  unit  of  its  own  kind,  it  follows  that  there  will 
be  as  many  units  as  there  arc  different  kinds  of  physical  quantities  to 
be  measured. 

As  great  inconvenience  would  be  caused  if  different  people  used  in 
their  measurements  different  units,  the  magnitude  ot  the  unit  has  in 
most  cases,  either  by  usage  or  by  law,  been  agreed  upon.  Such  a  unit 
is  generally  called  a  standard  unit. 

7.  Fundamental  and  Derived  Units.— The  magnitude  of  the  unit 
chosen  in  every  case  may,  if  we  like,  be  quite  arbitrary,  and  in  feet 
until  a  comparatively  recent  time  this  was  so.  The  advances  of  physical 
science  have,  however,  shown  that  there  are  certain  relations  which  exist 
between  different  kinds  of  physical  magnitudes,  and  that  by  selecting 
the  units  in  a  certain  number  of  cases  it  is  possible,  by  making  use  of 
these  relations,  to  fix  the  magnitude  of  the  units  for  the  rest  of  the 
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physical  quantities.  The  units  wluch  are  thus  chosen  as  the  basis  for 
our  system  of  units  are  c'A.\Xcd /utt.fatnenial  uniLs^  while  those  units,  for 
the  ddcimination  of  the  maKniiude  of  which  we  make  use  of  the  rela- 
tions which  exist  between  the  physical  quantity  in  question  and  the 
fundamental  units,  are  called  derixfcd  units. 

The  physical  quantities  which  are  inosi  commonly  employed  as  funda- 
mental units  are  those  of  length,  nuiss,  and  time,  although  energy  or 
force  is  sometimes  employed  as  a  fundamental  unit  in  place  of  mass, 
lo  cither  case  it  is  found  that,  with  a  few  exceptions  whith  are  probably 
caused  by  our  ignorance  of  the  true  nature  of  the  phenomena  considered, 
and  which  will  be  referred  to  later,  it  is  possible  to  fix  the  magnitude  of 
the  unit  to  be  employed  in  the  case  of  all  other  physical  quantities  when 
we  have  fixed  the  value  of  these  three  fundamental  units. 

As  cxaniples  of  fundamental  units  we  may  take  the  yard,  which  is 
one  of  the  British  standard  units  of  length,  or  tJie  second,  which  is  the 
amt  of  lime.  The  gallon  and  pint,  which  are, used  as  units  of  volume, 
have  no  connection  with  tlie  unit  of  length.  If,  however,  we  take  as  our 
unit  the  volume  of  a  cube,  of  which  each  edge  is  of  unit  length,  then  there 
is  a  direct  connection  between  the  unit  of  volume,  which  is  in  this  case  a 
derived  unit,  and  the  unit  of  length,  a  fundamenial  unit.  Again,  the  velo- 
city with  which  light  traverses  interstellar  space  is  sometimes  taken  as 
the  unit  of  velocity  ;  this  unit  has  no  direct  connection  with  the  units  of 
length  and  time.  If  the  unit  velocity,  however,  is  dcfmcd  as  such  that 
a  body  travelling  with  this  velocity  passes  over  the  unit  of  length  in  the 
unit  of  time,  then  we  have  a  direct  connection  between  these  three  units, 
so  thai  being  given  the  magnitude  of  the  two  fundamental  units  of  time 
and  of  length,  wc  can  at  once  say  what  is  the  unit  of  velocity. 

S.  Absolute  Systems  of  Units.— A  system  of  units  in  which  certain 
units  are  chosen  as  fundamental,  and  all  the  others  are  dcrivea  units  con- 
nected with  these  by  fixed  physical  relations,  is  called  an  absolute  system; 
measurements  made  in  terms  of  these  tinits  being  said  to  be  in  absolute 
units.  The  word  absolute  is  sometimes  used  in  a  slightly  different  sense, 
rv,  as  an  antithesis  lo  relative.  For  example,  if  a  velocity  is  measured 
by  comparing  it  w  ith  some  known  velocity,  we  are  said  to  make  a  relative 
measurement.  If,  however,  the  velocity  is  measured  by  determining  the 
Irngth  passed  over  by  the  body  in  the  unit  of  time — i.t.  if  the  quantities 
we  actually  measure  are  the  fundamental  quantities,  length  and  lime — 
wc  are  said  to  make  an  absolute  measurement.  It  must  be  carefully 
borne  in  mind  that  the  word  altsoluie  has  here  no  reference  whatever  lo 
tiic  accuracy  or  inaccuracy  of  the  observations. 

The  term  "absolute  system  of  units"  was  first  introduced  by  tiauss 
tn  X^l"^  in  connection  with  his  measurements  of  the  strength  of  the  earth's 
magnetic  field  at  Cbtlingen.  Instead  of  measuring,  as  had  been  done 
up  to  that  dale,  this  quantity  in  terms  of  the  strentjth  of  the  earth's  field 
ac  some  fixed  place  (such  as  London)  taken  as  the  unit,  Gauss  expressed 
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it  in  terms  of  the  tinits  of  length,  mass,  and  time,  and  thus  the  value  of 
the  unit  did  not  change  as  the  strength  of  the  earth's  field  changed  at 
the  standard  place,  as  was  the  case  before. 

There  are  several  absolute  systems  of  units  possible  according  (1) 
to  what  we  take  as  the  fundamental  units,  (2}  to  the  magnitude  we 
adopt  for  the  fundamental  units  chosen,  (3)  to  the  physical  relation  wc 
employ  for  obtaining  the  derived  units  from  the  fundamental  units.  Thus 
we  may  take  as  our  fundamental  units  those  of  length,  mass,  and  time, 
or  of  length,  force,  and  time,  or  of  length,  energy,  and  time,  or  lengjth, 
mass,  and  force,  &c.  &c.  Again,  we  may  take  as  our  unit  of  length  the 
yardj  the  inch*  the  mile,  or  the  metre.  Finally,  we  might  define  the  unit 
of  volume  as  the  volume  of  a  cube,  each  edge  of  which  is  of  unit  length, 
or  as  the  volume  of  the  sphere  whose  radius  is  of  unit  length. 

With  the  exception  of  the  electrical  units,  it  is  with  reference  to  the 
first  two  of  these  three  possible  modes  of  variation  that  all  practical 
absolute  systems  differ  amongst  themselves.  By  far  the  most  usual 
system  in  all  physical  investigations  is  that  in  which  the  fundamental 
units  arc  those  of  length,  mass,  and  time,  and  in  which  the  unit  of  length 
is  the  centimetre,  the  unit  of  mass  the  gram,  and  the  unit  of  time  the 
second.  This  system  is  referred  to  as  the  c.^i^.s,  (centimetre,  gram,  second) 
system.  This  is  the  system  that  will  be  almost  exclusively  .used  in  this 
volume,  though  occasionally,  where  there  arc  other  units  in  common  use, 
they  will  be  referred  to,  in  order  to  familiarise  the  reader  with  the  actual 
magnitude  of  the  i.i(.s.  units. 

An  absolute  system,  which  till  quite  lately  was  employed  in  all 
English  Obserx'aiories,  and  is  in  fact  still  employed  in  some,  is  that  in 
which  the  unit  of  length  is  the  foot,  the  unit  of  mass  the  grain,  and  the 
unit  of  lime  the  second.  Again,  the  foot,  the  pound,  and  the  second  arc 
sometimes  Cchiefly,  let  it  be  said,  in  text-books  on  mechanics,  and  in 
examination  papers)  used  as  the  fundamental  units. 

A  more  important  system  of  absolute  units  is  that  in  which  the  funda- 
mental  units  arc  those  of  length,  force,  and  time,  for  this  system,  which 
will  be  referred  to  later  as  the  gravitational  system,  is  almost  exclusively 
used  by  engineers  {at  tmy  raff  in  this  country). 

Finally,  there  is  the  system,  supported  by  Ostwald,  in  which  the  funda- 
mental units  are  those  of  length,  energy,  and  time. 

9,  Dimensions  of  Derived  Units.  — The  relation  by  means  of 
which  we  denve  the  magnitude  of  the  unit  of  any  quantity,  in  terms  of 
the  fundamental  units,  is  indicated  by  what  is  called  the  dimensions  of  the 
unit  in  question.  The  easiest  way  to  sec  how  this  is  done  will  be  to  con- 
sider some  simple  examples. 

As  has  been  stated  in  §  5,  the  record  of  any  quantity,  say  a  length, 
must  consist  of  two  parts,  a  pure  number  and  a  term  giving  the  name 
of  the  unit  employed.  Thus  we  may  indicate  any  length  by  the  symbol 
f\l\  where  /  represents  the  numerical  part  of  the  expression,  />.  the 
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number  of  limes  the  unit  is  contained  in  the  given  length,  and  [Z.]  is 
uiod  as  a  symbol  to  represent  the  unit  of  lenj^h  employed.  In  the  same 
way  [J/]  and  [7]  represent  the  units  of  mass  and  lime  respectively.  The 
unit  of  area  could  be  indicated  by  ihe  symbol  [.-/].  If,  however^  wc  use  an 
absolute  system  in  which  the  relation  between  the  unit  of  area  and  that 
of  length  is  that  the  unit  of  area  is  the  area  of  a  square  of  which  the 
sides  arc  each  of  unit  length,  then  we  may  write  the  symbol  for  this  unit 
[/«/.]  or  [A^  since  the  area  of  a  square  is  numerically  equal  to  the  square 
of  the  length  of  one  of  the  sides.  It  is  evident  that  if  the  unit  of  length 
be  increased  from  [/.]  to  [Z.  +  /.'],  then  the  unit  of  area  will  be  increased 
from  [IX\  to  [{L-\-Ly\  Hence  wc  may  say  that  the  statement  that  the 
unit  of  area  can  be  represented  by  [/."]  at  once  tells  us  how  a  change  in 
the  fundamental  unit  of  length  affects  the  derived  unit  of  area.  Since 
the  unit  of  area  would  not  change  if  the  units  of  mass  and  time  were 
changed,  the  relation  between  the  unit  of  area  and  these  units  may  be 
represented  by  [/V**]  and  [7*"].  Hence,  collecting  these  three  symbolical 
statements  into  one,  we  may  say  that  the  unit  of  area  [.-Z  ]  =  [/,']  [.l/**]  [7*] 
or  [A'\^[U.M*,  T*.],  which  is  interpreted  as  meaning  that  in  the  absolute 
system  we  arc  using,  the  unit  of  area  varies  as  the  second  power,  or  as 
square,  of  the  unit  of  length,  but  does  not  vary  with  the  units  of  mass 
d  time.  We  therelbre  say  that  the  dimensions  of  the  unit  of  area  with 
fcrencc  to  length,  mass,  and  time  are  2,  o,  o,  or  more  fully,  so  as  to 
ave  no  doubt  as  to  the  order  in  which  we  are  referring  to  the  units, 
[/,*..*/•.  7*.}.  It  will  be  at  once  evident  that  the  dimension  of  the  unit  of 
roIumeare[M.I/r7».J. 

To  take  another  example,  consider  the  unit  of  velocity,  which  In  our 
absolute  system  is  defined  as  such  that  unit  space  is  passed  over  in  unit 
time.  If  we  double  the  unit  of  length,  keeping  the  unit  of  time  constant, 
we  shall  evidently  require  the  body  to  move  over  twice  the  distance  in 
the  unit  of  time,  />.  we  shall  double  the  unit  of  velocity  ;  therefore  the 
unit  of  velocity  [  r]  has  the  dimensions  i  with  reference  to  the  unit  of 
length.  Again,  if  we  double  the  unit  of  time,  we  allow  the  body  twice  as 
long  to  cover  the  unit  of  length,  supposed  to  remain  constant,  and  there- 
fore we  halve  the  unit  of  velocity.  Hence  the  dimensions  of  velocity  with 
reference  to  lime  are  -  i.     This  is  an  abbreviation  for 


[•.]or[7-.]. 


As  the  unit  of  velocity  does  not  depend  on  the  unit  of  mass,  its  dimen- 
sions must  therefore  be  [/.'..I/".  T  ^]. 

10.  Dimensional  Equations,— Equations  such  as 

which  tell  us  the  relation  between  the  derived  unit  and  the  fundamental 
units  of  a  system,  arc  called  dintensiomil  equations.    They  are  of  utility  in 


8  Medmnics  and  Properties  of  Matter  [§  lo 

two  ways — (i)  as  affording  a  means  by  which  we  can  convert  the  magni- 
tude of  any  physical  quantity  expressed  in  tem^s  of  the  units  belonginjj 
to  one  abbolute  system  into  those  of  any  other  absolute  system  ;  (2)  they 
afford  a  check  on  the  accuracy  of  the  line  of  reasoning  by  means  of  which 
we  have  deduced  an  equation  connecting  any  physical  quantities.  Since 
it  is  impossible  to  compare  two  physical  quantities  which  arc  not  of  the 
same  kind,  it  follous  that  the  dimensions  of  the  two  sides  of  any  equation 
connecting  physical  quantities  must  be  the  same.  Thus,  suppose  we  had 
come  to  the  conclusion  that  the  volume  c  of  water,  which  passes  any 
point  of  a  river  during  the  time  A  was  given  in  temis  of  the  area  of  crosS' 
section  a  of  the  river,  and  the  velocity  %»  by  the  equation 

£=v'^a(    .     .     .     (i). 

Substituting  for  r,  v^  a,  /,  the  full  expressions  in  which  the  values  of  the 
units  appear,  we  get 

Then  when  each  of  the  quantities  r,  v,  r/,  and  /  are  unity,  wc  get  the 
dimensional  equation 

Substituting  on  each  side  of  this  equation  in  terms  of  the  fundamental 

units,  we  get  [^^  =  [^.^^[7..]  [r] 

Here  the  dimensions  on  the  two  sides  are  different,  and  hence  we  con- 
clude that  the  assumption  made  in  equation  (i)  is  incorrect  As  a 
matter  of  fact,  the  correct  equation  is 

c  =  vat, 

and  this  gives  the  dimensional  equation 

[z.^=[z«r-][i'][y>[AT, 

in  which  the  dimensions  on  the  two  sides  arc  the  same.  As  an  CKample 
of  the  use  of  dimensions  for  changing  from  one  system  of  units  to  an- 
other, suppose  it  is  required  lo  convert  a  velocity  of  .v  miles  per  hour 
into  feet  per  second.  Merc  wc  have  two  units  of  length,  the  mile  and  the 
foot  ;  let  us  represent  them  by  [/.]  and  [A']  respectively  ;  in  the  same  way 
lake  [  T]  and  [  T^  to  represent  an  hour  and  a  second.  U y  is  the  numeric 
which  expresses  the  velocity  in  feet  per  second,  we  must  have,  since  the 
actual  value  of  the  velocity  remains  the  same  whatever  units  we  may 
employ  in  which  to  measure  it — 

This  shows  that  to  obtain  /,  the  i-alue  of  the  velocity  expressed  in  feet 
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per  second,  we  must  multiply  the  number  which  expresses  the  velocity  ij 
(emts  of  miles  and  bour&  by  ihe  niiio  of  the  mile  to  the  foot  (  --,  J  and  1 

the  niio  of  the  second  to  the  hour  (  «  )  • 


Hence 
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The  further  discussion  of  dimensions  \\\\\  be  postponed  till  later, 
but  in  order  that  the  reader  may  ^'radually  famiharise  liimsclf  with  the 
dimensions  of  different  physical  quantities,  the  dimensions  of  each  qua 
lity  will  be  given  nt  the  place  where  this  quantity  is  under  discussion. 

11-  Units  of  Lengrth. — There  are  in  Great  I?ritain  two  standard 
units  of  length— the  yard  and  the  metre.  The  yard  is  defined  by  Act 
of  Parliament '  as  follows  :  "The  straight  line  or  distance  between  t 
centres  of  the  transverse  lines  in  the  two  gold  plufs  in  the  bronze  bar 
deposited  in  the  Office  of  the  Exchequer*  shall  be  the  genuine  standard 
yard  at  62*  F..  and  if  lost  it  shall  be  replaced  by  means  of  its  copies."* 
Copies  of  the  standard  yard  arc  deposited  at  the  Royal  Mint,  the  Royal 
Society  of  London,  the  Royal  Observatory  at  Greenwich,  and  the  Houses 
of  Parliainenl. 

The  second  standard  unit  of  length  in  Great  Britain*  is  the  metre. 
The  metre  owes  its  origin  to  a  law  of  the  French  Republic,*  whiclil 

enacted  that  the  unit  of  length  should  be  one  ten-millionth  (  -  ^  )  of  tb 

distance  between  the  North  Pole  and  the  Equator,  measured  over  the 
surface  of  the  earth  along  the  meridian  passing  through  Paris.  The  mea- 
surement of  the  arc  of  this  meridian  between  Barcelona  and  Dunkirk 
was  carried  out  by  Delambrc  and  Mechain,and  from  their  results  Borda 
constructed  the  standard  metre  to  fulfil  the  above  definition.  The  metre 
is  now,  however,  not  defined  as  the  ten-millionth  of  the  quadrant  of  the 
meridian,  but  as  the  distance  between  the  ends  of  Borda^s  platinum  rod 
at  a  temperature  of  o^  C.  If  this  were  not  so,  each  lime  a  more  accu- 
rate measurement  of  the  earth's  dimensions  was  made,  all  the  copies  of 
the  metre  in  general  use  would  have  to  be  altered.  Since  the  unit  of 
length  is  a  fundamental  unit,  we  are  able  to  keep  it  unaltered.  If,  how- 
ever, it  had  not  been  a  fundamental  unit,  it  would  have  been  necessary 
lo  alter  its  value  each  time  a  more  accurate  determination  was  made  of 
it,  in  terms  of  the  fundamental  units.  The  inconvenience  which  may  thus 
arise  will  be  noticed  when  we  come  to  the  consideration  of  the  electrical 

*  18  &  19  VicU  t  72.  July  30.  1855. 

'  In  accnrdanoe  with  ihe  Weighu  and  MeAsares  Act  of  1878.  ttie  British  standards 
are  now  prcaerved  at  the  Standards  Office  of  the  Board  of  Trade. 

*  The  use  of  Ibe  meu*  as  a  unit  of  length  was  legalised  by  An  of  Porliamcul 
in  1897. 

*  Lx>i  du  18  Cicnninal,  an  iu.  (A(jril  7,  1795)1, 
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units.    According  to  the  best  modem  measurements,  the  length  of  the 

earth's  quadrant  is  10,000,880  metres. 

The  relation  between  the  metre  and  the  yard  is 

I  metre  =  39.37079  inches  =  J.093633  yards, 
I  yard  =  o.9t43935  metres. 

Although,  looked  at  simply  as  a  standard  unit  of  length,  the  metre  is  not 
in  any  way  preferable  to  the  yard,  yet,  on  account  of  the  fact  that  the 
multiples  and  sub-multiples  of  the  metre  are  all  decimally  connected  with 
the  metre,  it  is  very  much  more  convenient  to  use  the  metre  as  the 
standard. 

A  metre  (m.)  is  divided  into  ten  decimetres  (dm.),  a  decimetre  into  ten 
centimetres  (cm.),  and  a  centimetre  into  ten  millimetres  (mm.).  The  only 
multiple  of  the  metre  practically  employed  is  the  kilometre,  which  is 
equal  to  one  thousand  metres,  and  is  the  unit  adopted  on  the  Continent 
for  staling  such  distances  as  we  should  state  in  miles.  The  relation 
between  the  mile  and  the  kilometre  is  I  kilometre  =  a62 14  mile,  or 
I  mile=  1.6093  kilometres. 

For  scientific  purposes  the  centimetre  is,  in  accordance  with  the 
recommendations  of  a  Committee  of  the  British  Association,  almost 
exclusively  used  as  the  unit  of  length. 

For  measuring  vcrj-  small  lenj|,'ihs  the  following  fractions  of  a  milli- 
metre are  often  employed  : — The  micron,  equal  to  a  thousandth  of  a 
miHimetre  (0.001  mm.),  and  the  micromillimetre,  etjual  to  a  millionth  of 
a  millimetre  (o.oooooi  mm.  or  io~"  mm.).  The  micron  is  often  indicated 
by  the  symbol  /i,  and  a  micromillimetre  by  ^/i. 

It  is  sometimes  useful  to  remember  that  the  diameter  of  a  halfpenny 
is  1  inch,  and  that  of  a  French  dixccntime  piece  is  3  centimetres  ;  also 
I  inch  =  3  $.4  millimetres  (very  nearly). 

The  following  tables  will  be  found  of  use  in  converting  from  the 
British  to  the  metric  system,  and  vice  versa: — 


British  to  Metric. 

I  n  ches = Centimetres. 
I-   2.5400 

Feet = Centi  metres. 

Yards = Metres. 

I-   30.479 

I8a91438 

2«    5.0800 

2=  6a959 

2=1.82877 

3=   7.6199 

3=  91.438 

3=-.743>5 

4=101598 

4=121.918 

4  =  3.65753 

5-12.6998 

5-152.397 
6-182.876 

5  =  4.57192 

6=15.2397 

6=  5.48630 

i^M-im 

7=213-356 

7  =  6.40068 

8=20.3196 

8-243-835 

8  =  7-3»507 

9^22.8596 

9-274.3«S 

9=8.22945 
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Metnc  10  BritUh. 

CcDtiraem^  =  1  ncbes^ 

Centimetres  =^  Feet. 

Met 

res=YarcU. 

1  = 

■39371 

I== 

.032809 

1  = 

'-  1-09363 

2  = 

.78742 

3  = 

.065618 
.098427 

3=- 

=  2.18727 

3  = 

1  181 \i 

3  = 

3  = 

-3.28090 

4  = 

1.57483 

4  — 

.131236 

4  = 

=  4.37453 

5  = 

1.96854 

5  = 

.164045 

5  = 

=  5.46817 

6  = 

2.36225 

6- 

.196854 

6  = 

=  6.56180 

7  = 

2-75596 

7  = 

.229663 

7  = 

=  7.65543 

8  = 

314966 

8  = 

.262473 

8  = 

=  8,74906 

9  = 

3-54337 

9  = 

.295281 

9  = 

=  9.84270 
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t2.  Units  of  Ifass. — The  standard  units  of  mass  in  Great  Britain 

!  the  pound,  which  is  the  unit  in  the  Dritish  system,  and  the  kilogram, 
►hich  is  the  unit  in  the  metric  system. 

The  standard  pound  avoirdupois  is  the  mass  of  a  certain  piece  of 
platinum  which  is  marked  **  P.  S.,  iS4i»  i  lb./'  and  is  kept  at  the  same 
place  as  the  standard  yard.  The  Krain,  which  has  been  used  as  the 
unit  of  mass  in  the  old  British  absolute  system  of  units,  is  one  seven- 
thousandth  part  of  the  pound 

The  kilogram  is  the  mass  of  a  certain  lump  of  platinum  which  is  prc- 
ser\ed  at  Paris,  and  is  called  the  "  Kilogram  des  Archives."  The  kilo- 
trram  was  originally  constructed  by  Borda,  to  represent  the  mass  of  a 
cubic  decimetre,  that  is  1000  c.c.  of  water  at  4"  C,  the  temperature  of 
maximum  density.  More  recent  measurements  have,  however,  shown 
that  it  does  not  exactly  fulfil  this  definition  (see  ^  146). 

The  ir.g.s,  unit  of  mass  is  one  thousandth  of  the  kilogram,  and  is  called 
the  gram.  A  thousandth  of  the  gram  is  called  the  milligram.  The 
following  are  the  usual  abbreviations  used  to  represent  the  various  units 
of  mass— pound,  !b.  ;  kilogram,  kilo.  ;  gram,  grm.  ;  milligram,  mgrm. 

A  kilogram  is  equal  to  2.20462125  lbs.  or  15432.34874  grains,  and  a 
pound  is  equal  to  0.45359265  kilos. 

The  following  tables  will  be  found  of  use  for  converting  from  the 
ilish  to  the  metric  system,  and  vice  versa  : — 


British  to  Metric 

1 

pDiinds«a  Kilograms. 

Ounces = Grams. 

Grains  =3  M  iUi  grams. 

'           I  ==0.45359 

1=    28.3495 

1=   64.79895 

2-0.90719 

2*    56.6991 

2=129.59790 

3-1.36078 

3==    85.0486 

3=194.39685 

4=1.81437 

4=113.3982 

4  =  259.19580 

5  =  2.26796 

5=141.7477 

5  =  32399475 

6=^2.72156 

6-170.0972 

6  =  388.79370 

7  =  317515 

7=198.4468 

7  =  45359265 

8-3.62874 

8=226.7963 

8  =  518.39160 

9-4.08233 

9=255.1459 

9=583-19055 
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Metric  to  British. 

Kilograms = Pounds. 

Qnua5= Grains. 

I»   2.20463 

t=    1543235 

2-   4.40924 

3=    30.86470 

3=  6.61386 

3=  46.29705 

4=   8.81849 

4=  61.72939 

5  =  11.02311 

5=   77.16174 

6=13.22773 

6=  92.59409 

7  =  15-43235 

7  =  108.02644 

8  =  17.63697 

8=123.45879 

9- 19.841 59 

9- 138.891 14 

13.  Units  of  Time.— The  scientific  unit  of  time, both  in  the  British 
and  the  metric  system,  is  the  mean  solar  second.  The  mean  solar  second 
is  one  86,400th  part  of  a  mean  solar  day.  The  mean  solar  day  is  the 
average  interval  which  elapses  bciween  successive  transits  of  the  sun 
across  the  meridian  at  any  place  during  a  whole  year. 

Owing  to  the  excentricity  of  the  earth's  orbit,  and  the  fact  that  the 
earth's  axis  is  not  perpendicular  to  the  plane  of  the  orbit,  the  interval 
between  two  successive  transits  varies  during  the  year,  so  that  the  actual 
solar  day  is  not  the  same  as  the  mean  solar  day. 

If  a  clock  keeps  mean  time  and  agrees  with  solar  time,  that  is  time 
such  as  would  be  indicated  by  a  sundial,  when  the  sun  appears  in 
that  portion  of  the  heavens  known  as  the  first  point  of  Aries,  then  the 
difference  between  the  time  of  noon  as  indicated  by  this  clock,  and  the 
time  when  the  sun  crosses  the  meridian  on  any  day,  is  called  Uic  equation 


of  time  at  noon  for  that  day.  The  curve  in  Fig.  1  gives  the  equation  of 
time  for  the  year.  When  the  curve  is  above  the  axis  O.X  the  equation 
of  lime  is  positive,  that  is,  the  time  as  shown  by  a  mean  time  clock 
will  he  ahead  of  the  transit  of  the  sun  by  the  amount  shown  by  the 
ordinate. 

It  will  be  seen  tliat  the  equation  of  time  is  xero,  that  is,  the  time 
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as  indicated  by  a  mean-time  clock  am!  the  sun  will  l>€  the  sanie  on 
April  15,  June  15,  Au^si  31,  and  December  ?4.  On  February  n  the 
mcAD-time  dock  is  14  minutes  29  seconds  nhcad  of  the  sun,  while  on 
November  1  it  is  16  minutes  20  seconds  behmd  the  sun. 

The  unit  of  time  used  in  astronomy  is  the  sidereal  day.  This  repre- 
sents the  inter\'a!  between  two  consecutive  transits  of  one  of  the  fixed 
sttn  across  the  mendian.  Since  the  distance  between  the  earth  and 
any  of  the  fwed  stars  is  very  great,  compared  even  with  the  diameter 

if  the  earth's  orbit,  the  line  joining  the  earth  to  such  a  star  remains 
always  parallel  to  itself.  Hence  the  sidereal  day  represents  the  time 
the   earth   takes    lo    make   one   complete    rotation    about    its   axis.     A 

idercal  day  is  equal   to  23  hours   56  minutes  4.09  seconds  of  mean 

lar  time. 

The  use  of  the  rotation  of  the  earth  as  a  measurer  of  time  is  not 

without  objection,  for  there  can  be  no  doubt  that  the  mean  solar  day  is 

iduaJly  growing  longer,  due  to  the  slowing  down  of  the  rotation  of  the 

lanh.     in  order  to  remove  this  objection,  it  has  been  proposed  to  use 

be  time  of  vibration  of  the  atom  of  some  element,  such  as  sodium,  as  the 
tinil  of  time,  for  under  definite  conditions  it  appears  as  if  this  time  were 
quite  fixed  and  unalterable. 

114.  Units  of  Angrular  Measurement -The  ordinary  unit  adopted 
for  measuring  angles  is  the  degree  :  90  degrees  being  equal  to  a  right 
amgic,  so  tliat  360  degrees  correspond  lo  a  complete  rotation.  Each 
degree  is  divided  into  60  minutes,  and  each  minute  into  60  seconds. 
Degrees,  minutes,  and  seconds  of  arc  are  indicated  by  the  symbols  ', ', 
mid  "  respectively. 

Another  unit  of  angle,  which  is  frequently  employed,  is  called  the 
radiun^  and  is  such   that  if  an  arc  of  the  circumference  of  a  circle  is 
ken  equal  in  length  to  the   radius   of  the  circle,  then   this  arc   will 
ubtcnd  an  angle  at  the  centre  which  is  equal   to  one  radian.     When 
be  radian  is    used   as   the   unit,  the  angle  is  said  to  be  measured  in 
\rcutar  measure. 

If  we  have  an  arc  of  a  circle,  of  which  the  length  is  a,  then  the  angle 
ubtended  at  the  centre  of  the  circle  by  this  arc  is  equal  to  n'r  radians, 
r  is  the  radius  of  the  circle.     When  a—r  this  of  course  reduces  to 
ifie  radian  according  to  the  definition. 

Since  the  length  of  the  circumference  of  a  circle  of  radius  r  is  2irr. 
this  arc  will  subtend  2jrr/ror  3ir  radians  at  Ihc  centre.  But  the  angle 
subtended  at  the  centre  by  the  whole  circumference  is  360*.     Hence 

In  radians  =  360'. 
/.  I  mdian     ^^(bc^l2-n. 

«57'I7'44".88. 
I  degree  =•0.017453  radians. 
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If  AB  (Fig.  2)  is  an  arc  of  a  circle  of  radius  r,  described  about  the 

point  O  as  centre,  then  the  angle  ^, 
subtended  by  this  arc  at  the  centre, 
is  equal  to  AB  r  radians.  If  from  B  we 
draw  BC  perpendicular  to  OA,  then  the 
following  trigonometrical  relations  hold 
good  ;  * — 

6  (in  circular  measure)  ^AJfJr, 
Sin  6-^BClOB=BClr. 

TsknO^BCIOC. 

Now,  if  the  angle  6  is  very  small,  the  length  of  the  arc  AB  will  be 
very  nearly  the  same  as  that  of  the  perpendicular  BCy  while  OC  will  be 
very  nearly  equal  to  OB  or  r.     Hence,  when  t^  is  very  small,  the  above 

relations  reduce  to —  

e  =  ABIr, 
Sin  e-'ABjr. 
Cos  d^rlr=  I. 
Tan  e = ABfOA  =  ABJK 

Hence  for  small  values  of  B  we  have — 

Sin  ^=- tan  B^S, 

where  0  is  measured  in  radians,  and 

Cos  ^=1. 


1 


The  closeness  with  which  these  relations  are  true  for  different  small 
values  of  B  will  be  evident  from  the  following  table  : — 


9 
In  Degrees. 

B 
In  Radians. 

Sin  B. 

Tanff. 
0 

Cos«. 

t 

o« 

0 

0 

0-30' 

0.00873 

aoo873 

aoo873 

0.99996 

1* 

0-01745 

0.01745 

0.01746 

0.9998s 

3" 

0.03491 

0.03490 

0.03492 

0.99939 

3' 

0.05236 

0.05234 

ao324i 

0.99863 

4- 

ao698i 

0.06976 

0.06993 

0.99756 

5- 

ao8727 

ao87i6 

0.08749 

a996i9 

*  Readers  unfamiltar  with  the  elemenis  of  irigonom*»lry  may  lake  these  reUitionsas 
tUfiHiHg  Ukc  quaiuitin— (he  sine  of  the  angle  9  (written  sin  9),  tlie  cosine  of  9  (cos  #), 
and  the  taneenl  of  9  (tan  9). 
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These  relations  will  be  found  of  considerable  utility,  for  by  their  means 
we  are  able,  whenever  we  are  dealing  with  sniall  angles,  to  considerably 
simplify  many  expressions  involving  these  functions  of  the  angle. 

Since  an  angle  is  measured,  in  circular  measure,  by  the  ratio  of  the 
length  of  the  arc  {a)  to  the  radius  (r),  we  have,  if  \&]  is  taken  to  represent 
the  <timensions  of  the  unit  angle,  the  relative 

=  I. 

Thus  an  angle  has  dimensions  zero  with  reference  to  all  the  fundamental 
units.  As  the  dimensions  of  any  quantity  cannot  depend  on  the  absolute 
value  of  the  unit  used  to  measure  it,  it  follows  that  an  angle,  when 
measured  in  degrees,  is  also  of  zero  dimensions  with  reference  to  the 
fundamental  units  of  length,  mass,  and  time. 


CHAPTER  III 


MEASUREMENT  OP  LENGTH 


16.  Importance  of  Length  Me^tsuremsnts,— In  the  measurement 
of  nearly  all  physical  quantities,  what  we  actually  c^srrtv  is  the  ratio  of 
some  length  to  some  other  length.  Thus  when  we  measure  the  pressure 
ot  the  atmosphere  with  a  mercury  barometer,  what  we  really  observe 
and  measure  is  the  length  of  a  column  of  mercury;  the  same  statement 
applies  to  the  measurement  of  a  temperature  with  a  mercurial  thermo- 
meter ;  so  also,  when  we  use  a  spring  balance  to  measure  a  mass,  it  is 
the  movement  of  a  painter  along  a  scale  that  is  obser\'ed.  Hence 
we  see  the  importance  of  being  able  to  make  accurate  measurements 
of  length. 

With  an  ordinar\'  scale  divnded  into  tenths  of  an  inch  it  is  possible, 
with  a  little  care  and  practice,  to  measure  by  eye  a  length,  which  is  not 
greater  than  that  of  the  scale,  to  within  one  hundredth  of  an  inch.  This 
is  done  by  mentally  supposing  each  of  the  tenths  of  an  inch  subdivided 
into  ten  equal  parts,  />.  into  hundredths  of  an  inch,  and  estimating  by 
eye  by  how  many  of  these  imaginary  hundredth  of  an  inch  divisions 
the  length  exceeds  the  nearest  number  of  whole  divisions.  In  the  same 
way,  with  a  scale  divided  into  millimetres,  it  is  possible  to  read  to  tenths 
of  a  millimetre.  In  order  to  attain  to  a  degree  of  accuracy  much  greater 
than  the  above  it  is  necessaiy  to  adopt  some  mechanical  means  of  sub- 
dividing the  divisions,  for  merely  making  the  divisions  of  the  scale 
nearer  together  does  not  advance  matters  much  if  we  trust  to  our 
Judgment  and  eye  alone,  even  if  a  magnifymg  glass  is  used.  Of  such 
mechanical  contrivances  the  most  commonly  employed  are  the  vernier 
and  the  micrometer  screw. 

16.  The  Vernier, — Suppose  AB,  Fig.  3,  is  a  scale  divided  into  equal 


4 


parts,  and  that  the  end  D  of  some  object  (cd),  the  length  of  which  is  to 
be  measured,  lies  between  the  fourth  and  fifth  divisions,  and  that  we 

s6 
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require  to  find  the  fraction  (.r)  of  a  division  by  which  the  length  of  cu 
)  exceeds  four  divisions  of  the  scale.  If  a  block  UE,  of  such  a  length  that 
ten  of  these  blocks  placed  end  to  end  would  lie  equal  to  nine  divisions  of 
the  scale  (/>,  the  length  of  each  block  is  -("Jj  or  0.9  of  a  division),  is  placed 
at  the  end  of  ci>,  then  the  end  (i^:)  of  this  block  will  evidently  project 
beyond  the  fifth  division  by  an  amount  (.1-  ,\i)  of  a  division,  since  PE  is 
^*Jj  of  a  division.  If  a  second  block  kk  is  placed  at  the  end  of  the  first, 
the  end  r  will  exceed  ihe  sixth  division  of  the  scale  by  an  amount  (x-  ^) 
of  u  division.  In  the  same  way  the  end  of  a  third  block  would  project 
beyond  the  seventh  division  of  the  scale  by  an  amount  (j"-i^)  of  a 
division,  and  so  on.  It  will  be  seen,  however,  that  the  end  c  of  the 
third  block  exactly  coincides  with  the  seventh  division  of  the  scale,  so 
;  the  amount  by  which  it  projects  is  zero.     Hence 


or 


That  is,  the  length  of  CO  is  4,*^  or  4.3  divisions  of  the  scale.  We  notice 
that  if  each  of  the  blocks  is  i^^ihs  of  a  division  in  length,  the  object 
ci>  exceeds  four  div'istons  by  as  many  tenths  of  a  division  as  it  is  neces- 
sary to  add  blocks,  till  the  end  of  the  last  block  just  coincides  with  one  of 
the  divisions  of  the  scale* 

It  will  be  found  that  the  above  relation  between  the  number  of  the 
blocks  and  the  excess  (x)  is  quite  genera),  and  it  is  utilised  to  mechanically 
su1>divide  the  smallest  divisions  of  a  scale.  Instead  of  having  a  number 
of  separate  blocks,  it  is  more  convenient  to  have  a  small  auxiliar>'  scale, 
called  a  vernier,  which  can  slide  along  the  edge  of  the  chief  scale,  and  is 
divided  so  that  ten  divisions  of  the  vernier  are  equal  to  nine  divisions  of 
the  scale.     In  this  case  wc  set  the  end  nf  the  vernier  against  the  end  of 

I  llic  o)>ject,  and  look  along 

i  till  wc  come  to  tb  ;  divi- 

j  sion  of  the  vernier  which 
coincides  with  one  of  the 

I  divisions  of  the  scale. 
In  the  case  shown  in 
Kig.  4.  this  occurs  at  the 

[  seventh  division   of  the  vernier,  and   hence   the  object  is  4,^  or  4.7 

I  divisions  in  length. 

Wc  may  generalise  and  say  that  if  rtt  divisions  of  the  vernier  are 

I  equal  in  length  to  ///-  t  divisions  of  the  scale,  and  coincidence  occurs  at 

f  ihc  mU  division  of  the  vernier,  then  the  reading  of  the  vernier,  /.r.  the 

I  distance  between  the  zero  line  of  the  vernier  and  the  preceding  division 

[line  00  the  scale,  is  — ths  of  a  division  of  the  scale.    Thus  if  the  scale  is 

[divided  into  millimetres,  20  divisions  of  the  vernier  being  equal  to  19  mm., 
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ami  coincidence  occurred  at  ihe  I7ih  division  of  the  vernier,  the  reading 
would  be  \\  mm. 

Verniers  are  sometimes  constructed  so  that  m  divisions  of  the  ver- 
nier are  equal  to  ///  +  I  divisions  of  the  scale.  For  instance,  suppose 
ten  divisions  of  the  vernier  are  equal  to  eleven  divisions  of  the  scale. 
Then,  by  an  argument  exactly  similar  to  that  adopted  above,  it  is  evident 
that  if  the  /ith  division  of  the  vernier,  countinj^'  as  before  from  the  end 
next  the  object  which  is  being  measured,  coincides  with  a  division  of  the 
scale,  we  have 

■■=■  I  division, 


^+ 


or 


lo 

lO- 


of  a  division. 


But  lo-n  is  the  number  of  divisions  of  the  vernier  between  the  co- 
incidence and  the  eml  remote  from  the  object.  Hence  if  the  vernier  is 
numbered  in  the  reverse  direction  lo  that  in  which  the  scale  is  numbered, 
the  reading  on  the  vernier  will  give  directly  in  tenths  the  fraction  of  a 
division.  The  advantage  of  this  form  of  vernier  is  that  it  is  a  little  more 
open,  />.  llic  divisions  arc  further  apart,  than  in  the  other  form. 

17.  The  Micpometar  Screw. — If  a  screw  is  rotated  through  a  com- 
plete turn  its  point  will  move,  with  reference  to  the  nut,  through  a 
distant  e  equal  to  the  pitch  of  the  screw,  />.  to  the  distance  between  two 
consecutive  threads.  IJy  making  the  pitch  of  a  screw  small,  and  also 
attaching  a  drum-shaped  head  of  considerable  diameter  which  is  divided 
into  a  number  of  equal  parts,  so  that  a  fraction  of  a  rotation  can  be  read, 
it  is  possible  to  measure  with  preat  accuracy  the  distance  moved  over  by 
the  point  of  the  screw.  For  example,  in  the  Whitworth  measuring  machine 
Ihe  pitch  of  the  screw  is  ^  inch,  so  that  the  point  of  the  scrc>v  advances 
2^  of  an  inch  for  each  whole  turn.  The  head  attached  lo  the  screw  is 
divided  into  500  equal  parts.  Jlencc  one  division  on  the  head  corre- 
sponds to  a  movement  of  the  end  of  the  screw  of  i[Jjj  of  .t\j  or  1,  10,000 
inch. 

18.  The  Screw-Gauge. — An  example  of  a  case  where  a  micrometer 
p  screw  is  used  to  measure  a  length  is 

afforded  by  the  screw-gauge  shown 
in  Fig.  5.  The  object  to  be  mea- 
sured is  placed  l>etwcen  the  end  of 
the  screw  A  and  the  block  It,  which 
is  connected  by  a  strong  curved  arm 
with  the  nut  in  which  the  screw 
works.  The  number  of  whole  turns 
made  by  the  screw  is  read  by  means 
of  a  scale,  E,  attached  to  the  nut, 


Fia.  5. 


i» 


which  is  gradually  uncovered  by  the  movement  of  the  cap,  g,  attached  tg 


I 
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the  screw.  The  fractions  of  a  turn  arc  read  off  on  a  scale,  F,  on  the  edge 
of  thi&  cap.  The  pitch  of  the  screw  ordinarily  employed  is  0.5  mm.,  and 
the  edge  of  the  cap  is  dii-ided  into  50  parts.  Hence  as  turning  the  screw 
through  a  whole  turn  or  50  divisions  advances  the  point  a  by  0.5  mm., 
one  division  on  ihc  scale  F  corresponds  to  a  motion  of  the  point  of  i  '50 
of  as  mm.  or  0.01  mm.  • 

19,  The  Comparator.— For  comparing  together  two  very  nearly 
equal  lengths,  as,  for  instance,  a  standard  metre  with  a  copy,  an  instru- 
ment called  a  comparator  is  used.  The  principle  on  which  this  instrument 
works  will  be  seen  from  Kig.  6.  Two  stone  pillars,  A  and  £i»  which  arc 
firmly  embedded  in  the  ground,  carry  two  microscopes*  C  and  I).  The 
cross  wires  of  these  microscopes,  instead  of  being  fixed,  can  be  moved 


t' 


* 


i^j^~mX:.L  "l\  ,i^,j 


/■/  -^^r^^^r/ 


^^V// 


Fig.  a 


through  a  small  distance  in  the  direction  of  the  line  joining  the  pillars 
by  means  of  micrometer  screws,  E,  which  have  divided  heads.  The  two 
bars  to  be  compared  are  supported  on  a  carriage  running  on  two  rails 
fl\ed  between  the  pillars,  so  that  first  one  b^tr  and  then  the  other  can  be 
brought  underneath  the  microscopes.  In  order  to  keep  the  bars  at  a 
constant  temperature,  they  are  immersed  in  a  water  bath. 

\Slicn  using  this  instrument  one  bar  is  brought  beneath  the  micro- 
bes, and  the  cross  wires  are  adjusted  till  they  exactly  coincide  with 
ic  image  of  the  division  lines  on  the  bar.  The  other  bar  is  then  sub- 
stituted, and  the  number  of  turns  and  fractions  of  a  turn  of  the  micrometer 
screws  necessary'  to  bnng  the  cross  wires  into  coincidence  with  the  image 
of  the  division  Hnes  is  noted.  Preliminar>'  experiments  arc  made  to 
determine  the  magnification  of  the  microscopes  and  the  pitch  of  the 
micrometer  screws,  so  that  from  the  number  of  revolutions  the  difference 
in  length  of  the  two  bars  can  be  calculated.  In  the  inslniment  in  use 
for  comparing  the  standard  metres  at  the  Bureau  International  des 
Poids  el  Mesurcs  at  Paris,  one  division  on  the  micrometer  heads  corre- 
sponds to  a  difference  in  length  of  the  bars  of  0.001  millimetre,  i.e,  to 
one-millionth  of  a  metre. 
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20.  The  Cathetometer.— In  order  to  measure  a  vertical  height,  an 
operation  of  frequent  occurrence  in  Physical  measurements,  an  instru- 
ment called  a  cathetomeier  is  usually  employed.  One  fonn  of  catheto- 
meter  is  shown  in  Fig.  7.     A  vertical   metal   pillar,   AB,  is  fixed  in  a 

heavy  tripod-stand  in  such  a 
manner  that  it  can  be  rotated 
about  a  vertical  axis.  This  pillar 
has  a  divided  scale  engraved 
along  one  face.  Two  carriages 
c  and  n  slide  along  the  pillar. 
One  of  these,  c,  carries  a  tele- 
scope, T,  while  the  other,  n,  has 
a  clamping  screw,  by  means  of 
which  it  can  be  clamped  to  the 
pillar  in  any  position.  These 
two  carria  y  es  are  con  nee  ted 
together  by  a  fine  screw,  E,  so 
that,  n  being  clamped  to  ihc 
pillar,  by  turning  this  screw  the 
other  carriage,  C,  together  with 
the  telescope,  can  be  moved 
through  a  small  distance  and 
its  position  accurately  adjusted. 
The  position  of  the  carriage  C 
is  read  off  on  the  scale  by 
means  of  a  vernier,  v.  A  spirit- 
level,  I-,  serves  to  show  when  the 
axis  of  the  telescope  is  horizon- 
tal, a  screw,  K,  being  used  lo 
make  this  adjustment. 

When  using  the  instrument 
to  measure  the  vertical  distance 
between  two  points,  the  pillar  is 
first  set  vertical  by  means  of  the 
levelling  screws,  this  adjustment 
being  complete  when  on  rotat- 
ing the  pillar  the  position  of  the 
bubble  of  the  spirit-level  L  does 
not  alter.  The  carriages  are  then 


t 


Fig.  7. 
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moved  till  the  lower  end  of  the  object  to  be  measured  is  seen  through  the 
telescope.  The  carriage  D  is  then  clamped,  and  by  turning  the  screw  E 
the  intersection  of  the  cross  wires  of  the  telescope  is  made  to  coincide 
with  the  image  of  the  lower  point.  The  position  of  the  carriage  C  having 
been  read  by  means  of  the  vernier,  the  carriage  is  moved  till  the  image 
of  the  upper  point  coincides  with  the  intersection  of  the  cross  wires.   The 
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difierence  between  the  two  readings  gives  the  vertical  distance  between 
the  two  points. 

In  order  to  obtain  a  correct  result  it  is  very  important  that  the  axis  of 
the  telescope  in  the  two  positions  should  be  exactly 
parallel.  This  will  be  evident  from  Fig.  8,  where 
the  axis  of  the  telescope  when  at  1^  is  shown 
inclined  to  its  position  when  at  Tj.  The  distance 
between  X  and  Y  would  then  be  read  off  as  T|Ta 
instead  of  T|C  as  it  ought  to  be.  The  error  due 
to  this  cause  is  minimised  by  always  setting  the 
axis  of  the  telescope  horizontal,  as  shown  by  the 
delicate  spirit-level  L,  by  means  of  the  screw  F 
before  making  the  final  adjustment  of  the  slide 
in  both  positions  of  the  telescope. 

21.  Units  of  Surface. — For  all  scientific  purposes  the  unit  of  surface 
is  a  square  of  which  each  side  is  of  unit  length.  In  the  c.g.s.  system, 
therefore,  the  unit  of  surface  is  a  square,  each  side  of  which  is  one  centi- 
metre, and  is  called  a  square  centimetre.  A  square  centimetre  is  sometimes 
written  sq.  cm.  and  sometimes  cml  For  measuring  such  surfaces  as 
would  in  the  British  system  be  measured  in  acres,  the  unit  employed  in 
the  metric  system  is  the  hectare,  which  is  io,ooo  square  metres  ;  one 
hectare  is  equal  to  2.471  acres.     The  dimensions  of  surface  are  [/,^]. 

22.  Meastirement  of  Surface.— The  area  of  certain  figures  can  l>c 
readily  calculated  by  geometry.  Some  of  the  commonly  occurring  cases 
are  given  in  the  following  table  : — 


Ho.  8. 


Figure. 

Area. 

Remarks.                               1 

Square     . 

. 

a^ 

(7  =  length  of  side. 

Rectangle 

, 

a.b 

a  and  i^  =  lengths  of  two  adjacent  sides. 

Parallelogram 

a.b 

rf  =  height,  ^  =  base. 

Triangle  . 

\a.b 

rt  =  height,  ^  =  base. 

S 

(                     ,.             circumference 

Circle 

ir,r^ 

»          r-radms,  TT--    -    -^^ 

(                              =31416. 

Ellipse     . 

ir.a.b 

a  and  ^--=  semi-axes. 

Sphere  (surface 

oO. 

4r.^ 

r=  radius.            » 

The  surface  of  an  irregular  plane  figure  may  be  determined  experi- 
mentally by  tracing  the  outline  of  the  figure  on  a  sheet  of  cardboard  or 
tinfoil,  then  cutting  it  out  and  weighing.  The  weight  of  a  square  centi- 
metre of  the  same  card  or  foil  is  then  measured,  and  from  this  the  area  of 
the  figure  calculated  from  its  weight.  Another  method  in  common  use 
is  to  trace  the  figure  on  paper  (called  curve  or  squared  paper)  which  is 
subdivided  by  two  series  of  parallel  lines  at  right  angles  to  one  another 
into  a  niunber  of  equal  small  squares.    The  niunber  of  these  squares  in- 
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eluded  within  the  figure  is  then  counted,  and  by  multiplying  this  number 
by  the  area  of  each  of  the  squares,  the  area  of  the  figure  is  detennined. 

For  an  account  of  the  rules  for  approximately  calculating  the  area 
of  certain  figures,  and  for  a  description  of  instruments  for  mechanically 
obtaining  the  area  of  plane  figures,  reference  must  be  made  to  text-books 
on  mensuration  and  the  integral  calculus,  since  they  cannot  be  profitably 
described  uithout  assuming  a  knowledge  of  the  calculus. 

23.  Units  of  Volume.— The  unit  of  volume  for  all  scientific  purposes 
is  ihe  volume  of  a  cube  each  edge  of  which  is  of  unit  length.  Thus  in 
the  c.);.s.  system  ihc  unit  is  the  volume  of  a  cube  each  edge  of  which  is 
one  centimetre  in  length.  This  unit  is  called  the  cubic  centimetre,  and 
is  generally  written  c.c.  or  cm^. 

For  commercial  purposes  the  unit  of  volume  in  the  metric  system  is 
the  litre,  which  is  the  volume  of  a  kilogram  of  pure  water  at  the  tempera- 
ture of  its  maximum  density  (4"  C).  The  litre  is  thus  for  all  practical 
purposes  equal  to  1 000  cubic  centimetres  or  one  cubic  decimetre.  One 
litre  is  equal  to  1.76077  imperial  pints,  oro.220oQ7  gallon. 

The  following  table  is  convenient  for  converting  pints  to  litres,  or 
vice  versa  : — 


^ 


Qrittah  to  Metric 

Metric  to  British. 

Pints  =  LiUc&. 

Litrcis  =  Pints. 

1=0.5679 

1=    1.7608 

2-MJ59 
3=1.7038 

2=    3.5215 

3-   5.2823 

4  =  2.2717 

5  =  2.8396 

6  =  3.4076 

4=    7.0431 
5==    8.8039 
6=  10.5646 

7-3.9755 
8  =  4.5435 
9=S-"U 

7  =  12.3254 
8^14.0862 

9-15.8469 

The  dimensions  of  volume  arc  [/.^]. 

The  following  table  gives  the  volumes  of  some  of  the  simpler 
metrical  figures : — 


Figure, 


Cube 

Rectangular      parallel 

opiped 
Sphere    . 

Cylinder  or  prism  . 


Volume. 

a,b.c 


Remarks. 


tf=  length  of  edge. 

)  tf,  by  c  —  lengths  of  three  ad- 

/     jacent  edges. 

r^  radius. 


fA  =  area  of  base. 
A^heighl. 


The  experimental  measurement  of  volume  will  be  considered  later 

(§  I46^ 

The  discussion  of  the  methods  of  measuring  mass  is  for  the  present 
deferred  (see  g  95}. 


PART    II— KINEMATICS 

CHAPTER  IV 
POSITION 

24.  Province  and  Subdivisions  of  Mechanics. —The  title  me- 
ciianics  is  generally  given  to  that  part  of  physics  which  deals  with  the 
effects  offeree  on  matter,  without  in  any  way  considering  Aotv  the  force 
originates,  for  the  present  we  may  regard  force  as  typified  by  mus- 
cular exertion.  When  we  exert  our  muscular  powers  to  overcome  some 
obstacle  we  derive,  by  means  of  our  sense  organs,  a  certain  sensation 
which  we  describe  as -due  to  the  fact  that  we  are  exerting  a  force.  When 
any  inanimate  agency  produces  effects  on  bodies  which  are  similar  to 
those  which  we  produce  by  muscular  exertion,  it  is  in  the  same  way  said 
to  exert  force. 

As  &r  as  mechanics  is  concerned,  the  effects  of  force  on  matter  are  of 
two  kinds — (i)  change  of  motion,  and  (2)  change  of  size  or  shape. 

Befiarc  studying  the  effects  of  force  on  the  motion  of  bodies,  which 
constitutes  the  branch  of  mechanics  called  Dynamics^  it  is  advantageous 
to  study  motion  in  the  abstract,  />.  without  reference  to  the  cause  of  the 
motion.    This  branch  of  mechanics  is  called  Kinematics, 

25.  Material  Particle.— A  portion  of  matter  so  small  that,  for  the 
purposes  of  the  discussion  in  hand,  the  distances  between  its  different 
parts  may  be  neglected,  compared  to  the  other  lengths  we  are  consider- 
ing, is  called  a  material  particle. 

The  limiting  size  of  a  material  particle  varies  very  much  in  different 
investigations.  Thus  in  some  astronomical  problems  the  earth  and  the 
other  planets  are  treated  as  material  particles,  while  if  we  attempt  to 
account  for  the  different  kinds  of  light  emitted  by  glowing  gases,  by  a 
consideration  of  the  vibrations  of  the  molecules  or  even  of  the  atoms,  it 
is  no  longer  permissible  to  regard  an  atom  as  a  material  particle. 

26.  Position. — The  definition  of  a  material  particle  amounts  to  a 
statement  that  the  position  of  such  a  material  particle  can  be  represented 
by  a  geometrical  point,  which  has  position  but  not  magnitude.  This  at 
once  leads  to  the  question  of  position. 

In  order  to  define  the  position  of  a  point,  we  require  to  know  its  dis- 
tance from  some  fixed  point  of  reference,  called  the  origin,  and  also  the 
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Fig.  9. 


direction  in  which  we  must  go  in  order  to  pass  from  the  origin  to  the 
given  point     In  order  to  be  able  to  specify  this  direction,  it  is  necessary 

that  we  have  some  fixed  direction. 
Suppose  we  first  take  the  case  of  the 
definition  of  the  positiun  of  a  point 
on  a  plane  surface.  Let  P  (Fig.  9) 
be  such  a  point,  and  let  o  l>e  the 
origin,  and  OX  (called  in  f^'comctry 
the  initial  ]ine)  be  the  fixed  direc- 
tion. Then  it  is  evident  that  if  we  know  the  angle  tf,  whicli  the  straight 
line  joining  P  to  the  origin  makes  with  ox,  and  also  the  distance  (r)  we 
have  to  travel  along  thJs  line  from  O  to  reach  r,  then  the  position  of  P  is 
completely  defined.  The  quantities  r  and  6^  which  serve  lo  deAne  the 
position  of  P,  arc  called  ihe  co-ordinalcs  of  P. 

Another  method  of  defining  the  position  of  a  point  in  a  plane  is  to 

have  two  fixed  intersect- 
ing straight  lines,  called 
the  axes,  inclined  at  any 
angle  to  one  another, 
and  refer  the  position  of 
the  point  to  these  linefi. 
Thus,  suppose  we  hax-e 
two  fixed  straight  lines, 
xox'and  VOY'(Fig.  10), 
intersecting  at  o  (the 
origin),  and  through  any 
given  point  P  we  draw 
two  lines,  PS  PM,  paral- 
lel respectively  to  the 
axes,  then  if  we  are 
given  the  distances  NP 
and  MP,  the  position  of 
P  is  defined.  For  if  we  measure  off  from  o  along  ox  a  distance  o.M 
equal  to  NP,  and  through  M  draw  a  line  parallel  to  YV',  the  point  P  must 
lie  somewhere  on  this  line.  In  the  same  May  P  must  lie  somewhere 
on  the  line  NP,  and  hence  must  lie  at  the  only  point  which  is  common 
to  the  two,  that  is  at  their  point  of  intersection.  It  is  usual  lo  in- 
dicate the  distance  OM  or  NP  by  the  s)inbol  x\  and  ON  or  MP  by  the 
symbol ^,  so  that  the  co-ordinates  of  the  point  P  are  x  and^*.  In  almost 
all  practical  applications  of  this  method  of  defining  the  position  of  a 
point  (called  the  Cartesian  method)  the  two  axes  are  taken  at  right 
angles  to  one  another.  In  order  to  define  the  position  of  a  point  in  spaa 
we  require  three  co-ordinates.  In  the  Cartesian  method  three  axes  arc 
taken  which  arc  at  right  angles  to  each  other,  and  the  co-ordinates  of  a 
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point  are  then  the  distances  from  the  origin  of  the  feet  of  the  perpen- 
diculars drawn  from  the  point  to  the  three  axes. 

27.  Vectors  and  S^tlars. — Suppose  we  have  the  positions  of  two 
points  (o  and  P)  given.  Then  the  position  of  P  relative  to  o  is  given  by 
the  length  and  the  direction  of  the  straight  line  OP  drawn  from  o  to  p. 
That  is,  starting  from  O  you  will  arrive  at  P  if  you  go  in  the  direction  of 
the  line  OP  for  a  distance  equal  to  the  length  of  this  line. 

In  geometry  the  expression  OP  is  used  simply  to  designate  a  line. 
When,  however,  it  is  used  to  designate  the  operation  by  which  the  line 
is  drawn,  />.  the  motion  of  a  tracing  point  in  a  certain  definite  direction 
for  a  certain  definite  length,  it  forms  an  example  of  a  quantity  called 
a  vector.  To  emphasise  this  fact  we  shall  indicate  a  line  such  as 
OP,  when  it  is  used  as  a  vector,  by  an  arrow  placed  over  the  letters  which 

define  the  ends  of  the  line,  thus  OP.  The  arrow  will  here  remind  us  of 
the  distinctive  property  of  a  vector,  namely,  that  in  addition  to  a  definite 
magnitude,  it  has  also  a  definite  direction,  for  we  are  constantly  in  the 
habit  of  indicating  a  direction  by  means  of  an  arrow-head.   The  expressions 

OP  and  PC  represent  two  different  vectors,  for  although  the  distance  is  the 
same  in  the  two  cases,  yet  in  one  the  tracing  point  is  supposed  to  move 
from  O  to  P,  and  in  the  other  from  P  to  o.  Where  a  single  symbol  is 
used  to  represent  a  vector  quantity  it  is  usual  to  employ  a  thick  fount 
of  type,  while  for  scalar  quantities  the  ordinary  type  is  employed.  Thus 
T  represents  a  vector  of  which  the  magnitude  is  v  units  in  some  definite 
direction. 

A  quantity  which  has  only  magnitude  and  not  direction  is  called  a 
scalar.  Tlius  mass  and  density  are  scalars,  but  velocity  and  force,  as 
we  shall  see,  are  vectors,  for  they  have  not  only  magnitude,  but  have 
associated  with  this  magnitude  a  certain  direction. 

28.  Motion* — If  the  position  of  a  material  particle  is  changed,  then 
if  we  only  consider  its  slate  before  and  after  the  process  of  change,  and 
take  no  account  of  the  time  during  which  this  change  takes  place,  we 
arc  said  to  study  the  displacement  of  the  particle.  When  a  particle  is 
displaced,  however,  from  one  point  to  another,  it  must  travel  over  a  con- 
tinuous path  from  one  position  to  the  other ;  and  further,  it  must  take 
a  certain  time  in  travelling  over  this  path,  so  that  it  has  occupied 
in  succession  ever>'  point  along  this  path.  When  we  consider  the 
actual  process  of  change  of  position  as  occurring  during  a  certain  time, 
we  are  said  to  study  the  motion  of  the  particle,  while  that  branch  of 
mechanics  which  is  concerned  with  the  motion  of  bodies  treated  in  the 
abstract,  />.  without  considering  what  causes  the  motion  or  change  of 
motion,  is  called  Kinematics. 

29*  DifTerent  Kinds  of  Motion.— The  motion  of  a  material  par- 
ticle, taken  with  reference  to  some  fixed  point  as  origin,  can  consist 
either  in  change  in  the  distance  of  the  particle  from  the  origin,  the 


Mechanics  and  Properties  of  Matter 


l§29 


P 


direciiott  of  the  straight  tine  joining  the  particle  to  the  origin  remaining 
fixed^  i.e.  motion  can  take  place  along  this  straight  tine  either  away  from 
or  towards  the  origin,  or  in  a  change  in  the  direction  of  the  line  joining 
the  panicle  to  the  origin,  the  length  of  this  line  remaining  Bxed,  i.r. 
motion  along  the  circumference  of  a  circle  having  the  origin  as  centre, 
or  in  a  combination  of  these  two.  In  the  case  of  a  material  particle,  since 
it  has  no  parts,  the  above  are  the  only  kinds  of  motion  possible,  and  this 
form  of  motion  is  called  motion  of  trumlation.  If,  however,  instead  of 
dealing  with  a  material  particle,  we  are  dealing  with  a  body  of  appreci- 
able size,  so  that  its  different  parts  can  have  different  motions,  we  have  a 
further  kind  of  motion  possible.  Thus  in  addition  to  a  motion  of  transla- 
tion, in  which  the  body  moves  so  that  the  line  joining  any  two  points  in 
the  body  is  always  parallel  to  some  fixed  line,  the  body  may  spin  or 
rotate.  In  the  case  of  a  pure  translation,  the  motion  of  all  the  particles, 
of  which  we  may  consider  the  body  to  be  built  up,  is  exactly  the  same, 
while  when  the  iKKly  rotates  the  motions  of  the  different  parts  of  the  t>ody 
arc  different.  TTic  most  general  kind  of  motion  of  which  an  extended 
body  is  capable  is  a  combination  of  a  rotation  with  a  translation. 

As  an  example  of  a  motion  of  translation,  if  we  neglect  the  curvature 
of  the  earth's  surface,  we  may  take  the  case  of  a  boat  sailing  in  a  straight 
line.  The  fly-wheel  of  a  stationar>'  engine  is  an  exatuple  of  a  motion  of 
pure  rotation.  The  motion  of  the  screw  propeller  of  a  ship,  the  wheel  of 
a  locomotive*  and  a  ball  rolling  along  the  ground  are  obvious  examples 
of  the  combination  of  a  motion  of  translation  with  one  of  rotatiotL 
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30.  Velocity,  Speed*— -The  rate*  at  which  a  point  changes  its  posi- 
lion  is  called  its  velocity.  From  what  has  Ix-en  saitl  in  §  27  it  is  evident 
ilial  the  chan^je  in  the  position  of  a  particle  must  not  only  have  magni- 
tude, /.c.  there  must  be  a  certain  distance  measured  alonj,'  the  path 
traversed  by  the  particle  between  its  first  and  last  positions,  but  also  the 
motion  of  the  particle  must  have  been  in  some  direction,  although  not 
necessarily  along  a  straight  line,  so  tliat  velocity  is  a  vector.  Velocity, 
Uicrefore,  may  vary  both  in  regard  to  its  magnitude  and  also  in  regard 
to  its  direction.  This  may  be  illustrated  by  the  motion  of  a  train  going 
round  a  curve.  Here,  although  the  magnitude  of  the  velocity  may  be 
constant,  ;>.  the  train  may  travel  along  the  rails  for  equal  distances  in 
^cach  successive  second,  yet  the  direction  of  the  motion  is  continually 
rar\'ing,  since  at  any  given  point  it  is  along  the  tangent  to  the  curve  at 
that  poinL 

Hence,  to  measure  the  velocity  of  a  particle  two  things  have  to  be 
determined  :  (i)  the  space  which  the  particle  has  moved  over  in  a  given 
time,  and  (2)  the  change  in  the  direction  of  motion  during  this  time.  In 
ordinary  language,  and  in  very  many  books  on  mechanics,  the  word 
velocity  is  used  to  indicate  the  first  of  these  rates,  />.  the  s/njce  passed 
over  in  a  given  lime,  without  taking  any  account  of  any  change  in  direc- 
tion which  may  take  place.  Thus  the  end  of  the  hand  of  a  watch  is  said 
to  move  with  uniform  (/.^.  constant)  velocity,  since  it  moves  over  equal 
spaces  in  successive  equal  times.  It  is,  however,  evident  that  the  direc- 
tion of  the  velocity  is  continually  altering,  and  hence  from  this  point  of 
view  the  velocity  is  \*ariable.  It  therefore  saves  confusion  if  we  use,  at 
any  r:ite  wherever  ambiguity  may  arise,  a  separate  word  to  denote  the 
rate  at  which  a  particle  describes  its  path,  without  reference  to  the  direc- 
tion, and  for  this  purpose  the  word  jpcftixs  generally  used.  Hence,  if  a 
particle  moves  in  a  straight  line  (so  that  the  direction  of  motion  remains 
constant),  and  passes  over  equal  spaces  in  successive  equal  times,  its 
velocity  is  said  to  be  constant.  If,  however,  a  particle  moves  in  a  curve, 
so  that  its  direction  of  motion  continually  changes,  but  passes  over  equal 

^  The  ratio  of  the  total  change  in  any  quantity  which  occurs  during  a  given  time 
W  that  lime  is  caDed  the  rat*  at  which  that  quantity  U  changing. 
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lengths  of  its  path  in  successive  equal  times,  its  speed \%  said  to  be  con- 
stant or  uniform. 

Constant  speed  is  measured  b>'  dividing  the  space  passed  over  in  any 
given  lime  by  that  lime.  Thus,  suppose  a  particle  passes  over  a  space,  j, 
in  a  time,  /,  then  the  speed,  ?',  is  given  by  the  equation 

Hence  unit  speed  is  sucli  that  unit  space  is  passed  over  in  unit  time.  In 
tlie  c.g.s.  system  unit  speed  is  such  that  one  centimetre  is  passed  over  in 
one  scconil.  The  unit  of  speed  has  not  received  any  recognised  name, 
but  when  a  panicle  passes  over  say  10  cm.  in  every  second  it  is  said 
to  have  a  speed  of  10  centimetres  per  second.  This  is  often  written 
10  cm./scc.  The  only  speed  which  has  a  recognised  name  is  tliat  of  one 
nautical  mile  per  hour,  which  is  called  a  knot. 

The  dimensions  of  speed  can  be  obtained  from  the  equation 

v^sjt 

by  writing  in  the  symbols  for  the  units,  when  we  get 

t.[r>4A]//[71 

If  J  and  /  are  each  unity,  then  v  is  also  unity,  and  we  gel  the  dimensional 
equation  [r]  =  [ir-]. 

from  which  it  follows  that  the  dimensions  of  a  speed  arc  [Z-T^'j. 

The  speed,  7',  is  considered  to  be  positive  if  the  particle  is  moving 
/rrt'dv  from  the  origin  from  which  the  distances  are  measured,  and  nega- 
livc  if  the  jjaniclc  is  moving  towards  the  origin.  Thus,  if  we  measure 
vertical  distances  from  the  surface  of  the  earth,  the  speed  of  a  balloon  is 
positive  when  it  is  ascending  and  negative  when  it  is  descending,  while 
a  bucket  being  lowered  down  a  well  has  positive  speed,  but  when  being 
raised  it  has  negative  speed. 

31.  Variable  Speed.— If  a  particle  moves  over  unequal  spaces  in 
successive  equal  inter\'a!3  of  time,  its  speed  is  variable.  Variable  sp>cGd, 
at  any  instant,  is  measured  by  dividing  the  space  passed  over  in  a  time, 
including  the  given  instant,  so  small  that  during  this  inten'al  the  speed 
does  not  appreciably  alter,  by  this  inier\'al  of  time.  Suppose  that  during 
the  ver)'  small  inter\'a]  of  time  which  we  may  indicate  by  i/*  the  particle 

1  Wc  here  use  ht  a<  a  convericnl  symlx)!  for  a  \*ery  small  interval  of  lime,  or  in 
other  words,  the  symbol  5  is  used  to  indicate  a  small  increment  in  the  qaaniily  lo 
which  it  is  prefixed.  The  expression  8/  must  rot  \k  looked  upon  as  the  product  of  h 
and  /,  but  as  a  single  expression,  in  fact  a  kind  of  shorthand  expressing  a.  smaii  in- 
crement of  lime.  In  the  siime  way  Jj  represents  a  sm.ili  increment  in  the  length, 
measured  from  some  fixed  point,  of  the  pnlh  traversed  hy  the  r'orticle.  Suppose,  then, 
thai  during  the  time  /  the  jiarticle  has  pnssed  over  a  di^ance  t.  aqd  at  the  time  /<-8/ 
it  has  passed  over  the  space  s-^ls,  it  is  evident  thai  it  has  passed  over  (he  space  Is  in 

^     .  4/ 

the  time  9A  and  \X%  speed  is  sr 
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moves  over  the  space  hs^  then  the  speed  with  which  the  body  is  moving 
at  the  time  when  the  observation  is  made  is  given  by 

hs 

^^«? 

It  is  important  to  be  quite  clear  as  to  exactly  what  the  above  equation 
implies.  In  the  first  place  it  follows,  from  the  definition  of  uniform  speed 
given  in  §  30,  that  if  a  particle  passes  over  a  distance  j  in  a  time  /,  then 
the  speed  is  given  by  j//,  whatever  the  value  of  /  may  be.  Thus  if  a 
particle  moving  with  a  uniform  speed  pass  over  a  metre  in  a  second,  the 
speed  is  one  metre  per  second.  It  will  pass  over  a  tenth  of  a  metre  in  a  ' 
tenth  of  a  second ;  the  speed,  however,  will  be  the  same  {i.e,  ^!^= 
I  m/sec).  In  the  same  way  it  will  pass  over  a  millionth  of  a  metre 
in  a  millionth  of  a  second,  and  the  speed  will  be  as  before,  i  metre 

per  sec  (t^Itx*)-     Hence  if  we  were  able  to  measure  or  calculate  the 

space  passed  over  in  this  small  interval  of  time,  we  should  obtain  the 
same  value  for  the  speed  as  would  be  obtained  if  we  measured  the  space 
passed  over  in  one  second  or  a  thousand  seconds.  Thus  the  value  obtained 
for  the  variable  speed  (7/=Af/&/)  is  such  that  if  we  had  a  particle  moving 
with  a  constant  speed,  such  that  it  passed  over  the  space  hs  in  the  time 
d/,  it  would  in  one  second  traverse  a  space  equal  to  v  units  of  length. 
We  might  therefore  say  that  the  variable  speed  of  a  particle  is  measured 
at  any  instant  by  the  space  passed  over  in  one  second  by  a  second  par- 
ticle moving  uniformly  with  a  speed  equal  to  that  with  which  the  first 
particle  is  moving  at  the  given  instant. 

A  consideration  of  these  two  definitions  will  assist  in  making  the 
matter  dear ;  any  difficulty  which  may  be  encountered  may  be  lessened 
by  recollecting  that  every  one  probably  has  some  idea  what  they  mean 
by  saying  that  at  any  instant  a  train  is  travelling  at,  say,  fifty  miles  per 
hour,  though  probably  the  train  may  not  actually  travel  more  than  a  mile 
or  so  in  all. 

82.  Aeceleratlon. — The  word  acceleration  is,  in  its  most  general 
sense,  used  to  indicate  any  change  in  velocity.  Hence  it  may  mean  an 
increase  or  a  decrease  in  the  speed,  or  a  change  in  the  direction  of  motion. 
In  this  sense  acceleration  is  clearly  a  vector.  It  is,  however,  common 
to  use  the  term  acceleration  with  reference  to  the  change  in  speed  only, 
when  it  is  a  scalar. 

Acceleration  may  be  uniform  or  variable.  In  uniform  acceleration 
equal  changes  of  speed  occur  in  equal  times. 

If  the  speed  is  increasing,  then  the  acceleration  is  positive,  while  if 
the  speed  is  decreasing,  the' acceleration  is  negative.  Hence  negative 
acceleration  is  what  in  ordinary  language  is  called  a  retardation. 

Uniform  acceleration  is  measured  by  the  change  in  speed  that  takes 
place  in  a  given  time  divided  by  that  time.      Hence  if  the  speed  of  a 
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particle  change  during  the  time  /  from  v^  to  v^  the  acceleration  (a)  is 
given  by  the  equation  v  -v 

If  the  change  in  speed  is  unity,  and  takes  place  in  unit  time,  we  have 
unit  acceleration.  Thus  if  the  speed  of  a  particle  increase  in  one  second 
by  one  centimetre  per  second,  its  motion  has  unit  acceleration.  This  is 
the  unit  of  acceleration  in  the  c.^-s.  system.  If  the  change  of  speed  In 
one  second  is  j- cenlimeires  per  second,  then  the  acceleration  is  J- centi- 
metres per  second  per  second,*  which  may  be  written  .r  cm  sec.'. 

Suppose  \\it.  change  in  speed  in  a  time  /  to  be  7\  then  the  acceleration 
is  given  by  ^^^j^ 

If  in  this  equation  we  introduce  symbols  for  the  units,  we  gel 

Hence  making  a,  v^  and  /  each  unitV)  we  get  the  dimensional  equation 

[.-f]  =  [F]-[7]. 
Substituting  the  dimensions  of  [f]  from  §  30,  we  gel 

=[A'r-']. 

The  dimensions  of  acceleration  are  therefore  i  as  regards  length  and 
-2  as  regards  time,  and  we  are  reminded  of  this  double  appearance  (/>. 
to  the  second  power)  of  the  unit  of  time  by  the  expression  centimetre  per 
second  per  second. 

As  in  the  case  of  variable  velocity,  variable  acceleration  is  measured 
by  dividing  the  change  in  velocity  occurring  in  a  time  so  small  that  the 
acceleration  does  not  appreciably  change  during  the  interval  by  that 
time. 

33.  Velocity  Curve.— Take  two  axes  at  right  angles,  OX,  OY  (Fig. 
11),  and  divide  ox  into  a  number  of  equal  pans,  om^,  m,Mj,  M,Ma,  &c., 
and  suppose  each  of  these  parts  to  represent  an  equal  interval  of  time, 
say  one  second,  so  that  we  are  measuring  time  along  the  axis  of  X. 
Next  suppose  wc  have  a  panicle  which  stans  from  rest,  and  at  the  points 
O,  Mj,  Mp  &C.,  we  draw  perpendiculars  MjPi,  MjPj,  &c.,  to  represent  the 
speed  of  the  particle  at  the  instants  of  time  represented  by  these  points, 
i>.  at  the  commencement  of  the  first,  second,  third,  &c.,  second  of  motion. 
Since  the  p;irticle  starts  from  rest,  the  perpendicular  at  O  is  zero.  If  now 
the  inier\'al  of  time  taken  (/>.  a  second  in  the  above  example)  is  sufficiently 
small  so  that  the  velocity  has  not  greatly  changed  from  one  point  to  the 

>  An  nccplo-ation  is  fiometimes  referred  to  at  of  so  many  centimetres  per  second, 
or  feet  per  second.  Tliis  is  wTong,  iiiicc  acceleration  is  a  change  In  speed  ainl  not  in 
position,  x^  thrse  expressions  would  le.id  as  tn  suppose 
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next,  the  straight  lines  joining  the  points  o,  Pj,  p^  p,,  &c.,  will  fonn  a  con- 
tinuous curve ;  and  this  curve  is  called  the  velocity  ^  curve. 
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Having  drawn  this  curve,  if  through  any  point  M,  corresponding'  to 
a  time  /,  we  draw  a  perpendicular  to  meet  the  curve  at  P,  then  MP 
represents  the  speed  of  the  body  at  a  time  /  from  the  start. 

If  the  speed  of  the  particle  is  uniformly  accelerated,  the  speed  will 
increase  by  an  equal  amount  in  ^ 
each  unit  of  time.  Thus,  suppose 
that  the  particle  starts  from  rest 
and  moves  with  an  acceleration  a. 
Let  OM'  (Fig,  12)  represent  one 
second,  then,  since  the  speed  of 
the  particle  at  the  end  of  a  second 
is  tf,  the  ordinate  ^'f  represent- 
ing the  velocity  at  one  second 
from  the  start  is  equal  to  a.  If 
OM  represents  a  time  /,  then, 
as    the   speed    increases    by   an  _ 

amount  a  in  each  second,  the  speed  represented  by  MP  will  be  at.     If  we 

join  Op  and  OP,  since  

p'M'  PM 

OAf  OM 

and  the  angles  p'li'o  and  PMO  are  both  right  angles,  it  follows  that 
the  triangles  /'OM'  and  pom  are  similar,  and  the  angles  /'cm'  and 
POM  are  equal  The  point  p  must  therefore  He  on  the  straight  line 
QP,      In  the  same  way  it   may  be  shown   that  all  the  extremities  of 

t  Strictly  it  ought  to  be  called  the  sfeed  cm  ve. 
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the  ordinates  which  represent  the  speed  of  the  particle  at  different 
instants  must  lie  on  the  straight  line  op,  so  that  this  line  must  be  the 
velocity  curve  for  the  uniformly  accelerated  particle. 

Since  ^—  is  the  tangent  of  the  angle,  B^  which  the  velocity  curve 
OM 
makes  with  the  axis  of  time,  it  follows  that  the  tangent  of  this  angle 
is  numerically  equal  to  the  acceleration  with  which  the  particle  moves. 
If  instead  of  starting  from  rest  the  panicle  start  with  an  initial  speed 
Vn  and  move  with  an  acceleration  //,  then  the  velocity  curve  will  be 
represented  by  the  straight  line  PP'(Fig.  i6).  In  this  case  op  is  equal 
to  7v  and  NP'  is  equal  to  a  /,  if  OM  represents  the  lime  /.  Hence  the 
speed  at  a  time  /  is  given  by 

for  __ 


34.  Graphical  Representation  of  the  Space  passed  over  by  a 

Moving  Particle. — The  velocity  cur\'e  for  a  panicle  moving  with 
unifonn  speed  is  a  straight  line  parallel  to  the  axis  OX,  for  in  this 
case  the  lines  PiM^,  PjMj,  &c,  will  all  be  of  equal  length.     Let  P  Pj  P, 

(Fig,  13)  l)e  the  velocity  curve  in 
the  case  of  a  particle  moving  with 
a  uniform  speed  %k  Then  op, 
NiP|,  Njpj,  &c,  are  each  of  such 
a  length  that  they  contain  as  many 
units  of  length,  on  some  convenient 
scalcj  as  there  are  units  of  speed 
in  V. 

To  And  a  graphical  representa- 
tion for  the  space  passed  over  in  a 
time  /,  lake  the  point  N,  to  corre- 
spond to  the  time  T  and  the  point 

Nj  to  the  time  7'+/,  so  that   the 

length  N,N,  measured  along  the  axis  of  time  (ox)  corresponds  to  the 
interval   of  time  /.     Now  the  area  of  the  rectangle  N^PjPiNj  is  given 
by  the  product  of  the  sides  n,Pj  and  VjNj. 
Therefore 


(ual 

X 


But 
Hence 


area  f>{ ^\P^  P^S\^N^P^y.h\N^ 


A^/'i-t/,  and  A'jA',' 
area  of  A'j/'i  P^l^^^vt 


(i) 


But  the  space  passed  over  in  a  time  /  is  vL     Hence  the  space  passed 
over  by  the  particle  during  any  interval  may  be  represented  by  the  area 


I 
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of  ihc  rectangle  containcil  between  ihc  ordinatcs  drawn  throu^'h  ihe 
points  corresponding  to  the  commencement  and  end  of  the  intenal,  ihc 
velocity  cur>c,  and  the  axis  of  lime. 

It  is  important  to  clcaily  understand  the  limitations  under  which  the 
equation  (i)  is  true.  It  will  be  at  once  seen,  if  we  consider  the  dimen- 
sions of  the  two  sides,  that  it  is  not  a  physical  equation  such  as  those 
we  have  been  dealing  with  up  tu  now,  for  the  dimensions  of  one  side 
are  [A'']  and  of  the  other  {IM^K  /']  or  [/.'].  What  we  mean  by  this 
c<{uation  is  that  if  one  side  of  the  rectangle  N,P|r.;N|  lias  as  many 
units  of  length  in  it  as  there  are  units  of  speed  in  the  speed  of  the 
particle,  and  an  adjacent  side  is  of  as  many  units  of  length  as  there 
ire  imils  of  lime  in  the  interval  considered,  then  there  will  be  as  many 
units  of  area  in  the  rectangle  as  there  are  units  of  length  in  the  space 
passed  over  in  the  given  intcr\'al. 

In  the  cases  where  the  speed  is  variable  the  velocity  curve  is  no 
longer  parallel  to  the  axis  of  x.  If  the  speed,  instead  of  varying 
continuously,  is  supposed  to  rc- 
mam  constant  during  each  second 
at  the  value  it  has  at  the  com- 
mencement of  the  second,  but  to 
change  suddenly  at  the  end  of 
the  second  lo  the  value  it  really 
has  at  the  commencement  of  the 
next,  the  velocity  curve  would 
constat  of  a  stepped  line  o  M^  Pj 
Q«  Pj  Q>  Pj.  -Sic.  (Fig.  14).  Since 
the  speed  during  each  second 
t&  uniform,  we  may  apply  the 
result  just  obtained  for  uniform 
speed  to  each  period  of  a  second 
separately,  and  the  space  passed 
over  in  any  given  time  will  be  represented  by  the  area  included  between 
this  stepped  line,  the  axis  of  time  (x),  and  the  two  ordinates  drawn 
through  the  points  corresponding  to  iJie  commencement  and  end  of  the 
interval.  Since  throughout  each  second  the  assumed  speed  is  less  than 
4be  actual  speed,  the  space  passed  over,  as  represented  by  the  above 
will  be  less  than  the  true  space.  Next,  suppose  that  the  particle 
tnoves  uniformly  during  each  second  with  the  speed  it  really  has  at 
the  tnd  of  that  second.  In  this  case  the  space  passed  over  will  be 
represented  by  the  area  enclosed  between  the  stepped  line  R  v^  Rj  Pj  Rj  P^, 
&C-,  the  axis  of  time,  and  the  ordinates  at  the  commencement  and  end 
of  the  time  interval,  and  will  be  greater  than  the  real  space.  The 
difference  between  the  space  passed  over  in  these  two  cases,  where  the 
changes  in  speed  are  supposed  to  occur  only  at  the  end  of  each  second, 
is  the  sum  of  the  small  rectangles  which  are  shaded  in  the  figure.     Next, 
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let  us  suppose  that  we  take  half-second  steps,  i.e.  that  the  velocity 
remains  constant  for  half  a  second  and  then  changes  abruptly.  The 
velocity  curves  now  obtained  are  shown  in  Fig.  15.  As  before,  the 
diflfercnce  between  the  space  passed  over  when  the  particle  is  supposed 
to  move  during  each  half-second  with  the  velocity  it  actually  possesses 
at  the  end  of  the  half-second,  exceeds  the  space  passed  over  when  the 
particle  moves  with  the  velocity  it  actually  possesses  at  the  commence- 
ment by  the  area  of  the  shaded 
rectangles.  By  comparing  the 
area  of  these  rectangles  with  those 
in  Fig.  14,  where  whole  second 
inter\*als  were  used,  to  facilitAte 
which  comparison  the  rectangles 
for  the  whole  second  periods  have 
been  dotted  in  on  Fig.  15,  it  vr\\ 
be  seen  that  the  difference  in 
area,  and  hence  the  difference  in 
the  space  passed  over,  is  much 
K  less  in  the  second  case  than  in 
the  first.  Also,  the  difference 
between  the  area  enclosed  by  the 
two  stepped  lines  respectively, 
the  axis  of  times  and  any  two  ord'mates  and  that  included  between  the 
actual  velocity  curve,  the  axis  of  time  and  the  same  ordinates  is  much 
less  than  before.  By  taking  quarter-second  periods,  and  then  tenths 
and  hundredths  of  a  second,  we  should  find  that  the  difference  between 
the  area  corresponding  to  the  case  where  the  particle  moves  during  each 
time  inter\'al  with  a  constant  velocity  corresponding  to  the  actual  velocity 
it  possesses  at  the  commencement  of  the  interval,  and  that  corresponding 
to  the  case  where  the  constant  velocity  during  each  interval  corresponds 
to  the  actual  velocity  at  the  end  of  the  interval,  gets  less  and  less.  Hence 
we  conclude  that  if  we  take  an  infinite  number  of  intervals  the  two  areas 
will  be  equal,  and  will  coincide  with  that  enclosed  by  the  velocity  curve 
O  Pi  Pa  Pjt  &c.  In  the  limit,  therefore,  since  the  space  actually  passed  over 
must  be  intermediate  in  value  between  that  passed  over  Jn  the  two  h>'po- 
thetical  cases,  it  follows  that  when  these  are  equal  the  actual  space 
passed  over  must  also  be  equal  to  either,  and  must  be  represented  by 
the  area  enclosed  between  the  velocity  cur\'e  o  Pj  p„  p^,  the  axis  of  time 
and  any  two  ordinates. 

36.  Space  Passed  over  by  a  Particle  when  its  Motion  Is  Unl- 
forrnly  Accelerated. — Suppose  that  a  particle  starting  with  a  speed 
z'o  moves  with  a  uniform  acceleration  a  for  a  time  t. 

In  this  case  rp'  (Fig.  iC)  is  the  velocity  curve,  OP  presenting  the 
initial  speed  ?'»,  and  p'm  the  final  speed  v^-^-aS,  The  space  passed  over 
in  the  interval  /  is  represented  by  the  area  of  the  figure  pomp'.     Now 
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the  area  of  the  Agure  pomp'  is  equal  to  the  area  of  the  rectangle  pomNi 

together  with  that  of  the  triangle  PNP'.     But  the  area  of  the  reciangli 

POMK  is  equal  to  POXOM  or  to  vj. 

The  area  of  the  triangle  PNP'  is  equal 

to  \  PN.P^N  or  \  /x  f»/,  since  p'n  — cj/. 

Hence  the  total  space  passed  over 

win  be  given  by 

If  the  particle  start  from  rest  Vn 
is  zero,  and  the  space  passed  over 
in  a  time  /  is 

which  isalsoexHdent  fromihefi^re, 
since  the  space  passed  over  would 
then  be  represented  by  the  triangle 
PP'X- 

Thc  initial  speed  being fo,  and  the  final  speed  Vt^-k-at,  the  mean  or  ave-^ 
rage  speed  is  \  (2  T^  +  titU  If  a  particle  were  10  travel  for  a  lime  /  with  a 
tmiform  speed  equal  to  this  mean  speed,  the  space  passed  over  would  be 

TTius  m  the  case  of  uniformly  accelerated  motion  the  space  passed  over 
may  be  obtained  by  supposing  that  the  l>ody  travels  during  the  whole 
time  with  a  uniform  speed  equal  to  the  mean  of  the  initial  and  final 
speeds.  Hence  if  ?'«  is  the  initial  speed  and  vt  the  speed  after  a  lime  /, 
the  space  passed  over  during  this  lime  is  given  by 


TIME    • 

Fig.  16. 
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If  the  body  starts  from  rest 


or 


J-J(v/+Vo)/. 

S^Vitl%y 

t=2slVt. 


Sabstituting  this  value  for  /  in  the  expression  s  —  aP/Zy  we  get 


i-=2iZJ*/«//*, 


or 


an  expression  which  we  shall  sometimes  find  useful. 

36.  Graphical  Representation  of  a  Velocity.— Up  to  the  present 
we  have  been  considering  the  speed  of  a  particle  exclusively  ;  we  have 
now  to  take  into  account  not  only  the  speed  but  also  the  direction  of 
motion.     In  discussing  all  questions  involving  velocities,  it  is  convenient 


Fig.  17. 
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to  represent  velocities  by  straight  lines.  For  this  purpose  we  draw  a 
straight  line  in  the  direction  of  the  velocity,  and  of  such  a  length  that  it 
contains  ns  ninny  units  of  len^jth  as  there  are  units  of  speed  in  the  velocity 
consitlercci.  In  order  to  show  in  which  sense  the  motion  takes  place  it  is 
usual  to  place  an  arrow-head  somewhere  along  the  line.  Thus  a  velocity 
of  3.6  ccntunetrcs  per  second  in  a  north-easterly  direction  would,  if  we 

take  a  centimetre  to  repre- 
sent a  velocity  of  one  centi-  I 
metre  per  second,  and  if  SN 
(Fig.  17)  represent  the  south 
to  north  direction,  be  repre- 
sented by  either  of  the  Hnes 
AR  or  CD,  which  are  each 
3.6  cm.  long-  and  point  in  the 
proper  direction.  Similarly, 
any  other  line  equal  and 
parallel  to  AB  will  represent 
the  given  velocity.  Thercason 
why  an  infinite  number  of 
lines  can  be  drawn  to  repre- 
sent any  ^ivcn  velocity,  is  I 
that  although  velocity  ha* 
magnitude  and  direction  it  has  not  position,  hence  we  can  take  any 
point  from  which  to  draw  a  straight  line  to  represent  a  g^iven 
velocity. 

37.  Composition  of  Velocities. — We  have  hitherto  supposed  the 
axes  to  which  uc  have  referred  the  velocity  of  a  particle  to  be  fixed  in 
space,  and  our  results  will  not  be  affected  although  it  is  impossible  to 
realise  such  fixed  axes,  since  it  is  immaterial,  as  far  as  the  relative  move- 
ment of  any  particle  with  respect  to  certain  fixed  lines  or  points  is 
concerned,  whether  these  are  themselves  in  motion  or  at  rest,  and  it  is 
with  relative  motion  that  we  are  exclusively  concerned.  We  now  pass  to 
the  consideration  of  the  case  where  the  axes  to  which  we  refer  the  motion 
of  a  particle  are  themselves  in  motion  with  reference  to  some  other  axes,  ] 
which  we  take  for  the  nonce  to  be  fixed. 

As  an  example  we  may  take  the  case  of  a  man  walking  along  the  deck 
of  a  ship,  which  is  moving  in  a  given  direction  with  reference  to  the  sur- 
face of  the  sea.  We  might  measure  the  velocity  with  which  the  man  is 
moving  with  reference  to  the  ship,  i.e.  say  he  was  walking  at  the  rate  of 
200  centimetres  per  second  in  a  direction  inclined  at  45'  to  tlic  length 
of  the  boat  and  towards  the  bow  The  ship  itself  (and  therefore  the 
axes  we  have  used  to  define  the  man's  velocity)  is,  let  us  suppose,  tra- 
velling at  the  rate  of  500  centimetres  per  second  due  north,  and  that 
we  require  to  find  the  velocity  with  which  the  man  is  travelling  with 
reference  to  the  surface  of  the  sea. 
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If  the  man  remained  standing  still  on  the  deck  while  the  ship  moved 
for  one  second,  he  would  be  displaced  500  centimetres  to  the  north,  />. 
from  O  to  N  (Fig.  18).  This  represents  in  the  given  case  the  displace- 
ment of  the  co-ordinates  by  which  the  man's  position  with  respect 
to  the  ship  is  defined.  If  now  the  ship  were  to  remain 
stationary  while  the  man  moved  for  one  second  with  his 
given  velocity,  />.  200  centimetres  in  the  north-east  direc- 
tion, he  would  arrive  at  R.  If  the  two  movements  were 
to  go  on  simultaneously,  he  would  therefore  during  one 
second  travel  from  o  to  R.  His  actual  path  with  reference 
to  the  surface  of  the  sea  is  alonjj  or,  and  he  will  have 
moved  over  this  distance  in  one  second.  Now  the  man 
would  have  traversed  the  same  path  in  the  same  time  if, 
instead  of  moving  with  a  velocity  of  500  centimetres  per 

second  towards  the  north,  represented  by  ON  (Fig.  17),  and 
at  the  same  time  with  a  velocity  of  200  centimetres  towards 

the  north-east,  represented  by  OP,  which  is  equal  and  parallel 

to  NR,  he  had  travelled  for  one  second  with  a  single  velocity  represented 

by  OR,  This  single  velocity  OR,  which  would  give  the  same  displacement 
as  the  two  given  velocities,  is  called  their  resultant,  and  they  are  called 
the  component  velocities.  Hence  we  have  the  rule  for  finding  the  resul- 
tant of  two  velocities  : — From  any  given  point  (O)  draw  two  straight  lines 
to  represent  the  given  velocities  in  magnitude  and  direction,*  and  com- 
plete the  parallelogram  with  these  lines  as  adjacent  sides.  Then  the 
diagonal  of  this  parallelogram  drawn  through  o  will  represent  the  mag- 
nitude and  direction  of  the  resultant  velocity.  This  result  is  called  the 
Parallelogram  of  Velocities. 

What  we  are  really  doing  in  the  parallelogram  of  velocities  is  to 
add  together  two  velocities,  and  we  shall  find  that  whenev'er  we  add 
two  quantities  which  are  vectors  we  shall  make  use  of  the  parallelo- 
gram law. 

The  parallelogram  of  velocities  enables  us  to  find  the  resultant  of  any 
nmnber  of  velocities,  since  by  its  means  we  can  replace  any  two  of  them 
by  their  resultant.  Next,  this  resultant  can  be  combined  with  one  of 
the  remaining  velocities,  and  so  on  till  a  single  resultant  is  left. 

A  consideration  of  Fig  18  will  show  that  the  resultant  velocity  may 
be  obtained  without  actually  drawing  the  parallelogram  onrp,  for  if  from 

the  point  N  at  the  extremity  of  the  straight  line  (ON),  which  represents  in 

'  The  sense  of  the  two  velocities  must  be  either  both  towards  o  or  both  away  from 
o,  i.e.  both  velocities  must  be  represented  as  directed,  away  from  o  or  towards  o.  In 
the  first  case  the  s«ise  of  the  resultant  will  be  away  from  o,  and  in  the  second  case 
towardsa 
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magnitude  and  direction  one  of  the  component  velocities,  we  draw  a 

straight  line  (nr)  to  represent  in  magnitude  and  direction  the  other  com-  fl 

poncnt  velocily,  then  the  straight  line  (or)  joining  the  point  O  to  the 
point  R  win  represent  in  magnitude  and  direction  the  resultant  velocity. 
Of  course,  the  same  result  would  be  obtained  by  drawing  through  P,  the    ■ 
extremity  of  the  line  representing  the  second  velocity  in  the  above  case,    " 

a  line  PR  to  represent  the  first.  This  method  of  effecting  the  composi- 
tion of  velocities  is  generally  referred  to  as  the  triangle  of  velocities,  and 
leads  to  a  convenient  method  of  finding  the  resultant  of  a  number  of  velo- 
cities, say,  7'i,  v^  I's,  v^.    Suppose  the  given  velocities  are  represented  by  the 

lines  AB,  CD,  EFjGH  (Fig.  19),  then  from  any  point  O  draw  a  straight  line  OP 

equal  and  parallel  to  AB,  from  P  draw  PQ  equal  and  parallel  to  CP,  from  Q 


draw  QK  equ.il  and  parallel  to  KF,  and  from  R  draw  rs  equal  and  parallel 

to  GH.     Then  the  straight  line  OS  will  represent  the  resultant  of  the  four 

velocities  t/„  v^  v^  v^    The  velocity  v^  is  represented  by  0?  just  as  much 

as  by  AB;  the  same  remark  applies  to  the  other  velocities.    Hence  by  the 
triangle  of  velocities  the  resultant  of  7\  and 

r/j  is  represented  by  OQ,     Also  the  resultant 

of  OQ  and  v,  i.e.  QR,  is  represented  by  OR. 
and  so  on.  It  is  important  to  note  that  the 
value  of  the  resultant  obtained  is  independent 
of  the  order  in  which  we  draw  the  lines  repre- 
senting the  velocities.     Thus  in  Fig.  20  the 

velocities  have  been  combined  in  the  order  v^,  v^^  Vj,  v,;  the  resultant, 

however,  is  the  same  as  before. 

38,  Resolution  of  Velocities. — It  is  sometimes  convenient  to  replace 

the  actual  velocity  of  a  body  by  two  or  more  other  velocities,  which  are 

so  chosen  that  the  actual  velocity  is  the  resultant  of  all  these  assumed 
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vdoddes.     In  such  a  case  we  are  said  to  resolve  the  given  velocity  into 

component  velocities.     Suppose  we  require  to  resoh'e  the  velocity  reprc- 

-♦ 
sented  by  OP  (Fig.  ai)  into  two  com- 
ponent velocities,  one  directed  along 
ox  and  the  other  along  OY,  If  through 
p  we  draw  FN  parallel  to  ov,  and  pm 
parallel  to  ox,  then  we  know  by  the 
paraUelogram    of   velocities    that    two 

velocities,  represented  by  OM  and  ON 

would  have  a  r^ultant  OP,  so  that  we 

may  replace  the  velocity  op  by  the  two 

velocities    OM    and    ON.     Any    given 

velocity  can  in  this  way  be  resolved  in  any  number  of  separate  ways ; 

thus  in  Fig.  22  OP  is  resolved  into  the  two  velocities  OM  and  ON. 


Fig.  aa. 

In  the  case  where  the  components  are  at  right  angles  to  one  another, 
if  we  call  the  angle  pox  (Fig.  21),  between  the  direction  of  the  resultant 

— ► 
velocity  and  one  of  the  components  on,  B  we  have —  - 

'ON 


OP 


"■cos  6^ 


and 


^=cos  (J/0/')«cos  (90* 
OP 


-^)  =  sin  6, 


Hence  if  R  is  the  velocity  along  OP,  and  P  and  g  are  the  components 
of  R  along  OX  and  OY  respectively, 

P^R  cos  e, 

and  g=^sin^. 

When  (as  in  Fig.  22)  the  two  components  are  not  at  right  angles,  then 

if  p  is  the  component  along  ON ,  making  an  angle  B  with  R,  and  Q  that 
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along  OM.  making  an  angle  <^  with  R,  we  have,  by  a  well-known  proposi 
tion  in  elemenlary  irigonomelr)' — 

^=  /«  +  0>  -  zrQ  cos  0^fP^ 

where  d-h<p  is  the  angle  included  between  the  components  P  and  Q. 

In  practice,  however,  it  is  generally  convenient  10  resolve  a  velocity 
into  a  component  in  the  direction  in  which  for  the  lime  being  we  may  l>e 
confining  our  attention,  and  a  second  component  at  right  angles  to  the 
first,  which  will  obviously  have  no  influence  on  the  motion  in  the  direction 
considered.  Sufjpose,  for  instance,  we  require  to  find  the  time  a  sailing 
ship  will  take  to  go  a  certain  distance  in  the  teeth  of  the  wind,  being 
given  that  it  sails  at  an  angle  of  45'  to  the  direction  of  the  wind  with  a 

speed  of  ten  knots.*    Let  no  (Fig.  23)  represent  the  direction  of  the  wind, 

and  OP  the  direction  and  magnitude  of  the  velocity  with  which  the  boat 

sails.     Resolve  OP  along  ON,  and  at  right  angles  to  ON,  />.  along  OE. 

Then  we  may  consider  that  the 

boat  moves  with  a  velocity  OM 
in   the   required   direction,  and 

with  a  velocity  OL  in  a  direction 
at  right  angles^  which  has  no 
eflTcct  on  the  space  passed  over 
in  the  required  direction.  As  a 
matter  of  fact  the  boat  would 
sail  alternately  in  the  direction 
OP  and  in  the  direction  OQ. 
The  resolved  part  of  the  velocity 
along  ON  would  be  the  same  in 
the  two  cases,  but  the  resolved  part  at  right  angles  to  on  would  be 

alternately  in  the  direction  Ot,  and  in  the  direction  OW ;  and  hence  the 
space  passed  over  at  right  angles  to  ON,  due  to  each  of  these  components, 
would  be  in  opposite  directions,  and  would  neutralise  each  other.  By 
geometry  we  see  that,  since  pmo  is  a  right-angled  isosceles  triangle, 
OM  =  OP/ Va.  Hence  the  component  of  the  velocity  of  the  boat  in  the 
direction  on  is  10/  ^2  knots.     The  time  taken  to  cover  x  nautical  miles 


Fig.  33. 


in  the  direction  ON  will  therefore  be  -»--Mo/^2  or 


yf2.X 
16 


hours. 


I  The  knot  Is  the  only  special  name  we  bare  for  a  unit  of  speed,  and  it  reprascoto 
a  speed  of  one  nautical  mile  per  hour, 
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30.  Composition  and  Resolution  of  Accelerations.— A  uniform 

acceleration,  bcin^'  a  vector  or  directetl  quantity,  may  be  compounded  or 
resolved  in  exactly  the  same  way  as  a  uniform  velocity.  Hence  we  ha\'C 
the  parallelogram,  triangle,  and  polygon  of  accelerations.  It  is,  how- 
ever. unnecessar>'  to  discuss  these  separately,  since  all  we  have  said  with 
reference  to  velocity  applies  {muiittis  mutamiis)  to  actclcrntion. 

40.  Composition  of  a  Uniform  Motion  with  a  Uniformly  Accele- 
rated Motion. — In  the  previous  sections  we  have  dealt  with  the  com- 
position of  two  uniform  velocities  or  of  two  unifonn  accelerations  ;  it  is, 
however,  possible  to  compound  a  uniform  velocity  in  one  direction  with 
a  uniform  acceleration  in  another.  Thus  in  the  example  considered  in 
8  37  ^'C  might  suppose  that  while  the  man  walked  with  uniform  velo- 

I  city  with  reference  to  the  deck,  the  ship  itself  \vas  moving  with  an  accele- 
rated motion  with  reference  to  the  surface  of  the  sea. 

As  an  example  we  will  take  the  case  of  a  particle  which,  starting  from 
rest  at  O,  moves  with  a  uniform  speed  v  along  ox  (Fig.  24),  and  with  a 
uniform  acceleration  a  along  OV,  it  being  re- 
quired to  trace  out  the  path  traversed  by  the 
panicle.  If  the  panicle  moved  with  the  uniform 
velocity  v  alone,  the  distance  traversed  along  ox 
at  the  end  of  the  ist,  2nd,  and  3rd  second  would 
be  obtained  by  making  /  successively  equal  to 
I,  2,  3.  &c  in  the  equation  s-vt^  that  is,  ihcy 
would  be  r,  27',  37',  &c.  Along  OX  mark  the 
points  p,,  pj,  pj,  &c,  so  that  opj^v,  OP^=2x',  &c., 
so  thai  the  points  T^^  Pj,  P3  would  represent  the 
positions  of  the  particle  at  the  end  of  the   ist, 

I  3od,  3rd,  &c.  second  if  the  panicle  were  only 

I  animated  with  the  velocity  r. 

If  the  particle,  starting  from  rest,  were  moving 

\  with  the  acceleration  a  along  oy  alone,  the  space 
traversed  in  1,  2,  3,  &c  seconds  would  be  obtained 
from  the  equation  j  =  ^/;/*  (§  35)  by  making  /  suc- 
cessively I,  2,  3,  &c  Hence  at  the  end  of  the 
1st,  2nd,  3rd,  &c.  second  the  particle  would  be  at 


L«t  Q,»  Q„  Q»  &c 


[a  distance  -1  ^  ^,  Ac.  from  O,  measured  along  ov. 

3     2      2  ** 

I  be  points  on  ov,  such  that  ogi=-»  Ov,=*  ,  &c^  so  that  Q,,  Q^  Q^,  Ac 

would  represent  the  position  of  the  parlirle  at  the  end  of  each  successive 
I  second  if  the  acceleration  a.  was  the  only  motion. 

llirough  Pj,  P^  P5,  &c.  draw  lines  parallel  to  ov,  and  through  Q^,  Q^ 
I  s^  &c  draw  lines  parallel  to  ox.    Then  the  particle  at  the  end  of 

the  first  second  will  have  moved  a  distance  OP,  in  the  direction  ox. 
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and  also  a  distance  OQ|  in  the  direction  OY,  and  hence  will  be  at  the 
point  Rj.     In  the  same  way,  at  the  end   of  the   2nd,  3rd,  &c  second 


it  will  be  at  Rj,  R3,  &c 
the  curve  o  r,  r..  r. 


The  path  of  the  particle  is  therefore  along 
It  will  be  found  that  this  cur\'e  will  be  the 
path  of  an  object  projected  in  vacuo  with  a  speed  v  in  the  direciior 
— ♦  — ♦ 

ox,  and  acted  upon  by  gravit)'  in  the  direction  ov, 

41.  Curvilinear  Motion— The  Hodogrraph. — The  example  con- 
sidered in  the  last  section  differed  from  the  cases  previously  considered 
in  that  the  resultant  motion^  instead  of  taking  place  along  a  straight  line, 
takes  place  aloiiji;  a  curve.  Hence  not  only  is  the  speed  of  the  panicle 
accelerated,  but  the  direction  of  motion  continually  changes.  One  of  the 
most  interesting  cases  of  curvilinear  motion  is  that  of  a  particle  moving 
in  a  circle,  so  that  its  speed  is  constant,  i.e.  it  traverses  equal  lengths  of 
the  circumference  in  equal  times,  and  the  velocity  changes  in  direction 
only. 

The  study  of  curvilinear  motion  is  much  simplified  by  the  use  of  an 
auxiliary  curve  called  the  kodograph.  The  hotiograph  is  a  curve  con- 
necting the  extrcniiiies  of  the  slnii^ht  lines  draivn  from  some  one  given 
point  to  represent  in  magnitude  and  direction  the  velocity  of  a  particle 
at  successive  instants. 

Before  considering  the  case  of  the  hodograph  of  a  particle  moving  in 
a  curve,  we  will  study  that  of  a  particle  which  moves  along  a  polygon, 

each  side  of  the  polygon  being 
traversed  with  uniform  velocity  in 
unit  time.  Let  ABCDE  (Fig.  25) 
represent  the  path,  so  that  the 
particle  takes  exactly  a  second  to 
travel  from  A  to  B,  from  B  to  c, 
from  C  to  r>,  and  from  D  to  E.     From 

any  point  o  draw  a  line  OP  to  re- 
present the  velocity  with  which 
the  particle  travels   from   A   to   R 

Similarly,  draw  0(J,  ok,  and  OS  to  represent  the  velocity  with  which  the 
particle  travels  from  B  to  c,  c  to  r>,  and  D  to  e.  Then  PQRS  is  the  hodo- 
graph of  AHCDl!:. 

In  order  that  the  particle,  when  it  reaches  B,  may  alter  its  direction  of 

motion  and  travel  along  BC,  we  must  compound  with  the  velocity  OP, 
with  which  it  reaches  B,  some  other  velocity.     By  the  triangle  of  forces 

— *■  — • 

we  see  that  if  we  compound  a  velocity  pq  with  the  velocity  OP,  the 

resultant  velocity  will  be  o<^)  ;  that  is,  will  be  the  velocity  required. 
Hence  the  velocity  which  it  is  necessary  to  compound  with  the  original 
velocity,  to  make  the  particle  travel  along  BC  with  a  uniform  velocity  so 


I 


I 
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as  to  reach  c  in  one  second,  is  PQ.     In  the  same  way  the  velocity  which 

has  to  be  combined  with  OQ  when  the  particle  reaches  c  is  QR. 

Now  any  curve  may  be  considered  as  built  up  of  an  infinite  number 
of  veiy  small  straight  lines,  />.  to  be  a  polygon  ;  hence  we  should  expect 
that  the  results  obtained  above  would  be  applicable  to  such  a  curve  and 
its  hodogiaph. 

Suppose  ABCD  (Fig.  26)  to  be  the  path  of  a  particle,  and  PQRS  its 
hodograph  with  reference  to  the  origin  o.  By  this  we  mean  that 
if  from  O  lines  are  drawn  to  represent  the  velocity  of  the  particle  in 
its  path  ABCD  in  magnitude  and  direction  at  every  instant  of  its 
motion   the  extremities  of  all  these  lines  will  lie  on  the  curve  PQRS. 


Fig.  si6. 

Since  at  any  instant  the  direction  of  motion  of  the  particle  is  along  the 

tangent  to  its  path,  it  follows  that  OP  must  be  parallel  to  the  tangent  of  the 

curve  ABCD  at  A,  and  OS  parallel  to  the  tangent  at  D ;  also  the  velocity  at  A 

is  equal  to  OP,  and  that  at  D  to  OS.  To  find  the  velocity  at  any  other  point, 
B,  of  the  path,  we  draw  a  tangent  bt  at  the  given  point,  then  in  the 

hodograph  through  O  draw  a  line  OQ  parallel  to  BT.  OQ  will  then  repre- 
sent the  velocity  at  B.  In  the  same  way  OR  represents  the  velocity  at  c. 
Suppose  the  particle  has  taken  a  time  d/^  to  travel  from  B  to  c,  then 

during  this  time  the  velocity  has  changed  from  OQ  to  OR.  If  3/  is  exces- 
sively small,  so  that  B  and  c,  as  well  as  Q  and  R,  are  very  close  together, 
we  may  regard  the  portion  of  the  hodograph  qr  as  being  a  straight  Hne 
coincident  with  the  tangent.  Then,  from  what  has  been  said  with  refer- 
ence to  the  case  of  a  polygon,  the  velocity  which  has  to  be  compounded 

with  OQ  to  give  OR  is  represented  in  magnitude  and  direction  by  QR. 

1  See  note  on  p.  28L 
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Hence  QR  represents  the  change  in  velocity  during  the  time  ht.  But 
the  acceleration  is  defined  as  the  change  in  velocity  during  a  given  time 
divided  by  the  lime,  so  that  the  acceleration  with  which  the  body  is 
moving  between  B  and  C  is  given  by  QR/d/;  and,  further,  this  acceleration 

acts  along  qr,  />.  along  the  tangent  at  that  point  of  the  hodograph  which 
corresponds  to  tlie  point  on  the  path  at  which  the  acceleration  is  being 
considered.  If  we  look  upon  the  hodograph  as  l>eing  traced  out  by  a 
point  at  the  same  time  as  the  particle  traces  out  the  path  abcd,  then  the 
portion  (jR  will  be  traced  out  during  the  time  i/ that  the  panicle  spends 
in  travelling  from  B  to  c.  Hence  we  might  call  the  quotient  QR/d/ the 
speed '  of  the  tracing-point  of  the  hodograph. 

We  may  therefore  sum  up  the  results  by  saying  that  (i)  the  direction 
of  the  tangent  to  the  hodograph  at  any  point  represents  the  tHrection  of 
the  acceleraiion  of  the  motion  of  the  panicle  at  the  corresponding  point 
of  its  path,  while  (2)  the  speed  of  the  tracing-point  of  the  hodograph  at 
any  instant  represents  the  magnitude  oi  the  acceleration  of  the  particle 
at  that  instant. 

42.  Motion  In  a  Circle,— The  only  case  of  curvilinear  motion  with 

which   we    shall    deal    is    that   of 
uniform  motion  in  a  circle.     Since 
the  speed   is  constant  the  hodo- 
graph is  a  circle,  for  the  lines  drawn 
from  the  centre  O  (Fig.  26)  to  re- 
present the  velocity  of  a  particle 
moving   along   the   circle   BCD   in 
magnitude  and  direction  will  all  be 
of  the  same  length,  the  speed  being 
cpnstant,  and   hence   their  extre- 
mities must  all  lie  on  a  circle. 
Suppose  the  particle  to  move  with  a  uniform  speed  t/  in  a  circle  of 
radius  r.    Then  the  hodograph  will  be  a  circle  of  radius  v  units  of  length. 
Let  A  (Fig.  27)  be  the  centre  of  the  circle  along  which  the  particle 
moves,  and  B  any  point  on  the  circumference.     At  B  the  particle  will  be 
moving  with  a  speed  v  in  the  direction  of  the  tangent  BT.     Hence  the 

line  OP  in  the  hodograph  represents  the  velocity  at  B,  and  the  accelera- 
tion at  B  is  in  the  direction  of  the  tangent  at  P,  i.e,  in  the  direction  PL'. 
But  since  both  the  path  and  the  hodograph  are  circles,  the  tangents  arc 
at  right  angles  to  the  radii  passing  through  the  points  of  contact.  Hence 
UP  is  at  right  angles  to  OP,  and  bt  to  An.  But  op  and  irr  arc  by  con- 
struction parallel.  Hence  PU  is  parallel  to  ba.  The  acceleration  of  the 
particle  at  any  point  is  therefore  along  the  radius  of  the  circle  at  the 
point,  the  sense  of  the  acceleration  being  towards  the  centre. 

1  The  apecd.  if  vmrUble,  js  defined  as  io  |  31. 


Fig.  27. 
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To  find  the  magnitude  of  the  acceleraMon,  we  require  to  know  the 
speed  in  the  hodograph.  Since  the  tracing-point  of  the  hodograph  will 
make  a  whole  revolution  in  the  same  time  that  the  particle  descrihes  the 
circle  BCD,  it  follows  that  the  speed  in  the  hodograph  is  to  the  speed  of 
the  particle  (t/)  as  the  radius  of  the  hodograph  is  to  the  radius  of  the 
circle,  since  the  circumferences  of  two  circles  are  to  one  another  as  their 
radii,  therefore  the  speed  (»)  in  the  hodograph  is  given  by 


where  r^  is  the  radius  of  the  hodograph  and  is  equal  to  Vy 


;- 


Hence  the  magnitude  of  the  acceleration  acting  on  the  particle  is  it^jr^ 
and  the  direction  of  the  acceleration  is  towards  the  centre  of  the 
circle  in  which  the  particle  is  moving. 


CHAPTER   VI 
MOTION  OP  A    RIGfD  BODY 


4S.  Deflnition  of  a  Rigid  Body.— A  rigid  body  is  an  extended 
piece  of  matter  which  can  move  as  a  whole  with  reference  to  surrounding 
objects,  but  whose  component  particles  are  incapable  of  any  di5place- 
inent  relative  one  to  the  other.  Hence  a  rigid  body  is  incapable  of 
having  a  strain  (§  122)  impressed  upon  it.  Altliough  a  rigid  body  is  an 
ideal  which  cannot  be  realised  in  practice,  the  consideration  of  the 
dynamics  of  a  rigid  body  is  useful  as  an  introduction  to  the  study  of  Uie 
more  complex  problems  which  arise  when  we  have  to  deal  with  such 
substances  as  exist  in  nature,  besides  which,  in  many  problems,  such 
bodies  as  steel  and  glass  may  be  taken  as  rigid. 

44-  Motion  of  a  Rigid  Body.— Any  displacement  of  a  rigid  body 
can  be  produced  by  a  pure  translation  of  the  body,  and  a  pure  rotation 
of  the  body  round  a  certain  point  called  the  centre  of  figure'  of  the  body. 
Thus  to  consider  the  case  of  the  displacement    of  a  straight  line  AB 

(Fig.  28)  in  a  plane,  from  the  position 
Alt  to  the  position  a'b'.      In  the  case  of 
a  straight  line  the  centre  of  figure  is  at 
the  middle  point.     Hence  in  the  first 
position  C  is  the  centre  of  figure,  and  in 
the  second  c'.     The  line  ab  may  be  dis- 
placed to  the  position  a"b"  by  a  pure 
translation  (§  29),  since  all  the  particles 
will  move  along  equal  parallel  straight 
lines.     Then  it  can  be  rotated  about  C' 
into  the  required  position  A'B'.     In  this 
case  all  the  particles  will  move  in  circles  with  c'  as  a  centre.     The  motion 
of  a  rigid  body  may  thus  be  resolved  into  a  motion  of  translation  obeying 
the  laws  considered  in  Chapter  \'.,  and  a  motion  of  rotation. 

45,  Motion  of  Rotation. — When  a  rigid  body  moves  so  that  the  paths 
of  all  the  particles  of  which  it  may  be  regarded  as  built  up  are  circles 
having  their  centres  on  a  fixed  line,  called  the  axis  of  rotation,  the  body 
IS  said  to  undergo  a  pure  rotation  about  this  axis. 

Since  the  distances  of  the  different  particles  from  the  axis  of  rotation 

1  When  we  come  to  consider  the  action  of  gravity  on  bodies,  we  shAll  find  thai  ttie 
ocotre  of  figure  is  what  is  better  known  as  the  centre  of  gravity. 
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may  not  all  be  the  same,  but  as  they  are  all  rigidly  attached  together 
ihc)'  must  complete  a  revolution  in  exactly  the  same  time,  it  follows  that 
the  speed  of  the  different  particles  is  different-  Tlius  in  the  case  of  a 
fly-vhecl,  consider  the  motion  of  two  {>oints,  one  on  a  spoke  at  a  distance 
of  50  centimetres  from  the  axis  of  rotation  (the  axle),  and  the  oiher  on 
the  rim,  say  at  a  distance  of  100  centimetres  from  the  axis.  Suppose  the 
fly-wheel  to  make  one  turn  per  second,  then  the  first  particle  will  in  01 
second  traverse  the  circumference  of  a  circle  of  50  centimetres  radius,  r.i 
will  travel  through  loor  centimetres,  and  hence  its  speed  will  be  looir 
centimetres  per  second.  Tlie  speed  of  the  other  panicle  will  in  the 
same  way  be  2octtr  centimetres  per  second.  1 

The  velocity  of  rotation  of  a  body  cannot  therefore  be  measured  by 
the  speed  of  any  unspecified  panicle,  but  is  measured  either  by  the 
number  of  turns  made  in  a  given  lime  divided  by  that  time,  i.e.  the 
number  of  turns  per  second,  or  by  the  speed  of  a  particle  at  unit  distance 
from  the  axis  of  rotation,  this  speed  being  called  the  angular  velocity 
the  body. 

Suppose  the  angular  velocity  of  a  body  is  «,  that  is  the  linear  speed 
of  a  panicle  at  unit  distance  from  the  axis  is  »,  so  that  the  space 
passed  over  by  such  a  particle  in  a  second  is  at  units  of  length.  Now  ihe 
length  of  the  arc  of  the  circle,  along  which  the  panicle  travels,  passed 
over  in  one  second  being  a>,  the  angle  subtended  by  this  arc  at  the  centre 
of  the  circle  is  «/i  in  circular  measure  (§  14),  since  the  radius  of  the 
circle  is  unity.  Since  the  angU  swept  out  by  the  radius  joining  any 
particle  of  the  body  to  the  axis  of  motion  is  the  same  for  all  particles  in 
the  body,  we  may  say  that  the  angular  velocity  »  of  a  body  represents 
the  angle  (measured  in  circular  measurr)  through  which  the  body  turn; 
in  one  second. 

If  the  rotating  body  turns  through  an  angle  u  in  one  second,  then  the 
space  traversed  by  a  particle  at  a  distance  r  from  the  axis  of  motion  is 
MT,  since  this  is  the  length  of  an  arc  of  a  circle  of  radius  r  that  subtends 
an  angle  »  at  the  centre. 

The  relation  between  the  angular  velocity  of  a  body  and  the  number 
of  turns  per  second  can  be  obtained  as  follows  :  Let  the  body  make  n 
nims^per  second,  then  since  in  one  complete  turn  the  angle  turned  through 
is  2ir  (§  14),  the  angle  turned  through  in  one  second,  or  the  angular 
velocity,  is  27r/f.     Since  the  body  makes  n  turns  per  second,  the  time  it 

takes  to  make  one  turn  is  -=  T'say,  and  the  angular  velocity  =  2rr/7'. 

A  rotation  is  said  to  be  positive  if,  when  looking  along  the  axis  in  the 
positive  direction,  it  appears  to  take  place  in  the  opposite  direction  to 
that  of  the  hands  of  a  watch  ;  while  if  it  takes  place  in  the  same  direction 
it  is  negative. 

As  in  the  case  of  linear  velocity,  angular  velocity  may  be  uniform  or 
variable.     In  the  case  of  variable  angular  velocity,  the  change  of  angular 
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velocity  in  a  given  time  divided  by  that  time  is  called  the  angular 
acceleration.  Angular  acceleration  may  be  uniform  or  variable.  Since 
the  angular  velocity  is  measured  by  the  an^le  swept  out  in  unit  time,  and 
the  angle  is  measured  by  the  arc  swept  out  divided  by  the  radius  (/>. 
angular  velocity  ==(arC'7-radius)/timc),  the  dimensions  of  angular  velocity 
are  given  by  [Q]  =  [(j:^/.)-i-  7]=[7'-i].  The  truth  of  this  result  will  be 
apparent  if  we  rememljer  that  the  angular  velocity  docs  not  depend  upon 
the  distance  of  the  point  considered  from  the  axis  of  rotation,  />.  the 
size  of  the  circle  described,  but  simply  on  the  lime  taken  to  go  round  this 
circle.     The  dimensions  of  angular  acceleration  are  [/"'^. 

46.  Composition  and  Resolution  of  Rotations.  —  In  order  to 
completely  define  a  linear  velocity  we  have  seen  that  we  require  to  know 
the  direction  of  the  velocity,  and  also  the  magnitude  of  the  velocity.  In 
the  same  way,  to  define  a  rotation  we  require  to  know  the  axis  about 
which  the  rotation  takes  place  and  the  magnitude  of  the  rotation,  />.  the 
angular  velocity.  Rotations  may  be  compounded  or  resolved  in  a  manner 
analogous  to  that  employed  in  the  case  of  moiions  of  translation.  Thus, 
if  a  rigid  body  has  simultaneously  applied  to  it  two  rotations  about  diffe- 
rent axes  passing  through  a  fixed  point,  the  resultant  motion  consists  in  a 
rotation  about  a  single  ;ucis  passing  through  this  point.  The  direction  of 
the  axis  of  this  resultant  rotation  and  its  magnitude  can  be  obtained  by 
drawing  through  any  point  (O)  two  straight  lines  parallel  to  the  axes  of 
the  two  given  rotations,  and  equal  in  length  to  the  angular  velocities, 
and  completing  the  paralIelogran\.  The  diagonal  drawn  through  o  will 
then  represent  the  axis  of  the  resultant  rotation  in  direction  and  the 
angular  velocity  in  magnitude.  In  the  same  way  we  may  resolve  any 
rotation  into  two  or  more  component  rotations  round  any  given  axes  by 
employing  the  methods  used  in  ,^  38. 

47.  Degrees  of  Freedom  of  a  Body,  —  In  §  26  we  saw  that  in 
order  to  define  the  position  of  a  point  in  space  we  require  to  know  its 
distance  from  three  fixed  planes,  no  two  of  which  are  parallel.  Again, 
every  possible  way  in  which  a  particle  can  move  may  be  resolved  alonjf 
///r*v  mutually  perpendicular  lines  or  axes,  and  the  resultant  of  these 
three  component  displacements  will  be  equal  to  the  original  displace- 
ment. Hence,  when  the  motion  of  a  particle  is  unrestricted  by  any  ^^ 
conditions  it  is  said  to  have  three  deuces  of  freedom.  ^^k 

Next,  suppose  the  particle  is  constrained  to  remain  always  in  contact  '* 
with  a  given  surface.  It  will  then  only  possess  two  decrees  of  frcednm, 
for  we  may  lake  the  normal  to  the  surface  as  one  of  the  three  mutually 
perpendicular  directions  along  which  the  motion  of  tlie  particle  may  be 
resolved.  Since  no  displacement  of  the  particle  can  take  place  along 
this  direction,  or  the  particle  would  not  remain  in  contact  with  the 
surface,  the  only  remaining  possible  independent  displacements  arc  at 
right  angles  to  one  another  in  the  tangent  plane  to  the  surface. 

If  the  particle  is  constrained  to  move  so  as  to  remain  in  contact 
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simuluneously  with  each  of  two  surfaces,  it  has  only  one  degree 
fnredom.     For  it  is  constrained  to  move  along  the  line  which  is  common 
lo  both  surfaces*  /*.*•.  the  hne  of  intersection  of  the  surfaces,  and  if  a  point 

moves  on  a  line,  it  can,  at  carh  pH.>ini,  only  move  in  one  direction^  which , 

is  that  of  ihc  tan^^ent  to  the  line  at  the  ^'ivcn  point.  ^H 

In  the   case  of  a  perfectly  unconstrained  extended  rigid  body  W^fl 
have  six-  degrees  of  freedom,  for  in  addition  to  the   three  independent 
tnmslations  possessed  by  a  matenal  particle,  an  extended  body  is  alsQ 
capable  of  thiec  Independent  rota/ions  about  three  mutually  peiped 
dicular  axes. 

If  such  a  body  have  one  point  fixed,  then  it  loses  all  its  possible 

motions  of  translation  {i.^.  three  degrees  of  freedom),  and  is  only  capable 

of  three  rotations  about  axes  passing  through  the  fixed  point. 

t        If  two  points   in   the  body  are  fixed,  then   in  a<ldition  it  loses  two 

DMaiions,  since  the  only  motion  of  which  it  is  now  capable  is  a  rotation 

■bout  an  axis  passing  through  the  two  tixed  points. 

I  If  three  points,  not  all  in  a  straight  line,  arc  fixed  the  body  loses  all 
Hs  degrees  of  freedom  and  is  fixed.  \Vc  thus  see  that  if  uc  arc  given  the 
■Dsitions  of  any  three  points  (which  arc  not  all  in  the  same  straight  line) 
Bf  a  body  the  position  of  the  body  is  completely  defined. 
B  48.  Geometrical  Clamps  and  Slides. —An  interesting  practical 
Hiplication  to  the  construction  of  instruments  of  the  principles  enunci- 
Kcd  in  the  previous  section  has  been  made  by  Lord  Kelvin,  the  impor- 
Bncc  of  which  is  only  slowly  making  itself  felt  even  in  the  construction 
■■scientific  instruments. 

■  Suppose  that  an  instrument,  standing  on  three  legs,  rests  on  a  hori- 
Kmtal  plane,  then  it  has  lost  one  translation,  namely,  that  perpendicular 
Bo  the  plane,  and  also  two  rotations,  the  only  rota- 
Bon  left  Vicing  about  an  axis  perpendicular  to  the      # 
Bane.       If,    further,   one   of  the    legs    rests    in   a      A 
Bbnical  hollow  A  (Fig.  29)  the  instrument  has  lost  ^^ 
■I  its  translations  in  addition  to  two   rotations.  B 
■F,  therefore,  we  prevent  the  only  degree  of  frcc- 
Htiin  left,  /V.  the  rotation  alwut  an  axis  perpen-           ^q 
Bcular  to  the  plane  passing  through  the  conical 
Bole,  the  instrument  will  be  fixed  in  position.     We                F"^'*  *9. 
■lay  prevent  this  rotation  by  allowing  one  of  the 

^ofo  legs  which  now  rest  on  the  smooth  surface  of  the  table  to  rest  in  a 
Bf-shapcd  grotwc  li  pointing  towards  the  conical  hole,  the  third  leg  rest- 
Bg  on  the  plane  surface  at  c.  This  arrangement,  called  the  hole,  slot, 
Bpd  plane,  forms  a  geometrical  clamp  and  enables  us  to  remove  the 
fcstnmient  and  yet  replace  it  in  exactly  the  same  position  as  it  before 
Bccupied,  and  this  without  any  complicated  arrangement  of  screws  and 
Hamps. 

■  As  an  example  of  a  geometrical  slide  we  may  take  the  case  illustrated 
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in  Fig.  30.    Here  two  V's  (a  and  b)  attached  to  the  body  rest  on  the  surface 

of  a  cylinder  (c  d).  Each  V  touches  the  cylinder  in  two  points,  and  there- 
fore the  only  motions  left  to  the  body  are 
(1)  a  translation  parallel  to  the  axis  of  the 
cylinder,  and  (2)  a  rotation  about  the  axis 
nf  the  cylinder.  Hence,  if  this  rotation  is 
restrained  by  a  point  E  Ixing  kept  pressinjf 
on  a  plane  FG  parallel  to  the  axis  of  the 
cylinder,  the  only  motion  possible  is  a 
translation  parallel  to  this  axis.  The  pecu- 
liarity of  a  geometrical  slide  is  that  it 
enables  us  to  obtain  the  desired  constrained 
motion  without  any  possible  rattle  or  loose- 
ness, which  in  the  fonn  of  mechanical  slide 
ordinarily  used  is  certain  to  be  found  sooner 
or  later,  owin^  to  the  wear  of  the  parts,  even 
if  it  does  not  exist  originally  when  the  slide 
is  new.  Want  of  space  will  not  permit  of 
our  following  this  subject  any  further,  but 
those  who  arc  interested  in  mechanical  de- 
sign will  find  that  a  careful  study  of  the 
properties  of  geometrical  clamps  and  slides 

fully  repays  the  lime  spent,  for  no  amount  of  good  workmanship  can 

compensate  for  bad  desiga 


CHAPTER   VII 


PERIODIC    MOTION 

'49.  Definition  of  Periodic  Motion.— We  have  hitherto  considered 
the  motion  of  a  body  to  be  either  uniform  or  to  vary  continuously.  There 
is,  however,  a  most  important  kind  of  motion  in  which  the  body  goes 
through  the  same  series  of  movements  at  regularly  recurring  intervals. 
This  kind  of  movement  is  called  periodic.  If  in  addition  to  being 
periodic  the  motion  is  continually  being  reversed  in  direction,  it  is  said 
to  be  vibratory  or  oscillatory.  The  motion  of  the  earth  with  reference  to 
the  sun  is  periodic,  since  although  the  velocity  is  not  uniform,  yet  at 
regularly  recurring  intervals  (the  year)  the  velocity  regains  the  same 
value.  The  motion  of  a  pendulum  or  that  of  the  prong  of  a  tuning-fork 
are  examples  of  oscillatory  or  vibratory  motion. 

60.  Simple  Harmonic  Motion.— If  we  look  at  a  particle  which  is 
moving  uniformly  in  a  circle  (mqn.  Fig.  31)  from  some  point  P  in  the 
plane  in  which  the  particle  is  moving,  and  from  some  distance  off,  the 
particle  will  appear  to 
movebackwardsandfo'r- 
wards  along  a  straight 
lineMN.  While  the  par- 
ticle moves  over  the  arc 
nq'm,  it  appears  to  be 
moving  from  left  to 
right ;  itwill  then  appear 
momentarily  to  come  to 
rest  as  it  reaches  the 
extreme  limit  of  its  path  to  the  right ;  then  it  will  start  moving  to  the 
left,  at  first  slowly,  but  with  increasing  speed  till  it  appears  in  line 
with  the  centre  O  of  the  circle  on  which  it  is  actually  moving.  The 
speed  will  now  appear  to  diminish  till  the  particle  comes  to  rest  for  a 
moment  at  the  extreme  left-hand  limit  N  of  its  path.  It  will  then 
appear  to  travel  to  the  right,  the  speed  increasing  till  it  passes  the 
centre,  then  diminishing  till  it  again  reaches  its  extreme  right-band 
position.  Now  all  the  time  the  particle  is  in  reality  moving  at  a  uniform 
speed  in  a  circle,  and  when  it  appears  at  rest  it  is  only  moving  either 
directly  towards  or  away  from  our  eye.  Thus  when  the  particle  is  at  M 
it  is  moving  momentarily  along  the  line  MP,  which  is  a  tangent  to  the 
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circle  passing  through  ?  ;  and  hence,  since  we  should  be  unable  from  P  to 
dcieci  ihis  movement  in  the  line  of  sight,  it  would  appear  at  rest.  In  the 
same  way  at  N  it  is  really  moving  in  the  direction  PN,  although  it  appears 
slationar)'.  When  it  is  at  Q  or  (/  it  is  moving  at  right  angles  to  the  ime 
of  sight,  and  hence  appears  to  move  with  the  greatest  speed  ;  at  g  from 
right  to  left  and  at  q'  from  left  to  right.  If  the  point  P  is  at  a  very  great 
distance  from  the  circle,  the  tangents  pm  and  pn  will  be  parallel,  and  NM 
will  l)c  a  diameter  of  the  circle. 

It  will  save  circiimlficuiion  if  we  suppose  that  a  second  particle 
moves  to  and  fro  along  ihe  diameter  mn  (Fig,  32)  in  such  a  way  that  it 

always  appears,  when  viewed  from 
a  great  distance,  in  a  line  with  the 
first  particle,  which  is  moving  in  the 
circle  Nqm.  This  means  that  this 
second  particle  is  at  any  moment 
at  the  foot  oi  the  perpendicular 
drawn  from  the  position  of  the  llrst 
particle  to  the  diameter  MN.  Thus 
when  the  particle  which  moves  in 
the  circle  is  at  the  points  A,  B,  c; 
&C.,  the  other  particle  will  be  at* 
rf,  ^,  r,  &C.  Suppose  the  one  par- 
ticle makes  a  complete  revolution  in 
two  seconds,  so  that  it  traverses  the 
semi  -circimiference  NgM  in  one 
second.  Since  by  supposition  it 
moves  with  uniform  angular  velocity  (§  45),  if  we  divide  the  semicircle 
NyM  into  ten  equal  arcs,  NA,  AB,  Bt,  &c.,  each  of  these  arcs  will  be 
traversed  in  a  tenth  of  a  second.  If  then  we  draw  perpendiculars  to  the 
diameter  MM  through  all  these  points,  the  feet  of  these  perpendiculars, 
i.c.  the  points  rz,  ^,  t-,  </,  &c.,  will  represent  the  positions  of  the  particle 
which  moves  along  the  diameter  at  (\i,  1%,  -j^.  &c.  second  after  it  leaves 
N.  In  order  lo  find  the  distances  OJ,  o^,  cv,  &c.,  of  the  particle  from  the 
centre  o,  we  join  the  points  A,  n,  C,  &c.,  to  the  centre.  Then,  if  a  is  the 
radius  of  the  circle,  we  have  the  following  relations— 

<V/  =  </  cos  AON, 

ob-a  cos  BON=*a  cos  (2.A0N), 

oc  =a  cos  CON  =(*  cos  (3.AON),  &c 

If  w  is  the  angular  velocity  of  the  particle  moving  in  the  circle,  the 
angle  swept  out  by  the  radius  joining  the  particle  to  the  centre  in  one 
second  is  w,  and  hence,  since  during  a  complete  revolution  the  angle 

swept  out  is  2r,  the  particle  will  make  a  complete   revolution  in   — 

seconds.     This  will  therefore  represent  the  time  which  elapses  between 
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two  consecutive  passages  in  the  same  direction  of  the  particle  that  moves 
along  MN  through  any  given  point  in  its  path,  and  is  called  the  periodic 
time,  or  period  oi  the  oscillatory  motion  of  the  particle. 

If  we  start  measuring  our  time  from  the  instant  when  both  the  par- 
tides  are  at  N,  and  call  the  distance  of  the  vibrating  particle  fri)m  the 
centre,  o,  x,  x  being  positive  when  the  particle  is  to  the  right  oi  o  and 
n^ative  when  it  is  to  the  left  of  o,  then  at  a  time  OyX=ai  at  a  time 

— /2,  jr=  -tf,  since  the  particle  will  now  be  at  M.    If  P  is  the  position  of 

the  particle  moving  in  the  circle,  and/>  that  of  the  vibrating  particle  at 
the  time  /,  we  have 

x=a  cos  PON. 

Now  PON  is  the  angle  swept  out  by  the  particle  moving  in  the  circle  in 

the  time  /.     Hence  the  angle  PONs=o>/,  for  (§  45)  »  is  the  angle  swept 

out  in  unit  time,  and  therefore  tot  is  the  angle  swept  out  in  the  time  /. 

Therefore  ,  ,  s 

x^a  cos «/    .     .     .     .     (i). 

When  /=b,  cos  W^  i,  and  hence  jr  =  a,  a  result  already  obtained.  When 
/=ir/o»,  i.e,  half  a  period  later,  x^a  cos  <ay.~—a  cos  7r=  -a^  that  is,  the 

particle  is  at  M.     When  t^zvfio,  i.e.  a  whole  period  after  the  start, 

2tr 
X'^a  cos  «.  — —a  cos  2ir~a,  and  the  particle  is  back  at  N,     When 

/  =  7r/2ft»,  or  37r/2« 

IT  IT 

.r=a  cos  «.-~  =  a  cos  ~  =0 
20  2 

or  3^  V^    ^ 

=  a  cos  «. r-=<i cos  ■-  =0, 

2tt  2  ' 

and  hence  the  particle  is  at  o.  Wc  thus  see  how,  for  some  easily  recog- 
nised positions,  equation  (i)  gives  the  position  of  the  vibrating  particle  in 
terms  of  the  time. 

A  particle  that  moves  to  and  fro  along  a  line,  such  as  mn,  in  the  way 
the  particle  above  considered  does,  and  so  that  its  position  with  reference 
to  o,  the  middle  point  of  MN,  is  always  given  by  equation  (1)  above,  is  said 
to  move  with  a  simple  harmonic  motion.  Such  a  movement  we  shall  in 
future  indicate  by  the  initials  S.H.M.  The  reason  for  giving  it  this  name 
will  appear  when  we  come  to  study  acoustics,  for  it  will  be  found  that 
most  of  the  movements  with  which  we  are  there  concerned  are  S.H.M.'s. 

The  maximum  distance  from  the  median  position  O,  attained  by  a 
particle  which  is  executing  a  S.H.M.,  is  called  the  amplitude  {a).  It  will 
be  noticed  that  the  amplitude  {a)  is  equal  to  the  radius  of  the  circle 
MQN  (Fig. 32)  used  to  define  the  S.H.M.  This  circle  is  called  the  circle 
o/re/erence. 

The  angle  which  the  radius,  passing  through  the  particle  in  the  circle 
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of  reference,  makes  with  the  positive  direction  of  the  path  of  the  vibrating 
particle,  i.e.  with  ON  (Fig.  32),  is  called  the/^»jrf  of  the  particle  executinjj 
i).H.M.  at  the  corresponding  instant.  Thus  when  the  vibrating  particle 
is  at  N  tlie  phase  is  zero,  when  at  P  ttie  phase  is  equal  to  the  angle 
PON*.  We  have  seen  that  the  angle  TON  Is  equal  to  tat  where  *•>  is  the 
angular  velocity  in  the  circle  of  reference,  and  t  is  the  lime  counted  from 
the  passage  of  the  vibrating  particle  through  its  position  of  inaxitnum 
positive  elongation. 

Instead  of  starting  to  measure  the  time,  or  what  comes  to  the  same 
thing,  the  phase  of  the  vibration,  from  the  instiint  when  the  particle 
passes  through  the  position  of  maximum  positive  elongation,  it  is  often 
more  convenient  to  start  at  the  instant  when  the  particle  passes  through 
its  mean  position,  O,  when  moving  in  the  positive  direction,  so  that  both 
the  time  and  the  displacement  are  measured  from  the  conditions  of  the 
particle  when  passing  through  O. 

Suppose  we  measure  the  phase  from  the  lino  Oq'  (Fig.  32)  when  the 
particle  is  passing  through  o  in  the  direction  from  M  to  N.  Let  P'  be  the 
position  of  the  particle  in  the  circle  of  reference  at  a  lime  /  after  the 
start  from  Q'.  Then  Ofi  is  the  displacement  of  the  particle  which  is 
executing  a  S.H.M.  along  MN  at  the  time  A     Now 

Op —  a  cos  v'op 

=  rt  sin  p'oq' 

=  a  sin  </>, 
where  <^  is  the  phase  measured  from  OQ'.     As  before,  since  we  are  now 
measuring  time  from  the  instant  the  particle  in  the  circle  of  reference 
passes  through  Q',  ^^^^ 

Hence  the  displacement  x  is  given  by  the  equation 
x^a  sin  •»/    ,     .         (a). 

Thus  the  fonn  of  the  expression  for  determining  the  displacement 
depends  on  whether  we  start  measuring  our  time  from  the  instant  when  the 
panicle  is  at  its  extreme  elongation  or  when  it  is  passing  through  its  mean 
position.  The  motion  represented  by  the  two  expressions  is,  however, 
ihe  same,  if  the  quantities  a  and  oi  have  the  same  values  in  the  two  cases. 

If  T'is  the  periodic  time  of  the  S  H.^t.,  then,  since  the  particle  moving 
in  the  reference  circle  with  uniform  angular  velocity  w  will  complete  a 

whole  rotation  in  a  time    ^,  we  have 
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The  number  of  periods  per  second,  or  the  number  of  complete,  i.e,  to- 
and'fro  o&cUlations  per  second  :  or,  what  amounts  to  the  same  thing,  the 
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number  of  revolutions  in  the  circle  of  reference  per  second  is  called  the 
frequency  of  the  S.H.M.     Hence  if  N  is  the  frequency, 

I      » 

/      2r 

51.  Velocity  and  Acceleration  In  S.H.M.— The  velocity  of  the 
particle  in  the  circle  of  reference  at  a  point  P  (Fig.  33)  is  »a  (§  45)  along 
the  tangent  ft.  We  may  resolve  this 
velocity  along  directions  PB  and  PA, 
parallel  and  perpendicular  to  MN. 

Let  us  measure  the  phase  <^  from 
the  instant  when  the  particle  passes 
through  the  mean  position  from  left  to 
right.  Now  PT  (the  tangent)  is  perpen- 
dicular to  OP  (the  radius),  and  PB  is 
perpendicular  to  OQ ;  therefore  the  angle 
TPB  is  equal  to  the  angle  QOP  or  </>. 
Hence  the  component  along  pb  of  the 
velocity  toa  is 

wa  cos  </). 

The  component  of  the  velocity  at  right 

angles  to  mn  cannot  affect  the  space  passed  over  parallel  to  MN,  so  that 
if  we  only  consider  the  resolved  part  of  the  motion  of  P  parallel  to  MN, 
the  velocity  at  any  point  would  be  oki  cos  </>.  But  this  resolved  part  of  p's 
motion  is  the  same  as  the  motion  of  the  particle  which  executes  a  S.H.M. 
along  MN,  and  of  which  P  moves  in  the  circle  of  reference.  Hence  the 
velocity  i-'  of  the  particle,  moving  with  S.H.M.,  when  2Xp  is  given  by  the 

But  cos  (/)=  i^/OP=  V(oiP-q^-)/op=  s^{a^~x')la^  where  a*  is  the  dis- 
placement of  the  particle  from  its  mean  position.     Hence 

.V  =  m  ^f{(l^  -  x'-). 

When  x~  -f-(?  ox-iiy  that  is,  when  the  particle  is  at  the  points  N  or  M, 
the  velocity  x  is  zero.  This  is  also  evident,  since  at  these  points  the 
particle  in  the  circle  of  reference  is  moving  at  right  angles  to  MN.  The 
maximum  value  of  i*  occurs  when  .i*=o,  and  is  rtw,  as  is  evident,  since  at 
O  the  velocity  of  the  particle  executing  the  S.H.M.  is  the  same  as  that  of 
the  particle  in  the  circle  of  reference. 

The  acceleration  of  a  point  moving  in  the  reference  circle  with  a 
linear  speed  v  is  constant,  directed  towards  the  centre  and  equal  to 
i^ja  (§  42).     But  v=a<ay  hence  the  acceleration  is  equal  to  a<u^. 

This  acceleration   may  be   resolved   parallel   and  perpendicular  to 

1  The  symbol  x  is  used  to  denote  the  velocity  of  the  particle  when  its  displacement 
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MN,  and   the  component  at  any  point  parallel  to  MN  will  l)e  the  ac- 
celeration in  the  S.H.M.  at  the  corresponding  point.     The  component 

along  vq  (Fig.  34)  will  be  rtw*  cos  OP^  = 
(iu>-  sin  </),  Itence  this  is  the  acceleration 
in  the  S.H.M.  at  /.  Since  at  /  the 
velocity  of  the  particle,  which  is  positive, 
is  decreasing,  the  acceleration  is  negative 
(S  32)'  This  is  also  evident  from  the 
figure,  for  P^'  is  in  the  negative  direc- 
tion. 

We  found  in  §  50  that  the  displace- 
ment (/>.  op)  at  a  n'ven  point  /  was 
equal  to  ti  sin  i^.  Substituting  this  value 
for  a  sin  <^  in  the  expression  for  the  ac- 
celeration, we  find  that  when  the  dis- 
tance of  the  particle  from  the  median 
position,  or  the  displacement,  is  equal  to  .r  the  acceleration  -r  ^  is 
given  by 


This  shows,  since  w  is  constant,  that  the  acceleration  is  simply 
proportional  to  the  displacement,  and  always  acts  towards  the  centre  O. 

62.  Harmonic  Curve, — Suppose  we  have  a  particle  executing  a 
S.H.M.  along  mn  (Fig.  35)  of  period  T  and  NQM  is  the  circle  of  refer- 
ence.   Then,  supposing  the  particle  to  start  from  its  median  position. 


Fig.  35. 


let  us  draw  a  diagram  in  which  the  lime  is  measured  along  ox,  and  the 
dispbicement  of  the  particle  from  its  median  position  along  nv.  Since 
the  particle  is  supposed  to  start  from  </,  the  displacement  at  the  time  O 

^  The  syntbol  S  is  lucd  (o  ticDOte  the  oocdcraiion  with  which  the  particle  is  moving 
wUcu  the  displacement  is  x. 


§  53]  Composition  of  Simple  Harmonic  Motions  5  7 

will  be  zrro.  At  a  lime  Tfz  later  iTic  particle  will  have  again  come  back 
to  0\  and  the  displacement  will  aj;ain  be  zero.  Henre,  if  OB  represents 
the  time  772,  the  displacement  at  this  point  will  be  zero.  A  point  (a)  half- 
way between  o  and  B  will  represent  a  time  7*/4,  and  the  displacement  at 
ihis  lime  is  r/M,  since,  starting  from  g  in  the  circle  of  reference,  the 
panicle  in  \  of  the  time  {T)  taken  to  make  a  whole  revolution  will  have 
Iniversed  \  of  the  circumference,  and  will  therefore  be  at  M.  Hence  at 
A  we  erect  a  perpendicular  Aa  equal  to  ifM.  At  the  point  c,  which 
corresponds  to  a  lime  ^Tj^y  the  particle  will  be  at  N,  and  hence  the 
displacement  is  r/N,  equal  in  magnitude  to  the  disphicemcnt  at  M,  but 
opposite  in  direction.  We  therefore  draw  c«-  in  the  oppcisiie  direction 
to  AiJ,  ahd  make  it  equal  to  o's  or  </^\,  At  a  time  T  the  particle  will 
have  completed  a  vibration  and  will  be  back  at  o\  so  thai  the  displace- 
ment at  D,  where  OD^  7',  is  zero.  If  we  drew  ordinates  to  represent  the 
displacement  at  intermediate  limes,  and  then  drew  a  line  through  !he 
extremities  to  these  ordinates,  we  should  obtain  the  wavy  cun'e  OrtBiTiVF. 
This  cur\'c,  which  represents  the  relation  between  the  displacement 
of  llie  particle  which  is  executing  S.H.M.  and  the  time,  is  called  the 
harmomc  cun'e. 

This  curve  is  of  great  interest  from  ils  bearin^j  on  many  physical 
problems,  so  that  it  will  repay  us  if  we  investigate  a  few  of  ils  properties. 
Suppose  that  at  the  time  /  the  particle  executing  .S.  il.M.  is  at  /*,  so  that 
the  corresponding  points  in  the  circle  of  reference  and  on  the  harmonic 
cur^e  arc  I*  and  p'  respectively.  Then  the  displaceincnl  is  op  or  p)>'. 
Now  o'p—vq  =  o'S>s\Tiiio'v  —  as\x\<\>j  where  a  is  the  amplitude  and  (^  is 
the  angle  i^o'v^.  Hence  P^'=rtsin</i.  Now  i/)  =  w/,  therefore  v'p'= 
a  sin  a»/. 

In  llie  hamionic  curve  the  abscissa?  represent  the  time,  so  that  OP'  =  /. 
Hence  if  we  call  the  abscissa  of  any  point  on  the  harmonic  curve  x  and 
the  Ci/mspoftiiing'  or^xiiM.^  Yt  since  _f=P*/'  and  .r-op'^/,  we  get 

/  =  ti  sin  our. 

The  harmonic  curve  is  therefore  sometimes  called  ihe  cyn't  of  sinrs, 
being  such  that  the  ordinate  at  any  point  is  proportional  to  the  sine 
of  an  angle  which  is  itself  proportional  to  the  abscissa. 

The  actual  form  of  the  curve  depends  on  the  amplitude  «  and  on  the 
angular  velocity  w  in  the  reference  circle  of  the  S.H.M. ,  or,  since 
w  — 2Tr/7',  on  the  periodic  lime  of  the  S.H.M. 

53.  Composition  of  Simple  Harmonic  Motions.— S.H.M.'s,  like 
any  other  fonn  of  motion,  can  be  compounded,  and  the  composition  can 
in  general  be  best  effected  by  a  geometrical  method  by  means  of  their 
circles  of  reference. 

The  simplest  case  is  lliat  of  two  S.H.M  's  in  the  same  direction,  ol 

I  ^  is  the  fMus^  of  the  vibration  measured  firorn  the  instutt  when  the  particle  fal 
moving  tlirough  its  mean  position  (see  %  50). 
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ihc  same  i>criod,  and  equal  amplitude.  If  the  phases  are  ihe  same,  tlie 
resultant  will  be  a  S.H.M.of  the  same  period  and  phase  as  the  constituent 
motions,  but  of  double  the  ampliiudc.  The 
S.H.M.'s  being  in  ihc  same  phase^the  resultant 
displacement  at  any  momi  t  will  be  the  sum 
of  the  two  component  displacements,  />,  since 
ihese  are  equal,  twice  cither  of  them.  This 
double  displacement  is  exactly  what  would 
occur  if  the  radius  of  ihe  circle  of  reference 
were  twice  as  great  as  in  the  case  of  the 
component  motions,  for  the  triangles  po/  and 
yo/  (Fig,  36)  arc  similar,  and  hence  * 


po 


ro 


N 

Fia  36. 

If  the  phases  of  ihc  S.lI.M.'s  difier  by 
half  a  period  (180')  lijey  will  citacily  neutralise  each  other  and  will  prcv 
duce  rest,  the  displacement  at  any  inst.mt  due  to  one  motion  being 
exactly  equal  and  opposite  to  that  due  to  the  other. 

Next,  supt>o&e  the  two  S.H.M.'s  ,'ire  at  rijiht  anyles.  but  of  the  same 
period,  of  equal  amplitudes,  and  in  the  ^amc  phaNC,     Let  one  motion 

take  place  along   Ki,  (Fig.   37)  and  the 

M Q    other  along   M>,  and   let   kmln  be   the 

common  circle  of  reference.  Divide  the 
rircumference  of  this  circle  into  an  even 
number  of  ccjual  parts,  say  twelve,  and 
through  these  {joints  draw  lines  parallel 
In  KL  and  MN  as  in  Fig,  37.  As  the 
S.H.Nf/s  are  in  the  same  phase,  the  ex- 
treme positive  elongation  will  occur  at 
the  same  instant  in  each.  Hence  if,  as 
is  usual,  we  consider  from  o  to  L  to  be 
the  positive  direction  for  one  motion,  and 
Q*  N  P'  from  O  to  M  that  for  the  other,  L  will  be 

Pig.  37.  the  position  of  maximum  positive  elonga- 

tion for  one  and  m  for  the  other. 
Starling  then  fmin  the  instant  when  both  the  motions  arc  passing 
through  the  position  of  rest  o,  and  the  positive  displacement  is  mcreas- 
ing,  the  points  tf,  by  J/ will  represent  the  displacements  at  times  7yi2, 
iTIxZj  and  37'/i2  due  to  the  .S.H.M.  along  NM,  while  the  points  r,  1/,  I. 
will  represent  the  displacements  at  the  same  instants  due  to  the  motion 
along  KL.  Hence  the  actual  displacement  of  a  particle  which  is  moving 
with  the  two  S.H.M/s  will  be  o,  r^ /^  (j,  &c  The  resultant  motion  is 
therefore  along  the  straight  line  Qtj',  which  is  inclined  at   45"  to   the 
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directions  of  the  two  S.H.M.'s,     For  the  amplitude  and  frequency  of 
the  two  motions  being  the  same,  the  displacements  Or,  0</,  and  OL  are 
equal  to  the  displacements  Oa,  O^,  and  OM  respectively. 
Since 


02 -OZ/ cos  45";  O/^  Ofi/ cos  ^s*f  (^^- Or/ cos  45°, 


^^ut  follows  that  the  resultant  displacement  is  always  equal  to  the  corre- 
^Bspondinjsr  displacement  in  one  of  the  component  S.H.M/^  divided  by 
^^H  the  cosine  of  45'  or  \/\/2,  Now  the  displacement  x  along  KL  can  be 
^H  represented  by  the  equation  .r  =  f/  sin  u/  (S  50).  Hence  the  resultant  dis- 
^Kplacemcnt  alonfe'  t^y  can  be  represented  by 


/\*=  s^.asin  «/. 


Tills  represents  a  S.H.M.  of  which  the  periodic  time  is  the  same  as  that 
I  of  the  two  components  (m  being  the  same  for  all  three),  and  of  which  the 
.  amplitude  is  s'~-'t- 

If  the  two  S.H.M.'s,  instead  of  bcin^'  in  the  same  phase,  differ  In 
.phase  by  half  a  period,  or  180',  then  the  resultant  motion  will  be  as 
IS.H.M.  along  PP*  of  amplitude  s,^2m. 

If  the  two  components  differ  in  phase  by  90^^  or  a  quarter  period, 
when  one  S.H.M.  is  ai  its  extreme  elongation  iho  other  will  be  passing 


M 


] ^ ^\ 
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through   its  position  of  rest.     Suppose 

thai  when  ilie  moviny  particle  is  at  the 
L  point  of  extreme  positive  elongation  (m), 
rFig.  3S,  as  far  as  its  motion  along  MN  is 

concerned  it  is  passing  through  o  from 

left  to  right,  owing  to  the  motion  along 

KU    Then  at  successive  intervals  of  T!}2 

it  will  be   displaced  to  A,  <i,  o   respec- 
tively with  reference  to  one  motion,  and 

to  r,  f/,  I.  with  reference  to  the  other  j  and 

hence  its  resultant   position  will  be  r,y", 

L,  &c.     The  resultant  motion  will  thus 

be    uniform    motion    in    the    circle    of 

reference   in   the  direction    MI.NK.       If, 

however,  when  the  particle  is  displaced  to  L  by  the  horizontal  motion,  it 

is  passing  through  o  in  the  direction  NOM,  the  resultant  motion  will  be 
,in  the  circle  of  reference  hut  in  the  direction  i.M  KS. 

For  any  other  difference  of  phase  the  resultant  motion  will  be  in  an 
Icllipse,  which  will  touch  all  four  sides  of  the  square  PQpV- 

Wlien  either  the  amplitudes  or  periods  of  the  two  component  S.H.M.'s 
l&re  different,  wc  cannot  use  the  same  circle  of  reference  for  the  two 
tmolions.  Suppose  the  period  of  the  vertical  S.H.M.  is  2/3  that  of  the 
Itorizontal  S.H.M.,  and  (he  amplitude  of  the  vertical  motion  is  3/3  that  of 
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the  horizontal,  the  phases  being:  i^e  same.    Let  m'an'  (Fig.  39)  anil  k'bi/  be 
"  iJic  two  circles  of  reference,  the  diameter  m'n*  being  2/3  ihe  diameter  k'i/, 

since  the  aniphtude  of  the 
motion  alon^  MN  is  3/3  of 
thai  alon^'  Kl-  The  circum- 
ferences of  these  two  circles 
must  next  be  divided  into 
parts  that  arc  traversed  by 
the  tracinjj-points  in  e<]uaJ 
times.  It  is  convenient  to 
divide  the  quadrant  into  a 
whole  number  of  parts  in 
each  case,  hence  in  the 
above  example  we  divide 
the  circle  m'an'  into  eight 
parts,  and  the  circle  K'«l/ 
into  twelve  parts.  The 
period  of  the  motion  along 
MN  being  2/3  of  that  along 
KL,  the  tracing-point  of  the  circle  m'an'  will  traverse  the  circumference, 
while  the  tracing-point  of  the  circle  K'lU/  traverses  2/3  of  the  circum- 
ference. Hence  the  tracing-point  in  m'an'  will  traverse  1/8  of  ilie 
circumference  in  the  same  time  that  the  iracing-p<>int  in  K'lit/  traverses 
1/8  of  2/3  or  1/12  of  tlie  circumference  ;  and  hence  we  have  divided  the 
circles  so  that  the  arcs  will  be  traversed  in  equal  times,  Tlie  phase  of 
the  molituis  being  the  same,  the  two  extreme  positive  elongations  occur 
simultaneously,  and  the  particle  starts  at  P.  At  the  end  of  the  interval 
chosen  for  subdividing  the  circles  it  has  moved  down  to  <r,  and  hori- 
2ontalIy  to  ^/,  and  hence  its  position  is  at  Q-  At  the  end  of  the  next 
interval  it  has  moved  downwards  to  b^  and  horizontally  10  e;  it  is  therefore 
at  R.  Similarly  it  travels  to  s  and  T.  At  T  ihe  particle  has  reached  its 
extretne  elongation  in  the  vcrtiral  direction,  and  hence  it  now  begins  to 
move  upwards,  and  duiing  the  next  interval  it  reaches  c-  It  continues, 
however,  to  move  to  the  left  in  the  horizontal  direction,  and  at  the  end  of 
the  interval  is  displaced  to  h.  The  actual  position  is  thus  U.  In  a 
similar  manner  the  position  at  the  ends  of  the  remaining  intervals  can  be 
found,  and  the  path  will  l>e  given  by  the  line  prtkrK  Wben  the 
particle  reaches  the  point  P',  which  it  does  after  one  complete  period  of 
the  slower  vibration  (/>.  the  horizontal)  and  one  and  a  half  periods  of 
the  faster,  it  will  retrace  the  path,  returning  to  P  after  two  complete 
periods  of  the  sIow*er  S.H.M.  and  three  of  the  faster. 

If  the  phases  of  the  two  components  are  not  the  same,  the  resultant 
motion  would  be  different;  the  method  of  drawing  the  curves  is,  however, 
the  same  as  in  the  above  example.  Some  of  the  figures  obtained  are 
given  in  Fig.  40,  where  the  phase  of  the  vertical  &H.M.  is  increased  by 
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45'  bclwecn  each  figure  and  the  next.  In  Fig.  41  another  series  of  curves 
is  given,  in  which  the  periods  of  the  component  S.H.M.'s  arc  as  I  ;  2,  the 
amplitudes  being  the  same.  In  this  case  the  phase  of  the  S.H.M.  of 
shorter  period  is  advanced  by  30"'  between  each  fiyurc  and  the  next. 

The  above  arc  all  examples  of  ihc  composition  of  two  S.H.M.'s,  the 
perio<ls  of  which  are  commensurate  ;  that  is,  the  ratio  of  the  periods  is 
expressed  by  simple  whole  numbers,  so  that,  after  a  comparatively  short 
time,  equal  to  the  least  common  measure  of  the  periodic   limes,  the 
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Fig.  40. 


(d) 
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particle  will  come  back  to  its  starting-point  and  the  cun-e  will  then  be 
retraced.  If,  however,  the  perioils  are  not  commensurable,  the  particle 
will  not  come  back  to  its  startin^^-puint  till  after  an  infinite  number  of 
complete  periods  ;  that  is,  not  at  all. 

There  is  one  case  whicli  is  of  considerable  interest,  that  is,  when  the 
periods  can  very  nearly  be  represented  by  two  simple  whole  numbers.  If, 
for  instance,  the  periods  arc  as  2  : 1,  then,  as  we  have  seen,  we  get  a  series 
of  curves  according  to  the  difference  in  phase  between  the  component 
motions  ;  in  each  case,  however,  tbc  curve  is  constant  in  form.     Suppose 


Kir,.  4T. 

now  the  periods,  instead  of  being  as  2;  i,  are  as  201  :  100,  and  that  the 
S.H-M.'s  start  in  the  same  phase,  then  the  path  of  the  panicle  will  be 
very  nearly  like  {a\  Fig.  41.  However,  when  the  slower  S.H.M.  has 
completed  one  vibration,  the  other,  instead  of  having  exactly  completed 
two  vibrations,  will  have  completed  two  whole  vibrations,  together  with 
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|/r<>oi»r  another ;  it  will  thus  have  jjaincd  in  phase  on  the  other  by  i/iooof 
n  period  or  jCjo/ioo-  y/j.  This  yain  will  continue  till  after  eight  periods 
(if  the  bluwcr  vibriitioiis,  tlie  difTurcncc  in  pliase  will  amount  to  28^8^  and 
biennis  this  curve  traced  out  will  resemble  (^),  Kiy.  41.  The  difference  in 
pha«o  wit)  continue  10  incrcnsc,  and  so  by  a  continuous  modification  the 
lurvc  will  [>,i»»  in  succession  through  all  the  fonns  shown  in  Fig.  41,  first 
from  {a)  to  (^;),  and  then  bjuk  from  {jf)  to  {a\  For  after  100  periods  of 
the  nIowit  vibration,  the  quicker  will  have  made  a  whole  vibration  more 
th*4n  it  would  have  made  if  the  ratio  of  the  periods  had  been  exactly  2 :  i, 
ami  for  an  in»tjint  the  curve  will  a^'ain  take  the  form  of  (rzX  Fig.  41,  and 
will  thru  K*»  lUnnixh  the  whole  series  again. 

54.  Composition  of  Two  Simple  Harmonic  Motions  in  the  Same 
Direction.  -  In  Ihe  previous  section  wc  liavc  dealt  with  ihc  composition 
of  two  S.H.M.'s,  when  the  directions  of  motion  arc  at  right  anj,dcs.  \Vc 
have  now  to  consider  the  composition  of  two  S.H.M.'s  when  the  direc- 
tions of  motion  are  alon^  the  same  straight  line,  the  simplest  case  of 
which,  namely  when  the  amplitude  and  phases  of  the  S.H.M/s  were  the 
same,  wc  considered  on  p.  58.  The  simplest  method  for  elfccting  this 
composition  h  by  means  of  the  harmonic  curve  {§  52). 

Let  AliCI^K  (Fig.    42)  be  the  hannonic  curve  corresponding  to  one 


Kio.  4a. 

S  H.M.,  so  ih.nt  AM  represents  the  amplitude  and  M\  the  period,  and  let 
adat^  represent  another  .S.II.M.  of  amplilude  nM  and  period  M/, 
which  starts  in  the  same  phase  as  the  other.  Then  the  resultant  displace- 
ment will  be  obtained  by  adding  together  the  displacements  due  to  the 
two  S.H.M.*s.  Thus  at  a  time  represented  by  the  point  i.  the  total  dis- 
placement will  be  equal  to  Pt+/L,  while  at  a  time  represented  by  K,  the 
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component  displacements  being  in  opposite  directions,  the  lota!  (1i<;place- 
moni  is  equal  to  K(j-Ky.  anrl  since  Kg  is  equa!  to  K^,  the  displacement 
is  zero.  Hence  if  we  construct  a  curve  such  that  the  ordinatcs  arc  every- 
where equal  to  the  algebraic  sum  of  the  ordinatcs  of  the  two  component 
cur\'es,  this  cun*e  wUl  represent  the  resultant  displacement.  The  resul- 
tant thus  obtained  is  shown  dotted  in  Fig.  42. 

In  Fig".  43  the  same  curves  are  compounded,  but  the  time  scale  is 
made  smaller,  so  thai  more  periods  of  each  curve  may  be  shown.  It  will 
be  seen  that  the  resultant  cur\e,  altliouyh  not  a  sine  cur\'e,  is  a  periodic 


Fig.  43. 

cur\*e,  and  hence  the  resultant  motion  is  periodic^  the  period  being"  equal 
to  An,  />.  to  five  times  the  period  of  the  quicker  vibration,  or  four  times 
that  of  the  slower. 

If  the  two  S.H.M/S  to  be  compounded  are  of  nearly  the  same  period, 
say  in  the  ratio  of  9  :  10,  then  the  compound  harmonic  curve  obtained 
will,  as  shown  in  Fig.  44,  cvcr>'whcre  approximate  to  the  form  of  a  sine 
cun-e,  but  the  amplitude  will  alternately  wax  and  wane  ;  the  maxima 
occurring  when  the  component  vibrations  are  exactly  in  phase,  and  the 


Fig.  44. 


minima  when  the  phases  differ  by  half  a  period.  As  in  9  periods  of  the 
slower  vibration  there  occur  10  periods  of  the  quicker,  in  this  intcrx-al  one 
will  have  ijained  exactly  one  period  on  the  other,  and  they  will  again  be 
in  the  same  phase.  Thus  the  cui^e  shows  that  the  maxima  occur  at  every 
loth  pcriotl  of  the  quicker  vibration. 

This  waAing  and  waning  of  the  resultant  motion,  when  two  SH.M/s 
of  nearly  the  same  pcriixl  arc  compounded,  is  the  cause  of  the  pheno- 
menon of  beats  in  ntusic,  and  will  be  further  studied  when  we  come  to 
the  subject  of  sound. 

55.  Fourier's  Theorem. —  In  the  previous  section  we  have  com- 
pounded two  harmonic  curves  and  drawn  a  resultant  curve.  The  same 
method  can  be  employed  to  compound  any  number  of  hannonic  curves. 
The  curves  having  all  been  drawn,  with   their  appropriate  amplitude, 
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period,  and  phase,  the  resultant  cur\'e  is  drawn  so  that  at  every  point  its 
ordinate  is  equal  to  the  algebraic  sum  of  the  ordinates  of  the  component 
curves  at  that  point.     By  suitably  choosing  the  period  and  amplitude  of 


Fig.  45- 

the  component  harmonic  curves,  it  is  |)ossibIe,  as  ilhisiraicd  in  Fi^s.  45 
and  46,  to  produce  a  pcrio<Iic  resultant  curve  of  a  type  very  difTerent 
from  a  sine  cur\'c. 

Fourier  first  showed  that  any  periodic  cur\*c,  as  long  as  it  nowhere 
goes  to  an  infinite  distance  from  the  axis  of  .V,  can  be  built  up  by  com- 
pounding to^^ether  a  finite  numl^er  of  harmonic  cunes  the  periods  of 
which  arc  commensurate.  This  last  condition  is  necessary,  for  otherwise 
the  resultant  curxe  obtained  by  compounding  the  curves  would  never 


/^v:^ 


Fig.  46L 

exactly  repeat  itself,  and  would  not  be  periodic.  Hence  it  follows  that 
any  periodic  motion  can  be  considered  as  the  resultant  of  a  number  of 
commensurate  S.H.M.'s.  If  T  is  the  period  of  the  complex  periodic 
motion,  then  the  periods  of  the  component  S.H.M.'s  will  be  included  in 
the  numbers  T,  7/2,  7"/3,  7/4.  &c 
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As  an  illustration  of  ihe  way  in  which  a  periodic  curve  of  a  given  form 
may  lie  built  up  by  the  combination  of  a  number  of  S.H.M/s,  suppose 
the  recjuiied  cun'c  to  be  reprcsenicd  by  the  lines  abcdeh;  (Fig,  46). 
The  thick  continuous  cun'c  given  in  the  figure  is  obtained  by  comjjound- 
ing  the  three  S.H.M.'s  sliown  dotted,  of  which  the  frequencies  are  in  the 
ratio  1:3:  5,  while  the  amplitudes  are  as  1:1/3:1/5.  It  will  be  seen  that 
even  with  three  temis  an  approximation  to  the  required  form  is  prtxiuced. 
In  Fij^.  J7  the   result  of  combining   100  S.H.M.%  having    frequencies 


.• 
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proportional  to  the  numbers  1,  3.  5,  7,  9.  &c.,  and  amplitudes  proportional 
to  ij  r3»  */5i  '.'7»  i/9)&c.,  is  shown  on  a  reduced  scale.  It  will  be  noticed 
that  in  this  case  the  re<|u'rred  curve  is  almost  perfectly  reproduced. 

Machines  have  been  devised,  called  harmonic  analysers,  to  determine 

-mechanically  the  amplitudes  of  the  S.H.M.'softhc  periods  /;  T\i^  T/^^zc, 

Bequired  to  build  up  any  given  cur\-e.     Other  marhines  are  capable  of 

■drawing  the  resultant  of  a  certain  number  of  S.H.>f.'s  of  given  amplitude 

and  period. 
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CHAPTER   VIII 


NEWTON'S  LAWS  OF  MOTION 

56,  Subdivisions  of  Dynamics.— Up  to  the  present  the  motion  of 
bodies  has  been  considered  quite  In  the  abstract,  and  although  we  have 
assumed  that  the  motion  varied  in  certain  ways,  we  have  not  inquired 
into  the  causes  uf  these  varialioiib.  We  now  pass  on  to  consider  the 
effects  of  force  as  shown  in  its  action  on  the  motion  or  equilibrium  of 
material  bodies.  This  branch  of  the  subject  of  mechanics  is  called 
Dynttmics.  Dynamics  is  sometimes  subdivided  into  two  sections  ;  in  one, 
called  Kinetics,  the  effect  of  forces  on  the  motion  of  bodies  is  studied,  while 
in  the  other,  called  Statics,  the  conditions  which  must  exist  if  a  body 
remains  at  rest  when  acted  upon  by  a  system  of  forces  are  investigated- 

67.  Stz*ess. — When  one  portion  of  matter  acts  on  another  portion, 
so  as  to  influence  its  state,  tlien  the  whole  phenomenon  of  the  mutual 
action  of  the  two  portions  of  matter  is  called  in  general  a  stress.  In  cer- 
tain particular  cases  the  stress  has  received  a  special  name ;  thus  wc  have 
a  tension,  a  pressure,  a  torsion,  an  attraction,  a  repulsion,  &c. 

The  term  stress  includes  the  consideration  of  both  the  mutually 
influencing  portions  of  matter  ;  it  is,  however,  sometimes  useful  to  con- 
centrate our  attention  on  one  aspect  of  a  stress,  namely,  the  action  on 
oae  of  the  portions  of  matter,  so  that  wc  regard  the  stress  as  something 
acting  on  this  piece  of  matter.  From  this  point  of  view  we  say  that  the 
phenomena  which  we  observe  are  the  effect  of  Exterfuii  or  Impressed 
Force  on  the  portion  of  matter  in  question,  and  are  due  to  the  Action 
of  the  other  portion  of  matter.  The  opposite  aspect  of  the  same  stress 
would  in  this  case  l)c  called  the  rciution  on  the  other  portion  of  matter. 
Hence  Action  and  Reaction  are  simply  different  aspects  of  a  stress,  just 
as  buying  and  selling  are  different  aspects  of  one  and  the  same  trans- 
action, according  as  we  look  at  it  from  the  point  of  view  of  one  or  other 
of  the  persons  taking  part  in  the  transaction. 

68.  Newton's  Laws  of  Motion.— The  effect  of  external  or,  as  it  is 
sometimes  called,  impressed  force  on  the  motion  of  bodies  is  dcfmed  in 
three  laws  which  are  known  as  Newton's  Laws  of  Motion.     The  first  of 

these  laws  deals  with  the  behaviour  of  a  body  when  no  external  force 
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acts  on  it.  The  second  tells  us  how  the  external  force,  when  acting,  may 
be  measured.  Tl»c  third  compares  the  two  aspects  of  a  stress,  namely, 
Action  and  Reaction.  These  laws  arc  Axioms,  and  do  not  admit  of 
direct  experimental  proof;  they  depend,  however,  on  convictions  drawn 
from  experiment,  and  their  truth  is  universally  admitted  by  those  who  have 
sufficient  physical  knowledge  to  thoroughly  understand  their  purport. 

69.  Newton's  First  Law.--''Every  body  continues  in  its  state  of  rest 
or  of  uniform  motion  in  a  straight  line,  unless  it  be  compelled  by  impressed 
force  to  change  tliat  state."  ^ 

Tins  law  is  also  known  as  the  law  of  Inertia^  since  it  states  that  no 
body  is  capable  of  altering  its  state  of  rest  or  of  motion  without  the  inter- 
vention of  some  outside  influence  ;  and  this  fact  we  express  in  scientific 
language  by  saying  that  every  body  has  inertia. 

The  law  in  the  first  place  gives  a  definition  of  force;,  since  it  states 
that  force  is  that  action  by  means  of  which  the  stale  of  rest  or  motion  of 
a  IxKly  is  changed,  and  that  unless  a  force  acts  no  such  change  will  occur. 
We  may  therefore  define  force  as  that  which  tends  to  produce  change  of 
motion  in  a  body  on  which  it  acts. 

In  the  next  place  the  law  tells  us  how  a  body  will  move  when  it  is 
unacted  upon  by  external  forces.  It  says  that  if  the  body  is  in  motion 
then  it  will  continue  moving  uniformly  in  a  straight  hne,  if  at  rest  it 
will  continue  at  rest. 

Indirectly  the  law  may  be  taken  as  defining  equal  times.  The  times 
which  a  body,  unacted  upon  by  external  forces,  takes  to  pass  through 
equal  spaces  arc  equal. 

Since  we  are  unable  to  obtain  a  body  which  is  entirely  unacted  upon 
by  external  force,  we  cinnot  experimentally  prove  that  if  once  set  in 
motion  it  would  continue  to  move  uniformly.  We  find,  however,  that 
the  more  we  reduce  the  magnitude  of  the  impressed  forces  acting  on  a 
body,  the  greater  is  its  tendency  to  continue  moving  at  a  uniform  rate  in 
a  straight  line  when  once  it  has  been  set  in  motion.  Thus  wc  know  that 
if  a  stone  is  thrown  along  the  surface  of  a  road  it  will  soon  lose  its  motion. 
If  thrown  along  the  surface  of  smooth  ice — in  which  case  the  friction,  which 
is  an  impressed  force  tending  to  check  the  motion,  is  much  less  than  in  the 
case  of  the  road— it  will,  however,  continue  to  move  very  much  longer. 

A  much  more  powerful  argument  for  the  validity  of  the  law  is  obtained 
by  considering  that  we  can  by  its  means  solve  problems  in  mechanics, 
and  the  solutions  thus  obtained  always  agree  with  obser\'ation,  so  that 
we  conclude  that  our  fundamental  assumption  is  correct.  Thus  every 
one  who  makes  use  of  the  Nautical  Almanack  to  discover  the  position 
of  a  star  or  the  lime  of  an  eclipse,  tacitly  allows  the  correctness  of 
Newton's  law,  for  it  is  by  the  assumption  of  the  correctness  of  the  law 
that  the  numbers  there  given  have  been  calculated. 

*  Corpns  omnc  persuverare  in  sutu  suo  quiescendi  vel  movendi  uniformiter  in 
directum,  ai&i  quaienus  illud  a  viribus  imprc^&b  cugiiur  btaiurii  suiuii  mutarc. 
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60.  Newton's  Second  Law.—The  first  law  having  statcU  that  it  is 
force  aliuic  wliich  can  produce  change  of  motion,  the  second  law  tells  us 
how  (be  change  of  motion  depends  on  the  mag^nltude  and  direction  of 
the  force. 

Before  stating  the  law  in  Newton's  words,  we  must  consider  some 
definitlnns  which  he  prefixes  to  the  laws. 

(i)  The  Quttnti/y  of  Motion^  or  the  Motnentumy  of  a  rigid  body 
moving  without  rotation  is  proportional  to  its  mass  and  its  velocity. 
The  rrasonablcncsa  of  this  definition  will  appear  if  we  remember  that 
the  frt'iitt  rc»|uircd  to  slop  a  body  of  great  mass,  such  as  a  railway  train, 
when  iiioving  with  given  velocity,  is  much  greater  than  that  required  to 
•top  II  body  of  small  mass,  say  a  marbie,  when  moving  with  the  same 
vrlority.  Again,  a  greater  effort  is  required  to  stop  a  bullet  projected 
from  ii  ritlc  with  u  high  velocity  than  to  stop  a  similar  bullet  when  simply 
tltrown  by  hand,  and  thus  moving  wiih  a  comparatively  slow  velocity. 
If,  then,  wp  lake  as  the  unit  of  momentum  that  of  unit  mass  moving  with 
unit  velocity,  the  momentum  of  a  mass  w  moving  with  a  velocity  if  will 
be  tmt.    The  dinicnsions  of  momentum  are  YDM^7^^\ 

Tlic  cluiiigc  in  momentum  of  a  body  is  proportional  to  the  mass  ol 
iho  Ixxly  ami  ihc  change  in  velocity.  This  follows  at  once,  since  the 
masx  of  twidy  cannot  alter ;  hence  the  only  thing  that  can  effect  the 
ma^;nilu(h'.  of  the  momentum  is  a  change  in  velocity.  The  rate  of  change 
of  moiiitMUum  is  proportional  to  the  mass  and  the  acceleration  (since  the 
mccelenuiou  is  the  rule  of  change  of  the  velocity).  It  must  be  remembered 
that  the  trrm  velocity 'is  used  in  the  above  in  its  most  general  sense 
(S  y^)^  »o*i  hence  the  momentum  of  a  body  changes  when  the  direction 
of  motion  changes,  although  the  speed  may  remain  constant 

Wc  may  now  state  Newton's  second  law  : — "Change  of  motion  is  pro- 
portional to  the  impressed  force,  and  takes  place  in  the  direction  of  the 
•traight  line  in  which  the  force  acts."'  By  motion  Newton  means 
quantity  of  motion  or,  as  it  is  now  called,  momentum,  and  in  the  same 
way  the  term  impressed  force  includes  the  idea  of  time,  for  the  magni- 
tude of  the  change  of  momentum  produced  will  depend  on  the  time 
during  which  the  force  acts  as  well  as  on  the  magnitude  of  the  force. 
The  product  of  the  magnitude  of  a  force  into  its  time  of  action  is  called 
the  impulse  of  the  force.  Hence  we  may  restate  the  first  part  of  the  law 
and  say  :  Change  of  momentum  is  proportional  to  the  impulse  of  the  im- 
pressed force.  It  is  important  to  notice  that  this  law  states  that  it  is  the 
cfum^^e  in  momentum  which  is  proportional  to  the  impulse  of  the  force, 
and  hence  it  is  immaterial  whether  the  body  on  which  the  force  acts 
is  originally  at  rest  or  in  motion  in  any  direction  ;  the  ikttnxe  in  its 
momentum  in  the  direction  in  which  the  force  acts  is  always  proportional 
10  the  impulse  of  the  force. 


1  Mulotionrm  niotus  proportionalem  esse  \i  motrici  impre&sac,  et  fieri  secundum 
lincam  rectAtn  q\ia  vU  ilia  imprimitur. 
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Thus,  suppose  we  have  a  body  of  mass  m  at  rest,  and  that  a  force 
acting  in  the  direction  from  South  to  North  imparls  a  velocity  t'  to  the 
body  in  unit  time,  so  that  the  momentum  generated  is  mi'.  If,  instead  of 
being  at  rest,  the  body  had  been  moving  with  a  velocity  v  from  South  to 
North  when  the  force  commenced  to  act,  then  at  the  end  of  a  second  it 
would  be  moving  with  a  velocity  27'  from  South  to  North,  since  in  this 
time  its  momentum  must  have  changed  as  much  as  it  did  before,  and 
the  change  in  momentum  is  equal  to  the  product  of  the  mass  into  the 
change  in  velocity,  and  (27/ -7/)/;/  is  ec|ual  to  mv.  If  the  body  were 
originally  moving  with  a  velocity  v  from  North  to  South,  i.e.  in  an 
opposite  direction  to  that  of  the  force's  line  of  action,  then  at  the  end 
of  a  second  the  body  would  be  at  rest,  having  lost  mv  units  of  momentum 
in  a  direction  opposite  to  the  line  of  action  of  the  force,  which  is  equiva- 
lent to  the  gain  of  mi*  units  in  the  direction  of  the  hne  of  action.  If  the 
body  were  originally  moving  with  a  velocity  %'  from  East  to  West,  then 
at  the  end  of  a  second  it  would  have  gained  mv  units  of  momentum 
in  the  South  to  North  direction,  that  is,  since  it  originally  had  no 
momentum  in  this  direction,  its  original  velocity  having  no  component 
in  this  direction,  it  will  now  have  a  component  velocity  in  the  South  to 
North  direction  of  7.' units.  Further,  it  is  immaterial  whether  the  body 
IS  imder  the  influence  of  arte  force  or  several.  However  many  the  forces 
acting  on  the  body,  each  force  will  produce  the  same  change  of  momentum 
in  its  own  direction  that  it  would  produce  supposing  it  alone  acted. 

The  second  law  gives  us  a  means  of  defining  and  measuring  forces 
as  well  as  masses.  If  we  have  a  number  of  forces,  then,  according  to 
Newton's  second  law,  the  changes  of  momentum  which  they  would 
separately  produce  in  a  given  time  are  proportional  to  the  forces.  Hence 
if  they  all  act  in  succession  on  the  .ujmf  mass,  the  chanjjes  in  the  velocity 
produced  will  be  proportional  to  the  forces,  so  that  we  may  measure  the 
relative  magnitudes  of  the  forces  by  determining  the  change  in  velocity 
each  force  will  produce  in  a  given  mass  in  a  given  time. 

On  the  other  hand,  if  we  allow  a  given  force  to  act  in  succession  on 
a  number  of  different  masses  for  a  given  time,  then,  since  it  will  in  each 
case  produce  the  same  change  in  momentum,  the  value  of  the  product 
of  the  mass  of  each  body  into  the  change  of  velocity  produced  by  the 
force  is  the  same  for  all.  The  changes  in  velocity  produced  are  therefore 
inversely  as  the  masses  of  the  bodies  in  which  these  changes  are  produced 
by  the  same  force  acting  for  the  same  lime. 

61.  Unit  of  Force. — Since  a  force  is  measured  by  the  change  in 
momentum  it  produces  in  its  line  of  action,  if  a  force  when  acting  on 
a  mass  w  for  a  time  /  changes  the  velocity  in  its  line  of  action  by  v  units 
of  velocity,  then  the  force  is  measured  by  the  quotient  wr-'A  It  will  have 
l)ecn  observed  that,  in  the  statement  of  the  law  and  in  the  remarks  that 
have  been  made,  it  is  said  that  the  force  is  proportiomil  to  the  change  in 
momentum  produced  in  unit  time.     It  is,  however,  very  convenient  to  so 
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choose  the  unit  of  force  that  the  value  of  a  force  is  numerically  equal 
to  the  chanjfe  in  momentum  produced  in  a  second.  The  unit  force  will 
then  be  such  that  it  produces  in  unit  mass  unit  changes  of  velocity 
per  second,  i.e,  unit  acceleration.  Hence  if  a  force  /'  acting  on  a  mass 
///  for  a  time  /  changes  the  velocity  in  its  own  direction  from  v^  to  v^ 
we  have  ,  .,,     ^,  v 

or,  since  (t's~^i)/^  's  the  acceleration  (a)  produced, 

/•'=  ma. 

The  dimensions  of  force  can  l>c  obtainecl  from  this  equation  by  intro- 
ducin)^;  the  symbols  for  the  units  and  then  making  F^  tn^  and  a  each 
unity.     Thus  F\F\  =  m\M\xlLT-^ 

[/••]  =  [J/][i^7-=^] 

In  the  c.g.s.  system  the  unit  force  is  such  thai  it  produces  an  acceleration 
of  one  centimetre  per  second  per  second  in  a  mass  of  one  gram,  and 
is  called  a  dyne. 

In  the  foot-pound-second  absolute  system  of  units  the  unit  of  force 
is  such  that  it  produces  an  acceleration  of  one  foot  per  second  per  second 
in  a  mass  of  one  pound,  and  is  called  a  poundai. 

We  may  make  use  of  the  dimensions  of  a  force  to  determine  the 
relation  between  the  dyne  and  ihe  poundal.  Suppose  a  given  force  to 
be  equal  to  r/ dynes  or  p  poundals,  ami  further  that  A,  ^t^  and  Tare  the 
units  of  length,  mass,  and  time  in  the  c.g.s.  system,  and  Zp  J/j,  T,  those 
in  the  foot-pound-second  system.  Then,  since  the  actual  magnitude  of 
the   force  must   be  the  same  whatever   the  units  used  to  measure  it, 

we  have  A^^iT'^^PVx^^hT^x'^ 

■•■  Ha-[;;;'][i4] 

Here   -^  is  the  ratio  of  a  foot  to  a  centimetre,  and  is  equal  to  30.48 

(§  l>)i  while  ^  IS  the  ratio  of  a  pound  to  a  gram,  and  is  equal  to  453.59 

(§  12),  while  -r^  15  unity,  since  the  second  is  the  unit  oi  time  in  either 

■'1 
case.     Substituting  these  values,  we  get 

^=3a48x  453.593 
=  13825.5. 

Hence  the  number  of  dynes  in  the  given  force  is  to  the  number  o( 
poundals  as   I3S25.5  :  1.     If  therefore  the  given  force  is  one  poundal, 


§  62] 


Newton's  Third  Law 


7f 


the  numl>er  of  dynes  it  contains  is  13825.5,  so  that  one  poundal=  13825.5 
dynes. 

62.  Impulsive  Force. — In  certain  cases  the  force  acts  for  so  short 
a  time  that  we  arc  unable  either  to  measure  its  magnitude  or  tlie  time 
during  which  it  acts.  It  is,  however,  in  these  cases  generally  possible 
to  measure  the  total  effect  of  the  force  in  changing  the  motion  of  the 
body  on  which  it  acts.  Now,  as  has  been  stated  in  §  60,  the  total  effect 
of  a  force  in  changing  the  motion  of  a  body,  or  the  impulse  of  the  force, 
is  measured  by  the  change  in  momentum  produced.  Hence  in  the  case 
of  these  forces  of  very  short  duration  the  impulse  will  be  used  to  measure 
the  effect  of  the  force  ;  and  this  is  etjual,  if  the  force  is  unifonn,  to  the 
product  of  the  force  into  its  time  of  action,  or,  if  the  force  is  variable,  to 
the  product  of  the  mean  value  of  the  force  into  the  time  of  action.  Thus 
forces  of  short  duration,  as  fr>r  example  that  exerted  by  a  blow  of  a 
hammer,  were  originally  called  impulsive  forces  ;  and  it  was  in  this  con- 
nection that  the  term  impulse  was  originally  used.  There  is,  however, 
no  essential  difference  between  such  a  force  and  forces  which  last  for  a 
longer  interval,  the  only  distinction  being  that  in  the  one  case,  from  lack 
of  experimental  means,  we  are  unable  to  make  the  necessary  measure- 
ments. The  term  impulse  is,  therefore,  now  used  in  the  more  general 
sense,  as  applicable  to  the  product  of  any  force  into  its  time  of  action. 

63.  Newton's  Third  Law. — "To  every  action  there  is  always  an 
equal  and  contrar)*  reaction  :  or,  the  mutual  actions  of  any  two  bodies 
are  always  equal  and  oppositely  directed."  *  In  this  law  the  word  action 
is  used  to  represent  the  one  aspect  of  a  stress  spoken  of  in  §  57,  and  the 
Mord  reaction  to  represent  the  other.  Hence  Newton's  third  law  states 
that  all  forces  are  of  the  nature  of  a  stress  between  portions  of  matter, 
since  it  stales  that  ever>'  force  must  necessarily  be  accompanied  by  an 
equal  and  oppositely  directed  reaction. 

If  you  press  your  finger  on  the  table,  you  feel  the  table  pressing  your 
finger.  In  the  case  of  a  horse  towing  a  boat,  the  forward  pull  exerted  by 
the  horse  on  the  low-rope  is  exactly  equal  to  the  backward  pull  exerted 
by  the  tow-rope  on  the  horse.  Many  people  find  a  difficulty  in  accept- 
ing the  above  statement  with  reference  to  the  equality  of  the  action  and 
reaction  in  the  case  of  a  horse  towing  a  boat,  since  they  think  that  if  the 
force  exerted  by  the  horse  on  the  ro|x:  were  not  a  little  greater  than  the 
backward  force  exerted  by  the  rope  on  the  horse,  the  boat  would  not  pro- 
gress. In  this  case  we  must,  however,  remember  that,  as  far  as  their 
relative  positions  are  concerned,  the  horse  and  the  boat  are  at  rest,  and 
form  a  single  body,  and  tlie  action  and  /-*vw//V'«  between  them,  due  to 
the  tension  on  the  rope,  must  be  equal  and  opf>ositc,  for  otherwise  there 
would  be  relative  motion,  one  with  respect  to  the  other.  The  horse 
.  obtains  the  necessar>'  purchase  to  move  both  itself  and  the  boat  where 

P       1  Action!  contrariam  semper  ct  aequalam  esse  reactionem :  sive  cor|>orum  duorum 
actiones  in  le  mutuo  semper  esse  aequales  et  in  partes  contraiias  dirigi. 
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its  feet  touch  the  ground.  At  these  points  the  hone's  hoofs  exert  a  force 
which  has  a  component  in  a  b:ickw.ircl  <lircrtion.  the  corrcspondinjj 
reaction  of  the  ^jround  having  a  component  in  the  forward  direction;  and 
it  is  this  component  which  produces  the  motion  of  the  horse  and  boat 

64.  Action  at  a  Distance.— Since  force  is  always  part  of  a  stress, 
and  is  only  produced  by  the  aijency  of  one  portion  of  matter  on  another, 
it  is  of  interest  in  every  case  to  exnnnnc  the  mechanism  by  means  of 
wliich  this  influence  of  one  piece  of  matter  on  another  is  carried  on.  In 
some  cases,  such  as  that  wliere  two  portions  of  matter  arc  connected 
by  a  stretched  string,  it  is  quite  exndent  by  what  means  the  one  piece 
of  matter  exerts  a  force  on  the  other,  for  it  is  by  the  stretched  string. 
In  other  cases,  however,  with  whiclj  we  shall  deal  more  fully  later  on, 
one  piece  of  matter  acts  on  another,  and  is  reacted  on  by  that  portion 
of  matter,  but  without  our  being  able  to  detect  any  intermediate  body 
which  plays  the  part  of  the  string  in  the  first  example.  As  an  instance, 
wc  may  take  the  case  of  the  force  exerted  by  a  magnet  upon  a  piece  of 
iron,  even  when  they  are  at  some  distance  apart.  In  this  case  the  force 
still  exists  if  we  remove,  as  well  as  wc  are  able,  all  matter  that  can  be 
detected  by  our  senses,  and  which  for  short,  and  for  the  reasons  given  later, 
may  be  called  ponderable  matter,  from  the  space  between  the  magnet 
and  the  iron,  or  if  we  place  other  portions  of  matter  between  the  two. 

It  was  at  one  time  considered  sulTicient  in  a  case  such  as  the  above 
to  say  that  the  magnet  exerted  a  force  on,  or  acted  on,  the  iron  at  a 
distance,  and  to  dismiss  the  question  by  saying  that  this  was  a  case  of 
magnetic  attraction.      • 

If  a  conjurer  makes  a  portion  of  matter,  say  a  block  of  wood,  follow 
his  hand  about,  wc  at  once  say  that  he  has  a  string  or  some  other 
mechanism  connecting  the  block  to  his  hand,  and  aUhouj'h  wc  are  quite 
unable  to  see  the  nature  of  this  connecting  link,  wn  may  be  satisfied  in 
our  own  mind  that  it  docs  rciUy  exist  In  the  same  way,  since  we  are 
unable  to  think  of  one  portion  of  matter  acting  upon  another  portion  of 
matter  without  something  connecting  the  two,  by  means  of  which  the 
action  is  transmitted,  it  is  natural  to  suppose  that  there  exists  some 
mechanism,  or,  as  it  is  railed,  a  mfdium^  by  means  of  which  the  action 
of  the  magnet  on  the  iron  is  transmitted.  In  this  way  of  lo*^king  at  the 
subject  we  suppose  that  the  action  is  transmitted  by  each  portion  of  the 
medium  affecting  that  which  lies  next  to  it.  and  so  handing  on  the  action 
till  the  second  portion  of  mailer  is  reached.  Here,  then,  we  only  assume 
action  in  proximity.  Since,  however,  no  one  has  yet  been  able  to  im.igine 
the  constitution  of  a  medium  which  shall  be  capable  of  transmitting  all 
the  different  kinds  of  action  which  experiment  shows  matter  to  produce 
on  matter,  we  ordinarily  use  the  language  of  the  theory  which  supposes 
that  matter  can  act  upon  matter  at  a  distance,  without  any  connecting 
mechanism,  by  means  of  an  agent  which  wc  call  force.  Although  no  one 
1  able  to  imagine  the  necessary  medium,  ne\'erthcless  we  firmly 
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bHieve  that  such  a  medium  does  exist  ;  and  a  considerable  portion  of  the 
present  volume  will  consist  of  a  description  of  experiments  which  have 
l>ccn  made  with  a  view  of  determining  the  properties  of  this  medium. 

Newton  made  an  experiment  to  show  that  in  the  case  of  the  action 
exerted  by  one  portion  oC  matter  on  another  at  a  distance  the  third  law 
of  motion  was  true  He  floated  a  magnet  and  a  piece  of  iron  on  water 
by  placing  ihem  on  two  portions  of  cork,  so  that  these  pieces  of  cork 
were  in  contact.  He  found  that  neither  the  magnet  nor  the  iron  was 
able  to  move  the  other  along.  Hence  the  magnet  must  be  attracted  by 
the  iron  just  as  much  as  it  attracts  the  iron. 

65.  Graphical  Representation  of  a  Force.— In  order  to  com- 
pletely define  a  force,  we  require  to  know  three  things  about  it :  (i)  Its 
point  of  apphcation  ;  (2)  its  direction  ;  and  (3)  its  magnitude. 

All  these  three  particulars  can  be  represented  by  a  straight  line,  for 
we  may  draw  a  straight  line  through  the  point  where  the  force  acts  in  the 
direction  in  which  the  force  tends  to  cause  the  momentum  of  the  body  to 
increase,  and  so  that  this  line  contains  as  many  units  of  length  as  there  arc 
units  of  force  in  the  force-  In  order  to  indicate  in  which  sense  along  the 
line  the  force  acts,  it  is  usual  to  place  an  arrow-head  with  the  point  turned 
in  the  way  of  action  of  the  force. 

When  we  represented  a  \*elocity  by  a  line,  it  was  mentioned  (S  36)  that 
all  equal  parallel  lines  represented  the  same  velocity.  In  the  case  of 
forces,  since  the  line  has  to  be  drawn  thr^.ugh  a  definite  point,  the  point 
of  application,  we  can  only  draw  a  single  line  to  represent  any  given  force. 
It  is  however  sometimes  convenient,  when  we  h;ive  a  number  of  forces 
acting,  to  draw  lines  to  represent  the  magnitude  and  direction  of  the 
forces  only,  so  that  all  equal  and  parxillel  Imes  represent  the  same  force. 
In  such  a  case  we  must  be  very  careful  to  remember  that  these  lines  do 
not  i'ompUUely  represent  the  forces. 

66.  Composition  of  Forces  Acting  at  a  Point— A  force  being  a 
vector  quantity,  we  compoimd  two  forces  which  act  at  a  point  by  the 
parallelogram  method.  This  also  follows  from  Newton's 
second  law.  For  suppose  a^  and  a,^  are  the  accelerations, 
the  two  forces  Fj  and  F,  would  respectively  produce  in 
their  own  direction  when  they  act  on  a  mass  ///,  so  that 
by  the  second  law  i\  =  ma^  and  f.^  =  ma^  The  mass  m 
is  therefore  moving  with  an  acceleration .'/,  in  the  direction 
of  Fj,  and  with  an  acceleration  a^  in  the  direction  of  f^ 

From  o  (Fig.  48)  draw  OP  to  represent  n^  in  magnitude 

and  direction,  and  c>q  to  represent  rtj  in  magnitude  and 
direction.     Then  the  resultant  acceleration  will  be  repre- 
sented by  the  diagonal  OR  of  the  parallelogram  constnicird  on  op  and  OQ. 
Now  the  acceleration  represented  by  OR,  say  //,  would  be  produced  by  a 


Fig.  48. 
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fnri:e  ma^  acting  in  the  direction  OR,  and  hence  this  force  is  the  resultant 
of  F,  and  Fj. 

^'»n<:«  OP :  6q  :  OR : :    «, :    «„ :  a 

.*.  OP\  OQ:  OR ;;  ma^ :  //«?, :  mn 

OP:OQ:OR,:    /'\:    /-'iiR, 

Hence,  to  find  the  resultant  of  two  forces  acting  at  a  point  we  need  not 
consider  the  uccclcralions  they  would  produce,  but  if  we  draw  from  a  j^ivcn 
p<:)int  two  straij^ht  lines  to  represent  the  two  given  _/briY^  and  complete 
the  paralleloj^'^ram,  the  diai^'onal  through  the  given  point  will  represent  the 
resultant  force  in  magnitude  and  direction.  Since  the  two  component 
forces  acted  al  one  point,  the  resultant  will  act  at  the  same  point. 

If  there  are  any  number  of  forces  acting  at  a  point,  we  can  find  their 
resultant  by  a  method  similar  to  the  polygon  of  velocities  or  accelerations. 
For  if  in  succession  we  draw  straight  lines  to  represent  in  magnitude  and 
direction  each  of  the  forces,  starting  from  some  given  point,  and  draw 
the  line  representing  each  subsequent  force  from  the  point  where  the  line 
representing  the  previous  force  ended,  then  the  straight  line  joining  the 
starting-point  to  the  end  of  the  last  line  so  drawn  will  represent  the 
resultant  of  all  the  forces  bolli  in  magnitude  and  direction.  As  before, 
the  point  of  application  of  the  resultant  must  be  at  the  same  point  as  that 
of  the  component  forces. 

67.  Resolution  of  Forces.— A  force,  like  a  velocity  or  an  acceleration, 
can  be  resolved  into  components  along  any  given  directions,  the  method 
employed  being  exactly  the  same  as  that  given  in  §  38  for  the  case  of 
velocities. 

The   usual   case   is   to   resolve   a   force  into  components  along  two 
directions  at   right  angles   to  one  another.      As   an   example  of   the 
^  resolution  of  forces,  we  may  take  the  case  of 

a  boat  sailing  in  any  direction  except  directly 
before  the  wind.  Let  BR  (Fig.  49)  represent 
a  boat,  and  AD  the  plan  of  the  tail.  If  WAC 
is  the  direction  of  the  wind,  and  we  lake  AC 
to  represent  the  force  the  wind  would  exert 
on  the  sail  if  it  were  placed  at  right  angles  to 
the  direction  of  the  wind,  we  must  resolve 

this  into  components,  one  (ae)  perpendicular 
to  the  sail,  which  is  alone  efficacious  as  far  as 
the  action  of  the  wind  on  the  sail   is  con- 
FiG.  49.  cerned,  and  the  other  parallel  to  the  sail  AD. 

The  force  AE  has  now  to  be  resolved  along  and  across  the  boat.     The 

component  ag  is  alone  effective  as  far  as  the   headway  is  concerned. 


h68] 


Moment  of  a  Force 


75 


^ 


^ 


The  component  ak,  at  right  angles  to  the  course  of  the  boat,  lends  to 
make  the  Ixjat  travel  through  the  water  in  a  direction  at  riyht  angles  to 
its  length,  i.e,  it  produces  leeway. 

68.  Moment  of  a  Force.— When  a  force  acts  on  an  extended  body 

it  produces,  in  genera!,  both  motion  and  deformation  of  the  body,  />. 
strain.  As  we  are  not  at  present  dealing  with  the  question  of  strain,  we 
shall  consider  the  body  to  be  rigid  (^  43}.  In  the  case  of  an  extended 
rigid  body  a  force  will,  in  general,  produce  both  a  motion  of*translatiou 
and  a  motion  of  rotation.  If  the  force  is  so  applied  that  translation  only 
takes  place,  the  body  moves  as  if  it  were  a  particle  having  a  mass  equal 
to  th;it  of  the  body  concentrated  at  a  certain  pointy  which  is  called  the 
centre  of  inertia  or  centre  of  gravity.  Hence  if  any  number  offerees  act 
on  a  rigid  body  so  that  their  resultant  passes  through  the  centre  of  inertia 
of  the  body,  the  motion  they  will  generate  will  be  a  pure  translation.  If 
the  direction  of  the  resultant  does  not  pass  through  the  centre  of  inertia, 
there  will  be  a  motion  of  rotation  produced  as  well  as  one  of  transla* 
lion.  In  order  to  simplify  matters  when  studying  the  effect  of  a  force  in 
producing  rotation,  we  shall  suppose  that  all  motion  of  translation  is 
prevented  by  having  a  point  or  sometimes  a  line  in  the  body  kept  fixed 

(§  47)- 

The  effect  of  a  force  F  in  producing  rotation  depends  not  only  on 
the  impulse  of  the  force  (/'A  but  also  on  the  distance  between  the  line  of 
action  of  the  force  and  the  axis  aV>out  which  rotation  is  capable  of  taking 
place.  Thus  it  requires  a  much  smaller  force  to  close  a  door  if  the  force 
is  applied  at  right  angles  to  tlie  door  and  near  ihc  handle,  than  if  applied 
near  the  hinge.  It  will  be  noticed 
that  it  is  the  perpendicular  distance 
of  the  tiirection  ^f  the  line  of  action 
of  a  force  from  the  axis  of  rotation, 
and  not  the  distance  from  the  point 
of  application  of  the  force  to  the  axis, 
which  settles  the  amount  of  the 
turning  power  of  a  force.  Thus  let 
AB  (Fig.  50)  be  a  rigid  body  capable 
of  rotating  about  an  axis  through  A 
perpendicular  to  the  paper.  Then  the  turning  power  of  a  force  acting 
along  Fi  and  applied  at  B  is  much  less  than  that  of  an  equal  force  acting 
along  F^,  although  the  distance  between  the  point  of  application  and  the 
axis  is  the  same  in  each  case.  The  turning  power  or  torque  depends  on 
the  magnitude  of  the  force  and  the  perpendicular  distance  between  the 
axis  and  the  direction  of  the  force,  />.,  on  AC  or  Ai>  in  the  above  figure. 

The  product  of  the  magnitude  of  a  force  into  the  perpendicular  dis- 
tance between  the  axis  and  the  direction  of  the  force  is  called  the  9notnent 
of  the  force.     Hence  in  the  above  example  the  moments  of  the  forces  are 
|!F|.AC  and  Fj.AD  respectively.     The  moment  of  a  force  is  positive  if  it 


Fig,  50. 
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tends  to  produce  rotation  in  the  positive  (/>.  anti-clockwise)  direction, 
and  negative  if  it  tends  to  produce  rotation  in  the  negative  direction. 

Since  the  resultant  of  any  number  of  forces  is  by  definition,'  a  single 
force  which  is  capable  of  replacing  the  component  forces  as  regards  their 
effect,  it  follows  that  the  moment  of  the  resultant  about  any  point  must 
be  equal  to  the  sum  of  the  moments  of  the  components  about  the  same 
point,  or  otherwise  the  resuUant  would  not  correctly  replace  the  turning 
moment  of  the  components. 

That  the  parallelogram  construction,  and  hence  also  the  p>oJygon 
of  forces,  gives  a  resultant  fulfilling  the  above  condition  may  easily  be 

shown  in   the  following  way. 

Let  OP,  OQ  (Fig.  51)  be  two 

forces  acting  at  O  and  OR,  the 
resultant  obtained  by  complet- 
ing the  parallelogram ;  and 
let  A  be  any  point  in  the  plane 
about  which  moments  are  to  be 
taken.  Join  AO,  AP,  AQ,  and 
AR.  Then  the  triangle  AOQ 
is  equal  to  thf  sum  of  the 
triangles  APR,  opr,  for  they 
are  on  equal  bases  og,  PR  ;  and 
the  height  of  the  one  triangle  is  equal  to  the  sum  of  the  heights  of  the 
other  two.  This  may  l>e  proved  thus  ;  if  ^  is  the  length  of  the  base  of 
each  triangle,  and  k^  and  h^  the  heights  of  the  triangles  APR,  OPR  respec- 
tively, then  \b{hx'^h.^  =  \bh^'¥\bh^  that  is.  the  area  of  the  triangle  on 
base  h  and  height  (//j  +  //j)  is  equal  to  the  sum  of  the  ar<»5  of  the  triangle 
on  base  h,  having  heights  //j  and  h^  respectively.  The  triangle  AOR  is 
obviously  equal  to  the  sum  of  the  triangles  aop,  APR,  OPR.  Hence  the 
triangle  AOR  is  equal  to  the  sum  of  the  triangles  AOP  and  AOiJ.  Now  the 
area  of  the  trianjjle  aor  is  equal  to  half  the  product  of  the  base  OR  into 
the  perpendicular  distance  between  A  and  OR.  The  product  of  OR,  which 
represents  in  magnitude  and  direction  the  resultant  of  the  forces,  into 
the  perpendicular  distance  between  A  and  OR,  is  the  moment  of  the 

resuUant  alxjut  .A.  Hence  the  moment  of  or  about  A  is  represented  by 
twice  the  area  of  the  tri.ingle  aor.     In  the  same  way  the  moments  of 

OP  and  oy  about  a  are  represented  by  twice  the  areas  of  the  triangles 
AOP  and  AOQ.     Hence  it  follows,  from  the  relation  Ijciwcen  the  areas  of 

these  triangles  found  above,  that  the  moment  of  or  about  a  is  equal  to 

— ♦■  — ♦ 

the  sum  of  the  moments  of  OP  and  OQ  about  A. 

1  In  §  70  the  couditjoos  that  two  foroes  cannot  luive  a  single  re»ultant  will  be  diKUMcd. 
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69.  Composition  of  Parallel  Forces.— In  the  case  of  an  extended 
body  acted  upon  by  two  forces  whose  directions  arc  parallel,  the  resultant 
force  will  be  equal  to  the  algebraic  sum  of  the  two  components,  i.e.  to 
the  arithmetical  sum  if  ihcy  act  in  the  same  sense,  and  to  the  difference 
if  they  act  in  opposite  senses.  As  far  as  the  motion  of  translation  of  the 
body  is  concerned,  this  is  all  that  is  required.  If,  however,  we  require 
ihe  effect  of  the  forces  in  producing  rotation,  it  is  further  nccessar)'  to 
know  the  point  of  application  of  the  resultant. 

In  order  to  find  the  position  of  the  resultant,  we  make  use  of  the  fact 
that  the  inoment  of  the  resultant  about  any  point  must  be  equal  lo  the  sum 
of  the  moments  of  the  components  alxiut  the  same  poinL  If  the  point 
chosen  is  on  the  line  of  action  of  the  resultant,  then,  since  in  tliis  case 
the  moment  of  the  resultant  about  this  point  is  zero,  the  moments  of  the 
components  about  this  point  must  be  equal  and  opposite.  If  the  parallel 
forces  act  in  the  same  sense,  the  resultant  will  lie  between  them,  for  in 
this  case  the  moments  of  the  forces  about  any  point  between  them  will 
be  of  opposite  sign,  since  they  will  tend  to  cause  rotation  in  opposite 
directions.  If  the  forces  act  in  opposite  senses,  then  the  resultant  must 
lie  outside  the  forces,  and  on  the  side  of  the  larger  force,  for  then  the  dis- 
tance between  the  larger  force  and  any  point  on  the  resultant  will  Xyc  kss 
than  that  between  the  smaller  force  and  this  point,  so  that  the  smaller 
force  acting  at  a  greater  distance  may  have  a  moment  equal  lo  the 
larger  force  acting  at  a  smaller  distance. 


Fig.  5x 
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The  most  generally  useful  construction  for  6nding  the  position  of  the 
resultant  is  as  follows  :  Let  P  and  Q  (Fig.  52)  represent  the  forces.  Any- 
where along  the  line  of  action  of  p  cut  off  a  portion  ab  equal  in  length 
10  Qi  and  somewhere  in  the  line  of  action  of  q  cut  off  ci>,  equal  in  length 
to  P.    Then  join  ad  and  BC.     If  the  forces  act  in  the  same  sense,  join 
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crosswise,  as  at  (r/),  so  that  the  point  of  intersection  E  lies  between  the 
forces ;  if  they  are  in  opposite  senses,  join  ihem  without  crossing,  as  at  (/'). 
Then  in  cither  case  the  resultant  will  pass  through  the  point  K. 

The  trianjfles  ABE  and  DCE  are  similar,  so  that  their  heights  are  to 
one  another  as  their  bases.  Hence  Mp  is  the  height  of  the  triangle  ABE, 
and  q  that  of  the  triangle  DCK,  we  have 

j^    /A'    g. 

Pp^Qq, 

"But  /  is  the  perpendicular  distance  between  the  point  E  and  the  force  P. 
Therefore  Vp  is  the  moment  of  r  about  K.  In  the  same  way  <>/  is  the 
moment  of  g  about  E.  And  we  see  from  the  above  that  the  moments 
are  equal  in  magnitude;  that  they  are  of  opposite  sign  is  obvious  from 
the  figures.  Hence  the  resultant  is  parallel  to  the  forces,  and  passes 
through  E. 

70.  Couples. — If  t!:e  two  parallel  forces  are  equal,  the  resultant  must 
be  at  an  equal  distance  from  each,  so  t)iat  when  the  forces  arc  in  opposite 
senses  it  must  be  at  an  infinite  distance,  for  otherwise,  as  it  has  to  be 
outside  the  two  forces,  it  would  be  nearer  one  than  the  other,  so  that  the 
moments  would  not  be  equal.  The  magnitude  of  the  resultant,  however, 
is  in  this  case  zero.  As  far  as  translation  is  concerned,  a  system  con- 
sisting of  a  pair  of  equal  and  opposite  parallel  forces,  which  is  called  a 
couple^  will  produce  no  result  ;  it  may,  however,  produce  rotation. 

Let  P  and  P'  (Fig.  53)  represent  the  equal  and  opposite  parallel  forces, 
and  from  e,  any  point  in  their  plane,  draw  £AB  perpendicular  to  the 

o       D  direction  of  ihe   two 

— — =— -  - — % L — -^    forces  meeting  them 

:  at  A  and  a    Then  the 

\  moment  of  p  about  K 

♦  E  is  -  P.ltK  (for  sign  see 

§  68),  and  that  of  p' 

is  +p'.AE  in  («j),  and 

-p'.AE  in  {b\    Hence 

*E  ^  I.  \  the  sum   of  the   two 

moments     in    {a)    is 
-r.BE+ p'.AE,  which, 


(a) 


r    A 


(b) 


Fig.  53. 


since  P'  =  P.  is  equal  to  -P..^B.  In  (b)  the  sum  of  the  moments  is  equal 
to  -P.BE- P'.AE,  which  is  equal  to  -P.AB.  \\i:v\<x.  we  see  that  the  sum 
of  the  moments  about  any  point  is  constant,  and  is  equal  to  the  product 
of  one  of  the  forces  into  the  distance  between  the  lines  of  action  of  the 
forces.     This  product  is  called  the  moment  of  the  couple. 

We  arc  now  in  a  position  to  generalise,  and  say  that  any  number  of 
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forces  acting  on  a  rigid  body  may  be  replaced  by  a  single  force  acting 
through  the  centre  of  inertia  of  the  body,  and  which  is  alone  effective  in 
produdng  motion  of  translation,  and  a  couple  which  is  alone  effective  in 
produdng  motion  of  rotation.  For,  taking  any  two  of  the  forces  which 
are  not  equal  and  opposite  parallel  forces,  we  may  replace  them  by  their 
resultant  This  resultant  can  then  be  combined  with  one  of  the  remain- 
ing forces,  and  so  on  till  finally  we  have  left  either  (i)  a  single  force 
passing  through  the  centre  of  inertia,  when  translation  only  takes  place  ; 
or  (2)  two  equal  and  opposite  parallel  forces,  which  produce  rotation 
only ;  or  (3)  a  single  force  which  does  not  pass  through  the  centre  of 
inertia.  In  this  last  case,  if  we  add  two  equal  and  opposite  forces  acting 
through  the  centre  of  inertia  and  parallel  to  the  resultant,  they  will  not 
influence  the  motion.  One  of  these  forces  will  then  form  a  couple  with 
the  resultant,  and  the  other  will  be  a  force  equal  and  parallel  to  the 
resultant,  acting  through  the  centre  of  inertia  and  tending  to  produce 
translation  of  the  body. 


CHAPTER  IX 


EQUILIBRIUM    OF   FORCES 

71,  Equilibrium.— When  the  forces  which  act  on  a  body  are  so 
biilanccd  ih.u  ihcy  produce  no  acceleration  in  the  lx»dy,  that  is,  do  not 
alter  its  sialc  of  motion,  they  are  said  to  he  in  ecjiiililirium.  A  study  of 
the  conditions  thai  have  to  be  fulfilled  in  order  that  the  forces  considered 
may  lie  in  equilibrium  is  sometimes  considered  as  a  separate  branch  of 
mechanics,  called  Statics. 

Tlic  name  statics  is  at  first  sight  rather  misleading,  since  it  docs  not 
follow  because  the  fortes  actinjj  on  a  Ixnly  are  in  equilibrium  iliat  tlie 
body  is  at  rest,  for  if  the  body  is  originally  movinj;  the  velocity  will  con- 
tinue uniform,  and  not  be  altered  by  the  forces.  The  appropriateness  of 
the  name,  however,  is  apparent,  if  we  consider  that  unless  the  forces 
acting  on  a  body  arc  in  equilibrium  it  is  impossible  for  the  Uxly  to  remaitt 
at  rest.  Hence  we  may  if  we  like  define  forces  in  equilibrium  as  such 
that  ihcy  render  it  possible  for  the  body  on  which  ihey  act  to  remain 
at  rest. 

72.  Conditions  for  Equilibrium  of  a  Particle,— It  is  obvious  that 
a  particle  acted  upon  by  a  single  force  cannot  be  in  equilibrium. 

For  two  forces  acting  on  a  particle  to  be  in  equilibrium,  they  must 
fulfil  the  following  conditions:  They  must  be  (i)  equal  in  magnitude, 
{z)  act  along  the  satn^  straight  line,  (3)  be  of  opposite  sense.  When 
referring  to  these  conditions  in  future,  we  shall  for  shortness  simply  say 
that  the  forces  must  be  equal  and  opposite,  but  it  must  be  remembered 
that  this  is  only  an  abbreviation  for  the  above  three  conditions. 

The  condition  that  three  forces  acting  on  a  particle  may  be  in  equili- 
brium la  that  any  one  of  the  forces  must  be  equal  and  opposite  to  the 
resultant  of  the  remaining  two,  for  we  may,  if  we  please,  replace  any 
two  of  the  forces  by  their  resultant,  when  we  should  have  reduced 
the  problem  to  the  equilibrium  of  two  forces.  The  resultant  of  any 
two  of  the  forces,  say  P  and  Q,  must  lie  in  the  plane  containing 
I*  and  (J.  Hence  if  there  is  to  be  equilibrium  the  third  force,  since  it 
must  be  equal  and  opposite  to  this  resultant,  must  also  lie  in  the  plane 
containing  the  other  two  forces.  Hence  the  first  condition  forcciuilibrium 
is  that  the  three  forces  must  all  lie  in  one  plane.  As  to  the  rcEattons 
between  the  magnitude  of  the  forces,  the  resultant  of  any  two  (P  and  Q)  is 

represented  by  the  diagonal  or  (Fig.  54I  of  the  parallelogram  constructed 

So 
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on  the  lines  OP  and  OQ  as  adjacent  sides.     Hence  the  other  force  must 

be  represented  in  magnitude  and  direction  by  KO,  or  by  os,  where 
OS  is  equal  to  OR  and  in  the  same  straight  line  with  it.     Since  QR  is 

equal  to  OP,  we  may  take  qr  to  represent  the  force  P  in  magnitude  and 
direction  (§  65).  Then  the  three  forces  will  be  represented  by  OQ,  qr, 
and  RO,  the  sides  of  a  triangle.     Hence  if  it  is  possible  to  draw  a  triangle 


P 


of  which  the  sides  are  parallel  or  perpendicular  to  the  three  forces  and 
proportional  to  them  in  magnitude,  the  forces  will  be  in  equilibrium. 
It  must  be  specially  noticed  that  in  drawing  the  triangle  the  sides  must 
all  be  drawn  in  the  same  sense  as  the  forces,  so  that  when  we  place 
arrows  on  the  sides  to  show  in  which  sense  the  forces  act,  all  the  arrows 
may  point  the  same  way  round  the  triangle,  as  shown  at  A  B  C  in 
Fig.  54. 

The  conditions  of  equilibrium  for  any  number  of  forces  acting  on  a 
particle  are  that  the  forces  can  be  represented  in  magnitude  and  direction 
by  the  sides  of  a  closed  polygon  taken  in  order,  t,e.  drawn  in  the  same 
sense  as  the  forces.  This  at  once  follows  from  the  polygon  of  forces,  for 
the  resultant  of  all  the  forces  but  one  is  represented  in  magnitude  and 
direction  by  the  line  joining  the  starting-point  to  the  end  of  the  last  line 
drawn  in  the  J>olygon,  i.e.  by  the  remaining  side  of  the  polygon,  which  by 
supposition  represents  in  magnitude  the  only  force  not  yet  included,  but 
is  in  an  opposite  sense. 

78.  Conditions  for  Equilibrium  of  a  Rigid  Body.— In  the  case 
of  a  rigid  body  the  lines  of  action  of  the  forces  need  not  all  pass  through 
a  single  point,  and  in  order  that  the  body  may  be  in  equilibrium  the 
forces  must  not  tend  to  produce  either  translation  or»rotation.  If  the 
directions  of  all  the  forces  pass  through  a  single  point  they  cannot 
produce  rotation,  and  hence  if  they  ful61  the  conditions  given  in  the 
preceding  section  for  a  particle  they  will  be  in  equilibrium.  If,  however, 
the  lines  of  action  of  the  forces  do  not  all  pass  through  a  point,  then,  in 
order  that  there  may  be  no  rotation,  they  must  have  no  resultant  moment 
tending  to  turn  the  body  about  any  axis.  The  general  condition  for 
equilibrium  is  therefore  that  the  sum  of  the  moments  of  all  the  forces 
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taken  about  rtf^ry  point  must  be  zero,  and  that  the  forces  can  be  repre- 
sented in  mag^nilude  and  direction  by  the  sides  of  a  closed  polygon  taken 
in  order. 

Since  in  most  cases  we  shall  only  have  to  deal  with  forces  acting  in  a 
plane,  it  is  of  interest  to  examine  the  condition  for  equilibrium  in  this  case 
a  little  more  fully.  As  by  supposition  the  forces  all  act  in  a  plane,  it  is 
evident  that  they  can  only  tend  to  produce  motion  in  this  plane  (by 
Newton's  second  law).  Hence  if  wc  take  two  fixed  lines  not  parallel  (and 
preferably  at  right  angles)  in  this  plane,  every  possible  translation  must 
cither  be  parallel  to  one  or  other  of  these  lines,  or  else  compounded  of 
translations  parallel  to  the  two.  Hence  if  the  sum  of  the  components  of 
the  forces  when  resolved  parallel  (o  thcso  lines  is  zero,  there  will  be  no 
tendency  to  motion  along  cither  of  these  directions,  so  that  there  will  be 
no  translation.  The  condition  for  no  rotation  is  that  the  sum  of  the 
moments  about  every  point  in  the  plane  shall  be  zero.  If  both  conditions 
are  fulfilled  there  is  equilibrium.  If  only  the  fiist  condition  holds,  then 
there  is  rotation  without  translation,  />.  all  the  points  of  the  body  move 
in  circles  about  a  fixed  point  as  centre  ;  if  the  second  condition  alone  is 
fulfilled,  then  there  is  translation  without  rotation,  i.e.  all  the  points  of 
the  body  move  with  the  same  velocity  in  parallel  paths.  • 


CHAPTER  X 
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74,  Definition  of  Work.— When  a  force  acts  upon  a  body,  and  the 
point  of  ajipli"  -itiou  of  the  force  moves  in  ihc  direction  of  the  line  of 
action  of  the  force,  the  force  is  said  to  do  'ii't>ri'  an  the  body.  The  amount 
of  work  done  by  the  force  is  measured  by  the  product  of  the  force  into 
the  distance,  measured  alonjf  its  line  of  action,  moved  through  by  its  point 
of  apphcation.  Hence  if  a  force  /■'  acts  on  a  body  whiie  its  point  of 
application  moves  thruuf<h  a  distance  s  in  the  line  of  action  of  the  force, 
the  work  ( IV)  done  by  ilie  force  is  given  by 

If  the  body  troves  through  a  distance  s  in  the  direction  opposed  to 
the  force,  work  is  said  to  be  d«me  at^atftst  the  force,  the  work  done  being 
as  before  measured  by  the  product  /•>. 

If  the  displacement  of  the  point  of  application  of  the  force  is  not 
along  the  Hnc  of  direction  of  the  force,  but  inchned  to  it,  then  we  must 
calculate  the  component  of  the  displacement  along  the  direction  of  the 
force,  and  this  component  multiplied  by  the  force  gives  the  work  done 
either  by  or  against  the  forcCi  as  the  case  may  l>e,  during  the  displacemcnL 

Thus  suppose  AC  (Fig.  55)  represents  the  direction  of  the  line  of  action 

of  the  force  (A )  and  .ab  the  displacement  of  the  point  of  application.    Then 
the   component   of  the  displacement  n 

along  llie  line  of  action  of  the  force  is    ?* '  ^ 

Ai>,  obtained  by  drawing  wn  perpen- 
dicular to  AC,  Hence  the  work  done 
is  /^AD.  The  correctness  of  the  above 
construction  is  evident,  for  the  dis- 
placement AB  of  the  point  of  application  tpay  be  replaced  by  the  dis- 
placements An  and  db.  During  these  displacements,  no  work  will  be 
done  by  the  force  while  the  point  of  application  is  moving  from  D  to  B, 
since  the  movement  is  at  right  angles  to  the  line  of  action  of  the  force- 
If  we  call  the  angle  between  the  line  of  action  of  the  force  and  the  line  of 
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displacement  of  the  point  of  application  ^,  then  Ab=AB  cos  ft     Hence 
the  work  {,\V)  is  given  by  the  equation 

W^AB,  cos  ft  /^ 

If  the  force  /*  were  resolved  along  Aii  and  perpendicular  to  ab,  the 
component  of  AB  would  be  7^  cos  ft  Now  the  displacement  is  at  right 
angles  to  the  component  which  is  perpendicular  to  AW,  and  hence  during 
the  displacement  no  work  is  done  against  this  component.  The  work 
done  is  equal  to  the  product  of  the  actual  displacement  of  the  point  of 
application  into  the  component  of  the  force  along  the  direction  of  the 
displacement,  it  being  of  course  understood  thai  where  the  force  is 
resolved  along  the  direction  of  the  displacement  the  other  component  is 
taken  at  right  angles  to  this  direction. 

Since  \V=  Fs,  wc  have  F=  Wls^  or  the  force  acting  on  a  body  moving 
in  a  straight  line  is  the  work  done  during  a  given  displacement  divided 
by  that  displacement.  Hence  we  might  defme  force  as  the  space  rate  at 
which  work  is  done  (see  noie^  p.  27). 

76.  Units  of  Work.— In  the  c,g;s.  system,  the  unit  of  work  is  done 
when  a  body  acted  upon  by  a  force  of  one  dyne  moves  through  a  centi- 
metre in  the  direction  of  the  force.     This  unit  of  work  is  called  the  erg. 

As  will  i>e  shown  later  on,  the  dyne  is  very  nearly  equal  to  the  force 
with  which  the  earth  attracts  (/>.  the  weight  of)  one  milligram  (nftro  grm.), 
so  that  approximately  an  erg  of  work  is  done  when  a  milligram  is  raised 
through  one  centimetre.  Since  an  English  penny  piece  has  a  mass  of 
about  9450  milligrams,  and  the  average  height  of  a  table  is  about  72 
centimetres,  it  follows  that  about  9450x72  =  680,400  ergs  are  done 
when  a  penny  is  raised  from  the  floor  to  the  top  of  a  table.  It  will  1x5 
seen  that  the  erg  is  an  excessively  small  unit,  and  hence  for  most 
practical  purposes  it  is  usual  to  use  as  the  unit  of  work  the  joule,  which  is 
equal  to  10,000,000  or  10^  ergs. 

In  the  foot-pound-second  system,  the  unit  of  work  is  done  when  the 
point  of  application  of  one  poundal  is  moved,  in  the  direction  of  the  force, 
through  a  distance  of  one  foot.     This  unit  is  called  the  foot-poundal. 

The  dimensions  of  work  are  :  [Force]  [/.]  =  [/,'.jV.7'.~']. 

A  foot-poundal  is  equal  to  4.214  x  10*  ergs.  This  equivalent  could  be 
at  once  obtained  from  the  ratio  of  the  pound  to  the  gram,  and  of  the  foot 
to  the  centimetre,  by  aid  of  the  dimensions,  as  was  done  in  §  61  in  the 
case  of  the  absolute  units  of  force, 

76.  Gravitational  Units.— It  will  be  convenient  to  anticipate  in 
some  measure  a  few  of  the  points  which  will  be  dealt  with  at  greater 
length  in  Chapter  XIII. 

It  is  a  matter  of  common  observation  that  all  matter  is  attracted  by 
the  earth,  or  in  other  words  possesses  weight.  It  can  be  proved  by 
experiment,  as  we  shall  sec  later,  that  all  bodies  when  allowed  to  fall 
freely,  that  is  to  move  under  the  influence  of  the  force  exerted  on  them 
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owing  lo  ihe  attraclion  of  ibe  earth,  move  with  llie  same  acceleration  at 
any  given  point  on  il\e  earth's  surface.  This  acceleration  ofa  freely  falling 
body  is  generally  indicated  by  the  symbol  ^r.  Let  W  be  the  weight  of  a 
body  of  mass  ;//,  that  is  the  force  with  which  the  earth  attracts  it, 
measured  in  absolute  units  (that  is  in  dynes  if  m  is  measured  in  grams, 
and  in  poundals  if  m  is  measured  in  pounds).  Then  since  the  force  W 
when  acting  on  the  mass  m  produces  an  acceleration  gy  we  have 

The  \'alue  of  ,^  in  the  cg.s,  system  is  a1)out  981  cm. /set:".,  so  tliat  the 
weight  of  a  gram  is  equal  to  about  981  dynes.  In  the  foot-ijound-sccond 
system  jf  is  about  32  fcet/sec"-,  so  that  the  weight  of  a  pound  is  about  32 
poundals. 

A  system  of  units  is  often  employed  in  which  the  unit  of  force  is 
taken  as  the  force  with  which  the  earth  attracts  a  given  lump  of  matter 
when  It  is  at  a  certain  fixed  point  on  the  earth's  surface.  This  unit  of 
force  is  then  taken  as  one  of  the  fundamental  units,  the  others  being 
those  of  length  and  time.  Such  a  system  of  units  is  called  a  gravita- 
tional system,  and  it  is  this  system  which  is  almost  exclusively  used  by 
engineers. 

The  imit  offeree  in  the  metric  gravitational  system  is  the  force  with 
which  the  earth  attracts  a  mass  of  a  gram  when  at  the  sea-level  and  at 
latitude  45*.'  This  force  is  equal  to  a  force  of  98a6  dynes,  for  the  value 
of  .if  at  sea-level  and  latitude  45''  is  980.6  cm./sec*. 

The  unit  of  force  in  the  British  gravitational  system  is  the  force  with 
which  the  earth  attracts  a  mass  of  a  pound  at  se;t-level  and  latitude  45^ 
This  unit  offeree  is  equal  to  32.172  poundals,  for^has  the  value  32.172 
fool /'sec*. 

In  the  gravitational  system  of  units,  since  the  unit  of  force  is  taken  as 
one  of  the  fundamental  units  in  place  of  mass,  the  unit  of  mass  is  derived 
from  this  unit  by  means  of  Newton's  second  law.  Thus  the  unit  of  mass 
on  the  gravitational  system  when  acted  upon  by  the  unit  force  in  this 
system  must  move  with  unit  acceleration,  that  is,  one  centimetre  per 
second  per  second,  or  one  fool  per  second  per  second,  as  the  case  may  be. 
Now  at  sea-level  and  latitude  45^  the  quantity  of  matter  (gram  or  pound) 
'used  lo  define  the  gravitational  unit  of  force,  if  allowed  to  fall  freely, 
would  move  with  an  acceleration  ^  (98a6  cm./sec".  or  32.173  footj'sec^.), 
and  under  these  circumstances  it  would  be  acted  upon  by  the  gravitational 
unit  of  force.  Hence  to  move  with  unit  acceleration  the  mass  moved 
must  be  jf  times  as  great  as  the  quantity  of  matter  used  lo  define  the  unit 
force.  Thus  the  unit  of  mass  in  the  metric  gravitational  system  is  equal 
to  980.6  grams,  and  in  the  British  gravitational  system  to  32.172  pounds. 

Since  the  value  of  the  attraction  exerted  by  the  earth  on  a  given  mass 
is  not  the  same  all  over  the  surface  of  the  earth,  the  gravitational  unit 

1  The  value  of^  is  by  no  means  the  same  at  all  points  on  Ihc  earth.     (See  §  116.) 
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of  force  will  not  everywhere  l>e  evncily  equal  to  the  force  with  which  the 
earth  aiiracis  (/>.  the  weight  uQ  a  gram  or  pound,  as  the  case  may  l)c. 
For  comparatively  rough  measuroinents,  however,  in  which  the  change 
in  the  value  of  the  gravitational  altraciion  may  be  neglected,  there  is  no 
do.ibt  it  is  often  convenient  to  use  the  gravitational  units,  particularly 
whsn,  as  is  often  the  c.ise,  all  the  forces  which  luivc  to  be  dealt  with  are 
due  to  the  .iction  of  gravity  on  matter.  For  scientific  purposes,  however, 
there  can  be  no  doubt  that  the  absolute  system  of  units,  in  which  mass  is 
taken  as  tlie  fundamental  unit,  is  preferable. 

The  units  of  work  or  energy  in  the  two  gravitational  systems  are  the 
work  done  in  lifting  a  gram,  or  a  jiound,  through  a  centimetre,  or  a  foot, 
as  the  case  may  be,  at  the  sea-levcl  and  at  latitude  45".  These  units  are 
called  the  gram-centimetre,  and  foot-pound  units  of  work  rcs|}cctively. 

The  following  tables  exhibit  the  connection  l>ctween  the  fundamental 
units  and  the  units  of  force,  mass,  and  work  in  the  absolute  and  gravita- 
tional systems  :  — 

Mktric  System. 
Fundamental  Units. 


Alxwlutc. 

GraviuiioiuU. 

Length                            Centimetre 
Mass                             Gram 
Time                               Second 

Length    .         .        .     Centimetre 
r-         (  Weight  of  a  gram  at  lat. 
'^*''*^^'|      45*  and  sea-level 
Time       .        .         .     Second 

Derived  Units. 

Force       .        .             Dyne            '  Mass                       ,    980.6  grams 
Work  and  Encrg)'  .     Erg                 Work  and  f  Gram- centimetre   at 

Energy    '\     lat.  45"  and  sea-level 

British  System. 
Puniiamenial  Units, 


Afafiolnic 

GmTiiaUonaL 

Length         .        .     Foot 
Mass    .        .        .     round 
Time    .         ,              Second 

Length        .        ,     Foot 
c         (  Weight  of  a  pound  at  lat. 
*^°'-"  ]      45^  and  sea^evel 
Time  .         .         .     Second 

Derived  Units. 

Force  .                 .     Poundal 
Work  and  Energy     Fooi-poundal 

Mass  .         .        .     32. 172  pounds 
Work  and  (  Foot-pound  at  lat.  45' 
Energy     \      and  sea-level 

77J 


Work  done  fy  a  Force 


«7 


Since  iltc  furre  with  wliicli  the  earth  attracts  a  muss  m  is  equal  to  mg 
abbolute  units  of  forte,  the  work  which  is  done  when  this  xnubs  is  raised 
through  a  vertical  heiKhi  //  is 

Mm  id  expressed  in  grams,  j,--  in  cm, sec'.,  and  h  in  cm.,  ix.  if  alt  the 
quantities  arc  measured  in  t.^.x.  absolute  units,  then  the  work  mgh  is 
expressed  in  crj^s.  Mm  is  measured  in  pounds,^  in  foot/sec*.,  and  //  in 
feet,  then  the  work  mgk  is  expressed  in  fool-poundals. 

If  the  experiment  is  perfonned  at  latitude  45'  and  at  the  sea-level, 
then  the  work  done  in  raising'  m  grains  through  a  height  of  ^  centimetres 
is  mh  gram-ccnlimelres.  If,  however,  the  cxi)erimcnt  is  performed  at 
a  point  on  the  earth's  surface  where  the  accelerution  of  gravity  is^,  then 
K 


the  work  done  will  be  tnh.  .f*  .  gram-cent  micires 
yoo.6 


For  at  the  standard 


position  the  value  of  ihc  acceleration  of  gravity  is  98a6,  and  the  force 
with  which  the  earth  attracts  a  given  n^ass  is  {)r(>portiouul  to  the  accelera- 
tion of  gravity  or^.  In  the  same  way  the  work  done  in  raising  ///  pounds 
through  h  feet  at  the  siandaixl  position  is  mh  foot-pounds,  while  at  a 

place  where  the  acceleration  of  gravity  is^if  it  is  vih   -'  -  -  foot-pounds. 

77.  Graphic  Representation  of  the  Work  done  by  a  Force,— 

If  a  force  (A)  remains  uniform  wliile  its  point  of  application  moves  in  the 
direction  of  the  force  through  a  distance  ^,  the  work  done  is  F^.  Let 
the  line  ox  (Fig.  56)  represent  space  in 
the  direction  of  the  hne  of  action  of  the 
force,  and  distances  measured  parallel  lu 
a  line  ov,  at  right  angles  to  ox,  represent 
ihc  mii^niiutie  (not  direction)  of  the  force. 
If  through  M  and  N,  any  two  points  in  OX, 
we  draw  two  lines  MP,  XQ  parallel  to  ov, 
and  of  such  a  length  tliat  ihey  represent 
the  magnitude  of  F,  then  the  area  of  the 
rectangle  AIPQN  will  represent  the  work 
done  by  the  force  while  its  point  of  appli- 
cation mo\'es  through  the  distance  MX. 

For  tlie  area  of  the  rectangle  is  equal  to  mv  x  wp,  and  bin  represents  j, 
and  MP  represents  F^  so  that  the  product  F.s  is  represented  by  the  area 
of  the  rectangle  MPfjV,  that  is,  there  arc  as  mnny  units  of  area  in  MPQN 
as  there  are  units  of  work  in  F,s.  Hence  if  a  centimetre  along  OX 
represents  a  displacement  of  one  centimetre,  and  a  centimetre  along  OY 
represents  a  force  of  one  dyne,  then  each  square  centimetre  in  the  area 
will  represent  an  erg. 

If  the  force  is  not  constant  in  magnitude  during  the  displacement, 
we  must,  as  was  done  in  the  case  of  speed  in  Jj  34»  draw  a  curve  such 
that  the  ordinate  (mp)  at  any  point  M  on  the  axis  OX  represents  the  force 
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acting  when  the  point  of  application  is  at  M.  Then  the  area  contained 
between  any  two  ordinatcs,  the  cunc  and  the  axis  ox,  will  represent  the 
work  done  while  the  jwini  of  application  of  the  force  moves  from  the 
jKjint  corresponding  to  the  foot  of  one  ordinate  to  that  corresponding  to 
the  foot  of  the  other. 

As  an  example  of  the  application  of  this  graphical  method  of  repre- 
senting the  work  done  liy  a  variable  force,  we  inay  take  the  method 
employed  to  determine  the  work  done  by  the  steam  durin^'^  each  stroke 
of  a  bleam-enginc  piston.  The  curve  is  drawn  mechani*  ally  by  means 
of  an  instrument  called  an  indicator ;  this  consists  of  a  small  c)'linder, 
the  piston  of  which  is  held  down  by  a  spring.  A  pencil  attached  to  this 
piston  bears  on  a  sheet  of  paper,  which,  by  means  of  a  connecting  link, 
is  moved  Ixickwards  and  forwards  by  the  piston  of  the  engine  along  a 
line  at  right  angles  to  the  direction  in  which  the  pencil  is  moved  when 
the  indicator  piston  is  forced  back.  The  cylinder  of  the  indicator  is  con- 
nected by  a  pipe  with  the  inside  of  the  engine  cylinder,  so  that  the 
amount  the  spring  is  forced  back,  />.  the  movement  of  the  pencil,  is  a 
measure  of  the  pressure  of  the  steam  in  the  cylinder,  and  hence  of  the 
force  acting  on  the  engine  piston.  A  cun'e  obtained  from  such  an  indi- 
cator is  shown  in  Fig.  57.  Here  the  force  acting  on  the  piston  is  mea- 
sured along  OY,  and  the 
displacement  of  the  piston 
along  OX.  The  length  MN 
represents  the  ** stroke"  of 
the  piston,  or  the  distance 
through  wliich  it  travels. 
Starting  from  A,  the  part 
of  the  cune  Ancn  repre- 
sents the  pressure  acting 
on  the  piston  while  it  is 
moving  in  the  direction  of 
this  pressure,  and  hence 
the  work  done  on  the 
piston  is  represented  by 
the  area  MAiicnNM.  Dur- 
ing the  return  stroke,  however,  which  is  represented  by  the  part  dka  of 
the  curve,  the  piston  is  moving  against  the  pressure,  and  the  work  done 
by  the  piston  is  represented  by  the  area  maf.dnm.  Hence  the  work 
done  on  the  piston  during  a  complete  lo-and-fro  motion  is  the  differ- 
ence between  these  areas,  namely,  the  area  AliCl»r.A. 

By  counting  up,  it  will  Ije  found  that  the  figure  abcdka  contains 
about  230  small  squares.  Now  one  side  of  each  of  these  squares  repre- 
sents a  pressure  of  4  lbs,  per  square  inch  on  the  piston,  while  the  other 
side  represents  a  travel  of  the  piston  through  a  space  of  one  inch.  Each 
square  will  therefore  correspond  to  4/12   or   1/3  foot-pound  of  work. 


TRAVEL  OF  PISTON  IN  INCHES 

Fig.  yj. 
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Hence  the  work  done  by  the  steam  on  each  square  inch  of  the  piston 
during  a  whole  revolution  of  the  crank  is  230/3,  or  76.8  fool-pounds.  If 
J  is  the  area  of  cross  section  of  the  piston,  then  the  work  done  during 
one  revolution  is  76.8  s  foot-pounds. 

78,  Power  or  Activity.— It  will  he  noticed  that  tlic  work  done  by 
a  force  diiriny:  a  given  displacement  is  independent  of  the  time  taken. 
Thus  ihe  same  amount  of  work  is  done  against  gravity  by  an  engine 
which  drags  a  train  up  a  given  incline  in  an  hour,  as  would  be  done  if  it 
had  done  this  in  a  minute.  Since  there  is  practically  a  very  great  diffe- 
rence between  these  two  cases,  it  is  obvious  that  wc  have  to  take  the  time 
an  agent  takes  to  do  a  certain  quantity  of  work  into  account.  The  rate 
of  doing  work,  or  the  work  done  divided  by  tlie  lime  taken  lo  do  it,  is 
railed  tl»c  Power  or  Acihnty  of  an  agent-  Hence  in  the  above  case 
Ihe  power  would  in  one  case  be  sixty  times  greater  than  in  the  other. 

An  agent  which  is  capable  of  raising  550  pounds  through  a  vertical 
distance  of  one  f(M>t  *  (/>.  of  doing  550  foot-pounds)  in  one  second  is  said 
to  be  of  one  horsc-ptnvcr.  The  French  horse-iiowcr  {cheval-vapeur)  is 
sucli  that  75  kilograms  can  be  raised  one  metre  in  each  second. 

Tlie  practical  unit  of  power  based  on  the  c.^i^.s.  system  is  one  joule  per 
second,  and  is  called  the  watt.     Hence  a  watt  is  lo**  ergs  per  second. 

One  horse-power  is  equal  to  746  watts. 

79,  Energ'y.— We  find  by  experience  that  under  certain  circum- 
stances bodies  are  capable  of  doing  work.  Thus  when  a  weight  has 
been  raised  up  above  the  surface  of  the  earth,  it  possesses  the  capacity 
for  doing  work  during  its  return  to  the  surface  of  the  earth.  For  a 
string  attached  to  the  weight  may  pass  over  a  pulley,  and  the  other  end 
be  attached  to  a  bucket  of  water.  If  the  bucket  of  water  is  fighter  than 
the  weight,  then  during  its  fall  it  will  raise  up  the  bucket,  and  hence  do 
work.  Again,  a  body  which  is  in  motion  possesses  the  power  of  doing 
work  while  it  is  losing  its  motion,  as,  for  instance,  a  bullet  when  it 
strikes  a  t>lock  of  wood  loses  its  motion,  but  in  doing  so  it  docs  work  on 
(he  block,  for  it  penetrates  the  block  against  the  resisting  force  of  the 
wrK)d.  Hence  we  see  that  under  certain  circumstances  bodies  possess 
a  capacity  for  doing  work  ;  and  this  capacity  for  doing  work  is  called 
Encr^^v. 

llie  energy  of  a  Ixxly  is  measured  by  the  work  it  can  do  while 
changing  to  some  standard  state,  or,  what  is  sometimes  more  convenient, 
the  work  which  has  to  be  done  on  the  body  to  bring  it  from  some 
standard  state  to  the  actual  state.  Thus  in  the  above  examples  wc  may 
measure  the  work  the  weight  can  do  before  it  comes  to  rest  on  the 
surface  of  the  ground,  or  the  work  the  bullet  can  do  before  it  is  brought 
to  rest. 

*  Tu  lie  strictly  accuriilt^  Uiis  is  only  liuer  at  latJtudi:  45"  and  sea-level ;  however, 
for  most  engineering  purposes,  the  smail  differences  in  the  toIuc  of  g  at  different 
placd  do  not  cause  any  appreciable  errors. 
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It  will  be  noticed  th;ii  in  the  two  examples  given  the  nature  of  the 
circumstance  owing  to  which  the  body  jjossesses  L*nergy  are  di*TerenU 
In  the  first  case,  that  of  the  niiscd  weight,  it  possesses  energy  due  to 
its  position  relative  lo  the  surface  of  the  earth  ;  while  in  tlic  case  of  the 
moving  Ixjilet,  tlie  energy  possessed  is  due  to  the  motion.  The  energy 
of  a  body  which  is  due  to  its  motion  is  called  Kinetic  EtuT^j  while  the 
energy  due  lo  its  ptisilion  and  not  to  its  motion  is  lalled  Poltntuil 
Energy.  Thus  the  raised  weight  possesses  potential  energ)'  and  the 
moving  bullet  kinetic  energy. 

80.  Potential  Energy. —Examples  of  potential  energy  alx»und  in 
everyday  life  ;  thus  when  a  clock-weiglil  is  raised  we  do  work  against 
the  attraction  which  exists  between  the  weight  and  the  earth.  The 
raised  weight,  however,  possesses  |joteniial  energy,  and  by  the  loss  of 
thii  it  keeps  the  clock  in  motion,  doing  work  in  overcoming  the  friction 
of  ilie  parts  of  the  clock,  imparting  motion  to  the  air,  and  thus  enabling 
us  to  hear  the  sound  of  the  tick,  &c.  When  winding  up  a  watch,  in  the 
same  way,  work  is  done  in  bending  the  spring,  and  its  energy  is  in- 
creased so  that  it  possesses  |>otential  energy,  and  can  do  work  while 
it  unbends. 

In  the  case  of  the  bent  spring,  or  in  that  of  a  piece  of  stretched  india- 
rubber  cord,  it  is  evidi-nt  that  the  material  of  the  spring  or  cord  is  in  a 
slate  of  strain,  and  it  is  owing  to  this  strain  that  the  body  possesses 
potential  energy*.  In  tlie  case  of  the  raised  weight,  however,  we  are 
un.iblc  to  detect  anything  connecting  the  weight  and  the  earth  which 
is  strained  and  which  tends  to  revert  to  its  fonner  state,  and  thus 
endows  the  raised  weight  with  iis  potential  energy.  If  we  were  able  lo 
state  what  was  the  nature  of  the  stress  in  this  case,  we  should  know  the 
causie  of  gravitation.  We  are,  however,  unable  to  do  this,  and  must 
content  ourselves  with  saying  that  one  portion  of  matter  exerts  force  on 
another,  and  that  it  is  to  this  force  that  their  mutual  potential  energy 
when  separated  is  due  (compare  §  64).  We  shall  find  that  the  theory 
that  there  is  an  all-per^'ading  massless  medium  is  necessary  to  explain 
the  observed  facts  in  heat,  light,  and  magnetism  and  oleclricity  ;  we  are 
not  at  present,  however,  entitled  to  say  that  it  is  to  stresses  set  up  in 
this  medium  that  gravitation  is  due. 

81.  Kinetic  Energ^y. — Suppose  that  a  body  of  mass  m  is  moving 
with  a  speed  <%  and  that  a  force  /•'  acting  on  the  body  in  an  opposite 
direction  to  that  of  the  motion  brings  the  body  to  rest  after  it  lias  passed 
over  a  distance  j.  Then  the  work  done  by  the  body  on  the  force  while 
coming  to  rest  is  Fs.  Now  if  in  a  distance  s  the  body  loses  a  speed  v, 
the  acceleration  must  be  a—'i^\zs  {%  35).  Also  the  force  /"produces  this 
acceleration  in  the  mass  ///,  and  hence  F=  ma  =  mv'!2s.  But  the  work 
done  by  the  force  is  /'j,  that  is,  ^///t'^.  Hence  the  kinetic  energ)*  ^^  ^ 
body  of  mass  w  moving  with  .a  speed  7'  is  iwv*. 

82.  Change  of  Form  of  Energy,— The  energy  of  a  body  is  capable 
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lof  chanjfing"  iis  fomi  Ironi  pmenilal   to  kinciic,  and  tice  7'crnt,     mm* 

[supjMJse  a  stone  of  mass  ///  is  supported  on  the  edge  o(  a  cliff  at  a  licight 

t  above  the  base  of  the  cliff.     The  potential  energy  is  ecjual  to  the  work 

Idone  in  raising'  the  stone  through  a  vertical  hei»{hi  /t.     The  force  wiilj 

Iwhich  the  earth  attracts  the  stone  is  c(|ua!  to  the  product  of  the  inass  of 

Ithc  stone  (;«)  into  the  acceleration  which  the  force  would  produce  (/>.  /;). 

icnce  in  raising  up  the  stone  it  has  been  moved  through  a  space  // 

gainst  a  force  ///;',  and  therefore  the  work  done  has  been  mj^/ft  so  that 

this  is  its  potential  energy. 

If  now  the  stone  be  allowed  lo  fall  freely,  it  will  jfradually  lose  its 
l|>olential  encrjn,*,  but  will  at  the  same  time  act^uirc  velocity  and  hence 
kinetic  energy.    After  it  has  fallen  a  distance  j,  its  speed  will  l»e  ^dven  by 
the  equation  tj^^-i^^s^  and  hence  its  kinetic  energy  {h/fn^)  will  be  e(|uul 

»%o  ff/^^s.     Tlie  potential  energy  is  now  >'//^(^— '),  since  the  sinne  is  now 
at  a  heiKdit  {/t  -  j)  above  the  ground.     The  sum  of  the  kinetic  and  poten- 
tial energies  is  therefore  equal  to  fftgs  ^  m^h-j)  which  is  equal  lo  ff/^/, 
the  original  potential  energy.     When  the  stone  reaches  the  ground  its 
^■potential  energy  is  -zero,  but  the  speed  which  it  has  acquired  is  now  given 
H[by  ^^  =  2gh,  and  hence  the  kinetic  energy  (Jwt/'O  is  equal  to  ntgh^  the 
^Monie  value  as  the  potential  energy  at  the  start. 

^B       Thus,  although  during  the  fall  of  the  body  there  is  a  gradual  change 
^■of  potential  energy'  into  kinetic,  the  total  energy  rcinains  constant. 

If  the  stone  were  thrown  vertically  upwards  with  a  speed  c',  then  to 
start  with  the  kinetic  energy  would  be  \.n;v'.  This  would  gradually 
diminish  as  the  stone  rose  and  lost  speed  ;  there  would,  however,  be  a 
gain  of  potential  energ)'.     When  the  stone  is  at  the  top  of  its  flight  it 

» comes  for  an  instant  to  rest,  so  that  its  kinetic  energy  is  now  zero.  It 
however  possesses  potential  energy  exactly  equal  in  amount  to  its  original 
kinetic  cncrg\*. 

83,  Principle  of  the  Conservation  of  Energy.— In  the  previous 
section  we  saw  that  although  xhc/orttt  of  the  energy  of  the  stone  altered, 
so  that  it  existed  sometimes  as  potential  energy,  sometimes  as  kinetic 
:«ncrgy,  and  sometimes  as  both  together,  yet  the  total  quantity  of  energy 
was  constant  throughout  \Vc  shall  in  subsequent  sections  consider 
many  other  forms  Jn  which  energy  can  exist  besides  those  already  con- 
sidered, and  we  shall  find  that  these  difTcretu  forms  of  cnerg)'  can  be 
converted  from  one  kind  to  the  other. 

When  the  stone  reaches  the  ground  it  is  brought  lo  rest  by  impact 

with  the  ground,  when  it  will  apparently  have  lost  lx)th  its  kinetic  energy 

and  its  potential  energy.     It  is,  however,  found  that  the  energy*  ha^  not 

been  hif^  but  has  been  transformed  into  another  form,  namely,  that  of 

eat,  so  that  both  the  stone  and  the  part  of  the  earth  it  struck  are  wamier 

[than  they  were  before  the  impact.     Joule  has  indeed  shown,  as  we  shall 

«  later  (§  2§i),  that  in  every  case  a  given  amount  of  work  entirely  spent 

n  producing  heat  always  produces  the  same  quantity  of  heat,  no  matter 
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liow  the  conversion  takes  place.  Knr  instance,  a  given  number  of  ergs 
of  work  which  can  be  obtained  from  stopping  a  moving  bullet,  and  hence 
destroying  its  kinetic  energy,  will  produce  a  certain  quantity  of  heat 
The  same  number  of  ergs  of  work  done  in  rubbing  a  button  on  a  piece 
of  wood  will  produce  exactly  the  same  quantity  of  heat.  The  energy  in 
the  form  of  heat  possessed  by  a  body  is  supposed  to  be  due  to  tlie  motion 
of  its  particles.  If  this  be  so,  then  the  kinetic  energy  of  the  stone 
moving  as  a  whole  is  converted,  by  impact  with  the  ground,  into  kinetic 
energy  of  the  particles  of  the  body  and  the  earth  near  the  point  of 
imparl,  the  particles  moving  (proljably  backwards  and  forwards  with  a 
vibratory  motion)  with,  on  the  wliole,  a  greater  velocity  than  before. 

These  observations  may  be  generalised,  for  in  every  case,  without 
exception,  it  is  found  that  the  sum  total  of  all  the  energy  within  any 
given  boundary,  through  which  energy  is  not  allowed  to  pass,  remains 
constant,  although  the  energy  within  the  boundary  may  be  transformed 
into  any  of  the  many  forms  in  which  it  is  ca[>able  of  existing. 

The  above  statemeut  amounts  to  an  enunciation  of  a  doctrine  which 
is  practically  the  keystone  of  modem  science,  and  is  known  as  the 
doctrine  or  prittcipic  of  the  consen'ation  0/  energy. 

It  follows  that  if  the  boundary  considered  includes  the  universe,  the 
principle  of  the  conservation  of  energy  amounts  to  a  statement  that  the 
sum  total  of  the  energy  of  the  universe  is  a  fixed  unalterable  quantity. 

The  principle  of  the  conservation  of  energy  also  denies  the  possibility 
of  *'perpetual  motion."  By  "perpetual  motion"  is  meant  the  devising 
of  some*  arrangement  so  that  energy  in  the  form  of  mechanical  work 
could  be  produced  without  energy  in  some  other  form  being  used  up  by 
the  machine.  Thus  if  an  engine  could  be  made  to  do  work  on  external 
bodies  for  an  indefinite  time,  and  thus  give  out  energy,  without  being 
supplied  with  energy  from  without,  or  diminishing  the  stock  of  energy 
in  all  its  various  forms  which  it  originally  possessed,  we  should  have 
a  means  of  creating  energy,  and  this  is  in  direct  contradiction  to  the 
principle  of  the  conscr^  ation  of  energy, 

84.  Availability  of  Energy.— AJthough  the  total  quantity  of  energy 
in  the  universe  remains  a  constant  quantity,  so  that  whenever  a  given 
amount  of  energy  in  anyone  form  disappears  an  exactly  equal  quantity 
of  cnerg>'  in  some  other  form  makes  its  appearance,  yet  there  is,  as  far 
as  man  is  concerned,  a  vcr>'  important  difference  between  the  states  of 
energy.  Thus,  to  recur  to  the  illustration  of  the  stone  on  the  edge  of  a 
cliff  By  a  suitable  mechanical  arrangement  we  can  utilise  some  portion 
at  any  rate  of  the  potential  energy  of  the  stone,  and  make  the  stone  do 
xvork.  For  example,  by  attaching  a  string  to  the  stone  we  can  make  it 
keep  a  clock  going,  and  strike  the  hours  on  a  bell.  Again,  we  can  let  the 
stone  fall,  and  utilise  the  kinetic  energy  it  possesses  by  making  it  do  work, 
say  in  driving  in  a  pile.  Suppose,  however,  it  is  simply  allowed  to  fall  on 
the  ground.    As  a  result  of  the  impaa  with  the  ground  its  kinetic  energy 
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is  destroyed,  and  the  stone  and  the  earth  become  warmer,  and  it  is  this 
heat  which  represents  the  lost  kinetic  energy  ;  but  in  a  very  short  time 
the  heat  of  the  stone,  &c.,  will  have  difiused  itself  amongst  surrounding 
ohjet  is.  Energ>'  in  this  form,  that  is,  of  uniformly  diffused  heat,  is 
unavailable  to  man  for  the  purpose  of  doing  work  ;  it  is  only  when  we 
liave  a  body  which  is  hotter  than  surrounding  objects  that  we  can  utilise 
its  heat  energy  to  do  work.  Thus  as  far  as  we  are  concerned  the  energy  of 
the  stone  has  been  wasted,  for  it  is  no  longer  available  for  doing  work. 

We  shall  find  that  in  every  transfonnatioii  of  energy  tliere  is  some  of 
the  energy  converted  into  heal,  which  Ijccomcs  diffused  throughout  the 
universe,  and  is  wasted.  Thus,  in  the  case  of  the  raised  stone  being 
utilised  to  drive  a  clock,  the  friction  at  all  the  bearings  causes  some  of 
the  energy  to  be  converted  into  heat.  Heat  also  is  priidiiced  ciich  time 
the  escape-wheel  strikes  the  pallet  of  the  detent,  as  well  as  the  sound 
which  we  call  the  lick,  and  which  we  shall  sec  is  siinply  due  to 
motion  of  the  particles  of  the  air,  and  this  motion  is  gradually  frittered 
away  into  heat  by  friction  l>ctween  the  particles  and  other  causes. 
Hence  in  this  case  all  ilie  energy  of  the  raised  stone  eventually  becomes 
changed  into  diffused  heat,  although  in  the  meantime  it  goes  through 
many  transformations,  iiince  in  every  transfomiation  of  energy  from  one 
form  to  another  some  of  the  energy  becomes  converte<l  into  uniformly 
diffused  heat,  the  total  quantity  of  tn'ailtihU  energy  of  the  universe  is 
continually  diminishing. 

This  continual  degradation  of  energ)',  which  accompanies  ever>* 
phenomenon  with  which  we  are  acquainted,  leads  us  to  two  conclusions : 
Firstly,  since  the  quantity  of  unavailable  energy  is  continually  increasing, 
there  must  have  l>ccn  a  time  when  none  of  the  cnerg)'  of  the  universe 
was  unavailable,  and  before  which  no  phenomenon,  such  as  we  are 
acquainted  with,  can  have  occurred,  for  every  such  plienomenon  neces- 
sarily involves  a  degradation  of  energy.  Secondly,  there  must  necessarily 
arrive  a  time  when  all  the  energy  will  be  unavailable,  the  whole  universe 
having  become  a  uniformly  hot,  inert  mass. 

85.  Energy  of  Rotation.— If  a  particle  of  mass  m  is  moving  in  a 
circle  of  radius  r,  with  angular  velocity  w,  then  the  speed  of  the  particle 
is  6»r;  hence  the  kinetic  energy  is  iwoav-^.  We  may  suppose  that  a 
rotating  rigid  body  is  made  up  of  a  number  of  particles  of  mass  w„  ;//,,  w^i, 
&c.,  at  distances  r^,  r.^  r^,  &c.,  from  the  axis  of  rotation.  If  <a  is  the 
angular  velocity  of  the  body,  then  the  speeds  of  the  particles  are  wrj,  tor^ 
•irj,  &c.,  since  to  is  the  same  for  all.  Hence  the  kinetic  energy  (£)  of 
the  rotating  body,  being  the  sum  of  the  energies  of  all  the  particles,  is 
given  by  the  equation — 

or,  since  «  is  common  to  all— 
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The  quantity  within  the  brackets,  which  is  the  sum  of  the  product  of  the 
mass  of  each  particle  of  tlie  body  into  the  square  of  its  distance  from  tlic 
ajtis  of  rotation,  is  called  the  Momertt  of  Inertia  of  the  body.  Hence,  if 
X  is  the  moment  of  inertia,  we  have 

The  value  of  the  moment  of  inertia  for  some  of  the  simpler  forms  is  given 
in  the  following'  table,  in  which  M  is  in  each  case  the  mass  of  the  rotating 
bod)* : — 

Moments  ok  Inertia- 
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It  w*in  be  noticed  that  in  every  case  the  moment  of  inertia  is  equal  to 
the  product  of  the  total  mass  of  the  body  into  an  expression  lnvoI\ang  the 
geometrical  form  of  the  body.  This  suggests  another  way  of  obtaining 
an  expression  for  the  energy  of  a  rotating  body.  If  the  whole  mass  .V 
of  the  body  were  concentrated  at  a  single  point  which  moved  in  a  circle 
of  radius  hfwith  the  same  angular  velocity  as  the  body,  then  the  energy 
due  to  the  rotation  would  be  \Mty^.  If  ((is  so  chosen  thai  the  energy 
is  the  same  as  is  actually  the  case,  then 

The  %'alue  of  jK  which  satisfies  this  equation,  is  called  the  radius  of 
/^ration  of  the  body.  Hence  the  radius  of  gyration  may  be  defined  as 
the  distance  from  the  axis  of  rotation,  at  ^vhich  the  whole  mass  of  the 
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body  must  be  supposed  concentrated,  in  order  that  the  energy  of  rotation 
may  be  the  same  as  it  is  actually.  Tlie  X'alue  of  the  square  of  the  radius 
of  gyration  for  each  case  given  in  the  tabic  of  moments  of  inertia  is 

'  obtained  by  omitting  the  factor  M  in  the  expressions  for  the  moment  of 

I  inenia. 

86*.  Impact  of  Inelastic  Bodies. — Suppose  a  body  of  mass  Wj, 
moving  with  a  speed  z*,.  strike  another  lx)dy  of  mass  m^  which  is  at  rest, 
and  the  two  bodies  adhere  together  after  imfjact.  If  v  is  the  si)ccd 
with  which  the  two  bodies  move  after  impact,  then  their  momentum  is 
(w,  +  w«)j'.  Before  impact  the  momentum  of  tlie  first  Ixxly  is  w,  7'|,  and 
that  of  the  second  eero.  Hence,  since  the  total  momentum  of  the  two 
bodies  must  be  the  same  before  and  after  impact,  we  have 


V  —  - 


T'l. 


If  the  second  body  is  itself  moving  with  speed  v^  in  the  same  straight 
'  line  as  the  first,  the  momentum  before  impact  is  WjT'i  +  WjT'j,     Hence 


.If  (lie  bodies  arc  originally  moving  in  the  same  direction,  then  i\  and  ?', 
'  are  of  the  same  sign,  and  therefore  the  motion  after  impact  is  in  the  same 
direction  as  before  impact.  Jf,  however,  the  bodies  are  originally  moving 
in  opposite  directions,  so  that  i\  and  v^  are  of  opposite  sign,  %>  will  be  of 
the  same  sign  as  the  greater  of  tlie  two  products  Wi?',,  w/jTV  Hence  the 
direction  of  motion  after  impact  will  be  that  of  the  motion  of  the  body 
having  the  greater  momentutn. 

In  the  case  where  one  of  the  bodies  is  originally  at  rest,  the  kinetic 
t  energy  E^^  before  impact  is  given  by 

and  the  kinetic  energy  E^  after  impact  by 

Substituting  in  this  last  expression  the  value  of?/,  we  have 


£,=  JK+-,)(,^^JW 


=  4- 


^  =  *'».'"•'-('«,+'».)• 


^,= 


Hence  ^, 

The  kinetic  energy  of  the  two  bodies  is  therefore  less  after  impact  than 
before.     The  reason  for  this  is  that  some  of  the  kinetic  energy  has  been 
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transformed  into  heat  energy  by  the  impact.  In  the  same  way,  in  the 
case  when  the  two  bodies  are  ori^nally  in  motion,  the  sum  of  ilic  kinetic 
energies  of  the  bodies  before  impact  is  greater  than  the  kinetic  energy  of 
the  combined  bodies  after  impact,  some  of  the  kinetic  energy  having  been 
converted  into  heat  energy. 

87*.  Impact  of  Elastic  Bodies.— In  the  case  of  elastic  bodies,  after 
impact  they  will  separate,  in  general  moving  with  different  velocities,  the 
total  momentum  before  impact  being,  as  in  the  case  where  the  bodies  arc 
inelastic,  equal  to  the  total  momentum  after  impact. 

Newton  proved  h>y  experiment  that  if  two  spheres  of  the  same  ma- 
terial collide,  so  that  their  centres  are  moving  along  the  same  straight 
line,  then  their  relative  speed  before  impact  beats  a  constant  ratio  to 
their  relative  speed  after  impact.  If  //,  and  //j  are  the  vclnciiies  before 
impact,  and  7',  and  ?'.j  the  velocities  after  impact,  then  the  relative  velocity 
of  the  spheres  before  impact  is  Wj-z/j,  and  that  after  impact  v^  —  i'.^. 

Newton's  results  show  that  the  ratio    '  _  '  ^  is  a  quantity  independent  of 

the  mass  of  the  spheres,  at  any  rate  within  fairly  wide  limits,  or  the 
velocity  with  which  they  arc  moving;  it  simply  depends  on  the  material 
of  which  they  arc  composed.  This  ratio  is  always  a  negative  quantity, 
never  greater,  and  in  most  cases  less,  than  unity.  This  means  lliat  the 
relative  velocity  after  impact  is  in  most  cases  Uss^  and  cannot  be  greater, 
than  the  relative  velocity  before  impact  ;  also  that  if  i/j  is  greater  than  u^y 
then  7/|  is  less  than  v^  so  that  v^-v^  is  of  opposite  sign  to  i/|  -  i/j. 

Hence  Wi  being  greater  than  u^  means  that  the  body  moving  with 
velocity  «!  '* strikes"  the  other,  but  that  this  hitter  after  the  impact  will 
now  move  with  the  greater  velocity. 

The  constant  fraction  -'  — ^,  which  dci>cnds  simply  on  the  material 
"i  ~  "2 
of  which  the  spheres  are  composed,  is  called  the  Coefficient  of  Restitution 
of  the  material.  If  the  cocfiicicnt  of  restitution  is  unity,  then  the  relative 
velocity  of  the  bodies  is  unchanged  by  the  impact,  and  the  material  of 
which  they  are  composed  is  said  to  be  perfectly  elastic. 

If  the  coefficient  of  restitution  is  e^  then 


Also,  since  the  momentum  before  and  after  impact  is  the  same, 
Solving  these  two  equations  for  v^  and  v^  we  get 

*  Wj  +  W,  ' 

i/|W,(  \  +  e)  +  i//fWj-tfw,) 
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It  will  be  noticed  that  if  f=o^  />.  if  the  balls  are  inelastic  and  adhere 
together  after  impact,  wc  have 

the  same  value  as  that  obtained  in  the  pievious  section. 

In  the  case  of  the  direct  impact  of  a  sphere  on  a  fixed  surface,  we  may 
obtain  the  velocity  of  rebound  by  niakinj^  //^  zero  and  m^  infinite  in  the 
above  expressions.     Dividing  numerator  and  denominator  by  Wj,  we  get 


Vj» 


M'^~')^'''^''''\ 


^"  +  1 


When  w.^  is  infinite,  rnjm^  is  zero.     Hence,  if  w,  is  zero, 

Therefore  the  velocity  of  rebound  is  in  the  opposite  direction,  and  equal 
to  t  times  ihe  velocity  before  impact.  Since  e  is  less  than  unity,  the 
speed  after  impact  is  less  than  before.  This  result  might  have  been 
arrived  at  directly  from  Newton's  experimental  result,  for  the  relative 
velocity  of  the  sphere  and  the  plane  before  impact  was  W|,  and  after 
impact  it  is  v^ ;  hence 


-^1  = 


r,  or  Vi  =  -  rt/|. 


It  will  be  found,  on  calculatinjr  the  value  of  the  kinetic  energy  befort 
and  after  impact,  that,  except  in  the  case  where  ^=  i,  the  total  kinetic 
energy  after  impact  is  less  than  before,  some  having  been  transformed 
into  heat.  When  if=l,  the  total  kinetic  energy  before  and  after  impact 
is  the  same. 

88*.  Oblique  Impact.  — Hitherto  wc  have  only  considered  the  case 
where  the  two  spheres,  Ixifore  impact,  were  travelling,  either  in  the  same 
or  in  opposite  directions,  along  the  same  straight  line.  When  the  impact 
is  oblique,  we  resolve  the  velocity  of  each  sphere  along  and  perpendicular 
to  the  line  joining  the  centres  of  the  spheres  at  the  instant  of  contact 
If  the  spheres  be  smooth,  then  there  will  be  no  force  exerted  at  right 
angles  to  the  line  joining  the  centres,  and  hence  the  components  of  the 
velocities  along  this  line  will  be  unaltered  by  the  impact.  The  com- 
ponents along  the  line  joining  the  centres  will  obey  the  laws  given  for 
direct  impact  in  the  last  section,  and  hence  the  components  in  this  direc- 
tion after  impact  ran  be  obtained.  By  compounding  these  components 
with  those  which  remained  unaltered,  the  velocity  of  the  spheres  after 
impact  can  be  obtained. 
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the  case  of  a  sphere,  such  as  a  billiard-ball,  striking  the  cushion  ab 
(Fig.  58)  with  a  speed  w,  and  at  an  angle  6 
to  the  normal  to  the  cushion,  the  component 
of  iho  velocity  parallel  to  the  cushion  is 
u  sin  ^,  and  thai  perpendicular  to  the  cushion 
*3  u  cos  Q.  The  first  of  these  components 
remains  unaltered,  and  the  other  becomes 
~<u  cos  6  (§  87),  where  €  is  the  coefficient 
of  restitution.     Hence  we  have  to  compound 

a  velocity  of  u  sin  Q  parallel  to  BA  (Fig.  58) 

with  a  velocity  of  eu  cos  0   parallel   to  CN. 
Pjf,  -g  If   the   resultant   velocity   is  ?',   and  makes 

an   aiif>le  (^  with   the  normal  CN,  we  have, 
since  the  components  are  at  right  angles — 

vi-C^«^/=»+OG^=i^i  sin' ^4-r'w*  cos*  A 

Also r=— ==tanri). 

^•//COStf       Q^J 

.*.  ^tan</>=*tan  ^. 

Hence  the  ball  rebounds  so  as  to  travel  more  nearly  parallel  to  the 
cushion  than  before  impact,  for  e  is  less  than  unity. 

If  ^=  I,  then  v^u,  tan  0  =  tan  ^,  and  therefore  </i  =  tf,  so  that  the  ball 
would  relM>und  with  the  same  speed,  and  with  its  direction  of  motion 
inchned  to  the  cushion  at  the  same  angle  as  before,  but  on  the  opposite 
side  of  the  normal. 


CHAPTER    XI 
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89.  Simple  Machines. — A  contrivance  by  means  of  which  a  force 
applied  at  one  point  gives  rise  to  a  force,  often  dilTcrtnt  in  magnitude 
and  direction  to  the  impressed  force,  at  some  other  point  is  called  a 
machine.  A  steam-engine,  a  hydraulic  press,  or  a  testing-machine,  are 
all  examples  of  machines  ;  they,  however,  consist  of  a  number  of  separate 
parts,  each  of  which  satisfies  the  definition  of  a  machine  given  above, 
and  which  may  be  classified  under  various  heads.  Each  of  these  sepa- 
rate parts  is  called  a  simple  machine. 

In  studying  these  simple  machines,  we  shall  suppose  that  the  machine 
is  in  equilibrium,  so  that  the  force  impressed  at  one  point  is  just  balanced 
b>*  the  force  impressed  at  some  other  point  One  of  these  forces,  which 
is  impressed  on  the  machine  by  some  other  body,  is  generally  called  the 
P&wer^  while  the  other  is  called  the  if'i'ij^/tf.  It  must  be  carefully  borne 
in  mind  that  the  tenn  "power"  in  this  rcJation  has  no  connection  with 
the  same  word  used  in  §  78  lo  denote  the  rate  of  doing  work,  nor  docs 
the  term  "weight"  necessarily  mean  that  the  machine  is  used  to  raise 
or  support  a  mass  against  the  attraction  of  gravity. 

In  finding  the  conditions  which  have  lo  be  fulfilled,  in  order  that  the 
simple  machines  may  be  in  equilibrium,  we  suppose  that  they  work  wiih- 
oui  friction.  Under  these  circumstances,  if  we  suppose  the  machine  10 
receive  a  small  displacement  of  such  a  nature  that  the  connection  between 
its  parts  is  not  in  any  way  disturbed,  the  work  done  by  the  "power" 
must,  according  to  the  principle  of  the  conservation  of  energy,  be  equal 
lo  the  work  done  on  the  '*  weight."  Hence,  if  P  and  H'  are  the  two 
forces  which  balance  one  another  on  a  machine,  and  when  the  machine 
receives  a  small  displacement,  if  the  displacement  of  the  point  of  applica- 
tion of  /'  parallel  to  its  line  of  action  be  /,  and  thai  of  /('parallel  to  its 
line  of  action  be  w,  then  the  work  done  by  /*  is  J'py  and  the  work  done 
on  Wis  H''?^.     Hence 

P     w 

From  this  we  see  that  the  displacements  arc  inversely  as  the  forces, 
so  that  if  a  small  "p«5wcr''  is  to  exert  a  large  "weight,"  the  displacement 
of  the  "power"  must  be  large  compared  to  the  displacement  of  the 
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"  weight."  This  is  often  expressed  by  saying  that  **  what  is  gained  in 
power  is  lost  in  speed." 

90.  The  Lever.— A  lever  is  a  rigid  bar,  either  straight  or  curved, 
which  is  capable  of  a  motion  of  rotation  about  a  fixed  point,  called  the 
fulcrum. 

Since  the  lever,  when  in  equilibrium,  is  under  the  action  of  three 
forces — the  "  power,^  the  "  weight/'  and  the  reaction  of  the  fulcrum,  it 
follows  (§  73)  that  the  lines  of  action  of  al!  these  forces  must  lie  in  one 
plane,  and  either  be  parallel  or  meet  at  a  point. 

The  most  direct  way  of  obtaining  the  relation  between  the  "power" 
and  "weight"  in  the  lever  is  to  take  moments  round  the  fulcrum.  If  the 
lever  is  to  be  in  equilibrium,  these  moments  mubi  be  cqu.i!  and  opposite. 
Hence  if  a  is  the  perpendicular  dist.ince  between  the  fulcj^um  and  the 
line  of  action  of  the  **  power,"  and  b  that  between  the  fulcrum  and  the 
line  of  action  and  the  "  weight,"  we  have 


or 


Pa-- 
P 


b 

a 


In  the  case  when  the  lines  of  action  of  the  forces  are  at  right  angles 
to  the  lines  joining  the  points  of  application  to  the  fulcrum,  a  and  //  repre- 
sent the  distances  of  the  points  of  applications  of  the  forces  from  the 
fulcrum,  and  are  called  the  arms  of  the  lever. 

It  is  usual  to  divide  levers  into  three  classes,  according  to  the  relative 
positions  of  the  points  of  application  of  the  forces  and  the  fulcrum.  In 
Class  I,,  (**),  Fig,  59,  the  fulcrum  F  lies  between  the  points  of  application, 
A  and  P,  of  the  forces.  In  this  case  the  "power"  may,  as  in  the  crowbar, 
be  applied  at  the  end  of  a  longer  arm,  and  so  be  used  to  exert  an 


F 


7^ 


F 


w 


P 
J 


w 


\ 


♦w 


(a) 


Fig.  59. 


(C) 
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increased  force  ;  or  it  may,  as  in  the  catapults  used  by  the  ancients  for 
throwing  heavy  stones,  act  at  the  end  of  the  shorter  arm,  so  that  the 
distance  through  which  the  point  of  application  of  the  "weight"  moves 
is  greater  than  that  through  which  that  of  the  ^^power**  moves.  Other 
examples  of  levers  of  this  class  arc  the  beam  of  a  balance,  a  pair  of 
scissors,  and  a  pump  handle. 

In  a  lever  of  the  second  class,  {b\  Fi?.  59,  the  point  of  application  a 
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of  the  *' weight"  lies  between  the  point  of  application  B  of  the  "power" 
and  the  fulcrum  F.  In  this  class  the  "power"  is  always  less  than  the 
"weight."  Examples  of  levers  of  the  second  class  are  nut-crackers,  and 
an  oar.  In  this  latter  case  the  fulcrum  is  the  blade  of  the  oar,  which 
remains  approximately  at  rest  in  ihc  water,  and  the  pressure  on  the  row- 
Joclc  is  the  **  weight." 

In  the  third  class  of  levers,  {c\  Fig.  59,  the  "power"  is  applied  at  a 
point  between  the  fulcrum  and  the  point  of  application  of  the  "  weight," 
so  that  the  "jwwer"  must  always  be  greater  than  the  "weight."  An 
example  of  a  lever  of  this  class  is  an  ordinar>'  pair  of  tongs.  The  fore- 
arm is  another  example,  the  fulcrum  being  at  the  elbow-joint,  and  the 
power  applied  a  few  inches  along  the  fore-arm,  where  the  biceps  muscle 
is  inserted  in  the  radius. 

In  ever)'  case  the  reaction  of  thefulcnim  will  Ije  equal  to  the  resultant 
of  the  "power"  and  the  "weight,"  and  may  be  obtained  by  the  methods 
already  given  for  compounding  two  forces,  whether  meeting  at  a  point  or 
parallel,  as  the  case  may  be  (S§  66  and  69). 

91.  The  Wheel  and  Axle.— This  machine  consists  of  two  drums  or 
wheels  of  different  diameters  fixed  to  the  same  axle,  A  rope  coiled 
round  the  drum  nf  smaller  diameter  carries  the 
"weight,"  while  another  rope  coiled  round  the 
other  drum,  but  in  an  opposite  direction,  carries 
the  "power."  It  will  be  seen  from  Kig.  60  that  the 
arrangement  is  virtually  a  lever  with  the  fulcrum 
at  the  axis  K,  about  which  the  drums  can  turn. 
Hence  /^x  bc=  H'x  ab. 

This  relaticn  may  also  easily  be  found  from 
the  principle  of  work  ;  for  suppose  the  two  drums 
to  turn  through  an  angle  0,  so  that  the  point  c 
comes  to  c'  and  A  to  a'.  Then  the  length  of  rope 
coiled  up  on  the  smaller  drum  (the  axle)  is  equal 
to  the  arc  aa',  and  this  represents  the  distance  through  which  the  point 
of  application  of  W  has  been  moved.  Hence  the  work  done  on  W  is 
W  X  aa'.  But  the  arc  aa'  is  equal  to  AB.^,  where  B  is  the  circular  measure 
of  the  angle  through  which  the  machine  has  turned.  Therefore  the  work 
done  on  W\%  W»K^B,     In  the  same  way  ilie  work  done  by  P  is  P.^S. 

Hence  . 

w.AB.e=p.Bc,e 
yy^AB^p.Tic 
wJbc 


or 


The  principle  of  the  wheel  and  axle  is  used  in  the  capstan  and  in  the 
windlass.     In  these  arrangements  the  "power,"  instead  of  being  applied 
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to  the  wheel  by  means  of  a  rope  wound  round  the  circumference,  is 
applied  [n  thr*  end  of  one  or  more  rods  which  virtually  form  spokes  of  the 
wheel,  the  direction  of  ihe  line  nf  acilon  of  the**  power"  being  continually 
altered,  as  the  machine  turns  round,  so  as  to  he  always  at  right  angles  to 
the  spoke.  If  the  "weight"  and  "power"  bear  to  one  another  exactly 
the  ratio  given  abovc»  the  machine  will  be  in  ecjuilibrium;  if/' exceeds 
this  value  there  will  be  rotation,  and  /Kwill  be  drawn  up. 

92.  The  Pulley.— A  pulley  consists  of  a  disc  or  wheel,  called  the 
sheaf,  mounted  on  an  axle  which  is  fixed  to  a  framework  called  a  block. 
The  edye  of  the  disc  is  usually  grooved  so  that  a 
cord  can  lie  round  it.  If  the  block  is  fixed,  then 
the  direction  of  a  force,  but  not  its  magnitude, 
may  be  changed  by  means  of  a  pulley.  If  a  ten- 
sion P  be  applied  to  one  end  of  a  string  which 
passes  over  such  a  pulley,  then,  since  if  we 
neglect  the  friction  of  the  pulley  and  the  stiff- 
ness of  the  siring  the  tension  is  the  same 
throughout  the  string",  in  order  to  keep  the 
pulley  in  equilibrium  the  other  end  of  the 
string  must  be  pulled  with  a  force  P,  This 
is  at  once  evident,  for  if  a  and  c  (Fig.  6i) 
arc  the  points  where  the  siring  leaves  the  pulley,  and  B  is  the  centre  of 
the  sheaf,  then  taking  moments  about  B, 

But  AB-'BC.    Hence  /»-  li\ 

If  the  block  of  the  pulley,  instead  of  being 
fixed,  is  attached  to  the  weight,  while  one  end 
(Fig.  62)  of  the  siring  is  attached  to  a  fixed  sup- 
port, while  the  "power"  acts  at  the  other  end,  P 
may  be  less  than  IV^  If,  a^s  is  usually  the  case, 
the  two  portions  of  the  string  QA  and  CP  arc 
parallel,  and  the  pulley  moves  through  a  distance 
k  from  the  position  ABC  to  the  position  aVc*, 
then  the  end  of  the  string  where  P  is  attached 
will  move  up  through  a  distance  2A,  for  the 
portion  qa  of  the  string  has  been  shortened  by  a 
length  A,  and  the  point  c  has  also  risen  through 
a  height  A.  Therefore,  while  n'has  been  raised 
through  a  height  //,  P  must  have  moved  through 
a  distance  2A,  so  that,  equating  the  work  done  in  the  two  cases, 

MlV^zftP 

or  rr-2/'. 
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In  this  expression,  since  the  pulley  itself  has  to  be  raised,  we  must 
iocluiic  its  weight  in  iW  Otherwise,  if  W  is  the  weight  nf  the  pulley 
and  W  is  the  weight  supported,  we  have 

There  are  several  arrangements  in  which  more  thaii  one  pulley  is 
used,  but  we  shall  only  describe  one  of  these,  which  is  the  only  one  that 
is  used  in  practice.  It  consists  of  two 
blocks,  each  fitted  with  several  sheafs,  '^ 
which  usually  all  turn  on  the  same  axle.  '^  ~ 
One  of  the  blocks  is  attached  to  a  fixed 
point,  while  the  other  is  attached  to  the 
"  weight."  One  end  of  the  string  is 
attached  to  one  of  the  blocks,  it  then 
parses  round  one  of  the  sheafs  nf  the 
other  block,  then  over  one  in  the  first 
block,  and  so  on  till  it  has  passed  over 
all  the  sheafs.  If  the  string  passes  n 
times  from  one  block  to  the  other,  then 
we  shall  have 

where    W  includes   the   weight   of  the 
movable  block. 

It  will  be  seen  in  Fig.  63,  where  there 
are  three  sheaves  in  the  movable  block 
and  the  string  passes  six  times  from  one 
block  to  the  other,  that  if  the  movable 
block,  and  therefore  also  \\'\  is  raised 
,  through  a  height  ^,  then  the  free  end  of 
the  string  will  have  to  move  through  a  distance  hh.  Hence  the  work 
done  on  W\%  h  \V^  and  that  done  by  F  is  6///*.    Therefore 


ror 


hW^thP 


93.  The  Inclined  Plane.— Suppose  a  body  c  (Figs.  64  and  65)  rests 
on  an  inclined  plane  AB,  and  that  there  is  no  friction  between  the  body  and 
the  surface  of  the  plane,  or  at  any  rate  that  by  suitable  means  friction  is 
'  so  much  reduced  as  to  be  negligible  in  comparison  with  the  other  forces 
in  play.  The  weight  of  the  body  /Kacts  vertically  downwards,  and  the 
reaction  of  the  plane  acts  perpendicular  10  the  surface  ab,  so  that  if  the 
body  is  to  be  prevented  from  sliding  down  the  plane  under  the  influence 
of  the  resultant  of  these  two  forces,  it  must  be  acted  upon  by  a  third  force. 
The  two  principal  cases  which  occur  are  when  this  force  acts  along  s 
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direction  parallel  cither  to  the  hypotenuse  AB  (Fig.  64)  or  the  base  AC 
(Fig.  65).  In  both  cases  the  most  convenient  method  of  obtaining  the 
relation  between  the  force  /*,  which  we  may  call  the  "power,"  and  W^ 
for  any  given  plane,  is  to  use  the  principle  of  work. 


Suppose  G  to  move,  under  the  influence  of/*,  from  A  to  b.  Then  the 
work  done  by  P  is  /'.ad,  if  P  acts  parallel  to  the  hypotenuse,  and  P.KZ  if 
yacls  parallel  to  the  base,  for  in  the  one  case  ihc  point  of  application  has 
moved  through  a  distance  ab  in  the  line  of  action  of  the  force,  while  in 
the  other  case  the  component  of  the  displacement  in  the  line  of  action  is 
AC  In  both  cases  the  work  done  on  /('is  fKx  CB,  since  the  component  of 
the  movement  of  the  point  of  application  of  \l\  parallel  to  its  line  of  action, 
is  CB,  As  in  both  cases  the  point  of  application  of  K  moves  at  right 
angles  to  its  line  of  action,  no  work  is  done  on  or  by  R  during  the  dis- 
placement.    Hence  we  have,  when  p  acts  parallel  to  AB, 

P,AB^  iVx  CB 
P     CR 


""    -AB 


When  P  acts  parallel  to  AC, 


P,AC=Wy,CB 

PjCB 

The  above  relations  may  also  be  easily  found  by  resolving  W along 
the  direction  of  the  line  of  action  of /\  and  perpendicular  to  the  surface 
of  the  plane.  The  first  of  these  components  will  t>e  equal  and  opposite 
to  /*,  and  the  other  will  be  equal  and  opposite  to  R.  The  triangle  of 
forces  may  also  be  employed,  for  if  the  direction  of  R  be  produced  back 
to  D  and  we  draw  vs  perpendicular  to  on,  then  the  triangle  (iEF  in  Fig. 
64,  or  the  triangle  GEO  in  Fig.  65,  has  its  sides  parallel  to  the  three 
forces  ;  and  hence  these  forces  are  proportional  to  the  sides  of  the 
triangle,  and  this  triangle  is,  in  each  case,  similar  to  the  triangle  abc. 
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The  further  working  out  of  these  two  cases  will  form  a  useful  exercise 
for  the  rradcr. 

94.  The  Screw.— If  a  right-an)^Ied  triangle  ABC  (Fig.  66)  cut  out  of 
paper  be  wrapped  round  a  cylinder,  so  that  the  base  AB  of  the  triangle 
lies  entirely  in  a  plane  at  right  angles  to  the  axis  of  the  cylinder,  then 
the  hypotenuse  AC  will  trace  out  a  spiral  line  aidfgc  on  the  surface  of  the 
cylinder.  If  am  is  equal  to  the  circumference  of  the  cylinder,  then  the 
distance,  measured  parallel  to  the  axis  of  the  cylinder,  between  the  point 
a,  which  corresponds  to  the  apex  A  of  the  triangle,  and  the  point  c,  where 


Fig.  66 

a  line  drawn  through  a  parallel  to  the  axis  meets  the  spiral  line,  is  equal 
to  EM.  Hence  if  starting  at  a  we  follow  the  spiral  line  for  a  complete 
turn,  we  shall  move  along  the  cylinder  parallel  to  the  axis  through  a 
distance  ai  equal  to  me:.  If  we  go  twice  round  we  shall  move  through  a 
distance  ah  equal  to  NH,  where  MN  is  equal  to  am.  But  since  AN  is 
double  AM,  NH  must  be  double  Mfc.  Hence  ah  is  double  ae^  so  that  for 
every  complete  turn  the  spiral  line  advances  parallel  to  the  axis  through 
an  equal  distance.  If  a  projecting  ridge  were  fisted  to  the  outside  of  the 
cylinder  along  the  spiml  line  we  should  have  a  screWy  the  projection 
forming  the  thread.  The  distance  between  two  consecutive  threads  is 
called  \\\^  pitch  of  the  screw.  If  a  hollow  cylinder  has  a  groove  cut  on 
its  inside  surface  so  as  just  to  fit 
the  screw,  it  forms  a  nut.  If  the 
nut  is  turned  through  360^,  or  one 
whole  turn,  it  will  move  along  the 
screw  through  a  distance  equal  to 
the  interval  between  two  consecu- 
tive threads,  or  to  the  pitch  of  the 
screw. 

If.  as  in  a  screw  press^  we  have  a 
force  /^acting  at  right  angles  to  the 
end  of  a  cross  arm  (Fig.  67)  of  length 
zr  attached  to  a  screw  of  which 

the  pilch  is  A,  so  that  the  distance  Fig.  67. 

of  the  point  of  application  of/"  from 
the  axis  of  the  screw  is  r,  then  during  a  complete  turn  the  point  of  applica- 
tion of  P  will  move  through  a  distance  equal  to  the  circumference  of  a 
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circle  of  radius  /-,  thut  is,  air/-;  and  hence,  since  /*  is  supposed  always  to 
act  at  right  an«,'Ies  to  the  cross  ann,  the  work  done  by  P  is  ztrrP.  U  IV 
is  the  force  exerted  by  the  screw  parallel  to  its  axis,  then  the  work  done 
on  iV  i\ur\\\^  a  complete  turn  is  h]\\  since  the  point  of  application  of  IV 
will  have  been  driven  back  through  a  distance  equal  to  the  pilch  of  the 
screw.     Hence  n     »  r»r 

P       h 

Kor  a  given  value  of  P  we  see  that  W\i»  increased  by  decreasing  tfie 
pilch  of  the  screw,  i.e.  by  having  more  threads  to  the  iuLli,  and  by 
increasing  the  leverage  rat  which  p  acts. 

In  deducing  the  above  fonnula  we  have  entirely  neglected  the  friction 
between  the  screw  and  the  nut,  which  is  in  every  case  far  from  negli- 

gablc.    Hence  in  practice  P  has  to  be  considerably  greater  than  —  W* 

2-irr 

95.  The  Balance. — As  has  lK^en  mentioned  in  §  90,  the  ordinary 
balance  is  essentially  a  lever  of  the  first  class,  in  which  the  arms  are  of 
equal  length.  In  tlie  balance,  the  **  power"  and  "weight"  consist  of  the 
force  exerted  by  gravity  on  the  masses  carried  in  the  pans. 

The  conditions  which  a  good  balance  has  to  fulfil  arc  as  follows : 
(1)  The  balance  must  be  true.  That  is,  the  beam  must  renaain  horizontal 
whenever  equal  masses  are  placed  in  the  5cale-p>ans.  (2)  The  l^alance 
must  be  sensitive.  That  is,  a  small  difl'erence  in  the  masses  in  the  two 
pans  must  cause  an  appreciable  deviation  of  the  beam  from  its  horizontal 
position.  (3)  The  balance  must  be  stable.  That  is,  the  beam,  after  being 
disturbed  from  its  equilibrium  (/>.  horizontal  position),  must  return  to  it 
again.  (4)  Practically  it  is  advisable  that  the  period  of  the  Valance 
beam,  when  it  is  disturbed  and  oscillates  before  a^ain  coming  to  rest, 
should  be  as  small  as  possible. 

In  a  good  balance,  the  knife-edges  from  which  the  scale-pans  are 

all  parallel,  and  lie  in  the 
same  plane.     If  this  latter 


4 


suspended  and  the  central  knife-edge  are 

c 


condition  is  not  fulfilled, 
the  sensitiveness  of  the 
balance  will  vary  with  the 
load  in'the  pans.  For  sup- 
pose AHC  (Kig.  68)  is  a 
horizontal  line  through  the 
central  knifc-cdgc,  and  that 
the  end  knife-edges  are 
below  this  line  at  d  and  E. 
Then  if  each  pan  with  its 
load  exerts  a  vertical  force  IV^  and  the  distances  between  the  end  knife- 
edges  and  the  central  knife-edge  are  equal,  the  beam  will  be  in  equi- 
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ibrium.     If  ihe  beam  is  now  displaced  into  ihc  |)osit)on  a'uc',  it  will  be  seen 
ihat  ibe  arm  at  which   the  force    W  at  iV  acts  is  less   than   the  arm 
ihc  force  W  at  c*.      Hence  the  nu)ments  of  these  two  e<iiui!  forces 
lut  B  are  not  equal,  and  the  resultant  moment  tending,'  to  bring^  the 
bark  into  its  equilibrium  position  is  equal  to  (/'multiplied  by  the 
^rence  between  thc«e  arms.     Therefore,  since  this  moment  depends 
in  M'or  the  load  in  the  pans,  the  greater  IT  is,  the  ffreater  will  be  the 
tendency  for  the  beam  to  return  to  its  equilibrium  position,  so  that  it 
ill  require  a  greater  difference  in  the  loads  in  the  two  pans  to  deflect  the 
beam.      In  the  following-  discussion  we  shall  assume  that  the  central 
Icnifc-ed^c  and  the  tenninal  ones  all  lie  in  a  straight  line. 

Under  these  conditions,  let  A  and  C  (Fig.  69)  l)c  the  points  of  support 

of  the  scale  pans,  formed  by  the  terminal  knife-edges,  and  U  the  fulcrum, 

foniicd    by    the    central 

knife-edge,  and  let  (;  be 

^Bfthe  point   at  which   the 

^Meight  w  of  the   beam 

^HCls,  #>.  its  centre  of  gra- 

Hvity  (§  no).     If  .S'l  and 

^R^i  are  the  weights  of  the 

^*4rale-pans,  and  /*  and  W 

the  weights  of  the  masses 

placed     in     them,    then 

there  will  be  a  vertical 

force  P^rS^  acting  at  c 

and  one  of  W-\-S.x  acting 

I  A.     If  the  beam  is  to 

main  horizontal   when 

ihe  scale-pans  arc  removed,  G  must  be  vertically  under  n,  for  otherwise 

e  force  w  would  have  a  moment  about  B,  causing  the  beam  to  be 

deflected.      If  the  balance   is   to  be  true,  the  beam  must  remain  hori- 

ntal  whenever  equal  masses  are  placed  in  the  scale-pans.     Hence  the 

am  must  be  horixontal  when  there  arc  no  loads  in  the  pans,  and  also 

hen  each  pan  is  loaded  with  a  mass  P.     If  the  length  of  the  arm  AU 

rt  and  that  of  nc  is  ^,  then  we  must  have  in  both  of  the  above  cases 

e  moments  about  B  equal.    That  is, 

and  (.9t+/^*=(55+/>i, 

Subtracting  the  first  of  these  equations  from  the  second,  we  get 

Pb^Pth 
or  b=^<u 

Also,  since 


w+s 


Fia  69. 


•S'i^=*-Vi 
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We  see  therefore  that,  for  the  balance  to  t>c  true,  the  arms  must  be  of 
equal  length  {a=fi)  and  llie  scale-p.-xiis  of  equal  weight  {Sy  =  S^. 

In  order  to  obtain  the  conditions  for  sensitiveness  we  may  suppose 
that  the  load  in  the  ri^ht  pan  is  P  and  thai  in  the  left  P-{-x\  and  that  the 
beam  takes  up  the  position  A'uc',  making  an  angle  $  with  the  horizontal. 
The  turning  moments  in  the  positive  direction  is  then  equal  to  x.UB, 
while  that  in  the  negative  direction  is  ti'.iic',  where  w  is  the  weight  of  the 
beam  and  HG'  is  the  distance  between  its  centre  of  gravity  in  the  dis- 
placed position  and  the  vertical  through  the  central  knife-edge.  Since 
the  angle  GBG'  is  equal  lo  S^  wc  have 

H^'^Bas\Xi  e=h  sin  B^ 

where  h  is  the  distance  of  the  centre  of  gravity  of  the  beam  below  tS 

central  knife-edge. 

Also  DB^A*B  cos  B-aco% B. 

Hence  x.a  cos  6='w,k  sin  6^ 

or  tan^  =  ~.:i'. 

Now  the  greater  the  value  of  tan  6j  the  greater  must  be  the  angle  9^ 
Li.  the  greater  the  deflection.  Thus  for  a  given  difference  (.r)  in  the 
loads  of  the  pans  the  magnitude  of  the  deflection  will  depend  on  the 

magnitude  of  the  fraction  —..     This  fraction  is  increased  in  value  if  we 

increase  a  or  decrease  tv  or  A.  Therefore,  in  order  that  the  balance  may 
be  as  sensitive  as  possible,  so  that  a  readable  deflection  may  be  produced 
by  a  small  difl^erence  in  the  masses  placed  in  the  pans,  we  must  make  a, 
that  is  the  length  of  the  beam,  as  large  as  possible,  and  make  iv^  the 
weight  of  the  beam,  and  /,  the  distance  of  the  centre  of  gravity  below 
the  central  knife-edge,  as  small  as  possible. 

In  order  that  a  balance  may  be  quick  in  returning  to  its  position  of 
equilibrium  after  being  displaced,  it  is  necessary  that,  when  displaced, 
the  moment  tending  to  bring  the  beam  back  to  its  equilibrium  position 
should  be  as  large  as  possible.  Since,  when  the  pans  are  equally  loaded, 
the  only  turning  moment  is  that  due  lo  the  weight  of  the  beam,  to  secure 
quickness  of  vibration  we  must  make  the  quantity  wh  sin  0,  which  ex- 
presses this  moment,  as  large  as  possible  for  every  value  of  B.  We  can 
do  this  by  making  h  large.  No  advantage  would  accrue  by  making  w 
large,  since,  although  we  should  thereby  increase  the  turning  moment, 
we  should  increase  the  mass  lo  be  moved  in  the  same  proportion,  so  that 
the  acceleration  with  which  the  beam  would  move,  and  hence  the  time 
taken  to  return  to  its  equilibrium  position,  would  remain  unaltered*     The 

*  The  reason  for  this  vriU  be  morr  apparent  when  ihc  subject  of  the  lime  xA  vibra- 
tion of  a  pendulum  has  been  discusfcd.    Sec  1 113. 
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Ofniy  way,  therefore,  of  securing  rapidity  in  the  indication  of  a  balance  is 
to  n^ke  the  centre  of  gravity  of  the  beam  some  distance  below  the 
central  knife-edge.  It  will  be  obscned  that  this  condition  is  in  direct 
antagonism  to  one  of  the  conditions  for  sensitiveness,  and  we  have  in 
this  case  to  choose  such  a  value  for  h  as  will  make  the  balance  fairly 
quick,  without  unduly  reducing  the  sensitiveness.  Another  element 
which  affects  the  quickness  of  a  balance  lies  in  the  fact  that  when  the 
beam  moves  the  mass  moved  includes  not  only  the  beam  itself,  but  also 
the  scale-pans  and  their  contents.  It  will  be  evident  that  for  a  given 
load  the  distance  through  which  the  load  is  moved,  as  the  balance  beam 
swings,  is  greater  if  the  beam  is  long.  Hence  lengthening  the  beam 
will  increase  the  time  the  balance  takes  to  swing.  This  requisite,  again, 
clashes  with  one  of  the  requisites  for  sensitiveness. 

The  easiest  way  of  drawing  attention  to  the  way  in  which  the  different 
requisites  of  a  good  balance  arc  secured  in  a  modern  physical  balance  is 
to  describe  such  a  balance  ;  and  of  the  many  slightly  different  types  in 
use  we  will  select  one  of  those  made  by  Bunge.  The  beam  of  the  balance 
consists  of  a  triangular  girder-shaped  framework  ABC  (Fig,  70).  This 
framework  carries  the  central  knife-edge  H  and  the  end  knife-edges 
A  and  B.  It  also  carries  in  front  a  notched  cross-bar  de,  on  which  the 
rider  can  be  placed,  and  a  long  pointer  F.  An  upright  rod  attached  to 
the  back  of  the  beam  serves  to  counterbalance  the  pointer,  &c,  in  front, 
and  carries  two  small  weights  I,  by  means  of  which  the  position  of  the 
centre  of  gravity  of  the  beam  may  be  raised  or  lowered,  and  hence  the 
sensitiveness  altered  ;  by  moving  the  weight  on  the  horizontal  arm,  the 
beam  can  be  made  to  balance  in  the  horizontal  position  when  there  is 
no  load  on  the  pans.  The  stirrups  which  carry  the  pans  have  small  agate 
p'ancs,  which  rest  on  the  tenninal  knife-edges  of  the  beam.  The  stirrups 
also  carry  two  small  agate  points  which,  when  the  beam  is  lowered,  fall, 
one  into  a  small  conical  hole,  and  the  other  into  a  groove,  which  are 
carried  by  uprights  K  attached  to  the  stand.  These  scr\'C  to  slightly 
raise  the  agate  planes  from  the  knife-edges  when  the  beam  is  lowered, 
and  thus  prevent  the  knife-edges  being  damaged  when  weights  are  being 
placed  on  or  removed  from  the  pans.  The  beam  itself,  when  lowered,  is 
raised  from  the  central  plane  by  two  similar  agate  pins,  as  well  as  by  two 
knife-edges  I.L,  which  support  the  arms.  The  position  of  the  beam  is 
read  by  the  pointer  F,  which  moves  over  an  ivory  scale.  For  very  accu- 
rate work,  where  the  smallest  movement  of  the  pointer  has  to  be  observed, 
a  microscope  m  is  employed,  which  is  focussed  on  a  small,  6nely  divided 
scale  o  attached  to  the  pointer.  The  handle  N  ser\'es  to  raise  and  lower 
the  beam,  and  to  raise  the  supports  which  come  up  and  catch  the  lower 
surface  of  tlie  pans  when  the  beam  is  lowered.  A  small  lever  O,  worked 
by  the  handle  P,  serves  to  adjust  the  position  of  the  rider.  The  rider 
itself  weighs  only  half  a  centigram,  and  the  position  of  the  adjusting 
weights,  !,  is  so  chosen  that  the  beam  is  horizontal  when  the  rider  is  at 
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the  extreme  left-liand  cml  of  the  beam,  and  nn  weights  arc  in  the  pans. 
Thus  when  the  rider  is  at  the  centre  of  the  beam  it  is  equivalent  to  a 
weight  of  half  a  centigram  in  the  right-hand  pan.  while  when  it  is  at  the 
extreme  right-hand  end  of  the  beam  it  is  equivalent  to  a  centigram  in 
this  pan.  The  object  of  this  arrangement,  rather  than  the  more  usuat 
one  where  the  rider  weighs  a  centigram  and  only  moves  over  half  the 
length  of  the  beam,  is  that  the  scale  along  which  the  rider  moves  is 
twice  as  open.     Thia  is  of  importance,  since  the  Icngtii  of  the  beam  is 


ti'J  7a 


only  thirteen  centimetres,  so  that  otherwise  the  movement  of  the  rider, 
corresponding  say  to  a  tenth  of  a  milligram,  would  l»c  so  small  as  to  be 
hardly  obser\able.  The  advantage  of  the  short  beam  is  that  the  time 
the  Ijalance  takes  to  make  a  swing  is  much  smaller  than  would  be  the 
case  with  a  long  beam,  so  that  the  time  taken  to  make  a  weighing  is 
thereby  much  reduced.  IJy  the  employment  of  a  verj'  hing  pointer  and 
the  microscope,  we  make  up  for  the  sensitiveness  lost  by  the  use  of  z 
short  beam. 


CHAPTER  XTr 


FRICTION 


96.  Statical  Friction. — Suppose  that  a  body  c  (Fig.  71)?  of  mass  «», 
rest  U|>on  a  hori^onial  plane  Alt.  Then,  if  no  force  except  gravity  acts,  C 
will  be  in  equilibrium  under  ilie  action  of  two  forces— (i )  the  weight  w^  of 
the  body  actinif  vertically  downwards,  and  (2)  the  reaction  of  the  plane, 
which  inust  act  vertically  upwards  and 
be  equal  to  w/^.  Now,  let  a  force  P  act  on 
C,  parallel  to  the  surface  ab.  It  is  found 
that  unle^  P  exceeds  a  certain  value 
the  l>ody  still  remains  at  rest.  Under 
these  circumstances  the  body  is  in  equi- 
librium under  its  weight  wjf,  the  force 
P  and  the  reaction  between  its  'surface 
and  the  plane,  which  must  now  be 
inclined  to  the  normal,  and  act  in 
some  such  direction  as  cr'.  This 
force  along  cr'  may  be  resolved  into  a 

reaction  normal  to  the  surface,  />.  along  CR,  and  a  force  along  CF  which 
must,  if  there  is  equilibrium,  be  equal  in  magnitude  to  p.  This  force, 
which  Is  brought  into  play  when  we  attempt  to  slide  one  body  over 
another,  and  which  always  acts  so  as  to  resisf  motion,  is  called  the 
friction  between  the  surfaces. 

If  the  total  normal  pressure  between  c  and  the  plane  be  Q,  then  it 
is  found  that  c  will  commence  to  slide  when  the  force  P  bears  to  y  a 
certain  ratio,  which  is  necessarily  less  than  unity.  This  ratio  is  called 
the  coefficient  of  friction  between  the  body  C  and  the  plane  AB,  and  is 
generally  denoted  by  the  symbol  ^  The  value  of  the  coefficient  of 
friction  is  independent  of  the  size  of  the  surface  of  contact  between  C  and 
AB,  and  of  the  pressure  q.  It  depends,  however,  on  the  nature  of  the 
substances  fomiing  the  two  surfaces  in  contact,  on  the  smoothness  of 
these  surfaces,  and  on  the  presence  or  absence  of  any  lubricant,  such  as 
oil,  fat,  blacklead,  &r,,  between  the  surfaces.  The  value  of  /i  lias  to  be 
determined  experimentally  for  each  of  these  conditions. 

If  the  force  P  is  less  than  ^Q.  then  there  will  be  no  motion,  and  the 
friciional  resistance  r  will  be  equal  and  opposite  to  P.  When  P  is  just 
equal  to  ^Q  motion  will  be  on  the  point  of  taking  place,  and  the  frtctional 
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resistance  will  have  its  maximum  value  (mQ)-  If  P  is  greater 
molion  will  lake  plate,  but  ihe  moving  force  will  be  less  than  P,  since, 
although  when  molion  has  commenced  the  frictional  resistance  is  often 
no  longer  equal  to  ^Q^  yet  friction  still  acts  as  a  force  tending  to  prevent 
motion. 

Since  ihe  coeffin'^n/ of  friction  is  independent  of  the  surface  of  con- 
tact, it  follows  that  for  a  given  value  of  g  the  frictional  resistance  (k)  is 
also  independent  of  the  extent  of  the  surface  of  contact  If  A  is  the  area 
of  this  surface,  then  the  pressure  per  unit  area  is  y/A,  and  the  frictional 
resistance  per  unit  area  is  ^q/a.  If,  while  Q  remains  the  same,  A  is 
reduced  to  a',  then  the  pressure  per  unit  area  is  increased  to  q/a',  and 
the  frictional  resistance  per  unit  area  is  increased  to  fxi^jA',  Hence 
the  frictional  resistance  per  unit  area  varies  directly  as  the  pressure  per 
unit  area. 

97\  Limiting  Angle.— When  motion  is  just  about  to  commence,  and 
hence  p  is  equal  to  ^q,  the  body  is  in  a  state  of  equilibrium  under  three 

forces,  the  force  P  acting 
H  horizontally,    the    pres- 

sure Q  acting  vertically 
downwards,  and  the  re- 
action acting  along  cr' 
(Fig.  72).  In  order  to 
find  the  angle  which  cr' 
makes  with  the  normal, 
we  draw  a  line  de  paral- 
lel to  0,  and  of  such  a 
length  that  it  represents 
g    in    magnitude,    and 

Fic,  7a.  from  E  draw  EF  parallel 

to  P,  and  hence  at  right 
angles  to  DE,  to  represent  p  in  magnitude.  Then,  by  the  triangle  of 
forces  (§  72),  the  reaction  which,  together  with  the  forces  p  and  Q, 
maintains  the  body  c  in  equilibrium,  must  be  represented  in  magnitude 

and  direction  by  the  line  FD.    Therefore  the  angle  FDE  is  equal  to  the 

angle  fft  between  the  reaction  CR'  and  the  normal.     Since  DR  is  equal  to 

Q  and  KF  to  P,  which  is  equal  tn  ^q,  we  have 


— B 


tan  ^> 


'lU 


This  angle  <^,  which  represents  the  greatest  angle  the  line  of  action  of  the 
reaction  can  make  with  the  normal  to  the  «uKacc  of  contact,  is  called  the 
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If  a  force  is  applied  to  C  along  such  a  direction  as  FC  (Fip.  73),  making 
an  angle  of  ^  with  the  normal,  then  if  ^  is  less  than  the  limiting  anglei 
motion  of  c  will  not  take  place,  how- 
ever great  the  value  of  this  force. 
The  reason  is  that  we  may  resolve 
the  force  into  two  componenls,  one 
parallel  to  the  surface,  which  tends  to 
produce  motion  and  is  resisted  hy 
the   friction,   and   the   other,   which 

acts  along  the  normal,  produces  a     *  1^      I g 

contact  pressure.      If  K  is  the  force,  « 

the  component  parallel  to  the  surface 

is  F  sin  ^,  and  the  component  parallel  to  the  normal  is  F  cos  ^.    If  motion 

is  just  ahout  to  take  place,  and  we  neglect  the  weight  of  the  body,  then 

F  sin  \f~f^F  cos  ^, 
/i  =  tan  ^. 

But  /z=tan  '/»  where  f/)  is  the  limiting  angle.  Hence  if  ^  is  less  than  </> 
motion  will  not  take  place. 

98'.  Angle  of  Repose.  — If  a  body  0  (Fig.  74)  of  mass  m  is  placed  on 
an  inclined  plane  ab,  then,  if  there  were  no  friction  between  O  and  the 
plane,  the  only  forces  acting  would  be  the 
weight,  which  is  a  force  of  m^  acting  verti- 
cally downwards  and  the  reaction  of  the  plane 

GR  acting  at  right  angles  to  M\.  As  these 
forces  are  not  in  the  same  straight  line,  the 
body  would  move  down  the  incline.  If,  how- 
ever, there  is  friction  between  G  and  the 
surface  of  the  plane,  the  friction  will  tend  to 
prevent  motion,  and  till  the  plane. has  a  cer- 
tain slope  the  body  will  remain  at  rest.  To 
find  the  maximum  inclination  (^)  of  the  plane 

to  the  horizontal  we  resolve  the  force  w/if  into  a  component  parallel  to  ba, 
which  tends  to  produce  motion,  and  a  component  nomial  to  ba,  which  acts 
as  the  contact  pressure.  In  the  triangle  DGR,  the  angle  EOl.t  is  equal  to  ^, 
and  El)  is  parallel  to  AB.  Hence  the  component  of  wt,**  parallel  to  BA  is 
m^  sin  ^,  and  the  component  perpendicular  to  UA  is  ///^cos  ^.  If  motion 
is  just  about  to  commence, 

Wi^  sin  ^=^///^cos  ^ 
/i  =  tan  ^. 
Hence  if  ^  is  greater  than  the  limiting  angle,  motion  takes  place.     The 
maximum  inclination  to  the  horizontal  of  the   plane  which  is  possible 
without  the  body  sliding  is  called  the  an^^fe  of  repose. 

Thus  the  angle  of  repose  is  equal  to  the  limiting  angle,  and  the  co- 
efficient of  friction  is  equal  to  the  tangent  of  cither  of  these  angles. 
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99*.  Kinetic  Frletlon  between  Solids.— As  mentioned  in  §  q6,  after 
slipping;  has  coinnicncctl  the  fiictioii  (.imtinues  as  a  force  lending  to 
prevent  motion,  but  the  miL^mitude  of  the  friction  is  in  ^fcneral  less  than 
it  is  just  before  sh^pin^j  commences.  Ii  is  found  by  experiment  that,  as 
long  as  ihc  speed  of  the  motion  is  not  too  great,  the  frictional  resistance 
is  proportional  to  the  total  pressure  between  the  two  solids,  and  indepen- 
dent of  the  velocity. 

If  Q  is  the  total  normal  pressure  between  the  solids  and  F  is  the 
frictional  resistance,  then 

where  v  is  called  the  coefficient  of  kinetic  friction.     Hence  if  a  force  y 

parallel  to  the  plane  surface  All  (Fig.  72)  act  on  a  body  C  of  mass  w/,  then 

g  =  ///irand  F=vm)^.     Since  the  frictional  resistance  opposes  the  motion, 

the  resultant  force  which  is  available  for  changing  the  motion  of  the 

body  is  P-For  P-vm^,    The  acceleration  {a)  produced  by  this  force 

i*  given  by  p^p   p 

a^ ' ^ ve, 

m        m     ^ 

If  there  had  been  no  friction  the  acceleration  would  have  been  /*//«,  so  that 
the  effect  of  friction  is  equivalent  to  a  negative  acceleration  of  y^  units. 

Of  course,  \i  P  is  less  than  cwjf,  the  body  if  in  movement  will  gradually 
come  to  rest,  and  then  it  will  require  a  force  greater  than  ^wg  to  start 
motion  again.  In  the  following  table,  some  of  the  values  of  the  coeffi- 
cient of  kinetic  friction  obtained  by  Morin  are  given. 

Coefficient  of  Kinetic  Friction. 


Oak  on  o;ik . 


Iron  on  oak . 


Iron  on  bronze 

Iron   on    iron,  * 
steel  on  steel, 
oak   on   oak, 
bronze      on 
bronze    .     . 


Fibres  parallel 


perpendicular 


(  Fibres  parallel  to 
(     movement 


! 


!  Surfaces  without 
lubricant 
Surfaces   rubbed 
with  dry  soap 
\  Surfaces  without 
\      lubricant 

!  Surfaces    wetted 
with  water  . 
Surfaces  without 
lubricant 
(  Surfaces   rubbed 
/      with  dr)'  soap 

J  Surfaces  slightly 
greasy     .     . 
^Surfaces  slightly 
greasy     ,     . 
Surfaces  greasy 
Surfaces    greasy 
and     lubricant 
continually  re- 
newed     .    . 


0.48 
0.16 

0^34 
a25 
a62 

0.21 

0.18 

0.15 
0.07-0.08 

o.o4-ao5 


I 

4 


Rolling  Friction 


ti5 


I 


"be 


This  table  shows  in  a  very  marked  manner  how  the  friction  between 
sohds  is  reduced  by  the  presence  of  a  layer  of  lubricant  If  the  motion 
is  extremely  rapid,  and  the  surfaces  in  contact  are  sufficiently  large,  it  is 
possible  to  use  air  as  a  lubricant,  and  under  these  circumstances  the 
friction  is  cnonnously  reduced. 

100*.  RolUngr  Friction. —When  a  wheel  or  cylinder  rolls  on  a  plane 
surface,  there  is  produced  at  the  point  of  contact  a  resistance  to  the  motion 
which  is  generally  said  to  be  due  to  rolling  friction.  This  resistance  is 
not  a  true  friction  in  the  sense  of  the  word  used  in  previous  pag:es,  since 
there  is  no  relative  motion  of  the  two  surfaces  at  the  points  of  contact, 
hence  there  is  no  slipping. 

Suppose  that  a  cylinder  KF  (Fig-.  75)  rolls  on  a  horizontal  plane  AB, 
and  a  light  string  is  passed  over  the  cylinder,  the  tensions  v  and  g 
in  the  two  portions  of  this  string  being 
adjusted  so  that  the  cylinder,  when 
started,  continues  to  move  with  a  uni- 
form speed,  rolling  along  from  A 
towards  B.  Since  the  motion  is  uni- 
formy  it  follows  that  the  forces  acting 
on  the  cylinder  are  in  equilibrium. 
These  forces  are  the  weight  w  of  the 
cylinder  acting  vertically  downwards 
through  the  axis  C,  the  forces  P  and  q, 
and  the  reaction  of  the  plane  AB. 
Now  it  is  found  experimentally  that, 
if  the  motion  in  the  direction  from  A 
to  B  is  to  be  uniform,  g  must  be  greater 
tlian  P.  The  resultant  of  the  parallel 
forces  Q  and   P  will   therefore  be  a 


Tcc  nearer  g  than  p  (§  69).    Let  hk 

Ijc  this  resultant.     The  resultant  of  this  force  HK  and  the  weight  of  the 

cylinder  must  lie  somewhere  between  thcin,  say  along  lm.     If  then  the 

forces  are  in  equilibrium,  the  reaction  of  the  plane  must  act  along  LN. 
In  other  words  the  reaction  of  the  plane  does  not  act  through  the  point 
C,  where  in  the  ligure  the  cylinder  touches  the  plane.  This  apparent 
impossibility  is  expl.ninable  if  we  suppose  that  rolling  friction  is  really 
due  to  the  fact  that  the  plane  becomes  deformed  and  a  small  ridge  is 
"rolled"  up  in  front  of  the  cylinder,  or  that  the  cylinder  itself  becomes 
flattened.  The  fomicr  of  these  effects  can  be  clearly  seen  if  a  wheel  is 
rolled  on  a  sheet  of  india-nibiier ;  for,  as  shown  in  Fig.  76,  the  rubber 
is  forced  up  into  a  small  ridge  before  the  wheel.  The  latter  effect  is 
illustrated  in  the  case  of  a  pneumatic  bicycle  tyre.  The  magnitude  of 
the  resistance  to  motion  in  the  case  of  rolling  is  very  much  smaller  than 
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that  in  the  case  of  sliding.  Thus  Coulomb  found  that  in  the  case  of  a 
cylinder  of  lignum-vit;?,  i6  centimetres  in  diameter,  when  loaded  with 
looo  pounds,  the  resistance  to  rolling-  amounted  to  6  pounds,  while  with 
the  same  load  the  resistance  to  sliding  would  have  amounted  to  at  least 
200  pounds.  Whenever  it  is  possible,  it  is  therefore  advantafjeous  to 
substitute  rolling  for  sliding,  if  the  frictional  resistance  to  motion  is  to  be 


reduced.  Thus,  in  the  case  of  .1  carriage,  the  sliding  friction  which  occurs 
in  a  sledge  is  replaced  by  rolling  friction  between  the  tyre  of  the  wheel 
and  the  ground  In  the  modern  bicycle  even  the  sliding  friction  of  a 
wheel  upon  its  axle  is,  as  far  as  possible,  replaced  by  rolling  friction  In 
the  ball-bearing,  where  a  number  of  bard  steel  balls  are  placed,  so  that 
the  hub  of  the  wheel  rolls  on  them,  and  they  roll  on  the  axle  itself. 

101.  Loss  of  Available  Energ-y  due  to  Friction.— Since  in  every 
case  friction  acts  as  a  furce  tending  to  check  the  motion,  whenever  any 
displacement  actually  takes  place  work  will  have  to  be  done  against  the 
frictional  resistance.  The  energy  which  is  necessary  to  perform  this 
work  is  converted  into  heat,  and  this  heat  gradually  becomes  diffused 
amongst  neighbouring  bodies,  and  so  the  energy  is  no  longer  available 
for  doing  work.  The  frictional  resistance  ahcays  opposes  motion,  so 
that  if  we  change  the  direction  of  motion  the  direction  of  the  frictional 
resistance  also  changes,  so  that  it  is  impossible  to  utilise  this  force  to 
increase  the  motion  of  a  body  or  to  do  work,  but  work  has  always  to  be 
done  a^insf  it.  It  is  therefore  hardly  correct,  in  view  of  the  definition 
of  force  given  in  §  59,  to  call  the  frictional  resistance  v^  force.  Since, 
however,  it  always  acts  as  if  it  were  a  force  opposing  motion,  it  is  con- 
venient so  !o  regard  it. 

102,  Friction-Dynamometer.— One  of  the  applications  of  friction  is 
to  employ  it  to  measure  the  [K>wcr  or  rate  of  doing  work  of  a  machine, 
such  as  a  steain-cnginc.  A  form  of  friction-dynamometer  for  this  purpose 
is  shown  in  Fig.  77.  A  pulley  A  with  a  flat  edge  is  fixed  to  the  shaft  of 
the  engine,  and  a  strap  Bli»,  on  the  inside  of  which  blocks  of  wood  are 
usually  fixed,  rests  on  the  edge  of  this  pulley.  One  end  of  the  strap  is 
attached  to  a  spring  balance  K,  by  means  of  which  the  tension  acting  on 
this  end  of  the  strap  can  be  measured,  wliilc  a  tension  y*,  caused  by  a 
weight  suspended  on  the  other  end,  serves  to  keep  the  strap  tight.    The 
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engine  having  been  started,  P  is  increased  till  it  is  exerting  its  maximum 

power ;  the  work  being  done  against  the  friction  of  the  wooden  blocks 

on  the  edge  of  the  pulley.    Ifr  is  the  radius  of  the 

pulley  and  R  the  radius  of  the  portion  of  a  circle 

along  which  the  strap  lies,  n  ihc  numljcr  of  turns 

the  pulley  makes  per  second,  and  the  reading  on 

the  spring-balance  is  W.    Then  the  sum  of  ihe 

moments  of /'and  H-^about  the  axle  is(/^-  ''')A', 

and  this  must  be  equal  to  the  moment  of  the 

friction  about  the  same  axis,  since  the  strap  and 

blocks  are  in  equilibrium.     Hence,  if  /•'  is  the 

frictional  resistance, 

Fr^{P~lV)R   ....     (0. 


Fiti.  77. 


Now  the  frictional  resistance  /'acts  tangentiatty  to  the  pulk-y,  and  tends 
to  check  the  motion.  The  distance  through  which  the  edge  of  the 
pulley  moves  against  F  during  one  second  is  27rr;/,  Hence  the  work 
done  against  friction  in  one  second  is 


27rm.F 


m 


and  this  is  the  power  expended  in  friction.     Substituting  the  value  of  F 
obtained  from  equation  {i)  in  (//),  we  get  that  the  power  spent  against 


zirrn. 


or  nwftJ^iP-  11'). 

If  then  the  whole  available  power  of  the  engine  is  spent  in  overcoming 
the  friction  of  the  dynamometer,  and  //  is  the  number  of  units  of  work 
per  second,  in  the  system  in  which  A",  /*,  and  /fare  measured,  which  arc 
equal  to  a  horse-power,  the  horse-power  will  be 

2imR{P~  li^') 


W' 


H 


in  which  n  is  obtained  by  counting,  A*  by  adding  the  thickness  of  the 
wooden  blocks  to  the  radius  of  the  pulley,  and  P  and  /f''*are  obtained 
from  the  weights  placed  in  the  scale-pan  and  the  reading  of  the  spring 
balance  respectively. 


CHAPTER    XIII 

GRAVITATION      ^ 


103.  Attraction  and  Repulsion. — la  the  case  of  two  portions  of 
niatier  between  which  a  stress  exists,  and  in  which  we  arc  unable  to 
trace  any  ni.iterial  connecting  linkj  it  is  usual,  If  the  stress  tends  lo  make 
the  bodies  move  towards  one  another,  lo  say  that  the  Indies  attract  one 
another.  Ifj  on  the  other  hand,  the  stress  is  such  as  to  lend  to  make  the 
bodies  separate,  then  we  say  they  n/<'/onc  another.  For  convenience, 
the  force  in  the  case  where  the  bodies  rtpei  one  another  is  Kcnerally 
regarded  o.s  /*ositi7'fy  and  that  in  ihe  case  where  they  nt/nuf  one  another 
as  nej^dtn't. 

104.  The  Law  of  Inverse  Squares.— In  general,  when  the  distance 
lx:tween  two  j>articles  which  attract  or  repel  one  another  changes,  the 
stress  l>ctween  the  i>articlcs  alters.  The  only  case  which  we  shall  ex- 
amine, since  it  is  by  far  the  most  important  in  physics,  is  that  in  which 
the  stress  varies  inversely  as  the  square  of  the  distance  between  the 
particles,  and  lakes  place  in  the  direction  of  the  line  joining  ihcni.  As  a 
particular  case  of  this  general  law,  which  is  called  the  law  of  the  inverse 
square,  we  may  take  the  case  of  the  attraction  between  two  particles  of 
mass  tft  and  w^.  The  stress  between  the  particles  depends  directly  on 
the  product  of  the  masses  and  inversely  on  the  square  of  the  distance  {a) 
between  them.  Hence  '\f  F\s  the  force  which  either  panicle  exerts  on 
the  other, 

«         Mm' 
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where  Ji  is  some  constant 

If,  instead  of  having  only  two  particles,  there  arc  a  numl>er,  then 
experiment  shows  that  the  force  exerted  on  each  particle  is  the  resultant 
of  all  the  forces  which  would  be  exerted  by  each  of  the  other  particles 
separately, 

106'.  Work  done  by  Attraction  or  Repulsion.— If  the  distance 
between  iwo  particles  which  attract  one  another  is  increased,  work  will 
have  to  l>e  done  on  ihe  system.  If  the  particles  approach  one  another, 
however,  they  are  capable  of  doing  work.  The  maximum  of  work  will  be 
done  by  or  on  the  system  when  the  particles  are  brought  from  an  inBnitc 
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distance  into  contact,  or  moved  from  contact  to  an  infinite  distance  from 
one  another. 
I  It  therefore  follows  that,  in  the  case  of  two  particles  which  attract  one 
another,  when  they  arc  not  in  contact  ilicy  possess  a  certain  amount  of 
potential  cner^,  for  they  can  be  made  to  do  work  during  their  approach. 
The  amount  of  work  which  can  be  done  when  the  system  changes  from 
the  positions  shown  at  A,  B  (FifiT.  78)  to  the 
positions  A,  b'  depends  simply  on  the  posi- 
tions of  H  and  b'  with  reference  to  a,  and  is 
independent  of  the  fomi  of  the  path  by  which 
the  particle  passes  from  u  to  b'.  If  this  were 
not  so,  suppose  that  when  the  panicle  went 
from  b  to  n'  along  the  path  BCi;'  more  work 
was  done  by  the  particle,  than  when  it  went 
along  the  path  bdb'.  Now  suppose  the 
work  done  by  the  particle  when  taken  along 
the  path  BCb'  is  «/„  and  that  along  the  path 
bob'  is  iiu^  so  that  o',  >  w,..  Let  the  particle  move  from  B  to  B*  along 
the  path  uciV,  doing  tv^  units  of  work,  and  Ix-  taken  back  to  B  along  the 
path  b'ob,  7<'j  units  of  work  being  done  on  it.  The  configuration  of 
the  system  is  now  the  same  as  at  first,  but  in  the  cycle  performed  by 
the  particle  B  the  work  w,  done  by  the  system  is  greater  than  the  work 
ttu  done  on  the  system,  hence  there  remains  a  quantity  of  energy  Wj  — w^ 
over,  which  might  l>c  utilised  for  doing  external  work,  so  that  the 
I  arrangement  would  give  us  **pcrt>clual  motion."  Since  by  the  doctrine 
f  of  the  conservation  of  energy  this  is  impossible,  it  follows  that  w,  must  be 
Icqual  to  «'«,  or,  in  other  words,  the  work  done  cither  by  or  on  the  system 
■between  any  two  configurations  depends  solely  on  llie  initial  and  final 
{•configuration  (/>.  the  positions  of  the  panicle),  and  is  independent  of  the 
intennediate  steps  by  which  the  system  changes  from  one  configuration  to 
the  other. 

tn  order  to  calculate  the  work  wliich  can  be  done  Iiy  the  pioticle  in 
{.passing  from  B  to  »',  we  supix.)5e  the  p;iih  to  consist  of  two  portions,  first 
[a  part  BE  of  the  straight  line  joining  B  to  A,  and  then  a  portion  of  a  circle 
1^'ilh  A  as  its  centre  and  ab'  as  its  radius.  Since  there  will  be  no  work 
done  during  the  passage  of  the  particle  along  the  circular  portion  of  the 
path,  the  motion  being  at  all  points  at  right  angles  to  the  force,  the  work 
done  along  the  path  Bt:  will  be  equal  to  the  work  done  along  any  path 
^  between  B  and  \\\ 

kntftif 

'  (/L  ~^//^^   ^^  product  of 
ftbe  mean  force  into  5^  gives  the  work  done  over  the  small  element  S//of 
the  path.    The  work  done  over  the  next  element  hd  is  in  the  same  way 


When  the  particle  is  at  B.  the  force  acting  on  it  is  ■ 
Ithrough  a  small  distance  £</,  the  force  becomes 


if  it  moves 
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^""Ir//  ^kifi^'^Tl S^  I  ^'''  ^^^  ^  *^"*    '^^^  *°^^'  work  done  will  be 

the  sum  of  a  number  of  such  terms  taken  for  the  whole  path. 

\i ti^  is  the  distance  Au'  or  ae,  then  the  work  done  between  B  and  E| 

and  therefore  also  between  n  and  Ii',  can  be  shown '  to  be  I'mm'  (-7  -  .-  )• 

If  the  point  D  is  at  an  in6nitc  distance  from  A,  then  the  "work  done  by 
the  body  in  the  case  of  attraction,  or  a;<ainst  the  body  in  the  case  of 
icpulsion^  when  moved  up  from  an   intinite  distance  to  a  distance  d^ 

kmf9f 


from  A,  is 
since  — =0. 


^ 


na 


If  the  body  which  is  moved  Is  of  unit  mass,  i>.  if  /w'=  i,  then  the  work 

done  is  , 

km 

In  the  case  of  two  bodies  which  repel  one  another,  and  are  at  a  dis- 
tance ti^t  they  possess  a  certain   potential  enerj^-  due  to  their  mutual 

repulsion.      The  amount  of  this  potential  energy  is  --^ — ,  since  this 

expression  gives  the  maximum  amount  of  work  which  could  be  done  by 
the  mutual  repulsion  of  the  bodies,  for  there  is  no  force  exerted  between 
the  bodies  when  ihcy  arc  at  an  infinite  distance,  so  that  their  potential 
energy,  as  far  as  their  mutual  repulsion  is  concerned,  is  zero. 

106*.  Potential.— It  has  been  shown,  in  the  last  section,  that  the  work 
which  has  to  l>c  done  to  remove  a  unit  mass  from  a  given  point  in  the 
neighlmurhood  of  another  mass,  to  a  place  where  there  ceases  to  be  any 
attractive  or  repulsive  force  between  the  masses,  is  a  fixed  quantity 
depending  simply  on  the  position  of  the  point  with  reference  to  the 
attracting  mass.  This  quantity  of  work  may  be  looked  upon  as  an  attri- 
bute of  the  given  point,  the  attracting  mass  of  course  being  supposed  to 
remain  fixed  in  position,  and  it  is  then  called  the po/^H/iti/  of  the  given 
point  Thus  the  potential  at  a  point  at  a  distance  //  from  a  mass  m  is 
equal  to  . 

107,  Kepler's  Laws.— Astronomical  observations  having  shown  that 
the  earth  and  the  other  planets  move  round  the  sun  in  approximately 
circular  (really  elliptical)  orbits,  it  follows  that  there  must  be  attraction 
between  each  planet  and  the  sun,  for  otherwise  the  planets  would  travel 
in  straight  lines. 

Kepler,  by  a  careful  study  of  the  observations  on  the  motion  of  the 
planets  made  by  Tycho  Brahc,  deduced  three  laws  which  now  bear  his 
name. 


>  See|464. 
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Fig.  79. 


^1  Keplei^s  laws  are  as  follows  : — 

V  I.  The  areas  swept  out  by  the  straight  line  joining  a  planet  to  the 

sun  are  proportional  to  the  time.    Thus  in  Fig.  79,  if  s  is  the  position  of 

the   sun,   and    PiP^P,.  .  .  P^  is    the 

orbit  of  a  planet,  and   in  a  given 

interval  t  the   planet   moves   from 

Hi  to  Pj,  or  from  \\  to  Pj,  or  from 

Pj  to  P4,  &c.,  then  the  areas  PiSPj, 

PjSPj,  and  PjSP^,  &c,,  are  all  equal. 

2.  The  orbit  of  a  planet  is  an 
ellipse,  the  sun  being  at  one  of  the 
focL 

3.  The  squares  of  the  time  taken 
to  describe  its  orbit  by  different 
planets  are  proportional  to  the  cubes 
of  the  mean  distances  of  the  planets 

from  the  sun.  Thus  if  7"(  and  T^  are  the  times  taken  by  two  planets  to 
describe  their  orbits,  and  /\  and  D^  are  their  distances  from  the  sun, 
then  Kepler^s  third  law  states  that 

r^   /V* 

108.  Newton's  Law  of  Gravitation.— Ahhough  Kepler's  laws  give 
us  a  description  of  the  motion  of  the  planets,  they  do  not  icll  us  anything 
about  ^^ forces  which  ser\'e  to  determine  these  motions.  Newton,  how- 
ever, discovered  the  dynamical  interpretation  of  Kepler's  laws,  and 
showtd  that  if  wc  suppose  that  a  stress  is  set  up  l>ctwcen  each  of  the 
planets  and  the  sun  directly  pmporlional  to  the  mass  of  the  planet  and 
inversely  proportional  to  the  square  of  the  distance  of  the  planet  from  the 
sun,  then  the  motions  of  the  planets  will  be  just  such  as  would  satisfy 
Kepler's  laws.  Although  it  had  been  previously  suggested  that  the  sun 
as  a  whole  attracted  each  planet  as  a  whole,  and  the  law  of  the  inverse 
square  had  even  been  enunciated,  it  is  to  Newton  that  we  owe  the  law  of 
gravitation  in  the  form  in  which  it  remains  to  this  day,  viz.  every  portion 
of  matter  attracts  every  other  portion  of  matter,  and  the  stress  between 
them  is  proportional  to  the  product  of  their  masses  divided  by  the  square 
of  their  distance  apart. 

As  a  test  of  the  truth  of  his  law,  Newton  showed  that  it  correctly 
accounted  for  the  force  necessary  to  retain  the  moon  in  her  orbit. 

If  we  assume  that  the  orbit  of  the  moon  (with  reference  to  the  earth) 
is  a  circle  of  radius  A*,  then  by  S  42  the  acceleration  of  the  moon  towards 
the  earth  necessary  to  keep  it  moving  in  this  orbit  will  be 

where  v  ;s  the  linear  velocity  with  which  the  moon  is  moving  in  the 
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circular  orbit.     If  7*  is  the  time  the  moon  takes  to  complete  the  orbit 
(a  sidereal  month),  then 

T' 


7-i 


or 


Hence 


Since  the  force  exerted  by  the  attraction  of  the  earth  on  a  given  mass 
is  proportional  to  the  accclci-ation  produced  in  the  mass  (J^  6i),  it  follows 
that  if  Newton's  law  is  true,  i.e.  if  the  force  decreases  as  the  square  of  the 
distance^  then  if  r  is  the  radius  of  the  earth  and  j;  the  acceleration 
produced  by  gravity  at  the  surface  of  the  earth,  the  acceleration  [a') 
produced  by  the  gravitational  attraction  of  the  earth  at  the  distance 
of  the  moon  will  be  given  by 


In  order  to  calculate  the  values  of  rt  and  a^  we  may  take 

A' =  240,000  miles. 

r=     4000  miles. 

7*=   27.3  days. 

g—  32.2  feet  per  sec.  per  sec 

Since  ^i,*"  is  expressed  in  feet  per  second  per  second,  we  must  reduce 
A*  and  r  to  feet  and  yto  seconds,  then  substituting  we  get 

(27-3.864oo)» 
«>  =  3;:5(^,.oo894ft./seC. 

(340000)- 

The  agreement  is  as  good  as  the  approximate  values  we  have  assumed 
for  the  various  quantities  will  allow. 

10ft,  The  Cavendish  Experiment.— The  calculation  given  in  the 
last  section  shows  that  the  moon  is  attracted  by  the  earth  with  a  force 
which  follows  the  saine  law  as  the  attraction  exerted  by  the  earth  on 
bodies  on  its  surface.  We  now  proceed  to  show  that  two  bodies  of  such 
a  size  that  we  can  handle  them  attract  ottt  another.  The  experimental 
difficulties  of  carrying  out  this  investigation  are,  however,  very  great, 
since  the  mass  of  the  largest  body  which  we  can  employ  Is  so  excessively 
small  as  compared  with  the  mass  of  the  earth,  and  hence  the  attraction 
between  any  two  bodies  we  can  use  is  only  a  small  fraction  of  the  weight 
of  either. 

The  first  apparatus  for  measuring  the  gravitational  attraction  of  two 
bodies  was  designed  by  the  Rev.  John  MicheU,  but  he  died  before  he 
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had  time  to  try  the  experiment  Michell's  apparatus,  after  his  death, 
came  inio  the  possession  of  Henry  Cavendish,  who,  after  slightly  altering 
it,  carried  out  ihe  experiment  which  has  subsequently  been  known  as  the 
Cavendish  Kxperimcnt. 

The  instrumcjit  employed  is  called  a  torsion  balance,'  and  consists  of 
a  horizontal  rod  suspended  by  a  lonjj  fine  wire.  If  this  rod  is  acted  upon 
by  a  couple  in  the  horizontal  plane,  it  will  turn,  the  wire  becoming  twisted. 
Since  the  wire  is  elastic,  it  resists  the  strain  (twist),  lending  to  untwist 
itself.  The  force  with  which  the  wire  tendb  to  untwist  is,  within  certain 
limits,  proportional  to  the  angle  through  which  it  is  twisted.  Hence,  by 
obsei-ving  the  angles  through  which  two  given  couples  twist  the  wire,  we 
have  a  means  of  comparing  these  couples. 

Tlie  couple  necessary  to  twist  the  wire  through  an  angle  B  is  for  a 
wire  of  any  given  material,  say  silver,  inversely  proportional  to  the  length 
of  the  wire,  and  directly  proportional  to  \\\q  fourih  power  of  the  radius. 
Hence,  in  order  to  get  an  appreciable  twist  when  the  couple  is  small,  it  is 
of  the  greatest  importance  that  the  wire 
should  be  of  small  diamettr,  and  also,  /Zj\ 
but  to  a  smaller  degree,  a  long  one.  \Jl!/ 

In    the    Cavendish    apparatus    two  ^q 

small  equal  masses  w/,  m'  (Fig,  80)  are  ^^.^ 
attached  to  the  ends  of  the  horizontal  I'M,'* 
rod  of  the  torsion  balance.  Two  large  ^^-^ 
spheres  of  lead  m,  m,  arc  supported  so 

that  they  can  Ix;  placed  cither  in  the  positions  MMi,  or  m'm,'.  In  the 
first  of  these  positi»»ns,  the  attractions  between  the  fixed  mass  M  and  the 
movable  mass  w/,  and  between  M]  and  ///',  tend  to  turn  tlie  l>cam  in  the 
direction  of  the  motion  of  the  hands  of  a  clock.  When  the  fixed  masses 
arc  in  the  positions  MMj',  however,  the  attraction  between  them  and  the 
suspended  masses  tends  to  turn  the  beam  in  an  anti-clockwise  direction. 
TTie  position  of  the  beam  is  obtained  byobsen^ing,by  meansof  a  telescope, 
the  graduations  of  a  scale  as  seen  reflected  in  a  small  vertical  mirror 
attached  to  tJic  centre  of  the  beam. 

If  the  mass  of  each  of  the  suspended  spheres  is  m  and  that  of  each  of 
ihe  fixed  spheres  M,  and  if  (/  is  the  distance  between  the  centre  of  the 
fixed  sphere  and  that  of  the  adjacent  suspended  sphere,  then  the  attrac- 
w.I/ 


Frr,.  8a 


— o»*' 


iion  between  them  is  /*- 


r/^ 


Hence,  if  a  is  the  distance  between  the  two  suspended  masses,  the 

couple  lending  to  twist  the  wire  due  to  one  pair  of  spheres  is  X'^^^x-, 

a^      3 

or  for  both  pairs  ka.    _,  .    If  this  couple  produces  a  twist  of  B"  in  the  wire, 

1  It  was  subsequently  reinvenced  by  Coulomb,  and  is  orten  known  as  Coulomb's 
[  balance. 
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while  previous  experiments  have  shown  that  the  angle  of  twist  produced 
by  a  unit  couple  is  a,  then 

a         d^^ 

€/»     e 


or 


k= 


amAf  *  a 


Hence  the  value  of  >t  can  be  calculated  from  the  observed  quantities. 

Since  the  force  of  attraction  between  a  mass  of  one  gram  when  at  the 
surface  of  the  earth  and  the  earth  is  ^  dynes,  we  have,  if  Af  is  the  mass 
of  the  canh,  and  R  the  radius  of  the  earth, 


Hence 


k 


Knowing  the  value  of  /•  from  Cavendish's  experiment,  and  the  value 
of  R  from  measurements  made  on  the  surface  of  the  earth,  we  can  there- 
fore calculate  the  value  of  M\  the  mass  of  the  earth.  For  this  reason 
Cavendish  is  often  said  to  have  first  weighed  the  ciarth. 

Knowing  the  mass  of  the  eartli,  then  from  Kepler's  laws  we  can 
calculate  the  masses  of  the  other  planets  and  of  the  sun. 

The  Cavendish  experiment  has  since  been  repeated  by  several  ob- 
scr\'ers,  the  latest  measurements  l>eing  those  of  lioys.  This  observer,  by 
using  an  excessively  fine  thread  of  fused  quartz  as  the  suspension  of  the 
torsion  balance,  was  able  to  employ  comparatively  small  masses,  the 
suspended  spheres  only  weighing  one  gram.  The  results  he  obtained 
gave  the  value  -6  =  6.6579  x  lo"**  in  c.g-s,  units,  so  that  two  small  spheres, 
each  having  a  mass  of  one  gram,  when  placed  so  that  Ihc  distance 
between  their  centres  is  one  centimetre,  attract  each  other  with  a  force 
of  6.6579  X  10  **  dy^nes.  This  value  of  k  gives  the  value  5.5268  as  the 
mean  density  (§  129)  of  the  earth. 

110.  Centre  of  Gravity.— Suppose  we  have  two  particles  at  a  and  B 
(Kig.  81)  of  mass  m^  and  «/«.     Then  they  are  each  attracted  towards  the 

centre  of  the  earth,  and  since 
the  centre  of  the  earth  is  at  a 
ver>'  great  distance  compared 
with  the  distance  Aii,  the  forces 
exerted  by  gravity  on  the 
two  particles  will  be  sensibly 
parallel  in  direction.  Hence 
we  have  the  system  consisting 
of  the  two  particles  acted  upon 
by  two  parallel  forces  of  mag- 
U  we  divide  the  line  AB  at  c,  so  that 


nitude  m^  and  m^  respectively. 


W/i^  X  AC  — /Wj^  X  BC 


Who] 
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^ 
^ 


then  the  resultant  of  the  two  forces  m^g  and  9n^g -wWX  pass  through  c 
(sec  §  69),  If  the  two  particles  are  turned  into  any  other  position  a',  b', 
the  distance  AB  between  them  being  kept  the  same,  the  forces  due  to 
gravity  will  be  inclined  at  a  different  angle  to  the  line  AU,  but  the  re- 
sultant will  still  pass  through  the  point  C.  Hence,  whatever  the  position 
of  the  two  particles  A  and  B,  so  long  as  their  distance  apart  remains  the 
same,  the  resultant  of  the  gravitational  attraction  of  the  earth  on  the 
two  particles  always  passes  through  a  point  c,  which  has  a  fixed  position 
relatively  to  A  and  B. 

If  we  have  a  system  consisting  of  three  particles  A,  n,  and  1j  (Fig.  82) 
of  mass  OTj,  OTj,  and  Wj  respectively,  then  the  resultant  of  the  earth's 
attraction  on  A  and  B  acts  at  c,  as  in  the 
previous  case.  We  may  now  consider  that 
we  have  ftvo  parallel  forces,  one  of  magnitude 
m^g-^-m^  acting  at  c,  and  the  other  of 
magnitude  jn^g  acting  at  D,  Hence  the 
resultant  will  pass  through  a  point  £,  such 
that 


Fig.  8a. 


¥ 


Therefore  the  resultant  of  the  earth's  attrac- 
tion on  the  three  particles  passes  through  E, 
and  will  still  pass  through  E,  however  the 
three  particles  arc  turned,  so  long  as  their  relaiive  positions   remain 
unaltered. 

Proceeding  in  this  way  we  might  find,  for  a  system  consisting  of  any 
number  of  particles,  a  single  point  through  which  the  resultant  of  all  the 
forces  exerted  by  gravity  on  the  particles  will  pass,  whatever  the  position 
of  the  sj'Stem,  As  we  may  regard  any  solid  body  as  built  up  of  a  number 
of  particles,  it  therefore  follows  that  it  will  be  possible  in  the  case  of 
every  solid  body  to  find  a  point,  and  only  one  point,  through  which  the 
resultant  of  all  the  forces  exerted  by  gravity  on  the  particles  constituting 
the  body  must  pass.  This  point  is  called  the  centre  of  gravity^  or  the 
centre  of  vutss  of  the  body.  From  this  definition  it  follows  that  the 
weight  of  a  body,  whi<h  is  simply  the  magnitude  of  the  resultant  of  the 
forces  exerted  by  gravity  on  the  particles  which  constitute  the  body, 
always  acts  downwards  in  a  vertical  diicctionj  passing  ihiougli  ilie  centre 
of  gravity. 

There  cannot  possibly  be  two  centres  of  gravity  lx:longing  to  one 
body,  for  if  there  were  two,  say  G^  and  C^  and  the  body  was  turned  so  that 
the  line  joining  G^  and  C^  was  horizontal,  then  by  definition  the  resultant 
of  all  the  parallel  forces  due  to  gravity  acting  on  the  particles  of  the  body 
passes  through  G^\  it  also  passes  through  a  second  point  G^  which  is  not 
on  the  line  of  the  other  resultant,  which  is  impossible.  Hence  there  can 
be  only  one  centre  of  gravity. 
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The  centre  of  gravity  is  a  mathematical  point,  and  it  need  not  neces- 
sarily lie  within  the  substance  of  the  Ixjdy.  Thus  ilic  centre  of  (gravity 
of  a  uniform  ring  lies  outside  the  material  of  the  ring. 

If  a  body  is  suspended  from  a  point,  so  that  it  can  turn  freely  about 
the  point  of  suspension  in  every  direction,  then  the  centre  of  gravily  will 
lie  in  the  vertical  drawn  through  the  point  of  support.  Hccausc  under 
the  circnmstanccs  given  there  are  only  two  forces  acting  on  the  body, 
namely  its  weight,  acting  vertically  downwards  through  the  centre  of 
gravity,  and  the  reaction  of  the  support.  In  order  that  the  body  may 
be  in  equilibrium  these  forces  must  be  equal  in  magnitude,  and  act  in 
opposite  directions  along  the  same  straight  line.  Hence  the  line  of 
action  of  the  weight,  />.  the  vertical  through  the  centre  of  gravity,  must 
pass  through  the  point  of  support,  since  the  reaction  of  the  support  must 
necessarily  act  through  the  point  of  support, 

111.  Stable*  UnsUble,  and  Neutral  Equilibrium.— In  the  case  of 
a  body  in  equilibrium,  when  suspended  from  a  point  about  which  it  can 
turn  freely,  two  cases  may  occur.  In  each  (sec 
^^%'  *^3)i  *h*^  vertical  through  the  centre  of 
gravity  G  passes  through  the  point  of  support 
A-  In  the  one  case,  however,  the  centre  of 
gravity  is  vertically  below  the  point  of  support, 
while  in  the  other  case  it  is  vertically  above. 
In  the  first  case,  if  we  suppose  the  body  slighUy 
displaced  from  its  position  of  equilibrium,  as  at 
A(;  (Fig.  84),  we  see  that  the  weight  of  the  body 
acting  through  <;  has  a  moment  about  the  point 
of  suspension  a,  and  that  this  moment  tends  to 
bring  the  body  back  to  its  original  position. 
The  lx)dy  is  therefore  said  to  be  in  stable  equtlibnum.  In  the  other 
case,  where  the  centre  of  gravity  is  above  the  point  of  support,  if  the 

body  is  displaced  to  aV  (Fig.  84),  the 
turning  moment  due  to  the  weight  now 
acts  so  as  to  ittcraise  the  displacement, 
and  therefore  the  body  moves  further  and 
further  away  from  its  original  position. 
The  equilibrium  in  which  the  centre  of 
gravity  is  vertically  over  the  point  of  sup- 
port is  said  to  be  unstnhU, 

If  the  body  is  supported  at  its  centre  of 
gravity,  then,  since  the  wci^jbt  acts  through  t!ie  centre  of  gravity  what- 
ever the  position  of  the  body,  the  direction  in  which  the  weight  acts  always 
passes  through  the  point  of  support,  and  hence  the  body  when  displaced 
is  still  in  equilibrium.  In  such  a  case  the  body  is  said  to  be  in  ficntr<tl 
rguitibrium. 

If  a  body  is  in  stable  equilibrium  as  at  ag  (Fig.  83),  its  centre  of 


Fia83. 
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Fig.  85. 


gravity  is  in  the  lowest  possible  position.  Its  potential  energy  is  there- 
fore a  minimum,  for  any  possible  displacement  involves  the  raising  of 
the  centre  of  gravity,  and  in  order  to  raise  the  centre  of  ^fraviiy  of  a 
body  we  must  do  work,  because  we  are  moving  the  point  of  application 
(centre  of  gravity)  of  a  force  (the  weight  of  the  body)  against  this  force. 
Hence  when  a  body  is  in  stable  equilibrium  the  potential  energy  is  a 
minimum,  and  any  possible  displacement  of  the  body  involves  the  raising 
of  the  centre  of  gra\ity,  and  therefore  the  expenditure  of  external  energy. 

As  an  example  of  stable  equilibrium  we  may  take  a  book  lying  on  a 
horizontal  tabic  (Fig.  85),  In  this  position  the  centre  of  gravity  of  the 
book  is  as  low  down  as  pos- 
sible, and  any  displacement, 
except  sliding  along  the  table  / 

which  does  not  alter  the  body's         ^ 
stale  of  equilibrium,  such  as         '  I 

that  shown  at  B,  involves  the  i 

raising  of  the  centre  of  gravity. 

In  unstable  equilibrium  any 
slight  displacement  tends  to  lower  the  centre  of  gravity,  the  potential 
energy  being,  in  this  form  of  equilibrium,  a  maximum.  The  potential 
energy  tending  to  change  into  kinetic  energy,  a  very  slight  disturbance 
may,  in  unstable  equilibrium,  produce  a  very  great  displacement,  for  this 
displacement  docs  not  require  the  supply  of  external  energy  to  the 
system  in  order  for  it  to  take  place. 

In  neutral  equilibrium,  there  is  no  change  in  the  potential  energy 
■when  the  body  is  displaced,  the  centre  of  gravity  remaining  at  the  same 
height.  A  sphere  resting  on  a  horizontal  table  is  an  example  of  neutral 
equilibrium. 

We  may  somewhat  generalise  the  above  statements  with  reference  to 
the  equilibrium  of  a  body  under  the  action  of  gravity,  and  say  that  any 
system  in  equilibrium  under  the  influence  of  any  force  (mechanical, 
electrical,  magnetic,  chemical^  &c.)  whatever,  is  in  stable  or  unstable 
equilibrium  according  as,  when  slightly  disturbed  from  the  position  of 
equilibrium,  its  potential  energy  is  increased  or  decreased  by  the  dis- 
placement. If  when  disturbed  the  potential  energ)'  of  the  system 
remains  the  same,  then  the  equilibrium  is  neutral. 


CHAPTER  XIV 

THE    PENDULUM 

112.  Simple  Pendulum.— A  heavy  particle  suspended  by  a  perfectly 
flexible  weightless  thread  fonns  what  is  called  a  simple  pendulum. 
Although  it  is  impossible  to  realise  a  simple  pendulum,  we  in;iy  closely 
approach  the  required  conditions  if  we  suspend  a  small  metal  sphere  by 
a  long  and  very  thin  thread.  The  distance  between  the  point  of  support 
and  the  centre  of  the  metal  sphere  will  then  be  the  Ungtk  (/)  of  the 
simple  pendulum. 

Let  OA  (Fig.  86)  be  a  simple  pendulum  in  its  position  of  resL  Suppose 
the  pendulum  deflected  from  its  position  of  rest  to  the  position  OB.  If  w 
is  the  mass  of  the  pendulum  bob,  then  we  have 
a  force  mg  acting  through  B  vertically  down- 
wards, i.e.  parallel  to  OA.  This  force  may  be 
resolved  into  a  component  w^cos  d  along  OB, 
where  B  is  the  angle  AOH,  and  a  component 
mg  sin  B  along  BC^  the  tangent  to  the  circular 
arc  along  which  the  bob  moves.  The  first  of 
these  components,  namely  that  along  R!>,  does 
not  tend  to  bring  the  pendulum  back  to  its  equi- 
librium posititin,  but  simply  causes  a  tension  in 
the  supjKiriing  thread.  The  other  component, 
mg  sin  Q  along  itc,  on  the  other  hand,  tends  to 
bring  the  pendulum  back  to  its  undisturbed 
position.  Since  mg  is  constant,  whatever  the 
displacement,  it  follows  that  the  force  of  restitu- 
tion is  proportional  lo  the  sine  of  the  angle  through  which  the  pendulum 
is  displaced.  The  distance  through  which  the  pendulum  has  been  dis- 
placed is  the  length  of  the  arc  AB,  and  is  equal  to  IB^  where  /  is  the  length 
(ob)  of  the  pendulum.  The  ratio  of  the  force  of  restitution  to  the  dis- 
placement is  therefore 


Pto.  86. 


w^'sin  B 


constant  x 


sind 


Now  it  has  been  shown  in  §  51  that  when  a  body  moves  in  a  S.H.M. 
the  acceleration  is  proportional  to  the  displacement.  Hence,  as  the 
force  acting  on  a  body  is  proportional  to  the  acceleration  it  produce* 
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(Newton's  second  law),  it  follows  ihat  tlic  force  which  must  act  on  a 
body  to  cause  it  to  execute  a  S.H.M  must  be  pniporiional  to  the  dis- 
[  placement.  Thus  if  a  body  moves  from  rest  so  that  the  force  tending  to 
bring  it  bark  to  its  position  of  rest  is  proportional  to  its  displacement,  or 
that  the  ratio  of  the  force  of  restitution  to  the  displacement  is  constant, 
the  body  will  execute  a  simple  hannonic  motion.  Hence  if  the  quantity 
sin  6*/^  is  constant  a  pendulum  will  execute  a  S.H.M. 

The  following'  table  gives  some  values  of  the  ratio  sin  ii\^  for  different 
values  of  i)  : — 


tVj'm-s. 

Radians  ^^. 

Sin  9. 

Sin  e\B, 

o'  lo' 

.002909 

.002909 

1. 0000 

^:3^; 

,00«727 

.008727 

1. 0000 

r  o' 

.017453 

,017452 

I.OOOO 

2'      O' 

•034907 

,034900 

.999S 

3:  °; 

.052360 

■05-336 

•9995 

lo*     o' 

•174533 

.173648 

.9949 

20"       O' 

.349066 

.342020 

.9798 

kit  will  be  seen  lhat  for  values  of  B  up  to  2'  or  3"  the  quotient  sin  QlO  is 
[constant  lo  within  one  part  in  5000.  The  motion  of  a  pendulum  is  thcre- 
Iforc  a  S.H.M.  as  long^  as  the  angle  through  which  it  swings  is  not  too 
Ij^at.     The  table  also  shows  that  the  value  of  sin  B  B  decreases  as  the 

angle  B  Increases  ;  tliis  means  that  for  lar^'e  dtsplacctneiiis  the  force  of 
Rrestitution  increases  more  slowly  than  the 
^  displacement,  and  hence  the  pendulum  will 

take  longer  to  complete  a  vibration  when 

ihc  displacement  is  large  than  it  does  when 

■the  displacement  is  small. 
113.  Time  of  Oscillation  of  a  Simple 

Pendulum.  — In   §   51    it   has  been   shown 

tthat  in  a  S.H..VI.  of  amplitude  a  the  maxi- 
tnum  velocity  is  «ki,  where  u  is  the  angular 
velocity  in  the  circle  of  reference.  Since 
»  =  27r/r,  where  T  is  the  periodic  linie  of 
the  S.H.M.,  the  maximum  velocity  is  equal 
to  ZTsa\T.  Hence  the  kinetic  enerj^y  of  tlio 
K  simple  pendulum,  of  which  the  bob  has  a 
^pmass  ;//,  when  it  passes  tlirouylv  its  posi- 
tion of  equilibrium,  is  27r-//-w// 7^.  If  we 
consider  that  the  pendulum  has  no  potential 
energy  when  it  is  in  its  position  of  equi- 
librium, the  whole  energy  when  it  passes 

Ithrough  this  point  is  kinetic,  and  is  equal  to  aTr*(t*w//^.  When  the 
Ipendulum  is  at  tiie  extremity  of  its  swing  it  is  momentarily  at  rest,  hence 
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it  possesses  no  kinetic  energy,  the  whole  of  the  energy  being  poteniial 

ener^'y. 

Let  o  (Fig.  '^'j)  be  the  point  of  suspension  of  the  pendulum,  OA  the 
position  of  rest,  and  OH  the  position  of  mavimuin  positive  elongation. 
Then  when  the  bob  is  at  B  it  has  been  raised  against  gravity  through 
a  height  AC,  hence  its  potential  energy  is  m^  AC  (§  76). 

Since  the  triangles  AUC,  ADH  are  similar, 

'AC    TTn 
ZiB    "ad 


AD 
lD'^2AO  =  iK 


2/ 


Hence  the  potential  energy  when  the  bob  is  at  rest  at  the  extreme 
elongation  is 

tmrA/i'^ 


The  whole  of  the  energy  of  the  vibrating  pendulum  being  kinetic  at  A. 
and  potential  at  Ii,  and  since  t!)e  energy  at  A  must  be  equal  to  the  energy 
at  B,  we  get 

2/     ~     y^    ' 

In  this  equation  a  is  the  arc  AH,  and  An  is  the  chord  of  this  arc.  If  the 
amplitude  of  the  vibrations  are  suflicienlly  small,  the  chord  may  be  taken 
as  equal  to  the  arc,  and  then 

It  must  be  remembered  that  this  expression  only  holds,  and  the  vibra- 
tions are  only  isochronous,  />.  tlie  periodic  lime  T  independent  of  the 
amplitude,  when  the  amplitude  of  the  pendulum  is  small. 

Another  method  of  obtaining  the  expression  for  the  period  of  a  simple 
pendulum  is  as  follows.  It  has  been  shown  in  §  51  that  in  the  case  of  a 
S.H.M.,  when  the  displacement  is  r/  the  acceleration  is  (faa^  where  «  is 
the  angular  velocity  in  the  circle  of  reference.    The  force  acting,  which  is 
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equal  to  the  product  of  the  mass  into  the  acceleration,  is  therefore  equal 
I  lo  mtiti?^  wlicrc  m  is  the  mass  of  the  pendulum  bob. 

It  has  been  shown  in  §  112  that  the  force  of  restitution,  when  the 
'  displacement  is  /^,  is  mg^xxi  0  ;  hence,  putting  /O  for  J  in  the  expression 

for  the  force  of  restitution  in  the  preceding  paragraph,  and  tlien  equating 
^the  two  expressions,  we  get 

/;//(^w^  =  Wif  sin  if\ 

or,  since  »="2jr/7',  where  7' is  the  period  of  the  vibration, 


r- 


•''\^.c-^l#' 


If  the  amplitude  of  the  vibration  is  so  small  that  Oj  sin  0=  i,  we  get 


r^z; 


^^;■ 


the  expression  found  before.  The  numbers  given  in  the  table  on  p.  1 29 
show  that,  if  the  amplitude  does  not  exceed  3°,  the  above  expression  gives 
the  time  of  vibration  correct  10  about  i  in  500a 

114.  The  Compound  Pendulum.— If  it  were  possible  to  construct  a 
pendulum  with  a  aifficiently  small  boh,  and  a  suspending  thread  so  thin 
and  flexible  that  it  could  be  regarded  as  a  simple  pendulum,  we  might 
employ  it  to  measure  j,^  the  acceleration  of  gravity.  For,  rewriting  the 
expression  obtained  in  the  last  section,  we  get 


^= 


4nV 


iHence,  if  the  length  (/)  and  the  periodic  time  (7*)  of  a  simple  pendulum 

larc  observed,  we  may  calculate  g. 

Although  it  is  physically  impossible  to  realise  a  simple  pendulum,  it 

[  is  possible  to  detenninc  what  would  be  the  length  of  the  simple  pendulum, 
which  would  vibrate  with  the  same  period  as  a  i>endulum  of  any  given 
form  ;  this  operation  is  called  finding  the  length  of  the  equivalent  simple 

.  pendulum. 

We  may  look  upon  any  victual  pendulum  as  built  up  of  a  numlx:r  of 

"^ material  particles.  Each  of  these  particles,  since  it  is  at  a  fixed  distance 
from  the  point  of  support,  lends  to  oscillate  as  a  simple  pendulum  with  its 
own  proper  period  ;  but  as  the  distances  between  (he  various  particles 

(and  the  point  nf  support  arc  different,  the  periods  in  which  the  particles 
lend  to  oscillate  are  different.     However,  since  they  are  all  rigidly  con- 
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nccied  together,  they  arc  all  obliged  to  oscillate  with  the  same  period. 
Thus  some  of  the  panicles  will  be  obliged  to  os(iI!nte  faster  than  tljcir 
natural  period,  while  others  will  be  obliged  to  oscillate  more  slowly. 
There  will,  however,  always  be  at  least  one  particle  which  will  oscillate 
in  lis  own  natural  period,  and  the  distance  between  this  particle  and  the 
jKjint  of  support  will  be  the  length  of  the  ecjuivalcnt  simple  pendulum. 
That  point  in  a  pendulum  where  the  particles  are  oscillating;  with  the 
same  period  as  they  would  have  if  they  were  the  bobs  of  simple  pendu- 
lums suspended  from  the  same  point  of  support  as  the  actual  pendulum, 
is  called  the  cefitre  of  oscillation^  the  point  of  support  being  called  the 
centre  of  suspension. 

From  what  has  been  said,  it  will  be  seen  that  if  the  whole  mass  of  the 
pendulum  is  supposed  to  be  concentrated  at  the  centre  of  oscillation,  so 
as  to  form  a  simple  pendulum,  then  the  period  of  this  simple  pendulum 
would  be  the  same  as  that  of  the  compound  pendulum.  For  many  pur- 
poses it  is  convenient  to  consider  that  the  whole  mass  of  a  compound 
pendulum  is  concentrated  at  its  centre  of  oscillation. 

There  arc  many  ver>'  interesting  properties  of  the  centre  of  oscillation 
— to  prove  which  would  involve  more  mathematics  than  it  is  possible 
to  introduce  into  these  pages — which  may  with  advantage  be  stated 
^  here;   (i)  The  centre  of  oscillation  and  the  centre  of  suspension  are 

interchangeable.  Thus  the  period  of  a  compound  pendulum  will  be 
unaltered  if  it  is  suspended  from  its  centre  of  oscillation,  and  the  old 
centre  of  suspension  will  then  be  the  new  centre  of  oscillation.  (2)  If  the 
pendulum  is  struck  a  blow  at  its  centre  of  osrillalinn  it  will  rotate  round 
the  centre  of  suspension,  but  the  blow  will  not  produce  any  pressure  on 
the  axle  or  knife-edge  by  means  of  which  the  pomlulum  is  supported. 
For  this  reason  the  centre  of  oscillation  is  often  cjillcd  the  centre  of 
percussion,  A  familiar  example  of  the  above  property  of  the  centre  of 
oscillation  occurs  when  a  ball  is  struck  with  a  cricket-bat.  If  the  l>all  is 
struck  with  a  certain  part  of  thcbai,  the  impact  is  not  felt  by  the  hands 
of  the  striker  ;  if,  however,  the  bat  is  struck  cither  higher  up  or  lower 
down,  a  distinct  *' sting"  is  felt  in  the  h.inds.  When  no  sting  is  felt,  the 
ball  has  been  struck  with  the  part  of  the  bat  which  is  the  centre  of 
oscillation  corresponding  to  the  centre  of  suspension  where  the  bat  is  held 
in  the  hands.  {3)  If  a  body  is  so  placed  that  it  is  free  to  turn  in  any 
way,  sav  by  being  floated  on  water,  and  is  struck  at  a  point  A  ;  then  if, 
under  the  influence  of  the  blow,  it  moves  so  that  a  point  /^  remains  at 
rest,  the  points  A  and  B  will  Iw  to  one  another  in  the  position  of  centre 
of  suspension  and  centre  of  oscillation. 

115,  Kater's  Reversible  Pendulum.— Captain  Kaier  in  1818  made 
use  of  the  fact  that  the  centres  of  suspension  and  oscillation  are  inter- 
changeable, to  obtain  the  distance  between  these  centres,  or,  in  other 
words,  the  length  of  the  cqtiivalcnt  simple  pendulum,  and  from  this  the 
value  of  the  acceleration  of  gravity  (  ^).     Katei^s  pendulum  consists  of  a 


5ii6] 


Kaier's  Pendulum 
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metal  rod  AB  (Fig.  88),  which  carries  at  one  extremity  a  heavy  lens-shaped 
mass  c.  Two  steel  knife-etlj^es  N^  and  N'^  are  fixed  to  this  rod  with  their 
edges  turned  towards  one  another,  and  at  such  a  dis- 
tance that  the  pendulum  vibrates  with  very  nearly  the 
SAme  period  whether  it  is  suspended  from  one  or  the 
other.    In  order  to  allow  of  the  time  of  vibration  about  A 

these    two   knife-edges    being    exactly   adjusted    to  ^  N| 

equality,  two  movable  metal  pieces  (D  and  k)  fa  rotmtl 
the  rod.  The  heavier  of  these  pieces  (d)  can  be  funily 
fixed  to  the  rod  by  means  of  clamping'  screws*  ami 
the  lighter  piece  (e)  is  attached  to  the  other  by  a  fine 
screw.  The  two  pieces  are  moved  till  the  adjustment 
lo  ei|ual  periods  is  vcr>'  nearly  complete,  then  the 
position  of  the  lighter  piece  (k)  is  finally  adjusted  by 
means  of  the  screw  till  the  periods  are  exactly  equal. 
When  this  adjustment  is  complete,  the  distance  be- 
tween the  knife-edges  is  equal  to  the  length  of  the 
equivalent  simple  pendulum,  which  would  vilirate  with 
the  same  period  as  the  reversible  pendulum,  Tl)is 
lime  of  vibration  is  then  ver\'  carefully  determined  by 
comparison  with  a  clock,  the  niic  of  which  is  itself 
determined  by  astronomical  observations  on  the  stars 
made  with  a  transit  instrument. 

116.  Variations  In  the  Value  of  g  at  DilTerent 
Parts  on  the  Earth's  Surface.— If  the  earth  were 
a  pci-fcct  sphere  of  unilVuni  density,  or,  at  any  rate,  if 
it  were  built  up  of  spherical  shells,  each  shell  being  of 
uniform  density,  the  attraction  exerted  by  the  earth 
on  a  given  mass  would  he  the  same  at  all  points  on 
the  earth's  surface  Since,  however,  the  earth  is  really 
a  spheroid,  the  diameter  through  the  poles  being  about  • 
42  kilometres  less  than  the  minimum  equatorial  dia- 
meter, the  value  o{  g^  is  greater  at  the  poles  than  at 
the  equator.  The  fact  that  the  earth,  and  therefore 
any  IxKly  on  the  surface  of  the  earth,  is  in  rotation 
about  the  polar  axis,  also  makes  the  value  of  ^  less 
at  the  equator  than  at  the  poles  ;  the  reason  being 
that,  as  a  body  on  the  earth's  surface  is  moving  in  a 
circle,  part  of  the  force  exerted  by  the  earth's  gravita-  p,^  g8^ 

tional  attraction  is  required  to  keep  the  body  from 
flying   off  along  a  tangeut,   />.   is   used   in   neutralising  the  so-called 
centrifugal  force.  , 

Tlie  amount  by  which  the  weiglit  of  a  body  at  the  equator  is  less  than  the 
force  with  which  the  earth  attracts  it,  can  be  easily  calculated,  as  follows : — 

If /i  is  the  radius  of  the  earth,  then  the  force  along  the  radius  neccs- 
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sary  to  keep  a  body  having  a  mass  of  i  gram  moving  in  a  circle  of  radius 


R  IS  (sec  ji  4=)  f  ^^  j  [R  =  ^^-  dynes. 


Now  iV=s6.37  X  loP  cm.,  and  T 
Hence  the 


.,      ,  ,        „      41^-37  X  lo*  , 

centrifugal  force"  =    "(86164)3"  ^^'^  dynes. 

Since  at  the  equator  the  value  of^^is  978.0  cm./sec.',  or  the  weight  of 
body  having  a  mass  of  i  giam  is  978.0  dynes,  it  follows  that  if  the  earth 
were  at  rest  the  weight  of  the  body  would  be  931.4  dynes. 

At  the  poles  the  wei^jht  of  a  body  is  unaffected  by  the  rotation  of  the 
earth,  and  hence  ^\s  not  diminished  on  this  account. 

According;  to  Helmcrt,  the  value  of^^at  a  place  in  latitude  </>  and  at 
the  sea-level  is  given  by  the  equation 

w?'=977-989(> +00052  sin  "«/>)  cm./sec.', 
or=  32.0862(1 +aoo52  sin  ^)  foot/sec.*. 

The  following  table  gives  the  value  of ^  at  a  few  places  : — 


Latitude. 

Value  of  ^  in 

Cm./aet', 

Fooi/»ec*. 

Equator 

0 

977.99 

32.085 

Latitude  45° 

45° 

980.60 

32.172 

Paris     . 

48=50' 

98a96 

32.184 

Greenwich 

5i'29' 

9S1.17 

32.191 

Berlin    . 

52>' 

981.26 

32-»94 

Dublin  . 

53'2«' 

981.32 

32.196 

Manchester 

53:29' 

981.34 

32.196 

Edinburgh 

55=5/ 

981.54 

32.203 

Aberdeen 

57V 

981.64 

32.206 

Pole       .        .        .        . 

9o'o' 

983.21 

32.258 

117.  Gravity  Independent  of  the  Nature  of  the  Matter.— The 
quantity  ^  in  the  expression  found  in  §  1 1 3  for  the  time  of  vibration  of  a 
simple  pendulum,  expresses  the  acceleration  with  which  the  bob  would 
fall  in  vaoio  under  the  influence  of  the  earth's  attraction.  For.  in 
obtaining  that  formula,  we  called  the  force  with  which  the  earlh  attraas 
ihc  hob  mj^ ;  in  other  words,  we  have  measured  the  force  by  the  product 
of  the  mass  of  the  body  into  the  acceleration  it  produces.  Suppose, 
however,  that  equal  masses  of  two  different  substances,  say  brass  and 
•  stone,  as  defined  according  to  Newton's  second  law  (see  S  60I,  are  not 
equally  attracted  by  the  earth,  so  that  the  gravitational  force  between 
two  bodies  depends  not  only  on  their  mass,  but  on  the  nature  of 
the   substance  of  which  the  bodies  are  formed.     Under  these  circum- 
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stances,  the  valuer  of  g  obtained  by  pendulum  observations  from  the 
equation  ,„,« 

would  depend  on  the  nature  of  the  material  of  which  the  pendulum  l>ob 
is  formed.  That  such  a  difference  might  quite  well  be  expected,  wil!  be 
seen  if  we  remember  that  equal  masses  arc  defined  to  be  such  that  a 
given  force  produces  in  them  equal  accelerations,  while  in  the  case  of 
many  other  cases  of  attraction  exerted  Ijelween  bodies,  such  as  the  force 
exerted  on  a  body  hy  a  magnet,  the  magnitude  of  the  force  depends  on 
the  natuie  of  the  material  of  which  the  body  is  composed. 

The  first  to  investii^ate  whether  the  "dpcight  of  a  body  was  proportional 
to  its  mass  was  Newton.  He  employed  in  the  fir^i  place  two  pendulums 
of  the  same  length  (/),  and  having  liobs  made  of  the  same  material  but  of 
different  mass  (w,  and  w^).  Suppose  ^^  and  g,t  are  the  accelerations 
which  the  earth's  attraction  would  produce  in  the  masses  m^  and  Mj 
respectively,  then  the  force  (/-'i)  with  which  the  earth  attracts  the  first 
mass  is  OTiCn  an*^  ^'^^^  (-^s)  ^^*^'*'  which  it  attracts  the  second  mass  is 
m^g^     Hence 

^,  =  i-Und^,=£.». 

'  But  by  the  law  of  the  simple  pendulum 


Sx 


where  /|  and  /^  are  the  periodic  times  of  the  pendulums. 
expressions  for^i  and  for^y,  we  gel 


Equating  the 


Ex., 


A^t 


and  — »= 


F.    4^t 


w« 


I 


Hence  if,  as  Newton  found  was  the  case,  the  periodic  times  of  the  pen- 
dulums are  the  same,  i.e.  if  /^  =  /^  then 


^..^or 


>1 


"A 


and  therefore  the  forces  exerted  by  the  earth  on  two  bodies  of  the  same 
material  (/>.  the  weights)  are  to  one  another  as  the  masses  of  the  bodies. 
Newton  then  proceeded  to  experiment  with  pendulums  the  bobs  of 
which  were  made  of  different  materials,  but  which  were  all  of  the  same 
length,  and  he  was  unable  to  detect  any  difference  in  the  periodic  limes, 
so  that  the  value  of,(f  wasthe  same  whatever  the  material  of  the  bob. 
These  experiments  were  afterwards  repeated  in  a  much  more  accurate 
manner  by  Bessel,  in  1832.  Bessel  used,  as  the  bob  of  his  pendulum,  a 
hollow  brass  cylinder  which  could  be  filled  with  the  different  materials  to 
t  be  tested.     By  this  means  the  effect  of  the  resistance  of  the  air  on  the 
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lime  of  oscillation  of  the  pendulum  remained  the  same,  since  the  surface 
of  the  bob  was  the  same  in  all  the  experiments. 

Bessel  found  that  the  values  of  ;f,  as  determined  with  pendulums  of 
brass,  but  of  different  masses,  or  with  pendulums  of  various  materials, 
such  as  iron,  zinc,  lead,  silver,  gold,  meteoric  iron,  marble,  quartz,  water, 
&C.,  did  not  ditTer  one  from  another  by  more  than  about  I  part  in  7o,ocx). 
He  further  showed,  by  making  repealed  observations  with  the  same 
pendulum,  that  the  differences  obtained  were  of  about  this  magnitude,  so 
that  such  small  variations  in  the  value  of^**  as  were  obtained  must  be  set 
down  to  expenmcntal  error, 

118.  The  Pendulum  as  a  Measure  of  Time— The  property  of  the 
pendulum  that,  so  lony  as  the  maximum  amplitude  is  small,  the  period 
of  vibration  is  independent  of  the  amplitude  of  the  vibralions,  has  re- 
ceived a  most  important  practical  application  in  the  employment  of  the 
pendulum  in  the  measurement  of  time.  In  order  to  employ  a  ]}L-ndulum 
as  a  timekeeper,  we  rcnjuirc  to  supplement  it  by  some  mechanism  which 
shall,  in  the  first  place,  count  the  numl^er  of  oscillations  of  the  pendulum; 
and,  in  the  second  place,  keep  the  pendulum  swln^^intj  by  supplying 
cnnuyh  energy  In  allow  for  the  energy  which  it  loses  in  friction  at  its 
point  of  suppoit  and  against  the  air.  The  necessary  energy  is  stored  up 
in  a  raised  weight,  a  bent  spring,  or  an  electric  battery,  and  is  doled  out 
to  the  pendulum  at  the  proper  rate  by  the  mechanism  which  is  employed 
to  count  the  oscillations,  and  which  is  called  the  escapement.  Although 
space  will  not  permit  of  describing  the  forms  of  escapement  in  general 
use,  we  may,  by  a  consideration  of  the  laws  of  the  pendulum,  arrive  at 
the  characteristic  which  should  distinguish  a  good  escapement 

Suppose  that  a  pendulum  OA  (Kig.  89)  is  swinging  so  that  B  and  D 
are  the  positions  of  maximum  elongation,  and  that  at  the  moment  when 
the  pendulum  is  passing  through  its  position  of 
rest  (a},  moving  from  right  to  left,  we  give  the 
bob  a  sudden  blow  in  the  direction  of  the  arrow. 
The  result  will  be  that  the  pendulum  will  start 
its  elongation  on  the  left  side  with  a  greater 
velocity  than  it  would  otherwise  do,  but  it  will 
reach  its  new  position  o^  maximum  elongation 
C  in  exactly  the  same  time  as  it  would  have 
reached  its  r^ld  position  of  maximum  elongation 
B,  since  we  have  only  increased  the  amplitude 
of  the  vibrations,  and  the  time  of  vibration  is 
independent  of  the  amplitude.'  Next,  suppose 
that  the  blow  is  delivered  when  the  pendulum 
is  at  its  position  of  maximum  elongation  D.  It 
will  now  move  from  i)  with  the  velocity  it  would 
have  had  if  it  had  come  from  some  point  such  as  K,  and  will  therefore 

^  1'be  amplitude  Iwiiig  of  course  small,  and  nothing  like  as  large  as  that  fcho\Mi  io 
ibe  figure. 


Bifilar  Pendulum 


137 


I 


I 


» 


reach  its  position  of  rest  A  in  less  than  a  quarter  period,  for  it  has  moved 
from  its  position  of  maximum  elongation  D  to  its  position  of  rest  a  with 
a  velocity  greater  than  it  would  naturally  possess  suppose  no  blow  Itad 
been  struck.  The  effect,  therefore,  of  sinking  the  pendulum  a  blow 
when  at  r>  is  to  shorten  its  period  of  vibration  for  the  next  quarter 
period.  In  the  same  way,  if  the  blow  had  been  struck  in  the  opposite 
direction  it  would  have  retarded  the  motion  of  the  pendulum.  Thus  it 
can  be  shown  that  if  we  attempt  to  keep  up  \hc  movement  of  the  pcndu- 
luui  by  supplying  it  with  energy,  we  must  only  do  this  when  it  is  passing- 
through  its  position  of  rest,  for  if  we  interfere  with  the  free  swing  of  the 
pendulumduringanyother  part  of  its  swing  the  period  of  the  pendulum  will 
be  affected.  Hence  a  good  escapement  is  so  arranged  as  to  give  a  small 
impulse  to  the  pendulum  eiich  time  it  passes  through  its  position  of  rest,  but 
to  allow  the  pendulum  to  move  quite  freely  during  the  rest  of  its  swing. 

119*.  Bifllar  Pendulum,-- If  a  rigid  body,  sucl»  as  a  metal  bar,  ab 
(Fig.  90),  is  suspended  by  means  of  two  strings  CD  and  EF  of  equal  length 
/,  so  that  the  centre  of  gravity  G  lies  between  A 
and  B  ;  then,  so  long  as  there  is  no  torsion  in  the 
suspending  strings,  the  bar  will  take  up  a  posi- 
tion  of  equilibrium   such    that   CD   and    KF   are 
both    in    the    same    vertical    plane.       .Such    an 
arrangement   is   called  a  bifilar  pendulum*   and 
when    the   bar   AB   is    twisted   about   a   vertical 
axis,  it  will  lie  acted  upon  by  a  couple  lending  to 
restore  it  to  its  position  of  rest.     In  order  to  find 
the  magnitude  of  the  restoring  couple,  we   will 
suppose  that  CE  is  equal  to  DK,  »>.  that  when  the 
bar  is  in  its  position  of  equilibrium  the  suspend-     .  ■  ■  . 
ing  strings  arc  parallel.      Further,  we  shall  sup.A|    ^^''^''    -^ 
pose  that  the  centre  of  gravity  of  the  bar  lies        ""*''     " 
exactly  half-way  between  D  and  F,  so  that  half  Fia  9a 

the  weight  of  the  bar  is  carried  by  eacli  string. 

If  then  the  mass  of  the  bar  is  ///,  we  may.  if  we  like,  consider  that 
we  have  two  masses,  each  equal  to  w/3,  one  at  D  and  the  oihcr  at  F, 
and  that  they  arc  rigidly  connected  by  a  weightless  rod  PF.  Let 
this  rod  DF  (Fig.  91)  be  twisted  through  an  angle  ^,  so  that  each  of 
the  suspending  threads  now  makes  an  angle  (^  with  its  former  posi- 
[^tjon.  Considering  one  end  only,  let  CD  (Fig.  92)  be  the  undisturbed 
position  of  one  of  the  suspending  threads,  and  cd'  the  disturbed  position. 

Then  we  have  a  force  of  —1^  acting  at  d'  vertically  downwards.     Tliis 

force  must  be  resolved  horizontally  and  along  CD'  produced.  In  ihe 
triangle  d'kh   the  angle  d'hk  is  equal  to  0.     Hence  the  component 

I  along  d'k  is  equal  lo  -  e—r-  =    i.'  tan  <A. 


FlO.  9L 

Hence  the  moment  about  c;  is 
wsa 


Fig.  92- 


e 


_^_  COS  - ,  tan  0. 
4  3^ 

Now  tan  A=^=.^i£^«?-^'A'»_l!!!Ll,  and  for  smaU  deflections, 
CL       CL         CL         CL 

i,f,  small  values  of  <^,  CZ  is  very  nearly  equal  to  C/?,  />.  /. 
Hence  the  restoring  moment  is  equal  to 

— ^  sin  -  cos  -, 
4/22 


or 


—5^'--  sin  6  ;  since  2  sin  -  cos  -=»sin  9. 

8/  3  2 


Therefore  the  total  restoring  moment,  taking  into  account  the  two  ends, 

4/ 
From  this  expression  wc  see  that  the  moment  of  the  restoring  forces  is 
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proportional  to  the  sine  of  the  angle  of  deflcciion  {fi) ;  hence,  just  as  in 
ihe  case  of  the  simple  pendulum,  so  long  as  0  is  small,  and  therefore 
fiin  B  practically  proportional  to  ^,  th^  system  will 
execute  oscillations  which  fomi  a  simple  harmonic 
motion. 

The  bifilar  pendulum  can  also  be  used  to  mea- 
sure experimentally  the  moment  of  a  couple,  for  if 
the  couple  produce  a  twist  of  B^  then  the  moment 
is  given  by  the  expressictn  found  above. 

120.  Ballistic  Pendulum.— Suppose  we  have  a 
heavy  block  A  (Fig.  93)  of  mass  M  suspendet! 
by  a  thread  of  lenyth  /  from  a  point  o,  and  that 
a  bullet  of  mass  m  moving  in  a  horizontal  direction 
with  a  speed  7'  strikes  A  opposite  its  centre  of 
oscillation,  and  sinks  into  the  block.  From  what  has  been  said  in  §  114, 
it  follows  that  under  these  circumstances  the  block  A  will  move  in  a 
circle  with  O  as  centre,  and  will  not  !>c  set  into  rotation  about  a  vertical  axis. 
Lei  B  be  the  maximum  elongation  of  the  block,  then  the  work  done 
against  gravity  while  the  block,  with  the  bullet  imbedded,  has  moved 
from  its  position  of  rest  to  its  maximum  elongation  is  (i^Z+w)^*'.  CA. 

Bui  CA  =  OA  -  OC  -  /(I  -  cos  0). 

Hence  the  work  done  against  gravity  is 

Now  if  ?'  is  the  velocity  with  which  the  block  and  the 
imbedded  bullet  move  immediately  after  impact  ue  have 
(§86):—  {M'i-m)l''=mv, 

Hence  the  kinetic  energy  of  the  block  and  bullet 
immediately  after  impact  is 

\{Af^m)V^  or      ^^^,. 

J(vl/  +  ///) 

Equating  the  two  expressions  we  have  found  for  the 
energy  of  the  block  and  imbedded  bullet  we  get 

=^/(i-cos^)(.l/+w) 


.B 
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«'  =  -,,/      s/2£'l{i'COsff), 

so  that,  by  obsen-ing  the  angle  6,  the  velocity  of  the  bullet  when  it  struck 
the  block  can  be  calculated. 

In  order  to  prevent  the  possibility  of  the  block  being  set  in  rotation, 
and  hence  the  utilisation  of  part  of  the  kinetic  energy  of  the  bullet  in 
setting  up  this  rotation,  it  is  usual  to  suspend  it  by  eight  strings,  as 
show  in  Hg.  94.  When  thus  suspended  the  block  itself  cannot  be  set  in 
rotation. 
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121.  General  Properties  of  Matter. — We  have,  in  §  2,  defined 
mailer  as  that  which  can  occupy  space,  and  in  the  suhsequent  pajjcs  we 
have  dealt  with  certain  of  ihe  more  general  properties  which  matter 
possesses.  Thus  we  find  that  mailer  always  exists  in  a  definite  qujinlily, 
so  that  we  say  that,  as  far  as  wc  are  able  to  tell,  every  body  has  a 
definite  mass.  Another  property  of  matter  which  is  quite  general,  being 
shared  by  all  kinds  of  mailer  alike,  is  ^.xUftsion,  i,e.  every  piece  of 
matter  must  occupy  some  definite  volume  of  space,  and  in  fact  we  have 
used  this  property  to  define  matter. 

Another  property  of  matter  intimately  related  to  the  last  is  that  of  im- 
penetrability, or  that  two  portions  of  matter  cannot  occupy  the  same  space. 
Since,  however,  under  certain  circumstances,  the  volume  of  a  mixture  of 
two  kinds  of  matter  is  sometimes  less  and  sometimes  greater  than  the 
sum  of  the  volumes  of  the  iwo  consiiiuenis,  we  are  obliged  10  introduce 
certain  restrictions  inio  the  siaieiiient  that  mailer  is  impenetrable. 

If  50C.C,  of  alcohol  is  mixed  with  30  c.c.of  water,  the  volumes  of  the  mix- 
ture, instead  of  being  100  c.c,  is  only  about  97C.C,  It  would  thus  appear 
that  the  water  and  alcohol  are  able  to  a  certain  extent  to  interpenetrate. 

Wc  may,  however,  regard  matter  as  built  up  of  a  number  of  small 
masses  called  molecules,  and  suppose  thtit  even  in  the  case  of  a  solid  or 
liquid  these  molecules  are  not  in  actual  contact,  but  that  there  exist 
interspaces  which  are  unfilled  by  matter.  Thus,  although  the  molecules 
may  be  rigorously  impenetrable,  yet  under  certain  circumstances  we 
may  suppose,  cither  that  fresh  molecules  can  be  packed  in  the  infcrstices, 
or  tlial  the  molecules  can  be  packed  closer  together,  and  hence  the  volume 
of  the  body  as  a  whole  may  be  re<luced. 

That  biwlics  in  general  are  porous,  r>.  that  there  exist  pores  or 
chaimels  in  bodies,  which  to  the  eye,  and  even  in  some  cases  under  the 
hij^hesi  powered  microscope,  appear  quite  solid  and  impcr\'ious,  is  evi- 
lent  by  many  experiments.  Thus  Bacon,  when  he  attempted  to  compress 
Water  by  squeezing  a  lead  sphere  filled  with  water,  found  that  the  water 
exuded  through  the  pores  of  the  lead  and  stood  in  beads  on  the  surface. 
I0  the   somewhat   more  famous  experiment   made   by  the   Florentine 
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Academicians,  in  which  the  water  was  enclosed  in  the  first  place  in  a 
silver  sphere,  and  thereafter  in  a  silver  sphere  which  had  been  thickly 
gilded,  the  same  result  was  obtained,  the  water  passing  through  the  silver 
and  gold.  In  a  later  section,  when  dealing  with  osmotic  pressure,  we 
shall  see  what  use  may  be  made  of  the  porosity  of  certain  materials. 

Another  property  of  matter  is  divisibility,  that  is,  all  such  portions  of 
matter  as  we  arc  acquainted  with  can  be  subdivided.  The  interest  of  the 
study  of  this  property  of  matter  arises  when  we  consider  whether  it  would 
be  possible,  supposing  we  had  suitable  means,  to  continue  subdividing  a 
given  piece  of  matter,  say  gold,  indefinitely,  or  whether  we  should  finally 
arrive  at  such  a  condition  thai  if  we  subdivided  the  excessively  minute  piece 
of  gold  under  test,  the  portions  would  no  longer  possess  the  properties  of 
gold,  but  be  some  new  kind  of  matter  of  which  we  may  consider  gold  to 
be  built  up.  Considerations  of  the  relations  between  the  quantities  of 
ditTerent  kinds  of  matter  which  are  found  by  chemical  analyses  to  build 
up  all  known  compounds,  seem  to  point  conclusively  to  the  conclusion 
that  matter  is  not  infinitely  divisible,  but  that  we  should  finally  arrive  at 
the  ultimate  particle  of  the  given  kind  of  matter,  so  that  if  we  did  succeed 
in  carrying  the  subdivision  any  further,  wc  should  no  longer  have  this 
kind  of  matter,  but  should  have  split  it  up  into  its  components.  Hence 
we  suppose  that  for  every  kind  of  mailer  Uicre  exists  some  particle  which 
is  the  smallest  that  can  possibly  exist. 

Although  we  cannot  hope  to  prepare  such  an  ultimate  particle  by 
physical  subdivision,  it  is  interesting  to  note  some  of  the  examples  of 
extreme  tenuity  which  have  been  olitained.  Ordinary  gold-leaf,  which  is 
prepared  by  beating  out  a  small  nodule  of  gold  l>eiween  two  pieces  of 
skin,  has  a  thickness  of  about  1/300,000  inch,  or  8.2  x  io~*  centimetre  ; 
and  Faraday  has  shown  that  the  thickness  can  be  very  much  further 
reduced  by  immersing  it  in  cyanide  of  jjolassium,  which  dissolves  the 
surface.  It  has  been  found  possible  to  rule  parallel  lines  on  a  polished 
piece  of  glass  at  a  distance  of  1/100,000  inch  (10  ")  or  2  5x  10"  centi- 
metre from  one  another.  By  melting  a  small  piece  of  quartz  in  an  oxy- 
hydrogen  blowpipe,  it  is  possible  to  prepare  threads  of  quartz  having 
a  diameter  of  less  than  a  hundred  thousandth  (10"*'')  of  an  incli,  or 
2.5  X  10"*  centimetre. 

The  whole  science  of  chemistr>',  as  far  at  any  rate  as  it  is  a  quantita- 
tive science,  is  based  on  the  supposition  that  by  no  possible  means  can 
the  quantity  of  matter  be  altered,  so  that  if  the  mass  of  the  matter  within 
a  given  space  is  found  to  alter  it  must  be  due  to  matter  having  passed 
into  or  out  from  the  given  space  through  its  houndar\'.  Chemistry  also 
teaches  that,  as  far  as  the  elements  are  concerned,  the  quantity  of  <•£/*:// 
clement  in  any  given  space  cannot  be  altered  except  by  the  introduction 
or  withdrawal  of  such  element  through  the  boundary'  of  the  space.  Hence 
matter  is  said  to  be  indestructible,  i.e.  we  can  neither  create  it  nor 
destroy  it,  nor  can  wc  convert  one  element  into  another. 
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The  fact  that  Newton's  first  law  of  motion  is  found  to  apply  to  all 
kinds  of  matter  shows  that  inertia  is  one  of  the  general  properties  of 
matter.  The  universal  irutli  of  Newton's  law  of  gravitation,  or  the  fact 
that  at  the  surface  of  the  earth  all  matter  possesses  weight,  constitutes  a 
property  of  matter. 

In  addition  to  the  above  properties,  which  are  common  to  matter  in 
all  its  forms,  and  are  therefore  called  general  properties  of  matter,  there 
arc  other  properties  which  may  be  quite  different  for  the  different  kinds 
of  matter,  or  for  the  same  kind  of  matter  when  its  surroundings  or  slate 
are  different,  and  are  consequently  called  contingent  properties  of  matter. 
We  shall  consider  these  properties  in  the  appropriate  sections  under  the 
headings  of  sound,  light,  &c.,  where  the  groups  of  phenomena  depending 
on  each  particular  property  are  dealt  with, 

122.  Elasticity.— When  a  system  of  forces  acts  on  a  portion  of  matter, 
although  they  may  not  produce  any  motion  of  the  Ijody  as  a  whole,  yet 
they  may  produce  a  displacement  of  the  various  particles  of  the  body 
relatively  one  to  the  others.  Such  a  relative  motion  of  the  different 
portions  of  a  body  is  called  a  strain.  In  the  preceding  pages,  when  deal- 
ing with  the  action  of  forces  on  a  body,  we  have  supposed  the  body  to  be 
rigid  ;  that  is,  we  have  supposed  that,  however  great  the  forces  acting  on 
the  body,  they  did  not  produce  any  strain.  The  subject  of  the  strains  pro- 
duced in  difl^ercnt  kinds  of  matter  under  various  conditions  can,  in  such  a 
work  as  the  present,  ht  only  dealt  with  in  a  very  rudimentary  manner. 

Strains  may  be  divided  into  two  classes,  according  as  to  whether  Ihey 
consist  of  a  change  in  volume  of  the  body  or  a  change  in  shape. 

Wlien  a  body  ii  strained  by  the  application  of  external  forces  it  in 
general  resists  the  strain,  forces  being  called  into  play  by  the  relative 
disp'accment  of  its  parts  lending  lo  cause  it  to  return  to  its  unstrained 
condition.  This  restoring  force,  called  into  play  owing  to  the  strain, 
is  called  a  stress. 

It  is  important  to  note  that  the  magnitude  of  the  stress  induced  in  a 
body  is  not  necessarily  always  equal  to  that  of  the  forces  applied  to  pro- 
duce the  strain.  Thus  it  requires  a  considerable  force  to  deform  or  strain 
such  a  body  as  a  lump  of  moist  clay;  but  if  the  external  forces  are  removed, 
there  is  no  tendency  for  the  day  to  regain  its  former  shape.  If,  however, 
the  deforming  forces  strain  the  body  till  the  stress  induced  is  such  as  just 
to  prevent  further  strain,  then  a  state  of  equilibrium  will  be  set  up,  and  the 
stress  will  be  exactly  equal  and  opposite  to  the  deforming  force.* 

A  body  which  offers  a  stress,  tending  to  restore  the  body  to  its 
original  condition  when  it  is  strained,  is  said  to  be  elastic  or  to  possess 
elasticity. 


'  As  we  shall  only  dt«I  with  the  cases  where  a  strained  body  is  in  a  stale  of 

equilibrium,  the  deforming  forces  will  a'wnys  be  cqu.il  and  opposite  to  ihc  stress  called 
into  pby.  Hence  it  saves  circumlocution  if  wc  use  the  term  stress  lo  indicate  the 
deforming  forces. 
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A  body  in  which  change  of  volume  calls  into  play  a  stress  is  said  to 
have  votume  das ti city, 

A  body  in  which  change  of  shape,  without  change  of  volume,  calls  into 
play  a  stress  is  said  to  possess  n^/V/zVy. 

The  elasticity  of  a  Ixxly  is  measured  by  the  ratio  of  ihc  stress  pro- 
duced by  a  given  strain  to  that  strain,  or 


Elasticity ' 


stress 


strain 


The  question  as  to  how  the  strain  and  stress  have  to  be  measured  in 
different  cases  is  postponed  till  we  come  to  consider  in  greater  detail  the 
properties  of  the  variuiis  forms  of  mailer. 

123.  States  of  Matter.— For  the  purposes  of  subdivision  we  may  say 

that  matter  exists  in  three  distinct  stales,  the  solid,  the  liquid,  and  the 

gaseous.     In  addition,  however,  to  states  which  fulfil  ihe  definitions  of  a 

solid,  a  liquid,  or  a  gas,  which  we  shall  give  later  on,  it  will  be  found  that 

there  are  intermediate  slates  which  bridge  over  the  inicr\'als  between  the 

solid  and  the  liquid,  and  the  liquid  and  the  gas.     As  an  example  of  the 

,  kind  of  gradation  which  exists,  we  may  lake  the  following  :  steel,  lead, 

Ivax,  cobbler's-wax  (which  will  flow  like  a  liquid  if  allowed   sufficient 

Itime),   treacle,   water,   cihcr,  liquefied    carbon   dioxide,    steam,   sulphur 

Idioxide,  air,  hydrogen.     In  addition  there  is  the  critical  state  when  a 

substance  is  to  all  intents  and  purposes  both  a  liquid  and  a  gas,  and  the 

state  of  extreme  rarefication  of  a  gas  which  is  sometimes  called  the  radiant 

stale  or  "  fourth  state"  of  matter. 

We  may  define  a  solid  as  a  portion  of  matter  which  is  able  to  support 
a  steady  longitudinal  stress  without  lateral  support.  In  contradistinction, 
a  portion  of  matter  which  is  unable  to  support  a  steady  longitudinal  stress 
without  lateral  support  is  called  a/Zw/V/. 

If  we  take  a  solid  body,  say  a  lead-pencil,  then  we  may  apply  a 
dcfomiinvj  force,  cither  of  compression  or  extension,  in  any  direction  to 
itlie  pencil,  and  there  will  be  a  certain  amount  of  strain,  either  elongation, 
fcompression,  or  bending  produced,  which  will  call  into  play  a  stress  that, 
Iso  long  as  the  dcfomiing  force  is  not  too  great,  will  l>e  in  cc|ui'ibrium  with 
■this  force,  and  this  stress  will  be  produced  without  the  body  bi  ing  sup- 
ported in  any  way  in  a  direction  at  right  angles  to  that  along  which  the 
stress  acts.     In  the  case  of  a  fluid,  such  as  water  or  air,  we  are  unakle  to 
exert  a  stress  (»n  it,  and  hence  produce  a  corresponding  strain,  unless  we 
supply  5<:)mc  constraininj^  boundar>*  which  shall  prevent  the  fluid  swelling 
out  at  right  angles  to  the  line  of  action  of  the  stress.     Thus  if  we  have  a 
fluid  enclosed  in  a  cylindrical  lube  between  two  pistons,  then  we  may 
apply  a  dcfonning  force  to  the  fluid  either  by  forcing  the  pistons  towards 
one  another,  or  by  pulling  them  apart,  in  one  rase  producing  a  com- 
pression, and  in  the  other  a  tension  in  the  direction  of  the  axis  of  the  tube, 
and  a  stress  will  in  both  cases  be  produced  in  an  opposite  direction  to 
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the  applied  force.  If,  however,  part  of  the  wall  of  the  lube  between  the 
pistons  is  removed,  and  wc  then  aticnvpt  to  apply  stress  to  the  liquid,  we 
shall  not  succeed,  for  either  the  liquid  will  tlow  out  throuj^h  the  gap  in 
the  tube,  or  air  will  be  sucked  into  the  lube  throujjh  this  opening,  and  the 
fluid  will  remain  unstrained.  It  \a  only,  therefore,  when  the  column  of 
fluid  is  laterally  supported  by  the  walls  of  the  tube  that  it  is  capable  of 
exerting  a  longitudinal  stress. 

Fluids  are  divided  into  liquids  and  gases.  A  liquid  is  a  fluid  such 
that  when  a  certain  volume  is  introduced  into  a  vessel  of  greater  volume 
it  only  occupies  a  portion  of  the  vessel  equal  to  its  own  volume.  A  gas 
is  a  fluid  such  that  if  a  certain  volume  is  introduced  into  a  vessel,  then, 
whatever  the  vohiuic  of  the  vessel  may  be,  the  gas  will  distribute  itself 
throughout  the  vessel. 

124.  The  Constllutlon  of  Matter.— The  question  as  to  the  finite 
divisibility  of  matter  has  been  referred  to  in  §  121.  The  theory  that 
matter  is  not  infinitely  divisible^  but  that  every  body  is  made  up  of  small 
indivisible  parts  called  atoms  (from  uro/tof)  is  one  of  extreme  antiquity. 
At  the  present  day  this  theory  is  generally  accepted,  and  we  are  hence  led 
to  consider  what  is  the  nature  of  these  atoms.  In  chemistry  it  is  usual 
to  apply  the  term  molecule  to  the  smallest  portion  of  any  kind  of  matter 
which  ran  exist  alone  and  still  preser\'e  tlic  character  of  that  kind  of  matter, 
and  to  restrict  the  term  atom  10  the  smallest  jjortion  of  any  clement  which 
can  take  part  in  a  chemical  reaction.  In  the  case  of  such  a  substance  as 
chalk,  the  molecule  is  the  smallest  portion *of  chalk  which  can  exist. 

The  molecule  of  chulk  can,  by  certain  processes,  be  further  sub- 
dividedf  but  the  parts  have  no  longer  any  of  llie  attributes  of  chalk  ;  they 
may  be  carbon  dioxide,  and  lime.  These  again  can  be  split  up  into 
carbon,  oxygen,  and  calcium,  but  further  than  thi^  it  has  up  to  now  been 
impossible  to  go.  For  this  reason  chalk  or  carbonate  of  lime,  carbon 
dioxide,  and  lime  are  called  compounds,  since  the  molecule  of  these  bodies 
can  be  further  subdivided,  losing,  however,  in  the  process  their  essential 
properties  as  chaik»  carbon  dioxide,  &c.  On  the  other  hand  carbon, 
oxygen,  and  calcium  are  called  elements,  since  tlic  molecule  of  these 
bodies  cannot  by  any  known  means  be  split  up  into  any  simpler  bodies. 
For  the  purposes  of  the  physicist,  as  dis'tinci  from  the  chemist,  it  is 
generally  unnecessary  to  distinguish  between  the  smallest  particle 
which  can  exist  of  a  compound  or  of  an  element.  For  our  purposes, 
in  considering  the  structure  of  matter,  we  shall  call  the  ultimate  particle 
a  molecule,  and  shall  not,  in  most  cases,  further  consider  the  question 
whether  it  might  not  be  split  up  into  more  elementary  molecules. 

The  original  conception  of  a  molecule  was  that  it  consisted  of  a  hard 
sphere,  and  that  lx>dies  were  built  up  of  such  spheres,  which  were  not 
necessarily  in  contact  with  one  another.  This  conception  was  further 
extended  by  Hoscovich,  who  did  away  with  the  consideration  that  the 
molecule  is  a  material  body  occupying  a  certain  space.     He  considered 
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the  molecule  to  be  a  mere  mathematical  point  towards  or  from  which 
certain  forces  act.  He  further  supposed  that  any  i\v(3  molecules  attract 
each  other  with  a  force  which  for  considerable  distances  varies  inversely 
as  the  square  of  the  distance,  but  which  for  small  distances  becomes 
changed  into  a  repulsion,  which  increases  as  the  molecules  come  nearer 
and  nearer  together.  The  chief  difficulty  in  this  theor)'  is  that  it  does 
not  seem  capable  of  explaining  the  inertia  of  matter. 

One  of  the  most  recent  theories,  and  one  which  very  powerfully 
appeals  to  the  imagination,  is  Lord  Kelvin's  vortex  atom  theory.  V^^j 
vortex  motion  is  meant  a  form  of  motion  such  as  occurs  in  a  smoke- 
ring.  The  path  of  the  particles  of  air  in  such  a  smoke-ring  is  indi- 
cated by  the  arrows  in  Fig.  95,  where  the  cun'ed 
arrows  show  the  direction  in  which  the  air  particles, 
which  are  simply  rendered  visible  by  the  smoke, 
rotate,  while  the  straight  arrow  shows  the  direction 
in  which  the  ring,  as  a  whole,  moves.  There  is  a 
very  important  dificrence  between  this  fonn  of 
motion  and  a  wave  motion.  In  the  hitter,  although 
the  waves  travel  onwards,  the  individual  particles 
of  tlie  medium  in  which  the  wave  is  being  propa- 
gated only  move  through  a  comparatively  small 
distance  from  their  original  position,  the  motion 
being  handed  on  from  one  particle  to  the  next.  In 
vortex  motion,  however,  the  particles  of  the  medium 
themselves  move  forward,  so  that  in  a  smoke-ring  the  particles  of  air 
originally  fonning  the  ring  move  on  witli  the  ring. 

The  properties  of  vortex  motion  were  first  examined  by  rigid  mathe- 
matical methods  by  von  Hclmholt/,  who  found  that  if  ihc  fluid  in  which 
this  form  of  motion  exists  is  frictionless,  incompressible,  and  homogene- 
ous, then  :  (1)  A  vortex  can  never  be  produced,  nor  if  one  exists  can  it 
be  destroyed,  so  that  the  numl>cr  of  vortices  existing  is  fixed.  This 
corresponds  to  the  indestructible  property  of  matter.  (2)  The  rotating 
portions  of  the  fluid  forming  the  vortex  maintain  their  identity,  and  are. 
permanently  differentiated  from  the  non-rotating  portions  of  the  fluid. 
(3)  Tliese  vortex  motions  must  consist  of  an  endless  filament  in  which 
the  fluid  is  everywhere  rotating  at  light  angles  to  the  axis  of  the  filament, 
unless  the  filament  stretches  to  the  bounding  surface  of  the  fluid.  (4)  A 
vortex  behaves  as  a  perfectly  elastic  substance.  (5)  Two  vortices  cannot 
intersect  each  other,  neither  can  a  vortex  intersect  itself. 

On  the  basis  of  these  results  of  von  Helmholtz,  Lord  Kelvin  has 
founded  a  theory  as  to  the  constitution  of  matter.  He  supposes  that  all 
space  is  filled  with  a  frictionless,  incompressible,  and  homogeneous  fluid 
(the  ether),  and  that  an  atom  is  simply  a  vortex  in  this  medium.  The 
existence  of  different  kinds  of  atoms  may  be  accounted  for  by  the  fact 
that  a  vortex  need  not  necessarily  be  a  simple  ring,  as  shown  in  Fig.  95, 


Fro.  95. 


146 


Mechanics  and  Properties  of  Matter 


[S  125 


Fig.  96. 


but  might  liave  such  a  form  as  that  shown  in  Fig.  g^.  Since  a  vortex 
can  never  intersect  itself,  it  follows  that  the  number  of  times  such  a  vortex 
is  linked  with  itself  must  always  remain  the  same. 
Hence  we  may  suppose  that  the  atoms  of  the  different 
elements  arc  distinguished  from  one  another  by  the 
number  nf  times  they  are  linked. 

t25.  The  SUe  of  Molecules.— I'ntil  more  is  known 
of  the  nature  of  molecules,  no  very  definite  statement  as 
to  what  is  meant  by  the  size  of  a  molecule  is  possible. 
Since,  however,  the  methods  of  deducing  the  size  of 
the  molecules  at  present  known  only  give  at  the  most 
a  rough  estimate  of  the  "magnitude"  of  this  quantity,  ihe  dif^culty  of 
defining  what  is  meant  by  the  size  is  not  very  important.  For  the  present 
it  is  usual  to  consider  that  a  molecule  consists  of  a  solid  sphere,  though 
of  course  these  spheres  need  not  fill  even  a  small  fraction  of  the  total 
space  which  the  body  apparently  occupies. 

The  methods  by  which  the  following  estimates  of  molecular  magni- 
tude have  been  made  cannot  be  described  till  the  physical  phenomena 
from  which  they  are  deduced  have  been  considered. 

In  the  following  table  the  diameters  of  the  molecules  of  some  gases,  sup- 
posed to  be  spherical,  are  given,  as  well  as  the  mass  of  a  single  molecule. 
Knowing  the  mass  of  a  molecule  and  the  density,  that  is,  the  mass  of 
unit  volume  at  standard  temperature  and  pressure,  we  may  calculate  the 
number  of  molecules  contained  in  unit  volume.  Thus  if  w  is  the  mass  of 
each  molecule,  and  there  arc  ft  molecules  in  unit  volume,  the  mass  of 
unit  volume,  that  is,  the  density  rt',  is  given  by 

Substituting  the  values  of  m  from  the  second  column  of  the  table,  and 
the  values  of  the  density  as  given  in  the  table  on  page  150,  it  will  be 
found  that  in  each  case  the  value  found  for  /i  is  about  2  x  10". 
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Gas. 

Mass  of  Molecule. 

Diameter  of  Molecule. 

Hydrogen 

Oxygen  .... 
Carbon  monoxide  . 
Carbon  dioxide 

46  X  io~^  gram. 
73Sxio«     „ 
644XIO-*      „ 
1012x10-**      „ 

5.8  X  xo~ "centimetres. 
7.6  XIO'" 
8.3Xio-» 
9.3  X  JO-' 

As  a  help  to  the  realisation  of  what  the  above  numbers  mean,  we  may 
say  that  seventeen  millions  of  hydrogen  molecules,  if  placed  in  a  row  so 
that  one  touched  the  next,  would  form  a  row  about  one  cenUmctre  in 
length.  Another  illustration  has  been  given  by  Lord  Kelvin,  namely  :  if 
a  drop  of  water  were  magnified  till  it  was  equal  in  size  to  the  earth,  the 
molecules  would  be  about  the  size  of  cricket -balls. 
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PROPERTIES  OF  GASES 

We  commence  our  study  of  the  genera!  characteristics  of  the  different 
states  of  matter  with  that  of  the  gaseous  stale,  for  in  this  condition  we 
are  able  to  account  for  most  of  the  obsen  ed  facts  by  dynamical  reasoning, 
based  on  what  is  known  as  the  kinetic  theory  of  gases.  On  the  other 
hand,  in  the  case  of  solids  and  liquids  we  are  very  far  from  possessing 
even  an  approximate  dynamical  theory  to  account  for  ihc  observed  pro- 
perties. The  structure  of  a  gas  being  so  much  more  simple  than  that  of 
a  liquid  or  solid,  it  is  best  to  begin  by  the  study  of  the  gaseous  state,  and 
then  to  proceed  to  that  of  the  liquid  and  solid  states. 

Before,  however,  commencing  the  study  of  the  special  properties  of 
gases  it  will  be  convenient  to  consider  some  of  the  general  properties  of 
fluids,  since  these  properties  arc  conimon  to  both  gases  and  liquids. 

126.  Pressure  Exerted  by  a  Fluid.— Since  a  fluid  cannot  resist  a 

stress  unless  it  is  supported  on  all  sides,  or  in  other  words  it  has  only 
elasticity  of  volume,  it  can  offer  no  permanent  resistance  to  forces  which 
tend  only  to  cliange  its  shape  and  not  its  bulk. 

It  follows,  from  this  mobility  of  fluids,  that  in  the  case  of  a  fluid  at  rest 
the  force  it  exerts  on  any  surface  in  contact  with  it  must  be  perpendicular 
to  the  surface.  If  the  force  did  not  act  perpendicular  to  the;  surface,  then 
it  could  be  resolved  into  two  components,  one  acting  perpendicular  to  the 
surface,  and  the  other  acting  parallel  to  the  surface.  This  latter  com- 
ponent would,  if  it  existed,  cause  the  fluid  to  move  parallel  to  the  surface. 
Since  by  supposition  the  fluid  is  at  rest,  and  therefore  no  such  tangential 
motion  exists,  there  can  be  no  tangential  component  of  llie  force,  so  that 
the  force  exerted  by  the  fluid  on  the  surface  is  perpendicular  to  the  surface. 

The  magnitude  of  a  force  exerted  by  a  fluid  is  measured  by  the  force 
exerted  on  the  unit  of  surface,  and  is  called  ihe  press ti/r. 

Hence  in  the  c.j^-s^  system  the  unit  of  pressure  is  a  dyne  per 
square  centimetre.  The  dimensions  of  pressure  are  [Force] -I- [Area],  or 
lLWr--]-r[/Jl  or  [/.-M/7 -*]. 

If  the  pressure  over  a  surface  is  not  unifomi,  then  we  measure  the 
pressure  at  a  point  by  considering  the  force  exerted  on  an  clement  of 
area,  taken  round  the  given  point,  so  small  that  the  pressure  is  practically 
constant  over  this  area,  and  divide  the  force  by  the  area  ;  a  process 
exactly  analogous  to  that  adopted  in  the  case  of  a  variable  speed  in  §  31* 
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It  also  follows,  as  a  consequence  of  the  mobility  of  fluids,  that  if  we 
apply  a  pressure  to  a  fluid  enclosed  in  a  vessel,  then  the  fluid  will  transmit 
this  pressure  equally  in  all  directions. 

If  a  fluid  is  unacted  upon  by  any  other  forces  besides  the  pressure  of 
the  sides  of  the  containing  vessel,  then  the  pressure  must  be  the  same  at 
every  point  within  tlie  fluid,  and  must  act  at  every  point  equally  in  all 
directions.  This  statement  may  be  proved  by  imagining'  that  a  small 
cubical  clement  of  volume  of  the  fluid  becomes  solidified  without  any 
other  chanjjc.  This  element  will  evidently  still  remain  in  equilibrium, 
and  hence  the  forces  acting  on  all  the  faces  must  be  equal.  As  the 
area  of  all  the  faces  is  the  same,  this  means  that  the  pressure  on  all 
the  faces  must  he  the  same.  Since  ihis  must  hold  j^nod  however  the 
small  cube  is  turned,  it  follows  that  the  pressure  must  be  the  same  in 
all  directions, 

127.  Fluids  under  the  Action  of  Gravity.  Principle  of  Archi- 
medes.—In  a  fluid  ni  rest,  and  acted  upon  by  gravity,  the  pressure  in  the 
lower  layers  is  greater  than  in  the  upper,  since  each  layer  has  to  support 
the  weight  of  all  the  superincumbent  layers.  The  pressure  throughout 
any  horizontal  layer  must,  however,  be  ever)'where  the  same.  Otherwise, 
if  there  were  two  points  in  the  same  horizontal  plane  at  which  the  pres- 
sure was  dlflercnl,  ihcn,  since  no  work  would  be  done  against  gravity  by 
the  passage  of  fluid  from  one  of  these  points  to  the  other,  if  we  had  a 
small  pipe  with  one  end  at  one  point,  and  the  other  end  at  the  other,  the 
fluid  would  flow  from  the  point  of  higher  pressure  to  the  point  of  lower 
pressure  through  the  pipe.  This  motion  would  also  take  place  even  if  no 
pipe  connected  the  two  points,  and  hence  the  fluid  would  not  be  at  rest, 
which  is  contrary  to  hypothesis.  If  the  two  points  are  at  diflferent  levels, 
then  the  pressure  at  the  lower  point  is  greater,  but  the  liquid  there  docs 
not  move  to  the  higher  point,  since,  to  do  so,  work  would  have  to  be  done 
against  gravity. 

When  a  solid  body  is  immersed  either  partly  or  wholly  in  a  fluid,  it 

displaces  a  volume  of  the  fluid  equal  to  the  volume  of  the  immersed  part, 

and  it  experiences  an  upward  force,  due  to  the  fluid, 

equal  in  magnitude  to  the  weight  of  the  volume  of 

fluid  displaced.     This  is  known  as  the  PrincipU  of 

Archimuifs^  and  its  truth  may  be  proved  as  follows. 

Suppose  that  the  body  immersed  in  the  fluid  is  a  cube 

ahcde/gh  (Fig.  97),  and  that  it  is  immersed  so  that  the 

edges  iU^  bf  cgy  and  dh  arc  venical.     Then  the  total 

pressure  of  the  fluid  on  the  face  aiihe  is  exactly  equal 

and  opposite  to  the  total  pressure  on  the  face  bcgf. 

For  we   may  suppose  ihem  each  di>'ided  into  equal 

horizontal  strips,  so  that  the  pressure  is  constant  over  each  strip.     Then 

for  each  strip  in  one  face  there  is  an  equal  strip  in  the  other  in  the  same 

rizontal   plane,  so  that  the   pressure  is  the  same.     Hence  the  total 
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J)rcssure  exerted  on  each  pair  of  strips  is  equal  and  opposite  :  and  there- 
fore the  total  pressure  on  one  face  is  equal  to  the  total  pressure  on 
the  ofher.  The  same  ar^'ument  applies  to  the  faces  tihfe  and  dcgh^ 
The  upward  pressure  on  the  face  tf]rk  js^  however,  greater  than  the 
downward  pressure  on  the  face  abcd^  since  it  is  at  a  lower  level.  In 
order  to  see  what  is  the  difierence  between  these  two  forces,  suppose 
Ihc  cube  removed  and  replaced  by  a  cube  of  the  given  fluid,  which  by 
some  means  has  been  solidified  without  any  other  change.  This  cube 
will  then  be  in  equilibrium  in  the  fluid.  The  total  pressures  on  the 
vertical  faces  will  as  before  exactly  balance  each  other,  so  that  this  cube 
of  the  fluid  is  in  equilibrium  under  the  three  following  forces:  (l)  the 
weight  of  the  cul)e  of  fluid  acting  downwards  ;  (2)  the  total  pressure  of 
the  fluid  on  the  upper  face  abed  acting  downwards,  and  (3)  the  total 
pressure  of  the  fluid  on  the  lower  surface  cf^h  acting"  upwanls.  These 
forces  are  all  parallel,  and  so,  in  order  that  there  may  be  equilibrium, 
ihe  sum  of  the  two  downward  acting  forces  must  be  equal  to  the  upward 
noting  force  ;  that  is,  the  difl^erence  between  the  total  upward  fluid  pres- 
sure and  the  total  downward  fluid  pressure  is  equal  to  the  weight  of  the 
cube  of  fluid.  Hence  when  the  solid  is  immersed  in  the  fluid,  since  its 
upper  and  lower  faces  occupy  just  the  same  positions,  as  we  have  sup- 
posed the  faces  of  the  fluid  cube  to  occupy,  the  difference  in  the  total 
pressures*  on  the  lower  and  upper  faces  will  be  the  same  as  before, 
r.  it  will  be  equal  to  the  weight  of  a  cube  of  the  fluid  equal  in  size  to 
'ihe  solid,  or,  in  other  words,  the  upward  force  acting  on  the  immersed 
solid  will  be  equal  to  the  weight  of  the  fluid  displaced  by  the  bolid.  An 
experimental  proof  of  the  truth  of  Archimedes's  principle  will  be  given 
later,  when  considering  the  properties  of  liquids. 

128.  Expansive  Power  of  Gases,— The  property  of  gases  which 

^^distinguishes  them  from  other  fluids  is  that  a  given  mass  of  gas,  when 

^riniroduced  into  a  closed  vessel,  always  exactly  fills  the  vessel,  whatever 

its  volume.    Thus  if  we  have  two  equal  closed  vessels  connected  together 

Bby  a  tube  which  can  be  closed  by  means  of  a  tap,  and  one  of  these 
vessels  is  filled  with  a  gas,  say  air  at  the  ordinary  pressure,  while  the 
other  does  not  contain  any  matter,  or,  in  other  words,  has  a  Tttcuum 
inside,  then,  on  opening  the  tap,  the  air  immediately  expands  and  rushes 
into  the  second  vessel,  till  finally  there  is  the  same  quantity  of  gas  in 
each  vessel.  Ky  again  closing  the  tap  and  exhausting  the  air  from  one 
of  the  vessels  by  means  of  an  air-pump  (§  136),  and  then  opening  the  tap, 
the  remaining  gas  again  expands  and  fills  the  two  vessels.  Tliis  opera- 
tion may  be  indefinitely  repeated,  and  in  every  case  the  gas  left  in  the 
one  vessel  will,  when  the  lap  is  opened,  expand  and  fill  the  two  vessels. 
This  experiment  illustrates  Uie  expansive  power  of  gases. 

Since   the  gas  enclosed  in  a  vessel  always  expands  and  completely 

1  tn  iiiiuiy  cases  wlierc  no  ambiguity  can  be  caused,  we  shall  use  the  word  pressure 
.  where  total  pressure  is  meant. 
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fills  the  vessel,  even  if  this  latter  is  increased  in  volume,  it  follows  that  the 
>fas  must  exert  a  pressure  on  the  inside  of  the  containing  vessel.  That 
this  is  so  can  be  shown  by  enclosing  some  air  at  ordinary  atmospheric 
pressure  in  a  thin  glass  flask,  and  then  removing  the  air  from  outside  the 
flask  by  placing  it  heneaih  the  receiver  of  an  air-ptimp,  when,  unless 
the  flask  is  fairly  strong,  the  pressure  exerted  by  the  air  inside  the  flask 
will  be  sufficient  to  burst  the  flask.  The  reason  that  the  flask  does  not 
burst  before  the  air  surrounding  it  is  removed,  is  that  this  air  presses  on 
the  outside  of  the  flask  and  counteracts  the  effect  of  the  pressure  of  the 
enclosed  air  on  the  inside.  When  the  ajr  outside  is  removed  by  means  of 
the  pump  there  is  no  pressure  exerted  on  the  outside,  and  the  flask  may 
not  be  strong  enough  to  withstand  the  inside  pressure. 

129.  Density  of  Gases.— The  density  of  a  body  is  the  mass  of  unit 
volume.  Hence  in  the  c.^.s.  system  the  density  of  a  body  is  the  mass  in 
grams  of  a  cubic  centimetre.  If  the  gram  were  exactly  the  mass  of  a 
cubic  centimetre  of  water  at  4"  C.  (§  146),  the  density  of  water  at  this 
temperature  would  be  unity.  Since,  as  will  be  explained  later  on,  the 
density  of  bodies  is  generally  obtained  by  determining  the  ratio  of  their 
density  to  that  of  water,  it  is  usual  to  assume  that  the  density  of  water  at 
4"  C.  is  exactly  I.  If  it  is  required  to  call  attention  to  the  fact  that  the 
density  has  been  obtained  on  this  assumption,  it  may  be  referred  to  as 
the  relative  density. 

The  term  specific  gravity  is  often  used  as  synonymous  with  what  we 
have  called  the  density,  but  is  sometimes  distinguished  as  the  iveight  of 
unit  volume.  In  the  case  of  gases,  the  density  is  sometimes  referred  to 
thai  of  hydrogen  or  air,  taken  as  unity.  The  following  table  gives  the 
density  of  several  of  the  more  important  gases:  (i)  in  grammes  per  cubic 
centimetre  ;  (2)  with  reference  to  hydrogen,  taken  as  unity,  the  gas  being 
in  every  case  at  a  temperature  of  oX.,  and  under  a  pressure  of  one  stan- 
dard atmosphere. 

Density  or  Gases. 


Gas. 

Density  in  Grammes  per 
Cubic  Cenliroeirc. 

Density  relative  to  Hydro- 
gen taken  as  Unity. 

Hydrogen 

Coal  j^s 

Nitrogen 

Air          .... 

Oxygen  .... 

Carbon  dioxide 

Chlorine 

O.0OC0896    • 

O.UOCH6  (about) 

0.001257 

0.001293 

0.001430 

0.001974 

0.003133 

I.OO 

5.1  (about) 
14.03 
14^43 
15.96 
22.03 
34-97 

ISO,  Elasticity  of  Oases.— The  only  kind  of  elasticity  of  which  a 
jfas  is  capable  is  elasticity  of  volume  or  bulk  elasticity,  since  it  is  only  to 
a  change  of  volume  that  a  gas  opposes  any  resistance.  If  the  pressure 
acting  on  a  volume  T  of  a  ga«  ia  increased  from  P  to  P-^px  and  a«  a 
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result  the  volume  becomes  reduced  lo  V-t\  then  the  strain  or  defomia- 
lion  produced  in  a  volume  \'  is  7',  and  therefore  the  strain  produced 
per  unit  volume  is  vjl\  while  the  stress  corresponding  lo  this  strain  is/. 
Hence,  since  the  elasticity  of  a  body  is  the  ratio  of  the  stress  to  the  strain 
it  produces,  the  elasticity  of  the  given  gas  is 

p-T-ry.    or    C-. 

In  order  to  study  the  elasticity  of  gases,  Rol>ert  Boyle  made  use  of  a 
glass  U-shaped  tul^e  (Fig.  98),  The  ^nd  of  the  shorter  limb  ab  of  this 
tuljc  was  closed  at  A,  while  the  end  of  the  longer  limb  was 
open.  Having  calibrated  the  shorter  limb,  so  that  the 
volume  occupied  by  the  gas  enclosed  in  it  was  known,  mer- 
cury was  poured  into  the  open  limb,  so  as  to  imprison  a 
certain  quantity  of  air  in  the  closed  limb.  The  volume  of 
the  enclosed  gas  was  obtained  from  the  previous  calibra- 
tion of  the  tube,  and  the  pressure  to  which  it  was  subjected 
was  the  atmospheric  pressure  (g  133),  together  with  the 
weight  of  a  column  of  mercur>-  of  height  KL>.  By  adding  ;  :  nA 
more  and  more  mercur)*,  and  reading  the  corresponding 
values  of  ihe  volume  and  the  height  Elt,  Boyle  obtained  a 
series  of  values  of  the  volume  of  a  given  mass  of  air  under 
different  pressures,  and  as  a  result  he  was  led  to  enunciate 
a  law,  which  is  known  as  Boyle's'  law,  that  the  product  of  the 
volume  of  a  gi%en  mass  of  a  gas  into  the  pressure  is  a  con- 
stant for  all  pressures.  ^*°-  58- 

If  ris  the  volume  of  a  given  mass  of  gas,  and  P  is  the 
pressure  to  which  it  is  subjected,  then  lioyle's  law  states  that,  so  long  as 
the  temperature  remains  constant, 

i'K^  constant. 

The  experiments  of  Boyle  only  showed  that  the  volume  of  a  gas  is 
inversely  as  the  pressure  for  a  small  range  of  pressures,  and  his  form  of 
apparatus  was  not  sufficiently  accurate  to  detect  small  deviations  from 
his  law,  even  if  they  had  occurred  within  the  range  of  his  experiments. 

Regnault  in  1847  designed  a  form  of  apparatus  in  which  the  two  great 
defects  of  Boyle's  apparatus,  namely  that  the  possible  range  of  pressures 
is  small,  and  that  as  the  pressure  increases  the  volume  of  the  gas 
becomes  so  small  that  the  inevitable  errors  made  in  measuring  this 
volume  bear  a  larger  and  larger  ratio  to  the  volume  to  be  measured, 
were  to  a  great  extent  eliminated. 

'  Boyle  published  iheVxperimenls  on  which  he  founded  the  enundalion  of  lii^  law 
in  166a.  Fourteen  y«irs  1  "tcr  Mariolte  enunciated  the  Mime  bw,  using  the  same 
curious  ntuslralion  uf  a  Iicap  of  sponges  a-i  had  been  u.<ietl  by  Boyle.  The  law  is. 
howevrr,  known  on  Ihc  Continent  as  Mariotte's  Ian*.  For  an  inleresling  discussion 
on  the  true  discoverer  of  ihis  law,  see  Tail's  "  Properties  of  Matter,"  p.  307. 
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Regnault  used  a  column  of  merciir>*  to  measure  the  pressure  to  which 
the  gas  was  subjected,  but  instead  of  beiny  limited  to  a  column  about 
a  metre  high,  he  used  one  30  metres  high.  This  column  of  mercury 
was   contained  in  a  series  of  strong   glass  tubes,  which  were  clamped 

end  to  end  and  fixed  lo  ihe  side  of  a 
tower.  In  order  to  allow  of  the  glass 
lubes  expanding  and  contracting  with 
changes  of  temperature  without  fear  of 
fracture,  each  tube,  instead  of  being 
rigidly  fixed  to  the  wall,  was  suspended 
by  two  strings  which  passed  over  pul- 
leys fixed  to  the  wall  and  had  counter- 
poises attached  (Fig.  99).  In  this  way 
*j>  1 1  the  weight  of  the  whole  column  was 

<  >  distributed   between   these   supporting 

strings,  and  any  expansion  could  take 
place  quite  freely.  In  order  to  measure 
the  height  of  the  mercury  column  a 
series  of  fine  marks,  o,  1,2,  3,  4,  &c., 
were  engraved  on  the  glass,  and  the 
distance  between  these  marks  was 
Measured  by  means  of  a  caihctomeier. 
The  bottom  tube  was  firmly  ce- 
mented at  B  to  a  strong  iron  resen'oir 
LF,  into  which  the  glass  tube  CO  to 
contain  the  gas  under  experiment  was 
also  cemented.  Attached  to  the  top  of 
this  reser\'oir  was  a  small  force-pump 
(;,  by  means  of  which  water  could  be 
forceti  into  F  from  the  vessel  H,  thus 
dri^'ing  the  mercury  which  filled  the 
lower  pan  of  F  up  the  open  tube  All, 
and  compressing  the  gas  in  the  closed 
tube  DC ;  the  magnitude  of  the  pressure 
being  obtained  by  obser\-ing  the  height 
to  which  the  mercurj'  rose  in  An,  The 
tube  CD  was  furnished  with  a  tap  at  C,  by  means  of  which  it  rould  be 
closed,  or  when  this  was  open  the  gas  under  experiment  could  be  forced 
in  from  a  reservoir  by  means  of  a  force-pump  attached  to  the  lube  K.  A 
wide  tube  surrounded  CD,  so  that  by  the  passage  of  a  current  of  water 
the  temperature  of  the  enclosed  gas  could  be  kept  constant,  as  indicated 
by  the  thermometers  Tj  and  T^.  Two  fine  crosses  were  engraved,  one  at 
D  and  the  other  at  K,  and  the  volume  of  the  closed  tube  from  the  tap 
down  to  each  of  these  crosses  was  very  carefully  determined. 

When  tnaking  an  experiment,  the  gas  was  pumped  into  CD  till  the 
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surface  of  the  mercury  stood  at  the  marV  D  in  the  closed  tube,  and  at 
the  same  level  in  the  open  lube.  The  gas  was  therefore  at  atmospheric 
pressure.  Water  was  then  pumped  into  K  till  the  surface  of  the  mercury 
stood  at  E,  and  the  position  of  the  top  of  the  mercur)*  column  in  AB, 
measured  from  K,  was  read,  and  thus  the  new  pressure  was  oblaineiL 
Then,  the  pressure  being  kept  constant,  gns  was  pumped  in  through  K  till 
the  surface  of  the  mercury  was  at  D.  More  water  was  then  pumped  into 
F,  till  the  gas  was  compressed  to  the  volume  CE,  and  the  pressure  noted 
as  before.  More  gas  was  then  pumped  in,  and  the  scries  of  operations 
repeated  till  the  greatest  available  pressure  was  reached. 

From  the  readings  thus  taken  it  could  be  seen  what  increase  of  prcs- 

■  sure  was  necessary  to  compress  the  gas  from  the  volume  ci>  to  the  volume 
:CE,  starting  at  different  initial  pressures  ;  the  great  improvement  on  the 
previous  methods  being  that  the  initial  and  final  volumes  were  the  same 
at  the  high  pressures  as  at  the  low,  and  hence  the  inevitable  small  un- 
certainties made  in  measuring  the  volume  did  not  produce  a  greater 
percentage  error  at  the  high  pressures  than  at  the  low. 

In  deducing  the  pressure  from  the  height  of  the  mercury  column, 
Rcgnault  allowed  for  the  change  in  density  of  the  mercury  with  tempera- 
ture, the  temperature  of  the  column  being  measured  by  a  series  of  ther- 
mometers T:,,  T(,  &c.,  placed  alongside  the  column.  He  also  allowed  for 
the  increase  in  density  of  the  mercury  at  the  lower  parts  of  the  column 
produced  by  the  pressure  of  the  superincumbent  mercury.  Finally,  since 
to  obtain  the  total  pressure  to  which  the  gas  is  subjected  we  must  add 
the  pressure  of  the  atmosphere  (S  133)  on  the  top  of  the  mercury  column 
in  the  open  lube,  he  read  the  height  of  a  barometer  placed  on  a  level 
with  the  surface  of  the  mercury  in  An  for  each  position. 

In  the  following  table  some  of  Reynault's  results  are  given.  The  first 
column  contains  the  initial  pressure  (/y  in  centimetres  of  mercury  under 
which  the  gas  occupied  the  volume  CD,  which  may  be  called  Kq.     If  then 

■  P-^  is  the  pressure  when  the  volume  is  reduced  to  CE,  say  ^'j,  then,  if 
Bojl'Ic's  law  is  exactly  true,  I  ^/'o  would  1m:  equal  to  V\Fy^  or  the  ratio  -^f-^ 

» would  be  unity  ;  the  actual  values  found  for  this  ratio  arc  given  in  the 
second  column  of  the  table  : — 


I 


Air. 

Carbon  Dioxide.        • 

Hydrogen. 

Cm.  of  Mcr* 

cury. 

73.872 

211.253 

414.082 

933.641 

vtp; 

P> 

y^p{ 

-Po- 

1.001414 
1.002765 
1.003253 
1.006366 

Cm.  of  Mer- 
cury. 
76.403 
318.613 
487.977 
961.997 

1.007597 
I.C28698 
1.045625 
1. 155865 

em,  of  Mer- 
cury. 
221.118 
584.518 
917.650 

0.098584 

o.996j2t 
0.992033 
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From  this  table  it  will  be  seen  that  in  the  case  of  air  and  carbon 
dioxide  VJ^t^  is  always  slightly  greater  than  I'l^',,  and  that  as  tlie  pres- 
sure increases  this  excess  becomes  greater  and  greater.  Hence  iliese 
gases  are  slightly  more  compressible,  particularly  at  hi^^h  pressures,  than 
they  would  be  if  they  obeyed  Boyle's  law  exactly.  Hydrogen,  however, 
deviates  from  Boyle's  law  in  the  opposite  direction,  \'\P^  being  less  than 
V^P^y  so  that  this  gas  is  less  compressible  than  a  gas  which  obeys 
Boyle's  law  exactly. 

Regnault  in  his  experiments  was  only  able  to  go  up  to  a  pressure 
of  37  atmospheres  (§   133).      Amagat   has,   however,  investigated   the 
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elasticity  of  gases  up  to  pressures  of  about  300  atmospheres,  and  his 
results  for  hydrogen,  nitrogen,  and  carlxm  dioxide  (at  two  temperatures) 
arc  shown  in  Kig.  100.  In  this  figure  a  curve  has  been  drawn  represent- 
ing for  each  gas  the  values  of  the  product  /'/■'at  different  pressures. 
Since,  if  a  gas  obeys  Boyle's  law  exactly,  PV  is  consunt,  the  curve 
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corresponding  to  such  a  gas  would  be  a  horizontal  straight  line  parallel 
to  the  axis  pressures. 

It  will  be  noticed  that  the  cur\'e  for  hydrogen  slopes  upwards  for 
increasing  pressures,  indicating  that  the  gas  is  less  compressible,  i.€. 
more  clastic,  than  if  it  obeyed  Boyle's  law.  In  the  case  of  nitrogen  at 
pressures  below  40  metres  of  mercury  the  curve  slopes  downwards,  and 
the  gas  is  less  elastic  than  if  it  obeyed  Boyle's  law  ;  while  for  higher 
pressures  it  resembles  hydrogen,  in  that  its  elasticity  is  greater  than  that 
given  by  Boyle's  law.  Carbon  dioxide  at  a  temperature  of  100^  C.  gives 
a  curve  which  is  an  exaggeration  of  the  nitrogen  curve.  At  a  temperature 
of  35'. I  the  cur\'e  for  carbtm  dioxide  has  a  ver\'  disiinciive  fomi,  there 
being  a  pressure  (70  metres  of  mercuiy),  for  which  the  product  VP  has  a 
sharply  marked  minimum  value. 

A  consideration  of  these  curves  shows  that  gases,  which  at  low  pres- 
sures deviate  from  Boyle's  law  in  that  they  are  too  compressible,  at  high 
pressures  and  temperatures  resemble  hydrogen  at  ordinary  pressures,  and 
dc\'iatc  from  Boyle's  law  in  the  opposite  sense  to  that  at  low  pressures. 

131.  The  Air  Manometer.— The  elasticity  of  a  gas  can  be  made  use 
of  to  measure  pressures.     An  instrument  for  this  purpose  consists  of  a 
curved  tube  AUC  (Kig.  loi)  closed  at  one  end,  A,  with 
some  mercury  in  the  bend  enclosing  some  air  in  the  ^ 

dosed  limb,  the  volume  of  which  can  be  read  off  on 
a  scale  attached  to  the  side  of  the  lulie.  The  open 
end  c  being  connected  with  the  vessel  in  which  the  ^ 

pressure  has  to  be  measured,  suppose  the  volume  of  ^  — ^  1  * 

the  air  to  be  reduced  from  /'o,  at  atmospheric  pres- 
sure, to  r,,  the  mercury  in  the  tube  standing  at  E 
and  I)  in  the  two  branches  of  the  tube.  Then  the 
pressure  acting  through  c  is  balanced  by  the  elas- 
ticity of  the  air,  together  with  the  weight  of  a  luei- 
cury  column  of  height  DE.  The  pressure  due  to 
the  elasticity  of  tlie  air  is  by  Boyle's  law  equal  to 


'  atmospheres,  and  hence  the  pressure  to  be  measured  is  equal  to 


K, 


V, '^ — ' ^  '^  " *^ ■'  ^^-^.^  ^ 

atmospheres  together  with  the  weight  of  the  column  of  mercury  DE.  Of 
course  for  high  pressures  a  correction  would  have  to  be  applied,  to  allow 
for  the  deviation  of  air  from  Boyle's  law. 

132.  Torrlcelli's  Experiment.— In  the  year  1643,  an  Italian  named 
Torricelli  having  filled  a  glass  tube,  about  a  metre  long  and  closed  at 
one  end,  with  mercury,  inverted  it  and  dipped  the  open  end  l>elow  the 
surface  uf  some  mercury  in  a  trough.  He  then  found  that,  instead  of 
continuing  to  completely  fill  the  tube,  the  mercur)'  forsook  the  upper 
part  of  the  tube,  the  height  of  the  column  being  about  76  centimetres. 
Torricelli  gave  the  true  explanation  of  this  phenomenon,  namely,  tliat 
the  mercury  column  was  supported  by  the  pressure  of  the  atmosphere 
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acting  on  the  fr^e^  surface  of  the  mercury  in  the  trough,  so  that  this 
pressure  was  equiil  to  the  weight  of  a  column  of  mercury  alxjut  76  cm. 
hiyh.  This  explanation  also  accounted  for  the  elevation  of  water  in 
suciion-pumps,  which  had  previously  been  rxpiaiufdhy  saying  that  nature 
abhorred  a  vacuum,  and  that  as  the  plunger  of  the  pump  rose,  it  tended 
to  produce  a  vacuum,  and  therefore  the  water  nished  in.  Torricelli's 
experiment  was  further  extended  by  Pascal,  who  tried  the  experiment 
with  tubes  filled  with  oil,  water,  and  wine,  llie  height  of  the  column  being 
in  each  case  inversely  proportional  to  the  density  of  the  liquid  employed. 
Pascal  also  suggested  that  if  TorriceIli*s  explanation  were  the  correct 
one,  then  the  maximum  height  of  the  mercur>'  column,  or  the  height 
of  the  baromekr^  as  it  is  called,  would  be  less  at  the  top  of  a  mountain 
than  at  the  foot,  since  the  air  is  a  heavy  fluid,  and  therefore  the  pres- 
sure increases  with  the  depth.  This  experiment  was  carried  out,  and 
the  results  completely  confirmed  his  prediction, 

133.  Pressure  of  the  Atmosphere. — Since  the  volume  of  a  gas 
is  so  vcr>'  largely  art'ected  by  the  pressure  to  which  it  is  subjected, 
it  is  necessary  to  state  the  pressure  at  which  the  measurement  is  made. 
To  simply  stale  that  the  measurement  was  made  at  "atmospheric  pres- 
sure" is,  in  many  cases,  not  accurate  enough,  for  it  is  found  that  the 
barometric  height,  and  therefore  the  pressure  of  the  atmosphere,  varies 
by  a  considerable  amount  from  time  to  time.  A  standard  pressure  has 
therefore  been  adopted,  which  is  called  tin  txtmosphere^  or  siniply  the 
sUwdard pte^sitr^.  This  pressure  is  such  that  it  would  support  a  column 
of  mercury  76  cm.  high.  Since  the  density  of  mercury  varies  with  the 
temperature,  and  the  pressure  necessary  to  support  a  given  height 
depends  on  the  density  of  the  mercur)',  it  is  necessary  to  state  the 
temperature  of  the  mercury  when  defining  the  standard  pressure.  In 
addition,  since  the  pressure  necessarj-  to  support  the  column  of  mer- 
cur)' depends  on  the  u>ny;ht  of  the  mercur\*,  and  the  weight  of  a 
column  of  mercury  of  given  height  depends  on  the  value  of  /■,  or 
the  acceleration  due  to  gravity,  it  is  necessarj'  to  state  the  value  of  ^^ 
for  which  76  cm.  of  mercury  are  equal  to  the  standard  atmosphere. 
The  temperature  chosen  has  been  that  of  melting  ice  (o'  C),  and  the 
value  of  ^,  since  g  varies  both  with  the  latitude  (§  116)  and  with  the 
altitude,  is  taken  as  that  at  latitude  45^  and  at  the  sea-Icvel.  Hence  the 
standard  pressure  is  defined  as  such  that  it  will  support  a  column  of 
mercur)'  76  cm.  high,  at  latitude  45"  and  at  the  sea-level,  the  tem- 
perature of  the  mercury  being  0°  C.  The  density  of  mercury  at  o^  C.  is 
1 3. 596,  and  the  value  of.i.'^at  the  sea-level  and  at  latitude  45"  is  9Sa6o  cm. 
per  sec.  per  sec.     Hence  the  value  of  the  standard  pressure  is 

76  X  13.596  X  9Sa6o  dynes  per  sq.  cm. 
=«  1013250  dynes  per  sq.  cm. 

This  number  is  very  nearly  one  million  dynes  per  square  centimetre, 
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and  it  has  been  proposed  to  take  a  pressure  of  exactly  one  million  or 
lo"  dynes,  or  a  mcga-dync,  per  square  centimetre  as  the  standard  pres- 
sure. This  would  correspond  to  a  column  of  mercury  at  o*  C,  at 
latitude  43'  and  the  sea-level,  of  a  height  of 

—   ,       „    ^   "75*005  cm. 
13.596x980.60 

134.  The  Barometer,— A  knowledge  of  the  pressure  exerted  by  the 
atmosphere,  or  the  height  of  the  barometer,  is  of  great  importance  not  only 
in  meteorology,  but  also,  as  wc  shall  see  in  the  later  sections  of  this  volume, 
in  many  branches  of  physics.  An  instrument  designed  for  measuring  the 
pressure  of  the  atmosphere  is  called  a  barometer,  and  we  shall  now  pro- 
ceed to  describe  one  or  two  of  the  more  important  kinds  of  barometers. 

Barometers  may  be  divided  into  two  classes  :  (i)  Liquid  barometers, 
in  which  the  pressure  is  measured  in  terms  of  the  height  of  a  column  of 
a  liquid,  and  (2)  aneroid  barometers,  in  which  the  pressure  is  measured 
b>'  the  defonnation  of  the  lid  of  a  metal  box. 

Tractically  the  only  liquid  that  is  used  in  liquid  barometers  is  mer- 
cury, since,  on  account  of  its  great  density,  the  height  of  the  coUmin 
which  the  pressure  of  the  atmosphere  can  support  is  of  a  manageable 
itiagniludc  Another  advantage  possessed  by  mercury  is  that  it  does  not 
absorb  moisture  from  the  ajr,  as  does  glycerine,  the  only  other  liquid  that 
has  been  used  to  any  extent, 

I  The  simplest  form  of  mcrcur)*  barometer  is  the  syphon  barometer. 
It  consists  of  a  U-shaped  tube,  the  longer  limb  (An,  F"ig.  103) 
of  which  is  closed  at  A,  and  is  alx>ut  86  cm.  long,  while  the 
sliorter  limb  is  open  at  c.  This  lube  is  filled  with  pure 
mercury,  and  by  boiling  the  mercury  any  air  or  moisture 
adhering  to  the  mercury  or  the  bore  of  the  tube  is  expelled. 
The  distance  I»K  is  equal  to  the  barometric  height.  When 
the  barometric  pressure  increases,  the  mercury  rises  in  the 
closed  limb  and  falls  in  the  open  limb  ;  and  if  the  bore  of 
the  two  limbs  is  the  same,  ihe  movement  of  the  mercury 
surface  (meniscus)  is  the  same  in  the  two  limbs  but  in  oppo- 
site directions.  Hence,  if  the  mercury  rises  in  the  closed 
limb  by  I  cm.  it  will  also  fall  in  the  open  limb  by  i  cm.,  and 
ilicrcibre  the  distance  DE  will  increase  by  2  cm.,  that  is,  the 
atmospheric  pressure  will  have  increased  by  two  centimetres 
of  mercury. 

If  a  scale  is  attached  to  either  of  the  tubes,  and  each 
half-centimetre  is  marked  a  centimetre,  then   the   reading 
at  once  gives  the  height  of  the  barometer.     Since,  however, 
the  bore  of  a  glass  tube  is  never  quite  uniform,  two  scales 
are   fixed,  one   alongside   each   limb,  having   their  zeros  on  the   same 
iQlilontai  plane,  that  alongside  the  closed  limb  reading  upwards,  and 
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that  alongside  the  open  limb  reading  downwards.  The  sum  of  the 
readings  corresponding  to  the  two  mercury  surfaces  then  gives  the  height 
of  the  mercury  column. 

In  the  cistern  barometer  the  tube  is  straight,  the  open  end  dipping 
below  the  surface  of  souie  mercur)' contained  in  a  fairly 
wide  vessel.     Since,  as  the  atmospheric  pressure  alters, 
and  Iherefure  the  height  of  the  mercurj^  column  alters, 
mercury  either  enters  or  leaves  the  lube,  the  level  of 
the  mercury  in  the  cistern  will  alter.     As  it  would  be 
inconvenient  to  have  a  cistern  with  such  a  large  cross 
section,  in    proportion    to   that   of  the  tube,  that  such 
fluctuations   in    the   quantity  of  mercury  contained  in 
the  tube  as  occur  in    practice  should  not  appreciably 
alter  the  level  of  the  surface  in  the  cistern,  a  device 
due  10  Furtin  is  employed^  by  means   of  which   the 
level  of  the  surface  of  the  mercury  in  the    cistern   is 
always  brought  back  to  a  fixed  mark  connected  to  the 
scale  by  which  the  height  of  the  column  is  measured. 
The  plan  adopted  is  shown  in  Fig.  to3,  and  consists 
in   making   the  bottom  of  the   cistern   flexible.    The 
upper  part  of  the  cistern  is  of  glass,  and  is  cemented 
to  a  boxwood  ring  A,  to  which  is  tied  a  ring  of  buck- 
skin   B.     This   buckskin   carries   a  wooden   button  c, 
which  rests  on  the  point  of  a  screw  s,  and  forms  a 
flexilile  bottom  to  the  cylinder,  so  that  the  surface  of 
ifie  mercury  in  the  cistern  can  be  raised  or  lowered  by 
A  small,  pointed  ivory  pin,  D,  is  fixed  to  the  top  of  the 
cistern,  and  the  graduations  of 
the  scale,  which  are  usually  en- 
graved on  a  metal  tube  surround- 
ing   the   glass  barometer   tube, 
count  from  the  point  of  this  pin. 
licforc  making  a  reading  of  the 
incnihcus  of  the  mercur)'  in  the 
tube,  the  surface  of  the  mercury 
is  adjusted  till  it  exactly  touches 
the  point  of  the  ivory  pin.     This 
adjustment  is  complete  when  the 
point  of  the  pin  appears  just  to 
touch  its  image,  as  seen  by  re- 
flection   in    the  surface    of   the 
mercury. 

The  aneroid  barometer  con- 
sists essentially  of  a  cylindrical 
metal  box  A  (Fig.  104),  the  lid  of  which  consists  of  a  thin  corrugated 


Fig.  103. 
turning  the  screw. 


Fig.  104. 
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Tnctal  plate.  The  inside  of  this  box  is  exhausted  by  means  of  a  pump, 
leaving  a  more  or  less  perfect  vacuum,  and  the  pressure  of  the  air,  acting 
on  the  thin  clastic  lid,  bends  it  and  forces  it  in  to  a  certain  extent.  As 
the  pressure  of  the  atmosphere  varies,  the  amount  of  flexure  of  the  lid 
varies,  and  by  means  of  a  system  of  delicate  levers,  C,  D,  E,  lliis  change 
in  the  flexure  of  the  lid  is  shown  by  the  movement  of  a  pointer,  F,  over  a 
graduated  scale.  The  great  advantage  of  an  aneroid  barometer  over  a 
mercurial  barometer  is  its  extreme  portability.  The  scale  of  all  aneroids, 
however,  has  to  be  set  out  by  comparing  them  with  a  mercurial  barometer. 
135.  Corrections  to  Barometer  Reading.— In  addition  to  the  cor- 
rections to  reduce  ihc  height  of  the  niercur>-  column  to  what  it  would  be 
at  0°  C,  at  latitude  45',  and  at  the  sea-level,  a  correction  has  to  be  applied 
to  allow  for  the  expansion  of  the  scale  by  means  of  which  the  height  of 
the  column  is  measured.  If  this  scale  is  correct  at  o"  C,  then  at  all 
tempjeralures  above  o^  C,  the  length  of  the  divisions  will  be  xoq  grea/y 
since  all  metals  increase  in  length  when  heated.  Let  a  be  the  coefficient 
of  linear  expansion  of  the  metal  of  which  the  scale  is  composed  (§  184),  so 
that  unit  length  of  the  scale  at  o"  C.  becomes  i  +«  at  TC.  and  i  +«/  at 
/"C.  If  ^/  is  the  barometric  height  as  measured  with  the  scale  at  a 
temperature  /,  then  the  height  as  measured  with  the  scale  at  o"  would  be 
greater,  since  the  length  of  each  division  of  the  scale  would  be  less  in  the 
ratio  of  I  to  I  +0/,  so  that  the  number  of  the  divisions  corresponding  to  a 
given  length  (/,/.  the  length  of  the  mercury  column)  will  be  increased  in 
the  ratio  of  \-\-at  \o  1.  Hence  if //a  is  the  barometer  reading  corrected  for 
the  expansion  of  the  scale, 

lio—ht  (i  +n/). 

Now  Ao  is  the  height  of  a  column  of  mercur)*  at  a  temperature  /,  and  we 
have  to  find  what  would  he  the  height  if  the  temperature  of  the  mercury 
were  o*  C-  If  r//  is  the  density  of  the  mercury  at  /",  ^y  the  density  at  o", 
5  the  coefficient  of  cubical  expansion  of  mercur)'  (see  §  189),  and  //  the 
height  which  the  cohimn  would  have  if  the  mercury  were  at  0°  C.  ;  then 
I  c.c.  of  mercury  ;U  o*  becomes  i  +5  c.c.  at  i*,  and  \  +2/  c.c  .at  f.  Hence, 
since  the  mass  M  of  the  mercury  remains  the  same, 

where  f '«  and  T/  are  the  volumes  of  the  mass  M  at  the  temperatures 
o"  and  /"  respectively.     Therefore 

or    ^'=—1 .  =i-5/-»-5«/«  +  ,&c 

Since  h  is  an  excessively  small  quantity,  we  may  neglect  the  tenn  involv- 
ing &  and  higher  powers  of  5.    Therefore 

dt 
d. 
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The  height  of  a  column  of  liquid  supported  by  a  given  pressuns  being 
inversely  proportional  to  the  density. 


Hence 


if  we  neglect  the  term  W,  which  is  excessively  small. 

For  brass  a  =  .ccoo20,  and  formcrcur)*  5=.oooi82. 

Hence,  for  a  mercur>'  barometer  with  a  brass  scale,  the  r^d'wf^/^/ height 
corresponding  to  an  observed  height  A/,  at  a  temperature  /,  is  given  by 

H—ht{y  -ox)ooi63/). 

This  height  //  corresponds  to  a  pressure  of  If^  dynes,  where  ^  is 
the  acceleration  of  gravity  at  the  place  of  obser\'ation.  M g^  is  the  value 
of^at  latitude  45%  and  at  the  sea-level, 

.^. 


■■  I  -0.0026  COS.  2\- 0.0000002/, 


where  X  is  the  latitude  of  the  place  of  observation  and  /  is  the  height 
above  the  sca-Ievel  in  metres. 

If //o'is  the  height,  under  standard  conditions,  which  corresponds  to 
the  same  pressure  as  docs  //  at  the  place  of  observation,  then 


or 


^46 


=  ///(!  -O.000l62/)(l  -0.0026  cos,  2X -0.0000002/). 

The  above-mentioned  corrections  arc  practically  common  to  all  mer- 
curj*  barometers,  since  the  scale  is  almost  invariably  made  of  brais, 
and  the  maKniiude  of  the  corrections  is  the  same  for  all  barometers 
under  the  same  conditions.  There  is,  however,  a  correction  which 
depends  on  the  fact  that  the  surface  of  the  mercury  in  the  tube  (menis- 
cus) is  curved  and  not  plane.  Hence,  on  account  of  capillarity  (sec  §  160), 
there  is  a  force  tending  to  depress  the  mercury  column,  and  on  this 
account  the  height  of  the  column  is  less  than  it  would  be  if  the  atmos- 
pheric pressure  were  counterbalanced  by  the  weight  of  the  column 
alone.  The  amount  of  the  correction  to  be  applied  to  allow  for  this 
capillary  depression  of  the  column  depends  on  the  diameter  of  the  bore 
of  the  lul>c,  and  for  tubes  of  which  the  diameter  exceeds  2.5  cm.  it  can 
be  entirely  neglected.  The  corrections  to  he  applied  to  barometers  having 
smaller  bores  are  given  belov/,  but  it  must  be  remembered  that  these 
corrections  arc  only  approximate,  and  the  only  satisfactory  method  of 
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finding  llic  capillar)'  correction  for  a  barometer  is  to  compare  its  reading 
with  that  of  a  standard  barometer  of  which  the  bore  is  more  than  3.5  cm. 


in  diameter. 

Diameter  of  liorc      .     . 

0.4    cm. 

0.8    cm. 

1.2    cm. 

Capillary  Depression 

0.14  cm. 

0.05  cm. 

0.02  cm. 

I 


In  every  case  the  capillary  correction  must  be  added  to  the  observed 
height,  since  capillarity  tends  to  give  100  low  a  value  for  the  barometric 
height.  In  the  syphon  barometer  the  effects  of  capillarity  in  the  two 
limbs  tend  to  neutralise  each  other  ;  but  since  in  one  case  the  mercury 
surface  is  quite  clean  and  exposed  to  a  vacuum,  while  in  the  other  case 
it  l>ecomes  coated  with  dust  and  is  exposed  to  air,  this  compensation 
is  by  no  means  complete. 

186.  Mechanical  Alr-Pump.— An  air-pump  is  an  instrument  for 
withdrawing  the  air  from  within  a  vessel  In  its  simplest  form  the  air- 
pump  consists  of  a  cylinder  in  which  a 
piston  r  (Fig.  105)  fits  air-tight.  There 
is  a  hole  through  the  piston  closed  by 
a  flap  valve  c,  which  can  open  outwards. 
A  pipe,  the  opening  to  which  can  be 
closed  by  a  valve,  B,  which  opens  inwards, 
leads  to  the  vessel  I>,  that  is  to  be  ex- 
hausteil.  When  the  piston  is  drawn 
upwards  the  valve  C  closes,  and  the 
pressure  below  the  piston  is  reduced 
so  that  the  air  in  the  receiver,  on  account 
of  its  elasticity,  is  able  to  raise  the  valve  n,  and  flows  into  the  cylinder. 
WTien  the  piston  descends  the  valve  B  closes,  and  the  air  in  the  cylinder 
is  compressed  till  it  is  able  to  force  open  the  valve  c,  and  escape  into 
the  air.  By  repeating  this  process  the  air  is  gradually  pumped  out 
of  n. 

If  the  volume  of  the  vessel  D  and  the  pipe  connecting  it  to  the 
cylinder  is  /',  and  the  volume  of  that  part  of  the  cylinder  through  which 
the  lower  surface  of  the  piston  moves  during  a  stroke  is  v.  Then,  if  we 
start  with  the  piston  at  the  bottom  of  its  stroke,  the  volume  of  the  mass 
(w)  of  air  in  the  instalment  is  \\  At  the  end  of  the  upward  stroke  the 
volume  of  this  mass  of  air  will  be  V-^v.  Of  this  volume  v  c.c.  will  be 
expelled  at  the  down-stroke,  and  V  c.c.  will  l>c  left  in  the  instrument. 
Hence  at  the  end  of  the  first  stroke  the  mass  of  air  in  the  receiver  is 
V 


KlG.  105, 


m^    At  the  end  of  the  second  up-stroke  the  volimic  of  this  mass 

of  air  expands  to  V-\-v^  and  during  the  down-stroke  v  c.c.  of  air  at  this 
density  arc  expelled.     Hence  the  mass  of  air  at  the  end  of  the  second 


stroke  left  in  the  receiver  is 


of  the  mass  of  air  in  the  receiver 
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my  which  may  be  wriuen 


before  the  second  stroke,  or  j/r^ 

/     K    \2 

V  r+rJ    '"'     *"  '^^  samt  way  the  mass  of  air  left  after  three  stroke^ 


;//,  and  generally  the  mass  of  air  left  after  ft  strokes   is 

Since  this  mass  of  gas  now  occupies  ^'cc,,  it  follows  dial 
V 


Us  density  is  f  ^,     J   w/K,  while  the  original  density  was  //// /'.    Hence 

the  density  of  the  air  left  in  the  receiver  after  n  strokes  is  f  yr-, )  th.  of 

what  it  was  originally.  From  this  expression  it  will  be  seen  that  wc 
cannot  make  the  density  of  the  air  zero  unless  the 
number  of  strokes  n  is  infinite.  If  the  original  pres- 
sure within  the  receiver  is  /,  then  after  n  strokes  it 

will  be  i  ^^  )   /      In   practice,  however,  it   is  not 

]>ossible  to  obtain  a  very  low  pressure  owing 
to  mechanical  defects  in  the  construction  of  the 
valves,  to  leakage  round  the  piston,  and  to  the  foct 
that  the  piston,  when  at  the  bottom  of  its  stroke,  does 
not  completely  expel  all  the  air  in  the  cylinder. 
Another  difticulty  met  with  in  mechanical  pumps  is 
that,  after  the  exhaustion  has  proceeded  a  certain  dis- 
tance, the  elasticity  of  the  air  left  in  the  receiver  is 
not  great  enough  to  lift  up  the  valve  B  (Fig.  105),  so 
that  the  air  left  in  the  receiver  cannot  escape  into  the  cylinder.  In  order 
to  overcome  this  difficulty,  the  valve  is  often  carried  at  the  end  of  a  rod  A 
(Fig.  106),  which  passes  through  the  piston  with  a  little  friction.  When 
the  piston  starts  moving  up,  it  raises  the  valve  A  as  far  as  a  stop  fixed  to 
the  top  of  the  rod  will  allow.  When  the  piston  com- 
mences to  descend  it  forces  the  valve  down  into  its 
seating,  and  thus  closes  the  connection  between  the 
cylinder  and  the  receiver.  In  this  way  the  valve  is 
opened  by  the  movement  of  the  piston,  and  not  by 
the  elasticity  of  the  air  in  the  receiver. 

In  the  Fleuss  pump,  which  is  shown  diagrammali- 
cally  in  Fig.  107,  the  difficulty  with  the  valves,  and 
also  the  defect  that  in  the  old  form  of  pump  there 
is  always  a  certain  amount  of  clearance  between  the 
bottom  of  the  piston  and  the  cylinder,  so  that  all 
the  air  contained  within  the  cylinder  is  not  expelled 
during  the  downward  stroke,  is  avoided  in  another 
consists  of  a  metal  fmme  with  a  leather  bucket  1- 


Fio.  106. 
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and  has  a  valve  N,  which  opens  upw;u-ds.  The  pressure  of  the  air  on 
the  upper  side  of  ihe  piston  presses  ihe  leather  ajjainsi  the  wall  of  ihe 
cylinder,  and  ihus  ensures  a  close  fit.  The  valve  A  only  acts  when 
exhaustion  commences,  and  also  to  allow  any  oil  whirh  may  have  got 
below  Ihe  piston  to  pass  up.  The  pislon-rt>d  passes  through  the  upper 
valve  B,  which  is  held  down  on  the  seating  c  by  means  of  a  spring  I. 
The  communication  with  the  vessel  to  be  exhausted  is  made  through  the 
tube  G.  The  lutje  v  is  designed  to  relieve  the  piston  during  the  first  few 
strokes,  when  otherwise  there  would  be  a  vacuum  below  and  atmospheric 
pressure  above.  As  the  piston  rises 
it  cuts  off  communication  with  g,  and 
then  compresses  the  air  till  it  strikes  | 
the  valve  B.  which  it  raises,  allowing 
the  air  to  escape.  The  whole  of  the 
air  is  driven  out,  some  of  the  oil  r>, 
which  is  above  the  pi  ton.  being  driven 
out.  The  valve  does  not  close  till  the 
piston  has  descended  about  \  inch,  so 
that  some  of  the  oil  above  the  valve 
passes  down  to  the  top  of  the  piston. 
137.  Mercury Alr-Pumps.— Avery 
good  mechanical  pump  will  exhaust  a 
vessel  till  the  pressure  of  the  remain- 
ing air  will  support  a  column  of 
mercury  of  about  0.05  millimetre  in 
height  In  order  to  get  a  better 
vacuum  than  this,  it  is  necessary 
to  employ  a  pump  in  which  the 
piston  is  formed  by  a  quantity  of 
mercury.  Sprengel's  mercury-pump 
consists  of  a  bent  glass  tube  ahc  (Fig. 
108),  with  a  side-tube  D  joined  on  at 
the  bend.  The  end  a  of  this  tube  is 
connected  by  means  of  a  thick-walled 
ruW>er  tube  with  a  rcsen-oir  E  contain- 
ing mercury'.  The  vessel  to  be  ex- 
hausted is  connected  to  the  side-tube 
I),  generally  by  means  of  a  glass  tube 
Siting  by  a  well-ground  neck  into  the 
end  of  the  tube  U     This  ground  joint 

is  surrounded  by  a  glass  cup,  shown  on  a  large  scale  at  K,  in  which  a 
little  mercury  is  placed  to  prevent  the  external  air  reaching  the  joint. 
The  flow  of  mercury  from  the  rcser\oir  E  is  adjusted  by  a  pinchcock  on 
the  rubber  tube,  so  that  when  the  mercury  reaches  the  top  of  the  bent 
lube  (shown  on  a  larger  scale  at  o)  it  docs  not  pass  over  in  a  continuous 
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stream,  but  breaks  up  into  drops.  Each  drop^  as  it  falls  down  the  tube 
BC,  forms  a  small  piston  which  carries  a  little  of  the  air  from  the  space  H 
before  it,  the  air  in  the  vessel  attached  to  i*  expanding  lo  take  its  place. 
These  small  mercurv*  pistons  carrj*  the  air  down  the  tul>c,  and  finally  chive 
it  out  at  the  open  end  c,  the  mercury  bein^  caught  in  a  vessel  K,  and 
returned  every  now  and  then  to  the  reservoir  i:.  When  the  exhaustion 
is  KCttinjj  fairly  complete,  each  mercury  pellet,  as  it  falls  down  the  lube 
KC,  strikes  the  top  of  the  n>ercury  column  left  in  the  tube,  which  has  a 
heiiihl  practically  equal  to  the  barometric  height,  with  a  sharp  metallic 
click.  When  the  exhaustion  is  not  so  complete,  the  air  imprisoned 
between  each  pellet  of  mercury  acts  as  a  bufier,  and  tliere  is  no  click. 
The  object  in  carrying  the  tube  from  the  reservoir  K  to  H  down  to  a  is 
that,  supposinjf  the  supply  of  mcrcun,'  in  E  runs  short,  the  mercury  in  the 
conneclingf  tube  eab  will  not  be  driven  over  by  the 
atmospheric  pressure,  and  thus  admit  the  air  to  the 
vessel  lieing  exhausted,  but  will  simply  stand  so  that 
the  difference  in  level  between  the  surface  of  the 
mercury  in  the  part  of  the  tube  EA  and  thai  in  the 
part  AB  will  be  equal  to  the  barometric  height,  and 
this  column  of  mercury  will  prevent  the  access  of 
the  air. 

Another  form  of  mercury-pump  is  shown  in 
Kig.  109,  and  was  devised  by  Tftpler.  A  cylindrical 
glass  vessel  A  has  a  side-tube  B  attached,  and  to 
the  lower  end  of  this  side-tube  is  attached  another 
tube  CH,  which  is  connected  to  the  vessel  to  be  ex- 
hausted. To  the  lop  of  A  a  tube  i><;,  about  80  cm. 
long,  is  attached,  while  to  the  bottom  another  tube 
KK,  also  alxjut  80  cm.  long,  is  attached.  The  lower 
end  of  KK  is  connected  by  a  length  of  rubber  lubin>; 
with  a  reser\'oir  K  containing  mercur^'.  When  K 
is  raised  the  mercury  rises  in  F>;  and  when  the 
surface  reaches  C  cuts  oflf  the  connection  between 
the  vessel  A  and  the  tube  CH.  K  is  raised  till  the 
mercury  completely  fills  A  and  flows  out  through  u, 
driving  any  air  that  was  in  A  before  it.  If  now  K  is 
lowered,  so  that  the  surface  of  the  mercur>'  in  K  is 
more  than  76  cm.  below  c,  the  mercury  will  fall  in  A 
and  in  DC  till  it  stands  at  the  barometric  height  in 
nc,  and  will  leave  a  Torricellian  vacuum  in  A.  When 
the  mercury  in  ef  has  fallen  below  i\  the  tulw  HC  will  be  connected  to 
this  vacuum,  and  hence  the  air  in  the  tulic  HC  and  any  vessel  attached 
to  H  will  rush  into  a.  Uy  again  raising  ic  the  air  enclosed  in  A  %vill  fipii 
be  cut  off  from  CH  by  the  rising  mercury  and  then  forced  out  of  the 
apparatus  at  g,  and  on  lowering  K  a  vacuum  will  again  be  left  in  A, 


Fig,  109. 
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The  mercury  here  plays  the  part  of  a  piston  mnvinft-  up  and  down  in  the 
cylinder  A,  and  constitutes  its  own  valves.  By  repeating  this  operation 
a  number  of  limes  it  is  possible  lo  obtain  a  very  good  vacuum,  In  fact 
the  pressure  inside  a  vessel  has  l>een  retluced  lo  0.000013  millimetres  of 
nicrciir>',  that  is,  to  .000000016  or  .016  of  a  millionth  of  an  atmosphere, 

138.  EfTUsion  of  Gases. — Suppose  a  gas  of  density  d  (li  is  the  mass 
in  grams  of  a  cubic  centimetre,  not  the  density  as  compared  with  that  of 
hydrogen)  is  enclosed  in  a  vessel  al  a  pressure  of  fi  dynes  per  square 
centimetre  above  that  of  the  surrounding  air,  and  is  allowed  to  escape 
through  a  small  opening,  the  cross  section  of  which  is  a.  Then  if  v  is  the 
velocity  with  which  the  g^as  escapes,  r*.^.  the  velocity  with  which  a  small 
dust  mote  would  be  carried  through  the  opening,  the  volume  of  gas 
which  escapes  in  the  unit  lime  is  tn\  and  its  mass  is  or'*/.  The  kinetic 
energy  of  this  moving  mass  of  gas  is  \  mu/.T-. 

Suppose  that  a  cylindrical  tube  ab  (Fig.  1 10)  of  cross  section  n  were 
fitted  over  the  opening  in  the  vessel,  and  a  small  weightless  piston  c  were 
hllcd  in  this  tube  and  movc<l  without 
friction,  so  that  as  ihc  gas  escaped  this 
piston  was  driven  back-  If  the  piston 
starts  m  the  position  C,  then  at  the  end 
of  a  second  it  will  have  arrived  at  a 
position  T),  such  that  the  distance  cit  is 
equal  to  V,  The  pressure  acting  on  the 
inside  surface  of  the  piston  exceeds  the  pressure  acting  on  the  outside  by 
*7/.  Hence  the  work  done  by  this  excess  pressure  while  the  piston  moves 
from  c  to  l»  is  «/  x  Cfi  or  it/n:  This  work  will  be  done  by  the  expanding 
gas  as  it  escapes,  whether  we  imagine  such  an  arrangement  of  cylinder 
and  weightless,  frictionless  piston  lo  exist,  or  whether  the  gas  simply 
escapes  into  the  air  without  any  such  contrivance.  It  is  owing  to  Uie 
expenditure  of  this  work  (which  is  done  at  the  expense  of  the  potential 
energy  of  the  compressed  gas)  that  the  escaping  gas  possesses  kinetic 
cnerg>',  and  the  amount  of  ihe  kinetic  energ>'  acquired  is  numerically 
equal  to  the  work  done.     Hence 


^ 


I'i 


g,  no. 


or 


Tliis  equation  gives  the  algebraic  statement  of  the  laws  which  regulate 
the  rate  at  which  gases  effuse  through  a  small  opening.  These  laws 
were  first  discovered  experimentally  by  Graham,  and  are  expressed  in 
words  as  follows  ;  "The  velocity  with  which  a  gas  effuses  varies  directly 
as  the  square  root  of  the  difference  of  pressure  on  the  two  sides  of  the 
opening,  and  inversely  as  the  square  root  of  the  density  of  the  gas," 
Hence  it  follows  iliat  if  two  gases  are  allowed  to  effuse  through  the 
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same  opening  under  the  same  difference  of  pressure,  ihcn  the  velocities 
of  effusion  of  the  gases  will  be  inversely  to  one  another  as  the  square  roots 
of  their  densities,  or,  what  amounts  to  the 
same  thing,  the  densities  of  the  two  gases  will 
be  to  one  another  as  the  square  of  the  times 
in  which  equal  volumes  of  the  two  gases 
escape  through  the  same  opening  under  the 
same  excess  of  pressure. 

This  properly  of  the  effusion  of  gases  has 
been  utilised  by  Hansen  to  compare  the  den- 
sities of  gases.  The  instnmicnt  he  used  for 
the  purpose  is  shown  in  Fig.  iii.  It  consists 
of  a  cylindrical  glass  vessel  A,  closed  at  one 
end  by  a  stopper  s.  At  v  a  thin  platinum 
partition  completely  closes  the  neck  of  the 
tube,  but  is  pierced  with  a  small  hole  about 
0.013  ^m-  in  diameter.  The  gas  under  ob- 
servation is  enclosed  in  A,  which  is  inserted  in 
another  vessel  containing  mercury  to  such  a 
depth  that  the  top,  /-,  of  a  glass  float  is  on  a 
level  with  the  outside  surface  of  the  mercury. 
The  stopper  s  is  then  removed,  and  the  lime 
noted  that  it  takes  for  sufficient  gas  to  escape 
through  the  hole  in  the  platinum  plate  to 
allow  the  float  to  rise  till  a  mark  at  /  is  level 
with  the  surface  of  the  mercury.  Then  the 
limes  obtained  with  different  gases  arc  one  to 
another  as  the  scjuares  of  their  dcnsiucs. 

The  difference  in  the  rates  of  effusion  of 
two  gases  is  sometimes  used  to  separate  them 
when  they  occur  as  a  mixture.  Thus  by  pass- 
ing atmospheric  air  through  a  number  of  clay 
tobacco-pipe  stems,  placed  one  after  ihc  other,  a  vacuum  being  main- 
tained at  the  outside  of  the  tuljes,  Rayleigh  and  Ramsey  were  able  In 
separate  argon  from  nitrogen.  The  density  of  argon  being  about  20  and 
that  of  nitrogen  14,  we  have — 

V  (nitrogen) 


i 


ih..  ill. 


V  (argon) 


'\/i=''^' 


so  that  the  nitrogen  passes  through  the  clay  1.2  times  faster  than  the 
argon,  and  the  ^^as  which  escapes  from  the  end  of  the  pipe-stems  is  richer 
in  argon  than  ordinary  atmospheric  nitrogen.  This  method  of  separating 
gases  is  called  autolysis. 

139,    DifTusion   of  Gases.  — If  two  equal  b<ittlcs,  one  containing 
hydrogen  and  the  other  carbon  dioxide,  are  placed  mouth  to  mouth,  the 
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botde  conlaininK  the  hydro^'cn  being  on  the  top,  then  after  a  certain 
time  it  will  be  found  thai  half  of  ihe  hydrogen  has  travelled  down  into 
the  lower  l>oitle  and  haif  of  the  carbon  dioxide  has  ascended  into  the 
upper  bottle,  and  this  in  spite  of  the  fact  that  the  density  of  the  carbon 
dioxide  is  twenty-two  times  as  g^reat  as  that  of  the  hydrogen.  This 
phenomenon  is  called  the  diflfusion  of  gases,  and  we  notice  that  after 
diffusion  is  complete  the  proportion  of  each  gas  in  eath  of  the  t\\(»  lx)ttles 
is  the  same  as  it  would  be  had  one  of  the  bottles  tilled  with  either  of  the 
gases  been  connected  to  a  second  equal  lx)ttle  which  had  been  e\'acuated. 
Hence  it  is  usual  to  say  that  one  gas  diffuses  into  a  space  which  is  Blted 
with  another  gas  just  as  if  this  other  gas  did  not  exist  The  only  effect 
of  the  presence  of  the  second  gas  is  that  the  diffusion,  instead  of  being 
almost  Insuntane*>us.  as  it  would  be  in  the  case  of  a  vacuum,  inkes  some 
lime  to  become  complete.  Ii  also  follows  that  in  the  case  of  a  vessel 
filled  wirh  a  mixture  of  gases,  each  gas  exerts  the  same  pressure  as  it 
would  CMcrt  if  it  were  alone  present,  so  that  the  total  pressure  is  the  sum 
of  the  pressures  exerted  by  the  two  gases  (Dallon's  law).  Of  course,  in 
each  of  the  above  cases  it  is  presupposed  that  the  gases  do  not  exert  any 
chemical  action  on  one  another. 

It  is  on  account  of  diffusion  that  the  proportions  of  nitrogen  and 
oxygen  in  the  air  are  the  same  at  all  elevations,  lliere  being  no  excess  of 
the  heavier  constituent  (oxygen)  ^t  low  levels  or  of  the  lighter  constituent 
high  up. 

If  the  two  bottles  containing  hydrogen  and  carbon  dioxide,  instead 
of  being  placed  with  their  open  mouths  in  contact,  are  sepaHlted  by  a 
plate  which  is  pierced  with  a  number  of  small  holes,  such  as  a  piece 
of  unglazed  porcelain,  then  diffusion  will  still  go  on.  First  consider  the 
hydrogen  ;  since  the  bottle  containing  the  carlwn  dioxide  acts  as  a 
vacuum,  the  hydrogen  will  pass  through  the  pores,  and  the  velocity  with 
which  it  passes  will  be  given  by  the  same  expression  as  that  found  for 
the  effusion  of  a  gas  in  the  previous  section.  Hence  the  rate  at  which 
ibe  hydrogen  passes  is  directly  proportional  to  the  square  root  of  the 
partial  pressure  *  exened  by  the  hydrogen  in  the  hydrogen  bottle,  and 
invereely  proportional  to  the  square  root  of  the  density  of  hydrogen.  In 
the  same  way,  the  rate  at  which  the  carbon  dioxide  passes  through  the 
porous  plate  will  be  directly  proportional  to  the  square  root  of  the  partial 
pressure  exerted  by  the  carbon  dioxide,  and  inversely  proportional  to  the 
square  root  of  the  density  of  the  carbon  dioxide.  At  the  commencement 
the  pmrtial  pressure  due  to  each  gas  in  its  own  bottle  is  equal  to  the 
atmospheric  pressure.  Hence  the  rate  at  which  the  hydrogen  starts 
diffusing  into  the  rarbon  dioxide  is  to  the  rate  at  which  the  carbon 
dioxide  diffuses  into  the  hydrogen  as  the  square  root  of  the  density  of 
carbon  dioxide  is  to  the  square  root  of  the  density  of  hydrogen  :  or  if  t'j 

I  By  partial  pressure  is  mcanl  the  pressure  which  would  lie  exerted  by  llie  hydrogrn 
alooe.  suppose  the  carbon  dioxide  which  is  mixed  with  the  hydrogen  were  removed. 
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and  //j  are  the  rate  of  diflfusion  of  the  hydrogen  at  the  start  and  its 
denbity,  and  f,  and  d^  are  the  corresponding  quantities  for  the  carbon 
dioxide,  then 


HencCt  as  the  density  of  carbon  dioxide  {ti^  is  greater  than  that  of 
hydroij'ea  (d^u  t^ie  hydrogen  will  diffuse  more  quickly  into  the  bottle 
containing  carbon  dioxide  than  this  gas  can  diffuse  into  the  hydrogen 
bottle.  As  a  result,  the  total  pressure  in  the  carbon  dioxide  Ixjtlle  will 
become  greater  than  one  atmosphere,  while  that  in  the  hydrogen  bottle 
will  be  less.  The  actual  pressure  causing  diffusion  being  the  difference 
between  the  ixiriial  pressures  of  the  given  gas  in  the  two  Ixiitles,  the 
acting  pressure  in  the  case  of  the  hydrogen  will  decrease  more  quickly 
than  in  the  case  of  the  carbon  dioxide,  and  on  this  account  the  rate  of 
diffusion  of  the  hydrogen  will- decrease  more  nipiiily  than  that  of  the 
carlx)n  dioxide.  When,  if  the  tu-o  bottles  are  of  equal  volume,  half  of  each 
gas  has  passed  over  into  the  other  lx)ttle,  the  partial  pressures  exerted  by 
each  gas  on  each  side  of  the  porous  partition  will  be  equal,  and  hence 
diffusion  will  cease. 

140.  Absorption  of  Gases— Occlusion.— Liquids  are  able  to  dissolve 
gases  even  when  they  do  not  enter  into  any  chemical  combination  with 
them.  The  volume  of  gas  which  the  unit  of  volume  of  any  given  liquid 
can  aljsorb  depends  on  the  nature  of  the  gas  and  on  the  temperature  of  the 
liquid.  The  number  of  units  of  volume  of  a  gas  which  can  be  absorbed 
by  unit  volume  of  a  given  liquid  at  15'  C.  is  called  the  absorption 
coefficient  of  the  liquid.  The  absorption  coefficients  for  some  gases  in 
water  arc  as  follows  ; 


Ammonia    . 

-     756 

Chlorine    . 

.     24 

Carbon  dioxide    . 

1.0 

Oxygen 

.    0.035 

Hydrogen    . 

.     0.019 

Nitrogen  . 

.     0.017 

Since  a  liquid  can  absorb  a  certain  volume  of  a  given  gas,  it  follows 
that  the  mass  of  the  gas  absorbed  by  a  given  volume  of  liquid  depends 
on  the  pressure  to  which  the  gas  and  liquid  are  subjected  ;  for  the 
mass  of  a  given  volume  of  a  gas  is,  according  to  Boyle's  law,  proportional 
to  the  pressure,  while,  as  will  be  seen  later,  the  volume  of  a  given  mass  of 
liquid  is  almost  independent  of  llie  pressure.  'J'hus  at  two  atmospheres 
pressure  unit  volume  of  water  will  absorb  twice  the  mass  of  carbon 
dioxide  that  it  will  at  one  alnu>splicre's  pressure,  at  three  atmospheres 
three  times  the  mass,  and  so  on.  If,  after  the  hqui<l  has  absorlied  all 
it  can  of  a  given  gas  at  a  given  pressure,  the  pressure  is  retluced,  the 
excess  gas,  above  the  quantity  which  would  be  absorlx^d  at  this  new 
pressure,  will  be  evolved.  This  is  what  happens  in  the  case  of  soda- 
water,   bottled  beer,  champagne,   &c.      In   each   case   the   liquid  has 
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absorbed  carbon  dioxide  j^ns  at  a  high  pressure,  and  when  the  bottle  is 
opened  the  excess  gas  is  evolved,  and  gives  rise  to  the  so-called  sparkle 
of  the  liquid. 

Metals  such  as  silver  and  gold  are  capable,  when  in  the  molten  con- 
dition, of  absorbing  gas  from  tlie  air,  just  as  other  liquids  ;  this  gas  being 
evolved  when  the  metal  solidifies. 

Some  metals,  notably  palladium,  arc  able  to  absorb  ver>'  large  volumes 
of  hydrogen,  even  when  in  the  solid  state.  Thus  if  a  slip  of  palladium  is 
used  as  the  negative  pole  in  ihe  electrolysis  (§  539)  of  a  dilute  solution 
of  sulphuric  acid,  it  will  absorb  al>nut  yoo  times  its  own  volume  of 
hydrogen  gas.     Cases  absorbed  by  solids  are  said  to  be  occluded. 

Almost  all  solid  Ijodies  possess  the  power  of  condensing  gases  on 
their  surface,  so  that  after  being  surrounded  for  some  time  by  a  gas,  a 
solid  becomes  coated  on  the  out-^ide  with  ^  layer  of  this  condensed  gas, 
which  cannot  be  immediately  removed  by  »nerely  placing  the  solid  under 
the  receiver  of  an  air-pmnp  and  producing  a  vacuum.  In  order  to  com- 
pletely remove  this  gaseous  coating,  it  is  necessar)'  to  heat  the  solid  while 
it  is  in  a  vacuum,  or  to  rub  the  surface  with  alcohol,  or  some  fine  powder, 
such  as  tripoli.  The  ajnount  of  gas  which  can  in  this  way  be  occluded 
depending  on  the  suifuce  of  the  solid  exposed,  very  porous  bodies,  such 
as  wood-charcoal  and  platinuin-black  {t.r.  finely  divided  platinum  obtained 
by  heating  platinic  chloride),  in  which  the  surface  bears  a  very  large 
ratio  to  the  mass  of  the  body,  are  able  to  occlude  comparatively  large 
(piantilies  of  some  gases.  Thus  freshly  heated  (in  order  to  free  it  of 
occluded  air)  box-charcoal  will  occlude  about  ninety  times  its  volume 
of  ammonia  gas. 

14r.  Kinetic  Theory  of  Gases.- The  phenomena  of  diiTusion,  in 
which  a  heavy  gas  wiil  move  upwards  and  mix  with  a  lighter  gas  placed 
above,  and  this  lighter  gas  will  move  down,  show  thai,  although  such 
amounts  of  the  gas  as  we  arc  able  to  see,  and  panicles  of  dust  suspended 
in  the  gas  appear  at  rest,  yet  there  must  be  some  kind  of  movement 
going  on  continuously  within  a  ni.iss  of  gas.  We  have  seen  tliat  the 
most  probable  theory  of  the  constitution  of  matter  is  to  suppose  it  built 
up  of  fine  particles  or  molecules.  The  kinetic  theory  of  gases  supposes 
that  in  a  gas  these  molecules  are  endowed  with  a  motion  of  translation, 
and  that  the  spaces  between  adjacent  molecules  are  fairly  great  com- 
pared with  the  siie  of  ihc  molecules.  We  may,  as  a  first  approximation, 
consider  th.it  the  molecules  are  hard,  elastic  spheres,  each  mnlfnile 
having  a  definite  mass,  and  that  a  gas  consists  of  an  enormous  number 
of  these  sm.Tll  spheres  moving  about  in  all  directions  with  different 
velocities.  During  its  movement  each  molecule  will  occasionally  collide 
with  another  mc»lecule,  the  two  rebounding  after  c<jllision  like  two 
billiard-balls  ;  also  some  of  the  molecules  will  be  continually  striking 
the  walls  of  the  vessel  containing  the  gas,  and  rebounding  from  them. 
In  the  intcr%'als  between  Its  impacts  with  other  molecules,  or  ^^ith  the 
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walU,  each  molecule  will  travel  in  a  straight  line,  so  that  the  path  of  a 
molerulc  consists  of  a  zigzag  line.  On  account  of  iheir  frequent  collisions, 
the  velocities  of  the  different  molecules  must  vary  considerably,  as  also 
the  velocity  of  any  given  molecule  at  different  times.  Hence,  in  invcsti- 
gntini;  the  properties  of  gases  according  to  this  theory,  we  have  to  adopt 
whixi  is  tailed  the  statistical  method.  In  this  method  we  do  not  consider 
the  behaviour  of  one  particular  molecule,  but  we  take  such  a  large 
number  of  molecules  into  consideration  that,  although  the  velocities  of 
individual  molecules  may  var)'  considerably,  the  mum  velocity  of  all  the 
molerules  considered  at  any  moment  will  be  the  same  as  the  mean 
velocity  of  the  same  molecules,  say  one  second  later,  or  will  be  the  same 
as  the  rnenn  velocity  of  an  equal  number  of  other  molecules  of  the  same 
gas  taken  under  the  same  conditions  of  temperature,  pressure,  &c.  As 
an  illustration  of  such  a  method,  suppose  cloth  had  to  be  bought  to 
clothe  an  army  of  a  million  men,  then,  although  the  clothes  made  would 
l)c  of  many  sizes,  it  is  certain  that  the  quantity  of  cloth  used  from  year 
to  year  for  this  purpose  would  be  the  same,  and  we  could  calculate  what 
is  the  quantity  of  cloth  required  to  clothe  the  average-sized  soldier. 
Instead,  therefore,  of  attempting  to  allow  for  the  various  velocities  of  the 
different  molecules,  we  shall  suppose  that  they  all  move  with  the  nuuih 
of  their  actual  velocities.  In  the  same  way  the  length  of  the  path 
traversed  by  each  molecule  between  successive  collisions  varies  greatly 
from  time  to  lime,  but  under  given  conditions  the  mean  length  of  the 
path  between  successive  collisions,  or  the  mean  free  path,  as  it  is  called, 
will  for  any  large  number'  of  molecules  be  the  same,  under  similar 
conditions. 

I42\  Pressure  Exerted  by  a  Gas.— Suppose  that  a  molecule  of 
mass  m  moving  with  a  speed  /'impinges  at  right  angles  on  a  solid  sur- 
face, then  it  will,  if  it  is  perfectly  elastic,  rebound  with  a  speed  V\  but  in 
the  opposite  direction.  The  change  in  momentum  of  the  molecule  due 
to  the  impact  will  therefore  lie  imV.  Hence,  by  §  60,  the  impulse  of  the 
blow  on  the  surface  is  zmW  Suppose  now  we  have  a  certain  mass  of  a 
gas  enclosed  in  an  envelope,  which  for  simplicity  we  may  take  to  be  a 
cube  having  each  edge  one  centimetre  long.  The  molecules  in  this 
vessel  will  be  moving  in  all  directions,  but  we  may  resolve  the  velocity 
of  each  molecule  along  three  directions  parallel  to  the  mutually  perpen- 
dicular edges  of  the  cube  ;  or,  what  comes  to  the  same  thing,  if  the  number 
of  molecules  is  ver>'  great,  we  may  suppose  that  one-third  of  the  total 
number  of  molecules  arc  moving  parallel  to  each  of  these  three  edges 
with  the  mean  vclociiy  K  Under  these  circumstances,  the  molecules  of 
each  group  are  ntoving  parallel  to  four  faces  of  the  cube,  and  therefore 
will  not  impinge  on  them  :  they  will  only  impinge  on  the  two  faces  which 
are  at  right  angles  to  their  direction  of  motion.  If  we  consider  one 
molecule  of  one  of  these  groups  moving  with  the  velocity  /',  then  the 
interv'al  between  two  consecutive  impacts  of  this  molecule  on  ofte  of  the 
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faces  will  be  the  time  taken  by  this  molecule  to  travel  to  the  opposite 
fa.ct  of  the  cube  and  back  again,  that  is,  through  a  distance  of  two  centi- 
metres. Hence  the  interval  between  two  consecutive  impacts  on  the 
focc  will  be  2/K,  and  there-  will  be  F/a  impacts  on  the  face  by  this 
molecule  in  each  second.  The  impulse  acting  on  the  face  due  to  each 
impact  being  2wK,  the  total  impulse  during  a  second  will  be  mV"^,  which 
is  what  would  be  produced  by  the  action  of  a  continuous  force  wK^  since 
the  impulse  of  this  force,  if  it  acted  for  one  second,  would  be  ;//K'x  i. 
If  the  total  number  of  molecules  per  cubic  centimetre  at  the  given 
pressure,  &c.,  is  N^  then  since  N''^  molecules  may  be  considered  as 
moving  parallel  to  the  one  considered  above,  the  total  force  acting  on 
the  face  will  be  \NmV^,  Since  this  force  acts  on  unit  area,  if/  is  the 
pressure  which  the  gas  exerts  on  the  containing  wall,  then 

Now,  since  there  are  by  supposition  N  molecules  in  the  cubic  centi- 
metre, and  the  mass  of  each  molecule  is  w,  the  total  mass  of  the  gas 
is  mNy  but  the  mass  of  unit  volume  of  a  body  is  the  density  ;  hence,  if  p 
is  the  density  of  the  gas, 

or  ///)='-■%• 

Now  according  to  Boyle*s  law  /«/  =  constant,  Mv  is  the  volume  of  a 
given  mass  of  gas.  But  the  density  of  the  gas  is  equal  to  Aflv^  or 
v~Mjp^  so  that  for  a  given  mass  of  gas  the  volume  is  inversely  pro- 
portional to  the  density,  and  Boyle's  law  may  be  written 

/p  =  constant. 
Hence  we  see  that,  if  Boyle's  law  holds,  the  mean  velocity  of  the  molecules 
V  is  constant 

From  the  equation  K=  .  /  -^  ",  the  value  of  /-'"can  be  calculated  if  we 

know  the  density  of  a  gas  at  any  given  pressure.  Since  the  value  of  U 
is  inversely  proportional  to  the  square  root  of  the  density,  this  result 
enables  us  to  see  why  it  is  that  the  rate  of  diffusion  of  a  gas  is  inversely 
as  the  square  root  of  the  density. 

In  the  following  table  the  values  of  K,  at  a  temperature  of  o"*  C,  are 
given  for  some  gases  : — 

Hydrogen 185900  cm.  per  sec. 

Nitrogen  .         .  49200     „ 

Oxygen 46500     „ 

Carlxin  dioxide       ...  39600 

148*,  Avogadro*s  Law.— If  we  have  two  gases  under  the  same 
pressure,  and  at  the  same  temperature,  h\  being  the  number  of  mole- 
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cules  per  unit  volume  of  one  gas^  m^  the  mass  of  each  molecule,  and  K| 


the  mean  velocity  of  translation  of  the  molecule 

ihc  corresponding  quantities  for  the  other  yas.    Then,  since  the  pressure 

is  the  same  in  each  gas,  we  have,  from  the  result  obtained  in  the  previous 

seciion, 

\N,m,V^=\N^^\\^    ...(■) 

Now  Jwj  f'l^  is  the  kinetic  energy  of  one  of  the  molecules  of  the  first 
gas  when  it  is  moving  with  the  mean  velocity.  The  mean  kinetic 
energy  of  the  molecules  depends  on  the  temperature,  as  we  shall  see 
later  on.  Also,  if  two  gases  are  at  the  same  temperature,  the  mean  value 
of  the  molecular  kinetic  energy  must  be  the  same,  for  othenvise,  when 
they  are  mixed,  since  now  by  collisions  between  the  molecules  the  kinetic 
energy  would  become  equalised,  the  temperature  would  alter.  Thus 
the  mean  kinetic  energy  being  the  same  for  the  gases,  if  the  temperature 
is  the  same,  we  have 

Combining  this  equation  with  equation  (r)  above,  we  get 

or,  under  the  same  condition  of  pressure  and  temperature,  equal  volumes 
of  alt  gases  contain  an  equal  number  of  molecules.  This  law  was 
enunciated  by  Avogadro,  who  was  led  to  it  by  purely  chemical  con- 
siderations. 

The  effect  of  temperature  on  the  movements  of  the  molecules  of  a  gas 
will  be  considered  in  the  section  on  Heat.  Space  and  the  scope  of  this 
bo<ik  will  not  .illow  of  our  pursuing  the  subject  of  the  kinetic  theor>'  of 
gases  any  fnnher,  and  we  must  refer  readers  for  further  information  on 
the  subject  to  Clerk  Maxwell's  "Thcorv"  of  Jleat,"  or  Kisteen*s  "Mole- 
cules and  Molecular  Theory." 
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PROPERTIES  OF  LIQUIDS 

144u  Equilibrium  of  a  Liquid  at  Rest.— in  the  case  of  a  liquid 
at  rest  under  the  influence  of  gravity  the  free  surface  must  be  horizontal. 
If  it  were  inclined  to  the  horizon,  then  the  weight  of  a  particle  P  (Fig. 
112)  of  the  liquid  at  the  surface  would  have  a  component  parallel  to  the 
surface  of  the  liquid.  Since  the  surface  is  everywhere 
at  the  same  pressure,  there  would  be  nothing  in  the 
nature  of  a  hydrostatic  pressure  to  resist  this  force, 
and  as  the  liquid  itself  would  offer  no  resistance,  the 
particle  P  would  move  along  the  surface,  and  hence 
the  liquid  would  not  be  at  rest. 

Although  a  comparatively  small  surface  of  a  liquid 
is  for  all  practical  purposes  plane,  it  is  not  absolutely 
so,  and  when  dealing  with  large  surfaces,  this  departure  from  plane- 
ness  becomes  appreciable.  The  condition  that  the  particle  P  (Fig.  112) 
should  be  at  rest  is  that  the  line  of  action  of  the  attraction  of  gravity 
on  P  should  be  normal  to  the  surface  at  P.  Hence  the  surface  of  a 
liquid  is  always  normal  to  the  radius  of  the  earth  at  the  point  con- 
sidered, and  therefore  forms  part  of  a  sphere  having  the  earth's  radius 
as  radius.  The  fact  that  the  surface  of  a  liquid  is  always  horizontal 
is  made  use  of  in  the  spirit-level.  This  consists  essentially  of  a  glass 
tube  ABC  (Fig.  113),  which  is 
slightly  bent,  and  fitted,  with 
the  convex  surface  upwards, 
in  a  frame  DK.  This  tube  is 
closed  at  either  end,  and  is 
filled  with  alcohol '  except  for 

a  bubble  of  air  u,  which  is  left  in.  This  bubble  constitutes  the  only 
free  surface  of  the  liquid,  and  it  always  sets  itself  at  the  highest  point 
of  the  curved  tube.  Hence,  if  the  tube  is  fixed  in  the  frame  in  such 
a  way  that  when  the  lower  surface  of  the  frame  is  horizontal  the  highest 
point  of  the  bent  tube  is  opposite  a  fixed  mark  on  the  top  of  the  tube, 
then,  whenever  the  bubble  is  opposite  this  mark,  the  lower  surface  of  the 
stand  will  be  horizontal.  If  one  end,  say  E,  is  tilted  up,  then  the  marked 
point  of  the  tube  is  no  longer  the  highest,  and  the  bubble  moves  towards  E. 

^  Alcohol  is  used  on  account  of  its  extreme  mobility. 
»73 


Fig.  113. 
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145.  Level  of  Liquid  Surface  in  Communicating  Vessels.— Sup- 

l>(.s<!  a  U-luljf  .Aiic  (Fi^r.  114)  has  ihc  same  liquid  in  cither  limb,  then 
the  two  surfaces  A  and  11  will  be  in  the  same  horizontal  plane.  For 
if  we  consider  a  point  D  within  the  liquid,  at  a  depth 
h^  below  the  surface  at  A,  and  at  a  depth  h.^  below 
the  surface  at  c^  then  the  pressure  al  U  must  be 
the  same,  whether  caused  by  the  column  AH  or  the 
column  en  ;  otherM'ise  the  liquid  would  move  towards 
ihc  side  on  which  the  pressure  was  least.     Hence 

where  />  is  the  density  of  the  liquid. 

By  an  exactly  similar  line  of  argument  it  can   be 

shown  that  the  pressure  al  any  pair  of  points,  one  in  either  limb,  is  ihe 

same  if  these  points  lie  in  the  same  horizontal  plane. 

If,  instead  of  having  the  same  liquid  in  both   limbs,  one  limb  ab 

(Fig.   115)  contains  a  liquid   of  less   density  than    that   in   the  other; 

then,  if  B  is  the  surface  separating  the  two  liquids,  from  what  has 
been  said  in  the  previous  paragraph,  the  pres- 
sure at  a  point  1)  in  the  denser  liquid  in  the 
same  horizontal  plane  as  B  must  be  equal  to  the 
pressure  al  B.  Hence  the  pressure  exerted  by 
the  column  AB  of  the  one  liquid  must  be  equal 
to  the  pressure  exerted  by  the  column  cn  of  the 
other  liquid.  So  that,  if  hy  and  h^  are  the  heights 
of  these  columns,  and  p^  ^"^  H  ^^  ^^  densities  of 
the  liquids,  we  have— 


Fia  115. 


or 


That  is,  the  heights  of  the  columns  of  the  two  liquids  above  the  level 
of  their  common  surface  arc  to  one  another  inversely  as  the  densities 
of  the  liquids. 

146-  Density  of  Liquids.— In  order  to  determine  the  density  of  a 
liquid,  the  mass  of  a  known  volume  must  l^e  measured.  If,  however,  we 
know  ihe  density  of  any  given  hquid,  say  water,  then  we  can  find  the 
density  of  any  other  liquid  by  comparing  the  mass  of  any  volume  of  the 
liquid  with  that  of  the  same  volume  of  the  standard  liquid. 

The  density  of  water  has  lieen  determined  by  Mace  de  Lt^pinay  with 
great  accuracy,  by  a  method  depending  on  the  principle  of  Archimedes. 
A  cube  of  quartz  was  prepared  and  its  volume  obtained  by  measurement. 
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The  planeness  of  the  faces  was  tested,  and  the  distance  between  the 
opposite  faces  measured  by  an  optical  method  depending  on  the  pro- 
duction of  Newton's  rings  (see  «^  376).  This  cube  was  then  placed  on 
the  pan  of  a  very  delicate  balance,  a  small  cage  suspended  by  a  fine 
platinum  wire  hanging  from  the  under  side  of  the  same  pan.  This  cage 
was  completely  immersed  in  the  water  of  which  the  density  was  to  be 
measured,  and  which  was  kept  at  a  constant  temperature,  this  temperature 
being  read  by  means  of  a  thermometer.  The  weights  necessary  to 
counterpoise  the  quartz  block  (in  air)  and  the  wire  cage  (immersed  in  the 
water)  having  been  placed  in  the  second  pan  of  the  balance,  the  quartz 
block  was  transferred  to  the  cage,  and  the  weights  found  which  were 
now  necessary  to  counterpoise.  The  difference  between  these  weights 
represents  the  loss  of  weight  of  the  block  when  immersed  in  water,  and 
this,  by  the  principle  of  Archimedes,  is  equal  to  the  weight  of  a  volume 
of  water  equal  to  that  of  the  block.  Hence,  knowing  the  volume  of  the 
block,  i.e.  the  volume  of  the  water  displaced,  the  density  can  be  calculated. 
The  object  of  having  the  wire  cage,  which  was  always  immersed  in  the 
water,  was  to  allow  for  the  weight  of  the  suspending  fibre  and  that  of  the 
water  it  displaced  ;  also,  by  this  arrangement  the  effect  of  the  surface  of 
the  liquid  on  the  suspending  wire  due  to  capillarity  (§  157)  was  the  same 
during  both  the  weighings,  and  was  therefore  eliminated. 

Since  the  volume  of  the  quartz  cube  altered  with  the  temperature,  this 
had  to  be  allowed  for,  so  that  a  preliminary  measurement  of  the  coefficient 
of  expansion  of  quartz  was  made. 

The  following  table  gives  the  density  of  water  at  different  tem- 
peratures : — 

Density  of  Water. 


Tempera- 
ture. 

Deg.  C. 
o 
I 
2 

3 
4 
5 
6 

7 
8 

9 
10 
II 
12 
13 
M 
15 


Density. 

Grams  f)er  c.c. 
.99984 
89 
93 
95 
96 

95 
93 
89 
84 

n 
.99969 
60 
49 
37 
24 
09 


Tempera- 
ture. 

l>eg.  C. 
16 

'7 
18 

19 
20 
21 


-3 
26 

27 
28 
29 

3<^ 


Density, 

Grams  per  c.c. 

.99894 

77 

59 

40 

19 

.99798 
76 
52 
28 

03 

.99677 
50 
22 

•99593 
63 
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Knowing  the  density  ol  water,  A,  at  dirtcrent  lempcralures,  wc  can 
dclcnnine  ihc  volume  of  a  solid  which  is  insoluble  in  water,  by  wcigliinK 
it  first  in  air  and  then  when  immersed  in  vv.itcr  at  a  known  temponiture. 
If  tt'i  is  the  weifedu  in  air  and  vi'.^  the  wci^'ht  in  water,  then  the  loss  of 
weight,  that  is,  the  weight  of  water  disjjlaced,  is  7^'^  -  «»..,  and  this  must  be 
equal  to  A/;  where  Kis  the  volume  of  the  solid.    Thus 

One  method  of  coniparing  the  density  of  a  liquid  with  that  of  water 
is  to  determine  the  loss  of  weight  of  a  solid,  which  is  unacted  upon  by 
cither  liquid,  wlien  weighed  first  in  water  and  then  in  the  liquid.  In 
ihis  way  the  weights  or  masses  of  equal  volumes  of  the  liquid  and  of 
water  are  obtained.  If  Wj  is  the  loss  of  weight  in  the  given  liquid  of 
density  /i,  and  tn.^  is  the  loss  of  weight  in  water  of  density  A,  then 

and  iwj=  TA, 

where  V  is  the  volume  of  the  solid.    Hence 

nil 

and,  by  taking  the  value  of  A  for  the  temperature  of  the  experiment  from 
the  table  given  above,  ^  can  be  calculated. 

Another  method  in  common  use  for  determining  the  density  of  a 
liquid  is  to  weigh  a  small  bottle,  called  a  specific  gravity  bottle  or 
pyknometer,  when  full,  first  of  water,  then  of  the  liquid.  Two  forms  of 
pyUnometer  which  arc  in  common  use  are  shown  in  Fig.  116.  One 
consists  of  a  small  glass  bottle  a,  fitted  with  a  well-ground-in  glass 
stopper  B.  This  stopper  is  pierced  by  a  fine  hole.  Tlie  bottle  is  com- 
pletely filled  with  the  liquid,  and 
the  stopper  inserted,  rare  being 
taken  not  to  include  any  air-bubbles. 
The  superfluous  liquid  flows  out 
through  the  hole  in  the  stopper 
and  is  wiped  oflT  The  other  form 
consists  of  a  l>ent  glass  tube  cnE 
of  the  shape  shown.  The  end  c  is 
drawn  out  into  a  fine  capillar)*,  and 
a  fine  mark  is  engraved  on  the  glass 
at  F.  To  fill  the  tube  the  end  c  is 
dipped  below  the  surface  of  the 
liquid,  which  is  drawn  into  the  tube 
by  suction  at  E  till  it  fills  it  a  little 
above  the  mark  K.  Then,  by  touching  the  capillar)-  C  with  a  piece  of 
blotting-paper,  liquid  is  withdrawn  till  the  surface  comes  exactly  to  the 
mark  \\ 


Fk;.  u6. 
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Let  «',  be  the  weight  of  the  empty  pyknometer,  and  a',  and  w^  the 
wcig^ht  when  full  of  the  liquid  and  water  respectively.  Then  Tf^-tf',  is 
the  weight  of  water  which  fills  the  instrument.  Hence  if  A  i:j  the  density 
of  the  water  at  the  temperature  at  which  the  pyknometer  was  filled,  its 
volume  f'is  given  by 

The  weijjht  of  a  volume  V  of  the  grivcn  liquid  is  tt/j-xc,.     Hence  the 
density  p  of  the  liquid  is 


tfa 


.A. 


The  following  table  gives  the  density  of  some  liquids  :- 
OFN-si-n*  OF  Liquids, 


Uquid. 

Masa  of  x  cc 

Temperature. 

Degree  C. 
0 
0 

Mercury         .... 
Bromine         .... 

Grams. 

"3-596 
3.187 

Chloroform    . 

1.480 

18 

Glycerine 

1.260 

0 

Milk  (coxv's    . 

1.03  (about) 

15 

Sea  water                                 . 

r.025 

15 

Olive  oil 

0.918 

15 

Turpentine     ... 

Alcohol  (cihvl)       . 

Ether 

0.873 
0.791 
0.736 

16 
0 

0 

147.  Flotation.— .Since  when  a  body  is  immersed  in  a  fluid  it  ex- 
periences an  upward  force,  due  to  the  pressure  of  the  fluid,  equal  to  lite 
weight  of  the  fluid  displaced,  it  follows  that  if  the  density  of  the  body 
is  less  than  that  of  the  fluid,  the  weight  of  the  displaced  fluid  will  be 
greater  than  the  weight  of  the  body,  and  hence  the  upward  force  acting 
on  the  body  due  to  the  fluid  will  be  greater  than  the  downward  force 
due  to  gravity.  If  no  other  forces  are  acting  on  the  body,  it  will  therefore 
rise  until  the  weight  of  the  displaced  fluid  is  exactly  equal  to  that  of  the 
body.  In  the  case  of  a  body  such  as  a  balloon  in  the  air,  this  will 
happen  when  it  has  risen  to  such  a  distance  that  the  density  of  the  air 
has  become  so  much  reduced  that  the  weight  displaced  by  the  balloon 
is  equal  to  its  own  weight.  In  the  case  of  a  solid  immersed  in  a  liquid,  it 
will  rise  till,  some  of  the  solid  having  risen  above  the  surface  of  the 
liquid,  the  weight  of  the  volume  of  liquid  displaced  by  ihe  remainder, 
which  is  still  submerged,  is  equal  to  the  weight  of  the  body. 

In  order  that  a  body  floating  in  a  liquid  may  be  in  equilibrium,  not 
only  must  the  upward  pressure  due  to  the  liquid  be  equal  in  magnitude 
to  the  weight  of  the  body,  but  it  must  also  act  vertically  upwards  through 
ihe  centre  of  gravity  of  the  body.     If  we  suppose  the  bi>dy  removed  and 
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replaced  by  some  of  ihe  liquid  which  has  become  solid  and  occupies  ex- 
actly the  position  of  the  immerud  part  of  the  sohd,  this  solidified  portion 
of  liquid  will  be  in  equilibrium.  Hence,  since  its  weight  arts  vertically 
Ihrougli  its  centre  of  ^jravity,  the  pressure  due  to  the  part  of  the  liquid 
which  has  remained  liquid  must  also  act  vertically  throuyh  the  centre  of 
gravity  of  the  solidified  portion.  The  direction  and  niaKiiiiudc  of  this 
pressure  must  be  the  same  as  that  which  was  acting  on  the  floating  body, 
so  that  we  see  that  the  upward  force  due  to  the  liquid  is  equal  to  the 
weight  of  the  liquid  displaced,  and  acts  in  a  vertical  direction  through 
Ihe  point  which  would  be  the  centre  of  gravity  of  the  displaced  liquid. 
If  G  (Kig.  1 17,  a)  is  the  centre  of  gravity  of  a  floating  body,  and  H  the 

I, 


Fig.  117. 

centre  of  graWty  of  the  displaced  water,  the  two  points  G  and  H  must,  if 
the  body  is  in  equilibrium,  be  vertically  one  over  the  other.  If  the  bo<iy 
be  displaced  into  some  such  position  as  that  shown  at  H,  then  the  centre 
of  gravity  of  the  displaced  liquid  will  no  longer  be  nt  H,  but  at  some  point 
such  as  h'.  The  body  is  then  acted  upon  by  a  couple  which  tends  to  biing 
it  back  into  the  position  shown  at  A.  The  point  >fj  where  the  new  vertical 
through  H'cuis  the  vertical  drawn  through  H  in  the  undisturbed  position, 
is  called  the  metaccnlre.  In  the  above  figure  the  metaccntrc  is  above  the 
centre  <\{  gravity,  and  the  floating  body  is  in  stable  equilibrium,  as  the 
couple  when  it  is  deflected  lends  lo  restore  it  to  its  original  position.  In 
the  case  shown  in  Fig.  118,  however,  the  couple,  which  comes  into  play 

when  the  body  is  deflected  from  the 

A  position,  tends  lo  increase  the  dis- 

rrrr  placement,  and  hence  the  condition 

figured  at  A  is  unstable.     In  this 


H 

c 

J 

case  it  will  be  seen  that  the  mcta- 

rentre   M    is   beliKO   the   centre    of 

gravity  of  the  floating  body.    Hence 

a  floating  body  is  stable  when  the 

Fir,.  118.  metacenire  is  above  the  centre  of 

gravity,  and  the  higher  the  meta- 

centrc  is  above  the  centre  of  gravity,  the  more  stable  is  the  body.     If  the 

metacentre  coincides  with  the  centre  of  gravity  of  the  floating  body,  as 

it  does  in  the  case  of  a  sphere,  the  body  is  in  neutral  equilibrium,  while 
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if  the  metacenlre  is  below  the  centre  of  gravity  tlie  equilibrium  is  un- 
:>tabte.  These  principles  are  of  j^reat  importance  in  desii^iiing  ships,  the 
object  of  ballast  beinj^  to  lower  the  centre  of  gravity  so  as  to  keep  it  well 
below  the  mctaccntrc. 

148.  Hydrometers.  -  The  volume  of  a  floating  body  immersed  in  a 
liquid  depends  on  the  density  of  the  liquid,  for  the  product  of  the  density 
of  the  liquid  into  the  volume  of  the  body  immersed,  which  ^jives  the 
weight  of  liquid  displaced,  must  always  be  equal  to  the  weight  of  the 
body.  Hence  the  volume  of  a  body  immersed  in  different  liquids  may 
be  employed  to  compare  the  densities  of  liquids.  An  instrument  depend- 
ing on  this  principle,  called  a  hydrometer,  is  shown  in  Fi^'.  1 19.  It  con- 
sists of  a  glass  bulb  B,  to  ihe  lower  end  of  which  a  small 
bulb  A  is  6xcd,  and  at  the  upper  end  a  narrow  glass  stem 
CD.  Some  mercury  or  lead-shot  is  placed  in  A,  so  that  the 
instrument  floats  upright.  The  stem  Cli  is  graduated,  so 
that  the  depth  to  which  the  instrument  sinks  in  the  different 
liquids  can  be  read  ofT  Suppose  that  the  division  to  which  it 
sinks,  when  floating  in  water,  is  marked  100,  and  the  vohune 
of  the  stem  included  l>etween  two  consecutive  divisions  is 
i/iooth  of  the  total  volume  immersed  when  the  body  floats 
in  water.  Then,  if  the  instrument  when  floating  on  a  liquid 
sinks  to  the  60th  division,  this  means  that  60  units  of 
volume  of  this  liquid  have  the  same  weight  as  100  units  o{ 
volume  of  water.  Hence  the  specitic  gravity  of  the  liquid 
is  100/60  or  1.67,  In  the  same  way,  if  the  instrument  sinks 
in  a  liquid  to  the  120th  division,  the  specific  gravity  is 
loo/iso  or  a835.  The  length  of  the  stem,  which  will  have 
a  volume  equal  to  i  'tooth  of  the  volume  of  the  instrumentj 
varies  inversely  as  the  cross  section,  so  that  by  making 
the  stem  very  narrow  the  sensitiveness  can  be  increased. 
We  cannot,  however,  increase  the  sensitiveness  indefinitely, 
on  account  of  the  force  which  the  surface  of  the  liquid 
exerts  an  the  stem  (see  §  157),  and  which  prevents  the  instru- 
ment taking  up  the  position  it  wotdd  if  no  such  capillary 
force  existed.  In  order  to  avoid  having  a  very  long  stem, 
it  is  usual  to  have  a  series  of  hydrometers,  so  weighted 
that  in  the  liquid  in  which  one  sinks  to  nearly  the  top  of 
its  stem,  the  next  only  sinks  to  a  point  near  the  bottom  of 
its  stem.  The  stems  of  hydrometers  are  often  graduated  so  JJJJ'^J^n 
as  to  give  the  specific  gravity  of  the  liquid  in  which  they 
are  placed  directly.  In  this  case  the  length  of  the  graduations  is  not  con- 
stant, but  decreases  from  the  top  to  the  bottom  of  the  stem.  The  position 
of  two  points  on  the  scale  are  generally  found  by  floating  the  instrument 
in  two  Uquids  of  kno\^7i  specific  gravity,  and  from  the  position  of  any  two 
sucli  points  on  the  scale  the  rest  of  the  graduations  can  be  obtained. 
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Another  fonu  of  hydromclcr  is  slmwn  in  Fig.  120,  and  is  called 
Nicholson's  hydrometer.  In  this  instrument  the  stem  is  not  graduated, 
but  has  a  single  mark,  (>,  and  M'hcn  in  use  the  instrument 
is  always  sunk  to  this  mark,  so  that  the  volume  immersed 
is  constant.  Attached  to  the  float  A  are  two  scale-pans  n 
and  c,  the  lower  one  being  weighted  so  that  the  instni* 
ment  can  float  upright. 

When  using  this  instrument  to  determine  the  density 
of  a  liquid,  it  is  first  floated  in  water  at  a  known  tem|>cra- 
lure,  and  weights  are  placed  in  the  upper  scale-pan  till  the 
mark  o  is  coincident  with  the  surface  of  the  liquid.  Let 
W  be  the  weight  of  the  instrumeni  itself,  and  a',  the 
weights  added  ;  then  the  weight  of  the  water  displaced  is 
/r-f  Tt/j,  and  the  volume  Tof  the  displaced  water  is  given  by 

r-=.(fr+a',);A, 

where  A  is  the  density  of  the  water  at  the  given  temperature. 

Now  lei  the  instrument  he  floated  in  a  liquid  of  density  p,  and  let 
the  weight  which  has  to  be  placed  in  the  pan  \\  to  bring  the  mark  to  the 
surface  of  ilie  liquid  be  'ii\.  Then  the  weight  of  the  liquid  displaced  is 
/r+  U'j.  Now,  since  ihe  \olume  of  the  hydrometer  immersed  is  the  same 
as  before,  namely  /'*,  we  have — 

Tins  insiruiiienl  is  more  often  used  for  finding  the  density  of  solids 
than  of  liquids.  For  this  purpose  the  hydrometer  is  floated  in  water, 
and  the  solid  placed  in  the  pan  B,  and  weights  iv^  added  till  it  sinks  into 
the  sighted  position.  Since,  when  the  solid  is  not  present,  the  weight 
necessar)'  to  sink  the  instrument  is  w,,  it  follows  that  the  weight  of  the 
solid  is  u\~iv^  Next,  the  solid  is  placed  in  the  lower  pan  c,  and  ihe 
weight  tv^  necessary'  to  sink  the  instrument  detennined.  The  solid  being 
immersed  in  water,  will  lose  in  weight  an  amount  equal  to  the  product 
/'a,  where  Kis  its  volume.     Hence 


Wa, 


Therefore  the  density  p  of  the  solid  is  given  by 


or 


tt'l  -  tc, 


)=^ 


'^A. 


I4fl.  Elasticity  of  Liquids,— Liquids  can  only  ha\*e  bulk  elasticity, 
i.e.  they  only  otTcr  resistance  to  change  of  volume.  As  has  already  been 
mentioned,  liquids  require  a  very  great  pressure  to  reduce  their  bulk 
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appreciably,  differing  in  this  respect  very  markedly  from  the  other  divi- 
sion of  fluids,  namely,  g-ases-  In  fact,  a  liquid  is  sometimes  defined  as  a 
fluid  which  oliers  yreat  resistance  to  change  of  volume.  The  first  person 
to  show  that  lit|uids  were  compressible  was  Canton  in  1761,  while  the 
first  measurements  of  any  accuracy  were  made  by  Qilrste<l  (1822). 

The  instrument  used  by  (»sted,  and  called  a  piezometer,  is  illus- 
trated in  Fig.  \z\.  It  consists  of  a  strong  glass  cylinder,  to  the  top  o( 
which  is  cemented  a  metal  cap.  Water  can  be  introduced  into  the 
cylinder  through  the  funnel  R,  and  by  turning  the  screw  r  a  small  piston 
is  forced  down,  thus  compressing  the  water  in 
the  cylinder.  Within  the  cylinder  is  a  glass 
vessel  A  filled  with  the  liquid  to  be  experi- 
mented on,  and  terminated  by  a  capillary 
tube,  the  open  end  of  which  dips  beneath  the 
surface  of  some  mercury,  O.  The  volume  of 
the  vessel  A,  as  well  as  the  volume  of  unit 
length  of  the  capillary,  having  been  deter- 
mined by  filling  with  mercury  and  weighing, 
the  total  volume  of  the  liquid  in  A,  and  the 
decrease  in  volume  correspt^nding  to  any  ob- 
sen'ed  rise  of  the  mercury  into  the  capillary 
tube,  when  pressure  is  applied,  is  known. 
The  pressure  is  measured  by  means  of  an  air 
manometer  (§  131)  u,  consisting  of  a  glass 
tube  closed  at  the  top,  with  its  open  end  below 
the  surface  of  the  mercur>'.  This  tube,  before 
the  pressure  is  applied,  is  quite  full  of  air. 
When  the  pressure  is  applied  the  mercurj* 
rises,  thu  air  being  compressed,  so  that  by 
noting  the  change  in  volume  by  means  of  the 
attached  scale,  the  pressure  can  be  calculated. 

CErstcd  assumed,  since  the  glass  vessel  a 
is  subjected  to  the  same  picssure  both  inside 
and  out^  that  therefore  its  volume  was  the 
same  at  all  pressures,  and  hence  that  the 
contraction  obser^'cd  was  due  solely  to  the 
compression  of  the  litjuid.  This  assumption 
is,  however,  not  justifiable.  If  we  imagine  the  vessel  to  l>e  in  the  form 
of  a  sphere,  and  that  the  pressure  applied  both  inside  and  out  is,  say, 
100  atmospheres.  Now  suppose  that  the  same  pressure  were  applied 
externaliy  to  a  W;V/ glass  sphere  of  exactly  the  same  external  dimensions 
as  the  hollow  sphere.  The  solid  sphere  would  contract,  since,  as  will 
be  seen  later,  glass  is  compressible  ;  and  if  we  consider  a  thin  external 
layer  of  the  sphere,  it  will  eventually  be  at  rest  under  the  pressure  of  loo 
atmospheres  acting  everywhere  towards  the  inside^  and  an  equal  and 


Fig.  231. 
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opposite  pressure  due  to  the  elasticity  of  the  inside  layers  of  the  solid 
sphere.  The  condition  of  this  layer,  therefore,  resembles  that  of  the 
hollow  glass  sphere  filled  with  liquid  and  subjected  inside  and  out  to 
a  pressure  of  loo  atmospheres,  ami  since  it  contracts  in  volume  under 
these  conditions,  we  infer  that  the  hollow  sphere  would  do  so  also. 

In  order  to  overcome  this  difliculiy,  Regnault  devised  a  modified  form 
of  piezometer,  in  which  the  chan^^e  in  volume  of  the  containing  vessel 
could  be  obser\'ed.  His  apparatus  consisted  of  a  strong 
glass  bulb  A  (Fig.  122)  with  a  fine  capillar>'  neck  B. 
This  bulb,  in  which  the  liquid  10  l^e  tested  is  contained, 
was  inside  a  strong  metal  vessel  c.  The  lube  d  was  con- 
nected with  a  compression-pump,  and  by  means  of  the 
taps  K,  F,  o,  H  the  volume  of  the  liquid  in  the  bulb 
was  obser^'ed  under  the  following  conditions:  (1)  The 
taps  E  and  H  being  closed  and  F  and  r.  open,  the  appa- 
rent increase  of  the  volume  of  the  liquid  due  to  the 
action  of  an  external  pressure  /  on  the  outside  of  the 
bulb  was  obtained  ;  (2)  the  taps  F  and  H  being  open 
and  E  and  r,  closed,  the  apparent  contraction  of  the 
liquid  under  the  influence  of  a  pressure  fi  acting  both  on 
the  inside  and  outside  of  the  bulb,  as  in  Oersted's  ex- 
periment, was  obtained  ;  (3)  the  taps  E  and  H  being 
Flo.  raa.  open  and  F  and  <;  closed,  the  apparent  contraction  of 
the  liquid  when  the  pressure/ acted  on  the  inside  of  the 
vessel  only  was  obtained,  From  the  results  of  these  three  observations, 
the  ctTect  of  the  contraction  of  the  envelope  can  be  eliminated  and  the 
true  coefficient  of  compressibility,  />.  the  diminution  produced  in  unit 
^■x>Iume  by  unit  increase  in  pressure,  ran  be  calculated,  although  even  in 
ihis  case  some  assumptions  as  lo  the  uniformity  of  the  thickness  of  the 
walls  of  the  vessel  have  to  he  made.  In  some  of  his  experiments 
Rcgnault,  therefore,  used  spherical  buJbs  of  brass  or  copper. 

The  following  tabic  (calculated  by  Tate  from  Caillelct's  results)  gives 
the  coefficient  of  compressibility  (/>.  decrease  in  unit  volume)  per  atmos- 
phere for  some  liquids.  It  will  be  seen  that,  as  compared  with  gases  in 
which  the  coefficient  of  compressibility  at  a  pressure  of  one  atmosphere 
is  0,5,  liquids  are  very  httle  compressible: — 


Liquid. 

Temperature. 

Ptcssurc  in  Atmos- 
pheres. 

Coefiiciency 

of  Compressibility 
per  Atmosphere. 

O.OOUO469 
0.0001458 
0.0000998 
0.0003033 

Water      . 
Sulphuric  ether 
Bisulphide  of  car1>on 
Sulphurous  acid 

8*C. 

lo'C. 

r  c. 

70s 

650 

607 
606 
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150.  Hydraulic  Press. -I'ascars  law,  that  liquids  transmit  in  all 
directions  and  wiihout  diminution  any  pressure  that  is  applied  to  them, 
receives  an  important  application  in  the  hydraulic  press  or  ram.  This 
machine  w;is  invented  in  1795  ^X  l^ramah,  and  is  shown  in  sections  in 
V\g,  123.    It  consists  of 

a  large  metal  cylinder,  ^  y. -i.,../..Y.-./,w.^y_iy 

A,  with  very  strong 
sides,  in  which  an  iron 
ram  works  water-tight, 
through  a  joint,  B.  This 
joint  is  made  water- 
tight by  means  of  a 
circular  leather  washer, 
the  section  of  which  is 
U-shapcd,  the  concave 
surface  being  turned 
towards  the  inside  of 
Ihc  cylinder.  The  pres- 
sure of  the  water  in  the 
cylinder  forces  this 
washer  against  the  ram 
on  the  inside,  and  against  the  neck  of  the  cylinder  on  the  outside,  so 
that  the  greater  the  pressure  of  the  water  the  more  tightly  docs  the 
washer  fit.  The  cylinder  is  connected  by  a  strong  pipe,  C,  with  a  force- 
pump,  of  which  the  piston,  n,  is  of  small  diameter.  By  this  means  water 
can  be  pumped  into  the  large  cylinder  A.  When  the  plunger  of  the 
pump  is  forced  down,  the  liquid  in  the  machine  transmits  the  pressure 
to  the  base  of  the  ram,  which  is  forced  up.  If  rt  is  the  area  of  cross 
section  of  the  plunger  of  the  pump,  and  the  downward  force  exerted  on 
the  plunger  is  P^  tlien  the  pressure  exerted  on  the  water  in  the  pump 
is  Pla,  This  pressure  is  transmitted  to  the  cylinder  A,  and  hence  a 
pressure  of  Pja  acts  on  each  unit  of  surface  of  the  base  of  the  ram.  If 
A  is  the  area  of  cross  section  of  the  ram,  the  total  upward  force  ex- 
erted on  it  is  AP/a,  In  other  words,  the  force  {IV)  exerted  by  the  ram 
is  to  the  force  acting  on  the  plunger  of  the  pump  as  the  area  of  cross 
seaion  of  the  ram  is  to  that  of  the  plunger,  or 


Fig.  123. 
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if  D  is  the  diameter  of  the  ram  and  d  the  diameter  of  the  plunger. 

The  principle  of  the  hydraulic  press  is  also  employed  as  a  means  of 
storing  power,  which  is  required  in  an  intermittent  manner,  such  as  for 
working  lifts.  In  this  case  powerful  pumps  arc  employed  to  pump  water 
into  a  strong  steel  resenoir  fitted  with  a  wide  piston,  like  the  ram 
of  a  Bramah  press,  which  is  loaded  with  heavy  weights.     The  work 
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performed  by  the  engine  which  drives  the  pumps  is  employed  in  raising 
lliese  weights,  and  the  potential  energy  thus  stored  up  can  be  usefully 
employed  by  connecting  the  reservoir  by  pipes  to  the  hydraulic  engines 
to  be  driven  by  the  water  under  high  pressure. 

161.  Pumps. —Pumps  may  be  divided  into  two  classes — suction- 
pumps  and  force-pumps — though  most  pumps  which  are  used  in  practice 
really  consist  of  Imth  kinds  combined,  the  suction  or  the  force,  as  the 
case  may  be,  however,  generally  playing  quite  a  subordinate  part. 

The  air-pump  described  in  §  136  (P'ig.  105)  is  a  suction-pump,  and  if 
the  tube  leading  to  the  receiver  Were  connected  to  a  tube  the  end  of 
which  dipped  beneath  the  surface  of  a  liquid,  when  the  piston  was  raised 
the  pressure  of  the  air  acting  on  the  surface  of  the  liquid  would  force  it 
up  past  the  valve  H  into  the  cylinder.  When  the  piston  descends,  the 
valve  B  shuts  and  C  opens,  the  liquid  escaping  on  to  the  lopof  tl>e  piston. 
If  a  spout  were  fixed  to  the  top  of  the  barrel  of  the 
pump  the  liquid  woLild  flow  out  through  ii,  and  we  should 
have  the  ordinary  domestic  pump.  Since  it  is  the  pres- 
sure of  the  aimosphere  which  drives  the  liquid  up  into 
the  barrel  of  the  pump  when  the  piston  rises,  it  follows 
that  a  suctinn-punip  cannot  raise  a  liquid  through  a 
greater  height  than  that  of  the  column  in  a  barometer 
filled  with  the  liquid.  Hence  if  p  is  the  density  of  the 
liquid,  and  //  is  the  height  in  centimetres  through  which 
the  liquid  is  to  be  raised,  a  suction-pump  cannot  be  used 
\{ ^\h  is  greater  than  13.6^  76,  since  13.6  is  the  density  of 
mercury,  and  76  cm.  is  the  height  of  the  mercury  baro- 
meter. If  the  liquid  is  water,  /»— I,  and  the  limiting 
value  for  k  is  13.6X  76,  or  1033.6  cm.,  or  about  34  feet 
In  the  force-pump,  the  second  valve,  instead  of  being  placed  in  the 
piston  P  (Fig.  124),  is  at  D.  When  the  piston  rises,  the  liquid  enters 
the  barrel  of  the  pump  througli  the  tube  B  and  the  valve 
C,  the  valve  I>  remaining  shut.  Wlicn  the  piston 
descends  the  valve  c  shuts,  and  the  liquid  is  forced  out 
through  the  valve  r»  and  up  through  the  lube  E.  The 
height  to  which  the  liquid  can  l>c  forced  by  this  form  of 
pump  is  only  limited  by  the  strength  of  the  barrel  A  and 
the  force  that  can  be  applied  to  drive  the  piston  down. 
The  pumps  illustrated  in  Kig's.  99  and  123  are  force- 
pumps.  In  the  fire-engine,  which  is  a  force-pump,  there 
is  an  air-chamber  A  (Fig.  125),  the  water  being  forced 
in  through  11  by  the  pump  during  the  down-stroke  of  the 
piston,  and  escaping  through  c.  The  pipe  c  is  made  so  small  that  the 
water  cannot  escape  as  fast  as  it  is  pumped  in  during  the  down-stroke  of 
the  piston,  so  that  the  air  which  is  enclosed  in  A  becomes  compressed, 
and  so  during  the  up-stroke  of  the  piston  this  air,  by  expanding,  continues 


t 
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lo  drive  the  water  out  through  c  ;  and  in  this  way  Weeps  up  a  continuous 
stream. 

162.  The  Syphon. —The  syphon  consists  of  a  bent  lube  Aitc  (Ki^'.  126), 
open  at  both  ends,  one  leg  bcinj,'  of  greater  length  than  the  other.  If  !he 
tube  is  filled  with  a  liquid^  and  the  end  of  the  shorter  limb  dipped  beneath 
the  surface  of  some  of  the  liquid,  then  the  pressure  at  the  end  A,  tending  to 
force  the  liquid  into  the  tube,  is  equal  to  the  atmos- 
pheric pressure  minus  the  weight  of  the  column  of 
liquid  DR  The  pressure  at  c,  tending  to  force  the 
liquid  tip  the  tube,  is  the  almnspheric  pressure  less  the 
weight  of  the  column  of  liquid  cu.  Hence,  since  en 
is  greater  than  db,  the  pressure  tending  to  force  the 
liquid  in  at  A  is  greater  than  that  at  C,  so  that  the 
liquid  will  flow  in  at  A  and  out  at  C  as  long  as  the 
surface  of  the  liquid  is  above  the  end  a.  The  syphon 
depending,  as  it  does,  on  the  atmospheric  pressure  to 
force  the  liquid  up  from  D  to  it,  will  not  work  in  a  vacuum,  or  if  the 
height  i*n  is  greater  than  that  of  the  baromelric  column  of  the  given 
liquid.  In  either  of  these  cases  the  liquid  would  not  fill  the  bend  of  the 
syphon,  but  there  would  be  a  vacuum  there. 

163*.  Kinetics  of  Liquids— Law  of  Continuity,— In  the  case  of  a 
liquid  flowing  in  a  pipe,  the  volume  of  liquid  that  passes  across  any  cross 
section  of  the  pipe  during  any  given  time  must  be  the  same.  If  this 
were  not  so,  then  either  the  liquid  would  accumulate  or  diminish  t)ctween 
the  two  sections.  Thus  if  we 
liavc  a  liquid  flowing  through  —9 

a  pipe  of  variable  cross  section 
(Fig.  127),  the  volume  of  liquid 
which  crosses  each  of  the  sec- 
lions  A,  B,  c,  or  \\  during  a 
given  interval  must  be  the  same. 
It  follows  from  this  that  the  velocity  of  the  liquid  is  everywhere  inversely 
proportional  to  the  area  of  cross  section.  For  if  a  is  the  cross  section  of 
the  tube  at  A,  and  v^  is  the  velocity  with  which  the  liquid  is  moving,  the 
volume  which  passes  A  in  unit  time  is  ^f^v  In  the  same  way  the  volume 
which  p;isscs  H  in  unit  time  is  h't^  where  b  is  the  area  of  cross  section  at 
R,  and  7>  is  the  veUxity  of  the  liquid.  Since  the  quantity  of  liquid  which 
c-j-osses  A  in  unit  time  must  be  equal  lo  the  tjuanlity  which  crosses  B,  we 

or  Vt     h^ 

154'.  Force  producing*  Motion  in  a  Liquid,— In  every  case  a  liquid 
tends  to  flow  from  a  point  at  which  the  pressure  is  high  to  a  point  a 
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which  it  is  lower.  Hence  if  wc  find  that  the  velocity  of  flow  of  a  liquid 
increases  as  we  move  from  one  point  to  another,  it  shows  that  the  pres- 
sure at  the  ^rst  point  is  greater  than  at  the  second.  For  the  fact  that  the 
velocity  of  the  liquid  is  increasing,  that  is,  has  a  positive  acceleration, 
shows  that  some  force  must  be  actinjf  on  it  tending  to  increase  iis 
velocity,  and  the  only  force  acting  is  the  difference  in  the  pressures  at 
the  points  considered.  In  the  case  of  the  liquid  flowing  through  the  tube 
shown  in  Fig.  127,  the  velocity  at  A  is  greater  than  the  velocity  at  B. 
Hence  the  velocity  of  the  liquid  diminishes  from  A  to  n,  and  therefore  the 
liquid  must  be  moving  against  a  force,  or  the  pressure  at  B  must  be 
greater  than  at  A.  In  the  same  way  the  pressure  at  D  is  less  than  at 
A,  B,  or  c. 

If  we  consider  a  liquid  in  which  the  particles  exert  no  friction  one 
against  another,  flowing  in  a  tube  without  friciion  against  the  walls,  then 
the  force  producing  motion  on  a  small  cube  of  the  liquid  of  which  the 
edges  are  paralld  to  the  direction  of  flow  of  the  liquid,  is  the  difference 
of  pressure  between  the  ends  of  the  cube  at  nght  angles  to  the  direction 
of  motion.  If  ;>,  and  /j  are  these  pressures,  and  s  is  the  length  of  the 
edge  of  the  cube,  the  force  causing  motion  is  {p^  ~AV^'  ^'^^  ^^  '^  ^^^  ^''c* 
of  a  face  of  the  cube,  and  if  p  is  the  density  of  the  liquid,  the  mass  of  the 
cube  of  liquid  is  r'p.  Hence  the  acceleration  (a)  with  which  the  liquid 
moves  is  given  by  the  equation — 


or 


The  quotient  (/,  -ptYs  is  the  rate  at  which  the  pressure  decreases 
with  distance  measured  parallel  to  the  direction  of  flow,  and  is  called  the 
pnssure  gradient  or  pressure  stopt'  in  this  direction.  The  flow  of  a  liquid 
always  takes  place  in  the  direction  in  which  the  pressure  gnidient  is 
greatest,  and  the  greater  the  pressure  gradient,  the  greater  the  velocity 
of  the  liquid. 

When  a  liquid  flows  out  of  a  vessel  through  an  opening,  the  pressure 
just  outside  the  opening  is  zero,  while  the  pressure  just  inside  is  that  due 
to  a  column  of  liquid  of  the  height  of  the  free  surface  of  the  liquid  in  the 
vessel  above  the  opening.  This  height  of  the  free  surface  above  the 
opening  is  called  the  head  of  the  liquid  which  produces  the  pressure,  and 
the  pressure  is  equal  to  Hpg^  where  H  is  the  head  and  p  is  the  density  of 
the  liquid. 

155*.  VelocltyofOutflowof  aLiquiddorricelirs  Law).— Inorder 

to  obtain  an  expression  for  the  velocity  with  which  a  liquid  will  flow  out, 
under  the  action  of  gravity,  through  an  opening  in  the  base  of  a  vessel 
containing  the  liquid,  let  us  assume  that  the  cross  section  of  the  opening 
is  fi,  and  that  of  the  vessel  at  the  free  surface  of  the  liquid  is  >/,  while 
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Fig.  128. 


the  head  of  liquid  is  H.     Let  v  be  the  velocity  *  with  which  the  liquid, 

of  density  p,  e<icapes  from  the  opening.     Suppose  that, 

in  the  vcrj'  short  time  3/,  the  level  of  the  free  surface  of  i  ♦ 

the  liquid  falls  throutrh  a  distance  //  (Kit^  128),  then  the 

volume  of  liquid  that  has  escaped  in  ihis  lime  is  Ah. 

Hence  the  potential  enerjfy  of  the  liquid  within  the 

vessel  has  decreased  by  the  amount  Ahp.Hg^  for  each 

layer  of  the  liquid  has  fallen  through  a  height  h^  or, 

in  other  words,  the  whole  volume  of  liquid  HA  has 

fallen  through  this  distance.     The  kinetic  energy  of  the 

liquid  as  it  escapes  is  \Ahpi^,  and  since  the  kinetic  energy  gained  must 

be  equal  to  the  potential  energy  lost,  we  have  : — 

\Ahf^  =  AhpHg. 

or  w=  J^gH, 

That  is,  the  velocity  with  which  the  liquid  escapes  varies  as  the  square 
root  of  the  head,  and  it  will  he  noticed  that  the  velocity  is  independent 
of  the  density  of  the  liquid  and  of  the  size  of  the  opening,  and  is  the 
same  as  that  which  would  be  acquired  by  a  body  falling  freely  through 
the  height  //,  i.e.  through  the  distance  between  the  free  surface  of  the 
liquid  in  the  vessel  and  the  opening. 

If  the  opening,  instead  of  being  made  through  the  bottom  of  the  vessel, 
is  made  through  the  side,  the  stream  of  liquid  will  be  projected  horizon- 
tally with  a  velocity  s^2gff.  Hence  each  particle  of  the  liquid  will  move 
in  a  horizontal  direction  with  a  uniform  velocity  'JigHy  and  also  with  a 
tiniform  acceleration  ^^•"  in  the  vertical  direction,  so  that  the  liquid  jet  will 
form  a  paralxila  (§  40).  If  the  opening  is  made  so  that  the  liquid  jet 
is  directed  upwards,  the  highest  point  reached  by  the  water  ought, 
according  to  the  above  calculation,  to  be  in  the  same  horizontal  plane 
as  the  free  surface  of  the  liquid  in  the  vessel.  On  account,  however,  of 
viscosity  (§  162)  and  the  resistance  of  the  air, 
the  liquid  never  quite  rises  to  the  level  of  the 
surface. 

The  volume  of  liquid  which  will  escape  per 
second  through  an  opening  of  cross  section  a  is 
found  experimentally  to  be  less  than  va.  This 
is  due  to  the  fact  that  the  jet  of  liquid,  as  it 
leaves  the  opening,  becomes  contracted,  fonning  the  vena  contractu  as 
at  A  (Fig.  129),  so  that  the  cross  section  of  the  jet  is  less  than  that  of 
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*  By  velocity  of  ihe  lic]ui<l  is  meant  the  speed  with  which  a  small  ^)eck  of  dost 
would  tx  carried  along  by  the  liquid. 
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the  opening  through  which  it  passes.  The  actual  vohime  of  liquid  that 
escapes  is  only  about  62  per  cent,  of  the  volume  calculated  from  the 
expression  a  *JzgH^  while  the  cross  section  of  the  vena  cofitracta  is 
about  .62  times  the  cross  section  of  the  opening.  The  quantity  of  liquid 
which  escapes  can  be  considerably  increased  if  a  small  cylindrical  lube 
or  ajutage,  of  the  same  diameter  as  the  opening,  is  fitted  to  the  aperture. 
In  this  case  the  outflow  may  be  increased  to  about  82  per  cent,  of  the 
calculated  amount.  If  the  ajutage  is  of  considerable  length,  the  outflow 
is  again  reduced,  this  being  due  to  viscosity,  i.e,  friction  between  the 
diflTerent  parts  of  the  liquid 


CHAPTER   XVIII 
MOLECULAR  PHENOMENA  IN  LIQUIDS 


166,  Cohesion.  —  If  a  rod  or  tube  of  glass  is  dipped  into  water  and  is 
then  withdrawn,  a  drop  nf  the  liquid  will  be  left  hanginy  to  the  end  of  the 
rod.  If  more  water  is  carefully  addcd^  the  size  of  the  drop  will  increase 
until  its  weiyht  is  sufficient  to  tear  it  away  from  the  glass.  In  the  same 
way,  if  a  clean  metal  ring  is  dipped  into  a  solution  of  soap  and  then  with- 
drawn, a  film  of  the  liquid  will  remain  stretched  across  the  ring.  In  both  * 
these  cases  the  effects  are  said  to  be  due  to  the  cohesion  of  the  liquid.  The 
term  adhesion  is,  however,  sometimes  used  to  indicate  the  attraction 
manifested  between  a  liquid  and  a  solid,  and  the  term  cohesion  restricted 
to  the  attraction  between  the  different  particles  of  a  mass  of  liquid.  This 
cohesive  force  is  In  most  cases  masked  by  the  action  of  gravity,  and  the 
extreme  mobility  of  llie  liquid  molecules,  and  hence  to  observe  its  effects 
we  require  to  reduce  the  effects  of  gravity  to  a  minimum. 

Thus,  if  a  largfe  drop  of  oil  is  placed  on  the  surface  of  water  it  imme- 
diately spreads.  If,  however,  a  mixture  of  alcohol  and  water  is  prepared 
of  exactly  the  same  density  as  iho  oil,  and  a  drop,  or  even  a  considerable 
volume,  of  oil  is  introduced  in  the  water,  it  immediately  gathers  itself 
into  a  sphere  which  remains  suspended  in  the  alcohol  and  water.  By 
floating  the  oil  in  a  liquid  of  the  same  density  as  itself  we  remove  it  fmm 
the  influence  of  gravity,  and  then  the  cohesion  between  the  liquid  par- 
ticles causes  the  drop  to  assume  the  spherical  form. 

157.  Surface  Tension. —  In  the  case  of  the  globule  of  oil  floating  in 
a  liquid  of  the  same  density,  the  shape  assumed  is  the  same  as  the  oil 
would  lake  had  it  been  enclosed  in  an  elastic  membrane  or  skin.  The 
presence  of  such  an  clastic  skin  would  also  serve  to  explain  the  formation 
of  the  drops  on  the  end  of  the  glass  rod  or  the  soap  film. 

We  can  explain  these  facts  on  the  molecular  hypnihosis  in  which  it  is 
assumed  that  in  a  liquid  the  molecules  exert  on  one  amither  an  attractive 
force  ;  this  force,  however,  being  only  appreciable  when  the  molecules 
arc  within  a  short  distance  of  one  another,  which  is  called  the  range 
of  molecular  attraction.  If  we  describe  a  sphere  with  any  particle  as 
centre  having  a  radius  equal  !o  the  range  of  molecular  attraction,  then 
we  may  neglect  the  effects  of  all  the  molecules  which  lie  outside  this 
sphere  on  the  molecules  at  the  centre. 
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In  the  case  of  a  molecule  A  (FiK-  130)  well  within  a  liquid,  the  whole 
sphere  will  lie  within  the  liquid,  and  hence  the  molecule  A  will  be  attracted 
by  the  netyhlx)uring  molecules  equally  in  all  directions.  If,  however,  the 
molecule  (h)  is  so  near  the  surface  of  the  liquid,  k  f,  that  the  sphere  would 

intersect  the  surface, 
y'        ^\  then    the    attraction 

exerted  on  the  mole- 
cule is  not  the  same 
in  all  directions.  The 
attraction  due  to 
molecules  within  that 
portion  of  the  sphere 
in  the  liquid  which 
is  unshaded,  bcin>f 
Fig.  130.  symmetrical       about 

the  molecule  B,  M-ill 
.  have  a  resultant  which  is  zero.  The  attractions  of  the  molecules  within 
the  shaded  part  will,  however,  have  a  resultant  directed  towards  the 
inside  of  the  liquid  iniiss,  and  perpendicular  to  the  surface.  In  the  case 
of  a  molecule  actually  on  the  surface,  as  at  c,  this  resultant  is  a  inaximum. 
The  eflfect  of  these  unbalanced  molecular  forces  acting  on  the  molecules 
near  the  surface  is  to  exert  a  pressure  on  the  interior  of  a  liquid  mass, 
similar  to  that  which  would  be  caused  by  an  clastic  skin,  and  it  is  fre- 
quently convenient  to  speak  as  if  such  an  elastic  skin  really  existed,  and 
to  say  that  this  pressure  within  a  liquid  mass  is  due  to  the  surface  tension 
of  the  liquid. 

The  magnitude  of  the  pressure  due  to  the  surface  tension  depends  on 
the  form  of  the  liquid  surface,  and  wc  may  obtain  an  idea  of  the  direction 


'  'g-  >3'- 


in  which  the  fonn  of  the  surface  will  effect  the  pressure  from  the  following 
considerations.  Let  us  take  the  case  of  three  molecules*  a,  u,  and  C 
(Kig.  131),  at  equal  distances,  less  than  the  radius  of  molecular  attraction, 
from  the  surface  kk,  which  in  the  tirst  case  is  plane,  in  the  second 
concave,  and  the  third  convex,  and,  as  before,  let  us  indicate  by  shading 
the  part  of  the  sphere  of  molecular  attraction  which  is  efficacious  in  pro- 
ducing an  inwardly  directed  force  on  the  molecule.  If  the  surface  is 
concave  as  at  b,  then,  although  the  molecule  B  is  at  the  same  distance 
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below  the  surface  as  is  a,  where  the  surface  is  plane,  ihc  shaded  part  is 
less,  so  ihat  the  molecular  force  actinj^'  on  K  towards  the  inside  of  ihe 
liquid  is  less  than  that  on  A.  In  the  cabc  whcie  the  liquid  surface  is 
convex  (c),  the  shaded  part  is  larger  than  in  A,  and  hence  the  force  is 
larger.  Looking  at  it  from  the  p4)int  of  view  oJ  an  elastic  membrane, 
it  is  evident  that  at  H  the  elasticity  of  the  membrane  would  diminish  the 
pressure  within  the  liquid,  while  at  C  it  would  increase  the  pressure. 

The  existence  of  this  pressure  due  to  molecular,  as  distinct  from 
gravitational  attractions,  cannot  be  directly  demonstrated  by  experiment, 
but  there  are  many  striking  phenomena  depending  on  the  fact  that  the 
surface  of  a  liquid  is  in  a  state  of  tension.  Thus  if  a  metal  ring  is  dipped 
in  a  solution  of  soap,  and  a  small  loop  of  cotton,  which  has  been  pre- 
viously moistened  with  the  solution,  is  placed  on  the  film  left  on  the  ring, 
this  loop  can  be  made  to  lake  up  any  form  such  as  A  ''Fig.  132),  and  will 
retain  this  form.  If,  however, 
the  film  "within  the  loop  is 
broken,  the  loop  immediately 
takes  up  the  circular  form 
shown  at  n  ;  and  if  it  is  now 
deformed  in  any  way,  on 
being  released  it  immediately 
springs  back  to  the  circular 
form.  This  Ijehaviour  is  due 
to  the  fact  that,  in  the  first 
case,  the  surface  tension  of 

the  liquid  film  acts  equally  on  both  sides  of  the  cotton,  but  when  the  film 
inside  the  loop  is  broken,  the  surface  tension  only  acts  on  one  side,  and 
hence  draws  the  loop  out  into  a  circle.  Another  method  of  showing  the 
surface  tension  is  by  means  of  a  bent  wire  arc  (Fig.  133)  and  a  straight 
wire  DE,  which  simply  rests  against  this.  If 
a  soap  film  is  formed  in  the  enclosed  space 
I)BE,  it  will  be  found  that  the  surface  ten- 
sion acting  on  l^E  is  able  to  support  not  only 
the  weight  of  the  wire  ^)^^  but  also  a  small 
weight  w.  This  arrangement  might  also  be 
used  to  obtain  a  rough  measure  of  the  amount 
of  the  surface  tension.  If  ff  is  the  mass  of 
the  cross  wire  de  and  its  attached  weight, 
then  the  surface  tension  of  the  film  supports 
weight  IV\  and  therefore  e.\crts  a  force  of  li'f^ 
units  of  force.  The  surface  tension  of  the 
film  acts  all  along  the  portion  of  the  wire  UE,  intercepted  between  the 
legs  of  the  bent  wire,  and  acts  at  right  angles  to  the  wire.  Since  the  film 
has  two  surfaces,  if  the  force  exerted  on  unit  length  of  DK  due  to  the  sur- 
face tension  o(  on€  side  of  the  film  be  /',  then  the  whole  upward  force  on 
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DE  due  to  surface  tension  is  2  7/,  where  /  is  the  length  of  DE  in  contact 
with  the  film.     Hence  if  there  is  equilibrium 


1 


The  quantity  T^is  called  the  surface  tension  of  the  liquid,  and  Is  the  force 
exerted  across  unit  length  taken  along  the  surface  of  the  liquid.  In  the 
f.^.j.  system  the  surface  tension  is  measured  in  dynes  per  centi- 
metre. The  dimensions  of  surface  tension,  are  [Force] 4- [Length]  or 
[.I/T^J. 

In  the  arran^'ement  shown  in  Fij^.  133,  the  two  limbs  All,  nc  arc  not 
parallel,  for  if  they  were  the  arrangement  would  not  be  in  stable  equili- 
brium, but  in  neutral.     For  in  this  case  (Fig.  134)  the  length  /  of  the  film 
in  contact  with  the  movable  rod  Kt'  is  constant,  and 
Pj^_         . **    hence  the  force  2  77  exerted  by  the  film  is  inde- 
pendent of  the  position  of  the  rod  EF,     Since  the 
downward   force   W'l^  is   also   independent  of  the 
position  of  ek,  if  these  two  forces  are  exactly  equal 
p    the  rod  kk  will  remain  wherever  it  is  put.     If,  how- 
ever, we  have  not  succeeded  in  exactly  adjusting 
Q     Ji'to  the  ri^ht  value,  then  if  W\^  too  small  EF  will 
5  be  drawn  up  till  it  is  in  contact  with  DC,  or  if  /f  is 

Fic.  134.  too  yreat   \.v  will  fall  till  the  ends  A  and  i>  are 

reached,  when  ihe  film  will  break.  When  the  side 
wires  are  inclined  as  in  Fig.  133,  the  length  of  the  film  in  contact  with 
DE,  and  hence  the  force  exerted  by  surface  tension  varies  with  the 
position  of  the  cross  bar.  If,  when  the  bar  is  at  de,  Wg  is  greater  than 
2r/,  the  bar  will  fall  to  some  such  position  as  d'k' ;  so  that  the  new 
value  of  /,  say  /*,  exactly  fulfils  the  condition  2  Tl^  =  Wi:,  If,  on  the  other 
hand,  W  is  too  small,  the  bar  will  rise  and  /  diminish  till  this  relation 
is  fulfilled. 

In  the  case  of  the  arrangement  shown  in  Fig.  134,  if  we  start  with  EF 
in  contact  with  BC,  and  then  pull  it  down  into  the  position  shown,  we 
shall  in  doing  this  have  to  do  work,  since  we  are  moving  ef  against  a 
force  of  2  T'.EF.     The  work  done  is 

aT.EFXBE^ 

since  BE  is  the  distance  through  which  EF  has  been  moved  against  the 
force.  The  energy  corresponding  to  this  work  i^  stored  up  in  the  film, 
and  may  be  recovered  by  allowing  the  film  to  contract.  Hence  if  A"  is 
the  energy  of  the  film  due  to  the  surface  tension,  or  the  superficial  energy, 
we  have 

£'»2r,KFXBC. 


$  158]  An£^le  of  Contact  \g% 

But  EKX  BC  is  the  area  of  the  film  A,  say, 

E^zTA, 

^<- 

FIcnce,  since  E  is  the  energy  of  the  two  surfaces  of  the  film,  each  of 
area  A,  EjzA^  or  T,  is  the  energy  per  unit  of  area  of  a  single  surface  of 
the  film.  The  dimensions  of  T  obtained  from  this  consideration  are 
[Energ>']~[Area],  or  [ML-T-']^[t^,  or  [-l/r^  ;  the  same  result  as 
iha*  obtained  before.  The  fact  thai  a  soap  fihn  possesses  a  store 
of  potential  energy  is  very  evident  when  it  breaks,  for  this  potential 
energy  immediately  becomes  kinetic  energy,  and  the  liquid  of  which 
the  film  was  composed  is  projected  with  considerable  velocity  in  all 
directions. 

158*.  Pressure  within  a  Soap  Bubble.— in  a  soap  bubble,  the 

pressure  inside  must  be  greater  than  the  external  pressure,  on  account  of 
the  surface  tension  of  the  film,  wliich  tends  to  make  the  bubble  contract. 
Let  the  bubble  be  a  sphere  of  radius  A*,  and 
the  pressure  inside  exceed  the  external  pres- 
sure by  a  quantity  /.  Then,  if  we  suppose 
the  bubble  divided  into  two  hemispheres  by 
a  solid  plane  partition  AIH'O  (Fij^.  135),  the 
area  of  this  partition  will  be  irA'-',  and  llie 
downward  force  on  the  upper  surface  due  to 
the  excess  of  pressure  p  will  be  itK'p*  The 
film  meets  the  partition  at  right  angles  round 
the  circumference  of  the  circle  Aucn,  or  along 
a  length  2rrA'.  Hence  if  /'  is  the  surface 
tension  of  the  liquid,  the  upward  force  exerted 

by  the  surface  tension  on  the  partition  is  2  7'x  2irA',  since  (he  fihn  lias 
two  surfaces,  or  477 /A'.  Hence,  since  this  upward  force  must  be  equal  to 
the  downward  forge  due  to  the  excess  pressure,  we  have- 


FiG.  13s. 


or 
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From  this  expression  we  see  that  the  pressure  inside  a  soap-bubble 
decreases  as  the  bubble  gets  larger.  By  measuring  the  pressure/  within 
a  bubble,  and  also  meai>unng  the  r.ulius  A\  the  value  of  the  surface  tension 
7' can  be  obtained. 

159,  Angle  of  Contact.— if  a  plate  of  glass  is  plunged  in  water 
with  its  side  vertical,  it  will  be  found,  as  shown  at  {a\  Fig.  136,  that 
where  the  liquid  touches  the  glass  it  is  drawn  up  above  the  level  of 
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the  general  surface.  If,  however,  the  glass  is  placed  in  mercur\',  the 
surface  of  the  liquid  near  the  glass  is  depressed  below  the  general  surface, 
as  shown  at  {b\  The  anyle  di'A  between  the  tangent  to  the  liquid  sur- 
face at  the  point  \\  where  it  meets  the  solid,  and 
surface  of  the  solid  is  called  the  an^^fe  of  contact 
between  the  liquid  and  the  solid.  The  angle  of 
contact  between  a  solid  and  a  liquid  depends  on  the 
third  mrLterial,  which  exists  above  the  free  surface 
of  the  liquid.  Thus  the  angle  of  contact  between 
mercuiy  and  glass,  when  air  is  above  the  mercury, 
is  different  from  ihc  angle  of  contact  when  there 
is  a  layer  of  water  above  the  mercury.  In  the 
case  where  the  angle  of  contact  APH  is  less  than 
90'  (((i),  Fig.  136),  the  surface  tension  of  the 
liquid  surface  supports  the  part  of  the  liquid 
which  is  above  the  general  level.  In  ihe  same 
way  the  surface  tension,  when  the  angle  of  con- 
tact is  greater  than  90"  ((*X  f"»K-  '3^).  withstands 
the  hydrostatic  pressure  due  to  the  liquid  dis- 
placed near  the  surface  of  the  solid.  ^ 

160.  Capillarity.— If  a  clean  glass  tube  of  fine 

bore  is  dipped  into  water,  the  water  rises  inside 

the    tube    and    stands   at  a   level    higher    than 

the  surface  of  the  external  water.     This  elevation  of  the  water  is  due  to 

the  angle  of  contact  between  glass  and  water  being  less  than  90",  so  that 

the  surface  tension  tends  to  raise  up  the  water  near  the  glass.     Suppose 

a  tube  CB  (Fig.  137)  of  radius  rdips  into  a 
liquid,  and  the  angle  of  contact  between 
the  solid  and  liquid  is  a.  The  surface  of 
the  liquid  meets  the  solid  along  the  cir- 
cumference of  a  circle  of  radius  r,  and  so, 
if  the  surface  tension  of  the  liquid  is  /',  the 
force  exerted  by  the  tension  of  the  surface 
on  the  inside  of  ihe  lube  is  z-nrT,  This 
force  is  ever^-whcre  directed  along  the 
tangent  to  the  liquid  surface  at  the  point 
of  contact,  />.  along  PA,  and  makes  an 
angle  a  with  the  side  of  the  lube.  The 
walls  of  the  tube  will  therefore  react  on  the 
liquid  with  an  equal  and  opposite  force. 
The  resolved  pirt  of  this  force  parallel  to  the  axis  of  the  tube  is  2»rr7'cos  n, 
and  it  is  this  vertical  force  which  supports  the  column  of  liquid  in 
the  tube,  so  that  the  weight  of  liquid  in  the  tube  above  the  level  of  the 
general  surface  outside  must  be  equal  lo  this  resolved  force.  If  p  is  the 
density  of  the  liquid,  and  h  is  the  amount  of  the  elevation  in  the  tube, 
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the  volume  of  liquid  raised  is  -nr^h^  and  the  mass  raised  is  nr^/ip.     Tlic 
downward  force  exerted  by  gravity  on  this  mass  is  ttr^/ipj^.     Hence 

litrT  cos  a  .  =  -nr^kfig^ 
or  .  ^27" cos  a 

Thus  for  a  tube  of  a  given  material  and  a  given  liquid,  so  that  a,  T^ 
and  p  are  constant,  h  is  inversely  proportional  to  r.  If  a  is  ^Tealer  than 
90',  cos  tt  is  negative,  and  hence  //  is  negative,  that  is,  the  level  of  the 
liquid  inside  the  tube  will  be  below  the  general  surface. 

If  the  liquid  wets  the  walls  of  the  tube,  the  angle  of  contact  a  is  rero, 
so  that  cos  a=  I,  and 


SO  I 

I. 


9^ 


Thus  by  measuring  the  I'adius  of  a  capillary  tube  and  the  capillary 
elevation  we  can  calculate  the  value  of  the  surface  tension  T,  Most  of 
the  accurate  measurements  of  the  surface  tension  of  liquids  have  been 
made  by  means  of  capillary  glass  tubes,  the  capillary  elevation  being 
measured  with  n  cathetomctcr,  and  the  radius  deduced  from  the  weight 
of  a  thread  of  mercury  filling  a  measured  length  of  the  (ubc. 

161.  Phenomena  due  to  Surface  Tension.— The  apparent  attrac- 
tions or  repulsions  exhibited  by  small  floating  bodies  on  the  surface  of  a 
liquid  arc  due  to  surface  tension.  Thus  two  small  pieces  of  wood  floating 
on  the  surface  of  water  rush  together  if  they  come  within  about  a  centi- 
metre of  one  another.  This  is  due  to  the  fact  that  the  angle  of  contact 
between  water  and  wood  is  less  than  90",  so  that  the  water  is  slightly 
raised  up  between  the  two  floating  bodies  as  in  a  wide  capillary  tube. 
The  pressure  in  the  liquid  between  is  less  than  in  the  surrounding 
mass,  and  the  bodies  cbme  together.  In  the  case  where  the  angle  of 
contact  is  greater  than  go",  as,  for  instance,  with  needles  floating  on 
mercury  or  greased  wood  on  water,  the  liquid  between  the  bodies  is 
depressed,  and  the  hydrostatic  pressure  on  the  outside  forces  the  bodies 
together. 

If  small  fragments  of  camphor  are  placed  on  a  clean-water  suiface, 
they  dart  about  in  a  most  life-like  manner.  This  is  due  to  the  fact  that 
the  camphor  dissolves  slowly  in  the  water,  and  that  the  surface  tension 
of  a  solution  of  camphor  in  water  is  less  than  thai  of  pure  water.  Hence, 
if  the  camphor  dissolves  a  little  faster  at  one  side  of  the  floating  fragment 
than  at  the  other  side,  the  surface  tension  at  the  first  side  is  reduced 
most,  and  the  greater  surface  tension  on  the  other  side  draws  the  fragment 
away. 
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162*.    Viscosity.  —  If   a    liquid    (lows    over    n    Iiorizontal    plate    Alt 
(Fig.  138;,  then  the  layer  of  Ikjuid  next  the  surface  of  the  solid  is,  on 

account  of  cohesion,  at  rest,  and 
^—-TjUT^'   '~ZZ^    t^ —  *^^  velocity  of  the  fluid  particles 

~Z--^.  —^^zx^~  1  ■  '  rT"  -T  ^^  '^^  different  layers  is  greater, 

the  greater  their  distance  from 
the  solid  Hence  the  successive 
layers  of  liquid  have  different 
velocities,  and  as  a  result  the 
more  slowly  moving  layer  tends 
nore  ijuickly  moving  layer,  and  is 
Thus  any  horizontal  layer 


Fig.  138. 


to  retard  the  motion  of  the  adjarmi 
itself  accelerated  by  the  action  of  this  layer. 
is  acted  upon  above  by  a  tangential  force  in  the  direction  of  motion  of 
tlie  liquid,  and  below  by  a  second  tangcniial  force  in  an  opposite  direc- 
tion. Thrse  two  forces  are  due  to  what  is  called  the  viscosity  of  the 
liquid,  whirh  is  really  a  kind  of  friciion  lieiwecii  the  panicles  of  a  liquid 
when  the  different  parts  of  the  liquid  are  moving  with  different  velocities. 
If  a  small  surface  C  in  the  liquid  of  area  a  be  taken,  parallel  to  the  fixed 
plane  AB  and  at  a  distance  s  from  it ;  then,  if  v  is  the  velocity  with  which 
the  liquid  is  moving  at  C,  the  tangential  resistance  (A*)  to  the  motion 
experienced  by  c  is  found  to  be  given  by  the  expression 


/?= 


va 


where  17  is  a  constant  which  depends  on  the  nature  of  the  liquid.  If  A\ 
I',  rt,  and  s  arc  all  measured  in  (.^v-v-  units,  then  n  is  called  the  coclTicicni 
of  viscosity  of  the  liquid,  and  may  be  defined  as  the  tangential  force  per 
unit  area  of  either  of  two  horizontal  planes  at  the  unit  of  distance  apart, 
one  of  which  is  fixed,  while  the  other  moves  with  unit  velocity,  the  space 
between  being  filled  with  the  viscous  liquid  (Maxwell). 

In  the  case  of  a  liquid  escaping  by  a  long  and  narrow  lube,  the 
velocity  of  efflux  dejicnds  not  only  on  the  difference  of  pressure  (/)  be- 
tween the  ends  of  the  tul>e  and  the  radius  (/)  of  the  tube,  but,  on  account 
of  viscosity,  also  ow  the  length  of  ibc  tube  (/)  and  the  coefficient  of 
viscosity  (7).  The  volume  (T)  of  a  liquid  which  escapes  in  one  second 
is,  according  to  I'oiseuillc,  given  by  the  equation 

8/1; 

Thus  by  measuring  the  volume  of  a  liquid  which  escapes  from  a  tube 
under  a  given  difference  of  pressure,  the  coefficient  of  viscosity  can  be 
deieimined  The  dimensions  of  the  coefficient  of  viscosity  are  [/,"•  T'^^f\ 
The  following  table  gives  the  coefficient  of  viscosity  in  c,g,5,  units  for 
some  liquids :— 
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Liquid. 


Glycerine    . 

Water. 

»» 

It 
Mercury 
Ethvl  alcohol 


Temprratnre. 
Ueg.  C 

2.8 
2ao 

0.0 
1 0.0 
30.0 
17.2 

10.0 


Coeflfident  of 

Viscosity  in 
f./.j.  Units. 


43.20 

8.30 

0.0178 

O.OI31 

0.0081 

0.0160 

0.0153 


163.  Solution.— In  certain  cases  when  a  solid  aiicl  liquid  arc  mixed, 
the  solid,  or  at  any  rate  pari  of  it,  becomes  dissolved  in  the  liciuid,  forming 
a  homogeneous  liquid,  the  properties  oi  which  may  dificr  considerably 
frum  lliose  of  the  pure  liquid.  The  solid  and  liquid  parts  of  such  a  solution 
cannot  Ije  separated  by  mechanical  means,  buch  as  fdiralion,  nor  will  the 
solid  separate  out  on  allowing  the  solution  to  stand,  although  the  density 
of  the  solid  may  be  very  diiTerent  froni  that  of  the  liquid  (the  solvent). 

If  we  introduce  a  few  crystals  of  common  salt  (sodium  chloride)  into 
sotne  water  at  the  ordinary  temperature  they  will  dissolve  ;  but  if  we 
continue  adding  the  salt  to  the  same  water,  a  time  will  come  when  no 
more  of  the  salt  will  dissolve.  Under  these  circumstances  we  are  said  to 
have  »  saturated  solution.  If  the  temperature  of  the  saturated  solution 
of  common  salt  is  raised,  more  salt  will  be  dissolved  ;  on  allowing  the 
temperature  to  fall  to  its  original  temperature,  this  additional  salt  will  be 
deposited  from  the  solution  in  the  fonn  of  crystals.  Hence  at  any  tem- 
perature there  is  a  fixed  mass  of  a  given  solid  which  can  be  dissolved  by 
unit  mass  of  a  given  solvent  to  form  a  saturated  solution.  This  mass  of 
solid  is  called  the  coefficient  of  solubility  of  the  sohd  in  the  given  solvent 
ai  the  gncn  lemperaturc. 

In  addition  to  having  a  solution  of  a  solid  in  a  liquid,  we  may  have  a 
solution  of  a  liquid  in  another  liquid.  Here,  however^  we  have  to  deal 
with  two  cases.  We  may  have  two  liquids,  such  as  alcohol  and  water, 
whicli  mix,  or  dissolve,  one  in  the  other  in  all  proportions,  and  are  said  to 
be  miscible.  Or  we  may  have  two  liquids,  such  as  ether  and  water,  which 
are  not  soluble  in  all  proportions.  Thus  a  given  mass  of  water  will  only 
dissolve  a  small  quantity  of  ether,  forming  a  saturated  solution  of  ether  in 
water;  similarly,  a  given  volume  of  ether  will  only  dissolve  a  small  quantity 
ofwater,again  fonninga  saturated  solu:ion,but  in  thiscaseofwater  in  ether, 

164.  DifTuslon  of  Liquids.~If  two  liquids  which  are  miscible  are 
introduced  into  a  vessel  so  that  the  denser  is  below  and  the  lighter  is 
above,  tlien,  just  as  in  the  case  of  gases,  diffusion  will  take  place,  some 
of  the  lighter  liquid  travelling  down  and  mixing  with  the  heavier  liquid, 
and  vice  versa. 
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The  rate  at  which  liquids  difl'iisc  is,  howevur,  exUemcly  small,  as 
compared  with  tlte  rate  al  which  yascs  ilifiiisc.  This  fact  confirms  the 
moleajlar  theory  of  the  conslilulion  of  liquids  and  ^ases,  for  in  gases  it 
is  supposed  that  ihe  molecules  travel  about,  only  occasionally  coming 
near  enough  to  otiicr  molecules  to  influence  ihclr  motion,  the  greater 
part  of  their  palh  bring  traversed  uninfluenced  hy  other  molecules.  In 
a  liquid,  on  the  other  hand,  although  the  molecules  move  about,  ihey 
never  get  far  enough  away  from  the  adjacent  molecules  to  escape  from 
the  influence  of  these  molecules,  so  that  although  a  liquid  molecule  may 
move  relatively  to  neighbouring  molecules,  ns  soon  as  it  passes  out  of 
the  range  of  influence  of  one  set  of  molecules  it  comes  within  the  range 
of  other  molecules.  Hence  the  molecular  motion  in  liquids  is  much 
more  constrained  than  in  the  case  of  gases,  and  we  should  expect  the 
rate  of  diffusion  to  be  slower. 

The  rales  at  which  U(|uids  (in  most  cases  solutions  of  salts)  diffuse 
into  water  were  experimentally  determined  by  Graham  in  the  following 
manner.  A  small  wide-mouthed  battle  .\  (Kig.  139), 
fiUed  with  the  liquid,  was  closed  by  a  glass  plate,  and 
then  placed  in  a  larger  vessel  B  containing  water,  so 
that  the  surface  of  the  water  was  above  the  top  of  the 
bottle  A.  The  glass  plate  was  then  carefully  slid  off 
(he  top  of  the  buttle,  and  the  liquids  left  to  diffuse. 
After  a  certain  lime  samples  of  the  different  layers  of 
the  mixed  liquids  were  drawn  off  by  a  pipette,  and  the 
composition  of  the  solution  determined.  With  eolu- 
tions  of  the  same  substance  of  different  strengths, 
Graham  found  that  the  rates  of  diffusion  were  proportional  to  the  strengths 
of  the  solution.  The  rates  of  diffusion  of  different  substances  arc,  how- 
ever, very  different. 

U  we  consider  a  small  cylinder,  one  centimetre  long  and  one  square 
centimetre  in  cross  section,  and  if  the  concentrations  of  the  solution  of  a 
bait  in  water,  />.  the  tnass  of  the  salt  roniained  in  unit  volume  of  the 
solution,  at  the  two  ends  of  the  cylinder  differ  by  unity,  then  the  quantity 
of  salt  in  grams  which  will  diffuse  through  the  cross  section  of  the 
cylinder,  iu\  through  unit  area,  in  a  ttuy  is  called  the  diffusion  constant 
of  the  salL  The  following  table  gives  some  values  of  the  diffusion  con- 
slant  in  grams  per  square  centimetre  per  day  :  — 

Diffusion  Constants. 
Hydrochloric  acid  .  ::.3    grams  per  sq.  cm.  per  day. 


I 


Fig. 


139. 


Sodium  chloride 
Urea  . 
Cane  sugar 
White  of  egg 
Caramel    . 


0.75 
.  0.81 
.  0.31 
.  0.05 

.   0.03 
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'  A  consideration  of  the  tabic  of  the  ditfusion  constants  given  aDo\'c 
shows  ihiit  the  raieb  of  diffusiitn  of  different  substances  vary  very  con- 
siderably. Thus  hydrochloric  acid  diffuses  about  one  hundred  times  as 
fast  as  caramel.  For  this  reason  bo<lies  have  been  subdivided  Into  two 
classes,  one  containing  such  bodies  as  hydrochloric  acid  and  the  s;Lhs  of 
the  mineral  acids,  which  are  mostly  crystalline,  and  diffuse  comparatively 
rapidly.  These  are  called  crj'stalloids.  The  other,  containing  such 
bodies  as  gum,  albumen,  caramel,  and  the  like,  which  aie  ^lue-like 
bodies  uf  amorphous  form  that  diffuse  very  slowly,  and  are  called 
colloids. 

A  film  of  a  colloid,  such  as  paper  coaled  with  starch,  if  placed  as  a 
partition  in  a  vessel,  with  pure  water  on  one  side  and  a  solution  of  crys- 
talloids and  colloids  on  the  other,  will  allow  the  crystalloids  to  diffuse 
through  into  the  water,  but  entirely  stops  the  passage  of  the  colloids. 
Thus  a  colloid  septum  prevents  the  diffusion  of  other  colloids,  but  allows 
ihc  diffusion  of  cr>'stalloids. 

i65.  Osmosis.— U  in  a  vessel  A  (Fig.  140),  such  as  a  thistle  funnel 
with  its  larger  end  closed  Ijy  a  sheet  of  parchment,  we  place  a  solution 
of  copper  sulphate,  filling  the  vessel  up  to  about  D,  and  then  place  it 
as  shown  in  the  figure,  so  that  the  parchment  is  below 
the  surface  of  some  pure  water  contained  in  a  vessel  c. 
Then  it  is  found  that  the  water  makes  lis  way  through 
the  parchment  partition  into  A,  the  solution  inside 
gradually  rising  up  in  the  tube  db.  Thus  the  water 
has  been  able  to  pass  through  the  parcluncnt  in 
opposition  to  the  hydrostatic  pressure  due  to  the 
column  of  liquid  bd.  After  a  time  the  water  ceases 
to  force  its  way  through  the  partition,  its  tendency  to 
do  so  being  counterbalanced  by  the  hydrostatic  pres- 
sure. It  will  also  be  noticed  that  in  time  some  of  the 
copper  sulphate  travels  out  into  the  surrounding  water. 
If,  instead  of  placing  ilie  vessel  A  containing  the 
copper  sulphate  solution  in  pure  water,  it  is  placed  *  *'*°* 

in  a  solution  of  copper  sulphate  of  the  same  strength  as  that  inside,  no 
change  in  the  quantity  of  liquid  in  the  vessel  lakes  place.  If,  however, 
it  is  placed  in  a  stronger  solution,  water  %vill  pass  out  from  the  vessel  A, 
so  that  the  solution  inside  becomes  more  concentrated.  These  pheno- 
mena are  called  osmosis,  and  the  pressure  produced  in  the  vessel  con- 
taining the  salt  solution,  when  placed  in  water,  is  called  the  osmotic 
pressure. 

By  using  as  the  separating  membrane  a  substance  which,  while  it 
readily  permits  the  passage  of  pure  water,  is  impervious  to  the  passage 
of  certain  substances  when  dissolved  in  the  water,  Pfeffcr  was  able  to 
measure  the  osmotic  pressure  due  to  solutions  of  different  substances 
at  different  concentrations.     Thus  in   the  case  of  cane  sugar  such  a 
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semi- permeable  membrane  is  prepared  by  depositing  ferrocyanide  of 
copper  within  the  pores  of  a  porous  earthenware  cylinder.  1  he  cylinder, 
filled  with  ihe  sugar  soluiion,  is  plunged  into  pure  waier^  and  tlie  maxi- 
mum pressure  developed  inside  measured  by  means  of  a  manometer. 

The  osmotic  pressure  may  be  explained  by  supposing  that  the  semi- 
permeable membrane  is  struck  on  both  sides  by  the  water  molecules, 
but  since  there  are  fewer  water  molecules  per  unit  vtilume  inside,  some 
of  the  space  being  occupied  by  sugar  molecules  which  cannot  traverse 
the  membrane,  more  water  molecules  will  in  a  given  lime  strike  the 
outside  of  the  membrane  than  the  inside,  and  hence,  as  the  water  mole- 
cules can  pass  through  the  membrane,  more  water  molecules  will  enter 
than  leave. 

In  the  following  table  some  of  Pfeffcr's  results  are  given  : — 


Percenta^ 

of  sugar  in 
soluiion. 

Ostnotic 
Pressure  in 
cn».  of  Mer- 
cury =  P. 

Density 

of 
Solution. 

Voluifw 

Mass  cf  Sugar      of  Solution 

in  I  cc.  of          containing 

Solution.             I  gnn.  of 

Sugar  =  V. 

PV. 

1 
3 

4 
6 

53-5 
IOI.6 

208.2 
307.5 

1.0039 
1.0078 
I.0158 
I.0198 

aooioo4 
0.002016 
0.004063 
aoo6t  19 

99.6  cc. 
49-6     „ 
2461    „ 
16.34   » 

5329 
5039 
5124 

5035 

I 

I 
I 


It  will  be  seen  that,  if  we  consider  the  sugar  when  in  solution  as 
occupying  the  volume  occupied  by  the  solution,  then  the  product  of  the 
osmotic  pressure  (/*)  into  the  volume  (/')  occupied  by  a  gram  of  hugar 
is  constant.  This  result,  as  was  first  pointed  out  by  Van  't  Hoff,  corre- 
sponds to  Boyle's  law  for  gases. 

Measurements  of  the  change  of  osmotic  pressure  with  temperature 
have  shown  another  remarkable  relation  between  the  behaviour  of  a 
dilute  solution  and  of  a  gas.  Thus  the  osmotic  pressure  (/^)  of  a  1  per 
cent,  solution  of  cane  sugar  at  a  temperature  /  is  given  by  the  formula 

/'=-49.62{i  +0.00367/). 

The  coefticient  0.00367  will  be  found  later  on  to  be  the  same  as  that  for 
the  variation  of  the  pressure  of  a  gas  with  temperature  (§  196)- 

It  is  only  for  dilute  solutions  that  the  above  resemblances  of  the 
behaviour  of  the  dissolved  body  and  a  gas  hold.  It  would,  however, 
appear  that  in  such  a  dilute  solution  the  molecules  of  the  dissolved  body 
exist  in  a  condition  in  some  way  resembling  that  which  occurs  in  a  gas. 
We  shall  sec  later,  particularly  when  we  come  to  consider  the  electrical 
properties  of  dilute  solutions,  what  suppositions  have  been  made  to 
account  for  the  fact  that  it  is  only  wbcn  dilute  that  the  solutions  obey 
the  above  gaseous  laws. 
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166,  Isotropic  Bodies.— A  body  in  which  a  spherical  portion,  when 
tested  in  different  directions,  exhibits  no  difference  in  its  physical  pro- 
perties is  said  lo  be  isotropic.  Except  under  very  special  conditions,  all 
liquids  and  gases  are  isotropic.  Some  solids,  however  (for  instance, 
crj'sials),  exhibit  different  physical  properties  in  different  directions,  and 
arc  called  icolotropic.  In  most  of  the  following  sections  we  shall  deal 
exclusively  with  the  properties  of  isotropic  solid  bodies. 

167.  A  Perfect  Solid.— When  discussing  the  distinction  between 
solids  and  liquids,  wc  pointed  out  that  there  was  no  clear  line  of  demar- 
cation, but  that  from  a  rigid  solid,  such  as  glass,  there  is  a  continuous 
scries  extending  through  soft  solids  such  as  lead  and  butter,  very  viscous 
liquids  such  as  sealing-wax  and  pitch,  to  treacle  and  glycerine.  Just  as 
in  considering  the  l>ehaviour  of  liquids  we  dealt  with  a  typical  liquid  such 
as  water,  so  in  the  c.ise  of  solids  we  shall  consider  one  in  which,  after 
suffering"  a  strain  which  alters  its  shape^  on  the  removal  of  the  stress  it 
completely  regains  its  former  shape.  Such  a  solid  is  called  a  perfect 
solid,  and  the  al>ove  conditions  are  practically  satisfied  by  many  solid 
bodies  so  long  as  the  deforming  stress  does  not  surpass  a  certain  value. 

168.  Malleability  and  Ductility.  Hy  malleability  is  meant  the 
properly  possessed  by  some  solids  of  being  beaten  into  thin  sheets  with- 
out losing  their  continuity.  Of  all  materials  pure  gold  possesses  the 
property  of  malleability  to  the  most  marked  degree.  Thus,  when  pre- 
paring gold-leaf,  a  piece  of  gold  is  first  rolled  into  a  sheet  somewhat 
thinner  than  foreign  note-paper,  next  a  portion  is  beaten  out  between 
two  sheets  of  vellum  till  its  surface  lias  been  increased,  and  therefore  its 
thickness  decreased  about  twenty-fold.  This  twenty-fold  decrease  of 
thickness,  without  rupturing  the  sheet,  can  be  again  twice  repeated. 

By  ductility  is  meant  the  property  of  being  drawn  out  into  fine  wires. 
A  rod  of  the  metal  is  passed  in  succession  through  a  number  of  holes, 
each  a  little  smaller  than  the  last,  the  diameter  of  the  rod  continually 
decreasing,  while  its  !engih  is  correspondingly  increased. 

169,  Hardness.— When  one  body  can  be  made  to  scratch  a  second, 
but  cannot  be  scratched  by  it,  we  say  that  the  former  body  is  harder  than 
the  latter.  Although  some  attempts  have  been  made  to  devise  a  means 
of  accurately  measuring  the  hardness  of  bodies,  they  have  not  been 
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atteiKie<l  wiili  nim:h  success.  All  that  can  be  done  at  present  is  to  give 
a  body's  |»osuitiii,  ;iii  far  as  hardness  is  concerned,  in  a  scale  of  hardness 
composed  of  various  bodies.  The  scale  usually  adoplcd>  and  ilue  to 
Mohs,  is  as  follows,  the  first  bein^'  Ihc  softest  : — i.  J'alc  ;  2.  Cr>'slalliscd 
Gypsum;  3.  Calcspar;  4.  Fluorspar;  5.  Apatite;  6.  Felspar;  7.  Quartz; 
8.  Topaz  :  9.  Sapphire  ;  10.  Uiamnnd.  A  body  having  a  hardness  of 
6.5  would  be  one  which  would  scratch  felspar,  and  be  scmiched  with 
about  the  same  ease  by  quartz. 

170.  Elasiiciiy  of  Volume.— Solids,  with  few  exceptions,  are  very 
slightly  compressiblcj  in  this  property  resembling  Hquids.  The  volume 
elasticity  of  a  solid  is  measured  in  the  same  way  as  that  of  a  liquid. 
Thus  if  a  uniform  pressure  of/  dynes  per  square  centimetre,  acting  every- 
where normal  to  the  surface  of  the  solid,  such  as  would  be  produced  if 
the  solid  were  immersed  in  a  liquid  under  a  pressure  /,  is  applied,  and 
the  volume  changes  from  /*  to  /'-t%  then  the  coefficient  of  compressi- 
bility, or  the  volume  elasticity,  of  the  solid  is  /i-^vIV  or  />Vjv.  The 
following  table  gives  the  value  of  the  volume  elasticity  of  some  solids  :— 

Volume  Elasticit\'  of  Scuds. 

Glass 41  X  10"  dynes/cm*. 

Drass       ......       to.6  „ 

Iron  (wrought)        ....       14.9  „ 

Steel 18.8  „ 

171.  Elasticity  of  Shape  iRigridity).— The  elasticity  of  shape  or 
rigidity  of  a  solid  is  measured  by  the  ratio  of  the  stress,  ue.  the  force 
producing  the  change  of  shape,  to  the  strain,  />.  the  change  tn  shape, 
produced.  The  shape  of  a  body  may  be  altered  in  various  ways  :  thus 
if  weights  arc  attached  to  one  end  of  a  wire,  the  other  end  being  held 
fast,  the  wire  stretches  ;  on  the  removal  of  the  weights,  so  long  as  the 
wire  has  not  tieen  loo  much  deformed,  it  regains  its  original  length. 
Another  way  of  altering  the  shape  of  a  body  is  to  twist  one  end  while 
the  other  end  is  held  fast  ;  or  again,  if  one  end  of  a  rod  is  held  in  a  vice, 
and  the  other  end  pulled  on  one  side,  the  rod  becomes  bent ;  in  each  case 
the  elasticity  of  the  solid  will  resist  the  deformation,  and  when  the  stress 
is  removed  will  cause  the  body  to  resume  its  unstrained  position.  We 
shall  consider  each  of  the  above  methods  of  straining  a  solid  separately. 

172.  Elongation:  Young's  Modulus— Hooke's  Law.— Suppose  a 
wire  of  length  L  and  radius  r,  when  stretched  by  a  force  /*  in  the 
direction  of  its  length,  increases  in  length  by  an  amount  /,  then  the  stress, 
or  force  per  unit  area,  acting  on  the  wire  and  tending  to  increase  its 
length  is  /*  -r  area  of  cross  section,  or  /*,7rr'.  Tlic  total  elongation 
being  /,  the  strain,  or  elongation  per  unit  length  of  llie  wire,  is  ///.. 
Hence  the  modulus  of  elasticity,  }',  is  given  by 
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Y  is  called  Youn>f's  iikkIuIus,  and  it  may  be  expermieniully  deter- 
mined by  means  of  ihc  .irrangemeni  shown  in  Fig.  141.  Two  wires 
of  the  maienal  to  \n  lesled  are  securely  lastcned  10  an  ^/////j/^ 
overhead  bc;im  at  A.  To  one  of  thcbe  wires  is  attached  a 
small,  finely  divided  scale  u,  and  to  the  other  a  vernier. 
Attached  to  the  lower  end  of  <ine  wire  are  two  weights  D, 
which  serve  lo  keep  the  wire  stretched  tight,  and  to  the 
lower  end  of  the  other  wire  is  attached  a  scale-pan  E,  in 
which  the  weij^his  used  to  stretch  the  wire  can  be  placed. 
The  elongation  produced  by  the  weights  is  measured  by 
the  vernier  and  scale.  The  object  of  the  second  wire 
is  to  eliminate  the  effects  of  any  chanye  in  length  produced 
in  the  wire  by  a  change  of  temperature,  since  such  a  change 
would  affect  both  wires  to  the  siune  extent,  and  hence 
would  not  affect  the  reading  on  the  scale.  The  same 
remark  applies  to  any  give  of  the  support  at  A  produced 
by  the  added  weights.  So  long  as  the  weight  used  to 
stretch  the  wire  is  not  so  great  as  to  produce  a  permanent 
elongation  of  the  wire,  it  is  found  tliat  the  elongation  is 
proportional  to  the  stretching  force.  This  is  known  as 
Hooke's  law. 

The  following  table  gives  the  value  of  Young's  modulus 
for  some  metals  :  — 

YouNo's  Modulus. 

Steel  (hard  drawn). 

Iron  (wrought) 

Silver  (drawn) 

Brass  (drawn)        „  -_ 

Fiu.  141. 

173.  Bending:.— When  a  rod  ab  (Fig.  142),  firmly  fixed  at  a,  has  a 
force  applied  at  B  at  right  angles  to  ab,  it  becomes  bent  into  such  a 
form  as  ab'.  In  this  case  the  upper  pans  of 
ihe  rod  have  been  stretched,  while  the  lower 

parts  have  been  compressed,  so  that,  except    r — "  a"*'"' "* IB 

for  a  thin  band  down  the  middle,  the  strain    ^ — vi  '-^^...^ — ''*'  ^^  * 
is   really  one   of  elongaiion.      If  the  rod    is        ^  """"--.yB 

rectangular  in  s:;ction,  and  of  depth  d  and  i-n;  ^^^ 

breadth  b^  the  length  being  /,  and  a  force  of 

/'dynes  deflects  the  end  through  a  distance  /,  then  Young's  modulus  Y 
is  given  by 
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If,  instead  of  licing  fixed  at  one  end,  the  two  ends  of  the  rod  are  free, 
but  arc  supported  on  two  knife-ed|,res  placed  at  a  distance  L^  apart,  and 
/,  is  the  distance  through  which  the  centre  of  the  rod  is  deflected  when 
loaded  with  a  force  /*,  Young's  modulus  is  gi\cn  by 


Y 


It  will  he  noticed  that  in  this  case  we  are  practically  dealing  with  two 
rods  each  of  length  Zj,  2,  fixed  as  in  the  first  case,  and  each  acted  upon  by 
a  force  Pjz  in  the  upward  direction  at  the  point  where  the  rod  rests  on  the 
knife-edges. 

174,  Torsional  Rigidity.— If  one  end  of  a  cylindrical  wire  of  radius 
r  and  length  /  is  kept  fixed  wliile  a  twisting  couple  u  is  applied  to  the 
other  end,  .md  under  this  twisting  stress  the  en<l  of  the  wire  turns  through 
an  angle  ^^  it  is  found  that  so  long  as  *^  is  not  too  great,  this  angle  is  pro- 
portional to  the  applied  couple  //,  so  thai  if  the  couple  is  doubled,  the  angle 
through  which  the  end  of  the  wire  is  twisted  is  also  doubled.  The  value 
of  </»,  in  terms  of  ihc  dimensions  of  the  wire,  is  given  by  the  equation 

.     ^iu  1 


where  n  is  a  constant  depending  on  the  nature  of  the  material  of  the 
wire,  and  is  called  the  simple  rigidity  or  coefficient  of  torsional  rigidity 
of  the  wire.  It  will  be  noticed,  since  i^  is  inversely  proportional  to  the 
fourth  power  of  the  radius  of  the  wire,  that  the  deflection  produced 
by  a  given  couple  increases  verj'  rapidly  as  the  radius  of  the  wire  de- 
creases. Thus  if  the  radius  of  the  wire  is  reduced  to  a  half,  the  value 
of  ^,  corre:»ponding  10  the  same  value  of  the  deflecting  couple,  increases 
sixteen-fold.  The  importance  of  this  rapid  decrease  of  the  torsional 
rigidity  of  a  wire,  when  the  diameter  is  reduced,  comes  in  when  we  use 
the  rigidity  of  such  a  wire  to  measure  small  forces  and  couples,  as  in 
the  Cavendish  ex[)crimeiu.  liy  ver>*  rapidly  drawing  out  a  small  stick 
of  quartz,  raised  to  a  while  heal  in  an  oxy-hydrogcn  blowpipe,  Boys  ha^ 
produced  threads  of  fused  quartz  of  such  extreme  fineness  that  a  force 
of  one  dyne  acting  at  each  end  of  a  lever  i  centimetre  long  (/.<*.  a  unit 
couple)  will  twist  one  end  of  a  fibre  10  centimetres  long  through  36o\ 

The  following  table  gives  the  coefficient  of  torsional  rigidity  for  some 
solids; — 

SIMPI.K    RiGIDITV. 


Steel  . 

Iron  (wrought) 

Brass 

Quartz  (fused) 

Glass 


8.2  X  to" 

77 

3-8 

3.9 

2-4 


dynes/cm' 
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175V  Torsion  Pendulum.  — If  a  solid  body,  suspended  by  a  wire,  be 
twisted  aw;iy  I'nim  its  posiiion  of  rest  and  then  released,  it  will  execute 
S.H.  vibrations  about  its  position  of  rest,  for  the  torsional  rigidity  of  the 
wire  will  ^ive  a  force  lending  to  restore  the  body  to  its  original  position 
proportional  to  ilie  deflection.  If  u  is  ihc  restoring  couple  due  to  the 
rigidity  of  the  wire  produced  when  the  body  is  twisted  through  unit  angle 
(a  radian),  and  A' is  the  moment  of  inertia  of  the  solid,  then  the  time  of 
oscillation  is  g:iven  by 

or,  substituting  the  value  of//  in  terms  of  the  simple  rigidity  and  dimen- 
sions of  the  wire, 

/iifr/A' 
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Such  a  torsional  pcmUilum  can  be  used  to  prove  that  Hooke's  law  holds 
for  torsional  strains,  that  is,  that  the  restoring  couple  or  stress  is  propyor- 
tional  to  the  strain  or  twist,  for  the  time  of  oscillation  is  found  to  be  inde- 
pendent of  the  amplitude  of  the  vibrations,  and  it  isonly  when  the  restoring 
force  is  proportional  10  the  defleciinn  that  this  isochrony  is  secured. 

176.  Elastic  Limit,  Elastie  Fatigue.— It  is  found  thai  if  a  solid  is 
dcfonncd  more  than  a  certain  amount,  then,  on  the  removal  of  the  dc-. 
forming  stress,  it  docs  not  completely  regain  its  original  fonn.  Underthcse 
circumstances  the  btnly  Is  said  to  have  been  strained  beyond  its  clastic 
limit.  The  limits  within  which  they  may  l)e  considered  as  completely 
clastic  vary  very  much  with  diflfcrcnt  materials.  Thus  quartz,  an  I  to  a 
less  extent  steel  and  glass,  can  suffer  a  considerable  strain,  and  yet  when 
the  stress  is  removed  they  will  recover  their  original  form  ;  while  soft  iron, 
copper,  and  lead  exhibit  a  permanent  deformation  or  *' set  "even  with 
quite  small  strains. 

It  is  found  that  if  the  defoiming  stress  is  continued  for  a  long  time 
the  strain  produced  gradually  increases.  This  phenomenon  is  referred 
to  as  clastic  fatigue,  and  it  seems  to  show  that  for  long-continued  stresses 
the  molecules  even  of  solids  gradually  take  up  new  configurations.  A 
somewhat  similar  phenomenon  is  the  fact  that  after  a  solid  has  been 
strained  even  below  its  elastic  limit  it  does  not,  on  the  removal  of  the 
deforming  force,  iiimicdiately  return  completely  to  its  original  lorm,  but 
only  does  so  after  some  time.  Thus  if  a  silver  wire  is  twisted  in  one 
direction  and  kept  twisted  for  a  day,  and  then  twisted  m  the  opposite 
direction  for  an  hour,  on  being  released  it  dfjes  not  completely  recover, 
but  remains  slightly  twisted  in  the  direction  of  the  last  twist.  This 
residual  twist  gradually  disappears,  and  then  a  slight  twist  in  the  direction 
of  the  first  one  appears,  reaches  a  maximum,  and  then  dies  out.  The 
wire  thus  "remembers"  the  deformation  previously  applied,  and  the 
residual  effects  appear  in  the  opposite  order  to  the  original  deformations. 


BOOK   II 

HEAT 

CHAPTER   I 
THERMOMETRY  AND  EXPANSION  BY  HEAT 


177.  Temperature. — Although  we  are  able  in  many  cases  to  dis- 
tinguish by  our  sensations  between  hot  and  cold  bodies — for  instance,  we 
can  by  touch  often  determine  which  of  tu-o  bodies  is  the  hotter — yet  our 
senses  do  not  pennit  of  our  forming  a^wrfw/;/tf//7r  estimate  of  the  amount 
by  which  one  is  hotter  than  the  other.  In  ordinary  language  we  use  the 
words  hot,  warm,  lepid^  cool,  cold,  ttc,  to  indicate  a  series  of  states  of 
a  body  with  reference  to  heat.  In  scientific  language  we  use  the  word 
temptntture  to  express  the  same  scries  of  condition.  Thus  a  h(.»t  bocly 
is  said  to  have  a  higher  temperature  than  a  cold  Iwdy. 

As  we  shall  see  in  the  following  pages,  the  characteristic  which  above 
all  others  distinguishes  l)odics  of  which  the  temperatures  differ  is,  that  if 
these  bodies  are  placed  in  contact,  then  heat  will  of  itself  pass  fpom  the 
one  to  the  other  until  they  reach  the  same  temperature.  That  body 
which  loses  heat  during  the  process  of  equalisation  is  said  to  be  at  the 
higher  temperature. 

It  is  found  that  not  only  docs  the  sensation  we  experience  when  we  « 
touch  a  body  vary   with   the  temperature,   but   also   that    most    of  the 
physical  properties  of  matter  change  when  the  temperature  changes. 
Thus  the  density,  elasticity,  refractive  indeii,  &c.,  of  a  Iwidy  all  depend 
on  the  temperature. 

In  order  to  have  a  means  of  measuring  icmpcraturc,  we  make  use  of 

the  change  in  some  physical  prr>perty  of  some  kind  of  matter  which  lakes 

place  as  the  temperature  of  the  body  changes.    The  physical  property 

Avhich  is  most  often  employed  for  this  purpose  is  the  length  of  a  solid,  or 

the  volume  of  a  liquid  or  gas,  both  of  which  depend  on  temperature.     In 

order  to  define  certain  fixed  temperatures,  we  also  make  use  of  the  fact 

that  the  physical  state  of  a  body  depends  on  the  temperature.      Thus 

according  to  the  temperature  wc  may  have  the  same  kind  of  matter 

existing  as  a  solid,  a  liquid,  ur  a  gas,  as,  for  instance,  ice,  water,  and 
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steam.  It  is  found  that  during  the  time  the  chang"e  from  one  state  to 
the  other  is  yoin^'  on  the  temperature  remains  constant.  Thus  if  a 
quantity  of  pounded  ice  is  heated  over  a  flame,  the  whole  being, kept 
well  stirred,  although  the  ice  becomes  gradually  converted  into  water  the 
temperature  does  not  rise  till  the  last  panicle  of  ice  has  been  melted,  the 
heat  supplied  by  the  flame  being  simply  used  up  in  changing  the  body 
from  the  solid  stale  into  the  liquid  state.  If,  after  the  ice  is  all  melted, 
the  healing  is  continued,  the  water  will  eventually  begin  to  boil,  becoming 
converted  into  the  gaseous  stale  (steam),  and  during  the  change  the 
temperature  of  the  remaining  water  will  remain  constant.  It  will  thus 
be  seen  that  we  may  use  the  temperatures  at  which  a  given  substance, 
under  given  conditions,  changes  its  state  as  fixed  points  on  a  scale  of 
temperature. 

In  order  to  subdivide  the  inten'al  between  these  two  temperatures, 
use  is  made  of  the  change  in  volume  of  some  fluid,  usually  mercury  or 
hydrogen,  which  occurs  with  change  in  temperature.  Now  there  is  no 
d  /rr"(»r/ •  reason  for  supposing  that  the  r<ite  of  change  of  volume  of  a 
substance,  say  mercurj-,  with  temperature  is  the  same  at  all  temperatures. 
Since,  however,  we  have  no  special  means  of  measuring  temperature  as 
distinct  from  the  eftccts  of  temperature  on  the  physical  properties  of 
bodies,  we  base,  at  any  rale  as  a  starting-point,  to  assume  that  the  rate 
of  change  of  some  fixed  property  of  some  standard  substance  is  constant, 
and  to  use  this  change  to  subdivide  the  temperature  between  our  two 
fixed  points.  For  the  present,  at  any  rate,  we  shall  take  the  change  in 
volume  of  mercury  when  contained  in  a  glass  vessel  as  the  means  of 
defining  the  Icmperature  between  our  fixed  points. 

178.  Thermometric  Scales.— The  lower  fixed  point  of  most  scales 
of  temperature  is  the  tempcraiiirc  of  melting  ice  under  ordinary  atmos- 
pheric pressure.  The  upper  fixed  polni  is  the  temperature  of  the  steam 
given  off  from  water  boiling  under  the  pressure  of  one  standard  atmos- 
phere (§  133). 
.  Let  V  be  the  apparent  increase  in  volume  of  a  given  mass  of  mercury 
enclosed  in  a  glass  envelope  when  its  temperature  is  raised  from  that  of 
melting  ice  to  that  of  water  boiling  under  standard  conditions.  Then 
the  interx'al  of  temperature  which  will  cause  this  quantity  of  mercury  to 
expand  by  an  amount  7'/i*^  is  called  a  degree  Centigrade,  and  is  indicated 
by  the  symbol,  i'  C,  On  the  Centigrade  scale  (first  used  by  Celsius)  the 
temperature  of  melting  ice  is  called  zero  (0°  C),  and  that  of  boiling 
water  100*  C.  the  intcn-al,  as  has  been  said,  being  divided  into  a 
hundred  degrees.  For  temperatures  below  that  of  melting  ice  the  scale 
is  continued  downwards,  the  sign  minus  being  prefixed.     Thus  a  \.erf\~ 

perature  such  that  the  volume  of  the  above  mass  of  mercury  is  ---  less 

than  at  o*  C.  is  indicated  by    -  5"  C.     In  a  similar  way  the  scale  is 
In  all  scientific  work,  and,  with  one  or  two 


continued  above  100"  C. 
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exceptions,  for  everyday  use  also,  the  Centigrade  scale  of  temperature 
is  employed  in  all  countries.  There  arc.  however,  two  other  scales  of 
temperature  occasionally  employed.  In  one  of  these,  the  Fahrenheit 
scale,  the  temperature  of  melting  ice  is  called  32°  K.,  and  that  of  water 
boiling  under  standard  conditions  212'  F.,  the  interval  being  divided 
into  i8o\ 

The  Fahrenheit  scale  is  in  use  in  England  for  commercial  and 
meteorological  purposes.  The  other  temperature  scale  is  one  due  to 
R<5aumur,  on  which  the  temperature  of  melting  ice  is  called  0°  R.,  and 
that  of  boiling  water  80"  R.,  the  intenal  being  divided  into  So". 

Any  reading  on  one  of  these  scales  can  easily  be  converted  to  the 
corresponding  reading  on  either  of  the  others,  for  from  the  deBnitions 
100  degrees  on  the  Centigrade  scale  are  equal  to  iSo  clegrees  on  the 
Fahrenheit  scale,  and  to  80  degrees  on  the  Reaumur  scale.  Let  f,y*  and  r 
indicate  the  readings  corresponding  to  the  snftu  temperature  on  the  three 
scales.  Then  since  o'  €.  =  32*  F.  =  o'  R.,  if  we  deduct  32*  from  the 
Fahrenheit  reading  wc  have  the  number  of  degrees  on  each  scale  by 
which  the  given  temperature  differs  from  the  temperature  of  melting  ice. 

Hence 

c  -f-y.  :r :;  too  :  180  :8o^ 

100       t8o      So' 


or 


By  means  of  these  equations,  any  temperature  on  any  one  scale  can  be 
immediately  converted  into  either  of  the  other  scales. 

179.  The  Mercury  Thermometer.— The  most  commonly  employed 
instrument  for  the  nieasuroment  of  temperature  is  the  mercur\*  thenno- 
nieter.  The  ordinary  form  of  a  mercury  thermometer  is  shown  in 
Fig.  143.     It  consists  of  a  glass  bulb  B  containing  mercury,  connected 

B       c  A 
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to  a  Stem  CA,  which  is  traversed  by  a  fine,  uniform  capillar)'  bore. 
Such  a  thermometer  is  filled  by  attaching  a  small  funnel  to  the  open  end 
of  the  tube,  and  placing  some  pure  and  dr>'  mercur)-  in  it.  The  bulb  is 
then  slightly  lieated,  some  of  the  contained  air  l>eing  thus  expelled,  and, 
on  cooling,  a  little  mercury  is  driven  into  the  bulb  by  the  atmospheric 
pressure.  This  mercury  is  then  healed  till  it  boils,  the  mercury  vapour 
driving  out  the  air.  so  that  whrn  the  bulb  cw)l5  the  mercury  is  driven 
in  and  completely  fills  the  bulb  and  tube.  The  thcmiometer  is  then 
healed  up  to  the  highest  tempcratuix;  which  it  is  intended  to  measure, 
and  the  end  of  the  tube  closed  in  the  blowpipe  flame.  On  cooling,  the 
mercury  contracts  and  the  column  sinks  in  the  stem,  leaving  a  vacuum 
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at  the  top  of  the  tube.  In  order  to  prevent  the  mercur>%  at  high 
icmperaiures,  distilling  to  the  top  of  the  bore,  the  tube  above  iKe 
mercury  is  sometimes  filled  with  some  gas  which  does  not  act  chemically 
on  mercury,  such  as  nitrogen,  under  pressure. 

in  tliermometers  intended  for  accurate  measurements^  the  scale,  as 
is  shown  in  Fig.  143,  is  generally  engraved  on  the  outside  of  the 
stem.  In  some  German  thermometers  the 
stem  is  made  very  narrow,  and  the  scale  is 
engraved  on  a  separate  piece  of  opa!  glass 
attached  to  the  back  of  the  stem,  the  whole 
being  enclosed  in  a  glass  tube,  in  order  to 
protect  the  scale  and  tul>e,  and  so  that 
their  relative  position  should  not  vary. 

180.  Determination  of  the  Fixed 
Points  of  a  Thermometer.— The  freczing- 
pomt  of  a  mercury  thennoineter  is  deter- 
mined by  surrounding  the  bulb  and  the 
stem  up  to  ihc  zero  mark  with  pure  snow, 
or  finely  pounded  pure  ice,  then  pouring 
over  the  snow  or  ice  some  distilled  water. 
The  thermometer  is  allowed  to  stand  in  the 
mixture  of  ice  and  water  till  the  reading 
becomes  constant.  It  is  of  utmost  impor- 
tance that  the  icfe  or  snow  used  in  deter- 
mining the  freezing-point  should  be  quite 
free  from  contamination,  such  as  salt,  as 
otherwise  the  zero  obtained  will  be  too  low 
(§  "5). 

In  determining  the  upper  fixed  point 
(the  boiling-point)  the  ihcmiometer  is  sus- 
pended in  the  arrangement  shown  in  Fig, 
144,  so  that  the  end  of  the  mercurj*  column 
just  projects  alwvc  the  top.  The  steam 
rising  from  boiling  water  in  the  vessel  A 
passes  up  the  tube  B  into  the  inside  tube 
C,  which  surrounds  the  thermometer,  then 
down  between  the  inside  and  outside  tubes, 
and  escapes  by  a  lateral  opening  R  into  a 
Liebig  condenser  F.  Here,  by  means  of 
a  stream  of  cold  water  which  is  passed 
round  the  outside,  \\  becomes  condensed 
and  returns  as  water  to  the  boiler  through  the  lube  (i.  The  l>arometric 
height  must  be  noted,  for  the  temperature  of  the  stream  rising  from 
boiling  water  varies  with  the  pressure.  It  is  only  when  the  pressure  cor- 
responds to  the  weight  of  a  column  ofmcrcur>atoX'.  76  cm.  high,  measureil 
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at  sea-level  and  at  latitude  45*,  that  the  temperature  is  100*  C.  If  the 
pressure  is  different  a  correction  will  have  lo  be  applied,  which  may  be 
obtained  from  tables  giving  the  temperature  of  the  steam  given  off  from 
boiling  water  at  different  pressures  (§  218). 

The  reason  for  placing  the  thermometer  in  the  steam  and  not  in  the 
boiling  water  is  because  it  is  found  that  the  temperature  of  the  boiling 
waier  depends  to  a  certain  extent  on  the  nature  of  the  vessel  in  which 
the  water  is  contained.  Another  important  consideration  is  that  small 
quantities  of  impurity  in  the  water  alter  the  temperature  of  the  water 
at  which  ebullition  takes  place,  but  do  not  affect  the  temperature  of  the 
stetim. 

181.  Calibration  of  the  Thermometer  Tube.-  If  the  bore  of  a 
ihermomttcr  were  of  exactly  uniform  cross  section  throughout  its  whole 
length,  equal  lengths  of  the  bore  would  everywhere  have  equal  capacities, 
so  that  if  the  stem  between  the  two  tixcd  points  were  divided  into  100 
equal  parts,  the  volume  of  the  bore  between  any  two  divisions  would 
be  exactly  Y^a  of  the  volume  between  the  fixed  points.  In  practice, 
however,  this  condition  is  never  quite  accurately  I'ulfilled,  the  lx>re  of 
the  tube  varying  slightly  in  cross  section  from  pnint  to  point,  so  that 
equal  lengths  no  longer  represent  equal  volumes.  Since  we  use  equal 
increments  of  volume  of  the  mercury  to  measure  equal  increments  of 
temperature,  it  becomes  necessary  either  to  place  the  divisions  of  the 
scale,  not  at  equal  distances  apart,  but  so  spaced  that  the  volume  of 
the  bore  between  any  two  divisions  is  everywhere  the  same,  iV.  make 
the  divisions  closer  together  in  those  parts  where  the  l>ore  is  wide,  and 
further  apart  where  the  l>orc  is  more  nanow,  or,  having  divided  the  stem 
into  divisions  of  equal  length,  to  drtermine  a  series  of  corrections  to  be 
applied  to  the  readings  to  allow  for  the  inequalities  «)f  the  Ixire. 

To  subdivide  a  tube  into  divisions  corresjwnding  to  equal  volumes, 
or  calibrate  the  tube,  as  it  is  called,  a  thread  of  mercury  2  or  3  cm. 
long  is  drawn  into  the  tube,  if  the  calibration  is  pci-formed  l>cfore  the 
thermometer  is  made,  or,  in  the  rase  of  a  finished  thermometer,  a  short 
length  of  the  mercury  column  is  separated  from  the  remainder  either  by 
jerking,  or  by  heating  the  column  at  the  point  where  separation  is  required 
by  means  of  a  small  gas  jct  about  3  mm.  high.  This  thread  is  moved 
to  different  parts  of  the  tube,  and  its  length  measured  either  by  means 
of  the  graduations  on  the  lul>c  or  by  a  horizontal  caihelometcr.  Then, 
since  each  of  these  lengths  corresponds  to  a  volume  of  the  bore  equal  to 
that  of  the  thread  of  mertury,  we  gel  the  tube  dividctl  into  inter\'als  of 
equal  volume.  By  using  threads  of  various  lenpths,  a  lul>c  can  in  this 
way  lie  vei7  accurately  calibrated.  The  process  is,  however,  a  very 
lengthy  one,  and  the  rorrections  of  a  thermometer  are  generally 
obtained  by  comparing  its  readings  with  those  of  a  st;»ndard  thermometer. 
which  has  been  previously  calibrated,  when  the  two  thermometers  are 
placed  in  an  enclosure  so  that  they  are  at  the  same  temperature. 
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182.  Errors  of  Mercury  Thermometeps.— Two  mercury  thermo- 
meters, of  which  the  tubes  have  been  accurately  calibrated,  will  ^nvc 
readings  which  agree  very  closely  with  one  another  if  the  glass  of  which 
they  are  composed  is  of  exactly  the  same  kind.  Thermometers  made  of 
different  kinds  of  glass  do  not,  however,  agree  completely,  owing  to  the 
fact  that  the  different  kinds  of  glass  do  not  expand  exactly  alike,  and 
that  what  wc  observe  is  the  difference  between  the  expansion  of  the 
mercury  and  of  the  glass  envelope. 

Another  effect  due  to  the  glass  is  a  gradual  rise  of  the  zero  point,' 
which  goes  on  a  long  time  after  the  thermometer  is  made.  This  rise  is 
rapid  for  the  first  few  months  ;  it  then  gradually  becomes  slower,  but 
does  not  stop  even  after  many  years.  The  rise  is  due  to  the  gradual 
recovery  of  the  glass  from  the  effects  of  ihe  extreme  heating  to  which  it 
was  subjected  when  the  thennomcter  was  made.  The  magnitude  of  this 
secular  rise  of  the  zero,  as  it  is  called,  depends  on  the  nature  of  the  glass, 
and  the  following  tabic  gives  some  values  for  two  kinds  of  glass,  from 
which  the  magnitude  of  the  effect  can  be  judged  : — 


Secular  Change  of  ZsRa 


"VerrcDur." 

-CrysiaL" 

Date. 

Zero  Reading. 

D«(e. 

May     1885    . 
Nov.     1885     . 
March  1886     . 
May      1886    . 
Ort.       1887     . 

Zero  Reading. 

Feb.      1885    . 

July.     1S85    . 
Nov.     1S85    . 
March  1886    . 
Dec.      1886    . 
Sep.      1887     . 
Aug.     1888    . 

-0.144 
-ai2i 
-0,112 
-0.106 

-0.098 
-aogi 
-0.090 

+0.130 

+  0.281 
+  0.323 
+  o.37f) 
+0.501 

II  has  been  proposed  to  hasten  ihe  secular  rise  by  maintaining  the 
themiomctcr  at  as  high  a  temperature  as  it  will  stand  for  some  days, 
then  to  keep  it  Tor  some  days  at  a  somewhat  lower  temperature,  and  so 
on,  till  the  temperatures  at  whidi  the  tliermometer  is  to  be  used  are 
reached  ;  the  reason  for  this  treatment  being,  that  it  is  found  that  the 
secular  rise  is  more  rapid  at  high  temperatures  than  at  low,  so  that  in 
this  way  the  greater  part  of  the  rise  can  be  got  over  in  a  few  weeks. 

In  addition  to  the  secular  rise  of  the  zero,  a  temporary  lowering  of  the 
zero  takes  place  when  the  thermometer  has  been  heated  even  to  com- 
paratively ioii'  Utnperaturcs^  due  to  the  temporary  enlargement  of  the 
bulb. 

*  Of  courvr  ihe  rise  in  ihe  zero  reading  is  accompanied  hy  an  equal  rise  in  all 
Ihe  other  readings  of  thr  ihcrmomeier.     Tl»e  tmn  "rise  in  the  i«ro"  is  employed 
r  this  rac  '\%  generally  detected  by  observations  on  the  \o\Mtx  Axed  p(itnt. 


183.  Maximum  and  Minimum  Thermometers. —Thermometers 
for  rcgistr-rin^^  tlie  highest  or  lowest  tcniperalure  readied  during  any 
interval  are  much  used  in  meteorology.  The  commonest  forms  are 
Rutherford's  and  Siv's. 

RuiheiTord's  maximum  thermometer  consists  of  an  ordinar\'  mercury 
thermometer  with  a  small  iron  index  introduced  into  the  bore.  Since 
mercury  does  not  wet  iron,  when  the  temi>erature  rises  the  mercury 
column  pushes  the  index  before  it^  but  when  the  lemperaiure  falls  the 
mercury  does  not  draw  the  index  back,  so  that  the  end  of  the  index  next 
the  bulb  indicates  the  highest  temperature  reached. 
The  minimum  thermometer  has  alcohol  for  the 
thermometric  liquid,  and  the  index  is  of  glass.  The 
glass  is  wetted  by  the  akohol^and  Iiencc,  when  the 
temperature  falls,  the  index  is  carried  along  by  the 
retreating  surface  of  the  alcohol  on  account  of  capil- 
larity. When  the  temperature  rises,  the  alcohol 
flows  past  the  uidex,  but  does  not  move  it,  and 
hence  the  ^x\^  furthest  away  from  the  bulb  indi- 
cates the  lowest  temperature  reached. 

In  Six's  thermometer  the  maximum  and  mini- 
*i  K>14Ph^  IfeS  mum  temperatures  are  shown  by  two  small  indexes 
*fl  InEltt*  [^  on  the  same  ihermometer.  The  thennometric  liquid 
is  alcohol  contained  in  the  bulb  A,  Fig.  145.  At  the 
end  of  the  alcohol  column  is  placed  a  thread  of 
mercur>*  KC,  while  the  remainder  of  the  tube  and 
part  of  the  bulb  n  is  filled  with  aicohol.  The  two 
ends  of  the  mercury  thread  ser\'e  to  indicate  the 
temperature.  Two  small  glass  tod?,  fitted  with  a 
small  steel  spring,  as  shown  at  (i,  are  pushed  up  by 
the  nierrur\'  but  are  kept  from  slipping  down,  when 
ific  mercur>'  retreats,  by  the  springs.  The  bottom 
of  the  index  E  shows  the  lowest  temperature  reached,  since  it  indicates 
the  smallest  volume  which  has  been  occupied  by  the  alcohol  in  A.  In 
the  same  way  the  bottom  of  F  shows  the  highest  temperatures  reached. 
The  indexes  can  be  moved  down,  and  hence  reset,  by  a  small  magnet 
which  attracts  the  stee!  springs. 

184.  Linear  Expansion  of  Solids. —If  the  temperature  of  a  solid 
body  is  raised,  the  distance  between  any  two  points  in  the  body  in 
general  increases,  and  the  body  is  said  to  expand.  Thus  a  cylindrical 
bar  of  a  metal,  say  iron,  when  its  temperature  is  raised,  increases  in 
length;  it  also  increases  in  radius.  If  wc  only  consider  the  increase  in 
length  that  takes  place  in  any  given  direction,  we  arc  said  to  deal  with 
the  linear  expansion  of  the  body. 

This  expansion  of  solid  bodies  with  heat  is  made  use  of  in  many 
ways.     Thus  the  iron  tyres  of  carriage  wheels  are  made  slightly  smaller 


Fig.  145. 
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than  the  wooden  rim.  The  tyre  is  then  heated,  so  ihnl  it  expands,  and 
is  placed  niund  the  wheel.  On  coolinjf  the  iron  contracts,  and  binds  the 
wood  firmly  tugeiher.  The  same  kind  of  operation  is  gone  through 
when  making  large  guns,  which  nre  built  up  of  a  number  of  cylinders 
filling  one  over  the  other.  The  inside  of  each  cylinder  is  made  just  a 
little  smaller  than  the  outside  of  the  previous  one,  then,  by  heating  the 
cuter,  it  expands  till  it  will  slip  over  the  inner,  and  on  cooling  shrinks  on 
lo,  and  !>e(:omes  llnnly  attached  lo  the  inner  cylinder. 

In  all  large  metal  structures,  such  as  bridges,  very  careful  provi- 
sion has  to  be  made  so  as  to  allow  for  the  expansion  and  contraction 
which  takes  place  with  change  of  temperature,  otherwise  the  structure 
would  l>e  strained  or  even  ruptured. 

If,  when  a  bar  of  a  solid  of  length  /  is  heated  from  o*  C.  to  i ',  it 
increases  in  length  lo  /4-i>/,  then  5///,  or  the  increment  of  length  of  unit 
length  of  the  bar,  is  called  the  coefiicient  of  linear  expansion.  If  a  bar 
of  which  the  coefficient  of  linear  expansion  is  a  is  heated  from,  say,  /j  to 
/j,  and  if /^  is  the  length  at  o',  then  the  length  at  /,  will  be  L„-\-Loat^y  or 
A(i  +<i/i),  and  the  length  at  /«  will  be  A(i  -^aU).  Hence  the  increase 
in  length,  when  heated  from  /j  to  /«,  is 


or 


If  /./,  is  tlie  length  at  /(,  since  Z/t  =  /.„(i  +'*/!),  the  increase  in  length  at 
/^  is 

or  riZ./((/^ -/,)(!  -a(^-\~Scc.), 

since ^  =  i  -tf/|  + terms  in  a*  and  higher  powers  of  a. 

Hence  the  increase  in  length  is  rt/,/i(/,- /,)-/./,/,(/, -/jW'.  If,  there- 
fore, as  is  the  case,  a  is  very  small,  so  that  terms  in  a'-*  can  be  neglected 
on  account  of  their  extreme  smallness,  this  reduces  to 

We  therefore  get,  in  the  case  of  linear  expansion,  that  the  increase  in 
length  is  equal  lo  the  original  length  multiplied  by  the  coefficient  of 
linear  expansion  and  by  the  increase  in  temperature. 

In  the  case  of  the  expansion  (cubical)  of  gases,  the  coefficient  of 
expansion  is  so  great  that  the  term  involving  its  square  cannot  be 
neglected,  and  hence  the  coefficient  of  expansion  has  to  be  defined,  with 
reference  to  the  state,  at  o".  In  the  case  of  the  linear  expansion  of 
solids,  although  for  the  sake  of  uniformity  we  have  taken  the  increment 
in  the  length  between  o"  and  i  *  in  the  definition,  the  above  investigation 
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shows  that  as  a  is  always  very  small  we  need  not  have  done  so, 
but  may  simply  detiiic  the  coefficient  of  linear  expansion  of  a  solid 
as  the  increase  in  length  of  unit  length,  when  the  temperature  is  raised 

rc. 

185.  Measurement  of  the  CoefDcient  of  Linear  Expansion.— 

Since  ihc  distance  between  the  marks  nn  a!(  stantiards  of  length  is  only 
what  it  purports  to  be  at  one  temperature,  it  is  very  important  to  know 
the  coefficient  of  linear  expansion  of  the  material  of  which  the  standards 
are  made,  in  order  that  we  may  be  able  to  reduce  measurements  made 
at  any  temperature  10  what  they  would  be  if  the  standard  bad  been  at 
the  temperature  at  which  it  is  correct. 

The  amount  by  which  solids  expand  when  heated  through  any 
reasonable  range  of  temperature  being  very  small,  a  bar  of  iron  one 
metre  long  at  o'  C.  expanding  lo  1.00117  metres  when  heated  to  ioj°  C, 
the  chief  difficulty  in  determining  the  coefficient  of  expansion  lies  in 
measuring  the  int:re;ise  in  length.  Two  methods  have  been  used  for  this 
purpose.  In  the  first  of  these,  by  a  system  of  levers  (partly  material  and 
partly  optical)  the  expansion  is  gicaily  magnified,  and  then,  from  the 
relative  lengths  of  the  arms  of  the  levers,  the  actual  expansion  is  cal- 
culated from  the  magnified  movement.  In  the  other  method  the  utmost 
refinement  is  introduced  into  the  instruments  for  measuring  small  lengths, 
and  the  expansion  is  measured  directly.  *Ihe  relative  accuracy  of  these 
two  methods  is  very  different,  since  in  the  first  method  it  is  almost 
impossible  to  measure  with  any  great  degree  of  accuracy  the  actual 
amplification  ^{iven  by  the  levers.  In  the  second  method,  however,  by 
the  combin.'^iion  tif  a  microscope  with  a  micrometer  screw,  or  by  means 
of  optical  interference,  it  is  possible  to  measure  the  expansion  with 
considerable  accuracy. 

As  an  example  of  the  first  method,  we  may  take  the  experiments  of 
Lavoisier  and  Lapli>ce. 

The  bar  ItK  (Fig.  146)  to  be  measured  is  placed  in  a  water  bath,  the 
end  K  resting  against  a  firm  stop.     A  lever  Li  pivoted  at  r.  carries  a 


Km.  146, 
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telescope  at  its  upper  end  and  rests  against  the  end  H  of  the  bar.  The 
telescope  is  focussed  on  a  vertical  scale  .MJ  fixed  at  some  distance  away. 
The  bar  being  packed  round  with  water  and  ice,  the  reading  on  the  scale 
which  coincides  with  the  cross  wire  of  the  telescope  is  taken.    The  water 
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in  the  baih  is  then  heated  to  a  temperature  /,  which  is  measured  by  a 
Ihennomcter  placed  alongside  the  bar,  and  the  bar  expands  to  C,  the 
end  K  remaining  against  the  stop.  The  expansion  of  the  bar  moves  the 
lever,  which  tilts  the  telescope  down,  so  that  the  image  of  the  point  u 
is  now  seen  to  coincide  wiili  the  cross  wire.  Since  the  two  triangles 
uco,  AUG  are  similar,  we  have 


TfG 


or 


HC^AB .  SB. 

AG 


If  HG  and  AG  are  measured,  the  expansion  HC%  and  hence  the 
coefificicnt  of  expansion  of  the  bar,  can  be  calculated  from  the  difference, 
AB^  in  the  scale  readings. 

As  an  example  of  the  second  method,  we  may  take  the  measurements 
made  by  Roy  and  Ramsden  when  determining  the  coefficient  of  expan- 
sion of  the  rods  used  in  measuring  an  arc  of  the  meridian. 

Roy  and  Ramsden  employed  iliiee  troughs,  AB,  en.  and  F.K  Fig.  147). 
These  troughs  were  of  such  a  lenyih  that  they  could  hold  \\\*i  bar  lo  be 


experimented  u{>on  and  two  similar  bars  of  iron.  At  either  end  of  each 
of  tiiese  bars  an  upright  was  fixed.  The  two  uprights  on  the  bar  in  AB 
carry  the  eyepieces  of  two  small  telescopes,  these  eyepieces  being  filled 
with  cross  wires.  The  uprights  on  the  bar  in  CU  carry  the  object-glasses 
of  the  telescopes,  while  those  on  the  bar  in  F.F  carrj'  twti  fme  spider  lines 
forming  a  cross.  The  ^prij^ht  G  on  the  bar  in  CD  can  be  moved  through 
a  small  distance  parallel  to  the  length  of  the  bar  by  means  of  an  adjusting 
screw.  The  central  bar  rests  on  rollers  and  is  held  by  a  spring  which 
presses  against  the  end  nearer  c,  so  that  the  other  end  rests  against  the 
point  of  a  micrometer  screw  M.  The  three  troughs  are  first  filled  with 
pounded  ice  or  snow,  so  that  the  temperature  of  all  three  bars  is  o^  C. 
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The  bar  in  CD  is  then  moved  parallel  to  its  Icnjjth  by  lUe  micrometer 
screw  till  the  image  of  the  cioss  wires  K,  formed  by  the  object  glass  U 
coincides  with  the  cross  wires  in  the  eyepiece  N.  The  u|>ri>,'ht  *i  is  then 
moved  till  the  image  of  the  cross  wires  H  coincides  with  the  cross  wires 
in  the  eyepiece  (.). 

The  ice  in  the  trough  ci>  is  then  melted  and  the  water  heated  and 
well  stirred,  the  icmperaiurc  being  read  by  means  of  thennomelers 
placed  alongside  the  bar.  The  bar  expand!)  and  moves  towards  t\  since 
the  [Joint  of  the  micrometer  screw  prevents  it  moving  in  the  opjmsile 
direction.  The  troughs  AH  and  kf  are  kept  full  of  ice,  so  that  the  bars 
they  contain  remain  at  o',  and  thus  the  distances  between  the  uprights 
they  carry  remain  uiuiUered.  If,  on  accoinu  of  the  expansion  of  the  bar 
between  the  upright  \.  and  the  end  on  which  llie  n»icromeler  screw 
presses,  the  image  of  the  cross  wire  K  docs  not  exactly  coincide  with  the 
cross  wire  in  the  eyepiece  N,  the  micrometer  screw  is  turned,  so  that  the 
bar  is  moved  as  a  whole,  till  this  coincidence  takes  place.  The  position 
of  the  micrometer  screw  is  then  read  by  means  of  a  scale  giving  the 
whole  turns,  and  a  divided  head  by  which  the  fractions  of  a  turn  are 
obtained.  The  micrometer  screw  is  now  turned,  so  that  the  bar  is 
moved  from  c  towards  D,  till  the  cross  wires  on  H  coincide  with  the 
cross  wires  in  ihe  eyepiece  o,  and  its  position  is  again  read.  The  differ- 
ence in  the  micrometer  readings  gives  the  an»ount  by  which  the  bar  has 
expanded,  and  hence  by  measuring  the  distance  between  the  uprights, 
/>.  the  length  of  the  part  of  the  bar  whose  expansion  has  been  measured, 
and  knowing  the  interval  of  temperature  through  which  the  bar  has  been 
healed,  the  coefficient  of  expansion  can  be  calculated. 

More  recent  measurements  of  the  coefficient  of  linear  expansion 
have  been  made  with  the  comparator  described  on  p.  19;  the  distance 
between  two  fine  marks  on  a  bar  of  the  metal,  almost  exactly  one  metre 
apart,  being  measured  at  two  known  temperatures. 

The  coefficient  ofexpansion  of  most  bodies  is  not  the  same  at  all  temper- 
atures. Thus  in  the  case  of  platinum  the  coefficient  at  a  temperature  /  is 
given   by  (8868/ -i- 1.324/^)  10"  for  temperatures  between  o"  and  1000"  C. 

The  following  table  gives  the  coefficient  of  linear  expansion  of  some 
materials  per  degree  Centigrade  ; — 

Coefficients  ok  Linear  Expansion. 

Platinum o899>tlcr* 

Copper 1678x10-* 

Steel  (annealed)      ....      .1095  xio"* 

Zinc 2918  xio-^ 

Brass                                                                   .187    X  10-* 
Glass 083    X  10-* 

^'"M  Parallel  to  fibre    ,         .         .         .    ^^^4    -  lo"* 
Ash  \  i  U39^   XI0-* 
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186.  The  Compensation  of  Timekeepers  tor  Variation  il 
Temperature.^ — A  problem  of  considerable  pniclical  iniponanrc  is  tl 
liesiyn  .1  perululiim  the  length  of  which  shall  !je  the  same  at  all  lempcral 
hires,  for,  as  we  have  seen  in  i5  113,  the  lime  of  vibration  of  a  pcndiiluitil 
dfpcndb  on  its  li^ngth.  The  result  i^  th.it  in  an  ordinan- pendulum  the] 
U'nyili  inctease«i  with  inrrtfasinj*  tcmperaturct  lluis  tlie  cUkU  >joos  slower. 
The  problem  to  be  solved  is  to  design  a  pendulum- hkI  in  such  a  way  that 
the  distance  l>etween  the  point  of  support  and  the  ccnitc  of  oscillation 
fpractically  the  centre  of  the  bob)  shall  be  the  same  at  all  temperatures. 
One  solution  of  this  problem  is  to  employ  a  rod  composed  of  two  metals 
having'  diflfcrent  coefficients  of  expansion.  Let  the  coefficient  of  linear 
expansion  of  one  of  the  metals.--/,  be  a,  and  that  of  the  other  metal,  ^,  be 
fi.  Suppose  we  have  three  rods  of  the  metal  A  and  two  of  the  metal  By 
and  that  they  arc  connecie<l  together  as  shown  in  Kig.  148,  where  tlie  dark 
lines  AB,  cn,  and  KF  represent  the  metal  ,-/,  and  the  light 
lines  lie,  UK  represent  the  metal  /?.  Let  the  total  length  of 
the  rods  of  the  metal  -■/  be  A',  and  the  total  lengih  of  the 
rods  of  the  metal  B  be  /.",  both  at  a  temperature  of  o^  If 
now  tlic  rods  made  of  w4  were  aion^  heated  to  a  temperature 
/,  the  end  r  would  iirscenjy  supposing'  the  end  A  lixcd,  through 
a  distance 

Hat. 


If.  on  the  other  hand,  the  rods  made  of  ^  had  been  alone 
heated  to  /,  the  end  F  would  have  risrH  through  a  distance 


8  X> 


Fia  148. 


The  condition  that  the  descent  due  to  the  expansion  of  one  set  of  roda 
shall  be  equal  to  the  rise  due  to  the  expansion  of  the  other,  or  that  th« 
distance  between  a  and  r  shall  be  the  same  at  all  temperatures,  is 

Thus,  if  the  total  Irnj^ths  of  the  rods  of  the  two  metals  are  to  one  another 
Bscrscly  as  the  cocfiicientsof  linear  expansion  of  the  materials,  the  length 
the  amngcment  will  be  the  same  at  all  temperatures.  If,  then,  the 
lint  A  is  the  point  of  attachment  of  a  i>endulum,  and  ilie  bob  is  attached 
If,  this  arranjfcmcnt  will  form  a  compensated  pendulum.  Since  the 
Jffirient  of  linear  expansion  of  brn-is  is  .187  x  io~*,  and  that  of  steel 
10',  we  have — 


.'Rods 
tis  Rods ' 
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A  pendulum  built  up  in  this  way  is  shown  in  Fig.  I49t  and  is  called  a 
gndiron  pendulum.  The  shaded  rods  are 
steel  as  well  as  the  spring;  b  and  the  middle 
rod  /,  which  passes  freely  through  holes  in 
the  two  lower  cross-pieces. 

In  the  case  of  clironomctcrs,  the  dia- 
meter of  the  balance-wheel  increases  with 
rise  in  temperature,  and  so  its  moment  of 
inertia  increases,  causing  the  balance  to 
oscillate  more  slowly.  A  mure  important 
effect  is,  however,  caused  by  the  influence  of 
temperature  on  the  elasticity  of  the  hair- 
spring. As  the  temperature  rises,  the  elas- 
ticity of  the  hair-ipring  decreases,  and  so 
the  period  of  the  balance-wheel  decreases 
on  thib  account  also.  In  order  to  compen- 
sate for  this  thangc  in  tl»e  hair-spring,  the 
moment  of  inertia  of  the  balance  -  wheel 
ought  to  iUircase  as  ihc  temperature  in- 
creases. This  is  brought  about  by  making 
the  rim  of  the  balance-wheel  of  two  strips 
of  meial  as  ^.hovvn  in  Fig.  150,  the  outer 
strip  Ixiing  conipt>sed  of  a  metal  with  a 
higher  coefficient  of  expansion  than  tlmt 
composing  the  inner  strip.  The  result  istliat, 
when  the  temjxtrature  rises,  the  outer  strip 
expanding  more  than  the  inner,  causes  the 
semicircles  AU  and  ci>  lo  become  more 
cur\cd,  so  that  the  ends  It  and  \^  being  fixed 
to  the  spokes  of  the  wheel,  the  ends  A  and  C 
{FwmmGanafi  -f^ytUi-)  Hiovc  in  towards  ihc  3X15  t:,  about  which  the 

wheel  oscillates.  In  this  way  the  moment  <if  inertia  of  the  wheel  decreases 
as  the  temperature  increases,  and,  by  suitably 
adjusting  the  dimensions  of  the  wheel,  the 
shortening  of  the  |>criod  on  this  account  can 
be  made  exactly  to  compensate  for  the 
lengthening  on  account  of  the  %veakening  of 
the  hair-spring. 

187.  Cubical  Expansion  of  Solids.  —  If 
we    had    a   cube    of   a    solid,  of  which   the 
coefficient   of  linear  expansion  was  *f,  each 
edge    of    which    measured    one    centimetre 
Pj^  j  at  o',  so   that   its   volume   at  this  tempera- 

ture was  I  cc,  and  heated  it  to  i*,  it  would 
expand.     Tlie  length  of  each  edge  would  become  i-f-<i,  and  lience  the 


Fig. 
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volume   wouM   become   (1 +(?}'  or   i  +  J"  +  3*/^  +  tz*.     Now,   as  has  been 

^  pointed  out.  the  quantity  a  is  small,  sn  that  a'  and  cfi  are  so  very  small  that 

^H  M-e  may,  without  making  any  appreciable  error,  neglect  them,  and  call 

^"  Ihe  volume  of  the  cube  at  1'  i  -f  3^.     In  the  case  of  zinc,  of  which  the 

coefficient  of  linear  expansion  is  .0003292,  tlie  value  of  3//*  is  2.5  X  10  *  or 

aoooooQoo25,  while  the  value  of  u'  is  2.5  x  10"**.     Hence  the  volume  at  I* 

when  wc  include  the  terms  in  ti^  and  <a^  is  1.0000876023,  while  omitting 

these  terms  the  volume  is  1.0000876. 

The  increase  in  the  volume  of  unit  volume  of  a  body,  when  its  tem- 
perature is  raised  i",  is  railed  the  coefficient  of  cubical  expansion  of  the 
body.  Or,  in  other  words,  the  increase  in  volume  of  a  body,  when  its 
Icmperaltire  is  raised  1",  divided  by  its  original  volume,  is  called  the 
coefficient  of  cubical  expansion  of  the  >>ody.  Hence  we  see  that  if  a  is 
the  coefficient  of  linear  expansion  of  a  body,  the  coefficient  of  cubical 
expansion  will  l>e  V'- 

[  188.  Expansion  of  Non-Isotropic  Bodies.— In  the  preceding  sec- 
tions we  have  dealt  with  the  expansion  of  isotropic  bodies,  in  which  the 
coefficient  of  linear  expansion  is  the  same  in  every  direction.  In  the 
case  of  non-isoirupic  Inxlies,  such  as  crystals,  the  coefficient  of  linear 
expansion  is  different  in  different  directions.  Thus,  in  the  case  of  Iceland 
spar,  the  coefficient  of  linear  expansion  parallel  10  the  axis  (§  401)  is 
0.2631  X  io~*»  while  that  perpendicular  to  the  axis  is  0.0544  X  10  '.  In 
the  case  of  quartz,  the  coefficient  of  expansion  parallel  to  the  axis  is 
0.0797  X  lo'"*,  ;uul  that  perpendicular  to  the  axis  is  0.1337  x  10"*. 

189.  Coefficient  of  Expansion  of  Fluids-— In  the  tase  of  fluids,  we 
have  only  to  deal  with  the  coefficient  of  cubical  expansion.  Fluids,  par- 
ticularly j;asc.s,  arc  so  much  more  expansible  than  solids,  that,  as  ha-s 
been  mentioned  in  Ji  184,  we  have,  in  their  case,  to  make  an  addition  to 
the  definition  of  the  coefficient  of  cul)ical  cxjiansion  jjivcn  for  solids,  and 
say  that  the  coeliicient  of  cubical  expansion  is  the  increase  in  volume  of 
a  given  mass  of  the  fluid  when  its  temperature  is  raised  one  degree, 
divided  by  the  volume  of  the  same  mass  at  o'  C.  In  cal- 
culating the  increase  in  volume  of,  say,  a  volume  1*,,  of  a  fluid 
at  a  lemperaiure  ^|,  when  healed  to  /•,  we  must  include  the 
terms  in  a^  and  a^  {%  184). 

190.  Expansion  of  Liquids -Apparent   Expansion. — 

Suppose  that  a  glass  vessel  A  (Fij;.  151 1  is  tilled  with  a  liquid, 
say  water,  and  that,  when  the  whole  is  at  a  temperature  of  o", 
the  volume  of  the  water, />.  of  the  glass  vessel,  is  V\\  tlie  surface 
of  the  water  being  at  B.  Suppose,  now,  it  were  possible  to  raise 
the  temperature  of  the  glass  vessel  to  i",  keeping  the  tempera-  .  , 

ture  of  the  contained  water  still  at  o".    The  vessel  would  expand,   \ y 

and  its  volume  up  to  the  mark  B  would  become  K,(H-^)  where  pj^, 

&  is  the  cocthcient  of  cubical  expansion  of  the  glass.     Hence 

the  water  surface  would  fall  to  c,  the  volume  of  the  bore  between  D  and 


I 


/ 


B 

C 
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C  Ijeinu  l',/3.  If,  nuw,  the  water  was  also  heated  lo  1''  it  wuuUI  exp;iiul. 
and  Its  volume  would  become  /'j  (i+a^  where  a  is  the  coefficient  of 
expansion  (cubical)  of  llic  water.  Hence  if  the  surface  of  the  water  now 
stood  at  i>,  the  volume  of  the  bore  between  c  and  L>  would  be  Vyo, 
Therefore  the  volume  of  ihe  Iwre  lietween  R  and  u  is  V\{a  —  ^).  If  we 
had  not  allowed  for  the  expansion  of  the  envelope,  we  should  have  taken 
the  voliiiiie  I  \ia-fi)^  i.t\  the  voluiiu;  of  the  bore  l:>elween  the  first  and  last 
positions  of  the  siirlacc  of  the  water,  as  the  expansion,  and  this  volume 
divided  by  the  volume  ai  o\  i.e.  /',(u  -,^)-t- I',,  or  a-(8,  a*  ihe  coefficient 
of  expansion  of  the  liquid.  The  coefficient  of  expansion  of  a  liquid 
obtained  without  considerinjf  the  expansion  of  the  containing  vessel  is 
called  ihe  apparent  coefficient  of  expansion  or  dilatation,  and  it  is  equal 
to  the  difference  between  the  true  or  real  coefficient  of  expansion  (a)  of 
the  liijuid  and  the  coefficient  of  cubical  expansion  (/i)  of  the  solid 
envelope. 

The  bulb  shown  in  Kig.  151  is  called  a  volume  dilaiometer,  and  is 
employed  for  determining  the  apparent  expansion  of  liquids.  The  cubical 
expansion  of  the  glass  is  obtained  either  by  filling  the  bulb  with  a  liquid 
of  known  absolute  expansion,  and  inakini;  a  series  of  measures^  or  by 
experiments  on  the  linear  expansion  of  a  rod  of  the  same  glass.  This 
known,  the  absolute  expansion  of  the  liquids  can  be  calculated  from  the 
apparent  expansion.  The  stem  of  the  dilatonieler  is  graduated,  and  the 
volume,  up  to  the  zero  graduation,  is  determined  by  first  weighing  the 
dilatometer  empty,  and  then  when  fillet!  to  tlie  zero  mark  at  o*  with  mer- 
cur)'  or  water,  and  from  the  weight  of  mercury  or  water  calculating  the 
volume,  using  ihc  known  density  of  these  liquids  at  o'.  The  volume  of 
the  bore  between  two  divisions  is  obtained  in  ihe  same  way  by  weighing 
a  thread  of  mercury  which,  when  in  the  stem,  occupied  a  known  number 
of  divisions.  The  dilatometer  is  filled  with  the  liqviid,  the  expansion  of 
which  has  lo  be  measured,  and  the  |)osiiiun  of  the  surface  in  the  stem 
noted  when  the  dilaiometer  is  placed  in  melting  ice.  The  whole  is  then 
heated  to  a  temperature  i^  in  a  water  bath,  the  temperature  being 
measured  by  a  thermometer  placed  in  the  water,  and  the  position  of  the 
liquid  surface  again  noted.  The  difference  between  the  readings  gives 
the  expansion,  and  this  quantity  divided  by  the  volume  at  o'  and  by  / 
gives  the  coefficient  of  apparent  expansion. 

Another  form  of  dilatometer  is  the  weight  dilaiometer.  This  re- 
sembles the  volume  dilatometer,  except  that  there  is  only  a  single 
graduation  on  the  stem,  so  that  it  resembles  a  specific-gravity  bottle. 
The  dilatometer  is  weighed  empty  ;  suppose  its  weight  be  iv^  It  is  then 
filled  with  the  liquid  and  placed  in  melting  ice.  When  the  contents  have 
reached  a  temperature  of  o*,  the  quantity  of  liquid  is  adjusted  by  means 
of  a  capillary  tube  till  the  surface  coincides  with  the  mark  on  the  stem. 
The  dilatometer,  full  lo  the  mark  at  o\  is  again  weighed  ;  Jet  its  weight 
be  Wx'     The  dilatometer  is  now  heated  to  a  temperature  of/',  and  some 
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of  the  liquid  withdrawn  till  the  surface  coincides  with  the  mark,  and  the 
diiatorneter  wei^^'hed  :  let  its  weight  be  w.^  Now,  neglecting  for  the 
present  the  expansion  of  the  glass,  a  weight  w^-tCf^  of  liquid  at  /' 
occupies  the  same  volume  as  a  weight  w^  -tCj,  at  o'.     Hence,  if  Kis  the 

volume  of  the  dilalometer,  the  density  of  the  liquid  at  o"  is  - '  "  "\  and 

the  density  at  /'  is  — S,r  ".  Now,  ilie  volume  of  a  given  mass  is  in- 
versely proportional  to  the  density.     Hence  the  volume  of  a  gram  of  the 


-,  and  the  volume  of  the  same  mass  at  /°  will 


liquid  at  o*  will  be  — 

V 
be  — — — .     Hence  the  increase  in  voluine  will  be 

-ii-    _       ^      or.     ^(^»-^t)    ■ 

and  the  coefficient  of  apparent  expansion,  which  is  the  increase  in  volume 

for  I*  divided  by  the  volume  of  the  same  mass  (a  gram)  at  o*,  i,e.  by 

V 

,  IS 

i        W9  -  Wft 


Then,  adding  the  coefficient  of  cubical  expansion  of  the  glass  to  the 
apparent  expansion,  the  coefficient  of  cubical  expansion  of  the  liquid  is 
obtained. 

Probably  the  most  accurate  method  of  determining  the  coefficient  of 
expansion  of  a  liquid  is  that  which  has  been  described  in  |i  146,  and  has 
been  employed  by  Uenoist.  By  determining  the  loss  of  weight  of  the  quartz 
cube  in  the  liquid  at  different  temperatures,  the  mass  of  a  known  volume 
of  this  liquid,  the  volume  of  the  cube  being  known  at  these  temperatures, 
is  obtained.  Hence  the  density  at  the  different  temperatures,  and  there- 
fore, by  a  calculation  similar  10  that  given  above,  the  coefficient  of  absolute 
expansion  of  the  liquid  can  be  calculated. 

191.    Direct    Determination  of   the  Absolute  Expansion    of 

Liquids.— A  direct  method  of  determining  the  absolute  coefficient  of 
expansion  of  mercury  was  devised  l>y  Dulong  and  Petit.  The  principle 
of  this  method  is  to  use  a  (J-tubc  filled  with  niercur>',  one  limb  being 
kept  at  o",  and  the  other  at  ioo\  If  A^,  is  the  density  of  mercury  at  o", 
and  A,oo  that  at  icx>^  then  \(  /t^  and  //,«,  arc  the  heights  of  the  mercury  in 
the  two  limbs  above  the  horizontal  part  of  the  Ui  wc  get,  by  the  principle 
of  balancing  columns  (g  145),  ^^Aj  ==  ^'loAioo- 

Now  the  volume  of  unit  mass  of  mercury  at  o"  is  i/^o,  and  at  100* 

is   l/Aiuo,  so   that    the   increase   in   volume   is  —~ ^—.      The   increase 
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M^  wiUyiVM  At  o*  (l/Ao),  and  by  the  temperature  range,  pives 
^*it  of  r\paa»io»i  y.     Hence 


100 


ftww^  »\f  ApjMiratiis  AS  used  by  Dulong  and  Petit  was  subject  to 
|hti«t<rnni%  crtxMTi,  )nit  KcffnauU  introduced  some  modifications,  so  that 
pu%(  \\\  (hrnc  MTiv  iivoidcil,  and  liis  form  of  the  apparatus  only  will  be 

[  W*»*  upriiibt  iron  tul>cs  aa',  bb'  (Fig.  152),  are  connected  together 
m^%  tho  lop  by  a  horizontal  tube  C,  At  the  bottom  two  horizontal 
'  branches  a'd  and  b'f  are  con- 

nected to  two  vertical  glass 
tubes  PG  and  FH,  these  tubes 
l3cing  joined  together  at  the 
top  by  a  T-pit^ce,  the  third  ann 
of  the  T  being  connected  to  a 
glass  globe  K  containing  c^m- 
pressed  air.  The  tubes  Aa' 
and  iin'  are  surrounded  by 
cylindrical  vessels,  which  arc 
filled  with  waier  or  ice.  The 
water  in  these  cylinders  is 
kepi  well  stirred,  and  the 
temperature  in  the  one  which 
is  heated  Is  measured  by  an 
air-  thermometer  (§  19S)  T, 
and  that  nf  the  other  by  a 
scries  of  mercurial  thermo- 
meters /„  /;,  ty 

The  upper  horizontal  lul>e 

AB  is  pierced  at  c  with  a  small 

hole, so  that  the  upper  surfaced 

of  the  mercur>'  in  the  vertical 

lubes  are  at  the  same  level  as  C. 

The  pressures  at  A  and   n  l»ptng  equal,  and  those  at  c;  and  H  also 

Hual,  it  follows  that  a  column  of  mercury  equal  in  height  lo  the  vertical 

ance  {h)  between  H  and  G  represents  the  difference  in  the  pressures 

to  two  columns  of  mercury,  each  of  height  aa'  or  BB',  one  hot  and  the 

|bcr  cold.     Hence,  if  the  temperatures  of  the  cold  column  and  of  the 

(klumns   im;   and    fh   are   the   same,  the   effective  height   of  the  cold 

bhimn  is  bb'  less  the  height  f;H,  while  the  height  of  the  hoi  column 
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is  br'  or  H.     Substituting  these  values  in  the  expression  for  y  obtained 
above,  wc  get         ^ 


Wlierc  /  13  the  lemporature  of  the  hot  column,  and  the  temperature  of 
the  cold  column  is  taken  lo  l>c  zero.  The  mean  value  oljlained  for  the 
coefficient  of  cubical  expansion  of  mercur\'  between  o'  and  loo"  is 
0.000 1 8  u;. 

192.  Density  of  Water  at  different  Temperatures— Point  of 
Maximum  Density. — The  expansion  of  water  with  rise  of  temperature 
is  aiionialdus,  since  this  substance  has  a  maximum  density  at  a  tempera- 
ture of  4"  C.  If  water  is  cooled  below  4*  il  expands^  and  its  density 
decreases,  as  shown  in  the  table  on  p.  175, 

This  propcuy  possessed  by  water  has  an  important  bearing  in  nature, 
for  otherwise  all  deep  lakes  in  temperate  zones  would  become  frozen  into 
a  solid  block  of  ice,  and  only  the  upper  surface  would  thaw  in  the  summer. 
As  it  is,  in  winter  the  surface  water  becomes  cooled  by  radiation,  &c.,  and 
as  it  cools,  and  its  temperature  falls,  it  becomes  denser  and  sinks,  con- 
vection airrents  being  set  up.  This  convection  goes  on  till  the  lcm|>era- 
ture  of  the  whole  mass  of  water  has  fallen  lo  4*  C.  On  the  surface 
water  becoming  further  cooled  it  expands,  and  its  density  becomes  less 
than  thai  of  the  water  beneath.  Hence  the  colder  water  remains  on 
the  top,  and  convection  currents  are  not  set  up.  Water  being  a  very  bad 
conductor  of  heat  (S  24o\  it  takes  a  long  lime  for  the  dccp>cr  layers 
of  water  lo  part  with  their  heat,  and  so,  even  in  the  hardest  winters,  the 
ice  in  temperate  7onc5  is  seldom  very  thick,  and  the  waicr  at  the 
bottom  of  deep  lakes  is  never  colder  than  4". 

The  ocpeiiments  made  l>y  Despretz  in  order  to  determine  the  tempera- 
ture of  maximum  density  illustrate  very  clearly  the  clumges  in  temperatuie 
which  take  place  in  a  mass  of  water,  such  as  a  lake. 
The  apparatus,  which  is  a  modification  of  one  devised 
by  Hope,  consists  of  a  tall  mctiil  cylinder  fitted  with 
a  lid,  throuj^h  the  side  of  wliich  are  inserted  four 
thermometers  (Fig.  153).  The  cylinder  was  filled  with 
water  at  a  temperature  of  about  10'  C,  and  was  then 
placed  in  a  cold  room,  of  which  the  tr-mperature  was 
al>out  o\  The  tcnip*-Talures  of  the  water  at  difTcient 
depths,  as  indicated  by  the  thermometers,  were  noted 
nt  frequent  intervals,  and  the  results  plotted  on  curve 
paper,  the  ordinalcs  being  the  temperature,  and  the 
abscissa*  the  tin»es.  In  this  way  the  curves  sh*nvn  in 
obtained. 


& 
-a 


Frft.  153. 


Kig.  154  were 
As  the  water  near  the  sides  lost  its  heat  by  radiation  it 
became  cooled  and  sank.  Thus  thermometer  c/  sank  the  most  rapidly, 
till  it  indicated  a  temperature  of  4'.  Next  thermometers  d,  t",  and  ti 
arrive  at  the  same  lemperaiure  in  succession.     The  whole  mass  being  at 
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the  point  of  maximum  density,  when  the  temperature  fell  any  more,  the 
colder  water  was  lighter,  and  lieftce  tlie  upper  thermofrietcr  (*/)  began  to 
fall  first,  the  others  following  in  the  order  c,  b^  <*.    These  changes  are 


well  indicated  by  the  curves.  The  reason  that  the  horizontal  parts  of  all 
the  curves  arc  not  coincident,  is  that  disturbing  currents  arc  produced 
by  the  manner  in  which  the  water  is  cooled,  namely,  from  the  sides  of 
the  vessel. 

193.  Expansion  of  Gases— Expansion  at  Constant  Pressure  and 
at  Constant  Volume, — In  the  case  of  gases,  owintj  to  their  compressi- 
bility, we  have  to  take  account  of  the  pressure  to  which  the  gas  is  subject 
when  its  temperature  is  raised  in  order  to  get  its  thermal  expansion.  In 
determining  the  coefficient  of  expansion,  wc  may  cither  keep  the  pressure 
constant  and  measure  the  increase  in  volume  when  the  temperature  is 
raised,  and  thus  obtain  the  coefficient  of  expansion  at  constant  pressure, 
or  we  may  vary  the  pressure  so  as  to  keep  the  volume  constant, and  from 
the  amount  by  which  the  pressure  has  to  be  changed  calculate  the 
coefficient  of  expansion  at  constant  volume.  In  either  case,  since  the 
expansion  of  gases  with  icniperature  is  considerable,  we  must  refer  the 
increase  in  volume  or  pressure,  as  the  case  may  be,  to  the  volume  or 
pressure  at  o  (§  184). 

194.  Expansion  of  a  Gas  at  Constant  Pressupe.— The  first  experi- 
ments on  the  expansion  of  a  gas  at  constant  pressure^  having  any  preten- 
sions whatever  to  accuracy,  were  made  by  Gay-Lussac,  who  measured 
the  expansion  of  the  gas  contained  in  a  glass  bulb  by  the  motion  of  a 
small  mercury  index.  Owing,  however,  to  the  gases  not  being  quite  free 
from  moisture,  and  to  the  fact  that  a  mercury  index  does  not  completely 
enclose  the  gas,  a  film  of  gas  existing  l>etween  the  mercur)'  and  the  walls 
of  the  tube,  the  results  obtained  were  not  very  accurate. 

Regnault,  having  taken  up  the  question,  devised  the  form  of  apparatus 
shown  in  Fig,  155.     The  gas  is  contained  in  a  glass  bulb  A,  which  is 
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connected  by  means  of  a  very  fine-bore  tube  with  the  graduated  tube  B. 
The  lower  end  of  this  lube  is  connerled  with  an  upright  tube  c,  which  is 
open  at  the  lop.  A  tap  D  scr\cs  to  draw 
off  the  mercury  from  the  labe  when  re- 
quired. The  air  is  exhausted  from  the 
globe  through  a  three-way  cock  E,  the 
globe  being  heated  lo  a  temperature  of 
at  least  loo*.  Air  or  other  gas  is  then 
admitted  after  passing  through  a  series 
of  drying  tubes.  The  process  of  ex- 
haustion and  filling  with  dry  gas  is 
repeated  a  number  of  times,  in  order  to 
remove  from  the  inside  of  the  glol^  the 
layer  of  moisture  which  is  always  con- 
densed on  a  glass  surface. 

The  globe  having  finally  been  filled 
with  dry  gas,  the  mercury  is  adjusted  so 
that  the  surface  is  near  the  top  of  the 
graduations  in  B.  The  lap  E  is  then 
turned  in  order  to  cut  off  the  connection 
between  the  globe  and  the  dr>'ingtubes, 
the  bulb  is  surrounded  by  melting  ice 
or  water  at  a  known  temperature,  and 
the  positions  of  the  mercury  surfaces  in  B  and  c  noted.  The  pressure  to 
which  the  gas  is  subjected  is  equal  to  the  barometric  height  plus  or 
minus  the  difference  in  level  of  the  mercury  in  the  tubes  u  and  c. 

The  globe  is  then  heated  to  a  known  temperature,  say  lOO*,  and  the 
mercury  run  out  of  the  tap  D  till  the  diflTerencc  in  level  of  the  mercury  in 
the  two  tubes,  and  hence  the  pressure  acting  on  the  gas,  is  the  same  as 
before.  The  volume  of  the  tube  U  between  the  various  graduations  having 
been  previously  obtained,  the  amount  of  the  increase  in  volume  of  the  gaa 
can  be  calculated.  The  water  bath  surrounding  B  and  c  serves  to  keep 
the  mercury  and  the  gas  in  B  at  a  constant  temperature,  which  is  read 
oflfon  the  ihervnmncter  T. 

105.  Measurement  of  the  Expansion  of  a  Gas  at  Constant 
Volume. — As  in  the  case  of  the  coefficient  of  expansion  at  constant 
pressure,  the  first  really  accurate  measurements  of  the  coefficient  of 
expansion  of  gases  at  constant  volume  were  made  by  Regnault.  One  of 
the  forms  of  apparatus  which  he  employed  for  this  purpose  is  shown  in 
Fig.  156. 

The  gas  is  contained  in  a  glass  or  porcelain  globe  a.  which  is  con- 
nected by  a  fine  tube  with  an  upright  tube  B.  A  side  tube  and  a  three-way 
lap  F  allow  of  the  globe  being  filled  with  dry  gas,  as  In  the  constant  pres- 
sure apparatus.  Al  the  upper  part  of  the  lul>e  B  an  index  E  (shown  on  a 
larger  scale  at  G),  consisting  of  a  curved  piece  of  black  glass,  is  attached 

P 


to  the  inside,  and  the  mcrciir>'  is  always  brought  so  that  the  surface  just 

touches  the  point  of  this  piece  of  glass  ;  the  pressure  being  adjusted 

by  pouring  mercury  into  the  open 
tube  C,  or  removing  mercury  through 
the  stop-cock  D.  The  difference  in 
level,  which  is  measured  by  a 
rathelometer,  between  the  surface 
of  the  mercury  in  B  and  c,  added 
to  the  barometric  hei^'ht,  gives  the 
pressure  to  which  the  gas  is  sub- 
jected. 

If  ihe  globe  did  not  expand  when 
heated,  the  volume  of  the  gas  would 
be  the  same  at  each  temperature ; 
owing,  however,  to  the  expansion  of 
the  globe  a  correction  has  to  be 
apphed,  which,  on  account  of  the 
small  coefficient  of  expansion  of 
glass  or  porcelain  compared  with 
that  of  a  gas,  is  not  considerable. 

196,    Effect    of    Change    of 
Pressure    on     the    CoefTlcients 
Of  Expansion  of  Gases.  —  Keg- 
Fic.is6.  nault  made  a  scries  of  experiments 

on  the  coefficient  of  expansion  at 

different  pressures  of  air  and  some  other  gases,  and  the  following  table 

gives  some  of  his  results  : — 


COEFMCIENT   OF  EXPANSION 

OF  Gases. 

Qu. 

Constant  Pressure. 

Constant  Volume. 

Pressure 

Coefficient  of 

Pressure 

Coefficient  of 

Air 

at  o    in  cm. 
of  Mercury. 

_ 

at  0°  in  cm. 
of  Mercury. 

Expfuision. 
.003648 

76  cm. 

.003671 

1 1  cm. 

»i 

357 

.003695 

76 

.003665 

i» 

*•• 

... 

200 

.003690 

„    .     . 

... 

... 

2000 

.003887 

Nitrogen  .... 

... 

.>• 

76 

003668 

Hydrogen     .     .     . 

76 

.0036613 

76 

.003669 

ft            ... 

254 

.0036616 

... 

... 

Carbon  dioxide 

76 

.003710 

76 

.003686 

«            ») 

252 

.003845 

200 

.003752 

«            »i          - 

... 

800 

.004252 
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An  examination  of  the  above  table  will  show  that  in  the  case  of  air  and 
carbon  dioxide  the  cocfticient  of  expansion  increases  as  the  pressure  to 
which  the  gas  is  subjected  increases.  This  increase  of  the  coefficient  of 
cxjjansion  beingf  much  more  noticeable  in  the  case  of  carbon  dioxide,  a 
gas  which  deviates  considerably  from  Boyle's  law  (§  130),  than  in  the  case 
of  air ;  hydrogen,  again,  being  an  exception,  in  that  the  coefficient  of 
expansion  is  constant,  at  any  rate  up  10  a  pressure  of  254  cm.  of  mercury. 
In  most  cases  the  coefficient  of  expansion  at  constant  pressure  is  greater 
than  that  at  constant  volume.  The  most  important  characteristic,  how- 
ever, is  that  the  coefficients  of  thermal  expansion  for  the  different  gases 
are  ahnost  exactly  the  same,  the  differences  between  different  gases  being 
less,  the  lower  the  pressure  to  which  the  gases  are  subjected.  We  are 
therefore  led  to  the  conclusion  that  in  the  case  of  perfect  gases  (i>.  ones 
which  obey  Boyle's  law  exactly)  the  coefficients  of  thermal  expansion 
would  be  constant,  and  have  a  value  about  0.00366. 

197.  Charles's  Law— Absolute  Zero.— The  law  that  all  gases  have 
the  same  cocfiicient  of  thermal  expansion  was  first  enunciated  by  Charles. 
It  is,  however,  sometimes  known  as  Gay-Lussac's  law,  since  he  was  the 
first  to  make  experiments  to  test  the  accuracy  of  the  law.  F'"rom  what  has 
been  said  in  the  previous  section,  it  will  be  seen  that  gases  obey  Charles's 
law  with  about  the  same  accuracy  with  which  they  obey  Boyle's  law. 

If  we  consider  a  mass  of  a  perfect  gas  of  which  the  volume  is  t/«  and 
the  pressure  p^^  at  a  temperature  of  o**C.,  and  imagine  the  voUmie  kept 
constant  while  its  temperature  is  lowered  to  -/",  the  pressure/  will, 
by  Ciiarlcs's  law,  be  given  by 

/-A(i-a/), 

where  a  is  the  coefficient  of  expansion.  If  the  cooling  is  continued  to  a 
temperature  of  (  -  -  )*,  then 

i>.  at  this  temperature  the  gas  would  exert  no  pressure  on  the  walls  of 
the  containing  vessel.  According  to  the  kinetic  theor>'  of  gases,  this  can 
only  occur  when  the  velocity  of  translation  of  the  molecules  is  zero.  If, 
as  seems  probable,  the  motion  of  the  atoms  in  the  molecules,  or  perhaps 
jt  is  belter  to  say  the  vibraiory  motion  of  the  molecules,  increases  and 
decreases /*in' /tffjw  with  the  motion  of  translation,  it  follows  that  at  a 

temperature  of  -  (  -  j*  C.  the  molecules  will  have  completely  lost  all  iheir 

motion.  Heal  consisting,  as  we  shall  see  later,  of  the  motion  of  the 
molecules,  when  no  such  motion  exists  the  Ixjdy  must  be  devoid  of  heat. 
Since  it  is  impossible  to  imagine  a  body  colder  than  one  which  is  devoid 

of  all  heat, />.  one  at  a  temperature  of  -  f-j'C.lhis  temperature  is  called 

the  absolute  z^ro. 
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Taking  a  as  .0036625  (the  mean  value  for  hydrogen  between  o"  and 

100"),  the  absolute  zero  will  be 66~'  °''  ~  "^^''■^  ^-    Although  it  is 

impossible  actually  to  cool  a  body  down  to  the  ;ibsolute  zero,  it  is  interest- 
ing to  note  thni  temperatures  as  low  as  -250'  C.  have  been  obtained  by 
allowing  liquid  hydrogen  to  boil  at  reduced  pressure.  The  true  value  of 
such  low  teii^peratures  is,  however,  difficult  to  estimate-,  since  it  is  hardly 
safe  to  say  that  any  propeny  of  matter  which  we  may  use  to  measure  tem- 
perature will,  at  such  low  temperatures,  change  with  temperature  according 
to  the  same  law  as  is  found  to  hold  at  temperatures  near  o"  and  too"  C. 

In  order  to  convert  temperatures  referred  to  0°  C.  to  the  corresponding 
temperatures  referred  to  the  absolute  zero,  we  have  to  add  273.  Thus  if 
7" and  /represent  the  temperature  reckoned  from  the  absolute  zero  and 
the  temperature  of  melting  ice  respectively, 


According  to  Charles's  law, 

and 


r=/+273. 


J*-/o(l+«/). 

Hence,  substituting  for  a  its  value  1/273,  and  reckoning  the  temperature 
from  the  absolute  zero,  the  above  equations  become 

=A  77273, 
and  v^v^Tjjjy 

At  any  other  temperature  7^,  if  the  pressure  when  the  volume  is  con- 
stant is/'  and  the  volume  when  the  pressure  is  constant  is  t/,  we  have 

/=Ar/273 
and  t/=VoT'l273* 

Hence  P     ^*      j  ^     ^ 

or  the  pressure  of  a  gas  at  constant  volume  varies  directly  as  the  absolute 
temperature,  and  the  volume,  at  constant  pressure,  also  varies  directly  as 
the  absolute  temperature 

Suppose  that  the  conditions  of  a  certain  mass  of  gas,  as  far  as  pres- 
sure, volume,  and  temperature  are  concerned,  are  indicated  by  the  symbols 
/,  Vj  /  respectively,  while  when  the  temperature  of  the  same  mass  of  gas 
is  kept  constant,  the  pressure  being /^  let  the  volume  be  ?''.  Then  since 
the  temperature  is  maintained  constant  we  have,  by  Boyle's  law, 

Now,  keeping  the  pressure/*,  constant,  let  the  temperature  of  the  gas 
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be  reduced  to  o",  and  let  t'a  be  the  volume  under  these  conditions. 
Charles's  law  we  have 

where  a  is  the  coefficient  of  expansion  of  the  gas.     Hence,  equating  the 
two  values  of «/',  we  get 

Takiny  the  value  of  a  as  -003663,  or  — ,  and  writing  7^  for  the  tempera- 
ture measured  from  the  absolute  zero,  i.e.  -273'  C,  we  get 

/t/=A,v(i+^J-^- (273+0 
=.^•^'.7'. 

For  a  given  mass  of  gas  the  quantity /e^'a  is  a  constant,  hence  we  may 
write  the  above  equation — 

^ere  /?  is  a  constant,  depending  only  on  the  nature  and  quantity  of 
the  gas, 

198.  The  Gas  Thermometer.— Since  the  standard  thermometric 
substance  employed  for  all  accurate  measurements  of  tcmperalure  is 
cither  hydrogen  or  nitrogen,  the  problem  of  comparing  the  readings  of 
the  ordinary  liquid-in-glass  themiometers,  such  us  are  actually  used  to 
note  the  temperature,  with  the  gas  thermometer,  and  hence  deducing  the 
corrections  to  be  applied  to  the  readings  to  reduce  them  to  the  gas  scale, 
is  of  very  considerable  importance.    There  are  several  forms  of  so-called 


air  thermometers,  which  are  all  more  or  less  modifications  of  the  instru- 
ments used  by  Regnault,  and  we  shall  content  ourselves  with  describing  the 
form  employed  at  the  Bureau  International  des  Poids  ct  Mesures  at  Paris. 
The  instrument  consists  of  two  distinct  parts,  the  bulb,  containing 
the  gas  (hydrogen),  and  the  manometer,  used  to  measure  the  pressure  to 


which  the  gas  is  exposed  at  the  different  temperatures.     A  section  of  the 
arrangement  employed  for  heating  the  bulh  A  is  shown  in  Fig.  157.    The 

bulb  A,  which  is  made  of  platinum 
iridium,  and  has  a  capacity  of  about  a 
litre,  is  connected  with  the  manometer 
(shown  in  Fig.  158)  by  a  fine  metal 
lube  B, about  a  metre  long,  and  having 
a  bore  of  0.07  cm.  For  the  comparistms 
at  comparatively  low  temperatures  the 
bulb  A  and  the  ihemiomcters  T,  which 
are  to  be  compared  with  the  gas  ther- 
mometer, are  placed  side  by  side  in  a 
long  water-baih,  which  is  kept  well 
stirred.  For  the  higher  tcmpcraliires 
the  arrangement  shown  in  Fig.  1 57  is 
employed.  Steam,  or  the  vapour  o^ 
some  other  liquid,  enters  the  apparatus 
by  the  tube  £,  passes  up  alongside  iIk 
bulb  A  and  the  bulbs  of  ihc  thermo- 
meters T,  and  then  at  the  end  passes 
to  ihc  outside  of  the  metal  screen  Vlt 
and  back  .ilong  the  outside,  finally 
escaping  by  the  tul>e  K.  The  arrange- 
ment resembles  that  used  for  determin- 
ing the  upper  fixed  point  of  an  ordinary 
mercurial  thermometer  (see  Fig.  144). 

In  Rcgnaults  form  of  the  constant- 
volume  air  thermometer,  the  mano- 
meter employed  only  measures  the 
excess  or  defect  of  the  pressure  to  which 
the  gas  is  exposed  over  the  ordinary 
atmospheric  pressure,  so  that  to  obtain 
the  actual  pressure  the  t^arometric 
height  has  also  to  be  detennined.  In 
the  Bureau  instrument  the  manometer 
and  barometer  arc  combined  in  a  single 
instrument,  so  that  the  height  of  a 
single  column  of  mercury  only  has  to 
be  measured,  and  thus  the  chances  of 
error  are  reduced.     The  tube  ii,  coming 

,  ■ from  the  bulb,  is  attached  to  a  steel 

^^^ p%J%^^X/>^/^ P^y^y:^^        block  A  (Fig,   158),  which  is  damped 

Kiu  158.  air-light  on  the  end  of  a  glass  tube 

c.    The  lower  end  of  this  glass  tube  is 

cemented  into  a  steel  block  D,  to  which  is  also  cemented  a  second  glass 
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tube  E.  These  two  glass  tubes  communicate  with  each  other  through  a 
channel  in  the  steel  block,  as  well  as  with  a  tap  and  flexible  steel  tube  K. 
Tlie  block  D  is  attached  to  an  upright  mcial  pillar  P,  which  also  carries  a 
niovahlc  cradle  Q,  the  position  of  which  can  be  adjusted  by  the  screw  s. 
The  cradle  Q  carries  the  upper  end  of  a  barometer  tube  HC,  the  lower  end 
of  which  dips  in  the  mercury  contained  in  the  tube  E.  The  lower  surface 
of  the  steel  plug  a  is  made  plain,  except  for  a  fine  metal  point,  shown  on 
a  larger  scale  at  N,  which  serves  as  a  fixed  mark  to  which  the  surface  of 
the  mercury  in  the  tube  c  is  always  brought  back.  The  height  of  the 
reservoir  I.  is  altered,  roughly  by  sliding  the  cradle  R  up  and  down  by 
hand,  and  finally  by  means  of  the  screw  M,  till  this  adjustment  is  com- 
plete at  each  temperature. 

When  the  surface  of  the  mcrcur)'  at  J  is  exactly  in  contact  with  the 
steel  point,  the  excess  of  the  pressure  within  the  bulb  above  the  atmos- 
pheric pressure  is  equal  to  the  weight  of  a  column  of  mercury  of  height  OJ. 
The  atmospheric  pressure  is  equal  10  the  weight  of  a  column  of  mercury, 
of  height  10.  Hence  the  pressure  acting  on  the  gas  in  the  bulb  is  equal 
to  the  weight  of  a  column  of  mercury  of  height  lo  +  Oj  or  Ij,  and  the 
measurement  of  the  vertical  distance  between  the  two  mercury  surfaces 
I  and  J  suffices  to  give  the  pressure.  The  measurement  of  this  height  is 
cITecied  by  means  of  a  cathetometcr,  which  is  carried  on  a  pillar  fixed 
alongside  the  instrument,  the  measurement  being  facilitated  by  the  fact 
that  the  two  surfaces  I  and  J  are  placed  vertically  one  over  the  other. 
The  temperature  of  the  mercury  column  is  measured  by  a  scries  of 
thermometers  attached  to  the  upright  P. 

The  readings  obtained  have  to  be  corrected  to  allow  for  the  expan- 
sion of  the  bulb  on  account  of  (1)  rise  of  temperature  and  (2)  the 
increase  of  the  pressure  of  the  gas  inside.  Allowance  has  also  to  be 
made  for  the  decrease  in  volume,  as  the  pressure  is  increased,  of  the  air 
contained  in  the  tube  BH  and  the  space  between  the  mercury  meniscus  j 
and  the  lower  surface  of  the  steel  block  a.  The  coefficient  of  cubical 
expansion  of  the  platinum-indium  bulb  was  determined  by  measuring, 
directly  oa  the  comparator,  its  coetHcient  of  linear  expansion. 


CHAPTER   II 
CALORIAfETRY 

199.  Quantity  of  Heat— In  order  to  measure  the  quantity  of  heat 
which  a  t)0(ly  loses  or  gains  when  its  temperature  chanjjcs,  or  when  its 
plxysical  slate  changes,  we  generally  use  as  the  unit  that  quantity  of 
heal  which,  acting  on  a  given  mass  of  some  chosen  substance,  alters  its 
temperature  by  some  fixed  amount.  The  substance  employed  almost 
exclusively  for  this  purpose  is  water.  Thus  the  unit  of  heat  might  be 
defined  as  the  heat  necessary  to  raise  the  temperature  of  one  gram  of 
water  through  one  degree  Centigrade.  This  definition,  however,  will 
only  be  complete-  if  a  gram  of  water  requires  the  same  quantity  of  heat 
to  raise  its  temperature  one  degree,  whatever  the  temperature  at  which 
we  start  ;  that  is,  if  it  required  the  same  quantity  of  heat  to  raise  a 
gram  of  water  from  o''  to  T,  as  from  15'  to  i6\  or  from  90"  to  91".  Since 
it  has  been  found  that  the  quantity  of  heat  required  at  different  tem- 
peratures is  different,  it  is  necessary  to  specify  between  what  two 
temperatures  the  water  has  to  be  taken,  and  there  are  a  number  of 
thermal  units  in  use  differing  from  one  another  in  the  temperature  at 
which  the  water  is  taken.     The  chief  of  these  are  as  follows  : — 

(i)  The  heat  required  to  raise  i  grm.  of  water  from  o**  C.  to  i'  C. 

(2)  The  heat  required  to  raise  1  grm.  of  water  from  3*.  5  C.  lo  4*.5  C- 

(3)  The  heat  required  to  raise  i  grm.  of  water  from  I4".5  C.  to  ij'.S  C. 
Each  of  the  above  units  has,  at  some  time  or  other,  been  called  a 

cahfie^  and  so  in  accurate  work  it  is  necessarj*  to  say  at  what  tempera- 
ture the  calorie  is  taken. 

A  unit  of  heat  largely  used  in  England  in  engineering  is  the  heat 
required  to  raise  I  lb.  of  water  through  1"  F.  As  this  unit  is  only  used 
for  comparatively  rough  measurements,  the  question  as  to  the  tempera- 
lure  at  which  the  water  is  taken  docs  not  come  in. 

For  theoretical  purposes  (and  practical  also,  now  that  electrical 
measurements  play  such  an  important  part  in  engineering),  it  is  con- 
venient to  measure  heat  in  terms  of  the  imits  of  work  or  energy,  since, 
as  will  be  seen  later  (§  250},  heat  and  energy  are  convertible,  and  it  has 
been  proposed  to  adopt  as  the  practical  unit  of  heat  4.2  x  lo'  ergs — the 
rcastm  for  the  adoption  of  this  number  will  be  seen  later  (§  251)— and  to 
^  call  this  unit  a  joule. 

200.  Specific  Heat,— If  too  grams  of  water  at  loo"  arc  mixed  with 
Ltoo  grams  of  water  at  0%  the  temperature  of  the  mixture  is  found  to  be 
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very  nearly  50°.  But  if  lOO  grams  of  copper  at  100"  are  placed  in  100 
grams  of  water  at  o%  the  final  temperature  of  the  copper  and  water  is 
not  50",  but  about  9^  i.  The  heat  given  out  by  the  copper  in  cooling  from 
!oo*  to  9°. I,  />.  through  9o''.9,  has  only  been  able  to  heat  an  equal  mass 
of  water  through  9^I.  It  is  therefore  evident  that  a  given  mass  of  copper 
requires  much  less  heat  to  raise  its  temperature  1°  than  does  an  equal 
mass  of  water.  The  quantity  of  heat  necessary  to  raise  the  temperature 
of  I  gram  of  a  substance  through  T  C,  at  any  given  temperature,  is  called 
Ihc  specific  heat  of  the  substance  at  that  temperature.  The  specific  heat 
of  water  (at  the  temperature  at  which  the  calorie  is  defined)  is  therefore 
unity,  and  that  of  copper  .1. 

The  following  table  gives  the  specific  heat  of  some  substances  in 
terms  of  water  at  15"  C.  The  second  column  gives  the  mean  temperature 
at  which  the  specific  heat  of  the  substance  was  measured. 

Specific  Heat. 


Substance. 

Temperature. 

Specific  Heau 

Water           ... 

5* 

1.0041 

n 

10 

1.0019 

*i 

15' 

1,0000 

>t 

20" 

.9987 

y> 

27' 

.<>>67 

Ice 

-lo* 

.502 

Paraffin  (wax  > 

10° 

.694 

Copper 

50" 

.092 

Zmc      . 

50' 

.093 

Iron 

15" 

.109 

Platinum 

50" 

.032 

Mercury 

20" 

.0331 

Petroleum 

40' 

•51 

201.  The  Measurement  of  the  Speclflc  Heat  of  Solids.— The 

most  usual  method  of  determining  the  si^ecific  heat  of  a  solid  is  called 
the  method  of  mixtures^  and  consists  in  heating  a  given  mass  of  the 
solid  to  .1  known  temperature,  and  then  immersing  it  in  a  vessel  con- 
taining a  known  mass  of  water,  the  initial  and  final  temperatures  of 
which  are  noted.  If  Af  is  the  mass  of  the  body,  H*  that  of  the  water, 
/,  the  initial  temperature  of  the  body,  /j  the  initial  temperature  of  the 
water,  and  /^  the  final  temperature  of  the  body  and  the  water,  we  have, 
if  we  suppose  for  the  moment  that  the  vessel  docs  not  take  up  any  heat, 
llial  the  heat  gained  by  the  water  is  Hy^  ~  t^).  The  heat  lost  by  the  >x>dy 
is  J/i;/,  - /j)  J,  where  s  is  the  specific  heat  of  the  body.  Equating  these 
two  quantities  of  heat,  we  get  • 

Since  the  temperature  of  the  vessel  in  which  the  water  is  contained 
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(called  the  Calorimeter)  is  raised  from  /j  to  /,,  some  of  the  heat  given 
out  by  the  body  will  have  been  used  for  this  purpose,  and  the  above 
result  must  be  corrected  on  this  account.  If  w  is  the  mass  of  the 
calorimeter,  and  o-  the  specific  heat  of  the  material  of  which  it  is 
composed,  the  heat  necessary  to  raise  its  temperature  from  L^  to  /j  is 
w{f-^- /.^<T.  The  product  tt'c,  which  represents  the  quiintity  of  water 
which  would  require  the  same  quantity  of  heat  to  raise  its  temperature 
I**  as  does  the  calorimeter,  is  called  the  wafer  equivalent  or  water  valut 
of  the  calorimeter.  The  heat  gained  by  the  water  and  calorimeter  is 
\\\t^  -  /^  +  «/  (/a  -  /"Jcr,  and  hence 


In  forming  the  above  expressions,  we  have  supposed  that  a// the  heat 
given  out  by  the  hot  body  is  received  by  the  calorimeter  and  its  contents. 
Since  the  hoi  body  has  to  be  moved  from  the  enclosure  in  which  it  was 
heated  to  the  calorimeter,  special  precautions  have,  as  we  shall  see  later  on, 
to  be  taken  to  prevent  loss  of  heat  during  transit.  Again,  although  the 
calorimeter  may  be  at  the  same  temperature  as  its  surroundings  at  one 
lempcniture,  say  the  initial  temperature,  yet  when  the  hot  body  Js  placed 
in,  its  temperature  will  be  higher  than  that  of  its  surroundings,  and  hence 
it  will  lose  heat  by  conduction  and  radiation  (S  241).  In  order  to  reduce 
such  loss  of  heat  to  a  minimum,  the  calorimeter  is  supported  on  small,  badly 
conducting  feet,  or  suspended  by  threads,  so  that  it  shall  not  gain  or  lose 
heal  by  conduction  ihrotigli  the  supports.  The  loss  or  gain  of  heat  by 
radiation  is  reduced  to  a  minimum  by  having  die  outside  of  the  calori- 
meter polished,  since  polished  metal  is  a  bad  radiator  (§  246). 

Rumford  first  proposed  to  eliminate  the  effects  of  radiation  by  making 
a  preliminary  experiment  to  determine  approximately  the  rise  in  tempera- 
ture of  the  ailorimeler,  and  then,  in  the  final  experiment,  cooling  the 
calorimeter  before  the  introduction  of  the  hot  body  to  a  temperature 
below  that  of  the  surrounding  bodies  by  an  amount  equal  to  half  the  rise. 
By  this  device,  during  the  first  part  of  the  time  between  the  introduction 
of  the  hot  body  and  the  reading  of  the  final  temperature,  the  calorimeter 
would  receive  heat  by  radiation,  and  during  the  second  part  it  would 
lose  heal.  /Vs,  however,  the  temperature  rises  most  rapidly  at  first,  this 
correction  is  not  perfect,  and  for  ver)'  accurate  obser\'ations  the  following 
method,  adopted  by  Regnault,  in  which  the  loss  or  gain  by  radiation  is 
directly  measured,  is  used. 

The  temperature  of  the  calorimeter  and  its  contents  is  read  at  short 
intervals  (r),  say  evcr>'  10  secopds,  after  the  introduction  of  the  hot  body 
until  the  maximum  reading  has  been  obtained,  and  the  temperature 
begins  to  fall.  The  calorimeter  is  then  left,  and  the  fall  of  temperature 
in   two   or   three   minutes   determined,  and   from   this  the   fall   in   the 
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TEMPERATURE  of  CALORIMETER-* 
Fig.  159. 


inten-al  r  (10  seconds)  calculated.  Tliis  gives  the  rate  of  loss  of  heat 
at  the  highest  temperature.  The  calorimeter  is  allowed  to  cool,  and 
the  rate  of  loss  of  heat  in  a  liine  r 
determined  at  a  number  of  irm- 
peruttires  between  the  maximum 
and  Ihe  original  temperature.  A 
curve  PQ(Fi^.  159)  is  then  plotted, 
in  which  the  abscissa:  are  the  tem- 
peratures of  the  calorimeter  and 
the  ordinates  are  the  fall  in  lem- 
peratuic  at  the  different  tempera- 
lures  durinjjf  the  interval  r.  The 
point  P,  where  this  curve  cuts  the 
axis  of  X,  of  course  corresponds 
10  the  calorimeter,  being  at  the 
same  temperature  as  its  surroundings,  so  that  it  neither  gains  nor 
loses  heat  by  conduction  or  radiation.  The  readings  of  the  tempera- 
ture of  the  calorimeter  while  tlie  temperature  was  rising  are  plotted  on 
square  paper,  the  abscissa;  being  the  times  from  the  instant  when  the  hoi 
body  was  inlrtKiuced  into 
the  calorimeter.  In  Kig. 
160  iJliC  is  such  a  cur\'e. 
An  ordinate  NR  is  then 
drawn  corresponding  to 
a  time  r'l  from  the  start, 
and  the  corresponding 
temperature  /'readfrom 
the  curve.  Next  the  fall 
of  temperature  (/,)  dur- 
ing the  time  r,  when  the 
temperature  of  ihecalori- 
mctcr  is  7",  is  read  from 
the  curve  (Kig.  159), 
This  quantity  t^  is  added 
on  to  the  ordinate  wu 
to  give  a  new  point  !>'. 
This     point     represents 

what  would  have  been  the  temperature,  if  there  had  been  no  loss  of  heat. 
at  the  end  of  tlic  timer,  for  MU  represents  the  actual  temperature,  and  DD* 
represents  tlie  loss  which  has  taken  place  up  to  then.  In  the  same  way  the 
fall  of  temperature /j  corresponding  to  tlie  temperature  at  the  middle  of  the 
next  inter\al  is  read  off,  and  the  sum  of  the  two  quantities  /j,  /j  is  addcil 
to  the  ordinate  i:p,  since  the  total  fall  of  temperature  due  to  radiation 
and  conduction  up  to  the  time  P  is  the  loss  during  the  interval  OM, 
together  with  that  during  the  inter\'al  MP.     Proceeding  in  this  way  a 
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series  of  points  are  obtained,  such  as  are  indicated  on  the  dotted  curx'C 
D'e'b'c'.  This  curve  rises  to  the  point  h\  and  after  that  is  horizontal. 
The  reason  why  it  remains  horizontal  is  that  we  are  allowing  for  the  fall 
of  temperature  due  to  radiation,  and  hence  the  dotted  cur>'c  represents 
the  temperature  of  the  calorimeter  supposing  there  were  no  loss  by 
radiation,  under  which  circumstances  the  temperature  would  remain 
constant  as  soon  as  the  liot  body  and  the  calorimeter  had  reached  the 
same  temperature.  The  final  temperature  taken  in  the  calculation  of  the 
speci6c  heal  is  that  corresponding  to  the  horizontal  part  of  the  dotted 
curve,  t'.f.  qb'. 

In  Fig.  161  a  modified  form  of  Rej^nault's  calorimeter  is  shown.     The 
substance  of  which  the  specific  heat  is  to  be  measured  is  heated  in  the 

heater  A.  This  heater  is  shown  in 
section  at  ((/),  and  is  connected  by 
the  side-tube  E  with  a  boiler,  so 
that  steam  enters  at  E  and  passes 
out  through  F  to  a  condenser. 
The  temperature  to  which  the 
substance  is  hctitcd  is  indicated  by 
the  ihcrmometcr  T,.  The  calori- 
meter c  is  suspended  by  means  of 
three  liyht  strings  inside  a  brightly 
polished  metal  vessel  D,  while  this 
vessel  is  itself  contained  within  a 
wooden  box  B.  A  delicate  ther- 
mometer T;j,  which  is  held  in  a  clip 
attached  to  the  box  B,  is  used  to 
give  the  temperature  of  the  liquid' 
in  the  calorimeter,  while  a  stirrer  S 
serves  to  mix  the  liquid  and  thus 
insure  it  all  being  at  the  same 
temperature.  A  screen  K,  which 
slides  up  and  down  in  guide5,  ser\'es 
to  protect  the  calorimeter  from 
radiation  from  the  healer.  When 
the  substance  has  attained  the 
temperature  of  the  heater,  the 
screen  K  Js  raised,  theN?ox  B  run 
on  its  guides  under  the  heater,  and  the  substance  dropped  down  into  the 
calorimeter,  the  small  slide  i-  being  momentarily  drawn  out  for  this 
purpose.  Directly  the  substance  has  been  introduced,  the  calorimeter  is 
withdrawn,  and  the  screen  K  again  lowered. 

The  consideration  nf  calorimetric  methods  which  depend  on  latent 
heat  of  vaporisation  or  fusion  will  be  dealt  with  later  (SS  212,  215). 

Fa\Te  and  Silbcrmann  used  a  calorimeter  which  was  essentially  a 
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very  large  mercurial  thermometer.  The  bulb  consisted  of  an  iron 
sphere  connected  to  a  narrow  fe'Iass  g^raduatcd  stem.  Into  this  sphere 
one  or  two  closed  tubes  made  of  glass  or  platinum,  somewhat  of  the 
shape  of  test-tulles,  protruded.  The  instrument  was  standardised  by 
introducing  into  one  of  the  tubes  a  known  weight  of  hot  water,  and 
noting  the  fall  of  temperature  of  the  water  and  the  distance  through 
which  the  mercury  column  in  the  stem  travelled.  Then,  from  the 
advance  of  the  column  when  another  body  was  introduced  into  one 
of  the  tubes,  the  quantity  of  heat  it  imparts  to  the  mercury  could  be 
calculated. 

202.  The  Measurement  of  the  Specific  Heat  of  Liquids.— The 
method  of  mixtures  is  applicable  in  the  case  of  liquids  ;  either  a  solid  of 
known  specific  heat  being  used,  the  calorimeter  containing  the  liquid,  or, 
if  the  liquid  does  not  combine  chemically  with  water,  a  known  mass  of 
the  liquid,  at  a  temperature  higher  or  lower  than  that  of  the  water  is  run 
into  the  calorimeter. 

208.  The  Measurement  of  the  Speelflo  Heat  of  Gases.— When 
a  body  expands  it  drives  back  the  atmospheric  pressure  and  hence  does 
work  (§  252),  and,  as  we  shall  see  later  (§  253),  this  work  is  done  at  the 
expense  of  some  of  the  heat  supplied  to  the  body.  Thus  the  specific 
heat,  i.e.  the  heat  required  to  raise  the  temperature  of  unit  mass  i'  C, 
of  a  body  will  be  different  according  as  it  is  allowed  to  expand,  and 
hence  do  external  work,  or  kept  at  constant  volume  by  suitably  altering 
the  pressure.  In  the  case  of  solids  and  liquids,  the  expansion  is  so  small 
that  the  external  work  done  and  the  heat  necessary  to  do  this  work  are 
ncgligable.  The  specific  heats  as  dctcniiined  are  at  constant  pressure 
but  would  differ  inappreciably  from  the  siiectfic  heats  at  constant  volume. 
In  the  case  of  gases,  where  the  change  of  volume  when  they  are  heated 
at  constant  pressure  is  considerable,  the  amount  of  heat  required  to  do 
the  external  work  performed  by  the  expanding  gas  amounts  to  a  large 
fraction  of  the  heat  supplied.  Hence  there  are  two  specific  heats  to  be 
considered  in  the  case  of  a  gas — (i)  The  specific  heat  at  constant 
pressure,  which  is  the  heal  required  to  raise  the  temperature  of  unit  mass 
of  the  gas  through  1°  when  the  pressure  is  kept  constant.  (2)  The 
specific  heat  at  constant  volume,  which  is  the  heat  required  to  raise  the 
temperature  of  unit  mass  of  the  gas  through  1"  when  the  volume  is  kept 
constant. 

204.  The  Measurement  of  the  Specific  Heat  of  a  Gas  under 

Constant  Pressure. — Accurate  measurements  of  the  specific  heats  of 
gases  under  constant  pressure  have  been  n\ade  by  Regnaull.  The  gas 
lo  be  experimented  upon  was  stored  under  pressure  in  a  large  metal 
reservoir  A  (Fig.  162).  From  this  reservoir  the  gas  passes  along  a  tube 
to  a  screw  valve  B,  shown  in  section  at  c.  A  little  way  beyond  the  valve 
(here  is  a  partition  across  the  tube,  pierced  with  a  small  hole  D.  lictweeQ  j 
this  partition  and  the  valve  a  side-tube  leads  to  a  manometer  F_     As  the 
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gas  escapes  from  the  reservoir  the  pressure  becomes  reduced,  but  by 
opening  the  valve  the  pressure  to  the  left  of  the  partition,  as  shown  li 
tlie  manometer,  can  be  kept  constant,  and  hence  the  gas  made  to  flo 


Fig.  16a. 


through  the  apparatus  at  a  uniform  rate.     The  gas  next  passes  through 

a   long   spiral    F  (Kig.   163)  immersed  in  an   oil   bath.      Having   thus 

acquired  the  temperature  of  the  l>aih,  the 
gas  passes  into  the  vessel  G  contained  in 
the  calorimeter  H.  By  means  of  a  scries 
of  spiral  partitions,  as  shown  at  K  (Fig, 
162X  the  gas  is  obliged  to  go  round  and 
round,  so  that  it  becomes  cooled  down 
to  the  temperature  of  the  water  in  the 
calorimeter  before  escaping. 

The  mass  of  the  gas  which  passes 
through  the  apparatus  is  obtained  by 
noting  the  pressure  in  the  vessel  A  before 
and  after  the  experiment.     The  volume 

having    been    previously    determined,    this    allowed    the    mass    to    be 

calculated. 

Corrections  have  to  be  applied  for  the  loss  of  heat  by  radiation,  and 

for  heat  conducted  to  the  calorimeter  by  the  tube  through  which  the  gaa 

enters. 
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The  following  table  contains  some  of  the  values  obtained  by 
Regnault  :— 

Specific  Heat  of  Gases  at  Constant  Pressure. 

Air 0.2374 

Chlorine 0.1220 

Carbon  dioxide a2i69 

Hydrogen 34090 

Nitrogen 0.2438 

Oxygen               0.2175 

205.  Specific  Heat  of  Gases  at  Constant  Volume.— The  direct 

dcicrmination  of  the  specific  heat  of  a  gas  at  constant  volume  is  rendered 
very  diliicult  from  the  necessity  of  enclosing  the  t,'as  in  a  vessel,  the 
water  value  S  201)  of  which  will  be  enoriTiousIy  greater  than  that  of  the 
enclosed  gas.  Direct  determinations  of  this  quantity  have,  however,  been 
made  by  Joly.  who  employed  for  tliis  purpose  the  sieain  calorimeter 
described  in  §  215. 

As  will  be  seen  later,  it  is  possible,  by  measuring  the  velocity  of 
sound  in  a  gas,  to  calculate  the  ratio  of  the  specific  heat  at  constant 
pressure  to  that  at  constant  volume.  Knowing  the  specific  heat  at  con- 
stant pressure,  we  are  then  able  to  calculate  that  at  constant  volume. 

206.  Variation  of  Specific  Heat  with  Change  of  Temperature, 
Density,  and  State.  — Regnault  examined  the  values  of  the  specific  heat 
at  constant  pressure  of  gases,  at  dificrent  temperatures,  and  found  that 
while  the  specific  heat  of  air  is  practically  constant,  that  of  carbon  dioxide 
increases  considerably  as  the  temperature  rises.  It  is  probable  that  all 
gases  which  deviate  from  Boyle's  and  Charles's  laws  show  an  increase  of 
specific  heat  with  increase  of  temperature,  but  that  a  perfect  gas  would 
possess  a  constant  specific  heat. 

In  the  case  of  water,  Rowland  and  Hartoli  and  Slracciali  find  that  the 
specific  heat  decreases  from  o"  to  a  temp>eralure  of  30"  (Rowland)  or  20* 
(liartoli  and  Stracciati),  and  then  increases.  The  recent  measurements 
of  Griffiths,  however,  seem  to  show  that  there  is  no  minimum  at  any 
temperature  below  3o^ 

The  specific  heat  of  most  solids  increases  with  increase  of  tem- 
perature. The  most  noteworthy  cases  of  the  increase  of  specific  heat 
with  temperature  are  the  solids  carbon,  boron,  and  siHcon.  For  the 
reasons  given  in  the  next  section,  a  study  of  the  specific  heat  of  these 
three  bodies  is  of  particular  interest,  and  was  undertaken  by  Weber,  who 
employed  Bunsen's  ice-calorimeter  (S  212)  for  temperatures  up  to  200", 
and  a  water-calorimeter  for  higher  temperatures.  The  temperature  to 
which  the  body  was  raised  was  obtained  by  having  a  lump  of  platinum 
heated  to  the  same  temperature  as  the  body,  and  placing  this  in  a 
second  calorimeter.     Then  from  the  rise  in  temperature  produced  by  the 


platinum,  and  from  the  specific  heat  of  platinum,  the  initial  temperature 
was  calculated.  The  values  he  obiained  for  carlwn  in  the  form  of 
diamond  are  shown  by  a  curve  in  Fig.  164.  It  will  be  noticed  that  the 
specific  heat  of  diamond  is  about  three  times  as  great  at  a  temperature  of 
300*  as  it  is  at  o%  while  at  temperatures  above  600'  the  specific  heat  remains  f 
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almost  constant.  Similar  results  were  obt.iined  in  the  case  of  boron  and 
silicon,  except  that  in  the  case  of  tlie  latter  substance  the  specific  heat 
ia  almost  constant  at  temperatures  above  2co'. 

In  the  case  of  bodies  which  are  capable  of  existing  in  more  than  one 
allotropic  modification,  marked  differences  in  the  specific  heats  of  the 
various  forms  are  often  found.  Thus  in  the  case  of  calcium  carbonate 
the  specific  heats  of  aragoniie  and  Iceland  spar  are  0.20S5,  that  of  chalk 
0.3148,  and  that  of  marble  0.21 58.  At  ordinary  temperatures  the  specific 
heat  of  carbon  in  the  form  of  diamond  is  0.1469,  wood  charcoal  0.2415, 
and  graphite  0.2017.  Weber  found,  however,  that  at  high  temperatures 
all  forms  of  carbon  have  the  same  specific  heat,  the  same  probably  being 
the  case  with  other  polymorphous  bodies. 

The  specific  heat  of  most  bodies  is  different  in  the  three  states — 
solid,  Ifquid,  and  gas.  In  general  the  specific  heat  in  the  solid  and 
gaseous  states  are  much  smaller  than  in  the  liquid  stale.  The  following 
table  gives  some  values  of  the  specific  heat  for  bodies  in  diflfercnt 
states  :— 
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Change  of  Specific  Heat  with  Change  of  Statf- 


Solid. 

Liquid. 

Gas. 

Water  .... 

Mercun' 

Tin       .... 

Lead     .... 

Alcohol 

Ether  v        .        *        . 

a  50 

0.0314 
0.0562 
0.0314 

I.OOO 

0.0333 

ao637 
ao403 
0.5475 
a529o 

0.477 
•  •• 

0.4534 
0.4797 

207.  Dulongr  and  Petit's  Law.— Dulong  and  Peiit  first  enunciated 
the  law  that  the  product  of  the  specific  heat  of  an  element  in  the  solid 
state  into  the  atomic  weight  is  a  constant.  The  product  of  the  atomic 
weight  into  the  specific  heat  of  a  gas  is  also  approximately  constant,  but 
about  half  the  value  of  the  product  in  the  case  of  solids.  In  the  case  of 
liquids  tlie  law  does  not  apply  at  all.  If  w  is  the  number  of  molecules  in 
unit  mass  of  a  solid  element,  10  the  mass  of  each  molecule,  v  the  heal 
required  to  raise  the  temperature  of  a  single  molecule  1°,  and  .S"  the 
specific  heat  of  the  body,  we  have  S^trn  and  niu^\.  Hence  u^ivS. 
Since,  according  to  Dulong  and  Petit's  law,  ivS  is  a  constant,  il  follows 
that  o-  is  also  constant,  or  the  heat  required  to  raise  the  temperature  of  a 
molecule  of  all  the  elements,  when  in  the  sohd  state,  through  i^  is  the 
same.  The  product  of  the  specific  heat  into  the  atomic  weight  of  an 
element  is  called  the  atomic  heat,  and  the  values  of  this  quantity  for 
some  elements  are  given  in  the  following  table  : — 

Atomic  Heats. 


Atomic 

Atomic 

WdghL 

Specific  Hcau 

Heat 

Hydrogen  'J                           { 

I 

3.409 

3^ 

Oxygen      \  (gaseous)  .        I 

16 

0.218 

3.5 

Nitrogen    )                               ( 

H 

0.244 

34 

Iron 

56 

0109 

6.1 

Copper  

63 

ao92 

5-8 

Zinc       .                ... 

65 

O.C93 

6.1 

Platinum        .... 

194 

0.032 

6.2 

Arsenic  ... 

75 

0.081 

6.1 

Selenium        .... 

79 

0.084 

6.6 

Sodium 

*3 

0.293 

6.7 

Potassium      .... 

39 

0,170 

6.6 

Sulphur 

32 

0.163 

5-2 

Mercury  (solid)      . 

200 

0.031 

6.2 

Carbon 

12 

\           ai44 

^(985*)a459 

(t.7) 
5-5 

Boron 

II 

]    (27l  0.238 
1(233^)0.366 

(2.6) 
4-0 

Silicon 

28 

5   (57:)o.i83 
](232*)a203 

<5.2) 
57 

Il  will  be  seen  that  the  atomic  heats  of  gases  are  about  3.4,  and  those  of 
solids  about  6.4.  After  what  has  been  said  in  the  previous  section  as  to 
the  change  of  specific  heat  with  temperature  and  with  the  allotropic 
state  [>f  a  body,  ilie  differences  obtained  are  not  surprising.  The  values 
of  the  atomic  lieats  of  carbon,  boron*  and  silicon  obtained  by  using  the 
specific  heat  as  measured  at  ordinary  temperatures  are  very  different 
from  6.4,  and  it  was  with  a  view  to  testing  whether  these  abnormal  values 
of  the  atomic  heat  would  persist  at  all  temperatures  that  Weber  under- 
took his  investigation  into  the  specific  heat  of  these  bodies.  It  is  to  be 
noted  that  these  three  bodies  are  all  ver>'  ditiiculily  fusible,  so  that  at 
ordinary  temperatures  they  are  a  long  way  from  their  melting-point. 
The  specific  heat  of  most  solids  seems  to  become  constant  near  a  certain 
temperature,  and  hence  it  is  only  reasonable  to  employ  the  specific  heat 
measured  at  such  temperature  for  getting  the  atomic  heat ;  and  it  is 
probable  that,  if  this  were  done,  Dulong  and  Petit's  law  would  be  more 
nearly  true.  In  the  case  of  carbon,  boron,  and  silicon  the  table  shows 
how  very  much  better  the  atomic  heats  calculated  from  the  specific  heats 
at  high  icmpcralures  agree  with  the  other  atomic  heats,  than  do  those 
calculated  from  the  specific  heats  at  low  temperatures. 

An  extension  of  Dulong  and  Petit's  law  is  due  10  Wocstyn,  who  sug- 
gests that  the  atoms  of  the  elements,  even  when  combined  with  one 
another,  preser\*e  the  same  specific  heat  that  they  have  in  the  uncombined 
state,  so  that  the  thermal  capacity  of  the  molecule  of  any  compound  is 
equal  to  the  sum  of  the  atomic  heats  of  its  constituent  atoms.  This  law 
is  not  verified  by  experiment  with  any  degree  of  completeness,  and 
Neumann  has  limited  the  law  to  the  statement  that,  for  compounds  be- 
longing to  the  same  general  formula,  and  which  are  similarly  constituted, 
the  prwluct  of  the  molecular  weight  into  the  specific  heat  is  constant ; 
but  that  the  value  of  the  product  varies  from  one  series  to  another. 

The  following  table  gives  the  specific  and  molecular  heats  of  some 
compounds  : — 

Molecular  Heats. 


Type  RCL 

Molecular         Sjiecific 
Weight.     1       Heac 

Molecular 
Hc»L 

Sodium  chloride  (NaCI) 
Potassium  chloride  (KCl) 
Silver  chloride  (AgCI)    . 

58.5       '     a2i4 
74.5            o.»73 
143              oo9t 

12.5 
12.9 
13.0 

Type  RCf^ 

1                      1 

Barium  chloride  (BaCL) 

Strontium  chloride  (SrCU 
Lead  chloride  (PbCI,)    . 

208              0.090              18.7 
158              0.120              19.0 
278        1      c.066       I        18.3 

Type  RSO^. 

1                      1 

Barium  sulphate  (BaS04) 
Strontium  sulphate  (SrS04     . 
Lead  sulphate  (PbSO^)  . 

233           aii3 
184            0.143 
303            0087 

26.4         ' 

26.3 

36.4 

4 
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If  we  assume  that  the  atom  of  sodium,  potassium,  or  silver  requires 
the  same  amount  of  heat  to  raise  its  temperature  one  degree,  whether  it 
is  free  or  combined  with  chlorine,  we  can  calculate  the  atomic  heat  of 
chlorine  in  the  solid  condition.     Thus 

12.8-6.4  =  6.4, 

so  that  the  atomic  heat  of  solid  chlorine  is  6.4,  and  its  specific  heat  is 
6.4/35.5,  or  0.18. 

In  the  same  way,  from  the  salts  of  the  type  RCI2,  we  have  that  the 
atomic  heat  of  chlorine  is 

^(18.7-6.4)=  12.3/2  =  6.15. 

Applying  the  same  method  of  calculation  to  obtain  the  atomic  heat  of 
solid  oxygen  from  the  molecular  heats  of  the  salts  of  the  type  RSO4, 
we  get 

i(26.4  -6.4  X  2)=  13.6/3  =  4.5. 

In  this  case  the  atomic  heat  is  distinctly  below  6.4,  and  the  mean  value 
for  solid  oxygen  obtained  from  oxides  and  salts  is  4.1. 

Assuming  the  value  4.1  for  the  atomic  heat  of  oxygen,  we  can  cal- 
culate the  atomic  heat  of  solid  hydrogen.  The  specific  heat  of  ice  is  0.5, 
so  that  the  molecular  heat  is  18  x  .5  =  9.  Hence  the  atomic  heat  of  solid 
hydrogen  is 

i(9- 4. 0=^2.5. 

The  numbers  obtained  in  this  way,  depending  as  they  do  on  so  many 
hypotheses,  are  probably  only  approximately  correct ;  they  represent, 
however,  an  interesting  application  of  Woeslyn*s  extension  of  Dulong 
and  Petit's  law. 


CHAPTER    III 
CHANGE   OF  STATE 

208.  Meltingr  Point.— One  of  the  fixed  points  chosen  for  thenno- 
metry  is  the  temperature  at  which  ice  melts  when  subjected  to  atmos- 
pheric pressure.  As  long  as  the  ice  is  pure  this  temperature  seems  quite 
constant,  and  therefore  is  suitable  for  use  as  a  fixed  point.  If  a  mixture 
of  ice  and  water  is  at  any  tcnii>crature  except  d'  C,  it  will  gradually 
change  its  physical  state,  some  of  the  ice  becoming  fluid,  if  the  tempera- 
ture is  above  o*,  or  some  of  the  water  solid  if  the  temperature  is  below  o'. 
At  a  temperature  of  o",  however,  solid  water,  or  ice,  and  liquid  water  can 
coexist  without  change.  In  the  case  of  ire,  the  mf  I  ting-pointy  which  is 
the  temperature  of  melting  or  the  temperature  at  which  water  sohdifics, 
is  ver)'  well  marked  ;  there  are,  however,  other  bodies,  such  as  glass, 
iron,  &c.,  wliich,  when  heated,  become  gradually  softer  and  softer  as  the 
temperature  rises,  passing  throu^'h  the  conditions  of  a  soft  solid  and  a 
viscous  fluid,  so  that  they  have  no  verj-  well-marked  melting-point,  the 
solid  passing  into  the  liquid  condition  by  insensible  gradations. 

The  following  tabic  gives  a  series  of  melting-points,  the  temperature  cor- 
responding to  the  bodies  at  the  upper  end  of  the  list  being  rather  doubtful ; 

'"^^ WIIIUUUiilUiiinimNir  MKLTINO-POINTS. 


Peg.  C. 

neg.c. 

Iridium.     .  2230 

Zinc  .     . 

415 

Platinum   .   1800 

Bismuth 

268 

Copper .     .   1096 

Sulphur . 

'  i>5 

Gold      .     .1092 

Paraffin 

52 

Silver    .     .     985 

Ice     .     . 

0 

Aluminium     625 

Mercury 

-39 

209.  Change  In  Volume  during 

Fusion.— Must  subsianccb  occupy 
a  larger  volume  in  the  liquid  than 
in  the  solid  state,  so  that  contrac- 
tion takes  place  on  solidification. 
There  arc,  however,  exceptions  ; 
some  substances,  such  as  ice, 
cast  iron,  and  bismuth,  expand  on 
solidification.  In  the  case  of  water,  the  changes  in  volume  which  take 
place  between  a  icmpcralure  of  -  20**  C.  and  50*  arc  shown  in  Fig.  165, 
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The  density  of  ice  at  o'  being  0.91674,  and  that  of  water  at  the  same  tem- 
perature 0.99987,  the  increase  m  volume  of  one  gram  of  water  when  it 
soUdifies  is  0.0907  c.c.  Water,  when  changing  to  ice,  is  capable  of  exert- 
ing an  enomious  force  if  its  expansion  is  resisted.  This  expansive  force 
is  evident  in  the  bursting  of  water-pipes,  and  the  disintegration  of  rocks 
into  the  pores  of  which  water  has  pcrme^ited. 

210.  Effects  of  Pressure  on  the  Meltingr-Point.— In  1849  Prof. 
James  Thomson  showed '  tliat  it  followed,  from  the  mechanical  theor)'  of 
heat,  that  if  a  body  expands  on  sohdification,  hke  water,  then  increasing 
the  pressure  will  lower  the  freezing-point  ;  while  if  the  body  contracts 
on  solidification,  like  paraffin,  then  increasing  the  pressure  will  raise  the 
freezinj^-point.  He  calculated  that  in  the  case  of  water,  increasing  the 
pressure  by  one  atmosphere  would  lower  the  freezing-point  by  o'.oo75  C, 
Hence,  under  a  pressure  of  looo  atmospheres,  water  would  not  freeze 
above  a  temperature  of  -7''.5'  I"  other  words,  if  water  remains  liquid, 
which  it  must,  unless  it  is  able  to  e.x{xind  as  it  passes  into  ice,  at  a  tem- 
perature of  -  7*.5,  then  it  must  be  subjected  to  a  pressure  of  at  least  1000 
atmospheres,  and  it  is  clear  how  water  in  freezing  is  able  to  burst  even 
thick  steel  shells. 

The  following  tabic  gives  some  of  the  results  obtained  by  Tammann 
f  on  the  effect  of  pressure  on  the  melting-point : — 

Change  of  the  Melting-Point  with  Pressure. 


I 


Substance. 

Pressure  In  kllogrami 

weight  per  sqaare 

cenUmctre. 

Meldng-Poinl. 
Deg.  C. 

Benzene     . 

0 

5-3 

♦f 

Scx> 

19.0 

*i 

1000 

3»'4 

II 

20fX> 

54.8 

M 

11                      • 

3000 
3500 

73-5 
814 

Nitrobenzene 

I 

5.'7 

II 

500 

16.2 

It 

lono 

=7.4 

•1 

2COO 

46.4 

ft 

3000 

65.4 

*i 

3500 

74.3 

Phosphorus 

0 

43-9 

n 

500 

57.8 

»» 

l<)00 

71.5 

•    - 

2000 

97.4 

It  will  be  noticed  that  the  change  in  the  melting-point  is  very  con- 
[  ftiderable.     Thus  at  a  pressure  of  3500  kilograms  per  square  centimetre 

>  See  I  063. 


(.13^7  almospheres),  the  melting-point  of  benzene  is  above  the  ordinary 
iMiitinx-point  (8i")  at  a  pressure  of  one  atmosphere. 

If  a  wire  loop  is  passed  round  a  block  of  ice,  and  a  weight  is  attached 
to  the  bottom  of  the  loop,  it  will  be  found  that  the  wire  gradiially  cuts 
thruugh  the  block,  but  that  the  ice  joins  together  again  above  the  wire, 
%o  that  the  block  remains  whole.  This  phenomenon,  which  is  referred 
to  as  regelalion,  is  explained  as  follows.  The  whole  block  being  at  o', 
llic  ice  immediately  under  the  wire  is  compressed,  and  lias  its  meltiny- 
point  lowered  so  that  it  can  no  longer  remain  solid  at  o",  and  therefore 
It  melts,  letting  the  wire  down,  and  the  water  flowing  round  the  wire. 
The  melting  of  the  ice  causes  a  lowering  of  temperature  on  account  of 
the  latent  heat  (§  211)  of  fusion  of  the  ice.  The  water,  when  it  gets 
above  the  wire,  is  no  longer  compressed,  and  hence,  as  its  temperature 
i«  below  0%  it  again  freezes,  joining  together  the  severed  portions  of  the 
ice  above. 

211.  Latent  Heat  of  Fusion.— When  a  vessel  containing  a  mixture 
of  ice  and  water  at  o^  is  heated,  it  is  found,  if  the  contents  are  well  stirred, 
that  the  lempcraiurc  rpniains  at  o"  as  long  as  any  ice  is  left.  Since 
heat  is  l)eing  supplied,  and  the  temperature  docs  not  rise,  it  follows  that 
heat  must  be  required  to  convert  ice  at  o'  into  water  at  the  same  tem- 
perature. This  heat,  which  is  employed  not  in  changing  the  tempera- 
ture of  a  body,  but  in  changing  its  state,  is  called  latent  heat.  In  the 
same  way,  to  convert  water  at  0°  into  ice  at  o',  heat  has  to  be  abstracted. 
The  quanlliy  of  heat  required  to  melt  unit  mass  of  a  solid,  or  the  quan- 
tity of  heat  which  must  be  removed  to  convert  unit  mass  of  a  liquid  into 
a  solid,  in  both  cases  without  changing  the  temperature,  is  called  the 
iai^nt  heat  of  fusion  of  the  body. 

We  have  seen  that,  according  to  the  molecular  theory  of  the  con- 
stitution of  matter,  the  molecules  in  a  solid  arc  mure  closely  held 
together  than  in  a  liquid,  so  that  part  at  any  rate  of  the  latent  heat 
probably  represents  the  work  which  has  to  be  done  in  loosening  the 
molecules  of  a  solid  when  it  becomes  a  liquid. 

The  latent  heat  of  solids  may  be  measured  by  means  of  the  method 
of  mixtures.  Thus  suppose  W  grams  of  a  solid,  of  which  the  latent 
heat  of  fusion  is  /-,  at  a  temperature  t^  are  placed  In  a  calorimeter,  the 
water  equivalent  of  which  and  of  its  contents  is  7C,  and  that  the  tem- 
perature of  the  calorimeter  falls  from  /^  to  /j.  If  $  is  the  specific  heat 
of  the  body  in  the  solid  stale,  s^  the  specific  heat  in  the  liquid  state,  and 
/ft  the  melting-point  of  the  body,  then  the  heat  absorbed  by  the  body 
in  being  heated  from  t^  to  /y  in  the  solid  state,  then  melting  at  /(>,  and 
finally  rising  from  /<,  to  t^  in  the  liquid  state,  is 

W^/o  -  h)  +  WL  +  Ws\i^  -  /„), 

while  the  heat  lost  by  the  calorimeter  and  Its  contents  is 
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Kquatin^  these  two  quantities  of  heat,  wc  get 

If  the  solid  is  originaUy  at  its  melling-pomt,  t^  is  equal  to  /„,  and  no 
heat  is  used  in  raisinjf  the  temperature  of  the  solid,  so  that  L  is  given  by 

,     TK/,-/t)-HV(/a-/o) 

The  following  table  gives  the  latent  heat  of  fusion  of  some  sub- 
stances. 

Latent  Heat  oy  Fusion. 


Calories 

Calories 

gram. 

gram. 

Ice 

.     8ao2 

Zinc 

.      28.13 

Sulphur 

•      9  37 

Lead  . 

.        5.86 

Paraflfin 

.     35.10 

Silver 

.      21.07 

Benzene 

.         .     30-85 

Mercury 

.        2.82 

^>J^ 


212.  Bunsen*s  Ice  Calorimeter.— Bunscn  has  utilised  the  change 
in  volume,  which  takes  place  when  ice  is  melled,  to  estimate  the  quantity 
of  ice  melted,  and  hence,  knowini,'  the  latent  heat  of  ice,  to  obtain  a 
measure  of  ihe  heat  employed. 
His  ice  calorimeter  consists  of  q 

a  glass  test-tube  A  (Fig.  166), 
fused  into  a  cylindrical  glass 
bulb  B.  The  lower  part  of  this 
bulb  is  connected  by  a  glass 
tube  C,  with  a  horizontal  ^lass 
tube  D,  of  fine  bore,  to  which 
a  scale  is  attached.     The  upper 

part  of  U  is  filled  with  distilled  C 

water,  which  has  been  well  boiled 
to  free  it  from  dissolved  air,  the 
lower  part    and    the    side-tube 

being  ^lled  with  mercury.  By  passing  alcohol,  which  has  been  cooled 
in  a  freezing  mixture,  through  a,  a  coating  of  ice  is  fonned  all  round 
the  lower  part  of  A.  The  instrument  is  then  packed  round  with  melting 
snow,  and  left  till  the  temperature  of  the  whole  apparatus  comes  to  zero. 
To  detennine  the  specific  heat  of  a  substance,  a  known  mass,  heated  to 
a  temperature  /,  is  dropped  into  A,  and  the  amount  of  ice  melted  cal- 
culated from  the  distance  the  mercury  recedes  along  the  graduated  tube. 
The  instrument  is  often  calibrated  by  introducing  a  known  mass  of 
water  at  a  temperature  /,  and  noting  the  number  of  divisions  llirough 
which  the  mercury  recedes,  and  then  calculating  the  quantity  of  heat 
given  to  .\,  which  causes  the  mercur>'  to  recede  through  one  division. 


Fig.  166. 
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213.  BolUng'Polnt.— When  w'atcr  is  heated  in  a  beaker  the  tempera- 
ture gradually  rises,  and,  unless  the  water  has  been  very  carefully  freed 
from  dissolved  gas,  as  the  temperature  gets  near  ioo°  C.  small  bubbles 
are  formed,  mostly  on  the  sides  of  the  containing  vessel.  If  the  atmos- 
pheric pressure  is  76  cm.  of  mercury,  under  ordinary  circumstances,  when 
the  temperature  reaches  100*  C.  bubbles  are  rapidly  formed,  and,  rising 
to  the  surface,  burst,  and  the  temperature  remains  constant.  The  water 
is  now  said  to  boil.  As  has  been  mentioned  in  dealing  with  the  upper 
ihcrmometric  fixed  temperature,  the  temperature  of  boiling  water  depends 
on  the  pressure  to  which  the  water  is  subjected.  Unless  otherwise  stated, 
it  is  usual  to  give  the  boiling-point  of  a  liquid  under  the  pressure  of  a 
standard  atmosphere  {§  133). 

The  temperature  of  the  liquid  when  ebullition  takes  place  depends 
sliifhtly  on  the  nature  of  the  containing  vessel  The  temperature  of  the 
vapour  given  off  is,  however,  independent  of  the  nature  of  the  vessel,  and 
hence,  in  determining  the  boiling-point  of  a  liquid,  the  thermometer  is 
usually  placed  in  the  vapour  and  not  in  the  liquid  itself. 

The  following  table  gives  the  boiling-point  of  some  bodies  under  a 
pressure  of  one  atmosphere  :— 


BOILING-POINTS. 


Zinc   . 

916'  C 

Carbon  dioxide  . 

•    -   79" 

Sulphur 

444.5 

Oxygen 

.    -183 

Mercury 

357 

Air      . 

.    -193 

Water 

100 

Nitrogen 

.    -196 

Ethyl  alcohol     . 

78 

Hydrogen  . 

.    -238 

Ether 

34.6 

c. 


214.  Latent  Heat  of  Vaporisation.— As  in  the  case  of  the  conver- 
sion of  a  solid  into  a  liquid,  so,  in  the  case  of  conversion  of  a  liquid  into  a 
vapour  at  the  same  temperature,  heat  has  to  be  supplied.  The  quantity 
of  heat  that  has  to  be  supplied  to  one  gram  of  the  liquid,  at  the  boiling- 
point,  to  convert  it  into  vapour  without  changing  its  temperature  or  the 
quantity  of  heat  given  out  by  one  gram  of  the  vapour,  at  the  boiling- 
point,  when  condensing  to  liquid  at  the  same  temperature,  is  called  the 
iatent  heat  of  vaporisation.  The  boiling-point  in  the  above  definition  is 
the  temperature  of  ebullition  under  one  standard  atmosphere. 

One  of  the  simplest  methods  of  determining  the  latent  heat  of  vapor- 
isation is  that  designed  by  Ilcrthelot  and  shown  in  Fig.  167.  The  liquid 
to  be  experimented  upon  is  contained  in  a  glass  flask  D,  down  the  centre 
of  which  runs  a  tube  ah^  open  at  Iwth  ends.  The  lower  end  of  this  tube 
is  connected  by  a  ground  joint  to  a  glass  spiral  s.  which  terminates  in 
a  smalt  reservoir  R,  and  an  exit-tube  open  to  the  air.  The  spiral  and 
rescr\'oirare  contained  in  a  calorimeter  which,  to  protect  it  against  radia- 
tion, is  itself  contained  in  an  outer  vessel.  The  liquid  in  the  flask  is 
boiled  by  means  of  a  ring  burner  B,  the  calorimeter  being  protected  from 
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Fig.  167. 


the  heat  by  being  covered  with  a  slab  of  wood  HH'.  The  liquid  boils, 
and  the  vapour  travels  down  the  tut>c  nd^  is  condensed  in  the  spiral, 
and  collects  in  the  resen'oir  R.  By  this  arrange- 
ment the  condensation  of  the  hquid,  before  it 
reaches  the  calorinncter,  is  avoided.  The  heat 
conducted  to  the  calorimeter  by  the  glass  tube 
ad  is  allowed  for  by  noticing  the  rate  at  which  ihe 
temperature  of  the  calorimeter  rises  before  and 
after  the  experiment,  when  the  flask  is  heated, 
but  no  distilhition  is  taking  place.  Tlie  weiglu  of 
liquid  condensed  is  obtained  by  weighing  the 
spiral  and  R  before  and  after  the  experiment 

This  apparatus  is  very  convenient,  for  it  only 
requires  about  50  grams  of  the  liquid,  and  the 
experiment  only  lasts  three  or  four  minutes.  By 
its  means  licrthclot  obtained  as  a  niL-nn  the  value 
536.2  calorics  as  the  latent  heat  of  vaporisation  of 
water,  while  Regnault,  using  very  elaborate  ap- 

■paratus,  obtained  536.6  calories.  Griffiths  has 
recemly  obtained  the  value  536.63  calorics 
(calorics  at  15*,  see  §  199). 

The  latent  heat  varies  with  the  pressure,  and 
therefore  temperature,  at  which  vaporisation  takes 

place  ;  and,  according  to  Griffiths,  the  latent  heat  at  a  temperature  /  is, 
in  tlie  case  of  steam,  given  by  the  expression 

/./=  596.73 -0.601/. 

215.  Joly's  Steam  Calorimeter.— Dr.  Joly  has  invented  a  fonn  of 
calorimeter  in  which  the  heat  necessary  to  raise  the  tempcrnture  of  the 
substance  of  which  the  specific  heat  is  being  measured,  from  a  known 
temperature  of  about  20"  to  ioj",  is  obtained  by  determining  the  weight 
of  steam  which  must  be  condensed  to  supply  the  necessary  heat.  The 
arrangement  employed  in  measuring  the  specific  heat  of  a  gas  at  constant 
volume  is  shown  in  section  in  Fig.  168.  The  gas  is  contained  in  a  copper 
sphere  A,  suspended  by  means  of  a  fine  wire  c,  from  one  arm  of  a  deli- 
cate balance  D,  which  issupported  on  a  shelf  above  the  apparatus.  This 
wire  passes  through  a  small  hole  in  the  top  of  a  copper  vessel  B,  which  is 
itself  enclosed  in  a  non-conducting  box.  .Steam  is  admitted  to  the  box 
B  through  the  tube  K,  and  that  which  is  not  condensed  within  the  appa- 
tus  passes  out  through  the  tube  F. 

When  the  steam  is  admitted  it  condenses  on  the  sphere  A  till  the 

temperature  reaches   100",  and   the  water  formed  by  the  condensation 

is  collected  in  a  thin  catch-pan  G,  attached  to  the  iKittom  of  the  sphere, 

nd  its  weight  is  determined  by  putting  weights  on  the  opposite  pan 

f  the  balance  till  equilibrium  is  again  secured.    A  light  metal  shield  h, 
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with  a  hole  through  which  the  suspending'  wire  c  passes,  serves  to 
protect  the  sphere  from  any  drops  of  water  produced  by  the  steam  con- 
densing on  the  top  of  the  vessel  B. 
In  order  to  prevent  the  condensation 
of  steam  on  the  wire  C,  where  it  passes 
through  the  hole  in  li,  a  spiral  of  6ne 
platinum  wire,  1,  is  placed  round  the 
wire,  but  not  touching  it,  and  this 
spiral  is  heated  by  passing  a  current 
of  electricity.  In  this  way  the  portion 
of  the  wire  passing  through  the  hole 
is  heated  above  loo*,  so  that  no 
steam  condenses  on  it. 

In  the  best  form  of  the  steam 
calorimeier  there  is  a  sphere,  &c.,  sus- 
pended from  each  of  the  arms  of  the 
balance,  so  that  ihey  are  alongside 
each  other  in  the  vessel  B.  An  ex- 
periment is  then  made,  in  which  both 
the  copper  spheres  arc  exhausted, 
and  if  they  have  exactly  the  same 
"  walcr-vakie,"thebalancewill  remain 
in  equilibrium  after  the  admission  of 
the  steam.  If  the  balance  is  de- 
flected, weights  arc  added  till  it  comes 
back  to  equilibrium,  and  from  the 
value  of  these  added  weights  the 
diflference  in  the  water-value  of  the 
spheres  can  be  calculated.  One  of  the 
spheres  is  then  filled  with  the  gas  to  be  experimented  on  under  a  pres- 
sure of  about  40  atmospheres,  and  from  the  increase  in  the  wei^ijht  of  the 
sphere  the  mass  of  the  gas  is  obtained.  The  sphere  is  then  placed  in  the 
calorimeter,  the  sphere  attached  to  the  other  arm  being  still  exhausted, 
and  steam  Is  admitted.  The  sphere  containing  the  gas  now  condenses 
more  steam  than  the  empty  oncj  since  it  requires  some  heat  to  raise  the 
temperature  of  the  enclosed  gas.  The  weight  a^,  which  has  to  be  added 
to  the  other  side  to  produce  equilibrium,  is  then  equal  to  the  weight  of 
the  water  produced  by  the  condensation  of  a  weight  w  of  steam,  and  the 
latent  heat  given  out  by  this  steam  has  heated  the  gas  in  the  sphere 
from  a  temperature  /,  say,  to  100°.  Hence  if  M  is  the  mass  of  the. gas, 
and  L  the  latent   heat  of  steam,   the   specific   heat  (j)  of  the   gas   is 


Fig.  x68. 
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given  by 

'"/1/(ioo-/)' 
The  thermal  value  of  the  copper  coniaining-sphere  does  not  come  in, 
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since  this  is  compensated  by  the  exnply  sphere  attached  to  the  other  arm 
of  the  balance. 

By  means  of  this  calorimeter,  Joly  has  found  the  following  values  for 
the  bpecific  heat  of  some  gases  at  constant  volume,  at  a  pressure  of  about 
20  atmospheres  : — 


I 


Specific  Htlat  at  Constant  Volume. 

Air 0.1721 

Carbon  dioxide       .....         0.1730 
Hydrogen 2.402 

216.  Vapour  Pressure If  a  small  bubble  of  air  is  allowed  to  pass 

into  the  Torricellian  vacuum  of  a  barometer,  the  mercur>'  column  is 
depressed,  and  if  a  succession  of  bubbles  are  passed  up,  each  will  pro- 
duce a  depression.  If,  however,  a  small  drop  of  a  liquid,  say  ether,  is 
introduced  the  column  will  be  depressed,  and  the  ether  become  entirely 
vaporised  even  at  a  temperature  much  below  its  ordinary  boiling-point. 
If  successive  small  drops  of  ether  are  introduced,  it  will  be  found  that 
after  a  time  the  further  addition  of  ether  does  not  produce  an  additional 
depression,  and  that  the  ether  no  longer  vaporises,  but  simply  floats  as  a 
liquid  on  the  top  of  the  mercury  column.  If  the  space  above  the  mercury 
be  increased  or  decreased,  by  raising  or  lowering  the  barometer-tube  in 
the  cistern,  it  will  be  found  thai,  so  long  as  there  is  any  liquid  present, 
the  heij^ht  of  the  mercury  column  remains  constant,  but  that  the  quantity 
of  ether  which  vaporises  varies  with  the  space  above  the  mercury.  If  the 
temjjcrature  is  increased,  more  ether  vaporises,  and  the  mercury  column 
becomes  more  depressed,  and  vice  vtrsd. 

The  depression  of  the  mercur>'  column  indicates  that  the  liquid 
forms  a  vapour  in  the  Torricellian  vacuum,  and  that  this  vapour  exerts 
a  pressure  on  the  upper  end  of  the  mercury  column  which  partly 
balances  the  atmospheric  pressure.  The  amount  by  which  the  column 
is  depressed  is  a  measure  of  this  pressure  which  is  called  the  vapour 
pressure  of  the  liquid.  When  an  excess  of  liquid  is  present,  so  that 
the  vapour  exerts  its  maximum  pressure,  and  no  more  liquid  will  vapo- 
rise at  the  given  temperature  into  the  space  under  consideration,  the 
vapour  is  said  to  be  s<2luraied.  When,  however,  a  given  space  contains 
some  vapour,  but  if  some  more  liquid  were  introduced  some  of  it  would 
vaporise  at  the  given  temperature,  the  vapour  is  said  to  be  unsaturaied 
or  sup^rh^ah'd. 

The  vapour  pressure,  or  tension,  as  it  is  sometimes  called,  of  a 
liquid  depends  on  the  temperature  only.  In  the  case  of  non-saturated 
\apnurs,  Boyle's  and  Ciiarles's  laws  apply  approximately,  the  approxi- 


mation  being  the  better  the  further  the  vapour  is   removed   from   its 
saturation-point. 

Suppose  some  liquid  is  contained  within  a  cylinder  which  is  closed 
by  a  freely  moving  piston,  and  that  a  pressure  P  acts  on  the  outside  of 
ihis  piston.  If  the  temperature  of  the  liquid  is  below  its  boiling-point  at 
the  pressure  P,  the  vapour  tension  will  be  less  than  P,  and  the  pressure 
of  the  vapour  on  the  inside  of  the  piston  will  be  less  than  that  on  the 
outside,  so  that  the  piston  will  rest  on  the  surface  of  the  liquid.  As  the 
temperature  of  the  liquid  is  raised,  the  vapour  pressure  increases  ;  when 
the  vapour  pressure  is  equal  to  the  pressure  P  acting  on  the  outside  of 
the  piston,  this  latter  is  in  equilibrium.  If  the  temperature  rises  ever  so 
little  more>  the  vapour  pressure  will  l^e  greater  than  i%  and  so  the  piston 
will  be  driven  out,  and  vapour  will  be  formed 
freely  above  the  liquid.  Now,  exactly  the  same 
thing  occurs  when  a  liquid  is  healed  in  an  open 
vessel,  so  that,  when  vapour  is  formed  freely,  the 
vapour  pressure  is  equal  to  the  pressure  of  the 
atmosphere  acting  on  the  surface  of  the  liquid. 
Since  when  a  liquid  is  vaporising  freely  it  is  said 
to  boil,  we  have  that  when  a  liquid  boils  the 
vapour  pressure  at  that  temperature  is  equal  to 
the  external  pressure  to  which  the  liquid  is  sub- 
ject, while  at  temperatures  below  the  boiling-point 
the  vapour  pressure  is  less  than  the  external  pres- 
sure. At  temperatures  above  the  boiling-point, 
corresponding  to  the  pressure  acting,  the  liquid 
cannot  exist,  and  the  vapour  is  unsaturated. 

217.  Vapour  Density.— In  order  to  deter- 
mine to  what  extent  unsaturated  vapours  obey 
Boyle's  and  Charles's  laws,  the  usual  method  is 
to  determine  the  density,  />.  the  volume  of  a 
gram  of  the  vapour,  at  different  pressures  and 
temperatures.  For  temperatures  lower  than 
alwut  300',  the  most  convenient  and  accurate 
method  for  measuring  the  density  of  a  vapour  is 
one  due  originally  to  Gay-Lussac,  but  modified 
by  Hofmann.  A  tube  .\  (Fig.  169}  about  80  cm. 
long,  and  having  a  bore  of  about  I  cm.,  is  closed 
at  one  end  and  graduated,  the  volume  from  the 
closed  end  up  to  each  division  having  been  determined  by  weighing  the 
mercury  which  filled  it  up  to  the  division.  This  tube  is  surrounded  by 
another  tube,  R,  to  which  two  side-tubes  are  attached.  The  tube  A  is 
filled  with  pure  dry  mercury,  and  then  inverted  in  a  dish  E  containing 
mercury.     The   vapour   from    some    boiling    liquid,   contained  in  the 
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vessel  F,  is  introduced  at  c,  and  escapes  at  n,  and  thus  heats  the  inner 
tube  to  some  uniform  temperature.  For  instance^  the  following  series 
of  liquids  l.x>il  under  one  atmosphere  at  the  temperatures  given,  and 
hence  would  heat  the  apparatus  to  this  lemperaiure  if  they  were 
used  : — 


Deff.  C. 

Degr.  C 

Carbori  bisulphide    . 

.     46.2 

Bromobenzenc 

.   156.1 

Ethyl  alcohol   . 

.     78.3 

Aniline     . 

.   184.4 

Water 

.   1 00.0 

Methyl  salicylate     . 

.  222.9 

Chlorobenzcne. 

.   132.1 

Bromonaphilialine   . 

.  277 

The  liquid  whose  \'apour  is  to  be  experimented  upon  is  placed  in  a  small 
glass  bottle,  wliich  is  shown  full  si/c  at  G,  the  difference  in  weight  of 
the  bottle  empty  and  full  giving  the  weight  of  the  liquid,  and  hence  also 
that  of  the  vapour.  The  bottle  is  passed  up  the  tube  A,  and  when  it 
reaches  the  Torricellian  vacuum  the  stopper  is  driven  out,  and  the  con- 
tentSy  if  too  much  liquid  has  not  been  taken, 
are  completely  vaporised.  The  volume  of  the 
vapour  is  read  off  on  the  tube,  and  the  pres- 
sure to  which  it  is  subjected  is  obtained  by  sub- 
tracting the  height  of  the  column  of  mercury 
(corrected  for  change  of  density  with  lempera- 
ttare)  from  the  barometric  height,  while  ihe 
temperature  is  obtained  by  means  of  the 
thermometer  t.  At  temperatures  above  about 
100'  it  is  necessary  to  take  account  of  the 
vapour  pressure  of  the  mercury  in  the  tube, 
which  is  added  on  to  the  pressure  exerted  by 
the  vapour. 

A  convenient  method  of  roughly  measuring 
the  vapour  density  of  a  body  which  at  atmos- 
pheric pressure  does  not  require  a  very  high 
temperature  to  vaporise,  is  that  devised  by 
Victor  Meyer.  His  apparatus  is  shown  in  Fig. 
170,  and  consists  of  a  glass  bulb  A  connected 
toastraight  stem  B,  about  70cm.  long,  which  is 
closed  at  the  top  by  a  cork  E,  and  has  a  side 
delivery-tube  c  attached.  This  delivery-tube 
opens  beneath  the  end  of  a  graduated  glass 
tube  D,  which  is  filled  with  water,  and  stands 
in  a  pneumatic  trough.  An  outer  tube  f  is  partly  filled  with  a  liquid  which 
can  be  heated  to  a  temperature  above  the  boiling-point  of  the  substance 
to  be  tested.  A  weighed  quantity  of  the  substance  contained,  if  it  is  a 
liquid,  in  a  small  stoppered  glass  bottle  is  introduced,  and  the  coi  k  E  rapidly 


Fig.  17X). 


254 


Heat 


[§*'7 


I 


replaced.  Tlie  substance  vaporises  within  the  bulb  A,  and  in  doing  so 
drives  some  of  the  air  out  of  B  through  C  The  volume  of  this  air  will  be 
equal  to  the  volume  of  the  vapour  if  it  were  at  the  temperature  and 
pressure  of  the  air  in  D.  The  reason  is,  that  although  the  vapour  dis- 
places a  volume  of  hot  air  from  A  equal  to  its  own  volume  when  at  the 
temperature  of  the  liquid  in  f,  this  air,  bciny  driven  into  the  upper  and 
cold  part  of  the  tube  B,  becomes  cooled,  and  contracts  according  lo 
Charles's  law.  Hence  the  volume  of  air  actually  expelled  from  the 
apparatus  is  equal  to  the  volume  which  would  be  occupied  by  the  hot  air 
displaced  by  the  vapour  if  it  were  cooled  down  to  the  temperature  of 
the  room.  The  volume  of  the  air  in  l>  has  to  be  reduced  to  standard 
pressure  and  temperature,  corrections  being  applied  for  the  vapour 
pressure  of  the  water  within  I),  and  for  the  weight  of  the  column  of 
water  in  D  above  the  surface  of  the  water  in  the  pneumatic  trough. 
From  this  reduced  volume  of  the  vapour  and  the  mass  we  can  then 
calculate  the  density. 

For  high  temperatures,  a  method  due  to  Dumas  is  employed.  A 
glass  globe,  the  r;iparity  of  which  is  al>oul  half  a  litre,  and  having  a  neck 
drawn  out  to  a  fine  point,  is  taken,  and  about  y:x  grams  of  the  substance 
is  introduced.  The  globe  is  then  immersed  in  a  bath  of  water,  oil,  or 
molten  metal,  at  a  temperature  above  the  boiling-point  of  the  substance, 
the  end  of  the  neck  just  projecting  above  the  surface.  The  Irody  (solid 
or  liquid)  is  vaporised,  and  a  jet  of  vapour  spurts  out  of  the  neck  of  the 
gIol>e,  carrj'ing  with  it  the  air  contained  in  the  globe.  Directly  the 
whole  of  the  substance  has  vaporised,  the  jet  of  vapour  escaping  ceases, 
and  the  globe  is  now  full  of  vapour  at  atmospheric  pressure  and  at  the 
temperature  of  the  baih.  The  end  of  the  neck  is  then  sealed  up  by 
means  of  a  blow-pipe.  ^Vl^en  the  globe  is  cold  it  is  weighed,  it  having 
been  weighed  previously  before  the  introduction  of  the  substance ;  the 
difference  in  weight  gives  the  weight  of  the  vapour,  less  the  weight  of  an 
equal  volume  of  air  which  has  been  driven  out.  The  end  of  the  neck  is 
then  broken  off  below  the  surface  of  some  water,  and  since  the  vapour 
will  have  now  condensed,  the  water  is  sucked  up  and  fills  the  globe. 
Another  weighing  gives  the  weight  of  water  contained  in  the  globe,  and 
hence  the  volume  ;  and,  knowing  the  density  of  air  at  the  pressure  and 
temperature  of  the  first  weighing,  the  density  of  the  vapour  can  be  cal- 
culated. For  very  high  temperatures,  Devillc  and  Troost  have  replaced 
the  glass  glol>e  by  one  of  porcelain,  using  the  vapours  of  sulphur,  cad- 
mium (8i5'),  and  zinc  (930"),  to  heat  the  globe. 

The  density  of  a  vapour  having  been  measured  at  a  temperature 

/,  well   above   the   boiling-point,   and    at   a   pressure  /,  the   density  it 

would  have  at  the  standard  temperature  A,  and  pressure  /»,  supposing 

it  could   exist  as   a  perfect   pas   under  these  conditions,  is  calculated 

,,  by  means  of  Boyle^s  and   Charles's  laws.     Thus,  if  ^  is  the  observed 
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density,   and   po   the   reduced   density,   wc   have,    if  we    consider    unit 
mass  of  the  gas. 


Po  I 


and  hence 


p.=^^|. +<.(/-/.)[. 


where  a  =:  0.00366. 

In  the  following  table,  the  values  of  the  density  of  some  gases  and 
vapours  at  o*  C.  and  under  a  pressure  of  a  standard  atmosphere  arc  given, 
both  in  c.g.s.  units  (grams  per  cubic  centimetre)  and  also  in  tenns  of  the 
density  of  hydrogen  taken  as  3  : — 


• 

Density. 

Molecular 

Weight 

in  terms  of 

H=a, 

Grams  per  cc. 

In  terms  of 
H=a. 

Hydrogen  (H,)         . 
I  Oxygen  (O,)    .... 
'  Nitrogen  (NjK 

Carbon  dioxide  (COj) 

Carbon  monoxide  (CO)   . 

Ammonia  (NH3) 

Chloroform  (CHCI3} 

Nitric  oxide  (NO)    . 

0.0000895  5 1 

aooi  42923 

0.001257 

0.001977 

aooi25i 

0.000763 

0.005431 

0.001341 

2.0 

3»-92 
28.1 
44.6 
27.9 
17.0 
121.3 
29.9 

2.0 

31-92 
28.01 

43.89 

27.93 

17.01 

119.08 

29.96 

A  consideration  of  this  table  will  show  that  the  density  is  proportional 
to  the  molecular  weight,  so  that,  when  they  are  both  measured  in  terms 
of  hydrogen,  the  numbers  as  given  in  the  third  and  fourth  columns  are 
identical.  Since  tlic  molecular  weight  represents  the  weight  (w)  of  a 
molecule,  if  A'  is  the  number  of  molecules  in  a  cubic  centimetre,  and  p 
the  density  in  grams  per  c.c,  we  have 

Nw  =  py  or  A'^p/w. 

But,  as  shown  in  the  above  table,  pfw  is  constant  for  all  gases  ;  hence  A', 
or  the  numl>er  of  molecules  contained  in  unit  volume  of  all  gases  under 
the  same  conditions  of  pressure  and  temperature,  is  the  same.  The 
above  is  Avogadro's  law,  and  is  of  extreme  utility  in  chemistry  for  de- 
termining the  molecular  weight  of  bodies  which  can  be  obtained  in  the 
form  of  a  gas  (/>.  vapours  and  gases). 

The  values  of  the  molecular  weights  as  deduced  from  the  vapour 
density  in  the  case  of  some  bodies  do  not,  at  any  rate  at  some  tem- 
peratures, agree  with  the  values  deduced  from  the  chemical  behaviour 
of  the  body. 

In  the  following  table  are  given  the  values  of  the  density  (in  terms 
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of  H=2)  obtained  at  various  temperatures  for  five  of  these  anomalous 
bodies  : — 


Temperature, 

Density. 

Molecular  Weight. 

Deg.C. 

H=fl. 

H=a. 

Nitrogen  tctroxide 

29 

85.8 

N,04=9I.9 

11 

ICO 

49-4 

N  03= 46.0 

i» 

135 

46.2 

Phosphorus  pen-  \ 
tachloride     .     \ 

182 
250 

186.7 

tIS.2 

PCl4=  207.7 

((Density  of  PCIj 
■(      +a,-i04) 

11 

300 

105.4 

Iodine    .... 

448 

J53.4 

>,-253 

» 

940 

220.9 

(Density  of  1 4-1 

}          =126,5) 

fi 

1470 

1 46.1 

Acetic  acid .     .    . 

130 

9ai 

C,H,0,=  59.86 

)i 

200 

64.1 

)» 

300 

60.1 

Sulphur  .... 

520 

191.2 

S3-63.96 

11 

6fx> 

84.6 

ti 

I0;(0 

64.7 

If 

1400  (about) 

63.S 

In  the  case  of  nitrogen  tetroxidc,  the  vapour  density,  at  a  tempera- 
ture of  135',  corresponds  to  the  molecule  NO2.  At  lower  temperatures 
the  density  corresponds  more  nearly  to  the  molecule  N-^jOi.  Thus  it 
would  seem  th;it,  as  the  tcmi>craUirc  is  raised,  each  molecule  of  NjO^ 
splits  up  into  iwo  molecules  of  NO^  The  values  olHamed  for  the  vapour 
density  of  phosphorus  pentachloride  in  the  same  way  show  that,  even  at 
182',  some  of  the  molecules  of  PCI^  have  split  up  into  a  molecule  of  PCI3 
and  a  molecule  of  Clj,  while  at  a  temperature  of  300"  this  dissociation 
is  almost  complete.  At  a  temperature  of  448*  the  iodine  molecule  con- 
sists of  two  atoms,  while  at  a  temperature  of  1 470°  each  of  these  molecules 
has  split  up  into  two  molecules.  In  the  case  of  acetic  acid  and  sulphur 
at  low  temperatures,  we  have  the  opposite  phenomenon  to  dissociation 
taking  place,  namely,  the  association  of  the  molecules  to  form  complete 
molecules.  Thus  at  a  temperature  of  520'  the  molecule  of  sulphur 
appears  to  be  S^.  At  high  temperatures  these  associated  molecules 
break  down,  and  we  jjet  the  normal  vapour  density. 

218.  The  Measurement  of  Vapour  Pressure.— The  determina- 
tion of  the  maximum  vapour  pressure  which  a  liquid  possesses  at  a  given 
temperature,  or  the  vapour  pressure  of  the  saturated  vapour,  can  be 
performed  for  ordinary  temperatures  by  means  of  Hofmann*s  apparatus 
for  vapour  density  (Fij.'.  169).  In  this  case  liquid  is  introduced  into  the 
tube  till  it  ceases  to  evaporate,  and  a  thin  layer  floats  on  the  top  of  the 
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Fia  171. 


mercury  column,  and  the  pressure  is  obtained  by  measuring-  tlie  height 

of  the  mercury  coUnnn  and  the  barometric  height.     The  height  of  the 

mercury   column    has    to  be    reduced    to   Vhat    it 

would  be  if  the  temperature  of  the  mercury'  were  o", 

and   at    temperatures   above   100*  a  correction  has 

to  be  apphed  for  the  vapour  pressure  of  mercury. 

The  chief  objection  to  this  method  is  that  the  layer 

of  hquid  on  the  top  of  the  mercury  column  alters  the 

capillary  constant  of  the  mercury  and  glass  surface, 

and  necessitates  a  correction  of  doubtful  amount. 

For  low  temperatures  Gay  -  Lussac  used  the 
an-angement  shown  in  Fig.  171.  The  liquid  was 
introduced  into  the  tube  DCE,  which  is  an  ordinary' 
barometer  tube  with  the  end  K  bent  round,  so  that 
it  can  be  immersed  in  a  freezing:  mixture.  The  other 
tube,  AB,  acts  as  a  barometer  for  measuring  the 
atmospheric  pressure.  Under  these  circumstances 
the  vapour  pressure  in  the  upper  part  of  DCE  corre- 
sponds to  the  maximum  vapour  pressure  at  the 
temperature  of  the  coldest  part,  i.e.  E.  That  this 
must  be  is  evident,  if  we  consider  two  bulbs,  A  and  H(Fij;.  172),  connected 
by  a  tube  c,  the  one  bulb,  A,  being  at  a  temperature  /j.  and  the  other  at  a 

lower  temperature  /».      Suppose  wc  start  with  

some  liquid  in  both  bulbs,  tlien  the  vapour 
pressure  of  the  liquid  in  A  will  be/),  say,  and 
that  in  B  ptn  where  /,  >  /«.  If  then  we  con- 
sider a  piston  placed  in  c,  the  pressure  on 
the  left  would  be  greater' than  that  on  the 
right,  and  the  piston  would  be  driven  over  towards  n,  thus  increasing  the 
pressure  of  the  vapour  in  H,  and  therefore  causing  soine  of  the  vapour  to 
condense,  for  u  is  ahead}'' full  of  vapour  saturated  at  /„.  The  pressure  in 
A  would  at  the  same  time  be  reduced,  and  hence  the  vapour  would  no 
longer  be  saturated,  and  some  of  the  liquid  would  be  vaponsed.  This 
action  goes  on  although  the  piston  wc  have  imagined  does  not  exist,  and 
will  continue  till  all  the  liqtiid  in  A,  the  bulb  at  the  higher  temperature, 
has  been  evapmrated,  when  the  vapour  pressure  throughout  becomes /oj] 
i.e.  corresponds  to  the  temperature  of  the  coldest  part  of  the  enclosure. 
The  vapour  in  a  is  then  no  longer  saturated,  while  in  B  it  is  saturated. 
In  Gay-Lussacs  apparatus,  therefore,  the  vapour  pressure,  as  measured 
by  the  difference  in  height  of  the  mercur\-  in  columns  AB  and  CD,  corre- 
sponds to  the  temperature  of  the  bath  F.  There  is  a  further  advantage, 
in  that  there  is  no  liquid  to  affect  the  capillarity  of  the  mercur)-  in 
the  tube  en. 

For  pressures  greater  than  atmospheric  pressure,  Rcgnault  designed 
a  form  of  apparatus  in   which  the  vapour  itself  kept  the  temperature 
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constant  while  an  experiment  was  being  made,  and  which  could  also  be 
used  for  pressures  less  than  an  atmosphere.  The  liquid  is  enclosed  in  an 
air-tight  meial  vessel  A  (Fig".'i  73),  from  which  an  inclined  lul>e  leads  to  a 
copper  globe  B.  This  globe  is  surrounded  by  a  water  bath  to  keep  its 
temperature  constant,  and  can  be  connected  by  means  of  a  three-way 
cock,  F,  to  a  compressing  or  exhausting  pump,  and  to  a  mercur>'  mano- 
meter. The  liquid  in  A  is  boiled,  and  the  vapour  passes  up  into  the 
inclined  tube,  where  it  is  condensed  by  a  stream  of  cold  water  which 
passes  through  the  condenser  c,  and  then  flows  back  into  the  boiler  A. 
The  temperature  of  the  vapour  over  the  boiling  liquid  is  given  by  tour 
thermometers  T,  which  are  placed  in  four  iron  tubulars,  which  are  closed 
at  the  bottom,  and  contain  mercury.  Since  a  liquid  boils  when  its  tem- 
perature   is    such  that   the  maximum   vapour  pressure   is  equal   to  the 


pressure  to  which  it  is  subjected,  the  manometer  gives  the  vapour 
pressure  corresponding  to  the  temperature  as  given  by  the  thcrmo- 
meters  T.  The  pressure  in  the  globe  having  been  adjusted  to  the  required 
value,  either  greater  or  less  than  ibc  almospheric  pressure,  and  the  flask 
heated,  boiling  soon  starts,  and  in  a  very  short  time  the  temperature 
becomes  absolutely  constant,  and  remains  so  as  long  as  is  required. 
The  manometer  and  the  thermometers  i  having  been  read,  the  pressure 
is  altered  by  means  of  the  pump,  and  when  ebullition  has  continued  for  a 
few  minutes,  the  readings  for  the  new  pressure  are  taken,  and  so  on.  In 
this  arrangement,  when  the  steady  state  has  been  reached,  the  heat 
supplied  by  the  burner  is  employed  in  supplying  the  latent  heat  of 
vaporisation  of  the  liquid.  The  vapour  then  passes  to  the  condenser, 
where  it  parts  with  its  latent  heat  and  again  becomes  liquid,  and  returns 
to  the  vessel  A,  running  down  the  inclined  tube.  The  pressure  does  not 
rise,  since  as  much  vapour  is  condensed  during  each  second  as  is  pro- 
duced.    If  the  supply  of  heat  is  increased,  the  rate  at  which  the  vap}Our 


I 


J 


8  "8] 


^apour  Pressure 


259 


is  produced  is  also  increased,  and  the  only  effect  of  this  is  that  the 
vapour  is  able  to  pass  a  little  further  up  the  condenser  before  it  is  all 
condensed  ;  but  since  the  condenser  is  always  made  so  lon^'  that  the 
vapour  never  reaches  the  further  end,  no  vapour  passes  ovei*  to  the 
globe  B,  Thus  the  rate  at  which  the  vapour  is  condensed  is  increased, 
and  remains  equal  to  the  rate  at  which  it  is  vaporised,  so  that  the 
pressure  does  not  alter. 

The  following   table  gives   the   maximum   vapour   pressure   of  four 
liquids  at  different  temperatures  : — 

Vapour  Pressure  in  cm.  of  Mercury. 


Tcmpcraiure. 

Carbon  Bi- 
sulphide. 

Eih>l  Alcohol. 

Water. 

Mercury. 

tteg.  c. 

Cm. 

Cm. 

Cm. 

Cm. 

0 

12.8 

1.22 

.46 

0.00002 

5 

... 

... 

.65 

... 

10 

19.8 

2.38 

.91 

o.<xxx>5 

<5 

... 

... 

T.27 

... 

20 

29.8 

4.40 

1-74 

0.0001 

30 

43.5 

7.81 

3.J5 

a  0003 

40 

61.S 

»3-37 

5-49 

aoooS 

50 

85.7 

22.0 

9.20 

0.0015 

60 

35.0 

14-89 

aoo29 

70 

... 

V''^ 

23.33 

aoo52 

80 

... 

81.3 

35-49 

aoo92 

90 

... 

1 1 8.7 

52.55 

0.0160 

100 

... 

169.2 

76.00 

0.0270 

150 

... 

736.9 

35?-' 

0.2684 

200 

... 

2218.2 

1 168.9 

1.7015 

In  Fig.  174,  the  curve  showing  the  connection  between  the  vapour 
pressure  of  water  and  the  temperature  has  been  plotted.  This  cunc 
divides  the  diagram  into  two  regions,  In  one  of  which  the  conditions  arc 
surh  that  the  water  can  only  exist  as  an  unsaturated  vapour,  and  in  the 
other  only  as  a  liquid,  while  along  the  curve  we  may  have  the  liquid  and 
vapour  existing  simultaneously,  i.e.  the  vapour  is  satur.ited.  For  suppose 
we  had  some  water  enclosed  in  the  Torricellian  vacuum  of  a  barometer 
tube,  the  pressure  being  20  cm.  of  mercury  and  the  temperature  80". 
The  conditions  are  represented  by  the  point  A  on  the  diagram.  From 
the  cur\c  we  see  that  the  maximum  vapour  pressure  corresponding  to 
a  temperature  of  80'  is  35.5  cm.,  so  that  the  vapour  is  unsaturated.  If 
now  the  pressure  on  the  vapour  is  increased,  the  temperature  remaining 
constant,  the  conditions  the  vapour  passes  through  are  represented  by 
the  vertical  line  ah.  When  the  point  B  on  the  curve  is  reached,  the 
pressure  is  €qu:il  to  the  maximum  vapour  pressure,  and  if  the  pressure  is 
increased  beyond  this  point  the  vapour  will  condense  into  a  liquid.     In 


will  he  saturnlefi.  Any  furihc-r  fall  of  temperature  will  be  accompanie 
by  the  rondcnsation  of  tbc  vapour  into  a  licjuid.  Mcnce,  corresponding' 
lo  all  poims  on  the  di.igrain  to  the  right  and  below  the  curve  we  have 
vapour,  and  to  those  on  the  left  and  above  we  have  liquid. 

219.  Mixtures  of  Vapours  and  Gases.  — In  the  previous  sections 
we  liave  considered  the  formation  of  vapour  in  a  space  which  was  free 
from  gas,  we  have  now  to  consider  the  formation  of  vapour  when  the 
space  over  the  liquid  already  contains  a  gas  sticli  as  air.  Dalton,  who 
first  investigated  this  question,  found  that  if  sonic  liquid  is  introduced 
into  an  enclosure  which  contained  a  j;as  at  a  pressure  //,  then  the  pres- 
sure in  the  enclosure  rises,  and  if  the  whole  of  the  liquid  docs  not 
cvajMirate,  /.**.  if  there  is  enough  liquid  to  saturate  the  space,  the  final 
pressure  H-k-h  is  such  that  //  rt-prcsenls  the  maximum  vajwur  pressure 
of  the  liquid  at  the  temperature  of  tlie  experiment.  Hence,  as  far  as  the 
vapour  is  concerned,  a  space  filled  with  a  ^'as  behaves  as  a  vacuum,  the 
only  difference  being  that  in  a  vacuum  the  space  becomes  saturated 
almost  immediately  after  the  introduction  of  the  liquid,  while  when  a  gas 
is  present  the  evaporation  of  the  liquid  is  much  slower,  and  hence  il 
takes  some  time  to  saturate  the  space.  From  the  results  of  his  experi- 
ments Dalton  enunciated  the  two  following  laws,  which  are  known  by  his 
name:   (l)  The  pressure  exerted  by,  and  the  quantity  of,  a  vapour  which 
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[saturates  a  g^ivcn  space  are  the  same  for  the  same  temperature,  whether 
'  this  space  is  filled  by  a  gas  or  is  a  vacuum.     (2)  The  pressure  cxerictl 

by  a  mixture  of  a  gas  and  a  vapour,  of  two  vapours  or  of  two  gases,  is 

equal  to  the  sum  of  ihe  pressures  which  each  would  exert  if  it  occupied 

ilie  same  space  alone. 

In  order  to  verify  ihc  accuracy  of  Dalton's  laws,  Gay-Lussac  usrd  the 

apparatus  shown  in  Fig.  175.     The  glass  tube  A  is  closed 

■  above  by  a  special  form  of  tap  c,  in  which  the  barrel,  instead 
of  being  pierced  completely,  has  only  a  small  recess  made  at 
one  point.  The  lower  end  of  a  is  connected  10  a  side-tube  H, 
which  acts  as  a  manometer,  and  has  a  tap  D  by  which 
mercury  can  be  withdrawn.  When  the  stopcock  c  is 
turned  with  the  recess  upwards,  tins  Ijccomcs  filled  with 
any  liquid  placed  in  fc:,  and  when  the  stopcock  is  turned 

■  round  through  180"  the  liquid  tilling  the  recess  is  dis- 
charged into  A.  The  pfisition  of  the  mercury  in  the  iwt* 
limbs  is  noted  before  the  introduction  of  the  liquid,  then 
enough  liquid  is  introduced  to  saturate  the  space,  and 
mercur\'  poured  into  u  till  the  level  of  the  mercury  surface 
in  A  comes  back  to  its  original  position,  so  that  the  gas 
now  occupies  the  same  volume  Jt  did  before  the  intro- 
duction of  the  liquid.  The  difference  in  the  levels  of  the 
mcrcur)-   in   B  before   and    after   the   introduction   of  the 

■  liquid  gives  the  pressure  exerted  by  the  vapour,  and  this 
pressure  will  be  found  to  be  equal  to  that  exerted  by  some 
of  the  same  liquid  when  introduced  into  a  Torricellian  vacuum  at  the 
same  temperature. 

It  would  seem  a  priori  that  Dallon's  law  can  only  be  an  approxi- 
mation, for  otherwise  it  would  mean  that,  by  introducing  a  suflficiently 
large  number  of  different  h'rttis  of  liquids  into  the  same  space,  we  could 
produce  as  great  a  pressure  as  we  please,  a  result  that  is  unlikely  to  be 
true.  Rcgnault,  who  investigated  the  pressures  of  mixtures  of  gases  and 
vapours,  found  that  in  the  case  of  vapours  formed  in  air  and  in  nitrogen, 
the  two  gases  he  tested,  the  vaptiur  pressure  was  very  slightly  less  than 
in  a  vacuum.  The  differences,  however,  were  so  small  that  he  con- 
sidered they  might  be  due  to  the  condensation  which  always  takes  place 
on  the  glass  walls  of  the  apparatus,  so  that  Dallon's  laws  may  be  true  in 
the  cases  of  mixtures  of  gases  and  vapours.  In  the  case  of  mixtures  of 
two  vapours,  Magnus,  and  subsequently  Regnault,  found  that  the  pres- 
sure of  the  vapour  of  a  mixture  of  two  or  more  liquids  which  do  not 
mutually  dissolve  one  another  is  equal  10  the  sum  of  the  pressures  they 
would  each  exert  separately,  but  that  when  the  liquids  mix  the  vapour 
pressure  of  the  mixtuie  is  less  than  the  sum  of  the  vapour  pressures  of 
:hc  constituents. 

Experiments  by  Andrews  show  that,  in  the  case  of  a  mixture  of  two 
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gases,  Dalton's  law  only  holds  if  ihe  ^ases  are  far  removed  from  their  point 
of  liquefaction,  /./•,  arc  practically  in  the  condition  of  perfect  gases. 

Since  an  unbalurated  vapour  obeys  Hoyle's  and  Charles's  laws,  at  any 
rate  when  it  is  not  loo  near  its  saturation  point,  we  have  if_/",  v  are  the  pres- 
sure and  volume  of  a  certain  mass  of  an  unsaturated  vapour  at  a  tempera- 
ture /,  and/',  v'  are  the  corresponding  quantities  at  a  temperature  /,  then 

i-fa/     H-tt/' 

where  a  is  1/273  or  .00366. 

This  expression  can  only  be  used  so  long  that  /'  is  less  than  the 
maximum  vapour  pressure  corresponding  to  the  lemperature  /'.  If  the 
value  ofy  calcuialed  by  this  fonnula  €omes  out  greater  than  the  maximum 
vapour  pressure  for  a  temperature  /',  this  indicates  tliat  some  of  the  vapour 
has  condensed  inio  the  liquid  stale. 

If  we  have  a  mixture  of  an  unsaturated  vapour  .and  a  gas,  both  obey 
Boyle's  and  Charles's  laws  so  lon^  as  the  vapour  does  not  l>ecome  saturated. 

Let  /'be  the  pressure  and  v  the  volume  of  a  certain  mixture  of  gas  and 
\'apour  at  a  temperature  /,  the  pressure  exerted  by  the  vapour  ahme  bcing_/I 
the  corresponding  quantities  at  a  temperature  /'  bein^  /''.  7/.  and/'.  Then 
the  pressure  exerted  by  the  gas  u/^v/z-at /,  is  /'-/,  and  that  exerted  at /'  is 
F  -/•.    Hence  applyinjj  lioyle's  and  Charles's  laws  to  the  gas  only  we  get 


Hence 


1+a/  I+a/' 


f-f'-l'~ir(P-/) 


1/      X^iXt 


If  the  value  thus  obtained  for/'  is  greater  than  the  maximum  vapour 
pressure  for  the  tcmpeniture  /',  this  indicates,  as  before,  that  some  of  the 
vapour  hub  condensetl.  This  equatiun  is  of  considerable  use  in  solving 
«juesiions  on  mixtures  of  vapour;!  and  j^ases. 

220.  Humidity  of  the  Atmosphere    HygrometHc  State.— The 

atmosphere  consists  of  a  mixture  of  oxygen  and  nitroj^en  in  a  practically 
constant  nitio,  together  with  some  small  quantities  of  other  gases,  and 
with  a  very  variable  amount  r.f  aqueous  vajjour.  Tlic  maximum  quantity 
of  aqueous  vapour  which  a  given  volume  of;nr  ran  contain  is,  of  course, 
equal  to  the  mass  of  vapour  this  volume  would  cont;iin  whin  filled  with 
saturated  water  vapour  at  the  given  temperature.  Ordinarily,  however, 
the  air  contains  less  aqueous  vapour  than  would  saturate  it,  and  the  ratio 
of  the  pressure  (/)  exerted  by  the  aqueous  vapour  actually  present  to 
the  maximum  vapotu-  pressure  (/  )  at  tnc  actual  temperature  is  called  the 
humufiiy,  reliith'c  humidity^  nx  fraction  of  saturation  of  the  air.  Our 
scnsiitions  as  to  the  dryness  or  d.impness  of  the  air  dc-pcnd  on  the  above 
ratio,  and  not  on  the  actual  quantity  of  vap<jur  present  in  the  air.  Thus 
on  n  cold  winter's  day,  when  the  air  is  saturated  at  a  temperature  of  say 
5",  the  air  feels  ver>' damp,  while  if  the  temperature  had  been  15"  the 
same  quantity  of  moisture  would  not  nearly  saturate  the  air  (the  humidity 
would  be  .65  1.27=0.51  :  see  table  of  vapour  tension  of  water,  p.  259),  and 
it  would  feel  comparatively  dr>'. 

The  humidity  (//'")  may  also  be  expressed  as  the  ratio  of  the  weight 
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^^^*)  of  vapour  actually  present*  in  a  j:ivcn  volume  of  air  to  the  weight 
l^tf')  which  would  saturate  the  same  volume  of  air  at  the  yiven  tempera- 
Tture.  Since  unsaturated  vapours  obey  Boyle's  law,  the  weiy^hi  of  the 
[vapour  in  a  given  voUime  is  proportional  to  the  pressure  exerted  by  the 
[vapour.     Hence 

w  ^/_ 

IV  F' 

If  air  containing  aqueous  vapour  is  coole<l,  a  temperature  will  eventu- 
ally be  reached  such  that  the  vapour  satunitcs  the  space,  and  any  further 
cooling  will  cause  condensation  of  some  of  the  vapour  into  water.  This 
temperature  is  tluit  at  which  the  air  would  be  saturated  (/>.  have  a 
humidity  1)  if  it  contained  the  same  quantity  of  water  that  it  has  at  the 
original  temperature,  and  is  called  the  Hewpcint. 

If /|  is  the  actual  temperature  of  the  air  and  /q  the  dew-point,  then, 
from  a  table  giving  the  quantity  of  water  vapour  in  unit  volume  of 
saturat^ed  air  at  the  difierent  icmpcratures,  we  can  obtain  H',  the  weight 
of  water  in  unit  volume  saturated  at  /„  and  iv  that  in  unit  volume 
saturated  at  /q.     But  ^v  is  the  weij^'ht  of  water  actually  present  in  the  air. 

•  since  we  have  supposed  it  cooled  down  to  the  dew-point  without  loss  or 
gain  of  moisture.  Hence  the  hygrometric  stale  t£'/ ^f  can  lie  obtained  from 
a  knowledge  of  the  dcw-poinl,  and  of  the  actual  temperature  of  the  air. 

The  diagram  given  in  Fig.  174  will  assist  in  making  this  clear. 
Suppose  (although^  of  course,  such  a  high  temperature  would  not  occur 
in  the  open  air)  that  the  temperature  of  the  air  and  the  vapour  pressure 
of  the  water  present  are  represented  by  the  point  A,  so  that  at  a 
temperature  of  8o'  the  vapour  pressure  is  equal  to  20  cm.  of  niercur)-. 
The  maximum  vapour  pressure  corresponding  to  a  tenipeniture  of  80"  is 
35.5  cm.  of  mercur>'.  Hence  the  hygrometric  stale  corresponding  to  the 
point  A  is  20/35.5.  Now,  if  ihe  air  is  cooled  down,  we  shall  travel  along 
the  line  ac,  but  when  the  point  C  is  reached,  that  is,  at  a  temperature  of  66', 
the  air  will  l>e  saturated,  and  the  deposition  of  dew  will  commence.  Tlie 
temperature  corresponding  to  the  point  c  will  therefore  be  llie  dew- 
point.  If,  then,  by  experiment  we  determine  the  temperature  of  the 
dew-poini,  we  can,  from  such  a  curve,  or  from  a  table  of  the  vapour 
pressure  of  water,  determine  what  is  the  maximum  vapour  pressure  at 
the  dew-point,  and  this  is  the  actual  vapour  pressure  present.  Also,  by 
observing  the  temperature  of  the  air,  we  can  in  ihe  same  way  obtain  what 
would  be  the  maximum  vapour  pressure  at  this  temperature,  and  the 
ratio  of  these  two  numbers  is  the  hygrometric  stale. 

221,  Hygrrometry. — Hygrometers  are  instruments  for  measuring  the 
hygrometric  state  of  the  air,  and  may  be  divided  into  three  classes  : 
(1)  Those  in  which  the  dew-point  is  determined,  called  dew-jKiint-hygro- 
meters  ;  (2)  those  in  which  the  actual  weight  of  moisture  contained  in  a 

■  measured  volume  of  air  is  determined,  called  chemical  hygrometers  ;  and 
(3)  wet  and  dry  bulb  hygrometers. 
The  most  commonly  used  form  of  dew-point  hygrometer  is  that  devised 
by  Kcgnault  This  instrument  consists  of  two  glass  tubes  E  and  D  (Fig. 
176),  the  lower  ends  of  which  are  closed  by  thin  silver  thimbles.  They 
are  each  closed  at  the  lop  by  a  cork,  which  supports  a  delicate  ihermo- 

1  The  mass  of  aqueous  vapour  present  in  a  cubic  metre  of  air  is  often  called  llie 
absolute  humidity  of  tlie  tUr. 
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meter  fT  and  /).     Through  the  cork  in  D  a  ^lass  lube  A  also  passes,  the 
end  reacliinK  ncarlv  to  the  bottom  of  the  thimble.     The  tube  Aij  is  con- 
nected bv  means  of  the  lubulurc,  which  hxes  it  to  the  stand,  and  an  mdia- 
'  rubber  lube  with  an 


Fig.  176. 


aspirator  G.  Some 
ether  is  placed  in  the 
thimbles,  and  after  the 
instrument  has  had 
time  to  reach  the 
temperature  of  the  air, 
the  two  thermometers 
are  read^  giving  the 
temperature  of  the 
air,  /,.  The  aspirator 
is  now  started,  and 
draws  air  ihrough  the 
tube  A  into  the  instru- 
ment. This  air  bub- 
bhng  through  the 
ether  causes  evapora- 
tion, which  cools  the 
ether  and  thimble, 
which  in  turn  cools 
theairin  its  immediate 
\  icinity.  \\  hen  a  film 
of  dew  is  deposited  on 
the  thimble  I),indical- 
ing  tliat  the  dew-point 
has  been  reached,  the 
aspirator  is  stopped, 
and  the  temperature 


4 


of  the  thermometer  T  read  It  is  again  read  when  the  dew  disappears  from 
the  thimble,  and  the  mean  of  these  two  readings  gives  the  dew-point  /,,. 

I  n  the  chemical  hygroTueter  a  known  volume  of  air  is  drawn,  by  means 
uf  an  aspirator,  through  a  series  of  tubes  containing  substances,  such  as 
anhydrous  calcium  chloride  or  pliosphorous  pentoxide,  which  readily 
absorb  moisture.  From  the  diflTcrence  in  the  weight  of  these  tubes  before 
and  after  the  passiige  of  the  air  and  the  volume  which  has  passed,  the 
absolute  hygrometric  state  ^^i  the  air  {iv)  can  be  obtained,  and  i^'  can  be 
got  from  tables,  if  the  temperature  of  the  air  is  taken. 

The  wet  and  dry  bulb  hygrometer  depends  for  its  action  on  the  fact 
that  the  drier  the  air  is,  the  more  rapid  will  l>e  the  evaporation  from  a  wet 
lx)dy  exposed  to  the  air.  Since  evaporation  requires  the  supply  of  heat 
(latent  heat  of  evaporation),  it  follows  that  the  extent  to  which  a  wet  body 
is  cooled  by  evaporation  will  depend  on  the  hygrometric  state  of  the  sur- 
rounding air.  Two  similar  thermometers  are  fixed  on  a  stand,  the  bulb 
of  one  of  them  being  covered  wi'h  muslin  kept  moist  by  means  of  a  piece 
of  lamp-wick  which  dips  in  a  vessel  of  water.  Unless  the  air  is  saturated, 
evaporation  will  take  place  from  the  muslin,  and  hence  the  wet  bulb  ther- 
mometer will  indicate  a  lower  temperature  than  the  other,  the  difference 
being  greater  the  greater  the  evaporation,  that  is,  the  drier  the  air.  By 
comparing  the  readings  of  the  wet  and  dry  bulb  themiomecers  with  the 
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humidity,  as  obtained  by  other  hygrometers,  a  table  has  been  drawn  up, 
by  means  of  which,  from  tlic  reading  of  the  dry  bulb  thermomelcr,  and 
the  difTerence  between  the  dry  and  wet  bulb  thermometers,  the  dew-point 
can  be  obtained.  The  indications  of  this  instrument  are,  however^  consider- 
ably influenced  by  its  environment,  also  by  tlie  action  of  draiij^hts.  &c. 

222'.  Effect  of  the  Curvature  of  the  Surface  on  the  Vapour 

Pressure. — The  form  of  the  surface  separating  a  Ilauid  from  its  saturated 
vapour  has  an  influence  on  the  vapour  pressure,  whicn  Lord  Kelvin  was  the 
first  to  point  out,  and  whicli  has  imptirianl  applications  in  explaming  the 
condens^iiion  of  vapour  into  liquid  in  such  cases  as  occur  in  clouds. 

Suppose  we  have  some  liquid,  such  as  water,  contained  within  a 
vessel  c  (Fig.  177),  from  which  all  air  has  been  exhausted,  so  that  we 
have  only  to  do  with  the  liquid  below  and  its 
vapour  above.  Further,  let  a  fine  capillary 
tube  AD  of  radius  r  dip  in  the  liquid.  If  the 
liquid  wets  the  glass  it  will  rise  in  the  capilLiry, 
and  let  the  height  of  the  curved  surface  A 
above  the  plane  surface  B  he  /r 

Now  the  pressure  within  the  vapour  at  the 
level  of  A  will  exceed  the  pressure  at  the  level 
of  n  by  the  weight  of  a  column  of  vaftour  cti 
height  //,  or,  if  o-  is  the  density  of  the  vapour, 
by  tthg  dynes  per  square  centimetre.  Hence, 
if  the  whole  is  at  the  same  temperature,  and 
i(  the  vapour  pressure  at  the  concave  surface 
A  is  the  same  as  at  the  plane  surface  B;  then 
when  the  pressure  at  R  is  equal  to  the  vapour 
pressure  at  the  existing  temperature,  the  pres- 
sure at  A  will  be  less  than  the  vapour  pressure, 
and  so  evaporation  will  still  take  place  from  the  surface  A.  This  would 
involve  a  continuous  circulation  of  the  liquid  up  the  tube,  for  the  height 
h  depends  on  the  surface  tension,  and  must  remain  constant.  Such  a 
continuous  circulation  could,  theoretically,  be  made  to  do  external  work, 
say  by  turning  a  small  turbine  placed  in  the  tube  ;  and  since  the  tem- 
perature is  maintained  constant,  we  should  thus  manufacture  energy, 
which  is  contrary  to  the  law  of  tlie  conservation  of  energy.  We  there- 
fore conclude  that  the  liquid  and  its  vapour  must  be  in  equilibrium  both 
at  A  and  at  B,  or  that  the  vapour  pressure,^,  at  the  planr  surface  must 
be  greater  than  that,  C,  at  the  concave  surface  A  by  an  amount  equal  to 
the  weight  of  a  column  of  the  vapour  of  height  A.  or/- C  =  <r^^i/". 

If  the  density  of  the  liquid  is  />,  the  weight  of  the  column  of  liquid  of 
height  h  is  p,^^  The  difference  in  pressure  between  the  surface  A  and  a 
point  D  within  the  tube  on  a  level  with  the  surface  is  equal  to  the  weight 
of  the  column  of  the  liquid  of  density  fi,  less  the  difference  of  pressure 
between  a  and  B,  due  to  the  weight  of  an  equal  column  of  the  vapour  of 
density  <r.  Thus  the  difference  of  pressure  between  A  and  I»  is,ji,'-//(/)-<r). 
If  the  liquid  wets  the  tube,  so  Out  the  angle  of  contact  is  180',  it  has  been 
shown  in  §  160  that  the  difference  in  pressure  between  A  and  D  is  equal  to 
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where  T\%  the  surface  tension  of  the  liquid-vapour  surface*. 
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Hence,  equating  the  two  values  we  have  obtained  for  the  difference 
of  pressure,  we  g^et 

or,  substituting  for  //  its  value  {J^  —  c)lvg^ 

r  <r  ' 

or  p 


Now  the  cur\-cd  surface  of  the  liquid  is,  as  shown  at  the  side,  very  nearly 
a  hemisphere  of  mditis  r,  and  we  see  from  the  above  expression  that  the 
decrease  of  vapour  pressure  with  curvaiure  is  inversely  proportional  to 
the  radius  of  the  spherical  surface.  If,  instead  of  being  concave,  the 
surface  had  been  convex,  such  as  is  the  case  in  a  raindrop,  the  vapour 
pressure  at  the  curved  surface  would  be  ^(reater  than  that  at  a  plane 
surface,  and  this  increase  would  incrtase  with  the  decrease  in  the  radius, 
r,  of  the  drop.  Thus,  in  the  case  of  very  small  drops,  the  vapour  pressure 
may  he  very  considerably  greater  than  thai  corresponding  to  a  plane 
surface  at  the  same  temperature.  The  result  is  that  although  the  air 
may  be  saturated,  as  measured  in  the  ordinary  way  with  a  plane 
surface,  very  small  drops,  so  far  from  increasing  in  size  by  the  con- 
densation of  vapour,  are  actually  evaporating. 

The  above  reasoning  explains  why  it  is  that  if  air  is  perfectly  free 
from  suspended  solid  maUer,  or  dust,  it  may  l^e  cooled  to  a  temperature 
considerably  below  the  dew-point,  without  the  formation  of  drops  of 
water  or  mist,  A  very  small  drop— and  at  first,  in  such  a  dusl-free  air, 
all  the  dmps  must  be  small — will  have  a  high  vapour  pressure,  and  will 
again  evaporate.  If,  however,  there  is  dust  in  the  air,  the  dust  particles 
will  act  as  nuclei,  so  that  the  water  which  condenses  first  on  them, 
instead  of  being  in  the  form  of  an  excessively  small  spherical  drop,  may 
be  spread  out  into  a  surface  of  comparatively  small  curvature,  so  that 
re-evaporation  will  not  take  place.  The  formation  of  large  drops  is  also 
explained,  for  the  vapour  tension  at  the  surface  of  a  small  drop  will  be 
greater  than  that  at  the  surface  of  a  larj^er  drop,  and  hence  evaporation 
wi]]  take  place  from  ihe  small  drops,  and  condensation  on  the  large, 

223.  Sublimation.  — Hitherto  we  have  exclusively  considered  the 
passage  of  a  solid  to  the  liquid  state,  and  that  of  a  liquid  to  the  gaseous 
stale.  Under  certain  conditions  it  is  possible,  however,  for  a  solid  to 
pass  directly  into  the  gaseous  state  without  passing  through  an  inter- 
mediate liquid  condition.  Tliis  change  from  solid  !o  vapour  is  called 
sublhniUiony  and  is  very  clearly  marked  in  the  case  of  camphor  and 
iodine.  These  bodies,  when  gently  heated,  readily  pass  into  vapour, 
although  Che  temperature  has  not  been  sufHciently  high  to  tnelt  tbenu 
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Although  to  a  much  less  marked  degree,  ice  exhibits  the  same  phenomena. 
Thus  at  a  temperature  of  —  I  C*.  the  vapour  tension  of  ice  amounts  to 
a42  cm.  of  mercur)',  and  a  piece  of  ice  kept  al  this  temperature  will 
sublime  till  the  pressure  of  the  vapour  in  the  surrounding  space  is 
0,42  cm.  of  mercuiy,  when  equilibrium  will  be  set  up. 

224.  The  Triple  Point.— In  Kig.  174  we  have  given  the  curve  of 
maximum  vapour  pressure  for  a  liquid  (water),  or,  in  other  words,  the  boiling- 
point  for  diflereni  pressures.  Tl»is  cur>'e  gives  the  pressure  corresponding 
to  any  temperature  at  which  both  the  liquid  and  the  vapour  can  exist  in 
contact  one  with  the  other  without  their  relative  proportions  altering — />. 
they  are  in  stable  equilibrium — and  is  called  the  steam  iim\ 

As  has  been  seen  in  §  210,  the  melting-point  of  a  solid  depends  on 
the  pressure,  so  thai  a  similar  curve  to  the  steam  line  can  be  drawn, 
giving  the  melting-point  at  different  pressures.  Such  a  curve  will  indicate 
(he  pressure  corresponding  to  any  temperature  to  which  a  mixture  of  ice 
and  water  must  be  subjected,  in  order  that  the  two  states  may  be  in 
stable  equilibrium.  This  curve  is  called  the  ue  line.  Finally,  wc  may 
have,  as  has  been  mentioned  in  the  previous  section,  a  solid  in  stable 
equilibrium  with  its  vapour,  and  may  therefore  draw  a  third  curve  showing 
the  pressures  at  which,  under  various  tempenitures,  a  solid  and  its  vapour 
can  exist  simultaneously.     This  cur\e  is  called  the  hvar-froit  line. 

The  general  form  of  these  curves  for  water  is  shown  in  Fig.  178.  The 
three  cur\'es  meet  at  the  point  P,  which  is  called  the  triple  poinL  Since 
the  steam  line  gives  the 
conditions  under  which  the  >  HW 
vapour  and  liquid  may  exist 
simultaneously,  the  ice  line 
those  under  which  the  liquid 
and  solid  may  exist  simul- 
taneously, and  the  hoar-frost 
line  iTiose  under  which  the 
vapour  and  solid  may  exist 
simultaneously,  it  is  obvious 
that  at  the  triple  point  all 
three,  solid,  liquid,  and 
vapour,  can  coexist  in  stable 
equilibrium,  Tlie  ice  line  in 
the  case  of  water,  which  ex- 
pands on  solidifying,  so  thai 
increase  of  pressure  lowers 
the  melting-point,  slopes 
downwards  towards  the  right.  Since,  however,  the  lowering  per  atmos- 
phere increase  of  pressure  is  only  o*.oo75,  the  slope  is  loo  small  to  be 
indicated  on  the  figure.  In  the  case  of  a  body  like  paraffin,  which  con- 
tracts on  solidifying,  the  ice  line  would  slope  downwards  and  towards  the 
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left.     The  triple  point  for  water  corresponds  to  a  pressure  of  0.046  cm.  of 
mercur)*,  ami  a  temperature  a  ver)*  little  above  o'. 

225.  Freezing'-Point  of  Solulions-Cryohydrates.— It  has  lon^ 
been  known  that  tlic  free/int^-point  of  sea  water  is  lower  than  that  of 
pure  water,  and  generally  that  the  presence  of  a  salt  dissolved  in  water 
lowers  the  freezin^^-point.  Of  late  years,  however,  yreat  attention  has 
been  directed  towards  the  eflfect  of  a  dissolved  salt  on  the  freezing-point 
of  the  solvent,  and  the  results  arc  of  very  >;reat  interest,  both  from  a 
physical  and  a  chemical  standpoint. 

The  first  to  make  anything  like  a  complete  investigation  of  this 
subjeci  was  Kaoiilt,  and  he  found  that  the  depressions  produced  by  equi- 
molecular  quantities  of  different  substances  dissolved  in  the  same  solvent 
were  approxin^ately  the  same,  so  long  as  the  solutions  were  not  too 
concentrated.  Uy  ct[ui-moIecular  quantities  is  meant  quantities  of  the 
different  substances  proportional  to  their  molecular  weights,  so  that  the 
solutions  contained  equal  numbers  of  molecules  of  the  dissolved  sub- 
stances in  the  same  volume.  For  fairly  dilute  solutions  the  depression 
is  proportional  to  the  quantity  of  salt  dissolved.  In  the  following  table, 
the  molecular  depressions  are  given,  i.e.  those  which  would  be  produced 
if  the  molecular  weight  in  grams  of  a  body  was  dissolved  in  100  grams 
of  ihe  solvent.  These  values  are  calculated,  on  the  supposition  that  the 
depression  is  proportional  to  the  concentration,  from  experiments  made 
on  much  more  dilute  solutions,  although  with  such  roncrnirated  solutions 
this  proportionality  no  longer  exists,  and,  even  if  it  did,  it  would  in  many 
cases  be  impossible  to  obtain  such  concentrated  solutions  at  such  low 
temperatures.  It  is,  however,  convenient  to  reduce  all  results  to  some 
standard  numljcr  of  molecules  of  the  dissolved  substance  to  a  given 
volume  of  the  solvent,  and  the  molecular  weight  in  grams  is  in  many 
ways  a  convenient  number.  The  same  kind  of  convention  is  employed 
when  stating  the  density  of  a  vapour,  in  that  the  density  is  given  for  a 
temperature  of  o"  and  a  pressure  of  a  standard  atmosphere  (§  217;, 
although  in  most  cases,  under  these  conditions,  the  vapour  would  have 
condensed  to  a  liquid. 

MoLKCULAR  Depressions  for  Solutions  in  Acktic  Acin. 

Chloroforn^ 38*.6 

Carbon  bisulphide  .....  38.4 

Ether 394 

Formic  acid 36.5 

Sulphur  dioxide 38.5 

Glycerine 36.2 

Ethyl  alcohol 364 

Sulphuric  acid 18^ 

Hydrochloric  acid 17.2 

Magnesium  acetate 18.2 
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Molecular  Depressions  for  Solutions  in  Benzknk. 

Chloroform ;o'.4 

Carbon  bisulphide         ....  49.7 

Ether 49-7 

Elhy!  alcohol 25.3 

Formic  acid .......  33.3 

Acetic  acid   ...  ....  25.3 

Molecular  Depressions  for  Solutions  in  Water. 

Ethyl  alcohol I7'.3 

Cane  sugar 1S.5 

Acetic  acid 19.0 

Hydrochloric  acid        .        .  .        .        .39.1 

Sulphuric  acid       .         .  ....     38.3 

Sodium  chloride 35.1 

Calcium  chloride 49.9 

It  will  be  seen  from  the  above  numbers  that,  for  any  given  solvent, 
the  values  of  the  molecular  depression  approximate  lo  one  of  two  con- 
stant values,  one  of  these  values  hc'\t\^  h:tlf  the  other.  Il  we  suppose 
that  the  depression  is  proportional  to  the  number  of  dissolved  molecules, 
and  independent  of  the  nature  of  the  mole- 
cules (Van't  Hoffs  thcor>*X  the  lower  value  of 
the  molecular  depression  may  be  due  to  the 
fact  that,  in  some  cases,  the  molecules  have 
formed  into  aggregates  of  two  ordinary  mole- 
cules, so  that  in  the  solution  the  molecular 
weight  is  doubled  ;  or  the  higher  value  maybe 
due  to  the  splitting  up  or  dissociation  of  the 
molecules  when  in  solution.  We  shall  refer  to 
this  question  later,  when  we  consider  electro- 
lytic conduction  (Uook  V.  Part  V 1 1 1.).  Assum- 
ing that  the  mi  lecular  depression  is  a  constant, 
if  we  know  its  value  for  any  solvent  we  can 
deduce  the  molecular  weight  of  a  body  by 
observing  the  depression  in  the  freezing-point 
il  produces  when  dissolved  in  that  solvent. 

The  most  usual  form  of  apparatus  for  de- 
termining the  freezing-point  is  that  designed 
by  Beckmann,  and  shown  in  Fig.  179.  The 
solution  to  be  examined  is  placed  in  a  glass 
test-tube  a,  which  is  surrounded  by  another  lube  B,  with  an  air  space 
between,  the  whole  being  placed  in  a  glass  beaker  C.  A  freezing  mix- 
ture is  placed  in  c,  and  the  tempeniture  of  the  solution,  as  indicated  by 
the  thermometer  T,  is  watched.  Il  is  generally  found  that  the  solution 
can  be  cooled  down  slightly  below  its  freezing-point  without  ire  forming, 
On  stirring  with  the  platinum  wire  E,  small  cr>'stals  of  ice  are  formed, 
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and  the  temperature  rises  to  a  certain  point,  and  then  becomes  stationary. 
This  temperature  is  the  freezing-point  of  ihc  solution.  The  rise  in  the 
temperature  is  brought  about  by  the  latent  heal  of  fusion  of  the  small 
quantity  of  ice  formed- 

When  a  dilute  solution  in  water  is  frozen,  at  first  pure  ice  solidifies 
out,  and  on  this  account  the  concentration  of  the  remaining  solution  in- 
creases, and  the  freezing-point  becomes  lower  and  lower.  If  the  process 
is  continued,  a  stage  will  at  length  Ijc  reached  when  the  remaining 
solution  is  saturated  at  the  existing  temperature.  Any  further  cooling 
will  separate  more  ice,  and  hence,  as  the  solution  is  already  saturated, 
some  of  the  salt  must  be  deposited  in  the  solid  slate  ;  and  since  this 
deposit  of  the  salt  keeps  the  concentration  of  the  solution  constant,  the 
temperature  will  not  change  till  the  whole  of  the  water  and  the  dis- 
solved substance  are  solidified,  one  as  ice,  the  other  as  the  salt.  That 
they  are  deposited  separately,  and  not  in  chemical  combination,  seems 
to  be  indicated  by  the  fact  that  the  ice  may  be  dissolved  out  by  alcohol, 
leaving  a  skeleton  of  solid  salt.  These  combinations  of  the  solvent  and 
dissolved  substance,  both  in  the  solid  slate,  have  been  regarded  as 
definite  chemical  compounds,  and  as  such  were  called  cr)'ohydrates. 

la  Fig.  i8o,  the  ordiiiatcs  represent  the  percentage  of  common  salt 
(sodium  chloride)  present  in  a  solution  in  water,  and  the  abscissa;  repre- 
sent temperatures.  The  curve  Alt  shows  the  freezing-point  of  solutions 
of  difTcrcnl  strengths,  that  is,  the 
temperature  at  which  solids  begin 
to  separate  from  the  solution. 
In  the  portion  np  of  this  cur\'e, 
the  solid  which  separates  first  is 
pure  ice,  but  at  the  point  P  salt 
also  begins  to  separate  out.  The 
curve  CD  represents  the  quantity  of 
common  sail  which  will  fonn  a 
saturated  solution  at  different  icm- 
peratures.  This  solubility  cur\f 
cuts  the  freezing-point  cur\'e  at 
the  point  p,  which  corresponds  to 
a  temperature  of  -  22"  C,  so  that 
for  all  the  points  in  the  cun*c  AB, 
from  B  to  P,  the  solution  is  unsatur- 
ated. At  P,  however,  the  solution  is  saturated,  and  hence  at  P  salt 
commences  to  separate  from  the  solution  in  the  solid  slate.  The 
strength  of  ihe  solution,  when  both  salt  and  ice  are  separated,  is  23.8 
parts  by  weight  of  salt  to  76.2  parts  of  ice,  and  ihis  is  the  so-called 
cryohydrate  of  sodium  chloride.  It  is  interesting  to  note  that  it  is 
only  possible  to  have  liquid  solutions  of  sodium  chloride  in  states  corre- 
sponding to  the  portion  of  the  diagram  (Fig.  180)  included  between 
the  lines  dp,  ph.     We  cannot,  of  course,  have  stable  solutions  coire- 
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sponding  to  points  above  tlie  solubility  curve  m.  Supersaturated 
solutions  arc  unstable,  for  this  would  involve  a  solution  containing 
a  larger  amount  of  dissolved  salt  than  a  saturated  solution.  To  show 
that  we  cannot  have  a  solution  in  the  state  represented  by  a  point 
to  the  left  of  the  freezing-point  cun'C  AB,  suppose  that  wc  start  with 
a  solution  in  the  state  represented  by  the  point  K,  that  is.  with  a  5  per 
cent,  solution  at  a  temperature  of  o*.  If  this  solution  is  cooled,  the 
change  will  be  shown  by  the  horizontal  line  EG.  When  the  solution  is 
cooled  down  to  a  temperature  of  -3',  that  is,  when  wc  arrive  at  the 
point  F,  where  the  line  EC  cuts  the  freezing-point  curve,  he  will  be 
separated,  and  hence  the  concentration  of  the  solution  will  increase. 
Further  cooling  will  thus  cause  us  to  traverse  the  cunx  kp,  so  that  we 
shall  not  be  able  to  get  the  solution  into  the  condition  corresponding 
to  any  point  to  the  left  of  the  curve  AR.  After  the  point  V  has  been 
reached,  the  ice  and  salt  will  Ijc  deposited  together  in  constant  pro- 
portion, and  the  temperature  will  remain  constant  till  the  whole  has 
solidified.  When  solidification  is  complete,  the  temperature,  if  the  cool- 
ing is  continued,  will  again  fall,  and,  since  the  percentage  of  salt  is  now 
invariable,  we  shall  travel  along  the  horizontal  straight  line  PQ,  but  we  shall 
no  longer  be  dealing  with  a  solution,  but  with  a  mixture  of  ice  and  salt. 

226.  Heat  of  Solution  —  Freezing  Mixtures.— When  a  body, 
whether  it  is  a  solid,  a  liquid,  or  a  gas,  is  dissolved  in  a  liquid,  both 
being  at  the  same  temperature,  there  is  in  general  a  change  in  tempera- 
ture indicating  either  an  absorption  or  evolution  of  heat.  The  quantity 
of  heat  absorl>ed  or  liberated  by  the  solution  of  one  gram  of  a  substance, 
in  a  quantity  of  the  solvent  so  large  that  further  dilution  docs  not 
produce  any  further  appreciable  thermal  change,  is  called  the  heat  of 
solution  of  tlie  substance. 

In  the  following  table,  the  heats  of  solution  of  some  substances  in 
water  at  a  temperature  of  about  18"  C.  are  given  : — 

Heat  of  Solution. 


Substance. 

Sute. 
r.as 

Heat  of  Solution 
in  Calories. 

Chlorine 

+  68.9 

Carbon  dioxide      .... 

»i 

+  134.0 

Ammonia      ... 

»» 

+  495-6 

Hydrochloric  acid 

♦* 

+  476.1 

Ethyl  alcohol         .... 

Liquid 

+  55-3 

Acetic  acid 

n 

+  7.02 

Sulphuric  acid       .... 

•1 

+  182.5 

Potassium  hydroxide  (KHO) 

Solid 

+  223.3 

Sodium  chloride    .        ,         .         , 

i» 

-  18.22 

Potassium  chloride 

t* 

-59-7 

Mercuric  chloride 

ft 

-  12.2 

Silver  chloride       .        .        ,        . 

M 

-  MO 
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In  ihe  above  tabic,  a  p!us  sij^'n  indicates  that  solution  is  accompanied 
by  evolution  of  Iv  at.  It  will  be  noticed  that  while  j^ases  and  liquids 
always  give  an  evolution  of  heat  on  solution,  solids  sometimes  give  an 
evolution  and  somctimt  s  an  absorption. 

By  using  comparatively  large  quantities  of  solid  substances,  for  which 
the  heat  of  solution  is  negative,  dissolved  \\\  a  limited  quantity  of  M-ater, 
very  considerable  falls  of  temperature  can  be  produced.  This  is  illus- 
trated in  the  following  table  ; — 


Freezing  Mixtures. 


Substance. 

Pan*  dis- 
solved in 
xoo  parts  of 

75 

Temperature. 

Before 
.So  ution. 

After 
Solution. 

Sodium  nitrate        .... 
Calcium  chloride  (cryst.) 
Ammonium  nitrate 

+  13.3 
+  13.6 

-5-3 
-12.4 
-13.6 

Such  solutions  of  salts  in  water  arc  sometimes  used  to  produce  cold, 
and  are  called  freezing  mixtures.  More  efficient  freezing  mixtures  may 
be  employed,  in  which  the  lowering  of  temperature  is  produced  on 
account  of  the  change  of  stale  of  one  or  both  of  the  constituents.  The 
thermal  changes  which  go  on  in  many  of  these  mixtures  are,  however, 
very  complicated.  We  may  take,  as  a  somewhat  simple  example,  the  case 
of  a  mixture  of  ice  and  sodium  chloride.  Suppose  that  powdered  ice  and 
common  salt,  both  at  o"  C,  are  mixed.  The  ice  always  has  a  little  water 
attached,  and  this  water  will  dissolve  some  of  the  salt  to  form  a  solution 
whose  state  n^ust  l>e  represented  by  a  point  on  the  diagram  (Fig.  180) 
between  the  lines  up,  I'D.  This  salt  solution  will  practically  dissolve 
some  of  the  ice,  nnd,  owing  to  the  latent  heat  of  ice,  the  temperature  will 
fall.  The  water  formed  by  the  liquefaction  Mill  dissolve  some  more  salt, 
and  so  nn.  In  this  way  the  temperature  will  gradually  fall,  but  the  state 
of  the  liquid  formed  by  the  melting  of  the  ice  and  the  solution  of  the  salt 
must  always  be  represented  by  a  point  included  between  the  lines  bp 
and  PD,  Hence,  as  the  temperature  falls,  it  will  finally  be  restricted  to 
the  single  composition  containing  23.8  per  cent,  of  salt,  and  the  tem- 
perature will  he  -  zz\  that  is,  the  point  P  will  be  reached.  No  lower 
lempeniture  than  this  can  be  reached,  for  this  would  involve  the  solidi- 
fication of  both  the  water  and  salt,  and  this  operation  would  necessitate 
the  evolution  of  heat.  Wc  thus  sec  how  it  is  that  for  every  freezing 
mixture  there  is  a  minimum  temperature,  below  which  it  is  impossible  to 
go  ;  so  iliat  with  ice  and  salt,  say,  whether  wc  start  with  the  materials 
at  o"  or  at  -20°,  the  lowest  temperature  produced  is  always  -22'.  It  is 
also  evident  that  the  best  results  will  be  obtained  if  we  take  the  salt  and 
ice  in  the  proportion  of  24  parts  of  salt  to  76  parts  of  ice. 
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The  following  table  gives  some  of  the  common  freezing  mixtures  ; — 
Freezing  Mixtures. 


Substance, 

Parts. 

Substance. 

Parts. 

Temperatures 

At  Start. 

When  all  Snow 
is  Melted. 

Sodium  chloride  . 
Calcium  chloride  (crys.) 
Ammonium  nitrate 
Carbon  dioxide  (solid) . 

33 
100 

100 

Snow 
If 

Ether 

too 
70 
13' 

O" 

o- 
o" 

-32' 

-54-9 
-«7.5 
-77 

227.  Boiling-Point  of  Solutions.— We  have  in  g  219  considered 
Dalton's  laws  for  the  vapour  pressure  of  mixtures  of  liquids.  If,  however, 
wc  dissolve  a  solid  body  in  a  liquid,  the  vapour  pressure  of  the  solution 
is  less  than  that  of  the  pure  solvent.  Since  a  liquid  boils  when  its  vapour 
pressure  is  equal  to  the  pressure  to  which  it  is  subjected,  it  foUo\vs  that 
the  boiling-point  of  such  a  solution  is  raised.  Raoult  has  found  that  for 
dilute  solutions  the  lowering  of  the  vapour  pressure  is  proportional  to  the 
concentration*  and  the  molecular  lowering  (/>.  the  lowering  produced  by 
I  gram-molecule  of  the  solid  dissolved  in  100  grams  of  the  solvent)  is 
independent  of  the  nature  of  the  dissolved  substance.  As  in  the  case  of 
the  depression  of  the  freezing-point,  the  lowering  in  the  vapour  pressure 
has  been  used  to  determine  the  molecular  weight  of  solids  in  solution. 
In  determining  the  boiling-point  of  a  solution,  the  thermometer  has  to  be 
placed  in  the  boiling  liquid,  since  the  temperature  of  the  vapour  given 
off  is  equal  to  that  over  the  pure  solvent  boiling  under  the  given  pressure. 

228.  Thermal  Phenomena  accompanying:  Chemical  Changre.— 
We  have  hitherto  considered  the  thcnnal  phenomena  which  accompany 
physical  change,  and  although  the  corresponding  themial  considerations 
with  reference  to  chemical  change  belong  more  especially  to  the  science 
of  chemistry,  it  will  !»  useful  here  to  very  shortly  refer  to  some  of  them. 

Every  chemical  reaction  is  characterised  by  the  evolution  or  absorp- 
tion of  a  certain  definite  quantity  of  heat,  so  that,  keeping  all  the 
external  conditions  the  same,  if  the  reaction  takes  place  in  the  opposite 
sense,  then  the  thermal  phenomena  simply  change  sign,  the  quantity  of 
heat  involved  being  the  same  as  before.  The  quantity  of  heat  involved 
in  any  given  reaction  depends,  however,  in  a  marked  manner  on  the 
physical  conditions  under  which  the  reaction  takes  place.  Thus  if  2 
grams  of  hydrogen  and  16  grams  of  oxygen,  both  in  the  gaseous  con- 
dition, at  standard  pressure  and  temperature  combine  together  to  form 
water  at  o",  the  heat  evolved  by  the  reaction  is  68834  Ctilorics.  If  the 
result  of  the  reaction  is  to  form  steam  at  100",  the  heat  evolved  is  only 
58386  calories,  the  difference  representing  the  heat  given  out  by  18  grams 
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of  sicairi  at  100"  in  condensing  to  waier  at  o"  {i.e.  536X  i8  +  icx>x  18).  In 
the  same  way,  if  the  result  of  the  reaction  is  to  give  ice  at  o",  the  heat 
evolved  is  70274  calories  (/>.  68834  +  Sox  18). 

The  above  is  an  example  of  a  simple  reaction;  as  a  more  complicated 
reaction,  we  may  take  the  solution  of  metallic  zinc  in  dilute  sulphuric 
acid.  If  65  grams  of  zinc  are  dissolved  in  dilute  sulphuric  acid  :  (i) 
water  is  decomposed  and  two  grams  of  hydrogen  are  evolved,  this 
reaction  absorbing  68834  calories,  as  in  the  previous  example  ;  (2)  the 
oxygen  combines  with  the  zinc  and  83500  calories  are  n'oived;  (3)  the 
oxide  of  zinc  combines  with  the  acid  forming  ZnSO^,  and  water  and 
23400  calories  are  evolved.  Hence  the  resultant  thermal  effect  of  the 
whole  reaction  is  that  38066  calorics  are  evolved,  since 

38066=  -68834  +  83500  +  234CO. 

If  one  gram  of  diamond  is  converted  into  carbon  monoxide  (CO), 
2140  calories  are  evolved;  if  the  CO  is  then  convened  into  carbon  dioxide 
(COj),  5720  calorics  arc  evolved.  Hence  7860  calorics  have  been  evolved 
in  the  conversion  of  carbon  (in  the  form  of  diamond)  inio  carbon  dioxide, 
the  reaction  having  taken  place  in  two  steps.  If  i  gram  of  diamond  is 
dirrctly  converted  into  carbon  dioxide,  the  heat  evolved  is  7860  calories, 
so  that  the  same  amount  of  heat  is  evolved  whether  the  reaction  takes 
place  in  one  or  in  two  steps.  This  is  an  example  of  the  law  that  when  a 
system  of  bodies  passes  from  one  state  to  another,  the  quantity  of  heat 
evolved  is  independent  of  the  intermediate  states  through  which  the 
bodies  pass. 

229.  Curves  Showing*  the  Relations  between  the  Temperature, 
Volume,  and  Pressure  of  a  Body.— We  have  seen  in  the  previous 
sections  that  the  volume  of  unit  mass  of  a  substance,  the  pressure  lo 
which  it  is  subjected,  and  the  temperature  bear  de6nitc  relations  lo  one 
another,  and  that  if  we  know  these  three  particulars  we  can  deduce  the 
physical  slate  of  the  substance.  The  consideration  of  many  proj)erties 
of  a  substance  arc  made  much  clearer  by  drawing  cur\'es  showing  the 
connection  between  these  three  quantities.  Since,  however,  there  are 
tfiref  of  them,  we  cannot  draw  a  single  curve  on  a  plane  surface  to 
represent  the  changes  which  take  place  in  them  all.  A  series  of  curves 
can,  however,  be  drawn  showing  the  relation  between  any  two,  the  third 
being  supposed  to  remain  constant.  There  are  three  possible  kinds 
of  cun'cs,  namely,  (t)  those  showing  the  relation  between  pressure  and 
volume  at  constant  temperature  ;  (2)  those  showing  the  relation  between 
pressure  and  tcmperaiure,  the  volume  being  constant ;  and  (3)  those 
showing  the  connection  between  temperature  and  volume,  the  pres- 
sure being  constant.  The  first  of  these,  in  which  the  temperature  is 
constant,  are  called  isofhermals ;  the  second,  in  which  the  volume  is 
constant,  isometric  lines  or  isopUres;  and  the  third,  in  which  the  pressure 
is  constant,  is<>piesii€  lines  or  isobars. 
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Volume  ok  i  Cram  or  Watkr  at  Atmospheric  Pressure. 


Temperature 

State. 

Volume. 

-lO* 

Ice 

1.0897  cc. 

0" 

»t 

1.0907    „ 

o* 

Water 

I.0001     „ 

4; 

»» 

1.0000    „ 

+50 

" 

1.0120    „ 

100" 

t» 

I.O43I        M 

100' 

Steam 

165a       „   . 

ISO- 

IT 

1870 

230.  Isobars. — As  an  illustration  of  the  use  that  may  be  made  of  the 
isobars,  we  will  examine  the  form  of  these  curves  in  the  case  of  water. 
In  order  to  draw  the  cur\'e  for  a  pressure  of  one  atmosphere,  we  should 

I  plot  the  volume  of  1  gram  of  water  (in  the  state  of  ite,  watcr^  or  steanii 
as  the  case  may  be)  as  ordinate  against  the  corresponding  temperature. 
The  following  table  gives  the  volume  of  i  gram  of  water  at  some 
tempe  rat  urcs : — 
I 
To  illustrate  in  a  figure  the  isobar  for  the  range  of  temperature  given 
in  the  table  accurately  to  scale  would  be  impossible,  since  ilie  change  in 
volume  in  passing  from  water  at  100''  to  steam  at  100'  is  so  enormously 
greater  than  any  of  the  other  changes  in  volume.  In  Fig.  181,  however, 
some  isobars  are  shown  in  a  lUagrammatic  form,  in  particular,  the  increase 
in  volume  during  the  change  into  slcam  hns  been  indicated  as  being  very 
much  smaller  than  it  really  is,  and  the  change  in  volume  of  the  solid  and 
liquid  produced  by  pressure  is  much  exaggerated.  The  \\x\^  abcdef  %\\q\\% 
the  isobar  for  a  pressure  of  one  atmosphere.  Starting  at  the  lowest  tem- 
perature, at  the  point  a,  as  the  temperature  rises  the  ice  expands.  When 
o'  is  reached  the  ice  begins  to  melt,  and  the  temperature  remains 
constant  till  the  whole  of  the  ice  has  melted*  ihe  volume  decreasing 
during  this  time,  so  that  the  part  of  the  curve  be  corresponds  to  the 
mixture  of  ice  and  water.  From  o"  to  100°  the  water  expands,  and  at 
100"  the  water  begins  to  change  into  vapour,  the  temperature  again, 
remaining  constant,  while  the  volume  changes.  Hence  iU  corresponds 
to  the  coexistence  of  litjuid  and  vapour.  When  the  whole  of  the  liquid 
has  vaporised,  the  temperature  rises  above  100",  and  the  isobar  corre- 
sponds to  a  gas.  .Since  the  volume  of  a  perfect  gas  varies  directly  as  the 
absolute  temperature,  the  isobar  for  a  gas  is  a  straight  line  which,  if 
produced,  would  pass  through  the  point  on  the  diagram  corresponding 
to  the  temperature  -  273'  and  the  volume  equal  to  zero.  At  a  tem- 
perature some  way  above  the  boiling-point,  a  vapour  behaves  as  a  perfect 
gas,  so  that  the  remainder  of  the  isobar  above  this  temperature  will  be 
a  straight  line  passing  through  the  point  /=  -273"  and  v^o. 
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If  we  stnned  with  a  pressure  of  fifteen  atmospheres,  at  any  tempera- 
ture the  volume  of  unit  mass  would  be  less  than  its  voUime  under  a 
pressure  of  one  atmosphere,  and  hence  the  isobar  for  fifteen  atmospheres, 
a'd'e'r-t  ^cs  below  the  isobar  for  one  atmosphere.  Under  the  increased 
pressure,  the  mcltiny^-point  is  lowered  a  little  and  the  boilinjj-point  is 
raised  to  2fx>^,  and  the  two  vertical  parts  of  the  cur\'e,  which  correspond 
to  a  mixture  of  ice  and  water  in  the  one  case,  and  of  water  and  steam  in 
the  other,  are  farther  to  the  left  and  right  respectively. 
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The  isobar  corresponding  to  a  pressure  of  .04  cm.  of  mercury  is 

peculiar,  and  is  represented  by  the  dotted  lines  mn  and  cP,  Starting 
with  the  solid,  at  this  pressure  the  meHing-point  is  slightly  al>ove  o*, 
but  at  this  temperature  and  pressure,  as  we  have  seen  (S  2241,  we 
may  have  all  three  slates,  solid,  liquid,  and  vapour,  existing  simul- 
taneously. Hence  the  isobar  beyond  this  point  is  a  vertical  line  oP^ 
the  part  on  corresponding  10  a  mixture  of  liquid  and  solid,  and  the 
part  ///'  to  a  mixtvire  of  solid  and  vapour.  For  still  lower  pressures 
there  will  be  no  liquid  phase,  so  that  the  ice  will  sublime,  and  the  vertical 
part  of  the  isobar,  //'/^,  will  correspond  to  a  mixture  of  solid  and  vapour, 
the  point  where  the  whole  of  the  solid  has  vaporised  being  off  the  top- 
of  the  diagram. 

It  is  thus  evident  that  from  a  series  of  isobars  for  a  given  substance 
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we  may  draw  much  information  as  lo  it's  behaviour  under  various  con- 
ditions of  temperature  and  pressure,  and  we  shall  have  occasion  later  on 
(§  232)  to  again  refer  lo  this  diagram. 

281-  Isothermals.  —  When  considering  the  general  form  of  the 
isothermal  cur\'es,  it  will  be  convenient  to  refer  to  the  portion  which 
deals  with  the  passage  from  solid  to  Uquid  separately,  since  here  we  have 
to  consider  two  distinct  cases,  namely,  when  the  solid  is  denser  than  the 
liquid,  as  is  the  case  with  paraffin  wax,  and  when  the  liquid  is  denser 
ihan  the  solid,  as  is  the  case  with  water.  This  consideration  does  not 
apply  to  the  passage  from  liquid  to  gas,  since  the  density  of  the  gas  is 
always  less  than  that  of  the  liquid. 

Let  us  first  take  the  case  of  a  body,  such  as  paratfm  wax,  in  which 
there  is  expansion  when  the  solid  melts.  Here,  as  we  have  seen  in 
§  210,  increase  of  pressure,  since  it  increases  the  density  of  the  liquid, 
will  raise  the  melting-point,  or,  in  other  words,  at  a  high  pressure  the 
liquid  can  pass  into  the  solid  condition  at  a  higher  temperature  than 
it  can  at  a  low  pressure.  Let  ab  (Fig.  182)  represent  the  change  in 
volume  of  one  gram  of  solid  p.irat1fin  as 
the  pressure  is  lowered,  the  temperature 
being  kept  constant  and  equal  to  /,.  At  a 
pressure  corresponding  to  the  point  b.  let 
the  temperature  /,  be  the  melting-point,  so 
that  the  wax  will  now  start  mehing.  During 
the  time  that  the  solid  is  changing  into 
liquid,  the  pressure  will  remain  constant, 
while  the  volume  increases  (wax  fxpands  on 
melting),  and  the  portion  ^r  of  the  isothcnnal 
will  be  parallel  to  the  axis  of  volumes,  /,«•. 
horizontal.  When  all  the  solid  has  melted, 
then,  if  the  pressure  is  further  reduced,  the 
liquid  will  expand,  and  the  line  id  will  re- 
present the  continuation  of  the  isothermal. 

Suppose  now  that  we  start  at  the  same 
pressure  as  before,  but  at  a  temperature  A, 
higher  than  (^  As  the  temperature  is 
higher,  the  volume  is  greater,  the  pressure 
being  the  same,  and  the  isothermal  will 
start  at  the  point  a.  As  the  pressure  is 
reduced,  the  volume  will  increase,  and  ab' 
will  represent  the  portion  of  the  isothermal  corresponding  lo  the  solid 
state.  Since  the  temperature  is  now  higher  than  before,  fusion  will  start 
at  a  higher  pressure  than  before,  for  the  higher  the  pressure,  the  higher 
the  temperature  at  which  fusion  takes  place.  Hence  the  horizontal 
portion  b'if  of  the  isothermal,  which  corresponds  to  the  coexistence  of 
the  solid  and  liquid  states,  will  be  at  a  higher  pressure  than  before. 
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When  all  the  solid  has  iiicUed,  the  pressure  will  ag-ain  fall  and  the  liquid 
expand,  so  that  c'd'  %vill  represent  the  remainder  of  the  isothermal. 

Next,  considering,'  the  case  of  a  substance,  such  as  water,  in  which 
there  is  expansion  on  solidification,  so  that  increase  of  pressure  lowers 
the  intUin^'-point»  and  therefore  ice  can  only  be  melted  by  incrensing \\\^ 
pressure,  the  temperature  remaining  constant.  Wc  have  in  this  case  to 
start  with  the  liquid  at  a.  (Kig.  183),  say  at  a  pressure  of  a  thousand 
atmospheres  and  a  temperature  of  -  o°.76.    As  the  pressure  is  reduced  the 

water  will  expand,  till  the  pressure  is  re- 
duced to  too  atmospheres,  when  the  water 
will  commence  to  freeze,  and  the  pressure 
will  remain  constant,  the  volume  increasing 
till  all  the  water  is  converted  into  ice, 
W  hen  this  transformation  is  complete,  on 
further  reducing  the  pressure  the  ice  will 
expand.  The  isoihermal  will  therefore  have 
the  form  abed, ' 

Next,  suppose  we  start  at  the  same  pres- 

2—  -^Y \  ^"''*^  ^*  before,  namely,   1000  atmospheres, 

M  ^         pi    '^  but  at  a  higher  temperature,  say  o".     The 

pressure  will  now  have  to  be  reduced  to  one 
atmosphere  before  ice  conmiences  to  form, 
so  that  the  horizontal  portion  of  the  iso- 
thermal ^V,  which  corresponds  to  the 
coexislence  of  liquifl  and  solid,  will  be  al 
a  lower  pressure  than  before,  and  will 
cut  the  isothemial  for  lite  lower  tempera- 
ture at  some  point  P.  In  the  first  case 
(Fig.  182),  where  the  body  expands  on 
fusion,  the  isothermals  were  quite  distinct, 
and  nowhere  intersected.  The  intersection  of  the  isothermals  at  P  means 
that  at  the  pressure  OM  there  are  two  temperatures,  /,  and  /^  at  which 
imit  mnss  of  the  substance  has  the  same  volume  o\.  In  one  case,  that 
at  the  temperature  /,,  the  sulisiance  is  wholly  Hquid,  while  in  the  other, 
/^  the  substance  is  partly  liquid  and  partly  solid. 

The  general  form  of  the  isothermals  for  water  and  steam  are  shown 
diagrammalically  in  Kig.  184.  The  horizontal  portions  AB,  ci>,  &c,  repre- 
sent the  passage  of  the  substance  from  the  liquid  to  the  gaseous  con- 
dition, during  which  these  two  states  coexist.  The  cur\'e  for  the  vapour 
at  some  distance  from  the  point  H  is  a  rectangular  hyperbola,  of  which  the 
axes  of  pressure  and  volume  are  the  asymptotes,  since   the  vapour  at 

*  If  the  pressure  is  sufficiently  reduced  (he  ice  will  sublime,  nnd  there  will  be  a 
second  borizontnl  [jortion  of  ihe  isoihcmml  correspondinp  lo  the  cocxiilcncc  of  the 
KoUd  iuid  vapour.  M'hcn  the  whole  of  tlic  ice  hns  sublimed,  un-furthcr  reducing  tlie 
preuure,  we  sboulJ  ^l  the  isothrrnml  corresponding  to  a  \-apour. 
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pressures  removed  from  its  condensing  point  behaves  like  a  perfect  gas, 
and  for  a  perfect  gas  Boyle's  law  holds,  so  that  /v  =  a  constant,  which 
is  the  equation  to  such  a  rectangular 
hyperlx>Ia.  '^^ 

Suppose  we  start  with  an  iso- 
thermal corresponding  to  a  Icm-  hldlllf) 
pcrature  /j,  so  that  vaporisation 
commences  at  a  pressure  represented 
by  the  point  A  and  ends  at  B.  Next 
consider  an  isothermal  correspond- 
ing to  a  higher  temperature  t.^  In 
this  case,  since  the  temperature  is 
higher  than  before,  the  vapour  pres- 
sure will  be  greater,  so  that  vaporisa- 
tion will  be  able  to  start  at  a  higher 
pressure  than  before.  At  this  higher 
temperature  and  pressure,  vaporisa- 
tion will  be  complete  at  a  smaller 
volume  than  before,  so  that  the 
change  in  volume,  represented  by 
the  length  of  the  line  CI>,  during  the 
passage  from  liquid  to  gas  will  be  smaller  than  before.  This  decrease  in 
llie  change  in  volume  during  the  change  in  slate  will  continue  as  the 
isothermals  correspond  to  higher  and  higher  temperatures,  til!  finally  a 
temperature  /^  will  be  reached,  such  that  there  is  no  sudden  change  in 
volume,  during  the  passage  at  or  about  the  point  E,  from  the  liquid  to  the 
gaseous  state.  We  shall  in 
§  232  return  to  this  subject, 
when  considering  the  critical 
temperature  of  a  gas. 

Each  of  the  isothermals 
shows  four  points  at  which  a 
sudden  change  of  direction 
takes  place,  one  each  at  the 
commencement  and  end  of  the 
two  parts  corresponding  to  the 
changes  of  state.  The  broken 
line  AiKTIt  (Fig.  185)  represents 
a  portion  of  an  isothem\al  of  a 
body  which  expands  on  fusion, 
that  is,  the  density  of  the  liquid 
is  less  than  that  of  the  solid,  the 
straight  part  corresponding  10 

a  mixture  of  solid  and  liquid.     Professor  James  Thomson  has  suggested 
that  the  true  form  of  the  isothennal  curve  during  the  change  of  st.ite  is 
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as  shown  by  the  doited  line,  in  which  no  abrupt  changes  in  the  direction 
oi  the  cur\'e  lake  place,  and  the  substance  remains  hoinogeneous  through- 
out. On  this  theory,  the  explanation  of  the  fact  that  the  observed  part  of 
the  isothermal  is  the  straight  Hne  HC  is  that  what  wc  observe  must  neces- 
sarily be  the  mean  condition  of  a  very  large  numlxrr  of  molecules,  and 
thus  although,  if  we  were  able  to  follow  the  change  in  the  volume,  &c.,  of 
a  single  molecule  or  small  group  of  molecules,  they  would  each  be  found 
to  follow  the  dotted  curve,  the  change  from  solid  to  liquid,  or  liquid  to 
vapour,  being  continuous,  yet  in  the  case  of  a  relatively  large  mass  of 
lic|uid  there  are  a  number  of  such  groups  simultaneously  going  through 
such  a  change,  and  the  integral  result  is  represented  by  the  straight  line 
Bf,  ihe  area  of  the  loop  uek  being  equal  to  that  of  the  loop  KOC 

The  part  of  the  curve  between  K  and  G  we  cannot  expect  to  be  able 
to  actually  observe,  for  it  represents  an  essentially  unstable  condition,  as 
an  increase  of  pressure  is  here  accompanied  by  an  increase  of  volume, 
which  increase  in  volume  itself  causes  a  further  increase  of  pressure,  and 
so  on.  The  parts  bk  ami  r.c  correspond,  however,  to  stable  conditions, 
and  heacc  we  may  reasonably  hope  that,  under  sjjecial  circumstances, 
we  shall  be  able  to  obtain  a  body  in  the  condition  indicated  by  points  on 
these  portions  of  the  isothermal. 

The  form  of  the  isothermal  for  phosphorus  is  similar  to  that  shown 
in  Fig.  i85»  by  the  line  abcd.  If,  however,  we  take  some  phospiiorus 
in  the  liquid  condition,  as  indicated  by  the  point  c,  it  is  possible,  if 
suitable  precautions  are  taken,  keeping  the  pressure  the  same,  to  cool 
the  liquid  without  its  solidifying,  so  that  the  new  condition  is  represented 
by  the  point  H.  Now  the  points  C  and  H  appear  to  be  on  the  same 
isothermal,  yet  to  pass  from  C  lo  \\  wp  have  lowered  the  temperature  of 
the  body,  or,  in  other  words,  have  not  passed  along  an  isotlurmal. 

We  are  therefore  driven  to  the  conclusion  that  the  points  H  and  c  are 
not  on  the  same  isoihemial,  and  that  ihe  true  form  of  the  isothermal  is 
really  as  shown  by  the  dotted  Unesj  so  that  the  point  H  is  on  the  upper 
part  of  the  serpentine  of  an  isothermal  corresponding  to  a  lower  tem- 
perature than  the  one  passing  through  c. 

The  case  of  a  "superheated"  liquid,  in  the  same  way,  realises  the 
portion  BE  of  the  isothermal  corresponding  to  the  passage  from  the 
liquid  into  the  gaseous  condition. 

232.  The  Critical  Point.  — In  Fig.  186  are  given  the  isothermals  for 
carbon  dioxide,  as  obtained  by  Andrews.  At  low  temperatures  (13'.! 
and  2i°.5),  the  horizontal  part  of  the  curve,  corresponding  to  the  presence 
of  both  liquid  and  vapour,  is  very  marked.  The  curve  for  a  temperature 
of  31".  I  has,  however,  quite  a  different  fonn,  as  there  are  no  longer  sharp 
bends  in  the  cur\'e.  Starting  with  the  gas  at  3r.i,  and  increasing  the 
pressure,  the  volume  diminishes  at  first  slowly,  but  at  a  pressure  of  about 
75  atmospheres  the  volume  diminishes  rapidly,  very  much  as  happens 
during  the  condensation  of  a  vapour,  but  there  is  no  visible  separation  of 
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the  carbon  dioxide  into  two  distinct  conditions.  As  the  pressure  is 
further  increased  the  volume  diminishes,  but  only  slowly,  the  rest  of  the 
isothermal  curve  resembling  that  for  the  Hquid  ;  and  for  pressures  of  about 
90  atmospheres  the  volume  is  what  we  should  expect  it  to  be  at  this 
temperature,  from  the  known  coefficient  of  cubical  expansion  oi  Hquffied 
carbon  dioxide.     Andrews  found  that  at  temperatures  below  3o\92  there 
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was  a  clearly  marked  passajje  from  the  liquid  to  the  gaseous  condition, 
but  that  for  all  higher  temperatures,  starting  with  the  jjas,  it  was  possible 
10  compress  it  till  it  possessed  the  density,  &c-,  of  the  liquid,  but  that  no 
abrupt  change  from  one  state  to  the  other  took  place.  Tliis  temperature, 
below  which  the  abrupt  change  from  gas  to  liquid  can  take  place,  is 
>:alled  the  iritical  temperature. 

The  isothermals  for  32^5  and  35'.  5  show  that  at  these  temperatures 
there  is  a  pressure  at  which  the  rale  of  change  of  volume  is  excessive, 
but  this  flattening  of  the  curve  is  less  marked  for  the  higher  temperature. 
At  a  temperature  of  48^I  this  flattening  has  entirely  vanished,  and  the 
curve  is  similar  to  that  obtained  in  the  case  of  one  of  the  so-called 
permanent  gases. 

A  similar  series  of  phenomena  are  exhibited  by  other  substances 
which  can  be  obtained  in  both  the  gaseous  and  liquid  condition.  At 
pressures  below  the  critical  temperature,  if  the  pressure  is  increased 
sufficiently,  there  is  a  sudden  change  from  the  gaseous  to  the  hquid 
condition,  while  for  temperatures  above  the  critical  temperature  there  is 
no  such  abrupt  change,  the  substance  gradually  passing  from  the  condi- 
tion of  a  gas  into  that  of  a  liquid,  the  two  states  never  coexisting. 


If  on  the  diagram  of  the  isothemials  for  a  substance  we  trace  a  curve 
Ihroujrh  the  points  at  which  liquefaction  commences  and  ends,  wc  obtain 
a  curve  such  as  is  shown  dotted  in  Fig.  184.  The  isothermal  for  the 
critical  temperature  wil!  touch  the  vertex  of  this  curxv,  because  for  all 
lower  lempcraiures  we  get  a  distinct  commencement  and  end  of  liquefac- 
tion. For  the  body  in  the  states  represented  by  all  points  included 
within  this  curve,  we  may  have  the  liquid  and  gas  eicisting  side  by  side. 
The  point  E,  at  which  the  isothermal  for  the  critical  temperature  touches 
this  curve,  corresponds  to  uliat  is  called  the  critical  point  of  the  sub- 
stance, and  the  pressure  and  volume  which  correspond  to  k  are  called 
the  critical  pressure  and  volume  of  the  substance  respectively.  It  is  well 
to  remember  that  what  we  mean  by  the  critical  volume  is  the  volume  of 
unit  mass  of  the  substance  at  the  critical  temperature  and  pressure. 

In  the  isobars  for  water,  shown  in  Fig.  181,  it  will  be  noticed  that  the 
change  in  volume  in  the  passage  from  the  liquid  to  the  gaseous  state 
decreases  as  the  pressure  for  which  the  isobar  is  drawn  increases.  The 
isobar  corresponding  to  the  critical  pressure  is  a  continuous  curve  A  EC, 
touching  the  curve  odit^ifcy  which  can  be  drawn  enclosing  that  portion 
of  the  diagram  corresponding  to  the  possible  coexistence  of  the  liquid  and 
gaseous  states,  at  the  point  e.  The  co-ordinates  of  E  arc,  of  course,  the 
critical  temperature  and  volume  respectively. 

The  following  table  contains  the  critical  data  for  some  substances : — 


Critical  Data. 


Pressure  in 

Volume  in  ec* 

in  Degrees  C. 

Atmospheres. 
77 

per  Gram. 
2.2 

Carbon  dioxide    . 

30-92 

Sulphur  dioxide   . 

156 

78.9 

1.9 

Elhcr 

194-4 

35.61 

3.8 

Water 

-fX 

195 

2-3 

Oxygen         .... 

$ao 

'-5 

Nitrogen      .... 

-146 

33-0 

2.7 

Hydrogen     .... 

-234 

20.0 

Ammonia     .... 

130 

115 

... 

Benzene        .... 

2S8.S 

47.9 

^'l 

Acetic  acid  .... 

321.6 

57" 

2.8 

233  Density  of  the  Saturated  Vapour  and  of  the  Liquid  up 
to  the  Critical  Point.  — At  temperatures  below  the  critical  temperature, 
a  substance  may  exist  either  as  a  liquid  or  as  a  salurnied  vapour,  and 
hence  if  we  plot  a  curve  showing  the  connection  between  the  density  of 
a  substance  and  the  tL-nif>erature,  the  pressure  l^iiig  always  such  that  the 
liquid  and  vapour  can  simultaneously  exist,  we  shall  get  a  cur\'e  such  as 
that  given  for  carbon  dioxide  in  Fig.  187.  Thus  at  a  temperature  of  lo* 
carbon  dioxide  may  exist  cither  as  a  liquid  having  a  density  of  .85,  or  as 


Th$  Critical  Point 


a  saturated  vajjour  having  a  density  of. 14.  A5  the  lemperaiure  rises  the 
density  of  the  liquid  decreases,  while  thai  of  the  saturated  vapour 
increases  ;  and  when  the  critical  temperature  is  reached,  the  densities  of 
the  liquid  and  vapour  arc  equal,  so  that  the  curves  showing  the  density  of 
the  liquid  and  of  the  vapour  meet  at  the  point  Pat  the  critical  temperature. 
It  will  be  noticed,  from  the  cun'e,  how  ver>'  rapidly  the  density  of  the 
liquid  and  of  the  vapour  change  near  the  critical  temperature,  and  it  will 
be  understood  why  the  accurate  determination  of  the  critical  volume  is 
so  difficult. 
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Cailletel  and  Malhias  have,  however,  shown  that  if  wr  taVe  the 
mean  of  the  densities  of  the  liquid  and  saturated  vapour  at  each 
temperature,  and  plot  these  means  on  the  diagram,  the  points  obtained 
will  all  lie  on  a  straight  line  (*,»P,  Kig.  187)  which  passes  through  the 
Critical  point  v.  Thus  by  drawing  the  density  cur\'e,  and  producing 
the  diametral  straight  line  to  cut  it,  we  obtain  the  density  at  the 
critical  point,  from  whichj  of  course,  the  critical  volume  can  at  once 
be  calculated. 

2S4.  Van  der  Waals's  Equation  connecting  the  Pressure. 
Volume,   and  Temperature  of  a  Fluid.  —  When  considering   the 

kinetic   theory  <if  gases  in  §    142,   we    showed    that    if  V  is   the    mean 
velocity  of  the  molecules,/  the  pressure  to  which  the  gas  is  subjected, 
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and  V  the  volume  occupied  by  unit  mass  of  the  gas,  then,  since  the 
density  is  equal  to  i/tv,  we  have 

and  that,  if  Boyle's  law  is  true,  it  follows  that  Fis  constant  at  any  given 
temperature. 

If  T  is  the  absolute  temperature  of  the  gas,  then  by  Charles's  law 
(§  ^97) pv  =  h'7\  where  A'  is  a  constant  depcndinjr  on  the  nature  of  the 
gas.     Combining  this  result  with  the  one  just  obtained,  we  get 

Tn  other  words,  the  mean  velocity  of  the  molecules  of  a  gas  is  directly 
proportional  to  ihe  square  root  of  the  absolute  temperature. 

Now,  in  obtaining  the  equation  l/**=/7',  we  supposed  that  the 
molecules  exerted  no  atlraciion  or  repulsion  on  one  another  between 
their  successive  impacts,  and,  further,  wc  neglected  the  size  of  the  mole- 
cules. Taking  into  account  the  size  of  the  molecules  and  a  possible 
attraction  which  the  molecules  might  exert  on  one  another,  and  which 
would  be  very  similar  to  that  we  have  assumed  to  exist  in  the  case  of 
liquids  when  dealing  with  capillary  phenomena  (§  157),  Viin  dcr  Waals 
calculated  the  value  of  the  mean  velocity  of  the  molecules,  and  hence 
deduced  an  equation  showing  the  relation  between ^.z*,  and  /.  which  should 
correspond  to  the  equation /?'  — A'/' that  applies  in  the  case  of  perfect 
gases.  His  calculations  showed  that  the  effect  of  the  attractions  between 
the  molecules  was  to  add  a  lenn  10  />,  and  he  look  il  to  be  of  the  form 
ttjt'^^  where  a  is  a  constant.  The  effect  of  the  finite  sjjie  of  the  molecules 
was  to  virtually  diminish  the  volume,  rjn  which  the  molecules  can  move 
by  a  constant  amount  b.     His  modified  equation  then  took  the  form 


[p^±^{v~l.)^/iT. 


At  the  absolute  zero,  where  T=^0^  it  follows  that  v  —  i>^  for  p  and  ^  must 


a^ 

7/** 


both  be  positive,  and  hence/  +-i  cannot  be  zero. 

If* 


I'hus  6  represents 


the  minimum  volume  a  gas  can  be  made  to  occupy.  If  ?'  is  very  great, 
i>.  the  gas  is  far  removed  from  its  condensing  point,  the  quantity  ajt^  is 
excessively  small,  and  hence  we  get  the  relation  that  the  volume  of  a  gas 
diminished  by  the  constant  h  ^^which,  since  by  hypothesis  v  is  lart*,  pro- 
duces little  effect)  is  propoiiional  to  the  absolute  temperature.  This 
agrees  with  the  observed  fact  that  a  gas,  when  far  removed  from  its  con- 
densing point,  Ixfhavcs  as  a  perfect  gas,  and  obeys  Boyle's  and  Charles^  < 
taws. 

My  multiplying  through  by  r*,  Van  dcr  Waals's  equation  may  be 
written  in  the  fonn 
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Since  Hy  h^  and  R  are  constants,  if  we  take  the  pressure  and  tempera- 
lure  as  having  some  definite  values,  we  have  a  cubic  equation  from  which 
to  find  V.  It  is  shown,  in  books  on  the  thcor>'  of  equations,  that  a  cubic 
equation  must  necessarily  have  either  one  or  three  real  roots.  Hence  we 
must  have  either  one  or  three  vaUies  of  v  corresponding  to  given  values 
of/  and  T,  In  an  isothermal  curve  7*  is  constant,  so  that  a  line  drawn 
parallel  to  the  axis  of  volumes,  and  therefore  corresponding  to  a  constant 
pressure,  must  cut  the  isothermal  in  either  one  place  or  three  places. 
Thus  the  \\n^p^p(  ^^%-  i88)  cuts  the  isothermal  for  a  temperature  Tj  at 


F 
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one  place  only,  q^    The  line  p%pix  however,  if  we  assume  the  truth  of 

James  Thomson's  hypothesis  (S  231),  cuts  ihe  isothermal  at  three  points 

^ai  9'si  ^"^  '/j-    ^^  ^*'^  consider  isothemials  nearer  and  nearer  to  the  critical 

int  E,  the  three  possible  values  for  the  volume  get  nearer  and  nearer, 

,nd  at  the  critical  point  E  they  coincide.  For  all  temperatures  above  the 
critical  temperature  there  is  nnly  one  jjossible  value  of  the  volume.  At 
the  critical  point  E  the  three  roots  of  the  cubic  equation  are  all  real  and 
are  equal.      From  this  condition  it  can  be  shown,  if/„  7'„  and  1\  are  the 

ritical  pressure,  volume,  and  temperature  respectively,  that 


27^5=' 


ziRh 


Hence,  since  the  values  of  the  constants  a  and  b  can  be  obtained  from 
the  deviations  of  a  gas  from  Hoyle's  law,  we  can  calculate  the  critical  con- 
stants of  a  gas  from  the  observations  on  the  deviations  from  this  law. 


we  get 
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If  the  pressure  («•),  volume  (f^),  and  temperature  (B)  of  a  substance 
are  measured  in  fractions  or  multiples  of  the  critical  pressure,  volume,  and 
temperature,  so  that 


"t' 


,  =  -:andtf=7.; 


■.ir;  v=3/^4>;    7'= 


Substituting  these  values  in  Van  der  Waals's  equation,  it  reduces  to 


an  equation  which  docs  not  contain  any  constants,  such  as  «,  <4,  and  ^, 
which  depend  on  the  nature  of  the  substance,  and  ought  therefore  to  hold 
good  for  all  substances,  whatever  their  chemical  nature. 

Van  der\Vaals*s  equation 
was  obtained  by  making  cer- 
tain assumptions  which  are 
probably  only  approximately 
true,  and  hence  his  equation, 
although  of  great  interest 
and  undoubtedly  represent- 
ing with  a  certain  amount  of 
accuracy  the  true  relations, 
must  only  be  regarded  as  an 
approximation,  so  that  the 
fact  that  the  values  deduced 
from  it  do  not  exactly  agree 
with  experiment  is  not  sur- 
prising. 

235.    Liquefaction     of 

Gases. — In  order  to  liquefy 
a  gas,  it  is  necessary  to  cool 
it  below  its  critical  tempera- 
ture, and  the  cliief  differences 
between  the  methods  em- 
ployed for  liquefying  iJiose 
gases  with  low  critical  tem- 
peratures (the  so-called  per- 
manent gases)  lies  in  the 
different  methods  used  to 
obtain  a  low  temperature. 
One  method  of  obtaining 


4 


Fig.  189. 


a  low  enough  temperature  to  liquefy  oxygen  and  nitrogen  is  that  employed 
by  WroblewsWL    Starting  with  carbon  dioxide  gas,  which  can  be  liquetied 
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by  pressure  alone  at  ordinary  temperatures,  since  the  critical  temperature 
is  31',  this  is  allowed  to  evaporate  quickly  by  reducing  the  pressure,  and 
the  latent  heat  absorbed  by  a  portion  of  the  liquid  evaporating  reduces 
the  temperature  of  the  remainder  to  such  an  extent  that  it  solidifies.  On 
mixing  the  solid  carljon  dioxide  with  ether,  a  temperature  of  -77"  C.  is 
obtained.  This  temperature  is  below  the  critical  temperature  of  ethy- 
lene (13°)%  so  that  on  pumping  ethylene  gas  into  a  receiver,  immersed  in 
the  solid  carbon  dioxide  and  ether,  liquid  ethylene  is  produced,  and  can 
be  stored  as  a  liquid,  if  the  receiver  is  kept  packed  in  ice.  The  liquid 
ethylene  is  passed  from  the  receiver  A  (Fig. 
189),  through  a  fine  spiral  copper  tube  B,  which 
is  immersed  in  a  bath  of  solid  carbon  dioxide 
and  ether.  The  liquid,  cooled  down  to  about 
-70',  then  passes  into  the  thin  glass  test- 
tube  c,  which  is  surrounded  by  another  glass 
vessel  I*,  the  two  conununlcating  throu)»h  a 
side-hole  K.  The  tube  K  is  connected  to  an 
exhaust-pump,  which  draws  off  the  gaseous 
ethylene  as  it  is  produced.  The  liquid  ethy- 
lene, vaporising  rapidly,  produces  a  tempera- 
lure  of  about  -  150'  C.  The  gas  to  be 
condensed  is  contained  in  a  steel  bottle  O. 
compresscil  to  a  pressure  of  about  200  atmos- 
pheres, and  is  conducted  by  means  of  a  lube 
G  to  the  strong  glass  test-tube  H,  which  is 
surrounded  by  the  boiling  ethylene.  Under 
the  influence  of  the  low  temperature  and  the 
high  pressure  the  gas  condenses,  and  collects 
as  a  liquid  in  the  bottom  of  the  tube  H.  The 
temperature  at  which  condensation  takes  place 
is  obtained  by  means  of  a  hydrogen  thermo- 
meter, a  thermo-electric  junction,  or  platinum 
thermometer  T.  by  allowing  the  liquid  oxygen 
which  forms  in  H  to  evai>orate  rapidly,  by 
releasing  the  pressure,  or  even  connecting  a 
with  an  exhaust-pump,  a  yet  lower  temjsera- 
ture  can  be  obtained. 

As  an  example  of  another  class  of  apparatus  for  the  liquefaction  of 
gases,  we  may  take  that  used  by  Dewar*  and  shown  in  Fig.  190.  This 
form  of  apparatus  depends,  for  the  production  of  a  low  temperature,  on 
the  fact  that  when  a  gas  expands  against  pressure  it  does  work,  and 
hence  becomes  cooled  (§  252).  Thus  when  a  gas  is  allowed  to  escape  into 
the  atmosphere  from  a  receiver,  in  which  it  has  been  compressed,  it  has 
to  force  back  the  atmospheric  pressure,  and  in  doing  so  becomes  cooled. 

The  inside  of  the  apparatus  is  first  about  half  filled  with  Hquid  carbon 
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dioxide  through  the  inlet  on  the  left,  the  supply  being  regulated  by  the 
valve  w,  which  is  worked  by  the  head  B.  This  liquid  ran  evaporate  freely, 
and  in  doing  so  l>ccoines  so  much  cooled  that  the  remainder  solidilies. 
The  oxygen,  which  is  stored  under  pressure  in  a  sleel  cylinder,  enters  the 
apparatus  by  the  right-hand  inlet,  and  passes  up  through  the  tube  O.  It 
then  passes  round  the  spiral  s,  which  is  immersed  in  the  solid  cnrbon 
dioxide,  and  thus  hecomes  cooled  to  about  -70",  Next  the  oxygen 
passes  down  the  spiral  tube  D  to  the  tube  V,  in  the  side  of  which  there 
is  a  very  small  jet,  which  can  be  closed  by  the  rod  v  and  screw  A.  The 
compressed  gas  escaping  by  this  jet  and  expanding  becomes  cooled,  and 
this  cooled  gas  parses  up,  as  shown  by  the  arrows,  between  the  spirals  of 
the  tube  D,  through  which  the  oxygen  is  descending,  and  then  escapes 

into  the  air.  [n  its 
passage  up  between  the 
spirals,  the  cooled  oxy- 
gen cools  (he  spirals  and 
the  contained  oxygen,  so 
that  the  oxygen  escaping 
at  the  jet  becomes  colder 
and  colder.  Each  portion 
of  oxygen  as  it  travels 
down  the  spiral  is  cooled 
down  by  the  escaping  gas 
to  the  temperature  this 
has  acquired  by  its  ex- 
pansion at  the  jet,  and 
this  oxygen,  when  it  in 
turn  reaches  the  jet  and 
expands,  becomes  yet 
further  cooled.  This  re- 
generative process  goes 
on  till  the  escaping  gas 
at  the  jet  is  cooled  down  to  its  liquefying  point,  when  liquid  ox>'gen 
collects  in  the  vessel  G.  This  vessel  is  of  particular  construction,  so  as 
to  reduce  the  conduction  of  heat  from  surrounding  objects  to  the 
liquefied  gas  to  a  minimum.  It  consists  of  a  double-walled  glass 
test -lube,  the  space  between  the  walls  being  exhausted  to  the 
highest  attainable  vacuum.  In  such  a  "vacuum  vessel,"  particularly 
if  the  outside  is  silvered,  so  as  10  be  a  vcr\*  bad  absorber  of  radiant 
heat  (§  246),  it  is  possible  to  preserve  liquid  air  for  many  hours. 
A  third  method  of  liquefying  such  gases  as  oxygen  and  air  will  be 
described  in  §  254. 

If  oxygen  is  caused  to  evaporate  rapidly,  by  connecting  a  closed 
vessel  containing  the  liquid  to  an  exhaust-pump,  such  a  low  temperature 
is  obtained  that  the  air  in  contact  with  the  vessel  containing  the  boili 
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liquid  oxygen  is  liquefied  at  the  ordmary  pressure,  and  may  be  collected 
in  a  vessel  placed  to  catch  it  as  it  drips  down. 

By  allowing  hydrogen  which  was  cooled  to  -  205"  C,  by  passing  first 
through  a  coil  in  a  vessel  B  (Fig.  191)  containing  solid  carbon  dioxide, 
then  through  a  coil  in  a  vessel  c  containing  liquid  air,  which  was  caused 
to  boil  rapidly  by  reducing  the  pressure,  and  under  a  pressure  of  180 
atmospheres  to  escape  through  the  nozzle  G  of  an  apparatus  somewhat 
similar  to  that  shown  in  Fig.  190,  the  vessel  D  being  itself  placed  in  a 
space  kept  below  -  200",  liquid  hydrogen  has  been  found  by  Dewar  to 
collect.  The  liquid  hydrogen  was  thus  collected  in  the  form  of  a  liquid 
even  at  atmospheric  pressures.  By  introducing  a  glass  tube  filled  with 
helium  into  the  liquid  hydrogen,  a  distinct  drop  of  liquid,  presumably 
helium,  formed  in  the  tube.  Thus  all  the  known  gases  have  been  con- 
densed into  liquids,  and  the  tenn  "permanent  gas''  has  no  meaning. 


CHAPTER    IV 
CONDUCTION  OF  HEAT 


236.  Transference  of  Heat.— WTien  defining  the  higher  of  two 
lempeniturcs,  we  satil  ihnt  if,  when  two  botlies  arc  brouyhi  near  each 
other,  heat  passes  from  the  one  to  the  other,  the  one  from  which  the  heat 
passes  is  said  to  have  the  higher  temperature.  We  have  now  to  consider 
the  laws  that  govern  the  passage  of  heat  from  one  body  to  another. 
Heat  may  be  propagated  in  three  ways.  In  the  first  place,  heat  may 
travel  from  one  portion  of  matter  to  another  by  what  is  called  radiuiioft-t 
and  in  this  process  the  transference  can  take  place  without  the  interven- 
tion of  matter.*  It  is  by  radiation  that  heal  (and  light)  reach  us  from  the 
sun.  ,  In  the  second  place,  heat  may  be  propagated  by  the  actual  visible 
transference  of  matter,  as  in  the  case  when  a  building  is  heated  by  the 
flow  of  hot  water  through  pipes.  This  method  of  propagation  is  called 
conveciiofu  Thirdly,  heat  may  be  propagated  by  conJtHtion.  In  this 
case  the  heat  is  conveyed  by  matter,  but  no  visible  motion  of  the  matter 
itself  takes  plar*^ ;  tlie  heat  is  usually  considered  as  propagated  by  the 
warmer  molecules  heating  the  neighbouring  colder  molecules,  and  so  on. 
Thus,  when  one  end  of  a  metal  rod  is  placed  in  a  flame  and  the  other  is 
placed  in  melting  ice,  it  is  found  that  heat  is  conducted  along  the  rod, 
causing  the  ice  to  be  melted. 

237,  Conduction.  In  order  to  define  the  conductivity  for  heat  of  a 
body,  let  us  suppose  we  had  a  slab  of  the  material  of  thickness  dy  with 
parallel  faces  each  of  area  A^  and  that  the  opposite  faces  are  kept  at  the 
temperatures  /,  and  t^  respectively.  Then  heat  will  be  conducted  by  the 
material  of  the  slab  from  one  face  to  the  other.  Let  ^  units  ofhe.it  pass 
from  one  face  to  the  other  through  the  slab  in  a  time  t.  Then  it  is 
found  that 

^ "  d  ' 

where  it  is  a  constant  for  any  one  substance,  independent  of  the  thick- 
ness, area  of  the  faces,  and  the  difference  of  temperature  (so  long  as  this 
is  not  too  great),  but  varies  from  one  substance  to  another.  If  we  make 
each  of  the  quaniilics  W.  //,  r,  and  the  diflfcrence  of  temperature  (/,-/|) 
unity,  we  have  that  k  is  equal  to  the  quantity  of  heat  which  would  pass 

1  \Vhrn  considering  the  subject  nf  light,  wc  shall  show  ihal  the  energy,  in  the  cue 
of  ntdiant  heat,  is  propagated  by  a  *Arave  motion  in  the  ether. 
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between  the  opposite  faces  of  a  slab  of  the  material  of  unit  area  atid  of 

unit  thickness  in  unit  lime,  when  the  temperatures  of  the  faces  ditfer  by 

[unity.    The  quantity  k  is  called  the  thermtit  conductivity  of  the  substance. 

The  difference  of  temperature  tetwccn  the  faces,  (/.^-/i),  divided  by 

the  thickness,  gives  the  change  of  temperature  per  unit  length  in  the 
J. direction  in   which  the  heat   is  tlouinjf,  and   is   called   the   temperature 

gradient  The  rate  at  which  the  temperature  of  a  body,  say  a  metal  rod, 
^  rises  when  it  is  heated  at  one  end,  depends  not  only  on  the  conductivity 

of  the  material,  but  also  on  the  specific  heat     Let  c  be  the  specific  heat 

I  of  the  material  and  ^  its  density,  then  the  heat  required  to  raise  the  tem- 
perature of  unit  volume  ihrouj^h  one  degree  is  <)>.  Now  the  thermal 
conductivity  k  is  the  quantity  of  heat  which  would  pass  through  a  slab  of 
the  material  of  unit  thickness  and  unit  cross  section,  in  unit  time,  when 
the  teniperatu^'es  of  the  two  faces  differ  by  one  degree.  Thi**  quantity  of 
heal  would  raise  the  temperature  of  unit  volume  of  ihe  niaicrial  through 
f  where  /  is  given  by  the  equation 


Hence 


t^kjcp. 


II        M< 

^Brfae  quotient  X'/fp,  or  the  coefficient  of  conductivity  divided  by  the  heal 
^Krcquircd  to  raise  tltc  temperature  of  unit  volume  through  one  degree,  is 
^»called  the  liiffusivity  or  coefficient  of  tkcp-mometric  conducth'ity  of  t]ie 
material. 

238.  The  Measupement  of  the  Conduetivity  of  Solids. -If  one 
end  of  a  long  bar  is  heated,  and  a  series  of  thermometers  are  placed  in 
rsmall  holes  drilled  in   the  bar,  the  readings  of  the  ihem^ometers  will 
ncrease.     The  thermometer  nearest  the  heated  end  will  rise  first,  the 
Others  following  in  succession.     After  a  time  the  temperature  of  all  parts 
of  the   bar  will  become   constant,   but   diminishing  gradually  from   the 
Hieated  end  to  the  other  end.     When  this  occurs,  the  heat  supplied  to  the 
Ibar  at  the  hot  end  during  each  second  is  exactly  equal  to  that  lost  by 
Iradiation  and  conduction  from  the  sides  and  the  cold  end.     Let  a  curve 
rAU  (Fig.  192)  be  drawTi  such  that  the  abscissa?  represent  distances  along 
the  bar,  measured  from  iho  heated  end,  and  the  ordinatcs  represent  the 
corresponding  temperatures.     If  we  consider  two  cross  sections  of  the 
bar  at  M  and  N,  the  temperatures  at  these  points  being  represented  by 
|JMK  and  NS,  the  difference  in  temperature  between  these  two  sections  is 
■equal  to  MR  -  NS  or  to  HP.     Of  the  heat  which  crosses  the  section  of  the 
|bar  at  M,  [>art  is  conducted  on  and  crosses  the  section  at  N,  while  the 
est  is   radiated  from   the   outside   surface  of  the  bar  between  the  two 
Isections.     By  taking  the  distance  MN  l>etwcen  the  two  sections  sufficiently 
mall,  the  quantity  of  heat  lost  by  radiation  from  the  edges  of  this  small 
bection  of  \he  bar  l3ears  so  small  a  proportion  to  the  heat  conducted 
[irough  the  section,  that  we  may  neglect  it.     Also,  since  the  points  R 


material  of  which  the  bar  is  composed,  we  have  that  the  quantity  of  heat 
Q  which  passes  through  the  section  MN  in  unit  time  is  given  by 

MN 

If  the  tangent  to  the  temperature  curve  at  R  or  s  makes  an  angle  a  with 
the  axis  of -V^  then,  since  mn  =  ps,  we  have 

PR     , 
MN 
Hence  Q—kA  tan  a. 

If  the  bar  is  sufficiently  lony,  there  will  be  some  point  I.  which  is  at 
the  same  tempeiature  as  the  surrounding  air,  then  all  the  heat  which 
passes  through  the  section  MN  must  be  lost  by  radiation  from  the  surface 
of  the  bar  between  N  and  L.  Hence  if  we  can  measure  the  heat  lost  by 
radiation  by  the  portion  nl  of  the  bar,  we  shall  know  Q\  and  then  from 
the  cross  section,  A,  of  the  bar  and  tl»e  angle,  a,  made  by  the  tangent  to 
the  temperature  cun*e  at  N,  with  the  axis,  we  can  calculate  the  con- 
ductivity k. 

In  order  to  determine  the  heat  lost  by  radiation,  a  separate  experi- 
ment is  made,  in  which  a  short  bar  of  the  same  material,  and  having  its 
surface  in  the  same  condition  as  that  of  the  long  bar,  is  heated  uniformly 
to  a  temperature  slightly  higher  than  that  at  the  point  N,  and  is  then 
allowed  to  cool  by  radiation,  the  temperature  being  read  at  short  inter- 
vals by  means  of  a  thermometer  placed  in  a  small  recess  in  the  bar. 
Knowing  the  specific  heat  of  the  material  and  the  mass  of  this  short  bar, 
the  quantity  of  beat  lost  in  one  second  by  unit  length  of  the  bar  at  dif- 
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fcrent  temperatures  can  be  obtained  in  the  same  way  as  was  done  in  ibe 
case  of  the  calorimeter  in  «^  201.  Hence  (he  quantity  of  heat  lost  by  each 
unit  of  length  of  the  first  bar  lietween  N  and  I.  per  unit  time  at  its  tem- 
perature, as  given  by  the  temperature  cur\e,  can  Ije  obtained,  and  the  sum 
of  these  quantities  of  lieat  gives  O* 

Experimenting  by  this  method,  Korbes  obtained  aao;  for  the  con- 
ductivity of  wrought  iron  at  o%  and  0.157  at  \oo". 

In  order  to  compare  the  relative  conductivities  of  bars,  use  is  made 
of  the  relation  that  the  conductivities  are  proportional  to  the  squares  of 
the  distances  of  points  of  equal  temperature  from  the  source  of  heat.  In 
order  to  make  the  loss  of  heal  from  the  surface  of  the  bars  the  same  in 
all  cases,  ihcy  are  either  coated  with  lamp-black  or  electroplated  with 
silver.  In  the  experiments  of  Wiedt- mann  and  Franz,  one  end  of  the  rods 
were  heated  to  100"  in  a  steam  bailu  and  the  temperature  at  different 
points  was  obtained  by  means  of  a  tiiermo-electric  junction. 

Another  method  of  measuring  the  conductivity  of  fairly  good  conduc- 
tors of  heat,  such  as  metals  which  can  he  obtained  in  large  pieces,  is 
illustrated  diagrammatically  in  Fig.  193,  The  material  to  be  tested  is  in 
the  form  of  a  thick  block  a.     One  face  of  this  block  closes  the  circular 


Ffo.  193. 

end  of  a  c>'lindnc:al  steam  chan'>bcr  c.  This  chamber  is  surrounded  by 
a  larger  chamber  H,  and  they  are  both  supplied  with  di-ain  tubes,  by 
I  means  of  which  the  condensed  steam  may  be  drawn  off.  The  opposite 
I  face  of  A  closes  two  exactly  similar  cylindrical  boxes,  which  are  frlled 
with  pounded  ice.  Two  fine  holes  are  bored  into  A  in  planes  parallel  to 
the  faces  to  which  the  cylinders  arc  attached,  and  into  these  arc  inserted 


two  delicate  thorniomcters,  or  thcrmo-elemcnts  (^  49^).  which  serve  lo 
measure  the  tUflercnce  in  tempemtiire  between  two  planes  in  the  material 
at  a  distance  li  apart.  The  outside  cylinder  it  preserves  the  inside 
c>'linder  from  loss  of  heat  by  radiation  and  conduction,  except  on  the  face 
in  contact  with  a.  Hence,  if  7f'  is  the  wcij^ht  of  water  collected  at  <;  in  a 
second,  this  means  that  7vL  thermal  units  have  been  conducted  into  A, 
through  an  area  A^  m  here  /-  is  the  latent  heat  of  steam,  and  A  is  the  area 
enclosed  by  c.  In  the  same  way,  if  r*',  is  the  weight  of  water  collected 
at  F  per  second,  and  /.|  is  the  latent  heat  of  ice,  Wi/-i  units  of  heat  have 
been  given  up  by  an  area  -  /  of  the  surface  of  the  substance  A.  Now 
if  the  outside  cylinders  It  and  D  arc  sulfuicnily  large,  so  as  to  include  a 
wideannulus  of  the  surface  of  a,  the  flow  of  heat  within  the  hlork  will, 
as  indicated  by  the  doited  lines,  be  quite  uniform  between  tlie  portions 
of  the  oppt»sitc  surfaces  enclosed  by  c  and  K.  Thus  all  the  heal  that 
enters  from  c  and  leaves  lo  K  will  travel  across  an  area  A  in  the  planes 
containinx^  the  ihennomctcrs  '/\  and  y\.     Thus 


Q^wL^^U'^Ly 


/./(T-,-/,) 


SO  that  I'  can  be  calculated. 

In  the  case  of  bafl  conductors  of  heat  a  somewhat  similar  methi 

employed,  only,  since  these  have  to  be  taken  in 
thin  slabs,  it  is  possible  so  to  arrange  matters 
that  the  loss  of  heat  by  the  edge  is  very  small 
compared  to  the  quantity  of  heat  which  passes 
through,  for  in  a  thin  disc  the  area  of  the 
cylindrical  surface  bears  only  a  small  ratio  to 
the  area  of  the  faces. 

Adiagramniatical  section  of  an  arrangement 
used  by  Lees  is  shown  in  Fig.  194.  Two  ihin 
discs  A,  a'  of  the  materi.il  are  each  placed  be- 
tween two  copper  discs  B,  b'  and  c,  c',  while 
the  discs  B,  u'  are  fixed  to  the  opposite  sides  of 
a  flat  coil  D  of  insulated  platinoid  wire.  An 
electric  current  is  passed  through  this  coil, 
through  the  wires  E,  E',  and  the  amount  of 
heat  liberated  per  second  is  ciUculated  from 
the  value  of  the  current  and  the  resistance 
of  the  coil  (§  493).  A  ver>'  little  glycerine  is 
placed  between  the  discs  \.  a'  and  the  copper 
discs  so  as  to  insure  good  thennal  conlacL 
The  copper  discs  are  such  good  conductors 
that  the  temperatures  as  given  by  the  thermo-elements  3",,  T^  T^,  7"^  which 
61  into  fine  holes  drilled  in  these  discs,  may  be  taken  as  being  the  tem- 
peratures of  the  surfaces  of  the  discs  A,  A'.     Thus,  knowing  the  quantity 
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"     of  heal  supphed  lo  L»,  the  lemperaiures  of  the  faces  of  the  discs  A,  a'  and           ^H 

their  thii:kncbbcs  ami  areas,  we  can  calculate  the  thcnnal  conductivity  as          ^H 

before.      A  correction  can,  if  necessar>',  be  applied  for  the  loss  of  heal  by           ^H 

the  cd^es  of  the  discs,  and  conduction  along  tlic  wires  L,  vf  and  the          ^^k 

^^     thermoelement  wires.                                                                                                    ^H 

^^k          The  fo1lowin>{  table  ^ives  the  thermal  conductivity  of  siiuie  solids  at     ^^^H 

^H    ordinary  lempcrnturcs  ;                                                                                     ^^^H 

^1                                 THKkMAl.   CONbUCTIVnV    IN    CaI.ORI£.S/CM.SEC.                              ^^^| 
^1          Silver      ....      1.096          Marble                                 0.005            ^^^H 
^1         Copper   ....      t.041          (]|ass .                           .     0.0025          ^^^| 
^1         Aluininiuut                            0.344     I     Cork   ....     o.uix>7          ^^^H 
^B         Iron                                        0.167         Sulphur                             anoo67               ^H 
^1         Zinc        ....     0.303         Paraffin                             aooo2                 ^H 
^^         Granite  ....     0.005          Mom  .                                 0.00009               ^H 

H          239.  Temperature  of  the  Earth's  Crust. -An  interesting  problem          ^| 

^H   'in  connection  with  the  conduction  of  heat  in  solids  is  furnished  by  the           ^^k 

^f     crust  of  the  earth.     The  surface  of  the  earth  is  alternately  heated  and           ^H 

cooled,  and  thus  we  have  a  series  uf  waves  of  heal  due  to  the  heating           ^H 

durin>f  the  day  and  to  the  cooling'  during  the  niyht,  as  well  as  a  series          ^^ 

due  to  the  heating  during  the  sunniicr  being  nixjvc  the  average,  and  that  in            ^| 

the  winter  below  the  average,  which  start  at  the  surface  and  travel  towards           ^| 

^B     the  centre  of  the  earth.     Tlie  diurnal  wave  is  only  sensible  at  depths  of  2  or           ^H 

^B      3  feet,  while  the  annual  wave  can  be  traced  to  a  depth  of  alxjut  50  teet.               ^| 
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kind  of  change  obtained  at  moderate  depths  by  Calient 
in  Kig.  195.     The  three  cur\*cs  show  the  lumperature  record 
meters  placed  at  depths  of  4  inches,  to  inches,  and  30  i 
ively,  Mow  the  surface  of  the  ground  at  Montreal,  Canada. 
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In  Fig.   196  the  mean  lempcrat 
1              depths  of  4  inches,  20  inches,  and 

ure  of  the  air  and  of  the  earth  at        ^| 
9  feet,  are  given  for  a  whole  year.       ^| 
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While  the  maximum  air  icmperaiure  occurs  in  AukusU  at  a  depth  of 
9  feet  the  maximum  does  not  o<x:ur  til)  early  in  Ortobcr 

The  turan  temperature  of  the  earth's  criLst  is,  ho\ve\er,  foimd  to 
increase  steadily  as  wc  descend.  The  rate  of  increase  with  di^pth  varies 
ver>-  much  with  the  geological  conditions,  but  amounts  on  the  average 
to  about  r  C.  fora  depth  f>f  28  iiieiies  or  30  yards.  Since  heat  always 
flows  from  places  of  hiis'h  to  places  of  liiw  temperature,  this  increase  of 
lempei-ature  with  the  depth  shows  thai  there  must  be  a  continuous  flow 
of  heat  from  the  interior  of  the  earth  to  the  surface,  and  from  the  con- 
ductivity of  the  crust  and  the  temperature  gradient  the  loss  of  heat  in 
a  year  can  be  calculated.  From  the  present  rale  of  loss  we  can  then 
calculate  what  the  temperature  of  the  earth  must  have  been  in  times 
past,  and  in  lliis  way  Lord  Kelvin  has  shown  that  it  cannot  be  more 
than  200,000.000  yciirs  since  the  earth  was  a  molten  mass  on  the  outside 
of  which  a  solid  crust  was  just  forming. 

240.  The  Measurement  of  the  Conductivity  of  Liquids.— When 
mciiburing  ilie  tinuluciiviiy  of  solids,  wc  are  not  iioubicd  ^vith  i-(in\eciion; 
in  the  case  of  fluids,  however,  it  is  extremely  tlilficuli  to  unange  for  con- 
duaion  to  take  place  unaccompanied  by  convection.  When  the  lower  strata 
of  a  fluid  arc  heated,  the  fluid  expands  and  becomes  less  dense,  and  hence 
the  heated  portions  stream  up  through  the  colder,  which  sink  to  the  bottom. 
Tbe^c  convection  currents  tend  to  equalise  the  temperature  throughout  the 
fluid  mass.  Wlien  a  liquid  is  heated  at  the  top,  convection  currents  arc 
to  a  ureal  extent  eliminated,  and  the  passage  of  heat  to  the  lower  strata 
is  excessively  slow,  except  in  the  case  of  mcrcur)'  and  molten  metals. 

The  conductivity  of  water  has  been  measured  by  Bottomlcy,  using  a 
modification  of  the  formof  the  experiment  originally  due  to  Despretz.  The 
water  is  contained  in  a  cylindrical  vessel  A(Fig.  197), 
and  the  heat  is  supplied  by  gently  pouring  a  stratum 
of  hot  water  on  a  wooden  float  placed  on  the  surface 
of  the  water.  Four  thermometers,  T,,  l\j,  Tj,  T,,  are 
placed  with  their  bulbs  m  the  positions  shown. 
The  two  thermometers  T,  and  Tj  give  the  differ- 
ence of  temperature  of  the  faces  of  a  horizontal 
stratum  of  the  liquid  of  known  thickness.  The 
quantity  of  heat  which  flows  through  this  stratum 
per  second  is  obtained  by  observing  the  chajige 
of  temperature  of  the  mass  of  the  liquid  below  the 
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extends  from  the  stratum  to  nearly  the  bottom  of 
the  vessel,  giving  the  mean  temperature.  As  soon 
as  the  wave  of  heat  reaches  the  bottom  of  this 
thermometer,  as  indicated  by  the  thcnnomctcr  Xj,  the  experiment  is 
stopped.  In  this  way  Bollomley  found  the  number  0,002  for  the  con- 
ductivity of  water. 


Water  . 
Glycerine 

Eihvl  alcoht.»l 


Lees  has  employed  the  disc  method  described  in  the  precedinjf 
section  to  measure  the  conductivity  of  liquids.  The  liquid  is  enclosed 
by  an  ebonite  rinj^r  hxed  between  the  discs  a  and  c  (V\^.  194).  A 
correction  is  apphed  for  the  conductivity  of  the  ring,  and  the  discs  arc 
placed  horizontal,  wiih  the  hot  side  of  the  liquid  fihn  uppennost,  to 
reduce  the  effects  of  convection  currents. 

The  following  table  gives  the  thennal  conductivities  of  some  liquids: — 

Thkrmai.  Conductivity  of  Liquids  in  Cmohik^ICsuShc, 


00014 

o.cxx)7 
0.0004 


Ether    . 
Mercury 


241.  The  Measurement  of  the  Conductivity  of  Gases.  -The 

determination  n{  the  conductivity  of  a  yas  is  a  problem  of  even  more 
difiiculty  than  the  measurement  of  the  corrcspondiny  quantity  in  the 
case  of  a  liquid,  for  convection  currents  play  even  a  more  prominent  part 
than  before,  and  it  is  difficult  lo  separate  the  effect  due  to  conduction 
and  radiation. 

It  follows  from  the  kinetic  theory  of  gases,  and  has  been  found  by 
experiment,  that  the  conductivity  of  a  j;as  is  independent  of  the  pressure 
so  long  thiit  this  is  not  reduced  so  much  as  to  make  the  mean  free  path 
(§  i4i)of  the  molecules  of  appreciable  magni- 
tude with  reference  to  the  dimensions  of  the 
vessel  enclosing  the  gas. 

In  the  experiments  made  by  MuMer,  using 
a  method  previously  employed  by  Kundt  and 
Warburg,  a  small  spherical  glass  globe  A 
(Fig.  198),  containing  mercury,  is  used  as 
the  hot  body.  This  globe  forms  the  bulb  of 
a  mercurial  thermometer,  on  the  stem  of 
which  there  is  an  enlargement  R  that  acts  as 
a  stopper  to  the  spherical  glass  vessel  C 
The  air  from  between  a  and  c  can  be  ex- 
hausted through  a  side-tube  D.  The  whole 
apparatus  having  been  heated  to  a  known 
temperature,  say  100",  and  the  air  exhausted 
to  the  required  amount,  the  globe  C  is  plunged 
into  a  vessel  containing  water  which  is  kepi 
at  a  known  constant  temperature,  or  into  a 
mixture  of  ice  and  water.  The  times  taken 
for  tlie  thermometer  to  fall  through  a  given  interval,  say  10",  are  then 
noted.  Knowing  the  "water  ec|uivaleni"  (^  201)  of  the  ihcnnometer 
bulb  A,  the  quantity  of  heat  which  must  be  lost  for  the  temperature  to 
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fall  lo'  can  be  calculated,  and  hence  the  tiuantity  of  heat  which  passes 
from  A  to  C,  through  the  air  which  is  enclosed  between  them,  is  known. 
This  loss  of  heat  may  he  due  to  three  causes — (i)  conduction,  (2)  radia- 
tion, and  (3)  convection. 

Of  these  the  third,  namely,  that  due  to  convection,  varies  with  the 
pressure.  Now  it  is  found  experimentally  that,  in  the  case  of  air,  the 
rate  of  loss  of  heat  by  a,  at  any  given  temperature,  decreases  as  the 
pressure  is  decreased  till  a  pressure  of  about  15  cm.  of  mercury  is 
reached,  and  then  remains  constant  down  to  a  pressure  of  about  o.i  cm. 
Hence  for  pressures  between  1 5  cm.  and  o.  i  cm.  the  loss  of  heat  due  to 
convection  currents  is  inappreciable,  and  therefore  the  observed  rate  of 
loss  is  due  to  conduction  and  radiation  only.  In  order  to  separate  the 
effect  of  these  two  causes,  two  methods  have  been  employed.  In  one  of 
these  the  globe  is  exhausted  to  the  best  vacuum  obtainable,  particular 
attention  being  paid  to  the  removal  of  the  last  traces  of  mercury  vapour 
from  the  globe.  The  rate  of  loss  of  heat  is  then  measured,  and  since 
there  is  now  practically  no  gas  present,  the  loss  is  taken  to  represent  the 
loss  due  to  radiation  only.  Deducting  this  loss  from  that  obtained  when 
the  pressure  was  alx)ut  2  cm.,  the  loss  due  to  conduction  alone  is 
obtained.  As  an  example,  the  times  taken  to  cool  from  59*.88  to  58".  88 
at  different  pressures  were  as  follows  : — 

Pressure    ....     1.5  cm.     i.o  cm.     0.5  cm.     0.0  cm. 
Time  to  cool  i".  .3.6  sec.    3.7  sec.    3.6  sec.     8.0  sec 

Thus  at  pressures  of  1.5,  1,0,  and  0.5  cm.  the  rate  of  cooling  was 
constant,  while  at  the  best  attainable  vacuum  it  was  only  about  half 
as  much. 

Another  method  of  allowing  for  the  radiation  is  to  repeat  the  observa- 
tions with  an  outside  vessel,  such  as  E,  of  a  different  size  to  the  first 
Since  the  thickness  of  air  between  the  hot  body  and  the  walls  of  the 
vessel  is  different  in  the  two  cases,  the  loss  of  heat  by  conduction  will 
be  different.  The  loss  of  heat  by  radiation  will,  however,  at  any  given 
temperature,  be  the  same  as  before.  Hence,  by  making  experiments  with 
outer  vessels  of  two  sizes,  the  loss  of  heat  by  radiation  can  be  allowed  for. 

The  conductivity  of  air  obtained  by  Miiller  was  0.000056 ^^ 

cm.sec. 

Kundt  and  Warburg  found  the  conductivity  of  hydrogen  to  be  7.1  times 

that  of  air,  and  that  of  carbon  dioxide  0.59  times.     Combining  these 

results  with  the  value  for  air  given  above,  we  have : — 

Conductivity  of  Hkat  in  Gases. 

Hydrogen 0.00040  calories/cm.scc. 

Air 0.000056  J, 

Carbon  dioxide  ....     0.000033  » 
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242,  The  Spheroidal  State.  -If  a  metal  plate  is  heated  to  a 
tempeniture  \L'ry  eoniidcrably  above  loo"  C,  and  a  few  drops  of  water 
are  ihrowti  on  it,  these  do  not  immediately  boil  away,  as  occurs  when 
the  temperature  of  the  plate  is  only  a  few  degrees  above  100".  The 
gencml  appearance  of  the  drops  of  water  resembles  that  of  mercury  on 
a  glass  dish,  for  if  the  drops  are  small  they  are  almost  spherical,'  while 
as  the  quantity  of  water  is  increased  they  become  more  and  more 
flattened.  That  evaporation  is  going  on  all  the  time  is  shown  by 
the  gradual  diminution  in  the  size  of  the  drops.  The  liquid  in  this 
experiment  is  said  to  be  in  the  spheroidal  slate,  and  the  slow  evapora- 
tion is  due  to  the  fact  that  it  is  not  in  contact  with  the  hot  metal,  but  is 
separated  from  it  by  a  thin  layer  of  vapour,  which  is  being  continually 
renewed  by  evaporation  from  the  lower  surface  of  the  drop.  The 
vapour  l>cing,  like  all'j^ases,  a  very  bad  conductor  of  heat,  the  water 
only  slowly  acquires  heat  from  the  metal,  while  the  heat  lost,  owing  to 
the  evaporation  which  is  taking  place  at  the  under  side,  due  to  the  latent 
heat  of  vaporisation,  is  sufficient  to  keep  the  temperature  of  the  drop 
below  the  boiling-point. 

If  the  drop  is  phced  on  a  flat  and  level  metal  plate,  it  is  possible  to 
see  between  the  drop  and  the  surface  of  the  plate,  thus  showing  thai 
there  is  no  true  contact  between  the  liquid  and  metal.  The  phenomenon 
is  also  exhibited  by  other  liquids,  the  only  condition  being  that  the  metal 
plate  must  have  a  icmperalure  considerably  higher  than  the  ordinary 
boiling-point  of  the  liquid. 

1  The  spherical  shape  is  due  to  the  action  of  surface  tension  (f  157). 


CHAPTER  V 
RADIANT  HEAT 
243.  Ppevosfs  Theory  of  Exchangres.— As  we  have  seen  in  the 

last  section  but  one,  when  a  hot  body  is  suspended  in  a  g^as,  cooling 
takes  place  tine  to  two  distinct  causes.  In  the  first  place  there  is  loss 
of  heat  due  to  convection  currents  set  up  in  the  gas,  and  to  conduction 
through  the  gas,  both  of  which  depend  on  the  presence  of  matter,  while 
in  the  second  place  heat  is  radiated  in  nil  directions,  independently  of  the 
presence  or  absence  of  matter.  Ucncc  the  rale  of  cooling  depends  on  two 
distinct  terms,  one  due  to  convection  and  conduction,  and  the  other  to 
radiation.  In  the  case  of  convection,  the  heat  energy  is  conveyed  by  the 
circulation  of  companitively  large  groups  of  molecules  at  the  higher 
temperature,  all  moving  together,  while  in  conduction  the  energy  is  handed 
on  from  molecule  to  molecule,  owing  to  their  impacts.  In  radiation 
the  energy  is  conveyed  by  waves  set  up  in  the  himiniferous  ether  by 
the  vibrations  of  the  healed  molecules,  or  rather  atoms  within  the 
molecules.  While  in  the  case  of  convection  and  conduction  the  medium 
through  which  the  heat  is  propagated  becomes  heated,  this  is  not 
necessarily  the  case  with  radiation.  Thus  the  radiant  heat  which 
reaches  the  earth  from  the  sun  does  not  heat  the  interx-ening  inter- 
planetary space.  If  the  body  is  suspended  in  a  vacuum,  then  we  have 
only  to  deal  with  radiation.  Supp(»se,  therefore,  that  we  have  a  vessel 
which  is  free  from  air,  and  the  walls  of  which  are  kept  at  a  constant 
temperature  by  the  vessel  being  immersed  in  a  water  bath,  and  that  we 
introduce  into  this  vessel  a  body  ai  a  higher  temperature  than  the  walls 
of  the  vessel.  Under  these  circumstances  the  hot  body  w-ill  lose  heat  by 
radiation,  and  this  passage  of  heal  from  the  hot  Ixidy  to  the  walls  will 
continue  till  its  temperature  Iwcomes  the  same  as  that  uf  the  walls. 
Again,  if  a  body  at  a  lower  temperature  be  introduced,  heat  will  be 
radiated  by  the  walls  to  the  lx>dy,  and  its  temperature  will  rise  till 
equality  of  temperature  is  reached.  If,  now.  the  body  is  removed  from 
the  enclosure  and  placed  in  an  enclosure  at  a  lower  temperature,  its 
lemperaliire  will  immediately  begin  to  fall,  and  it  will  commence  to  lose 
heat  by  radiation.  Since,  therefore,  there  can  be  no  property  in  the  walls 
of  the  new  enclosure  which  would  enable  them,  when  there  is  no  material 
connection  between  them  and  the  body,  to  cause  the  body  to  start 
radiating,  wc  conclude  that  the  body  is  radiating  all  the  time,  but  that 

when  its  temperature  remains  constant  it  is  gaining  just  as  much  energy, 
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due  to  the  radiation  from  the  walls  of  the  enclosure,  as  it  is  itself 
radiaiing-,  Argruing  in  this  way,  Prevost  propounded  what  is  known  as 
Prcvosl's  theory  of  exchanges.  According  to  this  thcor)%  all  bodies  arc 
always  radiating'  hc^it,  and  the  reason  the  temperature  of  the  body  in  the 
above  examples  becomes  stationary  is  that,  when  the  temperatures  of  the 
body  and  of  the  enclosure  are  equal,  the  amount  of  heat  radiated  by 
the  body  is  just  equal  to  the  amount  it  receives,  due  to  the  radiation  of 
the  walls  of  the  enclosure. 

244.  Instruments  for  Measuring  Radiant  Heat.— When  radiant 
heat  of  any  wave-length  (Jj  26.))  is  absorl^d  by  a  body,  the  energy  of  the 
radiation  is  converted  into  heat,  and  the  temperature  of  the  body  rises. 
Hence  since,  as  we  shall  see,  we  can  deduce,  from  the  rise  in  temperature 
of  the  body,  the  energy  which  must  have  been  converted  into  heat  to 
produce  this  rise  in  temperature,  if  it  were  possible  to  prepare  a  body 
which  was  a  perfect  absorber  of  radiation  of  all  wave-lengths,  the 
measurement  of  its  rise  in  temperature  would  give  the  energy  of  the 
incident  radiation.  Although  no  such  perfectly  black  body  is  known, 
yet  a  surface  coated  with  lamp-black  or  platinum-black  absorbs  such 
a  large  proportion  of  the  incident  radiation  of  all  wave-lengtlis  as  to 
sufficiently  nearly  fulfil  the  conditions  for  practical  purposes.  The 
various  instruments  which  have  been  devised  for  measuring  radiation 
differ  from  one  another  in  the  way  in  which  the  rise  in  temperature  of 
the  blackened  Iwdy,  on  which  the  radiation  falls,  is  measured. 

The  oldest  arrangement  is  the  thermopile,  which  consists  of  a  number 
of  bars,  alternately  of  antimony  and  bismuth,  soldered  togctlier  in  series. 
The  bars  are  so  arranged  that  the  alternate  junctions  between  the  two 
metals  are  near  together,  as  shown  diayrammatically  in  Fig.  199,  some 
insulating  u»atcrial,  such  as  mica,  separating  the  adjacent  bars.      The 

junctions  of  the  bars  are  coated  with  lamp- 
black, so  that  when  radiation  is  allowed  to 
fall  on  the  end  of  the  thermopile  it  is  ab- 
sorbed, and  thus  llie  temperature  of  the 
junctions  is  raised.  Now  when  the  alter- 
nate junctions  of  such  an  arrangement  of 
metals  are  healed,  and  the  ends  of  the  series 
are  connected  to  a  galvanometer  (;,  an  electric  current  is  produced,  which 
causes  the  galvanometer  to  lie  deflected.  The  magnitude  of  the  current, 
and  therefore  also  of  the  galvanometer  deflection,  depends  on  the 
amount  by  which  the  temperature  of  the  face  of  the  thennopile  on  which 
the  radiation  falls  exceeds  that  of  the  other  face.  Hence  the  galvanometer 
deflection  is  a  measure  of  the  rise  of  temperature  of  the  face,  and  also 
of  the  energy  of  the  incident  radiation.  As  the  mass  of  metal  in  an 
ordinary  thermopile  is  ver)'  considerable,  the  rise  in  temperature  produced 
by  the  conversion  of  a  small  quantity  of  radiation  into  heat  is  very  small, 
and   so   the   arrangement   is   not   very   sensitive,   and    is   unsuited  for 
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measuring  small  quantities  of  radiation.  A  moilified  form  of  thermopile, 
in  which  the  thermopile  and  jfalvanometcr  are  combined  in  a  single 
instrument,  has  been  designed  by  I5oys,  and  is  called  a  radio-micrometer. 
The  thermopile  proper  consists  of  two  excessively  small  bars  of  antimony 
and  bismuth,  which  arc  soldered  to  the  edge  of  a  plate  of  blackened 
copper  alxiui  2  mm.  square,  which  receives  the  radiation.  The  other 
ends  of  the  antimony  and  bismuth  bars  are  soldered  to  a  light  copper 
loop,  which  is  suspended  by  a  very  fine  quartz  fibre  between  the  poles  of 
a  powerful  magnet.  When  the  copper  plate  is  heated  by  the  radiation,  a 
thermo-electric  current  of  electricity  is  set  up  in  the  copper  circuit,  which 
therefore  tends  to  turn  and  set  itself  at  right  angles  to  the  lines  of  force 
of  the  magnet  (§  510).  Thus  from  the  deflection  of  the  circuit,  as 
shown  by  a  beam  of  light  reflected  from  an  attached  mirror,  the  rise  in 
temperature  of  the  copper,  and  hence  the  amount  of  the  incident  radiation, 
can  be  determined. 

An  instrument  in  which  the  rise  in  temperature  of  a  blackened  met.*!! 
strip  is  measured  in  another  way  is  the  Iwlomcter  invented  by  Langley. 
The  thin  strip  of  blackened  metal  forms  one  of  the  arms  of  a  Wheat- 
stone's  bridge  (§  488),  and  when  the  lemperuiurc  rises  the  resistance  of 
this  strip  increases,  so  that  if  Isefore  the  rise  in  temperature  the  galva- 
nometer was  undcflecied,  this  increase  of  resistance  of  one  arm  will  upset 
the  balance  of  the  bridge,  and  the  galvanometer  will  be  deflected.  The 
intensity  of  the  radiation  which  falls  on  the  strip  will  then  be  pro- 
portional to  the  galvanometer  deflection,  at  any  rate  if  the  deflection  is 
not  very  great. 

245*.  Equality  of  the  Emissive  and  Absorptive  Powers  of  a 

Body.  —  13y  ilie  absorbing  p<5wcr  of  a  btidy  is  meant  the  fraction  of  the 
incident  radiation  which  a  body  is  able  to  absorb.  It  has  been  found 
by  experiment,  and  we  shall  deal  with  this  subject  later  (§  246),  that  a 
surface  coated  with  lamp-black  is  capable  of  absorbing  practically  all  the 
heat  energy  which  falls  on  it,  and  hence  its  absorptive  power  is  unity.' 
A  body  of  which  the  absorptive  power  is  unity  is  often  called  a  "/cr/(V//y 
biiiik''^  lx)dy.  The  incident  energy  which  is  not  absorbed  by  a  body 
is,  if  we  confine  our  attention  to  opaque  bodies,  reflected.  Thus  if  a 
quantity  E  of  radiant  heat  energy  is  incident  on  a  surface  of  which  the 
absorptive  power  is  /i,  the  quantity  of  energy  absorbed  is  aE^  and  the 
quantity  reflected  is  ^(1  -</). 

By  the  emissive  power  of  a  body  is  meant  the  ratio  of  the  quantity  of 
heat  energ)'  emitted  by  one  square  centimetre  of  its  surface,  under  given 
conditions,  to  the  quantity  emitted  under  the  same  conditions  by  one 
square  centimetre  of  a  body  of  which  the  absorptive  power  is  unity 
(practically,  lamp-black  is  taken  as  the  standard). 

Sup|)ose  that  wc  have  a  body  --7,  of  winch  the  absorptive  power  is 

>  Since  a  Ixxly  cannot  ali?(orb  more  heat  than  is  incident  on  it,  no  txxly  can  possesfl 
an  Absorptive  power  grralrr  than  unity. 


unity,  so  that  its  emissive  power  is  also  unity,  encIoseH  in  an  enclosure, 
and  that  the  absorptive  power  of  ihe  walls  of  this  enclosure  is  n,  ihc 
emissive  power  being  <?,  and  the  area  of  its  surface  .S".  Let  the  tem- 
perature become  the  same  throughout,  so  that,  according  to  Prevosi*s 
Iheor)-,  the  quantity  of  heal  radiated  by  the  b<^»dy  A  is  equal  to  the  heat 
received  from  the  enclosure.  Let  A  lose  A  units  of  heat  by  radiation 
per  second.  Then  the  walls  of  the  enclosure  will  absorb  Ilh  units,  and 
reflect  K(i  -a)  units  per  second.  This  heat  reflected  from  the  enclosure 
will  be  completely  absorbed  by  the  body  //,  since  its  absorptive  power  is 
unity.  Hence  in  unit  time  the  body  A  will  lose  a  quantity  of  heat 
£  —  /i{i  -it)  or  if <7  ;  and  since  its  temperature  remains  constant,  this 
means  that  the  enclosure  must  radiate  £a  units  which  are  absorbed  by 
A.  Now  since  the  area  of  the  enclosure  is  ^^  the  radiation  per  square 
centimetre  is  Iiti/S.  If,  however,  the  enclosure  had  been  perfectly  black, 
it  would  have  absorljod  E  and  radiated  £".  Hence  the  licat  emitted  per 
square  centimetre  would  have  been  JilS.  Now  the  emissive  power  r  is 
the  ratio  of  the  actual  emission  to  the  emission  of  a  similarly  situated 
perfectly  black  surface.     Thus 


=  0, 


In  other  words,  the  emissive  power  is  equal  to  the  absorpth'e  power. 
Although  we  have  proved  this  relation  as  a  deduction  from  Prevost's 
theory  of  exchanges,  we  shall  in  the  following  section  describe  the 
methods  by  which  it  can  be  proved  cxpenmeiilally. 

246*.  Measurement  of  the  Coefficients  of  Absorption  and 
Emission. — In  the  preceding  section  we  have  considered  how  the  co- 
efficients of  absorption  and  emissitm  of  radiant  heat  are  denned,  and  we 
now  proceed  to  consider  how  these  quantities  are  measured  experiment- 
ally. Since  the  character  of  the  radiation  emitted  by  a  body  is  often 
quite  different  from  the  character  of  the  radiation  absorbed  — thus  lamp- 
black absorbs  light  twit  only  emits  invisible  heat  rays,  at  any  rate  at 
ordmary  temperatures,  some  method  of  measuring  the  intensity  of  the 
radiation  has  to  l>e  adopted  which  takes  account  of  the  radiation  whatever 
the  w.ive-length.  The  only  way  of  doing  this  is  to  measure  the  radiation 
by  (he  rise  in  temperature  it  will  produce  in  a  body  which  absorbs  all 
kinds  of  radiation  tqually  well,  so  that  we  in  this  way  measure  the  total 
energy  corresponding  to  the  radiation  of  all  wave-lengths.  Of  course  it 
would  be  better  to  employ  a  body  which  would  absorb  the  ivhoh  of  the 
radiation,  but  no  such  body  exists.  Lamp-black,  although  it  does  not 
absorb  quite  the  whole  of  the  incident  ladialion,  yet  possesses  the  pro- 
perty of  absorbing  vcr\'  nearly,  if  not  quite,  the  same  proportion  of  the 
incident  radiation  whatever  the  wave-length,  and  so  this  substance  is 
taken  as  a  standard. 

in  a  seriei,  of  experiments  on  the  absorbing  power  of  opaque  bodies^ 
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Provostaye  and  Desains  used  a  thermometer  bulb,  which  was  coated  in 
turn  with  the  various  substances,  to  measure  the  radiation  absorbed. 
The  incident  radiation  was  concentrated  on  the  thermometer  bulb  by- 
means  of  a  lens  fixed  in  the  side  of  the  closed  box  in  wliich  the  thermo- 
meter bulb  was  fixed.  If  (2  i^  the  (luantity  of  radiation  (measured  in 
ergs)  which  falls  on  the  thermometer  bulb  in  unit  time,  and  A  is  the 
ateorption  coefficient  for  the  whole  bulb  when  coated  with  a  given 
substance,  the  heat  absorbed  in  unit  time  is  QA.  The  thermometer  will 
rise  in  temperature  till  the  heat  lost  by  radiation  is  exactly  equal  to  the 
heat  absorbed,  and  after  this  the  temperature,  /,  will  remain  constant. 
If  w  is  the  water  value  of  the  thermometer  bulb  and  its  contents,  and 
vthe  fall  of  temperature  in  one  second,  or  the  velocity  of  cooling,  as 
it  is  called,  at  a  temperature  /,  the  heat  lost  by  the  bulb  in  unit  time 

is  nxrv.     Hence  ,  ^ 

()A  =  tm: 

Next,  if  the  bulb  is  coated  with  lamp-black,  the  intensity  of  the  in- 
cident radiation  being  the  same  as  before,  and  if  it  comes  to  a  stationary 
temperature  /|,  the  velocity  of  cooling  being  now  7/,,  we  have,  as  before — 


Hence 


A^^v 


Now  the  values  of  the  quantities  1'  and  v^  can  be  measured  by  noting 
the  time  taken  by  the  thermometer  to  cool  through  a  given  temperature 
interval  at  the  temp^^ratures  /  and  /,  respectively,  and  so  the  absorbing 
power  of  the  medium,  compared  to  that  of  lamp-black  taken  as  unity, 
can  be  calculated. 

In  the  experiments  two  sources  of  radiation  were  used,  namely,  the 
sun  and  an  Argand  burner,  and  the  results  obtained  are  shown  in  the 
following  table,  the  absorption  of  lamp-black  being  taken  as  unity : — 

COKFFICIKNTS   OF  AaSORlTlON. 


1              Sun. 

Argand  Burner. 

Lamp-black  .        .        .        . 

.    1                 I.OO 

1.00 

Platinum-black 

1.00 

I.OO 

White-lead    .        .        .        . 

.  1            0.09 

0.21 

Cinnabar        .         .         .         . 

1 

■  1 

0.28 

Silver  in  powder    . 

! 

0.21 

Gold  in  leaf  . 

0.13 

0.04 

Silver  in  leaf. 

.  I        0.07 

... 

In  order  to  measure  the  emissive  power  of  various  substances,  the 
faces  of  a  hollow  metal  cube  are  coated  with  the  different  substances,  one 
face  being  coated  with  lamp-black,  and  the  amount  of  radiation  emitted, 
when  the  cube  is  filled  with  water  at  100°  C,  is  measured  by  means  of 
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a  thermopile  placed  at  a  constant  distance  from  the  cube.  In  performing 
the  experiment,  great  care  has  to  be  taken  to  screen  the  ihennnpile 
from  all  radiation  except  that  coming  from  the  face  of  the  cube  which 
is  being  measured.  It  has  been  shown  that  many  measurements  made 
were  completely  vitiated  by  the  fact  that  the  screens,  used  to  confine  the 
beam  of  incident  radiation,  reflected  pari  of  the  radiation  they  received 
back  to  the  radiating  surface  where  reflection  again  look  place,  and  so 
some  of  this  doubly  reflected  heat  was  thrown  on  to  the  thermopile. 
This  error  was  particularly  marked  when  dealing  with  the  emission  of 
polished  metallic  surfaces  where  the  emission  is  small  and  the  reflecting 
power  i^  considerable. 

In  the  following  table  is  given  the  value  of  the  emissive  power  of 
some  bodies  in  lenns  of  tliat  of  lamp-black  taken  as  unity  : — 


COKKTICIRNTS   OK  KMISSIOK. 


Lamp-black    . 
Frosted  silver 

LOO 

.      0.05 

C.old-Ieaf 

Hurnished  platinitin 

.     0.04 
aio 

Jitirni<ihed  silver     . 

ao2 

Copper-leaf     . 

0.05 

In  order  to  prove  directly,  by  experiment,  that  the  coeflFicients  of 
absoriiiion  and  emission  for  any  given  substance  are  equal,  the  apparatus 
shown  in  Fig.  200  has  been  devised  by  Ritchie.     The  two  luiUow  metal 

drums  B  and  c  are  filled  with  air,  and  are 
connected  by  a  glass  tube  which  is  partly 
filled  with  some  liquid,  such  as  sulphuric 
acid.  The  drum  A  is  also  hollow,  and  can 
l>c  filled  with  hot  w.itcr.  The  faces  of  \\ 
and  A,  turned  towards  the  right,  are  coaled 
with  lamp-black,  and  the  faces  of  A  and  c, 
turned  towards  the  left,  are  coated  with 
silver-foil.  The  position  of  the  liquid  column 
having  been  notctl  when  the  whole  instru- 
ment is  at  the  same  temperature,  hot  water 
is  placed  in  A,  and  it  is  found  that  the  liquid 
cohtnm  does  not  move,  showing  that  the 
drums  It  and  t:  are  rccciv  ing  the  same 
amount  nf  heat  from  A.  Now  the  drum  B 
receives  the  licat  emitted  by  a  silver  sur- 
face, the  heat  being  :dJsorlx^d  by  tamp- 
blat  k,  while  the  heat  received  by  C  is 
emitted  by  a  lamp-black  surface  and  ab- 
sorbed by  a  silver  surface.  The  heat 
received  being  the  same,  it  shows  that 
although  the  quantity  of  heal  emitted  by  the  silver  surface  is  small,  yet 
the  lamp-black  absorbing  all  thU  hrni,  the  result  is  the  same  as  when 
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ihe  large  amount  of  heat  radiated  by  the  lamp  black  surface  falls  on  the 
silver  surface,  for  in  this  case  only  a  small  proportion  of  the  incident  heal 
IS  absorbed. 

247*.  The  Relation  between  the  Amount  of  the  Radiation  and 
the  Temperature  of  the  Body. — In  order  to  determine  the  connec- 
tion between  the  amount  of  the  radiation  and  the  temperature  of  a  body, 
Dulong  and  Petit  used  as  radiating  body  the  spherical  bulb  of  a  large 
Ihcrmomeier.  The  bulb  was  heatctl  to  about  300"*,  and  then  introduced 
into  a  hollow  copper  sphere,  which  was  kept  at  a  constant  temperature, 
and  the  sphere  was  exhausted.  The  temperature  of  the  bulb  was  indi- 
cated by  the  position  of  the  nicrcur\-  thread  in  the  stcmoflhc  thermometer, 
which  projected  from  the  copper  vessel,  anil  was  read  at  equal  short 
_inler\'als  of  time. 

The  fall  of  temperature  t'  in  one  second  they  called  the  velocity  of 
oiinj,',  50  tliat  if  W  is  the  water  value  of  the  thcnnometcr  bulb,  the 
loss  of  heat  in  unit  time,  (J,  is  given  by  Q=  Wv.  As  a  result  of  their 
experiments,  Dulong  and  I'elit  rame  to  the  conclusion  that  if  /  is  the 
temperature  of  the  radiating  body,  and  /'  that  of  the  chamber,  then 

where  k  and  n  are  constants  depending  on  the  nature  and  area  of  the 
surface  of  the  radiating  l>ody.  Dulong  and  Pelit's  law,  which  is  quite 
empirical,  has,  however,  been  found  only  lo  hold  over  a  small  range,  and 
Stefan,  from  an  examination  of  their  results,  has  l>ccn  led  to  tlie  conrln- 
sion  that  the  total  radiation  emitted  by  a  Ixidy  is  pniportional  to  the 
fourth  power  of  the  absolute  temperature.  Thus  if  /,  is  the  absolute 
temperature  of  the  body,  the  total  radiation  will  be  represenietl  by  /*/*,*, 
where  <i  is  a  constant  depending  on  the  extent  and  nature  of  the  surface 
of  the  body.  In  the  same  way  the  heat  radiated  by  the  walls.  If  they  arc 
at  an  absolute  tem[>erature  T^^  will  be  proportional  to  1^.  The  quantity  of 
this  radiation  absorbed  by  the  Ixnly  will  \yc  '/'/"o*,  since  the  emissive  power 
and  absorbing  power  ofa  body  are  the  same.  Ifencc  the  total  loss  of 
heat,  G»  hy  the  body  in  unit  time  is 

MS  is  ihc  area  of  ilic  radiating  surface  of  the  body,  then  it^Scy  where  c 
is  a  constant  depending  on  the  nature  of  the  surface  only.     Hence 

If  the  temperature  of  the  enclosure  is  the  absolute  zero,  and  that  of  the 
body  i',  so  that  /■=o  and  7'i  =  i,  and  the  surface  of  the  body  is  unity, 
we  get  i2~*'i  ^"^  ^^  quantity  c  represents  the  heat  radiated  per  second 
fmm  a  square  centimetre  of  the  surface  of  the  body,  when  the  tempera- 
ture of  the  body  is  1°  on  the  absolute  scale,  and  the  enclosure  is  at  the 
absolute  zero. 
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If  the  difference  between  the  temperature  of  the  body  and  the 
enclosure  is  (^,  wc  have 

and  if  ^  is  sniall,  so  that  we  may  neglect  terms  in  &^  and  higher  powers. 
Then 

Hence  for  small  clianycs  in  the  diiTcrence  of  temperature  6  between  the 
body  and  the  enclosure  (2  is  proportional  to  B. 

In  the  case  of  a  body  svirrounded  by  a  gas,  as  we  have  already  pointed 
out,  the  cooling  is  partly  due  to  convection  currents  and  conduction.  In 
such  a  case  Newton  supposed  that  the  rate  of  cooling,  i.e.  the  quantity  of 
heat  lost  by  the  body  in  unit  lime,  was  proportional  to  the  difference  in 
temperature  between  the  body  and  the  surrounding  medium.  This  law, 
which  is  known  as  Newton's  law  of  cooling,  only  holds  gootl  for  small 
excesses  of  temperature.  For  such  excesses,  however,  as  ordinarily  occur 
in  calorimetr)'  Newton's  law  is  stithciently  accurate. 

248*.  Measurement  of  Specific  Heat  by  the  Method  of  Cooling. 

— According  to  Newton's  law  of  cooling,  the  quantity  of  heat  Q  lost  by 
a  body  during  the  time  /,  when  its  temperature  is  Q  degrees  above  the 
surrounding  medium,  is  given  by 

where  .S"  is  the  area  of  the  cooling  surface,  and  k  is  a  constant  dependent 
on  the  nature  of  the  surface. 

If  in  a  time  /  the  temperature  falls  by  an  amount  d£^,  the  quantity  of 
heat  lost  must  be  J/ji^,  where  .1/  is  the  mass  of  the  body  and  j  is  its 
specific  heat.     Hence 

If  now  the  experiment  be  repealed,  using  the  same  radiating  surface 
and  siarting  at  the  same  temperature  By  and  the  time  /*  be  noted  in 
which  a  second  body  of  mass  J/*  and  specific  heat  s^  cools  tluough  hB^ 
we  shall  have 

Mh\her^kSet\ 
Ms      t 


and  therefore 


Hence,  if  we  know  M^  AP,  /,  and  /*,  wc  can  obtain  the  ratio  of  the  specific 
heats  of  the  bodies. 

In  an  actual  experiment  the  bodies  to  be  experimented  on  are  con- 
tained in  a  calorimeter,  the  outer  surface  of  which  is  coated  with  lamp- 
bl.nck.  This  calorimeter  is  suspended  inside  a  vessel  with  double  walls, 
the  space  between  the  walls  being  filled  with  water  so  as  to  keep  the 
temperature  of  the  enclosure  constant.     Of  course,  due  allowance  must 
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be  made  for  the  water  value  of  the  calorimeter,  thermometer,  and  stirrer. 
This  method  of  measuring  specific  heats  is  found  only  to  work  satisfac- 
torily in  the  case  of  liquids,  since  it  is  only  with  these  that  the  contents 
of  the  calorimeter  can  be  kept  at  a  uniform  temperature  throughout  during 
the  cooling,  this  condition  being  obtained  by  continuous  stirring. 

The  further  consideration  of  radiant  heat  will  be  deferred  till  the 
chapters  dealing  with  the  emission,  absorption,  &c.,  of  light,  since  there 
is  no  sharp  physical  line  of  demarcation  between  what  we  recognise  by 
one  set  of  senses  as  radiant  heat,  and  what  we  recognise  by  our  sense  of 
sight  as  light 


CHAPTER    VI 
THE   MECHANICAL    THEORY  OF  HEAT 

249.  Theories  as  to  the  Nature  of  Heat,  -l^p  to  the  end  of  the 
cij^hieeinh  ixniiin'  there  existed  Iwu  rival  tlicories  as  to  the  nature  ol 
heaL  Acc(jrdiiig  lo  one  of  llicse  theories,  known  as  the  caloric  theory, 
heat  was  supposed  to  be  a  subtle,  elastic,  imponderable  fluid  called  caloric, 
which  penucated  all  kinds  of  matter  existing  in  the  interstices  between  the 
molecules.  According-  to  the  other  theory,  which  was  only  held  by  very 
i^w,  heat  was  supposed  lo  be  due  to  the  rapid  motion  of  the  molecules 
of  matter. 

It  was  wcW  known  that  heat  could  lae  produced  by  friction  or  per- 
cussion, and  the  supporters  of  the  caloric  theory  explained  these  facts  by 
supposing  that  in  the  case  of  percussion  the  caloric  was  squeezed  out  of 
the  body,  and  hence  flowed  into  a  neighbouring  body  such  as  a  ther- 
mometer, and,  in  the  case  of  friction,  that  during  the  friction  some  of  the 
body  was  nibbed  off,  and  that  the  capacity  of  matter  for  caloric  was  less 
in  the  form  of  a  powder  than  in  the  form  of  a  solid  block.  That  this 
explanation  of  the  production  of  heat  by  friction  was  untenable  was  first 
shown  by  Count  Rumford  in  1798. 

Being  struck  by  the  large  amount  of  heat  developed  when  cannon 
were  being  bored  at  the  arsenal  at  Munich,  Rumford  performed  an 
experiment  in  which  a  blunt  steel  borer  was  rotated  while  kept  pressed 
against  the  bottom  of  a  hole  in  a  large  mass  of  gun-metal.  The  borer 
was  rotated  nearly  a  thousand  nmcs,  and  the  heat  developed  svas  suffi- 
cient to  raise  the  temperature  of  the  whole  block,  which  weighed  1 13  lbs., 
about  70"  F.,  while  the  amt»unt  of  itielal  n]bl>ed  off  from  the  bottom  of 
the  hole  was  only  837  grains  troy.  Kumford,  in  the  account  of  his 
experiments,  draws  attention  to  the  fact  that  the  supply  of  heat  obtained 
in  this  way  from  a  given  lump  of  metal  seems  quite  inexhaustible,  and 
hence  cannot  be  a  material  substance,  but  must  be  "  motion." 

The  supporters  of  the  caloric  thcor>"  for  some  time  maintained  thai 

the  source  of  heat  was  the  abraded  metal,  although  this  explanation  was 

completely  reftited  by  an  experiment  performed  by  Davy.     He  rubbed 

together  two  blocks  of  ice  at  a  temperature  below  o*  C,  and  found  that 

heat  was  developed  and  the  ice  melted.     Since  it  was  allowed  by  the 

caloHsts  that  water  contained  more  caloric  than  ice,  if  we  can  prmlucc 

water  by  the  friction  of  ice,  the  heat  developed  must  be  due  lo  some 

other  cause  than  the  extrusion  of  caloric 
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\Vc  have  seen,  wlitn  dealing'  with  radiant  heat,  that  a  hot  body  is 
continually  radiating'  htat  into  surrounding  space;  and  when  we  come  to 
the  consideration  of  the  subject  of  liyht,  we  shall  see  that  there  is  con- 
clusive evidence  that  radiant  heat,  after  it  leaves  the  hot  body,  exists  as  a 
wave-motion  in  some  medium  surrounding  the  body.  Now  in  order  to 
set  up  waves  in  a  medium,  we  must  have  a  body  which  is  itself  in  motion 
in  the  medium.  Thus,  since  a  hoi  lM>dy  can  set  up  such  waves,  wc  infer 
that  it  must  be  in  a  slate  of  motion.  Also,  since  the  highest-power 
microscope  is  quite  unable  to  detect  any  motion  in  a  hot  btidy,  we  infer 
thai  this  motion  must  be  a  motion  of  the  molecules  as  a  whole,  or  of  the 
parts  of  a  molecule,  or  both  combined. 

\Vc  arc  hence  reduced  to  tlie  theory  that  heat  is  a  "mode  of  motion." 

250.  Dynamical  Equivalent  of  Heat  — First  Law  or  Thermo- 

Dynamics. — In  Rumfoid's  experiments,  the  heat  produced  in  thecannfin 
was  indirectly  due  to  the  work  done  by  the  horse  which  turned  the 
boring  tool,  and  it  is  obviously  of  interest  to  see  what  connection  there 
15  between  the  work  done  by  the  horse  and  the  amount  of  heat  produced. 
We  shall  see  in  later  sections,  that  whenever  mechanical  work  is  con- 
verted into  heat,  or  mechanical  work  perfomied  at  the  expense  of  heal, 
there  exists  a  constant  relation  between  the  work  done  and  the  heat 
produced  or  lost.  The  quantity  of  work  which  must  be  done  in  order 
tliai,  when  alt  the  work  is  converted  into  heat,  the  unit  quantity  of  heat 
energy  may  be  prothiced  is  cal'ed  the  mtLhamcal  or  dynamical  ctpiivittt-ni 
of  heat.  Ify  is  the  value  of  the  mechanical  equivalent,  then  the  relation 
between  the  work  W  converted  into  heat  and  the  quantity  of  heat  // 
produced  is  given  by  the  equation 

W^fH. 

This  equation,  which  we  shall  justify  subsequently,  expresses  symboli- 
cally what  is  known  as  the  first  law  of  thermo-dynamics,  which  may  be 
stated  as  follows  : —  W  lune^wr  mcchanicai  ffterj^  is  cont'erti'd  into  hentj 
or  heat  into  mechanical  cncfXYt  the  ratio  of  the  mechanical  energy  to  the 
heat  is  constant.  • 

251.  The  Determination  of  the   Mechanical    Equivalent   of- 

Heat-  —The  first  to  experimentally  show  that  the  first  law  of  thermo- 
dynamics is  true,  and  determine  the  value  of  the  mechanical  equivalent 
of  heat,  was  Joule,  who  between  1843  and  1878  carried  on  a  classic 
senes  of  experiments  on  this  subject,  in  which  he  showed  that  the 
value  for  the  mechanical  equivalent  was  always  the  same,  although 
the  methods  employed  for  converting  the  mechanical  energy  into  heat 
differed  greatly. 

One  of  the  first  methods  employed  by  Joule  consisted  in  measuring  the 
heal  devcloj>cd  when  a  known  aniounl  of  work  was  done  in  stirring  water. 
The  apparatus  used  consisted  of  a  copper  vessel  B  (Fig.  201),  inside 
which  a  brass  paddle-wheel  worked.    A  system  of  partitions  were  fixed 


within  the  vessel,  so  that  the  vanes  of  the  pathlle  cotilil  jiisl  p;tss,  the 
object  of  these  partitions  lx:iitji  to  prevent  tlie  water  as  a  whole  assuming 
a  motittn  of  rotation.  The  padtUe  was  rf>taied  by  n»eans  of  two  weighls 
K  and  y\  which  were  attached  lo  strint,'s  wound  round  the  axle  A  of  the 
paddle,  which  was  so  arranj^cd  that  the  wcij^'hts  could  l^e  wound  up 
without  turning  the  paddle.  Tiic  rise  in  tcmpi'ratiirc  of  the  ralorimeter 
and  its  contents  caused  by  allowing  tlie  weij^'his  to  fall  twenty  times  was 
obtained,  and  knowing  the  water  value  of  the  calorimeter  and  contents, 
the  numljer  of  heat  units  prmluced  could  be  calculated.  The  woik  done 
is  the  product  of  ihc  sum  of  the  weights  of  K  and  F  into  the  total  height 
through  which  they  fall.  Corrections  have,  however,  to  be  applied  for 
the  fact  that  when  the  weights  reach  the  floor  they  are  moving  witli  a 
finite  velocity  Vj  and  that  their  kinetic  energy  is  destroyed  in  the  itnpacL 
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The  height  through  which  a  l»ody,  falling  freely,  would  acquire  a  velocity 
7'  has  therefore  lo  be  deducted  from  the  actual  fall.  Another  correction 
has  to  l:ie  applied,  to  allow  for  the  effect  of  the  elasticity  of  the  strings  on 
.  which  the  weights  arc  hung,  for  this  causes  the  i}addle  to  rotate  a  little 
after  the  weighls  have  reached  the  ground.  TIjc  weights  themselves 
have  in  addition  to  be  reduced  by  the  weight,  which,  when  the  two  strings 
are  detached  from  the  axle  A  and  joined  together,  added  to  K  or  F,  will 
just  cause  the  weighls  to  move  uniformly.  This  weight  represents  the 
allowance  to  he  made  on  account  of  the  friction  of  the  pulleys  r»  and  C 
and  the  rigidity  of  the  string.  Lastly,  a  correction  was  made  for  the  fact 
that  some  of  the  mechanical  energy  was  spent  in  the  production  of 
sound,  and  the  magnitude  of  this  correction  was  roughly  obtained  by 
noting  the  work  which  had  to  be  done  to  make  the  string  of  a  violoncello 
produce  a  sound  that  could  be  heard  at  the  same  distance  as  was  that 
produced  by  the  instrument  during  the  fall  of  the  weights. 
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In  addition.  Joule  made  a  series  of  experiments  in  wliich  the  water 
was  replaced  by  mercury,  and  also  one  using  the  friction  of  one  iron  ring 
against  another,  both  being  immersed  in  mercury. 

The  numbers  obtained  for  the  value  of  the  mechanical  equivalent 
were  practically  the  same  in  all  cases.  Joule  expressed  his  results  in 
terms  of  the  mercury-in-glass  thcnnometer,  but  they  have  been  reduced 
to  the  air  thennomcter  by  Rowland,  and  give  the  value  of  the  energy 
which  must  be  converted  into  heal  to  raise  tlie  temperature  of  one  gram  of 
water  from  I4^5  to  I5^5  as 

4.182  X  10^  ergs. 

Rowland  has  made  some  very  careful  measurements  of  the  mechanical 
equivalent  of  heat  by  the  method  of  stirring  water,  and  has  employed  a 
method  of  measuring  the  mechanical  work  done,  which  was  also  used 
by  Joule  in  his  later  experiments.  Since  this  method  has  considerable 
advantages  over  that  described  above,  it  is  worth  while  describing  it. 
A  diagrammatic  plan  of  the  arrangement  is  shown  in  Fig.  202.  The 
calorimeter,  like 
JouIe*s  original 
one,  had  a  pad- 
dle-wheel un,  and 
there  were  fixed 
vanes  cc  to  pre- 
vent the  water 
being  set  in  rota- 
tion. The  paddle- 
wheel  was  driven 
by  means  of  a 
pulley  A  and  a 
belt  RF,  but  the 
calorimeter,  in- 
stead of  being 
fixed,  was  suspen- 
ded by  means  of 

a  fine  wire,  so  that  it  was  free  to  rotate  about  a  vertical  axis  coinciding 
with  that  about  which  the  paddle-wheel  turned. 

Owing  to  the  viscosity  of  the  water,  the  calorimeter  tends  to  rotate  in 
the  same  direction  as  the  paddle,  and  to  prevent  this,  two  strings,  DP, 
dV,  were  attached  to  the  circumference  of  a  disc  which  was  itself  fixed 
to  the  calorimeter,  and  these  strings  were  pulled  with  a  force  p  just 
sufficient  to  keep  the  calorimeter  from  rotating  when  the  paddle  was 
turning  at  a  uniform  speed.  If  the  radius  of  the  disc  is  R^  the  couple 
due  to  the  two  parallel  forces/  acting  along  dp  and  d'p'  is 

2/?/. 

Now  as  action  and  reaction  are  equal  and  opposite,  and  as  the  couple 
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acting  on  the  calorimeter  due  to  the  rotation  of  the  paddle  is  iRp^  this 
also  must  be  the  couple  which  resists  the  motion  of  the  paddle.  The 
heat  generated  in  the  calorimeter  is  therefore  that  produced  by  the 
paddle  working  against  a  resisting  couple  if\p. 

Now,  the  work  done  agninsl  this  resisting  couple  during  one  complete 
rotation  of  the  paddle  is  zit .  iRp,  For  the  turning  moment  of  a  couple 
iRp  is  the  same  as  that  of  a  force  il\p  at  the  end  of  a  lever  of  unit 
length.  Suppose  now  we  had  a  cylinder  of  which  the  radius  was  unity, 
and  on  this  cylinder  wound  a  string,  the  end  of  the  string  being  pulled 
with  a  force  iRp.  During  one  whole  turn  of  the  cylinder  a  length  of 
rope  2trx  I  would  be  wound  up,  and  the  point  of  application  of  the  force 
iRp  would  be  moved  through  the  same  distance,  so  that  the  work  done 
would  be  2Tr.  zRp.  But  the  rope  produces  a  turning  moment  of  zRp  on 
the  cylinder,  so  that  the  work  done  when  overcoming  this  turning  moment 
for  one  whole  turn  is  ^nRp, 

If  the  paddle  makes  n  revolutions,  the  work  /Kdone  during  this  time  is 

li'=^irfiRp. 

If  the  water  value  of  the  calorimeter  and  i:s  contents  is  C,  and  the  rise 

in  temperature  during  n  revolutions,  correcte<l  for  radiation  in  the  manner 

described  in  §  201,  is  /,  then 

^vnRp 


< 


y= 


The  tension  of  the  strings  dp  and  d'p'  was  supplied  by  passing  these 
strings  over  pulleys^  and  attaching  weights.  If  the  sum  of  the  two 
weights  is  7//,  the  tension  in  each  string  is  tvglz^  and  this  is  equal  to  p. 
The  number  of  turns  was  detcmiincd  by  means  of  a  counter  attached  to 
the  spindle  which  carried  the  paddle-wheel. 

Rowland  obtained,  as  a  result  of  his  experiments,  the  value  4.18Q9X  10^ 
ergs  for  the  value  of_/,  in  icnns  of  the  calorie  at  i  5".  Hy  nieasuring  the 
heat  generated  by  an  electric  current  in  a  platinum  wire,  and  a  know- 
ledge of  the  electrical  energy  spent,  (jriftlths  has  obtained  the  value 
4. 1940  X  10'  ergs  in  terms  of  the  calorie  at  13*  (sec  §  494). 

A  change  in  the  unit  of  mass  alters  not  only  the  unit  of  heat,  but 
also,  and  in  the  same  proportion,  the  unit  of  work,  for  wc  measure  the 
heat  in  terms  of  the  amount  required  to  raise  the  temperature  of  unit 
mass  of  a  standard  substance  through  a  given  range,  and  the  unit  of 
energy  is  that  possessed  by  unit  mass  when  moving  with  a  velocity  of  »J2.^ 
times  the  unit  velocity.  Hence  a  change  in  the  unit  of  mass  does  not 
affect  the  value  nf  the  mechanical  equivalent, 

A  change  in  the  unit  of  length,  since  it  affects  the  unit  of  energy  but 
not  the  thermal  unit,  will  affect  the  value  of  the  mechanical  equivalent,  as 
will  also  obviously  a  change  in  the  temperature  scale. 

*  Since  kinetic  energy =iwrf*,  if  *»=»,  we  have,  when  »=  V*»  *he  kinetic  energy  is 
unity. 
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A  change  in  the  unit  of  force,  />.  chanjjing  from  the  absolute  system 
to  the  gravitational   system,  will  change  the  value  of  the  mechanical 
^luivalcnt. 
In  the  following  tabic:,  the  value  of  the  mean  of  the  numbers  obtained 
"by  Joule,  Rowland,  and  Griffiths  is  expressed  in  various  units  : — 
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For  many  purposes  we  shall  Bnd  it  convenient  to  measure  quantities 
of  heat  not  in  calories,  but  in  ergs,  the  relation  between  the  two  being 
H'^(er};;s)  ~JH  (calories). 

252.  Work  done  by  a  Gas  during  Expansion  at  Constant  Pres- 
sure.— Suppose  we  have  m  grains  of  a  gas  enclosed  within  a  cylinder, 
having  a  cross  section  A,  by  means  of  an  air-tight, 
weightless,  and  frictionless  piston  B(Fig.  203),  and 
that  the  pressure  .icting  on  the  upper  aidt  is^  dynes 
per  square  centimetre.  When  the  temperature 
on  the  iibsolule  scale  of  the  gas  is  7,  let  the  piston 
at  n.  Next,  let  the  gas  be  healed  at  constant 
ressure  to  a  Icmpcralure  7^,  the  piston  being 
driven  back  to  a'.  The  total  force  acting  upon 
;he  upper  side  of  the  piston  is/--/,  and  the  piston  A/ 
as  been  driven  back  against  this  force  for  a  dis- 
tance BB'  by  the  expanding  gas.  Hence  the  work 
done  by  the  yas  in  expanding  against  the  external 
ressure  p  is  pA  xrb'.  If  the  distance  between  . 
ic  piston  and  the  bottom  of  the  cylinder  at  the  temperatures  7\  and  7"y 
//|  and  //.^  respectively,  then  the  original  volume  of  the  gas  is  ^,.7,  and 
Hence  the  increase  in  volume  is  A(fi^- h^y  or 
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.  /  .  WW.  Calling  this  increase  of  volume  if\  llie  external  work  done  by 
ihc  expanding  gas  is/r/  ;  that  is,  is  e<iual  lo  the  product  of  the  i>ressure 
into  tlic  sriifYi^sc  in  volume. 

253.  Calculation  of  the  Value  or  the  Mechanical  Equivalent 
from  the  difference  between  the  Specific  Heats  of  a  Gas, —  Using 

the  notation  of  the  last  section,  the  tjuantiiy  of  heat  which  has  to  be 
supplied  to  the  gas  to  raise  its  temperature  from  7',  lo  T^  at  constant 
pressure  is  Tti{T^'- T^)C^  where  C^  is  the  specific  heal  at  constant 
pressure.  If,  now,  the  gas  is  healed  through  the  same  range,  but  is  not 
allowed  lo  expand,  tlie  piston  being  fixed  in  the  jxjsilion  B,  the  heal 
which  has  to  be  supplied  is  /m(7\j~  ^ i)Cv,  C\  In-ing  the  specific  heal  at 
constant  volume. 

The  molecules  of  the  gas  have  been  heated  through  the  same  range 
of  temperature  in  the  two  cases,  but  iu  the  first  case  an  amount  of  ^-r/^/*;M/ 
work  t''/  has  !»ten  iK-rformed,  while  in  the  second  case  no  external  work 
has  been  done.  If  the  tnoleculcs  of  the  gas  exert  an  attraction  one  on 
another,  some  work  will  have  been  done  in  the  first  case  in  separating 
iheui,  since,  as  llie  gas  has  expanded,  ihc  mean  distance  between  the 
molecules  has  increased.  As  we  are  unacquainted  with  the  law  govern- 
ing the  attraction  between  ihe  molecules,  we  cannot  calculate  this  work 
done  against  molecular  attraction,  but  we  may  for  the  present  indicate 
it  by  ihe  symbol  /{7/\  7'\  this  being  chosen  lo  remind  one  that  it  is 
probably  dependent  on  Ihc  increase  of  volume  and  the  temperature. 

We  have,  therefore,  that  in  the  case  of  the  expansion  at  constant 
pressure,  in  addition  to  the  heat  spent  in  warming  the  molecules,  an 
amount  of  external  work-/Vi/  done  against  the  external  pressure,  and 
an  amount  of  iniernal  worky(7'', 7)  done  against  the  attraction  of  the 
molecules.  In  the  case  of  heating  the  gas  at  constant  volume,  no  external 
work  is  done,  and  also,  since  the  mean  distance  between  the  molecules 
remains  unchanged,  no  internal  work  is  done,  so  that  the  heat  employed 
w(7', -7",)C.  is  used  exclusively  in  raising  the  tcmpcr-ature  of  the 
molecules. 

It  follows  from  the  above  that 

where  /  is  the  value  of  the  mechanical  equivalent.  In  the  case  of  a 
perfect  gas,  where  the  molecules  exert  no  attraction  on  one  another 
/(v',7)  is  zero.  Also,  from  Charles's  law,  if  ris  the  original  volume  of  the 
gas.  wc  have  ,^^_^,    ^^ 

or,  if  p  is  the  density  of  the  gas  at  the  temperature  7",  and  under  a 


pressure  /,  z/  =  -  ,  and 
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Although  air  is  not  a  perfect  gas,  yet  Joule  has  shown  that  the  term 
f{^^^T)  is  ver\'  small,  hence,  neglecting  it,  we  can  from  the  known  values 
of  C/,  (Tr,  f),  w,  and  /i,  talculalcy. 

For  air,  the  value  of  Cf  is  0.238,  while  the  ratio  C//C'w=  1.41,  hence 
Ce  =0.169.  -^t  ^  pressure  of  76  cm.  of  mercury,  i.^.  1013300  dynes  per 
square  centimetre,  and  at  a  temperature  of  o'  (/>.7i  =  273")  the  density  of 
air  is  aooi293.     Hence 

J 


/= 


1013300 


(0-CV7'i     .059X  .001293X  273 
=  4,i6x  lo'. 

This  method  of  calculating  the  mechanical  equivalent  was  first  used 
by  Mayer,  who  assumed,  as  we  have  done,  that  no  heat  is  employed  in 
doing  internal  work  in  the  case  of  air,  allliough  at  that  time  no  direct 
experiments  had  been  made  to  test  this  pi)int.  This  question  was  first 
investigated  experimentally  by  Joule,  by  means  of  the  experiments 
described  in  the  following  section. 

254.  Internal  Work  done  when  a  Gas  Expands.  If  the  mole- 
cules of  a  gas  exert  an  attraction  nne  on  another,  then,  when  the  gas 
expands,  work  must  be  done  in  increasing  the  mean  distance  between 
them.  Hence  if  a  gas  is  allowed  to  expand  in  such  a  way  that  it  does 
no  external  work  and  its  temperature  falls,  this  will  show  that  internal 
work  has  been  done  which  has  necessitated  the  consumption  of  a  certain 
quantity  of  heat,  so  that  the  loss  of  this  heat  has  lowered  the  temperature 
of  the  gas.  On  the  other  hand,  if  no  such  alteration  of  temperature 
takes  place  we  may  infer  that  there  is  no  internal  work  done  on  expan- 
sion, and  hence  that  the  molecules  do  not  exert  any  appreciable  force 
on  each  otlicr. 

In  order  to  allow  a  gas  to  expand  without  doing  external  work,  Joule 
allowed  the  gas  to  expand  from  a  vessel.  A,  in  which  it  was  compressed 
to  about  22  atmospheres,  into  another,  ft,  which  was  exhausted.  The 
receivers  were  both  immersed  in  the  same  water  bath,  which  was  kept 
well  stirred,  and  of  which  the  temperature  was  indicated  by  a  very 
sensitive  thermometer.  The  vessel  A  became  cooled,  since  the  gas  when 
rushing  out  acquired  kinetic  energy  ;  this  kinetic  encrg>'  was,  howe^'er, 
entirely  destroyed  in  B,  and  hence  on  this  nerount  just  as  much  heat  was 
liberated  in  U  as  was  absorbed  in  A,  and  the  lempenitiire  of  the  water 
bath  which  contained  both  vessels  would  not  alter.  At  the  end  of  the 
experiment  the  volume  of  the  gas  is  twice  as  great  as  at  the  commence- 
ment, but  no  external  work  has  been  done  against  the  atmospheric 
pressure,  since  this  pressure  has  not  l>cen  driven  back,  h,  then,  any 
change  in  temperature  takes  place,  it  must  be  due  to  internal  work  done 


in  separatin^^  the  molecules  of  Ibe  ^'as.  joule  couM  detect  no  such 
change  in  temperature,  and  he  concluded  thai  no  internal  work  was 
done.  It  must  be  remarked,  however,  that  since  the  mass  of  the  water 
and  of  the  containing  vessels  was  very  great  compared  with  that  of  the 
gas,  with  this  form  of  apparatus  he  would  hardly  have  been  able  to 
detect  a  change  of  2'  C.  in  the  temperature  of  the  gas. 

Another  series  of  experiments,  by  a  method  which  was  capable  of 
indicating  small  changes  of  tem]>eraturc,  was  therefore  conducted  by 
Joule  in  conjunction  with  Lord  Kelvin. 

The  principle  on  which  this  method  depends  may  be  explained  as 
follows : — 

Lei  the  original  pressure  and  volume  of  unit  mass  of  a  gas  be  /  and 
T,  and  the  final  pressure  and  volume/'  and  v.  Further,  let  the  passage 
of  the  gas  from  one  stale  to  the  other  be  made  by  means  of  the  arrange- 
ment shown  in  Kig.  204,  in  which  A  and  b  are  two  pistons  connected  by 

_        a  rod  which  passes 


;c:  /».«/ 
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air-tight  through  a 
partition  separating 
the  spaces  c  and  D, 
and  which  move 
without  friction  in 
two  cylinders,  the 
—  cross  sections  s  and 
x'  of  these  cylinders 
being  in  the  ratio 
of  T'  to  t''.  If  the 
spaces  C  and  M  between  the  two  pistons  are  vacuous,  ihe  work  done  by 
the  gas  on  A  while  it  moves  through  unit  distance  to  the  right  is  /j, 
while  the  work  done  by  H  iu  pushing  the  gas  forward  is  /V.  Hence  the 
difference  between  these  two  quantities  of  work  is  /x-/V,  or,  since 
sf/^vlt^y  this  difference  is  proportional  \.o  pt>-p'v\  Now  if  Hoylc's 
law  holds  for  the  gas  pi'—p'7'\  hence  on  the  whole  no  work  is  done 
on  or  by  the  double  piston.  Next  let  ih.c  space  c  be  filled  with  gas  at 
the  pressure  /,  and  ihc  space  D  with  gas  dt  the  pressure  /',  and  let  these 
two  spaces  be  connected  by  a  tube,  E,  in  which  is  a  diaphragm,  F.  pierced 
with  a  very  small  hole.  The  gas  will  gradually  pass  tlirough  this  hole, 
and,  as  is  evidci.t,  if  the  double  piston  is  moved  so  as  to  keep  the  pressure 
in  c  constant  and  equal  to  /,  the  pressure  in  !»  will  also  be  constant  and 
equal  to  /*.  When  each  piston  has  passed  through  unit  distance,  a 
certain  mass  of  the  gas  will  have  passed  ftom  c  to  d,  iis  pressure 
changing  in  the  process  from  /  to  /'.  The  gas  escaping  into  D  has 
done  no  work  in  forcing  the  piston  W  back,  since  the  pressure  of  the  gas 
acting  on  a  will,  as  we  have  seen,  exactly  do  the  requisite  work,  lliis 
energy  is  of  course  supplied  by  the  pump  used  to  keep  the  pressure  to 
the  left  of  A  constant,  which  process  might  be  performed  by  a  second 
piston,  G,  working  in  the  cylinder  and  driven  forward  by  hand.     Hence 
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we  have  allowed  the  gas  to  expand  without  doing  external  work,  and 
any  change  of  temperature  it  experiences  must  be  due  to  the  performance 
of  internal  work. 

The  same  process  would  go  on  if  the  pistons  were  not  present,  for 
throughout  the  change  we  have  supposed  the  pressure  on  the  two  sides 
of  each  piston  to  remain  the  same,  so  that  if  gas  is  allowed  to  escape 
through  a  fine  opening,  any  change  in  temperature  produced  will  be  due 
to  internal  action  between  the  molecules.  The  temperature  must  not  be 
taken  immediately  at  the  opening,  for  there  the  gas,  as  it  rushes  out, 
possesses  considerable  kinetic  energy,  and  it  is  only  after  this  kinetic 
energy  has  been  lost  by  the  friction  of  the  gas  against  itself  and  against 
the  walls,  &c.,  and  the  heat  energy  originally  used  up  in  setting  the  gas 
in  motion  is  returned  to  the  gas  in  the  form  of  heat,  that  no  external 
work  has  been  done  on  the  expanding  gas. 

In  their  experiments,  Joule  and  Kelvin  allowed  a  steady  stream  of 
gas  to  pass  through  a  long  copper  spiral  imipersed  in  a  water  bath  kept 
at  a  uniform  temperature.  The  gas  then  escaped  through  a  porous  plug 
made  of  cotton-wool,  which  acted  the  part  of  the  fine  hole  k,  and  also 
prevented  the  gas  from  leaving  with  any  appreciable  kinetic  energy, 
since  the  gas  rapidly  loses  its  velocity  as  it  passes  through  the  interstices 
of  the  wool.  The  temperature  of  the  gas  before  and  after  its  passage 
through  the  plug  was  indicated  by  two  delicate  thermometers. 

In  the  following  table  are  given  some  of  the  results  obtained  for  a 
difference  in  pressure  between  the  t\\o  sides  of  the  plug  of  one  atmos- 
phere : — 


l>iiiI)orature  iK'fore 
I       passitijj  tbroiijjh 
the  Plug 


Alteration  in 
Ti'nipcraturc. 


,1 


Deg.  C. 

!>•%  C. 

Carbon  dioxide    . 

12.8 

1.207 

j» 

ir;.i 

^   I.144 

)> 

91-5 

0.69 

Nitrogen 

7.2 

-0.305 

)» 

91.7 

-0.187 

Oxygen 

8.7 

-  0.317 

t» 

*;3.<^ 

-0.165 

Hydrogen 

6.8 

■f  0.089 

»» 

90.2 

+  0.046 

Air        ...         . 

17.T 

-0.255 

»» 

91.6 

-0.203 

It  will  be  observed  that,  except  in  the  case  of  hydrogen,*  there  is  a 
cooling,  indicating  that  work  has  to  be  done  in  sepaniting  the  molecules. 


J  Recent  t'xptTiments  have 
Ihc  case  of  hytlrog'ii  also. 


shown  that  at  low  temperatures  there  is  a  cooling  in 
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The  heatinjj  obtained   in   tlie  case  of  hydrogen  may  be  due  lo  Uie 
molecules   at   ordiniiry    temperatures    repelling'   one    another,    so    iliat 
tliese    iniennolccular    forces   do    work    when    the    gas    ex- 
pands.     It    must    ht    remarked,    however,    that    we   have  ] 
supposed   that    the    gas    obeys    Boyle's   law,   and   that   the 
known   deviation   from    Boyle's   law  would,  in   the   case   of  ' 
hydro^^cn,  j^'ive  a  heating   effect.     As   the   temperature  in- 
creases  the   cooling   in    the   rase   nf  CO.^,    N,   O,   and  aJr 
decreases,  as  also  does  the  heating  in  the  case  of  H.     These 
results  agree  with  those  given  in  S  130  as  to  the  effects  of  j 
temperature  on  the  deparuirc  of  these  gases  from  Boyle's  | 
law. 

The  amount  of  the  cooling  is  proportional  to  the  difference  I 
in  pressure  on  the  two  sides  of  the  plug  and  to  the  inverse 
sijuare  of  the  al>soluie  temperature.  Although  in  Joule  and 
Kelvin's  experiment  the  cooling  obtained  was  so  very  small, 
yet  by  increasing  the  pressure  difference  and  reducing  the 
temperature,  LJnde  has  actually  been  able  to  liquefy  air  by 
a  niacliine  in  which  this  cooling  due  to  the  intemiolecular 
forces  is  used. 

A  powerful  pump  A  (Kig.  205)  draws  air  out  of  the  tube 
♦fT'^-Tc  ^  *^'"*  pumps  it  at  a  pressure  of  nlx)ut  fifty  atmospheres  into 
I  I  [  the  tube  B,  from  which  it  escapes  back  into  F  through  a 
porous  plug  C.  The  heat  dcvchjped  by  the  compression  in 
.  .  the  pump  is  removed  by  surrounding  the  upjx^r  parts  of  the 
n_P^  tuljc  It  by  a  jacket  of  cold  water.  The  air  Ijccomcs  cooled  in 
'^^^  its  piissage  through  the  plug,  and  as  it  passes  up  through  K 
' '  it  cools  the  descending  air  in  the  tube  n,  which  becomes  yet 

colder  w  hen  passing  ihntugh  the  plug  c.     The  gas  is  pumped  1 
round  and  ntund  in  this  way,  its  temperature  as  it  passes  down  the  lulje  n 
being  always  reduced  to  that  of  the  previous  portion  when  cooled  by 
expansion  and  so  on,  till  finally  the  critical  temperature  is  passed  and  the 
gas  condenses. 

255.  Relation  between  Internal  and  External  Work  during 
Chang'e  of  State.  — When  a  Uidy  changes  its  slate,  and  in  doing  so  | 
changes  its  volume,  the  latent  heat  involved  is  partly  used  in  doing  i 
internal  work  and  partly  in  external  work.  Thus  in  the  case  of  the  J 
fusion  of  ice,  when  1  gram  of  ice  at  o"  is  converted  into  water  at  o'  under"] 
atmospheric  pressure,  a  contraction  of  .0907  c.c.  takes  place,  and  hence  1 
work  is  done  on  the  body  by  the  atmospheric  pressure,  and  the  heat 
equivalent  of  this  work  helps  the  change  of  state.     The  heat  ecjuivolent, 

//,of  this  work  done  by  the  aimosphcric  pressure  is  — ~-  =^, ,  where/ 

is  the  atmospheric  pressure,  and  1/  the  change  in  volume  of  unit  mass  in 
changing  to  water. 
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Hence  //==  —   '^; ?-^  =  .oo22  calories. 

4.189X  lO' 

Thus  the  heat  required  to  perform  the  internal  work  necessary  to  con- 
vert I  gram  of  ice  into  water  is  /.  +  .0022  calories,  where  L  is  the  latent 
heat  , 

In  the  case  of  steam,  the  change  of  volume  of  i  gram  of  water  at  100* 
to  steam  at  100',  under  a  pressure  of  i  atmosphere,  is  1649  c.c.  Hence  the 
external  work  which  has  to  be  done  by  the  steam  is  1013300X  1649  ergs, 

and  the  thermal  equivalent  of  this  is  -°  ^^^    J"^  =  39.9  calories.   Thus 

the  heat  spent  in  internal  work  is  536.2  -  39.9=496.3  calories. 

256*.  Theoretical  Value  of  the  Difference  of  the  Specific  Heats 
of  a  Gas. — It  has  been  shown  in  §  197  that  if/  and  v  are  the  pressure 
and  volume  of  a  mass,  w,  of  a  perfect  gas  at  a  temperature  7",  measured 
from  absolute  zero,  and  /«,  ^'o  are  the  pressure  and  volume  at  0°  C.  or  273* 
on  the  absolute  scale,  we  have 

,         poVi,- 

^273 

Now  if  p  is  the  density  of  the  gas  at  a  pressure /o  and  at  a  temperature 
of  o'  C,  we  have  M~Vcp,  while  /^  is  equal  to  one  standard  atmosphere, 
or,  in  c.£:s,  units,  1013260  dynes  per  square  centimetre.  Substituting 
these  values, 

1013260W-, 

Or,  if  we  deal  only  with  unit  mass  of  the  gas,  so  that  m  is  unity  and  v  is 
the  volume  of  unit  mass, 

P 

Now  as  long  as  we  arc  dealing  with  any  given  gas,  p,  the  density  under 
standard  conditions,  is  a  constant,  so  that  we  may  write  this  equation — 

where  ^  is  a  constant  for  any  one  gas,  and  is  equal  to  371  i.6/p. 
We  have  seen,  in  §  253,  that 

p^\ 

where  C^  and  C  arc  the  specific  heats  of  a  gas  at  constant  pressure  and 
volume  respectively,  measured  in  thermal  units  (calories  per  gram),  while 
p  is  the  density  of  the  gas  at  a  pressure  of/  dynes  per  square  centimetre 
and  a  temperature  T^  on  the  absolute  scale. 
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Hence  if  we  lake  the  gas  under  standard  conditions,  so  that  /Vis  equal 
to  1013260  dynes  per  square  centimelre,  and  T^  is  273',  we  have 

"^     '  273P 

=  37ii.6/>. 

Thusyip(C^-  CV)  is  a  constant  for  all  perfect  gases. 

Now  „  ,, 

/?= 3711.6/^ 

Hence  /{C^-C^)=^R. 

If  the   specific   heals   are  not   measured   in   ihemial  units,  but    in 
mechanical  units,  namely  ergs,  then 

Thus  the  constant  R^  which  appears  In  the  equation 

is  numerically  equal  to  the  difference  in  the  specific  heats.  It  must  be 
remembered  that  the  expression 

was  only  obtained  on  the  supposition  that  there  is  no  force  exerted 
between  ihe  molecules  of  the  gas,  that  is,  lhaty(x/7)  is  zero.  Hence 
the  relation 

C*f  —  Cv«=  R, 

can  only  be  exact  for  a  perfect  gas.  The  following  table  gives  the  value 
of  R  and  of  C^  -  C'p  for  some  gases,  and  shows  to  what  extent  agree- 
ment can  be  expected  in  the  case  of  an  actual  gas. 


1 

O-C^ 

Hydrogen         .         .         ,         ,           41.3   x  10^ 

Air 1          2.88  X  lo'* 

Nitrogen 2.97  xio* 

Carbon  dioxide                 .        .             1,94  x  10* 

41.4    X  |</ 
2.87  X  10^ 
2.96  X  !©• 

1.88x10^ 

It  will  be  noticed  that  there  is  a  marked  difference  in  the  case  of 

carbon  dioxide,  a  gas  for  which  the  deviations  from  Boyle's  and  Charles's 
laws  is  considerable.  Also  the  difference  in  the  case  of  hydrogen  is  in 
the  opposite  sense  to  that  in  the  rasp  of  the  other  gasrs,  a  result  which 
also  agrees  with  the  anomalous  behaviour  of  this  gas  as  regards  Boyle's 
and  Charles's  laws. 

257'.  Chancres  In  the  Kinetic  Energry  of  the  Molecules  of  a 

Gas  when  Heated.-  We  have  seen,  in  }i  142,  that  if/  is  thf  pressure  lo 
which  a  gas  is  subjected,  p  its  density  at  this  pressure  and  at  a  tern- 
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perature  7*,,  then  the  mean  square  of  the  velocity  of  translation  of  its 
molecules  at  this  temperature  is  given  by 

If  V  is  the  volume  occupied  by  i  ffram  of  the  gas  at  a  pressure  /  and  a 
temperature  T'l,  we  have  v=  i//>.     Hence 

Now  if  all  the  molecules  (total  mass  1  gram)  were  moving  with  the 
velocity  / ',  the  total  kinetic  energy  A',  due  to  the  motion  of  translation, 

would  be  given  by 

Thus  /t'=-§A'. 

Now  suppose  that,  keeping  the  pressure  constant,  the  temperature  is  ^ 
raised  T,  the  volume  changing  to  v-hv^^  then 

s  the  total   kinetic  energy  of  translation  at   the  lempcra- 


wliere   A'* 
ture  Ti  +  i. 

Thus  wc  have 


/t''  =  j(A-«-/0. 


But  pv^  is  the  external  work  done  by  the  gas  during  the  expansion. 
Therefore :  the  external  work  done  by  a  gas  during  expansion  is  equal  to 
two-thirds  of  the  increase  in  the  kinetic  energy  due  to  the  motions  of 
translation  of  the  particles. 

If  a  gas  is  healed  from  a  temperature  /",  to  a  temperature  T^  at 
constant  volume,  and  /,  and  p^  arc  the  onuinal  and  hnal  pressures,  we 
have,  since  the  density  of  the  gas  is  the  same  at  U)th  icmperatures,  and 


But  by  Charles's  law 
Hence 


p'py*ih 

AlPt-'T-JTf. 


where  m  is  the  mass  of  a  molecule  Thus  the  mean  kinetic  energy'  of 
translation  of  tlie  molecules  of  a  gas  is  prct].K>rtional  to  the  temperature. 

Thus  when  the  gas  is  heated  at  constant  volume  to  7-\- 1,  the  increase 
in  the  mean  velocity  of  the  molecules  will  Ix;  the  same  as  it  was  when 
the  gas  was  heated  at  constant  pressure,  the  rise  in  temperature  l)eing  the 
same-  TTie  increase  in  kinetic  energy  of  translation  will  therefore  be  the 
same  as  before. 

Now  when  a  gas  is  heated  at  constant  pressure,  omitting  the  aWtsl^* 


3H 


Heat 
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tions  which  the  molecules  exert  one  on  another,  which  Joule  and  Kelvin's 
experiments  (S  254)  have  shown  to  be  very  small,  the  energy  supphed 
may  be  used  in  three  ways — (r)  It  is  employed  in  doing  external  work 
against  the  external  pressure  during  the  expansion  ;  (2)  it  is  employed  in 
increasing  the  kinetic  energy  of  translation  of  the  molecules  ;  (3)  it  is 
employed  in  increasing  the  kinetic  energy  due  to  the  rotation  of  the 
molecules  as  a  whole,  or  to  vibrations  within  the  molecules  themselves. 

Let  us  first  suppose  that  we  have  a  gas  in  which  all  the  energy  is  used 
up  in  the  first  two  of  these  ways. 

Then 

Cf    External  work + Increment  of  JC 

C»  Increment  of  K  ' 

or,  since  we  have  shown  that  the  external  work  is  equal  to  two-tliirds  the 
increment  of  the  translational  kinetic  energy  A", 

O  |(Ar'-in+(Ar»-AO 
-J- 1 A 

ThuSi  for  a  gas  in  which  none  of  the  energ>'  is  expended  in  setting  up 
molecular  rotaiion  or  molecular  vibrations,  the  ratio  of  the  specific  heats 
ought  to  be  r.667. 

Now,  if  the  molecule  of  a  gas  consisted  of  a  hard  spherical  atom,  we 
should  expect  :hat  there  would  be  no  molecular  rotation  or  vibration  set 
up  by  collisions.  If,  however,  the  molecule  consists  of  one  or  more 
atoms,  which  are  connected  together  in  some  way,  we  should  expect  that 
the  collisions  would  set  up  vibrations  of  these  atoms  within  the  molecule. 
Hence  when  a  gas,  as  is  the  case  for  mercury  vapour,  gives  a  value  for 
the  ratio  of  the  specific  heats  of  1.667  or  thereabouts,  we  conclude  that 
the  molecule  of  such  a  gas  consists  of  a  single  atom. 

In  a  gas  in  which  some  of  the  energy  is  employed  in  increasing  the 
molecular  rotaiiuns  and  vibrations,  the  external  work  is  less  than  two- 
thirds  of  the  increase  of  kinetic  energy  (due  to  translation,  vibration,  and 
rotation). 

Thus  the  fraction 

External  work -^  Increase  in  kinetic  ener^ 
Increase  in  kinetic  energy 
is  less  than  1.667. 

If,  then,  the  value  obtained  for  the  ratio  of  the  specific  heats  is  less 
than  J. 667,  we  may  conclude  that  the  molecule  is  capable  of  rotation 
and  vibration,  and  is  therefore  complex,  and  the  lower  the  value  of  this 
ratio,  the  greater  the  complexity. 

In  the  following  table  the  values  of  the  ratio  of  the  specific  heats  for 
some  gases  and  vapour,  are  given,  and  it  will  be  noticed  that  the  cases 


i 
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where  the  ratio  is  small  are  just  those  in  which,  from  chemical  considera- 
tions, we  should  expect  a  complex  molecule. 


Ratio  of  the  Specific  Heats. 

Chemical 

Ratio  of  the 

Formula. 

Specific  Heats. 
1.666 

Mercury        .... 

Hg 

Argon    

Ar 

1.63 

Carbon  monoxide 

CO 

1.403 

Hydrochloric  acid 

HCI 

.1.398 

Air        ....        1 

mixture  of 

0,  and  Nj 

1       1.405 

Oxygen         .... 

0, 

I.41 

Hydrogen     .... 

s» 

I.41 

Nitrogen       .... 

N, 

I.41 

Chlonne       .... 

CI, 

1.336 

Carbon  dioxide     . 

CO, 
H^O 

I.31I 

Water           .... 

'-33 

Chloroform   .... 

CHCI3 

I. II 

Alcohol          .... 

C,H,0 

1.13 

Ether    

C,H,„0 

1.03 

In  the  case  of  ether,  if  E  is 


he  external  work  done  during  an  increase 


of  temperature  of  one  degree,  when  the  pressure  is  kept  constant,  and  k 
is  the  increase  in  the  total  kinetic  energy,  we  have 

E-^k 
^P  =  i.03. 

Therefore  ^=.03  i, 

so  that  in  this  case  the  external  work  is  only  three  hundredths  of  the 
energy  used  up  in  increasing  the  molecular  motions. 

We  may,  if  we  like,  go  a  step  further,  and  see  what  proportion  the 
increase  in  kinetic  energy,  due  to  the  motion  of  translation  (kt\  bears  to 
the  increase  in  the  kinetic  energy  of  vibration  and  rotation  (jtp).     For 

E-\-kf¥  kv     ,  ^^ 

h^kr^^'""^' 

Now  we  have  already  shown  that 

E  =  \kt, 

tj  «^*  \^t  +  kf^  kv 

Hence  ^_  .^_„  =,.03, 

or,  kt  ~  .047  ^P, 

so  that  the  energy  used  in  increasing  the  motion  of  translation  is  4.7  per 
cent,  of  the  energy  used  in  increasing  the  motions  of  vibration  and 
rotation. 
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268.  Adiabattc  Curves.— We  have  in  §  23»  considered  the  curves 
which  show  the  relation  between  the  pressure  and  volume  of  a  substance 
when  the  temperature  is  kept  constant  (isothennaU\  and  we  have  now 
to  consider  another  set  of  curves  which  show  the  relation  between  the 
pressure  and  volume  of  a  substance  when  these  quantities  change,  but  no 
/i^a/  is  allowed  to  enter  or  leave  the  substance.  These  curves  are  called 
aJta/raf/cs. 

It  follows  from  what  has  been  said  in  .^  2$2  that  when  a  body 
expands  and  docs  external  work,  then,  if  no 
heat  is  supplied  to  the  body,  its  tem|>erature 
must  fall,  while  if  under  the  same  con- 
ditions the  bmiy  is  compressed,  the  tempera- 
ture will  rise.  If  AR  (Kig.  306)  represents  a 
portion  of  the  isothcrmaJ  through  a  point  P, 
then  if,  startin^^  with  the  substance  in  the  con- 
ditions indicated  by  P,  we  compress  the  sub- 
stance adiabatically,  we  do  work  on  it,  and 
therefore  its  temperature  will  rise,  and  for  a 
given  pressure  the  volume  will  be  greater  than 
it  would  be  if  we  had  kept  the  temperature 
constant,  /'.(•.  travelled  along  the  isothermal  PA. 
Hence  the  adiabatic  en  through  P  is  more  steep  than  the  isothermal 
through  the  same  point. 

The  equation  to  an  adiabatic  in  the  case  of  a  gas  may  be  found 
in  the  following  way.  Let  ab  (Fig.  206a)  be  a  very  small  portion  of  an 
adiabatic,  and  draw  AC,  nc  parallel  to  the  a>es  respectively.  Calling 
AC  A/,  and  CB  Iv^  and  suppose  that  instead  of 
passing  from  the  state  A  to  the  state  B  along 
the  cur^'e,  we  go  along  tlic  path  AC,  CB.  Then 
the  heat  which  has  to  be  communicated  to  the 
body  to  pass  from  A  to  C  is  equal  to  the  pro- 
durt  of  the  mass  of  the  body  (which  we  may 
lake  for  simplicity  as  unity)  into  the  specific 
heat  at  constant  volume  (C)  nnd  into  the  change 
in  temperature,  fi/r  say.  In  the  same  way  the 
heat  communicated  to  the  body  as  it  passes 
from  C  to  u  is  C,  A/^  where  i/p  is  the  change 
in  temperature  which  takes  place  as  the  body 
passes  from  c  to  B.  Thus  the  total  quantity  of  heat  supplied  as  the  body 
passes  from  A  to  B  along  the  path  acb  is 

and  if  we  make  the  step  sufficiently  small,  so  that  A^  and  07' are  very 
small,  this  will  also  be  tJic  quantity  of  heat  supplied  as  the  body  passes 
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from  A  to  B  along  the  adiabatic.     But  since  it  is  an  adiabatic,  this  heat 
must  be  zero.     Hence 

C  «4+C,  «/>=o    .    .     .     (i) 

Now  in  a  gas  pv—RT.     Hence,  if  when  v  is  constant  we  change  /  to 
;>+^,  and  as  a  result  /'changes  to  7+6/,^  we  have 

7</  +  d/)  =  A'(r+«4X 


or 
but 

Hence 


T^pvjR. 


In  the  same  way  it  can  be  shown  that 
Hence  (i)  becomes 


hi,^^ 


R 
IF  ^^^  R 


€,=0, 


or 


where  k  is  the  ratio  of  the  specific  heats. 
Thus 


k^=- 


T 

or  adding  unity  to  both  sides, 


(2) 


V  p 

But  if  hv  is  small  compared  with  7/,  we  have  by  the  binomial  theorem 

\        V  j  V 

and  similarly  (i+^|     =i_-c. 
\       p  J  p 

Hencefrom(2)  (.^^^^^(i-^p 

But  v+ ^  and  p-\'tp  are  the  values  of  v  and/  at  the  point  B,  so  that  calling 
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these  t/  and/',  and  remembering  that  v  and  p  arc  the  values  at  A,  both 
points  being  on  ihe  adiabatic,  we  have 

t/*    P 

or  /V*=^. 

Since  for  any  two  points  A  and  b  on  the  adiabatk  the  above  relation 
holds,  it  follows  that  we  have  for  all  points  on  the  adiabatlc 

/H^  — a  constant. 

259*.  Direct  Determination  of  the  Ratio  of  the  Speciflc  Heats 

for  a  Gas. — The  most  direct  way  of  measuring;  the  ratio  of  the  specific 
heat  at  constant  pressure  to  tliat  at  constant 
volume  is  tlie  one  employt'd  by  Clement  and 
Desonnes. 

The  gas  to  be  experimented  oA  is  contained 
in  a  large  gas  balloon  A  (Fig-  207),  which  has 
a  wide  mouth  t}iat  can  be  closed  by  a  plate  of 
ground  glass  u.  A  manometer  c  ser%'e3  to 
measure  the  pressure  of  the  gas.  The  opening  B 
being  closed,  a  little  of  the  gas  is  pumjxid  in,  so 
as  to  make  the  pressure  ;>,  a  little  greater  than 
tlie  atmospheric  pressure.  After  the  heating 
caused  by  the  compression  has  been  dissifMted 
by  conduction,  &c.,  the  plate  is  removed  just  long  enough  to  allow  the 
pressure  inside  to  fall  to  the  atmospheric  pressure  p^^  by  some  of  the  gas 
escaping.  The  gus  inside  the  globe  expands,  and  the  expansion  is  so 
rapid  that  no  appreciable  quantity  of  heat  has  time  to  pass  from  the 
walls  to  the  gas,  so  that  the  expansion  is  adiabaiic,  and  the  temperature 
of  the  air  is  lowered.  After  the  closing  of  the  opening,  however,  the  air 
becomes  gradually  heated  to  its  old  temperature  by  heat  derived  from 
the  walls  of  the  vessel,  and  hence  the  pressure  f».^  rises  above  the  atmos- 
pheric pressure.  If?',  is  the  volume  of  unit  mass  of  the  gas  when  com- 
pressed under  the  pressure  ;*„  and  r\  is  the  volume  of  unit  mass  after 
expansion,  we  have  during  the  adiabatic  expansion  tliat 

Hence  A=  (!:>)*. 

Also,  since  the  first  temperature  of  the  gas,  when  the  pressure  and  volume 
were  piVi^  and  the  last  temperature,  when  the  pressure  and  volume  are 
pfV^  arc  the  same,  wc  have  by  Boyle's  law — 


Fig.  207. 


§  26o]  Ratio  of  i/u  Specific  Heats  of  a  Gas 

Substituting  wc  get 


329 


A 


1  W' 


or,  taking  logarithms  of  both  sides, 

^_  log  A -log  A 
log  A -log// 

Hence,  from  the  observed  pressures,  /i,  /q,  and  /,,  the  value  of  >  can  be 
calculated. 

The  results  obtained  by  this  method  are  not  very  trustworthy,  since 
it  is  difficult  to  secure  perfectly  adiabatic  expansion,  that  is,  without 
appreciable  passage  of  heal  from  the  walls  to  the  gas  during  the  time  it 
is  expanding,  and  at  the  same  time  prevent  the  outflow  of  the  gas  being 
oscillatory,  so  that  the  pressure  is  alternately  less  and  greater  than /qi 
and  only  becomes  steady  after  a  few  oscillations. 

Another  method  of  determining  the  value  of  k  will  be  described  when 
we  arc  considering  the  velocity  of  sound  in  gases. 

260.  Watt's  Indicator  blagrram.— In  S  251  ^ve  have  seen  that, 
when  a  gas  expands  at  constant  pressure  against  a  pressure  /,  the 
external  work  done  is  equal  to  fn'\  where  1/  is  the  change  in  volume. 
Suppose  we  start  with  a  given  quantity  of  a  gas  having  a  volume  v, 
under  a  pressure  /„  as  indicated  by  the  point  A  (Fig.  208)  on  the 
diagnim  of  pressures  and  volumes,  then 
if  the  gas  expands  at  constant  pressure 
to  the  volume  v^  as  indicated  by  the 
point  B,  the  change  that  takes  place  is 
represented  by  the  horizontal  line  ab. 
The  external  work  done  is /,(?'a- r'j)^ 
and  since  py^  is  represented  by  the  line 
Ai/|  or  Bt'j,  we  see  tliat  Px{'Vt-V\)  is 
numerically  equal   to   the   area  of  the 


rectangular  figure  AH^'^Vy     Hence  the 
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external  work  done  by  the  gas  is  repre- 
sented by  the  area  of  this  figure.  If 
now  the  pressure  is  decreased  to/._|,  the 

volume  being  kept  constant  (of  course,  the  temperature  will  have  to  be 
lowered),  the  change  is  indicated  by  the  line  BC,  and  since  the  volume 
does  not  change,  no  external  work  is  done.  Next,  keeping  the  pressure 
constant^  let  the  gas  be  cooled  till  its  volume  is  again  r,,  the  change  being 
represented  by  the  line  CD.  During  this  process  work  must  be  done  on 
the  gas,  and  the  amount  of  this  work  is  represented  by  the  area  of  the  rec- 
tangle ncT'.^?'j.  Finally,  keeping  the  volume  constant,  heat  the  gas  till  the 
pressure  rises  to  /„  the  line  DA  representing  the  new  change,  which  is 
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unaccompanied  by  any  external  work.  The  gas  is  now  in  exactly  the  same 
stale  as  it  was  at  ihe  start,  am!  \\v  have  taken  it  tlirouyh  whiit  is  called  a 
cycle  of  operations.  Durinj^'  ihU  cycle  the  gas  has  performed  an  amount 
of  external  work  represented  by  the  figure  ABz/^7/|,  and  had  an  amount 
of  work  reprcscnlrd  by  l>Cfj?/i  done  on  it.  Hence  the  totiil  amount  of 
external  work  done  by  the  gas  during  the  cycle  is  represented  by  the 
rectangle  ABCi)  enclosed  by  the  path  which  indicates  the  different  con- 
ditions to  which  the  gas  has  been  subjected  during  the  cycle. 

If  the  cycle  had  been  traversed  in  the  oppo*.ite  sense^  namely,  ADCBA, 
it  can  easily  be  shown  that  on  the  whole  an  amount  of  work  represented 
by  the  rectangle  AUCD  would  h.ivc  been  done  of/  ihe^as.      Hence,  if  such 

a  cycle  is  traversed  in  the  clockwise 
direction  work  is  done  by  the  gas,  and 
if  in  the  anticlockwise  direction  work  is 
done  on  the  gas.  In  the  above  example 
\vc  liavc  supposed  that  the  pressure  and 
volume  changed  one  at  a  time.  \f,  now, 
we  suppose  them  to  change  simultane- 
ously, and  the  gas  to  change  from  the 
conditions  indicated  by  the  point  A 
(Kig.  209)  to  those  indicated  by  the  point 
II  along  the  curve  All,  we  may  KUp))osc 
that  the  curve  is  replaced  by  a  stepped 
curve  such  as  that  shown,  along  which 
the  pressure  and  volume  only  change  one 
at  a  lime.  When  the  gas  is  going  from  A  to  c,  the  volume  l>cing  con- 
stant, no  work  is  done.  When  the  part  CD  is  being  traversed,  the  work 
done  is  represented  by  the  rectangle  CDM,M,  and  so  on.  Now  if  we 
imagine  the  numlx-r  of  steps  taken  as  infinitely  increased,  the  step]>cd 
curve  will  nowhere  appreciably  differ  from  the  curve  AT.,*  and  the  work 
done  will  be  represented  by  the  area  abnm  included  between  the  curve, 
the  axis  of  volumes,  and  the  two  ordinatcs  drawn  through  the  extreme 
points  A  and  B.  Hence  it  follows  that  in  the  case  of  a  closed  cycle,  the 
work  done  by  the  body,  if  the  path  is  traversed  in  the  clockwise  direc- 
tion, or  the  work  done  on  the  body,  if  the  path  is  traversed  in  the  anti- 
clockwise direction,  is  equal  to  the  area  enclosed  by  the  path  which 
represents  the  cycle  of  operations. 

261*.  Camot*S  Cycle.— A  particular  cycle,  which  is  found  to  be  of 
great  use  in  the  theory  of  heat,  is  one  due  lo  Camot.  We  will  suppose 
that  the  substance  which  we  ait?  about  to  cause  to  go  through  a  Carnot*s 
cycle  (the  working  substance,  as  it  is  called)  is  contained  within  a 
cylinder  \v  (Fig.  210),  the  walls  and  piston  of  which  are  perfect  non- 
conductors for  heat,  and  tluit  the  l>ottom  of  the  cylinder  is  made  of  a 

^  The  rcaMiunji  it  lb«  *aiii«  as  ihai  ado^/icd  in  §  34. 
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perfect  conductor  of  heat.  Further,  wp  will  suppose  that  we  have  three 
scand&f  one,  x,  titled  with  a  perfect  m)n-conduc(in)j  lop,  and  of  the  others 
one,  Y,  kept  at  a  constant  temperature  T„  and  the  other,  ;c,  at  a  constant 
fcemperature  Tj,  these  being  each  fitted  wiih  a  perfectly-conducting  top. 

First  place  the  cylinder  on  the  stand  z,  so  that  the  working  substance 
comes  to  a  temperature  Tr,  the  pressure  and  volume  being  as  indicated 


Y  X 

NON-CONDUCTOR  OF  HEAT 
PtRFtCT         „  „        „         Ki^im 

Fig.  9x0. 


by  the  point  I)  (Fig.  211).  Now  place  the  cylinder  on  the  non-conducting 
stand  X,  and  increase  the  pressure,  and  so  decrease  the  volume.  The 
change  must  be  adiabatir,  since  the  non-conducting  stand  prevents  the 
escape  of  the  heat  due  to  the  compression,  The  compression  must  be 
stopped  when  the  temperature  has  risen  to  T,.  The  cur\'e  DA,  which 
gives  the  relation  between  the  pressure  and  volume  during  this  operation, 
is  an  adiabatic  (§  25^). 
Next  place  the  cylinder 
in  the  stand  Y»  and  ex- 
pand the  substance  by 
allowing  the  piston  to 
rise  till  the  volume  and 
pressure  are  indicated  by 
the  point  B.  During  this 
operation  heal  will  flow 
into  the  working  sub- 
stance through  the  con- 
ducting bottom  of  the 
cylinder,  so  that  the  tem- 
perature will  be  constant 
throughout  the  process, 
and  hence  the  curve  ab  will  be  a  portion  of  the  isothermal  for  the  tem- 
perature T|.  Next  remove  the  cylinder  from  v,  and  place  it  on  the  non- 
conducting stand  X,  and  continue  allowing  the  substance  to  expand  till 
the  temperature  falls  to  t^  This  portion  of  ihe  cycle,  since  the  escape 
or  supply  of  heat  to  the  working  suL  tance  is  prevented  by  the  non- 
conducting stand,  is  adiabatic.    Next  place  the  cylinder  on  Z,  and  force 
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the  pision  down  till  the  pressure  and  volume  become  the  same  as  at  ihe 
start.  During  this  part  of  ihe^openuion  heal  is  given  out  by  the  working 
substance  to  the  stand,  and  CD  is  a  por'ion  of  the  isothermal  for  T^.  The 
cycle  is  now  complete,  the  work'mj?  substance  being  in  exactly  the  same 
condition  as  at  the  start.  During  ihe  cj'cle  an  amouni  of  work  repre- 
sented by  the  area  ABCD  has  been  performed,  also  during  the  portion  of 
the  cycle  represented  by  Ah  heal  has  been  supplied  to  the  working  sub- 
stance at  a  temperature  T'^,  and  during  the  portion  CD  heat  has  been 
jfiven  out  by  the  working-  substance  at  the  temperature  TV  If  //^|  is  the 
quantity  of  heat  taken  in  at  the  temperature  T,,  and  //,  the  quantity  of 
heat  given  out  at  ihc  temperature  7\,  then  from  the  first  law  of  thermo- 
dynamics it  follows,  since  the  initial  and  final  stales  of  the  working 
substance  arc  the  same,  that  the  work  /Kdone  during  the  cycle  must  be 
equi\'alent  to  the  heat  which  has  been  used,  so  that 

Now  the  maxhnum  quantity  of  work  which  can  be  obtained  from  //i 
units  of  he*'U  Is  ///y  The  nifio  of  the  actual  amount  of  work  done  in  any 
cycle  to  the  maximum  amount  of  work  that  could  be  done,  suppoi^e  all  the 
heat  supplied  had  been  converted  into  mechanical  energy,  is  called  the 
efficiency  of  the  cycle.     Hence  the  efficiency  (w)  is  given  by 

fit  —  /jq 

The  peculiarity  of  Camot*s  cycle  is  that  the  cycle  may  be  traversed  in 
the  reverse  direction,  a  quantity  of  heal  //^  being  taken  in  by  the  working 
subst;mce  at  a  temperature  /^,  and  a  quantity  of  heat  //[  given  out  at  a 
temperature  7",,  while  a  quantity  of  work,  represented  by  the  area  AdCD, 
has  to  be  done  on  the  working  substance  during  the  cycle.  For  this 
reason  Carnoi's  cycle  is  called  a  reversible  cycle. 

Carnot  also  showed  that  by  adopting  a  reversible  cycle  the  efficiency 
obtained  was  the  greatest  possible.  For  if  not,  suppose  we  had  two 
engines  wor'^ing  between  the  same  tempenilures  T'l  and  T^  one,  ^-/, 
working  in  a  reversible  cycle,  and  ihc  oiher,  B,  having  a  greater  efficiency 
than  .-f ,  and  that  ff  works  direct,  taking  in  heat  from  a  body  at  a  tem- 
perature T,  and  giving  out  heat  to  a  cold  body  at  a  it-mperaiure  7^  and 
that  the  mechanical  work  it  does  is  employed  in  working  the  reversible 
engine  .4  backwards,  so  that  it  takes  in  heal  at  a  temperature  T*,,  and 
gives  it  out  at  a  temperature  71.  Let  the  quantity  of  heat  taken  in  by  B 
at  the  higher  temperature  be  //*,,  and  that  given  out  iVj,  while  the  heat 
taken  in  by  ^1  at  the  lower  temperature  be  //f^  and  that  given  out  at  the 
higher  temperature  be  //,.  Then  ff-^-H\  is  the  heat  converted  into 
work  by  B^  and  H^  —  //,  is  the  work  converted  into  heat  by  A.    Now,  if  all 
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the  work  done  by  Misused  in  working  i4,  it  follows  that /i^j -//",  =  //,  - //j. 


The  erticiency  of  A  is  -^^Z^^  and  that  of  B  is  '''»   /^'»,  hence  by 
^L^^«  is  less  than  ^''~^V 


supposition 


Therefore   since   H^  —  H^ 


is  equal  to  H\- H'f,  it  follows  that  //i  must  be  greater  than  //',,  so 
that  //j  must  also  be  jjrcater  than  jV^.  In  other  words,  the  heat  //, 
taken  from  the  cold  bocty  by  A  is  greater  than  the  heat  //'j  supplied  to 
it  by  //,  while  the  heat  H\  supplied  to  the  hoi  body  by  A  is  greater 
than  the  heat  //,  taken  from  it  by  A\  Thus  as  the  combination  con- 
tinues to  work  the  cold  body  will  be  gradually  robbed  of  all  its  heat, 
while  the  heat  of  the  hot  body  will  increase,  and  this  without  the  expen- 
diture of  any  external  energ-y,  which  is  entirely  contrary  to  experience  ; 
for,  unless  there  is  an  expenditure  of  external  energy,  experience  shows 
that  heat  always  flows  from  the  body  at  the  higher  temperature  to  that 
at  the  lower.  Hence  we  are  led  to  the  conclusion  that  an  engine  working 
in  a  Camoi's  reversible  cycle  is  the  most  efficient  that  it  is  possible  to 
Kive  working  between  the  two  given  temperatures. 

It  also  follows  that  since  a  substance  when  it  goes  through  a  Camoi's 
reversible  cycle,  taking  in  a  quantity  of  heat  //|  at  a  temperature  7j,and 
giving  out  heal  at  a  tcmperatiirc  7"^  converts  llie  maximum  fraction  of 
the  heat  received  inio  work,  that  all  working  substances  when  used  in  a 
Camot's  reversible  cycle  must  have  ihe  same  efficiency.  That  is,  that 
the  fraction  (work  done  during  cycle)-r//,  must  be  a  constant,  so  that  so 
long  as  //j,  the  quantity  of  heat  taken  in,  remains  the  same,  the  quantity 
of  work,  ll\  done  during  the  cycle  must  remain  the  same,  and  dei>ends 
only  on  the  temperatures  7',  and  T^. 

At  first  sight  the  reason  for  this  may  not  appear  quite  clear.  What 
we  show  is  that  for  an  engine  working  in  a  reversible  cycle  the  efficiency 
is  the  highest  possible  whatever  the  working  substance,  for  we  have 
made  no  assumptions  as  lo  the  nature  of  the  working  substance.  Now 
if  the  efficiencies  of  a  numljer  of  reversible  engines  with  different  working 
substances  are  «//  the  maximum,  they  must  all  l^e  equal. 

The  above  result  may  not  appear  to  agree  with  common  sense,  for  if 
the  working  substance  in  an  engine  is  ether,  say,  we  might  at  first  sight 
hope  to  obtain  a  higher  efficiency  than  with  water.  For  the  vapour 
pressure  of  ether  at  any  temperature  being  higher  than  that  of  water  at 
the  same  temperature,  the  pressure  in  a  lx>iler  filled  with  ether  would  be 
greater  than  in  a  boiler  filled  with  water  at  the  same  temperature.  Thus 
the  vapour  supplied  to  the  ether  engine  will  be  at  a  hi^'hcr  pressure  than 
that  supplied  by  the  water  engine,  and  so  we  might  expect  that  we 
should  j,'et  more  work  by  allowing  the  ether  vapour  to  force  Kick  a 
piston  than  in  the  case  of  the  steam.  It  must,  however,  be  remembered 
that  at  the  back  of  the  piston  we  have  acting  the  pressure  of  the  exhaust 
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steam  or  vapour,  and  that  the  condenser  for  the  t>vo  engines  must  be  sup- 
posed to  be  at  the  same  temperature,  or  they  would  not  be  workmg  throuy  h 
the  same  range.  Now  the  vapour  pressure  of  the  elher  at  the  temperature 
of  the  condenser  will  be  greater  than  that  of  the  water,  and  so  not  only 
the  forward  pressure  in  the  ether  engine  but  also  the  back  pressure  is 
greater  than  in  ihe  water  engine,  and  so  no  advantage  is  gained.  In 
addition,  during  the  expansion  of  the  vapour,  which  must  of  necessity 
take  place  in  the  cyhnder,  the  vapour  must  give  up  heat ;  this  heat  being 
iJie  equivalent  of  the  work  done.  Now  water  vapour  is  able  to  give  up 
niore  heat  for  a  given  fall  of  temperature,  and  the  latent  heat  of  steam  is 
jjreatcr  than  that  of  ether,  so  that  on  both  these  accounts  more  heat  is 
available  for  conversion  into  mechanical  energy  in  the  case  of  water  than 
in  the  case  of  ether. 

Hence  a  Carnot's  cycle  being  a  thermal  process  which  is  independent 
of  the  nature  of  the  substance  in  which  the  thermal  changes  take  place, 
it  at  once  becomes  of  interest  to  see  whether  we  cannot  utilise  this  fact 
in  order  to  define  a  scale  of  temperature  independent  of  all  properties  of 
any  p.iriicul;*r  kind  of  matter.  The  scales  which  we  have  used  heretofore 
all  depend  on  ihc  change  of  some  one  physical  property  of  some  special 
kind  of  mailer,  thus  on  the  increase  in  volume  of  mercury  or  hydrogen, 
the  increase  in  resistance  of  a  platinum  wire,  the  ihermo-electromoiivc 
force  of  a  junction  of  two  given  metals,  vtc.  A  scale  of  temperature 
depending  on  Carnot*s  cycle  and  independent  of  the  properties  of  any 
particular  kind  of  matlci  has,  however,  been  devised  by  Lord  Kelvin, 
and  to  this  scale  only  can  the  title  '* absolute"  be  given  with  justice. 

If,  as  before,  we  imagine  a  Carnot's  cycle  in  which  a  quantity  of  heat 
//,  is  drawn  from  a  source  at  a  temperature  7',^  and  an  amount  of  work 
W  is  performed,  H^  units  of  heat  being  given  out  to  the,  refrigerator  at 
the  temperature  T^  we  may  according  to  the  first  law  measure  //,  and 
yy,  in  terms  of  ergs,  in  which  case  7/^-7/^=  W.  If  now,  keeping  //, 
and  Tx  constant,  we  adjust  the  temperature  7i  so  that  the  work  done 
during  the  cycle  is  unity,  then  the  two  temperatures  7",  and  7",  will  be 
such  that  if  a  Carnot's  engine  working  between  these  temperatures  takes 
H\  ergs  of  hc;ii  from  the  source  it  will  perform  one  erg  of  work.  Next 
suppose  that  another  cycle  is  taken,  in  which  the  lower  temperature  7',  is 
so  adjusted  that  when  //",  ergs  of  heat  are  drawn  from  the  source  at  a 
tem|3eralurc  /\,  the  work  done  in  the  cycle  is  two  ergs.  Then,  according 
to  Lord  Kelvin,  the  difference  of  temperature  Ix'twcen  T',  and  T^  is  to  be 
called  twice  the  ditfercnce  of  temperature  between  7",  and  T^  Pro- 
'cceding  in  this  way,  we  could  define  a  scries  of  equal  temperature 
intervals,  and  thus  fonn  a  thermometric  scale.  It  will,  however,  be 
convenient  not  to  call  the  interval  7",-  7„  or  T^-  T^  as  above  defined, 
one  degree,  since  the  scale  thus  constructed  would  not  resemble  the 
scale  ordinarily  employed.  We  will  therefore  suppose  that  7',  is  taken 
as  the  temperature  of  boiling  water,  and  we  will  postulate  that  when  Hj 
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units  of  heat  are  taken,  by  an  engine  working  in  a  simple  reversible 
cycle,  frctm  a  source  at  the  temperature  of  boiling  water,  and  the  re- 
frigerator is  at  the  temperature  of  melting  ice,  a  hundred  tiuics  the  work 
will  be  done  that  would  be  done  supposing  the  temperature  of  the 
refrigerator  were  one  degree,  on  this  new  absolute  scale,  below  the 
temperature  of  boiling  water,  and  so  on. 

Let  the  lines  t«To  and  T,oT,o  (Fig.  213)  be  the  isothermals  for  the 
temperatures  of  melting  ice 
and    boiling   water   respec- 
tively, and  let  A  B  be  an  adia- 
baiic  cutting  these  isother- 
mals at  E  and  G.     Suppose 
that  if  wc  go  along  the  iso- 
thermal T,„  from  K  to  F  an 
amouni  of  heat  //m  (mea-  W 
sured    in    ergs)   has    to    be  5 
supplied  to  the  working  sub-  (Q 
stance  to  keep  its  tempera-  W 
turc     constant,     and     that  J^ 
through  V  we  draw  a  second  q^ 
Adiabatic  cti  cutting  the  iso- 
thermal To  at  H.     Then,  if 
a  simple   reversible  engine 
performs  the  cycle  EFHG,  it 
will    take   in   //„j  units   of 
heat  at  a  temperature    TJq 
and   give   out   //„   units   of 
heat  at  a   temi>crature    7i» 
wliile   the   work    /f'-o  done 
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FIG.   312. 


during    the    cycle    will    be 
represented  by  the  area  of 

the  figure  EFHG.  Now  draw  nine  isothermals  between  T^  and  T,o,  so 
spaced  that  tlte  area  intercepted  between  any  adjacent  two  and  the  two 
adiabatics  is  one-tenth  of  the  area  EFHr,.  Thus  the  area  shown  shaded 
is  to  be  one-tenth  of  EFHG.  Then  the  temperatures  corresponding  to 
these  isothermals,  if  we  call  the  temperature  of  melting  ice  273"*  and  that 
of  Wiling  water  yjf,  are  283",  293  ,  303^,  313',  323\  333*,  343',  353^  3^5' 
on  Lord  Kelvin's  absolute  saile. 

By  th*;  doctrine  of  the  copscr\'ation  of  energy,  the  maximum  amount 
of  work  we  can  possibly  get  from  a  (luantity  of  heat  tfx  isy//,,  if  the 
quantity  //,  is  expressed  in  calories,  or  simply  //,,  if  this  quantity  is 
expressed  in  ergs.  Keeping  the  temperature  T^  of  the  source  constant, 
the  amount  of  work  J/'  obtained  during  a  cycle  will  increase  as  the 
temperature  of  the  refrigerator  is  lowered,  until  the  temperature  of  the 
refrigerator  becomes  such  that  no  heat  is  given   to  it  during  the  conn- 
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prcssion  portion  of  the  cycle,  the  whole  of  the  heat  taken  in  l>eingJ 
converted  into  work,  so  tliat  H^-\\\  or  the  ctficiency  of  the  cycle 
becomes  unity.  We  cannot  imagine  a  refrigerator  at  a  lower  lem- 
peraturc  than  this,  and  hence  may  take  it  as  the  2ero  on  this  new 
absolute  scale.  It  is  found  that  the  zero  thus  deflned  coincides  with  the 
absolute  zero  as  given  by  a  perfect  gas,  and  that  the  new  absolute  scale 
agrees  ver>*  nearly  with  that  of  a  gas  theniiomcter  containing  a  perfect 
gas.  So  that  the  use  of  the  thcrniometric  scale  derived  from  the 
expansion  of  a  perfect  gas  is  justified. 

If,  in  Fig.  212,  any  other  adiabatic  KL  is  drawn,  then  this,  together 
with  eidier  of  the  others,  will  cut  off  equal  areas  between  consecutive 
isothermals.  Thus  the  area  intercepted  by  any  two  adiabatics  and  any 
two  isoihermals  T^  and  T-^^  say,  will  be  proportional  to  the  difference  of 
temperature  T^—  T^  for  each  degree  of  this  difference  will  correspond  to  an 
equal  small  area  X*,  such  as  the  one  shown  shaded.    Thus  we  shall  have 

W=k{T^-T,), 

where  >t  is  a  constant  depending  on  the  two  adiabatics  taken.     Since 
IV=  //,  -  //m,  this  gives 

Now  if  we  make  7",  the  absolute  zero,  there  will  1)€  7\  small  areas  each 
equal  to  ^  included  in  the  cycle,  and  N^  will  be  zero,  so  that  in  this  case 

Now  the  efficiency  of  a  reversible  cycle  is  given  by 


//i-//, 


J. 


Hence,  substituting  for  //,  -  //,  and  //j, 

This  result  will  be  found  useful  when  we  are  considering  some  actual 
cases  of  reversible  cycles. 

The  above  equation  may  be  written 

so  that  ^i  =  Zj 

or  the  ratio  of  the  heat  taken  from  the  source  by  a  reversible  engine  to 
the  heat  given  up  to  the  refrigerator  is  the  same  as  the  ratio  of  the  tempera- 
ture, on  the  absolute  scale,  of  the  source  to  that  of  the  refrigerator. 

262*.  The  Second  Law  of  Thermo  Dynamics.— \\*hcn  considering 
the  effirienry  of  a  simple  reversible  engine,  we  said  that  the  transfer  of  the 
heat  L)f  the  condenser  to  the  source  was  rontrar)'  to  exi)eriencc.  The 
denial    of  the  possibility  of  any   such  action  fonns  what  is  called  the 


8  ^^s]       Effect  of  Pressure  on  Melthg'Point  of  Ice         337 


second  law  of  themio-dynamics,*  and  has  been  put  into  a  concise  form  by 
Clausius,  who  expresses  It  as  follows  :  It  is  impossibie  for  a  seffncHng 
machine^  unaided  by  any  external  agency^  to  convey  heat  from  one  body  to 
another  at  a  htgher  temperiUure. 

Lord  Kelvin  has  enunciated  the  second  law  in  a  slightly  different 
form,  namely  :  //  is  impossible^  by  means  of  inanimate  material  at^rnn; 
to  derix'e  f^ecAanical  effed  from  atty  portion  of  matter  by  cooling  it  belo'it^ 
the  teutpera/ure  of  the  coldest  of  surrounding  bodies. 

It  must  be  airefully  borne  in  mind  that  these  laws  refer  only  to  the 
work  performed  during  a  cycle  of  operations,  in  wliich  the  initial  nnd  final 
states  of  the  working'  substance  are  exactly  the  same.  Thus  when  a  >;as 
is  allowed  to  expand  ag'ainst  external  pressure,  it  does  work  and  becomes 
cooled,  so  that  in  this  way  il  may  do  work  although  in  the  operation  it 
becomes  cooled  below  the  temperature  of  surrounding  objects.  Tlie 
final  state  of  tlie  gas  is  not,  however,  the  same  as  the  initial  state,  and  if 
we  attempt  to  bring  the  gas  back  into  the  initial  state  we  shall  find  that 
the  law  holds. 

We  may  also  put  the  law  in  slightly  different  words,  viz,  that  heal  of 
itself  never  passes  from  one  body  to  another  at  a  highei;  temperature ; 
and  if  by  any  means  we  cause  heat  to  he  transferred  from  a  lx>dy  to 
another  at  a  higher  temperature,  we  must  in  the  process  supply  the 
system  with  cnerg>'  from  some  outside  source.  Thus,  when  a  reversible 
engine  is  worked  backwards,  heat  is  taken  from  the  refrigerator  and  sup- 
plied to  the  source.  During  this  operation,  however,  external  energy  has 
to  l)e  supplied  to  the  engine,  so  thai  it  i^  not  working  '*  by  itself." 

263'.  Calculation  of  the  Effect  of  an  Increase  of  Pressure  on 
the  Melting'-Polnt  of  Ice — The  second  law  of  thermo-dynamics  will 
allow  us  to  calculate  the  effect  of  pressure  on  the  melting-point  of  ice. 

Suppose  we  have  a  gram  of  water  at  o'  C.  and  at  a  pressure  of  one 
atmosphere,  the  conditions  l>eing  represented  by  the  point  A,  Fig.  213. 
Now  allow  the  water  to  freeze.  During  this 
process  the  temperature  and  pressure  will 
remain  constant,  so  that  the  horizontal  line  " 
AH  will  represent  the  change,  which  "is  an  cj 
isoihemial  one.  During  this  change  80 
calories  of  heat,  or,  if  we  use  mechanical 
units,  80  k/ ergs  will  be  given  out,  and  an 
amount  of  work  pv\  where  il  is  the  change 
of  volume,  will  be  done.  One  atmosphere 
being  1013300  dynes  per  square  centimetre, 
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and  t/  being  in  the  case  before  us  0.0907,  the  work  done  is 
1013300x0.0907  ergs. 


t  The  deductkms  made  in  the  kut  section  are  aUo  generally  rcfcrrccl  to  as  forming 
port  of  the  second  law. 
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Now,  without  allowing  heat  to  enter  or  leave  the  ice,  reduce  the 
pressure  to  rcro.  Since  the  change  in  volume  of  ice  (or  water)  with  a 
difference  of  one  atmosphere  is  quite  inappreciable,  the  line  BC  showing 
this  change  is  vertical,  and  no  work  is  done,  supposing  that  during  the 
change  the  ice  does  not  melt,  that  is,  if  the  melting-point  of  ice  does  not 
var>'  with  the  pressure.  Next,  supply  heat  to  the  ice  so  that  it  mells, 
and  we  now  pass  along  CD.  During  this  process  heal  is  absort^ed,  but 
since  the  pressure  is  zero,  although  the  volume  decreases,  no  external 
work  is  done  on  the  working  substance.  Finally,  raise  the  pressure  to 
one  atmosphere  along  the  adiabatic  !>a.  We  have  now  gone  through  a 
reversible  cycle  of  operations  in  which  an  amount  of  work  represented  by 
the  area  ABCD  has  been  done.  On  the  suppu^ition,  however,  that  the 
melting-point  of  ice  is  the  same  at  a  pressure  of  one  atmosphere  as  In  a 
vacuum,  the  temperature  at  which  the  heat  was  taken  in  is  (he  same  as 
that  at  which  the  hciit  was  given  out  to  the  refrigerator.  This  is,  how- 
ever, contrary  to  the  second  law  of  thermo-dynamics,  and  hence  we 
conclude  that  our  supposition  that  the  melling-point  of  ice  is  unaltered 
by  change  of  pressure  must  be  wrong.  Since  external  work  is  done 
during  the  cycle,  the  temperature  when  the  heat  was  being  taken  in  by 
the  working  substance,  that  is,  while  the  ice  was  melting  at  the  low 
pressure  along  CO,  must  have  been  hij^hi-r  than  the  temperature  when 
the  heat  was  being  given  out,  that  is,  when  the  water  was  freezing  at 
the  higher  pressure.  In  short,  decreasing  the  pressure  has  raised  the 
tnelting-poinL 

We  mayprocecd  tocalculate  whatwould  he  the  Itiwering  of  the  melting- 
point  produced  by  an  increase  of  one  atmosphere.  Let  /  be  the  difference 
in  the  temperature  of  melting  ice  produced  by  a  change  in  pressure  of 
one  atmosphere.  The  temperature  of  the  refrigerator  is  o"  C,  or  273'  on 
the  absolute  scale,  ami  th:il  (»f  the  source  273  +  /.  The  heat  absorbed  is 
80  calories  or  3.35-  x  10^  ergs,  and  the  work  done  is  0,0907/  ergs, 
where/  is  one  atmosphere  expressed  in  dynes  per  square  centimetre. 
Now  (§  261) 


W 


r,  -  7\ 


Thercfote 


jo.ogo7P  _    ^ 

3.352  X  io»~273+/* 


Now  /  is  ver>'  small  compared  to  273,  so  that  we  shall  not  produce 
any  apprecial>Ic  error  in  omitting  the  term  /  in  the  denominator  of  the 
right-hand  member.     Thus 

ox>907  X  273  x/- 3.352  X  10^/ 
^=i.35xio'/. 
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If/  is  one  atmosphere,  or  1013260  dynes  per  square  centimetre, 

1013260 
^i.35X  ic' 

•=o'.co75. 

This  number  agrees  with  the  results  of  experimenL 

2W.  Irreversible  Cycles.— The  cycles  which  we  have  up  to  now 
considered  have  all  been  reversible,  that  is,  if  they  arc  worked  backwards, 
so  that  all  the  various  operations  are  perfonned  in  the  reverse  order  and 
sense,  ilie  physical  and  mechanical  changes  are  also  reversed.  There 
are,  however,  many  cycles  of  operations  in  which,  for  various  reasons, 
the  operations  cannot  be  reversed,  or,  if  they  arc,  the  mechaniail  changes 
are  not  reversed.  Thus  if  during  any  cycle  any  of  the  energy  is  em- 
ployed in  producing  motion  against  friction,  such  a  cycle  cannot  be 
reversible,  for,  as  we  have  seen  in  §  1 10,  although  we  reverse  the  direc- 
tion of  motion,  the  conversion  of  mechanical  energy  into  heat  due  to 
friction  always  takes  place.  Thus,  when  working  direct,  the  engine 
working  in  such  a  cycle  may  do  a  certain  quantity  of  mechanical  work 
owing  to  the  expenditure  of  a  certain  qu:intily  of  heat-energy  ;  yet  if  we 
reverse  the  engine  and  do  work  on  tt  10  the  same  extent  as  it  did  l)efore, 
since  some  of  this  energy  is  employed  in  doing  work  against  frictipn,  we 
shall  not  completely  reverse  the  thermal  processes.  Again,  if  dunng  any 
part  of  a  cycle  there  is  conduction  of  heat  from  one  part  of  the  engine  to 
any  other,  since  heat  ortiy  flows  by  conduction  from  bodies  at  higher 
temperatures  to  those  at  lower,  on  reversing  the  engine  the  heat  that 
passed  by  conduction  from  a  higher  to  a  lower  temperature  is  not  made 
to  pass  in  the  reverse  direction.  It  was  to  avoid  the  cnndurtinn  of  heal 
that,  in  describing  Camot's  reversible  cycle,  we  had  to  suppose  thai  the 
walls  of  the  cylinder  were  composed  of  a  perfect  non-conductor  of  heat. 
Also  during  a  reversible  process,  when  there  is  passage  of  heat  from  one 
Ixxly  to  another,  as,  for  instance,  in  the  Carnot  cycle  during  the  iso- 
thermal cxpnnsinn,  when  the  working  substance  is  taking  heat  from  the 
source,  it  is  necessary  to  supp<isc  that  the  transference  takes  place  so 
slowly  that  the  temperature  of  the  working  substance  never  difiers  by 
more  than  an  infinitesimal  amount  from  that  of  the  source.  If  this  were 
not  so,  when  we  reversed  the  cycle,  in  order  to  reverse  the  conditions 
exactly,  we  should  still  re«iuirc  to  have  the  icmpetatuic  of  the  working 
substance  higher  than  that  of  the  source  by  the  s.-ime  amount  as  before, 
and  yet  have  hcAt  flowing  from  the  source  to  the  working  substance,  />. 
from  a  ccld  to  a  hot  Ixidy. 

264*A,  Entropy, —  In  many  problems,  especially  in  dealing  with  the 
thcrmo  dynamics  of  the  steam  engine,  the  quantities  of  heat  given  out  and 
absorl^ed  by  ihe  working  substance  during  various  operations  have  to  be 
studied  in  detail,  particularly  in  reference  to  the  work  done  by  or  on  the. 
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working  substance.  Now  we  have  seen  that  ahhou^^h  the  total  quaniiiy 
of  work  which  corresponds  to  a  given  quantity  of  heat  is  independent  of 
the  temperature  of  the  body  which  contains  the  heat  (first  law  of  thermo- 
dynamics), yet  wlicn  wc  have  to  consider  the  actual  conversion  of  this 
heat  into  mechanical  work  the  temperature  of  the  body  which  contains 
the  heat  has  to  be  taken  into  account  (second  law  of  thermo-dynamics). 
Now  in  the  Carnot  cycle  we  have  shown  (§  261)  that  if  /^j  is  the  heat 
yiven  to  the  working  substance  at  the  temperature  7„  and  H^  is  the  heal 
given  out  by  the  working  substance  at  the  temperature  T^  where  //j  and 
H^  are  measured  in  dynamical  units,  and  7\  and  T^  are  measured  in  the 
absolute  thermo-dynamic  scale,  then 


or 


7-, 

(0 


Now  if  in  place  of  the  Carnot  cycle,  in  which  all  the  changes  arc 
cither  isothermal  or  adiabalic,  we  have  any  other  cycle,  such  as  is  repre- 
sented by  the  closed  cunc  in  Fig.  213^,  we  may,  if  we  please,  split  up 

this  cycle  into  a  very  large  number  of 
Carnot  cycles,  KPHG,  by  means  of  isother- 
mals,  such  as  T^  and  T^,  and  adiabaiics, 
such  as  AB  and  CD,  and  ihe  sum  of  all 
these  cycles  will  be  the  same  as  the 
original  cycle,  for  each  of  the  adiabatic 
portions  of  these  small  cycles  will  be 
traversed  one  way  when  it  belongs  to 
one  elementary  cycle  and  in  the  opposite 
direction  when  it  forms  part  of  the 
adjacent  elementary  cycle,  while  by 
taking  the  adiabitics  close  enough  to- 
gether we  may  reduce  the  error  pro- 
duced by  uking  the  portion  EF  and  Ht; 
of  the  cycle  as  tx^ing  fonned  by  the 
isothcrmals  T^  and  7",  instead  of  by  the  portion  of  the  curve  included 
between  ah  and  CD  as  small  as  we  please,  as  has  already  been  shown 
from  a  similar  case  in  §  34. 

Now  for  each  of  the  elementary  cycles  into  -which  the  cycle  of 
operation  lias  been  split  up  the  relation 
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must  hold    Now  in  this  expression  //|  is  the  heat  given  to  the  working 
substance  at  a  temperature  7^,  and  //,  is  the  heat  given  up  by  the 
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working  substance  at  a  temperature  7\.  If  we  please,  Iiowcvcr,  we  may 
say  that  -  //^  is  the  heat  yiven  fo  the  vvorkiiii^  substance  at  a  temperature 
7'y  In  this  case  we  may  put  in  words  the  fact  represented  by  equation 
(l)  as  follows  : — In  a  Camol  cycle  the  sum  of  the  quotients  of  the  heal 
given  to  the  working  substance  by  the  temperature  at  which  the  trans- 
ference of  heat  lakes  place  is  equal  to  zero.  But  we  have  seen  that  any 
closed  cycle  can  be  represented  as  the  sum  of  a  number  of  Carnot  cycles, 
so  tUal  we  may  say  that  in  any  closed  cycle  the  sum  of  the  quotients  of 
all  the  quantities  of  heat  given  to  the  working  substance  divided  in  each 
case  by  the  temperature  at  which  the  transference  takes  place  is  zero,  or, 
using  the  symbol  2  for  *'  the  sum  of," 

Suppose  that  the  conditions  of  the  working  substance  are  represented 
by  the  point  A,  Kig.  213^,  and  that  after  a  certain  iransfomiation  the 
conditions  arc  represcntcti  by  the  point  C 
Now,  from  what  has  been  said  in  pre- 
vious sections,  it  is  obvious  that  ihe 
quantity  of  heat  which  has  been  supplied 
to  (or  abstracted  from)  the  working  sub- 
stance, as  is  passed  from  the  condition  A 
lo  that  of  H,  depends  not  only  on  the 
co-ordinates  of  A  and  B,  i.e.  the  values  of 
ihe  pressure,  volume,  and  temperature  at 
ihe  points  A  and  R,  but  also  on  the  ptith 
along  which  the  transfonnaiion  took  place. 
Thus  the  quantity  of  heat  which  would 
have  to  be  supplied  to  pass  along  the 
path  ABC  would  be  different  from  the 
quantity  which  would  have  to  be  supplied 
to  pass  along  a  DC.     Since,  however,  if  we  take  abcda  as  a  closed  cycle, 


B 


Volume 


Fia  2x3^. 


we  have  that  2  ■ 


o,  it  follows  that  the  value  of  2  _,  for  one  portion  ABC 


of  the  cycle  is  exactly  equal  and  opposite  lo  its  value  for  the  portion  CDA. 
In  other  words,  the  value  of  S  —  for  the  path  ABC  is  the  same  as  the 

value  of  2  y  for  the  path  ADC.  Thus  although  the  total  quantity  of 
heat  (2//)  which  h;is  to  be  supplied  to  pass  from  a  to  c  varies  with 
the  path,  the  quantity  2  --  does  not  depend  on  the  path,  and  only  de- 
pends on  the  initial  and  final  conditions  of  the  working  substance.  If 
the  point  A  corresponds  to  a  stale  of  the  working  substance,  which  we 
take  aa  a  standard,  o"  C  ,  and  a  pressure  of  76  cm.  of  mercury ^i  sa>j ,  vcv  'Cw^ 


k 


342 

case  of  a  gaseous  working  substance,  then  however  we  change  from  the 

LI 

State  A  to  the  state  C,  the  value  of  the  sum  2  —  during  the  process  will 

be  the  same.     Hence  we  may  consider  the  quantity  2  -    as  an  attribute 

of  ihc  working  substance  considered  when  it  is  in  the  state  represented 
by  the  point  n,  just  as  we  look  upon  the  energy  of  a  body  when  under 
any  given  conditions  as  being  an  atlributc  of  the  btxly,  and  just  as  the 

quantity  of  energy   is   tjuitc  independent  of  the  manner  in  which  the 

It 
energy  was  acquired^  so  the  value  of  1  ^  is  quite  independent  of  the 

manner  in  which  the  Ixidy  has  passed  from  the  standard  slate  to  the 
state  indicated  by  the  point  B.     Hence  a  niimc  has  been  given  to  this 

quantity,  and  the  value  of  the  sum  £-y.  obtained  as  the  body  passes 

from  some  standard  state  A,  which  is  taken  as  the  zero  to  the  state  B,  is 
called  the  entropy  of  the  boily  in  the  state  U. 

Thus  if  we  supply  a  body  with  a  quantity  of  heat  //,  the  temperature 
of  the  body  being  /*,  we  are  said  to  increase  the  entropy  of  the  Ixwly  by 
an  amount  ////'.  If  a  body  undergoes  an  adiabatic  change,  since  no 
heat  is  supplied  to  or  abstracted  from  the  body  ihroughoui  the  change, 
the  quotient  ///T"  is  zero  througliout,  so  that  no  chanj^c  in  the  entropy 
of  the  body  takes  place.  For  this  reason  the  adiabatic  cur\'es  are 
sometimes  called  the  isentropic  curses  for  a  substance.  During  an 
isothermal  change,  since  T  is  constant,  the  change  in  entropy  of  the 
working  substance  is  numerically  equal  to  the  quantity  of  heat  given  to 
the  working  substance  divided  by  the  temperature. 

If  we  lake  the  temperature  and  entropy  as  co-ordinates  and  draw  a 
curve  showing  the  connection  between  these  two  quantities  for  a  given 

working  substance,  then  from  the 
diagram  thus  obtained  we  can  de- 
duce the  quantity  of  heat  supplied 
to  the  substance.  Thus  in  Fig.  213^ 
let  the  curve  AB  represent  the 
change.  Then  we  may  suppose  this 
cun'c  replaced  by  a  stepped  curve 
ACDEF,  &c.,  in  which  the  vertical 
parts  of  the  stepped  cur\'es  are 
iscnlropics,  for  along  ihcm  the 
entropy  is  constant,  and  the  hori- 
zontal portions  are  isothermals. 
Now  the  change  in  entropy  of  the 
^  working  substance  between  C  and 

D  is  represented  by  MM^^  and  hence  if  T,  is  the  temperature  MC^ 
and  //|  is  the  heat  supplied  along  the  path  CD,  we  have,  since  the 


t 

i 

\ 

o: 

c 

\ 

D 

3 

A 

t 

1- 

X 

< 

E 

X 

.p 

tt 

\ 

s]'^ 

Ui 

^Sw 

a 

^^^ 

SB 

M    M, 
ENTROPY 
Fia  8i3f. 


§»6s] 


Dimensions  of  Thermal  Quaniities 


343 


change  in  entropy  is  equal  to  the  quotient  of  the  heal  supplied  by  the 
temperature, 

change  of  entropy = MM-^ — HJ 7\, 
or  H^^T^y^iMM^. 

But  Tx  X  AfMy  is  the  area  of  the  rcclan^'le  CM  M^  D.  Hence  the  heat 
supplied  wliile  the  working  substance  undergoes  the  change  CD  is  rcpre- j 
scnted  by  the  area  of  the  figure  CM  Af^  E,  Hence,  as  there  is  no  heat 
supplied  alonjf  the  vertical  portions  of  the  stepped  path,  since  they  arc 
isentropics  or  adialxiticSi  we  can  show  by  taking  a  sufificiently  large 
number  of  steps  that  the  heal  supplied  lo  the  working  substance,  as 
it  passes  from  A  lo  B  along  the  curve,  is  represented  by  the  areas  in- 
cluded between  this  curve,  the  ordinates  through  A  and  li,  and  the 
axis  of  entropy.  • 

In  the  above  discussion  we  have  supposed  that  all  the  processes  are 
reversible,  lliat  is,  that  no  irreversible  processes,  such  as  conduction, 
convection,  &c.,  lake  place.  In  practice,  however,  we  are  umibic  to 
secure  the  absence  of  irreversible  effects,  and  owing  to  conduction, 
radiation,  and  convection  the  temperatures  of  the  various  parts  of  a 
system  tend  to  become  equalised.     Now,  if  a  body  at  a  temperature   7\ 

loses  a  quantity  of  heat  6//,,  its  entropy  is  reduced  by  an  amount  -     *, 

If  this  heat  is  communicated  lo  a  neighbouring  body  at  a  lower  tem- 
perature 'I\  by  conduction,  5:c.,  the  entropy  of  this  body  is  increased 

by  an  amount   -=J,     But  7",  is  greater  than   T^  or  conduction  would 

Km  Khf 

not  take  place  ;  hence  -=-l  is  less  than  -™-'»  or,  in  other  words,  the  in- 

/|  /g 

crease  in  the  entropy  of  the  colder  body  is  greater  than  the  loss  of  ilie 
entropy  of  the  hotter,  so  that  the  entropy  of  ihc  system  which  comprises 
the  two  bodies  has  increased.  The  effect  of  conduction,  convection,  and 
radiation  is  thus  to  equalise  the  temperature  of  the  dift'erent  portions  of 
the  universe,  and  at  the  siimc  time  lo  increase  its  entropy. 

265.  Dimensions  of  Thermal  Quantities.— We  have  used  two 
distinct  units  of  quantity  of  heat.  One  of  these,  the  calorie,  depends  on 
the  thermal  capacity  of  water,  and  on  the  scale  of  temperature  adopted, 
as  well  .IS  on  the  unit  of  mass.  The  other,  the  erg,  simply  dejiends  on 
the  fundamental  units  of  mass,  length,  and  lime,  and  has  the  dimensions 
\Ml}T~'^.  If  Q  represents  a  certain  quantity  of  heat  measured  in 
calories,  and  H  ihe  same  quantity  measured  in  ergs,  then  by  the  first 
law  of  ihcrmo-dynamics  we  have 

where /is  the  mechanical  equivalent. 
Therefore  [  H\ = \ML''  T''\  =  [/gj 
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Now  in  §  251  we  have  seen  that  the  value  ofy  depends  on  the 
scale  of  temperature  adopted,  since  the  value  of  (2  depends  on  this  scale. 
Hence  the  dimensions  ofy  depend  on  the  temperature  scale.  We  do 
not,  however,  know  the  dimensions  of  temperature,  as  measured  on  the 
ordinary  jjaa-themiomctor  sotle,  in  terms  of  the  fundiimental  units  of 
length,  mass,  and  time,  and  so  we  are  reduced  to  using  a  symbol  [&]  for 
the  unknown  dimensions  of  temperature.  Since  the  thermal  unit 
depends  on  the  niass  of  water  taken,  as  well  as  on  the  unit  of  tem- 
peralui-e,  we  have 

Hence  [A=^V2-''  ^f/JT'•q 

The  symbol  0  here  plays  the  f»ari  ai  a  fourth  fundamental  unit,  and 
Professor  Rucker  has  proposed  to  call  it  a  secondary  funtUtmental  unit. 
There  is  no  doubt  that  it  is  only  the  limit  of  our  knowledge  as  to  the 
nature  of  tcmpcrattire  which  prevents  our  expressing  \fi\  in  terms  of 
[A],  [;I/J,  and  \T\  For  instance,  we  have  in  g  257  supposed  that  in 
the  case  of  a  gas  the  temperature  is  proportional  to  the  mean  kinetic 
energy  of  translation  of  the  molecules.  Hence  we  might  measure 
temperatures  by  the  mean  kinetic  energy  of  a  molecule  of  a  gas  when  at 
that  temperature,  and  we  should  on  this  scale  have 

As  yet,  such  a  method  of  measuring  temperature  is  not  warranted  by 
our  knowledge  of  the  molecular  conditions  of  gases,  to  say  nothing  of 
liquids  and  solids.  It  is,  therefore,  better  to  retain,  when  dealing  with 
dimensional  fonnuhe  involving  temperature,  the  symbol  \Gi\  for  the 
dimension  of  the  unit  of  tempeniture. 

Since  specific  heat  is  the  quantity  of  heat  required  to  raise  unit  mass 
through  a  temperature  of  one  degree. 


or 


W=[j/ty]/[j/^]=i. 


So  that  specific  heat  has  no  dimension,  and  is  therefore  a  mere  number. 
This  is  at  once  evident,  if  we  remcml>er  that  specific  heat  may  also  be 
defined  as  the  ratio  of  the  heat  required  to  raise  a  given  mass  of  the 
substance  through  a  given  range  of  temperature,  to  the  heat  required  to 
raise  an  equal  mass  of  water  through  the  same  range. 

Latent  heat  being  the  quantity  of  heat  required  to  convert  unit  mass 
of  the  substance  from  one  stale  to  the  other, 

W=[(3]/['"]=[«]. 


§  265]  Dimensions  of  Thermal  Quantities 

Since  the  coefficients  of  expansion  are 
Increase  of  length  {or  volume) 


m 


Original  length  (or  volume)     Increase  in  TempercUuri 

we  have  [a]=[-^ll[^^]=[^M 

[y]=t^3]/[Z36]=[^i]. 

The  quantity  of  heat,  Q^  which  passes  in  a  time,  /,  through  a  slab  of 
area  A^  thickness  d  and  conductivity  k^  when  the  difference  of  tem- 
perature between  the  opposite  faces  is  ^,  is  given  by 


Therefore 


Q^ktBAld, 
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WAVE-MOTION  AND  WATER  WAVES 

266.  Wave-Motion.— We  liavc  in  Book  1,  chap.  vii.  considered  the" 
periodic  moiion  K>i  n  biii^le  partiilc  or  rij^icl  botly  ;  wc  have  now  to  con- 
sider in  some  detail  the  resuhant  (notion  when  the  various  particles  of  a 
medium  are  executing  periodic  motions,  ))Ut  the  phase  (§  50)  of  (he 
motions  of  the  various  p;irtic)es  is  not  the  same  for  all,  but  are  related  to 
one  another  in  certain  detinite  ways. 

Suppose  we  have  a  number  of  particles  arranj,'ed,  when  at  rest,  at 
ec|ual  distances  alony  a  line  Ab  (Kig.  214),  and  that  these  particles  all 
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Fig.  314. 

execute  S.H.M.'s  (§  50)  of  equal  amplitude  and  period  along  lines  at 
right  angles  to  AB,  but  in  such  a  way  that  the  phase  of  each  successive 
particle,  counting  from  A»  differs  from  i!iat  of  the  preceding  particle  by  a 
constant  amount. 

Thus  if  the  constant  diflferenre  in  jihnse  is  30',  when  the  particle  I  is 
at  its  median  position,  the  position  of  the  others  will  be  as  shown  by  the 
dots  in  the  figure.      The  displacement  of  particle  2  at  any  moment  is 

equal  to  the  displacement  of  particle  i  at  1/12  of  the  periodic  time  (7*) 

J46 
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later,  since  30'  is  1/12  of  36o^     Similarly,  particle  3  is  displaced  to  the 
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amount  that  particle  i  will  be  at  2  7712  from  the  start,  and  so  ocu    H.^^^^ 
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the  curve  drawn  through  the  positions  of  the  particles  ac  any  instant  will 

be  a  harmonic  curve  (%   52).      Particle  13  will  at  ever>'  moment  be  in 

exactly  the  same  state  as  particle  1,  particle  14  as  particle  2,  and  so  on  ; 

for,  as  their  phases  differ  by  a  whole  period,  they  will  be  equally  displaced 

and  mo^tjui^ in  the  same  dinution. 

In  Fij.  215  the  positions  of  the  particles  are  shown  at  successive 

T  ... 

intervals  of    -  up  to  half  a  complete  vibration  from  the  positions  depicted 

in  the  first  line,  the  direction  of  motion  at  the  given  instant  being  indi- 
cated by  an  arrow-head.  It  will  be  seen  that  the  cur\*e  drawn  through 
the  panicles  can  in  each  case  be  obtained  by  displacing  the  cur\'e  for 
the  preceding  configuration  to  the  right,  and  hence,  as  the  motion  goes 
on,  the  curve  ronneriing  the  particles  appears  to  move  steadily  to  the 
right.  The  distance  through  which  it  moves  during  one  complete  period 
of  one  of  the  moving  particles  is  equal  to  the  distance  between  two 
particles  which  are  moving  at  every  instant  in  the  same  direction  and 
arc  equally  displaced  on  the  same  side  of  their  mean  positions.  This 
distance  through  which  the  curve,  called  in  this  case  a  wave,  moves 
during  a  complete  period  of  one  of  the  moving  particles  is  called  the 
uuivc'Un^th  of  the  motion.  Tlie  wave-length  may  also  be  defined  as  the 
distance  between  one  panicle  and  the  next  one  that  is  displaced  from  its 
mean  position  to  the  same  extent  and  is  moving  in  the  same  direction, 
that  is,  between  two  consecutive  particles  which  are  in  the  same  phase. 
Thus  in  Fig.  214  the  wave-length  is  equal  to  ac  or  nn 

Although  the  form  of  the  wave  is  similar  to  the  hannonic  curve,  it 
must  be  remembered  that  the  hannonic  cur\'e  represents  the  successive 
displacements  of  a  single  panicle*  the  abscissae  representing  time,  while 
the  wave-form  curve  represents  the  simultaneous  positions  of  a  number 
of  particles,  the  abscissa;  being  the  distance  of  the  mean  positions  of  the 
particles  measured  from  some  fixed  point.  However,  as  all  the  panicles 
move  in  exactly  the  same  way,  and  in  one  w-hole  wave-length  we  shall 
have  an  example  of  a  panicle  in  evciy  phase  of  this  motion,  we  may  look 
upon  the  wave-curve  as  also  showing  us  what  the  displacement  of  each 
particle  will  be  at  different  times. 

A  point  on  the  M*avc  such  as  K  (Fig.  214),  at  which  the  particle 
is  at  its  maximum  positive  displacement,  is  called  a  i'fv.v/,  while  a 
point  such  as  D  or  E,  where  the  displacement  has  its  maximum  nega- 
tive value,  is  called  a  frou^h.  The  positions  of  the  crests  and  troiighb 
appear  to  travel  towards  the  right  as  the  motion  of  the  particles 
continues. 

This  Iranslatory  motion  of  the  wave  is  not  accompanied  by  the  trans- 
lation of  the  particles  themselves,  that  is,  although  each  particle  moves 
to  and  fro  along  its  own  little  path,  yet  its  mean  position  during  a 
Citmplcte  oscillation  remains  unaltered.  \Vc  may,  therefore,  define  a 
wave  as  a  fonn  or  disturbance  which  travels  through  a  medium,  and  is 
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due  lo  ihe  parts  of  the  medium  performing  in  succession  certain  periodic 
motions  about  their  mean  positions. 

In  the  case  of  wave -motion  considered  above,  the  particles  all 
vibiaied  ai  right  angles  lo  the  direction  in  which  the  wave  moves,  and 
this  form  of  wave-motion  is  said  to  be  due  \<y  trattsri'trsc  vibraliotts.  If 
the  motion  of  each  partiric  takes  place  in  the  direction  in  which  the 
wave  moves,  then  the  vibration  is  said  to  be  hmgiittdimiL 

At  AB  (Fig.  216)  the  undisplaced  positions  of  the  particles  are  shown.. 
If  each  particle  now  executes  a  S.H.M.  in  the  direction  AB,  the  period 
and  amplitude  being  the  same  for  all,  but  the  phase  of  each  particle 
being  30^  behind  thai  of  the  preceding  particle,  then  when  particle  i  is 
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passing  through  its  mean  position  and  moving  towards  the  right,  it:)  will 
represent  ihc  positions  of  the  other  panicles.  The  positions  of  the 
particles  are  also  shown  at  successive  intervals  of  1/12  of  the  period  of 
the  S.H.M.  of  each  particle  for  half  a  complete  period. 

In  this  form  of  wave-motion  the  distances  between  adjacent  particles 
alter,  so  that  the  particles  are  alternately  crowded  together  and  spread 
out-  A  point  where  al  any  instant  the  crowding  together  is  a  maximum 
is  called  a  condensation,  while  a  point  where  the  distance  ^x^tween 
adjacent  particles  is  a  maximum  is  called  a  rarefaciion.  TTiese  play  the 
same  parts  in  longitudinal  wave-motion  as  do  the  crests  and  troughs  in 
transverse  wave-motion. 

The  definition  of  wave-length,  given  with  reference  to  transverse 
vibrations,  applies  also  to  longitudinal  vibrations.  The  most  convenient 
manner  of  studying  longitudinal  vibrations  is  to  employ  a  curve  of  which 
the  ordinates  indicate  the  displacements  from  their  mean  positions  of  the 
different  particles  at  any  time.  Such  a  curve  is  obtained  if,  at  the  mean 
or  undisturbed  position  of  each  particle,  wc  erect  a  peqKmdicular  in  the 
positive   or   negative   direction   according  as   the   displacement   of   tKt 


Wave-Motion 


[§*67 


particle  is  in  the  positive  or  negative  direction,  and  having  a  height 
equal  to  ihc  displacement  of  ihe  particle  from  iis  mean  position.  The 
curve  obtained  by  joining  the  extremities  of  these  ordinaies  is  shown  at 
EFC.  (Fig.  216),  the  corresponding  positions  of  the  disturbetl  and  undis- 
turbed particles  being  shown  at  UK  and  AU.  This  curve  is  a  liarmonic 
cur\*e,  and  the  points  where  the  cur\'e  cuts  the  axis  correspond  to  the 
places  where  the  panicles  are  most  crowded  together,  or  most  spread 
put.  For  at  F  the  particle  7  Is  at  its  mean  position,  while  the  particle  6 
is,  since  the  corresponding  ordinate  it/i  of  the  curve  is  positive,  displaced 
to  the  right  by  an  amount  equal  to  ihis  ordinate,  and  the  particle  S  is  to 
the  left  of  its  median  position  by  an  amount  equal  tn  the  ordinate  fti  oi 
the  curve  ;  so  that  the  panicles  are  here  crowded  together.  In  the  same 
way  the  particles  at  F.  and  o  are  separated  to  a  maximum  extent.  Henco 
F  corresponds  to  a  condensation,  while  E  and  t^  correspond  to  rarefac- 
tions. The  distance  between  two  adjacent  rarefactions,  such  as  F.  and  O, 
or  between  two  condensations,  is  equal  to  the  wave-Iengih  of  the  wave- 
motion,  w'iilc  the  distance  between  a  rarefaction  and  the  adjacent 
condensation  is  equal  to  half  a  wavi-lcngth. 

267,  Velocity  of  Propagation  of  a  Wave— Frequency. -The 

speed  at  whicli  the  crest  or  trough  in  the  case  of  a  transverse  wave,  or 
the  rondcnsalion  or  rarefaction  in  a  longitudinal  wave,  moves  through 
the  ntedium  is  called  the  velocity  of  propagation  of  the  wave-motion. 

While  particle  4  in  Figs.  2 14  and  215  is  making  a  complete  oscillation, 
the  trough  of  the  wave  will  travel  lo  the  right  to  particle  16,  that  is, 
through  a  distance  equal  lo  the  wave-length,  X.  In  the  same  way,  while 
particle  I  (Fig.  216)  is  making  a  complete  oscillation,  the  condensation  will 
iriivel  from  C  to  D,  tiiat  is,  through  a  distance  equal  to  the  wave-length. 

llencc  if  7'  is  the  time  each  panicle  takes  lo  complete  one  oscillation, 
in  this  lime  the  wave  will  move  through  a  distance  equal  lo  the  wave- 
length. Thus  if  z'  is  the  velocity  of  ]>ropagation  of  the  wave,  we 
have —  ,  ,„ 

v=x/7; 

Each  lime  that  particle  lo  (Fig.  214)  reaches  its  maximum  positive 
elongation,  a  crest  will  be  passing  at  F^  so  that  the  interval  between 
the  passaj^je  of  two  successive  crests  is  7*.  Thus  if  n  is  the  number 
of  crests  which  pass  /•'  in  a  second,  we  have  «=i/7".  The  same 
remark  applies  lo  any  other  p.irticle,  whethrr  the  motion  is  transverse 
or  longitudinal,  and  the  quantity  rt  is  called  the  frequency  of  the  waves. 
Thus 

T'-WX. 

The  velocity  with  which  a  group  of  waves  moves  into  an  undisturbed 
portion  of  the  medium  is  not  necessarily  equal  to  the  velocity  of  the 
individual  waves.  Thus  in  the  case  of  gravitational  waves  on  a  liquid, 
the  individual  waves  travel  twice  as  fast  as  does  the  front  of  ihc 
disturbance.     Thus  if  wc  watch   a   short   train  of  waves  moving  into 
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still  water,  the  waves  will  appear  to  move  through  the  group,  dyinj^ 
out  in  fronr,  and  fresh  waves  appearing  in  ihc  rear  of  the  Rroup.  It  can 
be  shown  that  whenever  the  velocity  of  the  waves  varies  with  the  wave- 
length, the  group  velocity  is  different  from  the  wave  velocity. 

The  study  of  waves  being  of  very  great  importance  in  physics — for, 
as  we  shall  see,  sound,  light,  radiant  heat,  and  many  electro*magnetic 
phenomena  are  propagated  by  wave-motions — it  will  be  advisable  to 
spend  some  lime  considering  this  form  of  n»otion.  It  will  add  to  the 
interest,  and  also  to  the  clearness,  of  the  study  of  a  wave-motion  if  we 
illustrate  the  various  points  by  reference  to  some  particular  form  of 
wave-motion.  Now  the  waves  which  constitute  sound,  light,  and  heat 
are  invisible,  and  so  for  the  purposes  of  illusiraiion  it  will  be  better  to 
consider  the  waves  which  may  be  produced  at  the  surface  of  a  liquid,  for 
such  waves  may,  with  suital)le  arrangements,  be  seen  by  the  eye. 

268.  Waves  on  the  Surface  of  a  Liquid.  -In  order  that  a  wave 

may  be  formed,  it  is  neces.sar)'  that  the  successive  particles  which 
constitute  tlic  medium  in  which  the  wave  is  propagated  should  each  in 
succession  go  through  a  periodic  motion.  Now  when  considering  the 
motion  of  a  pendulum  (J  112),  we  sliowed  that  the  reason  it  executes  its 
periodic  motion  is  that,  when  the  lx)b  is  displaced,  a  force  acts  on  the 
bob  tending  to  bring  it  back  to  its  position  of  rest.  Hence  when  dealing 
with  the  production  of  a  wave-motion  in  a  medium,  we  must  consider 
how  the  force  of  restitution  on  the  particles  of  the  medium,  which  is 
ncccssar>'  for  the  production  of  the  periodic  motion  of  these  particles, 
is  brought  about.  Let 
AB  (Fig.  217)  represent 
the  plane  surface  of  a 
h<|uid  at  rest.  Now 
suppose  hysomemeans 
we  cause  the  liquid  to 
be  heaped  up  in  the 
form  I'F.F,  or  scooped  out  into  a  hollow  FGH,  so  that  the  lic|'iid  particles  are 
displaced  from  their  positions  of  rest.  Then,  owing  to  the  action  of  gravity, 
the  particles  in  the  portion  itKF  of  the  liquid  will  move  back  towards  the 
level  surface  AH,  while  the  particles  which  have  been  forced  down  owing  to 
the  production  of  the  ho]low  Fi;it  will  move  up.  Thus  when  the  particles 
of  a  liquid  are  moved,  so  that  a  portion  of  the  surface  is  displaced  cither 
above  or  below  the  level  of  the  general  surface,  owing  to  gravity  a  force 
will  act  lending  to  bring  the  surface  back  to  its  undisturljed  position. 
We  have  therefore  the  conditions  suitable  for  the  production  of  waves 
on  the  surface  of  the  liquid,  and  the  existence  of  these  waves  being  due 
to  Ihc  action  of  gravity,  they  are  called  gravitational  waves.  The  large 
waves  seen  on  the  surfarc  of  the  sea  are  well-known  examples  of  gravi- 
tational waves.  Gravity,  as  was,  however,  first  pointed  out  by  Lord 
Kelvin,  is  not  the  only  cause  tending  to  bring  the  surface  of  ilie  liquid 
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back  to  its  undisturbed  position.  There  is  a  second  cause  acting, 
namelys  tbe  surface  tension  (§  157)  of  the  surface  tilni  of  the  liquid. 
This. surface  tension  acts  as  if  there  were  a  thin  elastic  membrane 
sixetched  over  the  surface,  and  it  is  evident  that  the  effect  of  such  a 
stretched  membrane  will  be  to  lend  to  flatten  down  the  portion  DEF  of 
the  disturbed  surface  of  the  liquid,  and  to  level  up  the  portion  FGH,  so 
thnt  in  the  surface  tension  we  have  also  a  force  of  restitution  acting  on 
the  displaced  liquid  particles  We  have  seen  in  ji  138  that  the  pressure 
due  to  the  surface  tension  increases  with  increase  of  the  curvature  of  the 
surface,  so  that,  since  the  magnitude  of  the  surface  tension  is  small,  it  is 
only  when  we  are  dealinfj  with  waves  in  which  the  cur\'aturc  is  very  great 
that  we  need  take  ncfount  of  surface  tension. 

It  can  be  shown/  alihouyli  to  do  so  would  lead  us  beyond  the  scope 
of  iliis  IkdoIc,  that  if  v  is  the  velocity  of  a  wave  along  the  surface  of  a 
liquid  of  which  the  depth  is  not  less  than  the  wave-length  X,  and  p  and  /* 
arc  the  density  and  surface  tension  of  the  liquid,  then 

2n        hp 

From  this  expression  it  follows  at  once  that  if  the  wave-length  X  is 
great,  the  fraction  zn'/jXp  is  small  compared  to  jij'A/ajr,  and  hence  may 
be  neglected.  The  fact  that  A  is  great  shows  that  the  curvature  of  the 
surface  must  be  small,  so  that  this  result  is  what  we  should  expect.  On 
the  other  hand,  if  X  is  small,  then  27r7'/X/»  is  great  compared  tojfX;2ir,  so 
that  in  this  case  surface  tension  plays  the  important  part  in  the  propa- 
gation of  ihe  waves.  Such  waves,  in  which  the  greater  part  of  the  force  of 
restitution  is  due  to  surface  tension,  are  called  capillary  waves  or  ripples. 

For  waves  of  wave-length  greater  than  about  4  inches  or  10  cm.  the 
term  2irT/\p  may  be  neglected,  while  for  waves  of  wave-length  less 
than  o.  I  inch  or  3  mm.  the  tcnn  j^'^/zn  may  be  neglected.  For  waves 
having  wave-lengths  between  these  two  limits,  we  have  to  take  into 
account  both  the  effect  of  gravity  and  of  surface  tension. 

Since  the  velocity  due  to  gravity  alone  increases  as  X  ittctrascs^  and 
that  due  to  surface  tension  alone  increases  as  X  tii'cre<ises,  it  follows  t)iai 
there  must  be  a  certain  wave-length  for  which  the  velocity  is  a  minimum. 
For  wave-lengths  less  than  this  critical  value  the  surface  tension  has  the 
prpdoiainating-  influence,  and  thercfitre  the  velocity  increases  as  X  de- 
creases, as  shown  by  the  left-hand  branch  of  the  curve  (Fig,  218X'  which 

'  Tlic  case  where  graviey  ahne  is  sup[}o&cd  to  act  is  considered  in  §  277. 

3  In  ordrc  to  show  a  considerable  raiiRe,  instead  of  taking  einial  lengths  nlong  the 
axes  to  correspond  with  equal  increments  in  ihc  wave-lengih  and  ii»e  velocity  respec- 
tively, ill  the  figure  equal  lengths  along  th«*  nxc*  corrpspnnd  lo  equal  increments  tn  the 
logarithms  of  these  quantities.  The  scalrs  have,  however,  been  numtjered  so  that 
wc  read  off  the  wavc-lenjjth  ami  velocity  direct.  For  an  account  of  this  method 
of  plotting  curves,  a  paper  by  Prof  C.  V.  Boys,  in  feature  for  July  18,  1895,  may  t>e 
consulted. 
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gives  ihe  velocity  of  waves  of  different  wave-lengths  in  water.  For 
wave-lengths  greater  than  the  critical  value,  gravity  plays  the  important 
part,  and  the  velocity  increases  as  X  increases,  as  shown  by  the  right- 
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hand  hranch  of  the  curve.  F'or  water  the  minimum  velocity  is  23  cm. 
per  second,  or  9  inches  per  second. 

269,  Gravitational  Waves.— In  ihe  case  of  waves  for  which  the 
wave-length  X  is  so  great  that  wc  may  neglect  the  effect  of  surface 
tension,  we  have 

It  wll  be  observed  that  the  density  of  the  liquid  is  not  involved  in 
the  expression  for  the  vtlucily.  The  reason  for  this  is  the  same  as  that 
which  explains  why  it  is  that  the  period  of  a  pendulum  is  independent  of 
the  mass  of  the  bob,  namely,  that  although  the  mass  of  the  liquid  to  be 
moved  is  proportional  lo  the  density,  yet,  since  the  force  of  restitution  is 
also  proportional  to  the  density,  for  it  is  the  weight  of  the  raised  portion 
of  the  liquid,  the  ratio  of  the  force  of  restitution  to  the  mass  to  be  moved 
is  the  same  for  all  liquids,  and  therefore  the  velocity  of  the  waves  is  the 
same- 

If  the  depth  of  the  liquid  is  considerably  less  than  the  wave-length, 
the  velocity  is  less  than  that  given  above,  and  is  given  by 

where  d  is  the  depth  of  the  liquid.  One  effect  of  this  decreased  velocity 
in  shallow  water  is  to  make  the  waves  in  the  neighbourhood  of  a  shelving 
beach  always  move  In  a  direction  perpendicular  lo  the  shore,  although 
at  sotiie  distance  out  to  sea  they  may  be  moving  in  quite  a  different 
direction.  The  reason  is  that  when  a  wave  which  is  moving  in  a 
direction  inclined  to  the  shore-line  reaches  shallow  water,  the  end  of  the 
wave  which  first  reaches  the  shallow  moves  more  slowly  than  the  parts 
which  are  still  moving  in  deep  water.  Thus-  the  wave  gradually  wheels 
round  till  it  becomes  nearly  parallel  to  the  shore. 
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In  the  case  of  a  wave  in  deep  waier,  the  individual  particles  of  the 
water  describe  circles  in  vertical  planes  as  illustrated  in  Fig.  2ig, 
where  the  form  of  the  wave  is  shown  at  two  instants  corresponding  to 
an  intcr\'al  of  one-twelfth  of  the  periodic  time.  Thus  when  a  particle  is 
on  the  crest,  a,  of  the  wave,  it  is  moving  in  tlic  direction  in  which  the 
wave  is  moving,  while  when  it  is  in  the  trough,  H,  it  is  moving  in  the 
opposite  direction  to  that  in  which  the  wave  is  moving.  As  we  go  down 
from  the  surface  the  particles  still  move  in  circles,  but  the  radii  grow 
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smaller  and  smaller,  till  at  a  depth  equal  I0  the  wave-length  the  radius 
of  the  circles  is  only  about  1 /5ooih  of  what  it  is  at  the  surface.  In 
shallow  water  the  paths  of  the  individual  particles  are  ellipses  with 
their  major  axes  horizontal.  In  this  case  the  horizontal  axes  of  the 
ellipses  are  approximately  the  same  for  particles  at  all  depths.  The 
vertical  axes,  however,  decrease  with  the  deptli,  till  at  the  bottom  they 
vanish,  and  the  particles  move  backwards  and  forwards  along  straight 
lines. 

When  the  height  of  ibe  crest  of  a  wave  above  the  undisturbed  level 
of  the  water  is  equal  to  the  depth  of  the  undisturbed  water  at  the  pointy 
the  particles  at  the  crest  will  be  moving  forward  with  the  same  velocity 
as  the  wave,  and  the  wave  will  be  unstable  and  **  break."  As  a  wave 
comes  into  sliallow  water  the  wave-length  decreases,  for  the  velocity 
decreases  as  the  depth  of  water  decreases,  and  the  frequency  (w)  must 
remain  the  same,  that  is,  the  number  of  waves  which  pass  a  given  point 
in  one  second,  and  v  =  nK  The  cft'ect  of  this  bhortening  of  the  wave- 
length is  to  make  the  amplitude  of  the  waves  greater.  This  goes  on, 
till  finally  the  unstable  condition  is  reached,  and  the  wave  breaks. 

270.  Capillary  Waves.— In  the  case  of  waves  of  which  the  wave- 
length is  less  than  4  mm.,  we  have 

Here  both  7"  and  p  depend  on  the  nature  of  the  liquid,  so  that  the 
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velocity  of  capillary  waves  is  different  in  different  liquids. 
frequency  of  the  waves, 
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If  w  is  the 


and 
or 


Thus  if  the  frequency  n  is  known,  and  we  measure  the  wave-length, 
we  can  calculate  the  surface  tension  T.  Lord  Rayleigh  has  used  this 
method  for  measuring  the  surface  tension.  The  waves  were  produced 
by  a  fine  style  attached  to  the  prong  of  a  tuning-fork  which  dipped  into 
the  liquid.  Thus  the  frequency  of  the  waves  was  equal  to  the  frequency 
of  the  fork,  and  was  therefore  known. 

271.  Interference  of  Waves.— If  we  have  two  systems  of  waves 
passing  over  the  same  surface  of  water,  each  will  produce  the  same 
effect  as  if  it  were  alone  present,  so  that  the  actual  displacement  of  any 
surface  particle  of  the  water  at  a  given  instant  is  the  algebraical  sum  of 
the  displacements  It  would  have,  at  that  instant,  due  to  each  set  of  waves 
separately.  The  resultant  motion  is  thus  obtained  by  compounding  the 
two  separate  wave-motions,  just  as  in  §  54  we  obtained  the  resultant 
motion  of  a  point  when  moving  with  two  simple  harmonic  motions. 

This  separate  existence  of  two  sets  of  waves  is  one  of  everyday 
observation,  when  two  stones  are  thrown  into  still  water.  Each  stone 
will  produce  a  set  of  waves  which  travel  out  in  ever-widening  circles,  and 
the  circular  waves  due  to  one  stone  will  pass  unchanged  through  the 
waves  due  to  the  other. 

Suppose  we  have  a  style  attached  to  one  of  the  prongs  of  a  tuning- 
fork  dipping  into  a  vessel  containing  liquid,  say  mercur>'.  When  the  fork 
is  in  motion  the  style  will  produce  a  system  of  waves  which  will  move 
out  in  circles  from  the  point  where  the  style  enters  the  mercury.  The 
radius  of  each  of  the  circular  waves  will  increase  at  the  rale  given  by 

V  -  wX, 

where  //  is  the  frequency  of  the  fork,  and  X  the  wave-length  as  given  by 
the  equation  ^-         ^.,  , 

Let  the  position  of  the  waves  at  a  given  instant  be  as  represented  by 
the  circles,  with  A  as  centre,  in  Fig.  220,  where  the  heavy  full  iines 
represent  the  crests,  and  the  heavy  dotted  lines  the  hollows.  The  waves 
in  only  half  the  circumference  are  drawn,  in  order  to  save  space.  Now, 
suppose  there  is  a  second  style  attached  to  the  same  prong  touching  the 
mercuiy  surface  at  n,  so  that  whenever  a  crest  siatts  from  A  an  equal 
crest  will  start  from  n,  and  so  on.  The  position  of  the  waves  due  to  B 
alone  are  shown  in  the  figure  by  the  light  lines,  TI)e  wave-length  and 
velocity  of  the  waves  starting  from  B  will  be  the  same  as  those  starting 
from  A.  In  order  to  obtain  the  actual  condition  of  the  surface  due  to  the 
combined  action  of  the  two  sets  of  waves,  wc  have  at  evcfy  point  to  ;^dA. 
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togeilier  the  displacements  due  lo  each  set.  Thus  at  the  point  C  we  have 
a  crest  of  each  set  of  waves,  so  that  the  upward  displacement  here  is 
twice  ihc  maximum  displacement  due  to  either  set  separately.     At  o,  in 


the  same  way,  wc  have  a  trough  due  to  each  set,  and  the  downward 
displacement  is  double  that  due  to  either  set  of  waves  alone.  At  E, 
however,  we  have  a  crest  due  to  the  waves  starting  from  A,  and  a  trough 
due  to  the  waves  starting  from  b.    The  result  is  that  the  particle  at  £  is 
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Pic.  aai. 

undisplaced*  for  the  upward  displacement  due  to  one  set  of  waves  is  just 
neutralised  by  the  downward  displacement  due  to  the  other.  In  Fig.  221 
lines  are  drawn  through  the  points  which  are  undisturbed,  while  a  +  sign 
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marks  the  points  where  ihere  is  maxuHum  upward  displacement,  and  a 
—  sign  the  points  where  there  is  a  maximum  downward  displacement. 

Next,  suppose  we  again  draw  the  figure  for  a  time  equal  to  half  a 
period  later.  Each  of  the  waves  will  have  travelled  out  through  a 
distance  equal  to  half  a  wave- 
length, and  so  a  crest  will 
now  occupy  the  position 
previously  occupied  by  a 
trough,  and  vice  versa.  Thus 
the  conditions  are  still  repre- 
sented by  Kig.  220,  where, 
however,  the  dotted  lines  now 
represent  the  crests  and  the 
full  lines  the  troughs.  The 
point  c  is  now  at  a  trough, 
and  the  point  I)  at  the  crest 
of  the  disturbance  due  to  the 
two  sets  of  waves.  The 
point  K  is,  however,  still  at 
rest,  for  now  it  is  at  the 
trough  of  a  wave  from  A.  and 
at  a  crest  of  a  wave  from  It.  It  will  also  be  found  that  all  parts  of  the 
liquid  surface  along  the  lines  drawn  in  Fig.  32 1  are  still  at  rest.  In  this 
way  it  can  be  shown  that,  owing  to  the  joint  action  of  the  two  sets  of 
waves,  we  have  certain  por- 
tions of  the  mercury  surface 
which  are  permanently  at 
rest,  although,  if  either  set  nf 
waves  acted  alone,  these 
parts  would  be  disturbed  by 
the  passage  of  waves.  This 
phenomenon,  nf  a  state  nf 
rest  being  produced  by  the 
combined  action  of  two  sets 
of  waves,  is  cal  led  tnierfernue, 
and  we  shall  find  that  it 
plays  a  verj'  prominent  part 
in  many  natural  phenomena. 

That  we  actually  do  get 
these  lines  of  no  disturbance 
in  the  case  of  capillary  waves 
can  be  seen  by  eye,  for,  although  the  individual  waves  cannot  he  dis- 
tinguished on  account  of  their  rapid  motion,  yet  the  undisturbed  portions 
of  the  surface  appear  brighter  than  the  rest,  and  we  see  a  pattern  similar 
to  Kig.  232.     If,  instead  of  looking  at  the  surface,  we  take  an  instan- 
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taneous  photograph,  then,  as  shown  in  Fij.  223,  we  see  not  only  the 
lines  of  no  disturbance  but  also  the  waves  between  these  hnes,  which  are 
due  to  ihe  combination  of  ihe  two  sets  of  waves. 

272.  Wave-Front— Ray.— Suppose  a  medium  is  disturbed  by  the  pas- 
sage of  a  system  of  waves  and  we  draw  a  curve,  if  the  waves  extend  only 
in  two  dimensions  as  is  the  case  with  water  waves,  or  a  surface,  if  the  waves 
extend  in  three  dimensions  as  is  the  case  with  sound  waves  in  free  air, 
such  that  it  everywhere  passes  through  portions  of  the  medium  which 
are  in  the  same  phase  (§  50)  of  their  vibratory  motion,  then  such  a 
Hne  or  surface  is  called  a  lumte-front.  If  in  the  case  of  water  of  uniform 
depth  a  disturbance  is  produced  at  a  point  </,  then  the  waves  will  travel 
out  in  circles  from  a  as  centre,  and  all  the  water  particles  on  the  cir- 
cumference of  a  circle  described  with  a  as  centre  will  be  in  the  same 
phase,  that  is,  they  will  be  at  equal  distances  from,  and  on  the  same 
side  of,  their  undisturbed  positions.  Thus  any  such  circle  will  be 
a  wave- front. 

A  wave  in  which  the  wave-front  is  either  a  straight  line  or  a  plane  is 
called  a  plane  wave,  while  one  in  which  the  wave-front  is  a  sphere  is 
called  a  spherical  wave. 

In  the  case  of  a  disturbance  produced  at  a  point,  it  is  evident  thai 
at  any  point  of  one  of  the  circular  wave-fronts,  the  wave  is  moving  along 
a  radius  of  the  circle,  that  is,  at  right  angles  lo  the  tangent  to  the  wave- 
front  at  the  point  considered.  This  result  is  quite  general,  so  long  as 
the  medium  in  which  the  wave  is  propagated  is  isotropic,  the  direction 
of  motion  nf  the  wave  being  always  at  right  angles  lo  the  wave-front. 

In  many  problems  we  have  only  lo  do  with  the  dtrtciion  of  motion 
of  the  ^-aves  which  are  l>eing  considered,  and  a  line  drawn,  so  as  every- 
where to  indicate  the  direction  of  motion  of  the  waves,  is  called  a  ray. 
Thus  the  rays  arc  everywhere  at  right  angles  to  the  wave-fronts.  Since 
the  waves  must  start  from  the  centre  of  disturbance — and  if  this  is  a 
point,  the  wave-fronts  arc  circles  with  this  point  as  centre — the  rays  must 
all  pass  through  the  centre  of  disturbance.  If  the  medium  is  isotropic,  the 
rays  will  be  straight  lines  ;  if,  however,  the  medium  is  not  isotropic,  then 
ihe  rays  may  be  curved. 

If  from  ever\'  y>oint  of  a  small  portion  of  the  wave-front  we  draw  a 
ray,  the  resultant  system  of  lines  is  called  ts.  pcncii  of  rays. 

273.  Huyghens's  Constpuetlon.— In  the  place  of  two  centres  of 
disturbance,  such  as  those  considered  in  §  272,  suppose  we  have  a 
number  placed  in  a  line  Alt  (Fig.  224),  where,  for  simplicity,  the  position 
of  the  crests  only  are  shown  for  three  waves  due  10  each  centre.  It  will 
be  observed  thai  along  the  lines  which  touch  the  circular  waves  due  to 
all  the  centres  of  disturbance,  the  waves  all  work  together  to  form  a 
crest,  wiiile  at  other  places  we  have  a  crest  due  lo  one  set  coinciding  wilh 
a  trough  due  to  others.  The  result  is  that,  except  along  the  tangents, 
there  will  be  very  little  disturbance.     Of  course  half-way  between  the 
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crests  we  should,  if  we  drew  the  circles  to  represent  the  positions  of  the 
troughs,  have  a  resultant  trough  which  would  also  be  a  straight  line 
parallel  to  ah.  It  will  he  understood  how,  if  the  number  of  centres  of 
disturbance  between  A  and  B  was  made  ver)'  jfreat,  the  resultant  effect 
would  be  a  series  of  waves  which  would  form  straight  lines  parallel  to 
AB,  and  would  move  out  over  the  surface  of  the  liquid  in  a  direction  at 
right  angles  to  AB.  We  have  thus  arrived  at  an  explanation  of  the 
formation  of  a  plane  wave,  that  is,  one  in  which  the  crests  and  troughs 
are  straight  lines,  and  may  look  upon  it  as  produced  by  the  action  of  an 


infinite  number  of  disturbing  centres  placed  along  the  straight  line  AH. 
Such  a  plane  wave  is  obtained  in  practice  if,  in  place  of  a  style,  we  attach 
a  flat  glass  plate  to  the  prong  of  a  tuning-fork,  so  that  the  edge  dips 
into  the  mcrcur)'.  The  construction  for  finding  the  position  of  one  of 
the  crests,  that  is,  of  the  wave-front,  at  a  time  t  by  means  of  the  tangent 
lo  a  series  of  circles,  the  radius  of  each  of  which  is  equal  to  the  space 
passed  over  by  the  wave  in  a  time  /,  is  due  to  Huyghens,  and  is  known  as 
Huyghens's  construction  for  the  wave-front.  The  centres  of  disturbance 
need  not  lie  on  a  straight  line.  Thus  suppose  they  lie  on  a^circlc  abc 
(Fig.  225),  of  which  the  centre  is  D  and  radius  I\.  If  now  from  all  points 
along  the  circum-  F 

ference  of  this 
circle  we  describe 
circles  of  radius  r, 
where  r  is  the  dis- 
tance the  wave 
willtravel  through 
in  a  time  /,  we 
shall  get  ihewave- 
fronl  at  a  time  / 
by  drawing  a  line 
touching  all  these 
circles.  This  tan- 
gent is  evidently  a  circle  of  radius  R-k-t^  having  its  centre  at  D.  Now 
if  a  disturbance  were  produced  at  p,  we  know  that  in  a  lime  R\v^  where 


Fig. 
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V  is  ihe  wave  velocity,  the  w.i\-c-front  would  be  the  circle  ABC,  while  at 
a  time  /  later  it  would  be  the  circle  efg»  so  thai  it"  we  like  we  may  look 
on  each  point  on  the  wave-front  ABC  as  being  a  centre  of  disturbance,  and 
consider  that  it  is  due  to  the  combined  action  of  these  secondary  centres 
of  disturbance  that  the  wave-front  KK(i  is  produced,  and  not  directly  by 
the  disturbance  at  n.  We  shall  find  Huyghens's  construction  of  consider- 
able use  in  future  for  finding^  the  position  of  the  wave-front  at  any  lime 
subsc<.|ucnt  to  that  .it  which  the  wave-front  has  some  given  position. 

274.  Reflection  of  Waves.— When  a  wave  meets  an  obstacle  it  is 
not  in  genera!  annihilated,  but  its  direction  of  propagation,  and  therefore 
also  its  wave-from»  becomes  altered.  This  phenomenon  is  called  re- 
flection.   Thus  suppose  at.  (Fig.  226)  represents  a  wall  limiting  a  stretch 

of  water,  and  ckd 
represents  a  wave 
moving  in  the  direc- 
tion of  the  arrow.  As 
this  wave  moves  for- 
ward, first  the  end  c 
and  then  each  part  in 
succession  will  meet 
the  wall  and  will  be 
reflected,  so  that,  in 
addition  to  the  portion 
K'li'of  the  wave  moving 
in  the  original  direction,  there  will  be  a  reflected  portion  c'e'  moving  in 
the  direction  shown  by  the  arrow  ;  while,  finally,  when  the  whole  of  the 
wave  has  been  reflected  we  shall  have  a  wave  c^'K'n",  which  will  move  ofl^ 
in  the  direction  indicated  by  the  arrow.  In  order  to  find  the  connection 
between  4he  inclination  of  the  incident  wave-front  to  the  reflecting 
surface  and  that  of  the  reflected  wave-front,  consider  the  incident  wave 
CI.  (Fig.  237),  of  which  the  end  C  has  just  reached  the  reflecting  surface 
AB.  If  there  had  been  no  reflecting  surface,  then,  when  the  other  end  of 
the  wave  L,  reached  g,  the  wave  would  have  occupied  the  position  HG, 
Let  us  start  reckoning  time  from  the  instant  when  the  wave  reaches  C, 
that  is,  from  the  instant  when  the  wave  is  in  the  position  CL,  and  suppose 
that  the  time  taken  by  the  point  K  on  the  wave  to  reach  r,  is  /,  so  that  if 

V  is  the  velocity  with  which  the  wave  moves, 


Fig.  2a6. 
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Now  each  of  the  lines  CH,  dd*',  ee^,  ff*',  are  equal  to  lg,  and  represent 
the  distance  moved  through  by  the  wave  in  the  lime  A  When  the  end  C 
of  the  wave  reaches  the  reflecting  wall,  we  may  consider  that  C  becomes 
a  centre  of  disturbance,  so  that  in  a  time  /  the  wave  produced  by  this 
centre  will  form  a  circle  of  which  the  radius  r  is  given  by  r^vt,  that 


hat  is,       ^J 
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fssUJ^CH.  Hence,  if  a  circle  is  described  with  c  as  centre  and  radius 
CH,  it  will  represent  the  position  of  llie  reflected  wave  from  the  point  C 
at  the  time  /.  Next,  consider  some  other  point  n  on  the  wave  Ic  will 
have  to  move  over  tlie  distance  dd'  before  it  meets  the  reflector,  and 
when  it  does  so,  we  may  rei^jard  it  as  becoming  a  centre  of  disturbance. 

I  Since,  if  it  were  not  for  the  reflection,  in  the  time  /,  the  point  D  on  the 
wave  would  travel  10  D'",  it  is  clear  that  in  ilie  lime  /  tlie  wave  will 
travel  up  to  d\  i.e.  through  the  distance  DD',  and  then  have  time  to  travel 
I  through  a  further  distance  equal  to  d'u'".  Therefore,  if  a  circle  is 
I  described  round  r/  as  centre,  with  i>'iV"  as  radius,  this  circle  will  repre- 
I         sent  the  position,  at  the  lime  /,  of  the  reflected  disturbance  produced  by 

the  point  n  on  the  wave. 

^H  Proceeding  in  this  way,  we  can  show  thai  the  reflected  waves  formed 

^H   by  each  point  of  the  incident  wave  meeting  the  reflecting  surface  touch 

I*        a  straight  line  MO,  for  alt  the  centres  of  the  circular  waves  lie  on  the 

straight  line  All,  and  the  circles  which  show  the  position  of  the  reflected 

waves  at  the  time  /  all  touch  the  straight  line  HG.     Hence  by  Huyghenss 

r         principle  the  line  mg  represents  the  position  of  the  reflected  wave-front 

^H    at  the  time  /  after  the  instant  when  it  occupied  the  position  ci.. 

^*  The  two  triangles  CLO,  GCM  arc  equal,  for  lg  =  c\t,  and  CG  is  common, 

and  the  angles  ci.c,  GMC  are  each  right  angles.     Hence  the  angle  LCG, 

made  by  the  incident  wave-front  with  the  reflecting  surface  AB,  is  equal  to 

the  angle  MCC,  made  by  the  reflected  wave-front  with  the  reflecting  surface 

The  line  LG  shows  the  direction  in  which  the  incident  wave  moves, 

and  is  the  incident  ray,  while  the  line  Gi.'  shows  the  direction  in  which 

the  reflected  wave  moves,  and  is  the  reflected  ray,  for  these  lines  are 

perpendicular  to  their  respective  wave-fronts.      Since  the  wave-fronts 

make  equal  angles  with  AB,  these  perpendiculars  must  also  make  equal 

anj^Ies  with  AB,  so  that  the  angle  1.GC  is  equal  to  the  angle  l'gb.    Hence, 
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if  GV  15  the  normal  to  AB  at  G,  that  is,  a  line  drawn  through  C  perpen- 
dicular to  the  retlcclin>^  surface,  the  angle  lgn  must  be  equal  to  the 
angle  l'gn.  Now  the  angle  LGN,  between  the  direction  of  motion  of  the 
incident  wave  and  the  normal,  is  called  the  angle  of  incidence,  while  the 
angle  l'cn,  between  the  direction  of  motion  of  the  reflected  wave  and  the 
normal,  is  called  the  angle  of  reflection.  Hence  we  see  that  when  a  wave 
is  reflected,  the  angle  of  incidence  is  equal  lo  the  angle  of  reflection. 

275.  Stationary  Waves.— In  the  last  section  we  considered  the 
reflection  of  a  single  wave,  so  thai  at  no  time  did  the  incident  and 
reflected  waves  aflect  the  same  particles  simultaneously.  If,  however, 
we  are  dealing  not  with  a  single  wave  but  with  a  train  of  waves,  then  a 
given  point  in  the  liquid  may  be  aflfected  by  one  of  the  incident  waves, 
and  at  the  same  time  by  one  of  the  preceding  waves  which  is  reluming 
after  reflection.  The  result  of  this  simultaneous  action  of  two  sets  of 
waves,  the  incident  ajid  the  reflected,  is  that  interference  may  take  place. 
We  shall  only  consider  the  sinaplest  case,  namely,  that  when  the  direc- 
tion of  the  incident  waves,  and  therefore  also  that  of  the  reflected  waves, 
is  at  right  angles  to  the  reflecting  surface. 

Let  AB  (Fig.  228)  represent  a  vertical  section  of  the  reflecting  surface, 
and  let  the  waved  line  CD  represent  a  section  through  the  incident  waves. 
Each  of  these  waves,  as  it  reaches  the  obstacle,  will  be  reflected,  so  that 
we  shall  have  a  train  of  reflected  waves  travelling  away  from  AB,  which 
for  clearness  arc  shown  separate  at  EF. 

Since  it  is  evident  that  when  a  crest  of  the  incident  waves  reaches  the 
obstacle  a  crest  will  be  produced  on  the  reflected  wave,  and  as  at  the 
instant  for  which  the  figure  is  drawn  a  crest  on  the  incident  wave  is  at  C, 
we  must  have  a  crest  on  the  reflected  wave  at  1..  Owing  to  the  combined 
action  of  the  incident  and  reflected  waves,  the  fonn  taken  by  the  water 
surface  is  shown  at  C.H,  in  which  the  displacement  at  any  point  is  the 
sum  of  the  displacements  due  to  the  two  systems  of  waves  separately. 

If  T  is  the  period  of  the  waves,  then  in  a  time  r/4  the  incident  waves 
will  have  moved  through  a  distance  equal  lo  a  quarter  of  the  wave- 
length, \  to  the  left,  for  the  wave  travels  over  a  space  equal  to  the  wave- 
length during  the  period  ;  also  the  reflected  waves  will  have  travelled 
through  a  distance  X/4  to  the  right,  as  shown  at  cV  and  e'f'.  Under  the 
combined  action  of  the  two  sets  of  waves  the  whole  surface  will  be 
momentarily  in  its  position  of  rest,  as  shown  at  g'h',  for  it  will  be  noticed 
that  the  effect  of  the  reflected  waves  is  just  to  neutralise  the  displacement 
due  to  the  incident  waves.  .Similarly  the  actual  stale  of  the  water- 
surface,  at  limes  t'z  and  3T  '4,  is  shown  at  g^'h"  and  i;"'h'*.  If  these  curves 
are  examined,  it  will  be  seen  that  there  are  certain  points,  Nj,  N^,  Nj,  &c, 
on  the  surface  of  the  liquid  which  remain  permanently  al  rest,  owing  lo 
the  interference  between  the  incident  and  reflected  waves.  These  points 
are  called  nodts.  Half-way  between  each  node  the  water  surface  swings 
up  and  down  to  a  maximum  extent,  and  these  points  are  called  ioopi 
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or  anfinoiies.  The  portions  of  the  surface  between  the  nodes  and 
loops  move  up  and  down,  the  amplittide  of  the  movement  gradually 
decreasing  from  the  loop  to  the  node.  Thus  at  one  instant  we  have  a 
series  of  alternate  crests  and  troughs  at  the  loops,  then  the  surface  flattens 
out«  and  Immediately  after  a  series  of  troughs  and  crests  appear  at  the 
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loops,  and  so  on  ;  and  the  character  of  the  disturbance  is  quite  different 
from  ordinary  waves,  for  there  is  no  progressive  movement  of  the  crests 
and  Irouj^hs.  These  waves  which  retain  their  position  unaltered  are 
called  stationary  waves,  and,  as  we  shall  find  later,  they  play  an  im- 
portant part  in  many  phenomena  which  involve  wave-motion. 
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U  is  immediately  cndenl,  from  Fig.  228,  that  the  distance  between 
consecutive  nodes  is  equal  to  half  the  wavc-Icngth.  Hence  if  wc  measure 
the  distance  between  the  nodes,  and  know  the  frequency  of  the  waves,  we 
can  calculate  the  velocity  with  which  they  travel. 

The  nodes  are  points  at  which  the  disturbance  due  to  the  reflected 
waves  is  ahtutys  equal  and  opposile  to  that  due  to  the  incident  waves. 
The  loops,  on  the  other  hand,  are  points  where  the  disturbance  due  to  the 
reflected  is  equal  to,  and  in  the  same  direction  as,  that  due  to  the  direct 
waves.  A  consideration  of  Fig.  228  will  show  that  the  portions  of  the 
medium  on  opposite  sides  of  a  node  are  always  moving  in  opposite 
directions,  or  arc  displaced  on  opposite  sides  of  their  positions  of  rest. 

276*.  Velocity  of  Propagation  of  a  Transverse  Wave  along 
a  Stretched  String.  — If  a  siring  is  stretched  and  then  a  hump  is 
produced,  say  by  striking  the  siring  a  sharp  blow  in  a  direction  at  right 
angles  to  its  length,  this  hump  will  travel  along  the  string  to  the  far  end, 
where  it  will  be  reflected  and  will  then  travel  back.  This  hump  is  a 
transverse  wave,  for  each  of  the  particles  composing  the  siring  moves 
forwards  and  backwards  along  a  line  at  right  angles  to  the  string,  and 
the  velocity  with  which  it  travels  depends  on  the  tension  '/'  with  which 
the  string  is  stretched,  and  on  the  mass  m  of  unit  length  of  the  string. 

Suppose  ABCUE  (Fig.  229)  to  represent  the  string  along  which  the 
transverse  wave  BCD  is  travelling  from  left  to  right  with  a  velocity  t*. 
If  now  the  siring  were  made  to  move  from  right  to  left,  that  is,  in  tlie 


opposite  direction  to  that  in  which  the  wave  is  moving,  with  a  velocity  t', 
Ihe  wave  would  remain  in  one  position,*  for  it  is  moving  along  the  cord 
with  a  velocity  ?',  and  the  cord  is  itself  moving  with  a  velocity  -  v. 

*  We  are  here  suppCMiing  that  the  form  of  the  wave  remains  unaltered,  and  that  il 
moves  with  a  constant  velocity.  A  wave  which  fultiLs  the&c  conditions  is  said  (o  be  a 
wave  of  permnncnt  ivpe.  The  investigations  in  the  following  three  sections  also  only 
apply  to  waves  of  permanent  type. 
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It  is  an  experimental  result  that  the  speed  with  which  the  wave  moves 
along  the  cord  does  not  depend  on  the  shape  of  the  hump.  Let  us  there- 
fore assume  that,  at  any  rate,  the  portion  near  the  crest  fonxis  an  arc  of 
a  drde,  of  which  /'  is  the  centre.  Consider  a  small  portion  BCD  of  the 
cord  at  the  crest  of  length  hs.  The  mass  of  this  portion  of  the  cord  is 
Mdf,  and  since  it  is  moving  in  a  circle  with  a  speed  v^  it  will  exert  a 
centrifugal  force  equal  to 

(§  42X  where  R  is  the  radius  of  the  circle  BCD.  This  force  will  act  verti- 
cally upwards  along  the  radius  FC,  and  therefore,  since  this  element  of  the 
cord  remains  in  equilibrium,  that  is,  does  not  move  away  upwards  under 
this  force,  it  must  be  acted  upon  by  an  equal  and  opposite  force.  Now, 
the  only  foree  which  acts  upon  the  element  of  the  cord  is  the  tension  of 
the  cord  acting  at  its  two  ends  B  and  D,  which  tension  acts  in  the  direc- 
tion of  the  cord  at  B  and  D,  that  is,  along  the  tangent  to  the  circle  at 
these  points.  Consider  the  tension  acting  at  B  ;  it  consists  of  a  force  T 
acting  in  the  direction  of  the  tangent  BC.    We  may  resolve  this  force 

into  a  vertical  component,  BH,  and  a  horizontal  component,  HG  (§  67). 
If  B  is  the  angle  between  the  radius  fb  and  the  radius  FC,  since  BH  is 
parallel  to  FC  and  the  tangent  BG  is  at  right  angles  to  BF,  the  angle  bgh 

is  equal  to  B.  Hence  the  vertical  component  of  the  tension  BH  is  7*sin  ^. 
In  the  same  way  the  vertical  component  of  the  tension  at  D  is  also  7* sin  ^, 
so  that  the  total  vertical  comp>onent  of  the  tensions  acting  on  the  small 
element  BCD  of  the  cord  is 

3  7' sin  Q. 

Now,  d  being  the  circular  measure  of  the  angle  BFC,  the  length  of  the 
arc  BC  is  RB  (§  14).  Also,  as  by  supposition  the  length  of  the  arc  BC  is 
very  small,  so  that  the  angle  B  is  also  very  small,  the  sine  of  the  angle  B 
is  equal  to  B  (§  14).     Hence  the  vertical  component  of  the  tension  is 

^  ~.    .    hs         T  ,hs 

2/  sm    „  or  — -  . 
2  A*  A* 

Eqtiating  this  vertical  component  to  the  centrifugal  force  acting  on  the 
element  of  the  string,  we  get 

R    ~  "/r* 

or  7'-=-, 

/f 
or  ^'=v/    » 

that  is,  the  velocity  of  the  wave  is  equal  to  the  square  root  of  the  tension 


of  the  string*,  expressed,  of  course,  in  absolute  force  units  (§  6i},  divided 

by  ihe  mass  of  unit  length. 
'277V  The  Velocity  of  Gravitational  Waves  in  Deep  Water.— 

In  deep  water  the  paths  of  the  individual  particles  of  ihc  water  during 

the  passage  of  a  wave  are 
circles,  as  shown  in  Fig.  219, 
so  that  at  the  crest  B  of  a 
wave  ABCDE  (Fig.  230)  which 
is  moving  from  left  to  right, 
the  water  particles  are  also 
moving  to  the  right,  while  at 
the  trough  D  they  arc  moving 
to  the  left  with  the  same  velo- 
.  and  suppose,  as  in  the  last 
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city.  Let  the  velocity  of  the  wave  be 
section,  that  we  bring  the  wave  to  rest  by  imparling  a  velocity  -  z/  to  the 
water,  that  is,  in  the  direction  from  right  to  left.  Let  a  be  the  radius  of 
the  circle  in  which  a  surface  panicle  moves,  ihen  the  speed  of  the  par- 
ticle due  to  its  motion  in  this  circle  is  iniijT,  where  t  is  ilie  period  of  the 
wave.  Thus  when  the  wave  is  brought  to  rest  by  imparling  a  velocity 
-V  to  the  water,  we  have,  if  we  call  the  velocity  from  left  to  right  positive, 
that  the  velocity  of  a  particle  at  H  is  ztraV-?',  and  that  of  a  particle  at  D 
is  -  2Trtf/r  -  7'.  Suppose  we  consider  a  small  volume  element  of  the  fluid 
which,  for  simplicity,  we  may  take  as  of  unit  mass.  The  kinetic  energy 
of  this  element  when  it  is  at  D  is 

while  when  it  reaches  it  its  kinetic  energy  is 

Thus  the  kinetic  energy  lost  between  D  and  B  is 


Now  between  the  points  D  and  B  the  element  has  been  raised  through 
a  height  rii  or  2a,  and  has  therefore  gained  potential  energ>'  of  amount 
2|F«.*  Since  the  gain  of  potential  energy  must  be  equal  to  the  loss  of 
kinetic  energj',  we  have  * 


4vav 


=  2jea. 


or 


2ir 


1  The  surface  of  the  liquid  must  all  be  at  (he  same  preutire,  so  thfti  no  w 
done  against  hydrostatic  pressure  while  Ibe  volume  demeat  puses  from  o  to  b. 
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Now  if  X  is  the  wave-length,  this  is  the  distance  passed  through  by 
the  wave  in  the  time  r,  so  that 

v=X/r  or  T— X/v. 

Hence,  substituting  this  value  for  r, 

^^X 


or 


2ir 


V  ■ 


2Jr 


Fig.  231. 


278*.  The  Velocity  of  Gravitational  Waves  in  ShaUow  Water. 

—Let  ABDE  (Fig.  231)  represent  a  section  of  a  wave  in  shallow  water, 
GH  being  the  bottom  of  the 
water,  and  A&  the  undis- 
turbed surface.  Let  the 
velocity  of  the  wave  be  v, 
and,  as  before,  suppose  the 
wave  brought  to  rest  by 
giving  the  water  a  velocity 
-7'.  Let  d  be  the  depth 
ML  of  the  water,  and  a  be 
the  height  of  the  crest  above 
the  general  level  or  the 
depth  of  the  trough  below  this  level.     Then  DK  —  d-a  and  B\.=d-^a, 

Now,  in  the  case  of  waves  in  shallow  water,  the  horizontal  component 
of  the  motion  of  all  the  water  particles  in  the  same  vertical  line  is  the 
same.  Let  the  velocity  with  which  the  particles  along  the  line  BL  would 
be  moving  forward,  if  the  water  were  at  rest,  be  «,  and  that  with  which 
the  particles  along  the  line  DK  would  be  moving  back,  be  -«. 

When  the  water  is  moving  as  a  whole  with  a  velocity  —  Vy  the 
actual  velocity  of  the  water  particles  at  bl  is  u-v^  while  that  of  the 
particles  at  dk  is  -  w  -  v.  Hence,  if  we  consider  a  slice  of  the  wave  of 
unit  breadth  perpendicular  to  the  paper,  the  volume  of  water  which 
passes  through  BL  in  a  second  is 

{u-v){d-\-a). 

Also  the  quantity  of  water  which  passes  through  DK  in  a  second  is 

-{u-\-v){d-a\ 

Now  as  the  wave  remains  in  a  fixed  position,  so  that  B  is  always  a  crest 
and  D  a  trough,  the  volume  of  water  between  HL  and  DK  must  remain 
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constant.     Hence  just  as  much  water  must  enter  through  l>K  in  each 
second  as  leaves  through  Bi-     TTius — 


or 


From  (i)  and  (2)- 


or 


va  =  ud    ...     (1). 


Next,  if  we  consider  the  motion  of  a  small  element  of  volume  which 
moves  from  D  to  B,  we  shall  have,  as  in  the  last  section,  by  equating  the 
decrease  in  kinetic  energy  to  the  increase  in  potential  energ)*, 


Since  the  pressure  at  the  surface  of  the  liquid  is  everywhere  the  same, 
the  pressure  at  D  and  B  is  the  sante,  and  so  no  work  is  done  against 
an  opposing  hydrostatic  pressure  as  the  element  of  volume  of  the  fluid 
moves  along  the  surface  from  D  to  B.  If,  however,  we*  considered  an 
element  of  volume  which  moves  from  K  to  L  along  the  bottom,  no  work 
will  be  done  against  gravity,  for  the  element  will  be  at  the  same  height 
at  L  and  K.  The  hydrostatic  pressure  at  I-,  due  to  the  head  <^+<t,  is 
greater  than  that  at  K,  due  to  the  head  d-n^  and  so  work  will  have  been 
d*»ne  in  moving  the  element  against  this  opposing  hydrostatic  pressure, 
and  this  work  will  be  the  equivalent  of  the  decrease  in  kinetic  energy. 
In  the  case  of  a  panicle  l>etween  the  surface  and  the  bottom,  work  will  be 
done  against  both  gravity  and  hydrosiaiic  pressure. 

The  velocity  of  the  wave  being  etjual  to  the  square  root  of  the  product 
of  the  depth  into  the  acceleration  of  gravity,  and  ihcjelocily  acquired  by 
a  body  falling  freely  through  a  height  //'2  being  Jgd^'xi  follows  that  the 
wave  moves  with  the  velocity  a  body  would  acquire  in  falling  through  a 
height  equal  to  half  the  depth  of  the  water. 

279*.  Velocity  of  a  Wave  of  Compression  or  Dilatation  In  an 

Elastic  Fluid.— Wc  have  next  to  consider  the  velocity  with  which  a 
longitudinal  wave  {%  266)  moves.  In  such  a  wave  the  particles  of  the 
medium  execute  harmonic  motions  along  straight  lines  which  are  parallel 
to  the  direction  in  which  (he  wave  is  moving.  By  the  forward  motion  of 
the  particles  the  medium  in  front  will  be  compressed,  as  shown  in  Fig. 
216,  so  that  owing  to  the  elasticity  of  the  medium  the  pressure  will  be 
increased,  while  by  the  backward  motion  the  medium  in  front  xvill  be 
rarefied,  and  the  pressure  reduced. 

Suppose  that  the  medium  is  contained  in  a  tube  of  which  the  cross 
section  is  unity,  and  that  the  velocity  with  which  the  wave  moves  is  v, 
and  that  by  imparting  a  velocity  -  7'  10  the  medium,  we  bring  all  the 
waves  to  rest.  Consider  two  imaginary  partitions,  A  and  B  (Fig.  232), 
placed  across  the  tube  ;  then,  since  the  waves  are,  by  the  motion  of  the 
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Fig.  232. 


medium,  rendered  fixed  in  position,  the  phase  of  the  wave  at  each  of  these 
partitions  is  always  the  same,  and  they  always  include  the  same  number 
of  waves  between  them.  Thus  we  may 
suppose,  if  we  like,  that  A  is  a  crest  or 
point  where  the  compression  is  a  maxi- 
mum, and  B  a  trough  or  point  where  the 
rarefaction  is  a  maximum,  and  that  there 
is  a  quarter  wave  between,  so  that  we 
should  be  dealing  with  a  similar  case  to 
that  shown  for  water  waves  in  Fig.  231. 

This  being  so,  the  pressure,  and  therefore  also  the  volume  of  unit  mass 
of  the  medium,  and  the  velocity  with  which  the  particles  of  the  medium 
are  moving,  due  to  their  to-and-fro  motion,  remain  constant  both  at  A 
and  at  B.  Let  /i,  Vy^  u^  and  /a,  v^  u^  be  the  pressure,  volume  of  unit 
mass,  and  the  velocity  of  the  particles  (supposing  the  medium  were  at 
rest)  at  A  and  B  respectively. 

Now  since  the  spags  intercepted  between  A  and  B  always  contains 
the  same  number  of  waves,  and  the  density  of  the  medium  at  each 
point  is  constant,  the  mass  of  the  medium  intercepted  between  A  and  B 
is  always  the  same.  Hence  the  quantity,  Q,  of  the  medium  which, 
owing  to  the  motion  supposed  to  be  imparted  to  the  medium  and  to  the 
vibration  of  the  particles,  enters  through  B  in  a  given  time  must  be  equal 
to  that  which  leaves  through  a. 

Now  the  velocity  of  the  particles  at  A  with  reference  to  A  is  «^i-v,  so 
that  the  volume  of  the  medium  which  passes  through  A  in  unit  time  is 
(«j-v),  for  the  cross  section  of  the  tube  is  unity.  Since  the  volume  of 
unit  mass  of  the  medium  at  A  is  t/j,  the  mass  of  the  medium  which 
crosses  A  in  unit  time  is 


Q  =  {n^-v)!v^ 


(0. 


In  the  same  way  the  mass  of  the  medium  which  enters  through  B  in  unit 
time  is 

Q={u.,~v)lv^    .    .    .    (2). 

Now  the  momentum  lost  through  a  due  to  this  passage  of  the  medium 
in  unit  time  is  the  product  of  the  mass  lost  by  the  velocity,  or 

and  that  gained  through  sis 

Q{u^-v), 

Thus  ihegain  of  momentum  within  the  space  included  between  a  and  B, 
owing  to  the  passage  of  the  medium,  is 

or,  substituting  for  Uy  and  //o  the  values  given  by  (i)  and  (2),  the  gain  is 

Q\v^-v,).    .     .    .     (3). 
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Now  the  momentum  contained  between  A  and  n  must  remain  constant 
throughout,  for  the  state  of  the  medium  remains  the  same  throughout. 
There  must,  therefore,  be  some  cause  which  causes  a  loss  of  momentum 
exactly  equal  to  the  gain  we  have  found  above  to  be  produced  by  the 
passage  of  the  medium.  This  cause  is  the  external  forces,  namely,  the 
pressures  at  the  two  planes,  which  act  on  the  medium  contained  between 
A  and  B.  Now  the  pressure  acting  forwards  on  the  medium  contained 
within  A  and  R,  that  is,  the  pressure  at  u,  is  /^t  while  the  pressure  acting 
backwards  on  the  front  A  is  /j.  Hence  the  loss  of  momentum  during 
unit  time  by  the  portion  of  the  medium  included  between  A  and  B,  diie 
to  the  external  forces,  is  equal  to  the  diflereace  of  the  pressures,^  that  is, 

A -A- 

If/j  is  greater  than  /Jj,  there  will  be  a  loss  of  momentum  owing  to  the 
effect  of  the  pressures,  for  the  resultant  force  opposes  the  motion  of  the 
medium.  But  /,  being  greater  than  p^  7',  must  be  less  than  7',,  for  at 
the  greater  pressure  the  volume  of  unit  mass  will  be  smaller.  If  r'|  is 
less  than  v^  then  QH^v^-Vx)  is  positive,  so  that  this  quantity  does  really 
represent  v^gain  of  momentum,  and  we  sec  ihai  our  signs  are  right. 
Equating  the  gain  and  loss  of  momentum,  we  get 


QKn-'^O^Pi-pf. 


or 


Q'- 


.A -A 


(4). 


Now  the  elasticity  of  a  substance  is  the  ratio  of  the  stiejs  to  the 
strain  it  produces  (§  132).     Hence  if  S  is  the  elasdcity  of  the  medium, 

_     Stress 
Strain 

Now  we  are  considering  the  change  in  volume  produced  by  a  change  in 
pressure.  Hence  if  /,  and  /,  arc  two  pressures,  and  ?',  and  ?•,  the  cor- 
responding volumes,  we  have  the  stress  is  p^  ~P'i*  ^"^  *^*^  strain  is 
(Vj-T/J/Vi,  for  the  strain  is  the  change  in  volume  per  unit   volume. 


Hence  we  get 


AM=^rA 


V--V, 


Q'-E!v, 


(5). 


Therefore  from  (4) 

Now,  in  the  case  of  all  waves  such  as  we  are  considering,  the  changes 
of  pressure  are  very  small  compared  to  the  whole  pressure,  so  that  v^  is 
very  nearly  the  same  as  x%  the  volume  of  unit  mass  of  the  medium  when 

*  The  resulianl  force  acting  on  n  body  is  mcnsurcd  by  the  change  in  momentum  ii 
produces  in  unit  time  (Newton's  Second  Lan*.  §  60}.  The  force  noting  on  ihe  phine  r 
is  the  pressure /i  multiplied  by  the  arra,  which  is  unity,  while  the  force  acting  in  the 
opposite  direction  on  the  plane  A  is  in  the  same  way  /|. 
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undisturbed  by  the  passage  of  the  wave.  Also,  if  we  consider  a  partition 
across  the  tube  at  the  part  of  a  wave  where  there  is  neither  compression 
or  rarefaction,  that  is,  half-way  between  a  crest  and  a  trough,  then,  as  is 
at  once  apparent  from  a  consideration  of  the  arrows  in  Fig.  216,  the  par- 
ticles of  the  medium  are  at  rest  as  far  as  their  vibratory  motion  is  con- 
cerned, and  so  the  velocity  of  the  medium  at  such  a  place  is  Vy  the 
velocity  which  has  been  impressed  on  the  whole  medium.     Therefore 

e^i'K    .    .     .     (6). 
Hence  from  (5)  and  (6)  Q^^Elv^—v'^jv^-j 

or  v'=£'vo, 

or  v^  sEvq. 

Now  7/0  is  the  volume  of  unit  mass  of  the  medium  ;  and  if  p  is  the  density 
of  the  medium,  we  have 

Hence  v='  fJEjp, 

That  is,  the  velocity  of  wave  of  compression  and  rarefaction  in  a  medium 
is  equal  to  the  square  root  of  the  elasticity  of  the  medium  divided  by 
its  density.  This  is  Newton's  expression  for  the  velocity  of  a  longi- 
tudinal wave  in  a  homogeneous  medium. 

Since  the  expression  for  the  velocity  does  not  involve  the  wave- 
length of  the  wave,  it  follows  that  waves  of  all  wave-lengths  or  fre- 
quencies travel  with  the  same  velocity. 


PART    11— SOUND 


CHAPTER   II 


PRODUCTION  AND  PROPAGATION  OF  SOUND 

280.  Sounding'  Body,— All  bodies  which  are  the  source  of  that 
particular  disturbance  which,  when  it  strikes  our  ear  and  affects  the 
auditory  nerv'cs,  we  call  sound,  are  in  a  state  of  vibration.  This  can 
be  easily  proved,  for  if  a  sounding  body,  such  as  a  bell,  is  touched,  the 
vibrator\'  movement  can  be  felt,  and  as  under  the  influence  of  the 
resistance  offered  by  the  fmycr  the  vibrations  die  out,  the  sound  emitted 
will  also  die  out.  The  vibrations  of  a  stretched  string,  which,  when 
plucked,  jjives  out  a  sound,  are  visible  to  the  eye,  and  as  they  decrease 
in  amplitude,  the  intensity  of"  the  sound  also  decreases. 

281.  Conveyance  of  Sound  to  the  Ear.— In  order  that  we  may 
perceive  a  sound  by  our  ears>  it  is  necessary  that  the  sounding  body 
should  be  connected  with  our  ear  by  an  uninterrupted  series  of  portions 
of  elastic  matter.  The  physical  slate  of  the  matter,  whether  it  is  gaseous, 
liquid,  or  solid,  is  immaterial. 

In  order  to  show  that  this  is  the  case,  we  may  make  the  well-known 
experiment  of  suspending  a  bell  by  a  thin  string  within  the  receiver  of 
an  air-pump.  As  the  receiver  is  exhausted,  the  intensity  of  the  sound 
heard  when  the  bell  is  struck  diminishes,  till  finally,  when  a  fairly  good 
vacuum  is  produced,  no  sound  at  all  can  be  heard.  If  air,  or  even  a  few 
drops  of  a  liquid  which  will  form  a  vapour  in  the  receiver,  is  introduced 
the  sound  is  a^ain  heard,  as  is  also  the  case  if  the  sounding  bell  is 
allowed  to  dip  into  a  vessel  containinij  mercury  or  other  liquid  standing 
on  the  plate  of  the  pump,  or  to  touch  a  solid  rod  which  is  connected  to 
the  receiver  or  the  plate.  This  experiment,  therefore,  shows  that  sound 
cannot  be  transmitted  through  a  vacuum,  but  that  it  is  transmitted 
through  gases,  vapours,  liquids,  and  solids. 

The  ease  with  which  sound  travels  through  some  solids,  such  as 
wood,  is  ver>'  clearly  shown  by  holding  one  end  of  a  long  wooden  rod 
against  the  ear,  when  even  a  vcr>*  light  scratch  with  a  pin  at  the  far  end 
will  be  heard  with  great  distinctness. 

Since  sound  requires  the  presence  of  matter  for  its  transmission,  we 
are  at  once  led  to  inquire  what  is  the  mechanism  by  which  this  trans- 
ference takes  place.     There  arc  two  distinct  methods  by  means  of  which 
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V  we  might  imagine  that  the  sounding  body  atfccts  the  ear  through  an 
intcn'cning  space  filled,  say,  with  air.  The  sounding  body  might  shoot 
out  particles  of  some  kind,  and  tht  sc  particles,  when  they  strike  the  ear, 
might  cause  the  sensation  of  sound  ;  or  the  sounding  body  may,  an 
account  of  its  vibratory  motion,  set  up  waves  in  the  surrounding  air,  and 
these  waves,  travelling  through  ihe  air,  when  ihey  strike  the  car  may 

■  cause  the  sensation  of  sound.  That  the  first  explanation  is  untenable 
is  shown  by  the  experiment  with  the  bell  in  the  air-pump  receiver,  for 
the  fact  that  no  sound  is  heard  when  the  air  is  removed  shows  that  it  is 
the  air  that  conveys  the  sound  ;  henre,  if  anything  is  projected  out  from 
the  sounding  bell,  it  must  be  air  particles.  We  know,  however,  that  glass 
is  iniper\'ious  to  air  particles,  and  hence,  since  we  hear  the  bell  through 
the  glass,  the  sound  cannot  he  conveyed  to  our  ear  by  the  projection  of 
air  particles  from  the  sounding  body.  That  the  second  method  of 
transmission  is  tJie  correct  one  will  be  abundantly  evident  as  we  proceed 
to  descril)e  the  different  phenomena,  so  that  we  need  not  insist  on  any 
special  experiments  by  which  it  could  be  proved,  but  merely  state  that 
the  sound  is  conveyed  from  the  sounding  body  tu  the  ear  by  waves 
which  are  set  up  by  the  sounding  body,  and  which  travel  through  the 
matter  which  connects  the  ear  and  the  sounding  body.  Thus  in  the 
case  of  the  bell  in  the  receiver,  when  the  latter  is  filled  with  air,  the 
vibratory  movements  of  the  bell  set  up  waves  in  the  air,  these  waves 
travel  out  till  they  meet  the  glass  walls  of  the  receiver,  in  which,  by  their 
impact,  they  cause  waves  :  these  waves  aj^jain  travel  through  tl)e  glass, 
and  at  the  outside  cause  waves  in  the  surrounding  air,  and  it  is  these 

»  latter  which  reach  the  ear. 
As  we  have  seen  in  §  266,  there  are  two  distinct  kinds  of  waves  which 
can  he  set  up  in  a  medium.     The  sound-waves  are  longitudinal  waves  in 
which  the  motion  of  each  particle  of  the  medium  in  which  the  wave  is 
travelling  moves  backwards  and  forwards  along  a  line  in  the  direction  in 

■which  the  wave  is  travelling. 
282.  The  Measurement  of  the  Velocity  of  Sound  in  Air.— It  is 
a  matter  of  common  experience  that  sound  takes  an  appreciable  lime  to 
travel  from  one  place  to  another.  Thus,  when  we  observe  a  man 
breaking  stones  at  a  little  distance,  the  sound  of  each  blow  is  heard  a 
very  appreciable  time  after  the  blow  is  seen  to  be  struck.  In  the  same 
way,  the  puff  of  smoke  and  flash  of  a  distant  cannon  is  seen  sonic  time- 
before  the  sound  of  the  report  is  beard. 

I  Since,  as  we  shall  see  later  on,  the  lime  taken  by  light  to  travel  over 
A  distance  of  a  few  miles  is  only  a  very  small  fraction  of  a  second 
(tWWff  second  for  one  mile),  the  most  obvious  way  of  measuring  the 
velocity  of  sound  in  air  is  to  note  the  interval  which  elapses  between 
seeing  the  flash  and  hearing  the  report  of  a  cannon.  Then,  if  the 
distance  of  the  cannon  from  the  obser\*er  is  known,  the  velocity  of  sound 
can  immediately  be  calculated.     The  experiment  is,  however,  not  quite 


Sound 


as  simple  as  it  would  at  first  sight  appear.  For  the  velocity  of  sound  is 
affected  by  the  wind,  the  temperature  of  the  air,  and  the  quantity  of 
moisture  in  the  air.  In  order  to  reduce  the  inllucnce  of  these  disturbing 
causes  to  a  minimum,  Arago,  and  a  number  of  French  observers  who 
worked  with  him,  in  1822  chose  two  stations  at  a  distance  of  18612.53 
metres  apart.  At  each  station  a  cannon  was  placed,  and  the  observers 
were  furnished  with  accurate  chronometers.  The  cannon  at  the  two 
stations  were  fired  alternately,  and  the  obscr\'crs  at  the  other  station 
noted  the  lime  which  elapsed  between  the  flash  and  the  report.  In  this 
way  the  eflfect  of  the  wind  on  the  velocity  of  sound  was  eliminated,  for 
if  the  wind  assisted  the  sound  when  travelling  in  one  direction  it  would 
retard  it  when  travelling  in  the  opposite.  As  a  result,  they  found  that 
the  sound  took  54.4  seconds  to  travel  in  one  direction  and  54.8  seconds 
in  the  opposite.  Hence  the  mean  velocity  was  340.9  metres  per  second. 
The  temperature  of  the  air  was  observed  at  a  number  of  points  between 
the  two  stations,  the  mean  being  15^9  C. 

Experiments  of  this  kind  are,  however,  subject  to  a  systematic  error, 
due  to  the  fact  that  it  takes  an  appreciable  time  for  an  observer  to 
become  aware  of  a  flash  or  a  report,  and  to  perform  some  action,  such  as 
pressing  a  button,  to  mark  the  time.  If  the  same  delay  occurred  in 
recording  the  flash  and  the  report  it  would  be  oi  no  consequence,  since 
one  would  compensate  for  the  other.  This,  however,  is  not  the  rase,  for 
not  only  does  the  time  necessary  to  record  a  visual  and  an  aural 
impression  differ,  hut,  what  is  more  important,  while  the  flash  occurs 
unexpectedly,  its  occurrence  acts  as  a  warning  to  prepare  for  the 
report. 

In  order  to  eliminate  this  source  of  error,  Regnault  performed  a  series 
of  experiments,  in  which  the  instant  at  which  the  discharge  of  a  pistol 
took  place  was  recorded  on  a  rotating  drum,  by  causing  the  bullet  to  cut 
a  wire,  and  thus  break  an  electric  current.  The  arrival  of  the  sound- 
wave was  also  automatically  recorded  by  means  of  a  stretched  diaphragm, 
to  the  centre  of  which  was  attached  a  small  metal  di^c.  When  the  sound- 
wave struck  this  diaphragm  it  was  forced  back,  and  the  metal  disc 
touched  a  metal  |MDinl,  which  had  been  adjusted  so  as  very  nearly  to 
make  contact  with  the  disc.  The  disc  and  point  formed  part  of  a  second 
electric  circuit,  and  thus,  when  they  came  into  contact,  the  circuit  was 
completed,  and  a  record  was  made  on  the  rotating  drum  as  before.  The 
time  which  had  elapsed  between  the  two  marks  was  determined  by 
means  of  a  series  of  marks  made  by  the  pendulum  of  a  clock  breaking 
another  electric  circuit,  and  by  the  trace  made  by  a  fine  point  attached 
to  the  prong  of  a  tuning-fork.  Regnault  made  observations  of  the 
velocity  of  sound  in  air  by  this  method  in  long  underground  water-mains 
in  Paris,  in  which  no  wind  effects  were  to  be  feared,  and  where  the 
temperature  of  the  air  could  be  more  accurately  determined  than  in 
the  open.     He  found  that  the  velocity  depended  to  a  slight  extent  on 
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the  diameter  of  the  pipe,  and  on  the  intensity  of  the  sound.  He  also 
used  the  same  apparatus  for  observations  in  the  open  air,  and,  as  a 
result  of  all  his  experiments,  came  to  the  conclusion  that  the  velocity  of 
a  sound  of  small  intensity  in  dr)'  air  at  a  temperature  of  o"  C.  was 
330.6  metres  per  second. 

In  order  to  measure  the:  velocity  of  sound  in  a  limited  distance, 
Uosscha,  and  after  him  Kcenig,  used  two  small  hammers,  worked  simul- 
taneously by  an  electric  current  which  was  made  by  the  pendulum  of  a 
clock,  say  every  half-second.  If  the  two  instruments  arc  at  equal 
distances  from  the  observer,  the  raps  of  the  hammers  will  be  heard 
simultaneously.  If  now,  while  one  instrument  is  kept  near  the  observer, 
the  other  is  ^jradually  moved  away,  the  raps  will  no  longer  be  heard 
simultaneously,  for  the  sound  from  the  further  instrument  will  take 
longer  to  reach  the  ear  than  that  from  the  nearer  one.  As  the  distance 
between  the  instruments  is  farther  increased,  a  point  will  be  reached 
such  that  the  observer  again  hears  both  raps  simultaneously  ;  the 
further  instrument  being  at  such  a  distance  that  tlie  sound  of  a  rap  fr9m 
the  nearer  instrument  reaches  his  ear  at  the  same  instant  as  the  previous 
rap  from  the  further  one.  Hence  the  sound  has  traversed  the  distance 
between  the  two  instruments  in  the  interval  that  elapses  between  two 
consecutive  raps.     If  /  is  this  interval  of  time,  and  d  is  the  distance 

between  the  instruments,  then  the  velocity  of  sound  is  - 

The  velocity  of  sounds  of  all  pitches,  that  is,  frctjuencies,  was  found 
by  Kegnault  to  be  tite  same,  for  when  a  tune  was  played  at  one  end  of 
the  long  tube  an  obser\er  at  the  other  end  heard  the  tune  unaffected, 
except,  of  course,  that  the  loudness  was  decreased.  Now  if,  say,  the 
high  notes  had  travelled  faster  than  the  low,  the  interval  of  time  which 
would  elapse  between  the  distant  observer  hearing  a  low  note  followed 
by  a  high  would  be  greater  than  the  proper  interval,  and  via  versa. 
Thus  the  time  of  the  tune,  that  is,  the  intervals  of  time  between  the 
successive  notes,  would  be  wrong  at  a  distance  from  the  place  where 
it  was  played. 

This  experimental  result  agrees  with  the  expression  which  wc  obtained 
in  §  279  for  the  velocity  of  a  longitudinal  wave,  for  this  expression  docs 
not  involve  the  frequency  of  the  wave,  so  that  the  velocity  is  independent 
I  of  the  frequency. 

283.  The  Measurement  of  the  Velocity  of  Sound  In  Water.— 

The  velocity  of  sound  in  water  was  determined  directly  by  Colladon 
pnd  Sturm  in  the  Lake  of  Geneva.  Two  boats  were  moored  at  a  dis- 
ance  of  13,487  metres  apart,  and  from  one  boat  was  suspended  in  the 
rater  a  large  bell.  The  hammer  of  the  bell  was  worked  by  a  lever, 
Ihich  was  so  arranged  that  at  the  inst.int  it  touched  the  bell  a 
Ifhtcd  match  was  caused  to  set  fire  to  some  gunpowder.  The 
ser\cr  in  the  other  boat  was  provided  with  <i  chronometer  and  a 
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large  horn-shaped  trumpet,  the  larger  end  of  which  \^as  closed  by  an 
inilia-nibbcr  membrane  and  dipped  into  the  water.  He  noted  the 
lime  which  elapsed  between  the  fla*ih  of  the  powder  and  the  sound  of 
the  Ijell  which  reached  him  throu{(h  the  water.  In  this  way  they  found 
thai  the  vcli»cily  of  sound  in  water  was  1435  ""^e^rcs  per  second  at  a 
temperature  of  8".  i  C. 

284.  The  Measurement  of  the  Velocity  of  Sound  in  Solids.— 
A  direct  determination  of  the  ratio  of  the  velocity  of  sound  in  air  to 
that  in  casl  iron  was  n)ade  by  liiot,  by  measuring  the  intcnal  IxMwccn 
the  two  sounds  heanl  when  the  end  of  a  long  cast-iron  pipe  was  struck 
by  a  hanxmer.  One  of  ihese  sounds,  the  first,  is  that  which  travels 
through  the  iron,  and  ihc  other  thai  which  has  travelled  through  the  air 
in  the  pipe.  In  this  way  he  found  that  the  velocity  in  cast  iron  was 
10.5  times  that  in  air,  but  the  experiments  were  not  of  any  high  degree 
of  accuracy,  since  the  interval  between  the  two  sounds  (2.5  seconds)  was 
very  small,  and  therefore  hard  to  measure  accurately,  and  the  pipe  con- 
sisted of  a  number  of  separate  pieces  joined  together  \yy  lead,  so  that  it 
was  not  a  continuous  rod  of  iron. 

We  shall  see  in  a  subsequent  section  how  the  velocity  of  sound  in 
solids  can  be  indirectly  determined  with  a  much  higher  degree  of 
accuracy. 

285.  Calculation  of  the  Velocity  of  Sound  in  a  Homogreneous 

Medium.— In  Ihe  case  of  longitudinal  waves,  such  as  occur  in  the  case 
of  sound,  Newton  tirsl  showed,  as  wc  have  done  in  §  379,  that  the 
velocity  v  is  given  by  the  equation 


■"'Ji' 


where  E  is  the  elasticity,  and  p  the  density  of  the  medium. 

Further,  we  have  seen  in  §  122  that  the  elasticity  /.  is  equal  lo  the 

•     .   s/n*ss 

quotient  ~ , 

stram 

In  the  case  of  a  gas  the  stress  is  the  excess,  or  the  defect,  of  the 
pressure  at  a  given  point  and  at  a  ^iven  time  during  the  passage  of  ihe 
wave,  over  the  average  pressure  at  that  point,  or,  what  comes  to  the  same 
thing,  over  the  pressure  when  the  wave  is  not  passing. 

UP  is  the  undisturbed  pressure,  or  mean  pressure,  /  the  increase  of 
pressure,  and  Kand  v  the  original  and  change  in  volume  of  unit  mass 
respectively,  then  the  stress  is  /  and  the  strain  is  vj  l'\  since  v  is  the 
total  deformation  and  t'IV  is  the  deformation  per  unit  volume  (§  130), 
Hence 


Now  if  BoyWs  law  holds  with  regard  lo  the  compressions  and  rare* 
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factions  which  take  place  when  the  sound-waves  travel  through  a  gas, 
we  have 

Since  in  the  case  of  sound-waves  the  change  in  pressure/,  and  therefore 
also  the  change  in  volume  v^  is  excessively  small,  the  product /f  will  be 
very  small  indeed.     Hence,  neglecting  this  small  quantity,  we  get 

Pv=p\% 

But  ^— V- 

Hence  if=/'. 

Thus  if  the  changes  of  pressure  and  volume  in  the  gas  obey  Boyle's 
law,  which  of  course  will  only  hold  if  the  temperature  remains  constant 
during  the  compression  and  rarefaction,  the  elasticity  is  numerically 
equal  to  the  pressure.  Substituting  in  Newton*s  equation  for  the  velocity, 
this  becomes 


■•V? 


In  the  case  of  air  at  a  pressure  of  one  atmosphere  (1013300  dynes 
per  square  cm.)  and  at  a  temperature  of  o"  C,  the  density  />  is  0.001293. 
Hence,  substituting  these  values  in  the  equation  for  v,  we  have 


: .  /       ^^  -  =28026  cm.  per  second. 
V  0001293 


Now  we  have  seen  that  the  velocity  of  sound  in  air,  as  found  by 
experiment  under  the  alx)ve  condition  of  pressure  and  temperature,  is 
33060  cm.  per  second.  The  difference  between  the  observed  and  calcu- 
lated values  being  much  greater  than  any  possible  error  of  experiment, 
we  are  led  to  the  conclusion  that  some  of  the  assumptions  made  above 
are  erroneous. 

Now  we  have  seen  in  §  258  that  when  a  gas  is  compressed  its 
temperature  rises,  and  when  it  is  allowed  to  expand  the  temperature 
falls.  In  the  above  reasoning  we  have  supposed  that  the  compressions 
and  rarefactions  that  take  place  when  a  sound-wave  traverses  a  gas  are 
so  slow  that,  by  conduction  from  and  to  the  surrounding  air,  the  tempera- 
ture of  the  compressed  or  rarefied  air  remains  constant.  If,  however, 
the  compressions  and  rarefactions  take  place  with  such  rapidity  that  the 
air  has  not  time  to  lose  heat  when  it  is  warmed  by  compression,  or  to 
gain  heat  from  surrounding  particles  when  it  is  cooled  by  the  expansion 
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during  the  passage  of  a  wave,  ihcn  the  compression  and  expansion  will 

be  adiabalic  (§  258). 

Now  in  the  case  of  an  adiabatic  compression  or  expansion  the 
volume  and  pressure  are  connected  by  the  relation 

/•/'*  =  constant, 

where  k  is  the  ratio  of  the  si>ecific  heat  at  constant  pressure  to  the 
specific  heat  at  constant  voUime. 

Hence,  making  the  assumption  that  the  chanj^es  of  pressure  and 
volume  caused  by  a  sound-wave  are  adiabatic,  and  not  isothermal,  as 
we  previously  assumed,  we  have,  using  the  same  notation  as  before. 

Expanding  (r'-T')*by  the  binomial  theorem,  and,  since  7>  is  small, 
neglecting  all  terms  which  involve  7'^  or  higher  powers  of  t',  we  get 

=  /*  F*  -  k.PV^^v  +/  ^*  -  ^  V^^vp, 

or,  neglecting  the  term   involving  the  product  of  the  smalt  quantities 
p  and  7fy 


or,  dividing  both  sides  by  T*^-", 


kPv-^pV 


kP. 


.^' 


or  since,  --  =/r,  we  na\'e 


E^kP, 


and  hence  the  equation  for  the  velocity  of  sound  becomes 

In  the  case  of  air>(-  1.4 1,  and  hence  the  calculated  value  of  the  velocity  is 
28026  X  ^/i.4i  =  33240  cm.  per  second,  which  agrees  feirly  well  with  the 
observed  value. 

The  above  is  Laplace's  formula  for  the  velocity  of  sound  in  a  gas, 
and  the  fact  that  the  calculated  value  of  the  velocity  agrees  with  the 
observed  value  is  a  proof  of  the  accuracy  of  the  assumptions  on  which 
it  is  based.  We  shall,  indeed,  see  further  on  that  the  most  accurate 
method  of  determining  the  ratio  of  the  specific  heats  for  a  gas  is  to 
measure  the  velocity  of  sound  in  the  ^^as,  and  to  calculate  the  value  of  > 
from  Laplace's  equation  for  the  velocity. 
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In  the  case  of  liquids,  the  compressibility  is  so  small  that  the  thermal 
changes  which  take  place  on  this  account  have  no  appreciable  efiect  on 
the  elasticity*  so  that  in  this  case  Newton's  equation  is  applicable.  For 
water  we  have  at  4"  C.  p=  i,  and  an  increase  of  pressure  of  one  atmosphere 
causes  unit  volume  to  decrease  by  .000049  units  of  volume.  Hence  in  the 
cg^s,  system  the  elasticity  is  given  by 

j/yv5j_  760x98 1  X  13,59 
strain  0.000049       ' 

and  ■        .,^^7^^981X1^9 

V         0.000049 

— 142500  cm.  per  second, 

a  result  which  agrees  fairly  well  with  the  observed  value. 

286.  Effect  of  Temperature  on  the  Velocity  of  Sound,— We 

PV 
have  seen  in  §  197  that  in  a  case  of  a  gas is  a  constant.     Hence 

1  +a/ 

if  Po  is  the  standard  pressure,  and  V^  is  the  volume  of  unit  mass  of  a  gas 
at  this  pressure  and  at  a  temperature  of  o*,  we  have 

But  if  V  is  the  volume  of  unit  mass,  we  have,  since  the  density  p  is  the 
mass  of  unit  volume,  the  relation  K=  i/p  ;  and  hence 


p{i+at)     Po' 

or  ^  =  lL^(i+at). 

P       Po 

Hence,  if  v/  is  the  velocity  of  sound  at  a  temperature  A  we  have 

V       Pc 

For  if  Vtf  is  the  velocity  of  sound  at  o",  and  under  standard  pressure, 


v„ 


v^-- 
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Now  if  we  expand  »J{\-k-aJ)  by  the  binomial  theorem,  and,  since  a  is 
small,  neglect  tenns  in  a'  and  in  higher  powers  of  a,  we  get 


or,  since  u— .00366, 


..=..(. +'f). 


Vt  —  Vo{\  +. CO  1 83/5. 


In  the  case  of  air  7/^=33060  cm./sec. 
Hence 

7v— 33060  + 6a  5/  cm./sec* 

Changes  of  pressure  unaccompanied  by  changes  of  temperature, 
such  as  a  change  in  the  barometric  pressure,  will  not  affect  the  velocity 
of  soimd  in  a  gas,  for  by  Boyle's  law 


or 


Po 


Hence  the  change  in  pressure  effects  the  elasticity  and  the  density  in 
the  same  ratio,  so  that  the  velocity  of  sound  is  unaffected. 
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287.  Quality  of  Sounds,— Sounds  which  affect  our  ear  arc  divided 
into  two  classes.  One  of  these  consists  of  short  sounds  which  last  only 
for  a  short  lime,  or,  if  ihcy  last  for  any  length  of  time,  are  continually 
changing  their  character,  and  are  called  noises.  The  other  class  con- 
sists of  sounds  the  character  of  which  is  that  the  vibrations  by  which 
they  are  caused  are  periodic  ;  these  are  called  musical  notes. 

Musical  notes  differ  from  one  another  in  three  important  particulars  : 
(i)  They  may  be  of  different  intensity  or  loudness.  Thus  when  we 
move  away  from  a  sounding  body  the  intensity  of  the  note  given  by 
the  body  decreases,  but  does  not  otherwise  alter.  (2)  The  pitch  of 
two  notes  may  be  different.  We  shall  sec  that  the  pilch  or  highness 
of  a  note  depends  on  the  frequency  of  the  vibrations  of  the  sounding 
body.  (3)  The  notes  g'nen  out  by  two  different  instruments,  such  as 
the  comet  and  the  piano,  although  they  may 
be  of  the  same  pilch  and  intensity,  are  dearly 
distinguishable  by  Ihe  ear.  This  quality  of  a 
musical  note  is  called  its  tiitthre. 

28«.  Pitch  of  a  Note.— That  the  pitch 
of  a  sound  depends  on  the  frequency,  or  the 
numl>er  of  vibrations  per  second  made  by 
the  sounding  body,  can  be  shown  by  the 
instrument  called  a  syren.  The  usual  form 
of  this  instrument  is  shown  in  Kig.  233.  It 
consists  of  a  circular  disc  itit',  mounted  on 
a  vertical  spindle  i),  so  that  it  turns  freely. 
This  disc  is  pierced  by  a  number  of  holes 
at  equal  distances  apart.  The  disc  is  pivoted 
so  that  it  just  clears  the  upper  surface  aa' 
of  a  small  wind-box,  H,  which  is  connected 
with  a  bellows,  by  means  of  which  a  con- 
tinuous current  of  air  can  be  forced  into  the 
instrument.  The  plate  A  is  pierced  by  the 
same  number  of  holes  as  the  movable  disc. 
The  holes  in  the  fixed  and  movable  discs 
are  not  drilled  at  right  angles  to  the  surface  of  the  plates,  but  those  in  K 
and  B  arc  inclined  in  opposite  directions,  as  shown  at  a  and  b.     Hence 
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ihe  air,  when  forced  out  through  a,  strikes  against  the  side  of  the  hole  <^, 
and  causes  the  disc  to  rotate  in  the  direction  of  the  arrow.  Each  lime 
the  holes  in  the  upper  disc  come  opposite  the  holes  in  the  lower  plate,  a 
puff  of  air  escapes,  and  the  disc  receives  an  impulse.  If  the  disc  is 
rotating  sufficiently  rapidly,  these  puffs  will  produce  a  musical  note,  and 
as  the  velocity  of  rotation  of  the  disc,  and  therefore  also  the  frequency 
of  the  puffs  increases,  the  pitch  of  the  note  rises. 

Tlic  syren  also  permits  of  the  determination  of  the  frequency  of  a 
musical  note,  for  if  there  are  x  holes  in  the  upper  and  lower  plates, 
ihen,  during^  a  complete  revolution  of  the  upper  plate,  a  hole  in  the 
tipper  plate  will  coincide  with  a  hole  in  the  lower  plate  .r  times.  For 
the  an^lar  distance  I>etween  two  holes  in  the  lower  plate  is  360/j; 
and  hence,  when  the  upper  plate  has  turned  through  tliis  angle,  each 
hole  on  the  upper  plate  will  have  just  moved  on  one,  and  will  coincide 
with  the  next  hole  in  the  lower  plate.  The  number  of  coincidences 
during-  one  turn,  or  360',  is  therefore 

36o''-r36o/ror.r. 

If  the  movable  plate  makes  n  revolutions  per  second,  the  number  of 
puffs  per  second,  or  the  frequency  of  the  sound,  will  be  nx. 

In  performing  the  experiment  the  pressure  of  the  wind  is  increased, 
thus  causing  ttie  movable  plate  to  rotate  faster  and  faster,  till  the  pitch 
of  the  note  emitted  is  the  same  as  that  of  the  note  whose  frequency 
has  to  be  measured.  The  wind  pressure  is  then  kept  constant,  and 
the  number  of  revolutions  made  by  the  movable  plate  in  a  given  time 
is  obtained  by  means  of  the  toothed  wheels  r  and  s,  which  can  be 
put  into  gear  with  the  endless  screw,  \,  attached  to  the  spindle  by 
pressing  on  the  knob  E,  at  the  commencement  of  the  interval,  and 
put  out  of  gear  at  the  end  of  the  internal  by  pressing  on  the  knob  F. 
The  wheel  R  moves  on  one  tooth  for  each  revolution  of  the  disc,  and 
has  100  teeth.  The  wheel  .s  is  moved  on  one  tooth  every  lime  R  com- 
pletes a  revolution.  Hence  the  number  of  turns  and  hundreds  of  turns 
ran  l>e  read  off  on  two  dials  by  means  of  pninters  attached  to  R  and  S. 

In  performing  such  an  experiment,  there  is  considerable  difficulty 
in  keeping  the  speed  of  rotation  constant,  and  such  that  the  note  given 
by  the  syren  is  in  unison  with  the  note  whose  frequency  is  being 
measured.  For  this  reason,  the  more  modern  forms  of  syren  arc 
driven  by  a  small  electric  motor,  and  not  by  the  pressure  of  the  escaping 
air  in  the  inclined  holes.  The  speed  of  the  motor  is  kept  constant 
by  means  of  an  electric  regulator. 

Other  methods  of  measuring  the  pitch  of  the  tnusical  note  given 
out  by  a  sounding  body  will  be  considered  in  subsequent  sections. 

289.  The  Musical  Scale— We  have  in  the  previous  section  referret! 
to  a  note  as  being  higher  or  lower  than  another,  and  this  statement 
has  probably  conveyed  the  required  impression   to  all   reader*.      We 
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have  now  to  consider  the  physical  connection  between  sounds  of  various 
pitch  in  their  relation  to  the  pleasing,  or  otherwise,  effect  they  produce 
on  our  ear. 

It  is  found  that,  whether  we  arc  dealing  with  the  consecutive  sounding 
of  two  notes  (melody),  or  with  the  simultaneous  sounding  of  two  notes 
(harmony),  the  ear  only  'takes  cognisance  as  forming  pleasing  com- 
binations of  notes  in  which  the  raiio  of  the  frequencies  is  expressible 
by  two  integers  which  are  neither  of  ihem  ver>'  large.  Hence,  in  con- 
sidering^ the  relations  between  the  pitches  of  musical  notes,  we  have 
to  deal  with  the  ratio  of  their  frequencies,  and  not  with  the  difference. 
The  ratio  of  the  frequencies  of  two  notes  is  called  the  internal  between 
the  notes. 

Hence  if  the  frequencies  of  three  notes  are  «|,  *f„  and  Wj,  the  interval 
between  the  first  and  second  is  /'[///j,  and  the  interval  l>ctween  the 
second  and  third  is  n^'n^-  The  interval  between  the  first  and  third  is 
Wj/ffj,  and  since  f/iin:i  =  nilfi.2y.  ftZ/t^t  we  see  that  the  interval  between 
the  first  and  third  is  obtained  by  muliiphift^^  the  interval  between  the 
first  and  second  by  that  between  the  second  and  third  Thus  the  "sum  '* 
of  two  intervals  is  obtained  by  multiplying  the  iiiienals  together,  for 
we  may  look  upon  the  interval  ^tyftz  ^^  being  made  up  of  the  two 
separate  inier\'als  n-^ln^  and  //^/Wj,  which  will  lake  us  from  the  note  n^ 
to  the  note  Wj.  In  the  same  way,  since  n^in^-irtt^ln.^^n^n^^  the  differ- 
ence between  the  intervals  Wj/w^  and  Wj/'j  is  obtained  by  dividing  one 
of  these  intervals  Wy  the  other.  Thus  the  interval  /I1/M3  is  greater  than 
the  inter\'al  tfyfi^  by  the  interval  wJwj. 

We  have  now  to  consider  the  inten-als  between  notes  which  convey 
to  the  car  certain  well-known  and  distinctive  sensations,  independent 
of  the  absolute  frequency  of  the  two  notes.  In  the  first  place,  it  is 
found  tha:  all  notes  of  which  the  interval  is  i,  />.  all  notes  having 
the  same  frequency,  although  they  may  have  very  different  inten- 
sities and  timbres,  are  yet  clearly  recognised,  whatever  their  absolute 
frequency  may  be.  as  having  some  quality  in  common,  that  is,  ihcy  all 
have  the  same  pitch. 

Next,  if  the  interval  between  two  notes  is  i,  that  is,  if  the  frequency 
nf  one  note  is  twice  that  of  the  other,  the  two  notes  when  sounded,  either 
consecutively  or  together,  produce  a  not  unpleasing  sensation  on  the  ear, 
tliat  is,  they  are  said  to  be  in  accord  or  in  consonance.  This  interval  is 
railed  an  octave.  In  this  case  again,  as  in  fact  in  all  cases,  the  ear 
recognises  this  relation  between  two  notes  whatever  be  the  absolute 
frequency  of  the  notes.  Thus  two  notes  of  which  the  frequencies  arc  256 
and  512  form  an  inlcr\'al  of  an  octave,  as  also  do  notes  having  the 
frequencies  128  and  256,  370  and  740,  &c. 

Between  a  given  note  and  its  octave  the  ear  recognises  a  definite 
succession  of  notes  of  which  the  frequencies  are  well  defined.  These 
notes  form  what  is  called  the  musictd  scale.     Starting  from  a  note  oiany 


frequency^  we  can  construct  a  scale,  and  the  inten'al  between  successive 
notes  will  in  all  cases  be  the  same.  Including  the  lowest  note,  which  is 
called  the  tonic,  and  its  octave^  the  scale  consists  of  eight  notes.  The 
notes  of  the  scale  are  generally  indicated  by  the  letters  C,  D,  E,  F,  G, 
A,  U,  t*,  or  the  names  do,  re,  mi,  fa,  so,  la,  si,  doj.  The  inierval  between 
the  tonic  and  each  note  in  the  scale,  as  well  as  the  interval  between  each 
iwo  consecutive  notes,  is  shown  in  the  following  table  : — 


c 

D 

E 

F 

G 

A 

B 

C 

do 

re 

mi 

fa 

so 

la 

si 

do, 

I 

» 

{ 

* 

\ 

S 

¥ 

2 

y     f? 


{« 


For  the  sake  of  remembering  the  relative  frequency  of  the  notes  of  the 
scale,  the  following  series  of  whole  numbers,  which  arc  proportional  to 
the  frequencies,  is  useful  : — 


c 

D 

E 

F 

G 

A 

B 

c 

24 

27 

30 

32 

36 

40 

45 

48 

It  will  be  seen  that,  considering  the  inter\'als  between  consecutive 
notes  of  the  scale,  there  are  three  separate  and  distinct  inten'als,  and 
these  intervals  have  received  special  names.  The  interval  ^  or  1.12515 
called  a  major  tofit,  the  interval  V*  or  i.ii  I  is  called  a  minor  tonfy  and 
the  interval  \\  or  1.067  i^  called  a  h'mi/m. 

The  difference  between  a  major  tone  and  a  minor  tone  is  f -H^  or  ^, 
and  is  called  a  comtnii ;  while  the  difference  between  a  minor  tone  and  a 
limma  is  V*"^? f  "''  32*  ^"*^  *^  called  a  diesis. 

If  any  two  notes  of  the  scale  are  sounded  together,  the  ear  recognises 
that  the  combinations  are  some  of  iIrmu  more  consonant  than  the  others. 
The  most  consonant  interval  is  the  octave  or  {  ;  next  to  this  comes  the 
interval  between  the  tonic  and  the  fifth  note  of  the  scale,  namely  G,  for 
which  the  interval  is  .J.  This  interval  is  called  ^  jifth^  since  it  occure 
Ix-tween  the  first  and  fifth  notes  of  the  scale.  The  next  most  complete 
consonance  is  between  the  tonic  and  the  fourth  note,  or  F,  for  which  the 
inter\'al  is  jj,  and  this  inter\'al  is  called  a  fourth.  Then  we  have  in 
succession,  as  far  as  consonance  is  concerned,  the  following  : — 

Major-sixth  interval,  §,  between  C  and  A. 
Major-third  „  j,  ,.  C  „  E. 
Minor-third        „        {,        „        E   „    G. 


k 


In  addition  to  the  intenal  between  the  tonic  and  the  fifth  note  above, 
namely  G,  which  is  sometimes  called  the  dominant^  tliere  are  other 
inicnals  between  a  note  and  the  fifth  one  above  it.  These  inteniils  do 
not  differ  from  \  by  more  than  JJ,  or  n  comma,  except  that  between  B 
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and  f  (in  the  ocuive  above),  which  exceeds  3  by  the  inteiral  |J,  or  a 
diesis,  and  is  called  a  minor  fifth.  Hence  with  this  exception,  since  the 
interval  of  a  comma  can  barely  be  appreciated  by  the  ear,  all  these 
intervals  are  very  consonant.  In  the  same  way,  with  one  exception,  the 
fourths  are  all  the  same  to  wiihin  a  comm;i.  The  thirds  and  sixths  arc 
cither  major,  in  which  the  interval  docs  not  differ  by  more  than  a  comma 
from  J  or  jj,  as  the  case  may  be,  or  minor,  in  which  the  interval  is  less 
by  a  diesis  If. 

In  addition  to  the  notes  given  above,  use  is  made  in  music  of  addi- 
tional notes  which  are  derived  from  the  above  by  either  raising  or 
lowering  the  pitch  of  each  note  by  a  diesis,  i.e.  |J.  If  the  pitch  is  raised 
by  a  diesis  the  note  is  said  to  l>e  sharpened.  Thus  if  a  note,  say  C,  of 
wliich  the  frequency  is  384  is  increased  to  384  x  fj,  or  400,  the  new  note 
is  called  G  sharp,  and  is  indicated  by  the  symbol  G^  In  the  same  way 
the  note  having  the  frequency  384>*iiJi  or  368.6,  is  called  G  flat,  and 
is  indicated  by  G*^. 

In  order  to  distinguish  the  notes  of  the  scale  in  the  various  octaves, 
it  is  usual  to  use  accented  letters.  The  lowest  octave,  namely,  that  in 
which  the  C  makes  33  vibrations  per  second,  is  indicated  by  the  letters 
C,  to  Bi-  This  octave  is  often  called  the  16-foot  octave,  since  an  open 
organ-pipe  16  feet  long  gives  a  note  included  in  this  octave.  The  next 
higher  octave  is  indicated  by  the  unaccented  capital  letters  C  to  B,  and 
is  called  the  8-foot  octave.  The  next  octave  is  indicated  by  the  unac- 
cented small  letters  c  to  A,  and  is  called  the  4-foot  octave.  The  remain- 
ing octaves  are  indicated  by  the  letters  <f  to  b\  d'  to  b'\  d"  to  b"\ 

The  relation  of  the  above  octaves  to  the  ordinary  musical  notation  is 
shown  below : — 


:^-----"^  i 


d    e    f  g 


7  (T  ^  f  .c'  ti  y 


We  have  hitherto  said  nothing  as  to  the  absolute  frequency  of  any 
of  the  notes  of  the  scale,  for  the  interwils  between  the  notes  are  quite 
independent  of  the  absolute  frequencies,  and  only  depend  on  the  ratios 
of  these  quantities.  The  standard  pitch  adopted  in  different  countries 
varies  considerably.  Thus  the  French  standard  pitch  is  435  for  the  a', 
the  Gciman  is  400,  and  the  concert-pitch,  as  it  is  called,  is  460. 

For  many  purposes,  particularly  in  physics,  it  is  convenient  to  lake 
as  the  standard  426/)6  for  a\  since  then  the  frequency  oi d  will  be  256, 
which  numl>er  is  a  power  of  two.  Taking  the  frequenc>'  of*.''  as  256,  the 
frequencies  of  the  other  notes  of  the  scale  will  be  as  follows  : — 


d 

//' 

d 

f 

-r' 

rt' 

b' 

d* 

2$6 

288 

320 

341.3 

384 

426.7 

480 

5»2 
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As  it  is  often  convenient  to  be  able  immediately  to  obtain  the  fre- 
quency of  a  note  in  any  octave,  the  following  table  is  given,  in  which  <^ 
is  taken  as  having  a  frequency  of  264,  (his  being  the  standard  adopted 
by  the  Stuttgart  Congress  and  the  Society  of  Arts  ; — 


Octave. 

Notei. 

CjloBi. 

cioa 

66 

f  to^. 

^10*'. 

*^to*". 
528 

f^tO*"*. 

1056 
1188 

2112 

C,do      .    . 

33 

132 

264 

D,  re      .     . 

37.»25 

74.25 

148.5 

297 

594 

2376 

E,mi 

41.25 

82.5 

16; 

330 

660 

1320 

2640 

F,fa.     .     . 

44 

88 

176 

352 

704 

1408 

2816 

G,sol      .     , 

49-5 

99 

198 

396 

792 

1584 

3168 

A,la.     .     . 

55 

110 

230 

440 

fiSo 

1760 

3520 

B.  si  .     .     . 

61.875 

123.75 

247-5 

495 

990 

1980 

3960 

Since  the  interval  between  two  notes  of  which  the  frequencies  are 
m  and  ft  is  given  by  the  ratio  w///,  if  we  take  the  logarithms  of  the 
frequencies,  the  difference  of  the  logarithms  will  be  the  logarithm  of  the 
interval.     For 

log  (//i//i)=  log  ///-log  «, 

Hence  every  interval  has  the  same  logarithm,  no  matter  what  the  abs 
lute  pitches  of  the  two  notes,  so  that  if  we  require  to  determine  the 
frequency  of  a  note  which  will  form  a  given  interval  with  a  given  note, 
all  wc  have  to  do  is  to  add  the  logarithm  of  the  interval  to  the  logarithm 
of  the  frequency  of  the  given  note,  and  the  sum  will  be  the  logarithm  of 
the  frequency  of  the  required  note.  Thus  from  the  table  below  we  see 
that  the  logarithms  corresponding  to  the  interval  of  a  fifth  is  0.17609.  If 
then  we  wish  to  find  the  frequency  of  a  note  making  a  fifth  with  one  of 
256  vibrations,  we  have,  '\ix  is  the  frequency  required, 

256   2' 

Or,  taking  logarithms, 

log  J-=(log  3 -log  2)+ log  256 

=  0.17609  +  2.40824 
=  2. 58433- log  (384), 

This  example  will  make  the  reason  for  the  rule  clear. 

The  logarithms  of  the  various  intervals  are  given  in  the  followinjf 
table,  as  well  as  the  note  which,  together  with  the  tonic  C,  will  give  the 
interval : — 
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Notes. 

Intervals. 

Logarithm. 

Natural  Scale. 
o.coooo 

Equally  Tempered 

C 

Unison    . 

.     \ 

0.00000 

Comma  . 

■    1 

0.00  S40 

Cfi 

Semitone  or  diesis 

0.01773 

) 

Limma    . 

0.02803 

>  0.02509 

m 

Minor  second 

0.03342 

\ 

Minor  lone 

.  Y 

0.04576 

) 

D 

Majorsecondormaj 

or  tone  \ 

ao5M5 

^      0.05017 

Augmented  second 
Minor  ibird     . 

:? 

006888 
0.07918 

j     o.<^526 

E 

Major  third 

.    J 

0.09691 

} 

F7 

Minor  fourth  . 

•  /» 

0.1072 1 

^     0.10034 

E5 

Augmented  third 

.m 

0.1 1464 

*■»  1 '» ~  •  T 

F 

Perfect  fourth 

■    \ 

0.12494 

0. 1-343 

, '                           1 

F« 

Augmented  fourth 

•   I« 

•  n 

0.14267 

G7 

Minor  fifth 

0.15836 

.       0. 1 5052 

G 

Perfect  fifth     . 

'■'\ 

ai76o9 

0.17560 

g 

Augmented  tiltli 
Minor  sixth 

a  19382 
a204i2 

0.20069 

A 

Major  sixth     . 

•     1 

0.22185 

0.22577 

AS 

Augmented  sixth 

•  w 

0.33958 

J      0.25086 

B-T 

Minor  seventh 

.  s 

0.25527 

B 

Major  seventh 

■  ¥ 

a273oo 

t 

^ 

Minor  octave  . 

•  >^ 

0.28330 

^      "^-7595 

B5 

Augmented  seventl 

1    .j;^» 

0.29073 

■     0.30103 

1 ' 

r 

Octave    . 

•    if 

0.30103 

290.  Temperament.  — In  music  it  is  often  neccssar>'  10  use  scales 
having  diffcrcni  tonics.  Suppose  then  we  require  to  form  a  scale  of 
which  the  tonic  has  a  frequency  of  330,  />.  corresp^inds  to  the  /  of  the 
scale.  We  are  at  once  met  with  tlie  difficulty  that  the  notes  of  the  old 
scale  will  not  fit  into  the  new  scale.  For  instance,  the  intenal  between 
/  and/'  in  the  old  scale  is  }]{,  while  the  inter\al  between  the  tonic  and 
the  next  note  above  ought  to  be  J. 

The  same  difticulty  remains  even  if  we  deal  with  the  m^ire  extended 
scale  in  which  each  note  is  sharpened  and  flattened,  for,  as  is  shown  by 
the  tabic  of  the  logarithms  of  the  intcr\'als  given  above,  the  =.hnrp  of  one 
note  does  not  nece^^sarily  have  the  same  frequency  as  the  flat  of  the  note 
above.  We  thus  see  that  the  notes  belonging  to  any  given  key  will  not 
ser\'e  as  consecutive  notes  in  any  other  key.  Of  course  this  would,  in 
Ihe  case  of  an  instrument  such  as  the  piano,  in  which  the  pitch  of  the 
various  notes  is  fixed,  render  it  practically  impossible  to  arrange  for  more 
than  one  key.  Hence,  in  order  to  be  able  lo  use  the  same  series  of  notes 
for  music  written  in  diflferent  keys,  the  relative  frequencies  of  the  various 
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notes  are  in  practice  so  altered  that  the  notes  bclontfing  to  the  scale  in 
any  one  key  may  be  used  for  the  scale  in  any  other  key,  without  any  of 
them  differing  from  the  true  scale  by  more  than  do  the  notes  of"  the 
original  scale.  This  process  of  adjusting  ihe  notes  of  the  scale  is  called 
temherameni. 

There  are  two  methods  of  temperament  in  common  use.  In  the  one 
the  more  consonant  intervals,  such  as  the  fifth,  are  kept  accurate,  and 
the  errors  due  to  temperament  are  spread  over  the  remaining  intervals  ; 
this  method  is  called  unequal  temperament.  In  the  other  method  ihc 
inter\-al  of  the  octave  is  kept  correct,  and  the  errors  arc  spread  equally 
over  the  remaining  intervals  ;  this  is  called  equal  temperament,  and  is 
that  usually  adopted  in  the  piano. 

The  interval  of  a  major  tone  is  equal  to  \  or  1.125  »  ^^^  ^^  ^  minor 
tone  is  equal  to  -y*  or  i.t  11  ;  and  that  of  a  limma  is  equal  to  f  §  or  1.067. 
Hence  a  major  and  a  minor  tone  are  very  nearly  the  same,  while  each  of 
these  is  very  nearly  equal  to  the  interval  of  two  Ununas,  since  two  limmas 
are  equal  to  (j  3  )*  or  1,1 38. 

In  order  to  obtain  an  equally  tempered  scale,  the  above  approximate 
relations  are  assumed  to  be  exactly  true,  that  is,  we  take  Uie  major  tone, 
the  minor  lone,  and  the  two  limmas  as  being  the  same. 

If  the  interval  of  a  tempered  limma  is  called  .r,  then  there  will  be  twelve 
of  these  limmas  in  the  octave,  and  since  an  inter\*al  of  twelve  limmas 
is  equal  to  .i'-,  for  the  inter\al  between  two  notes  is  equal  to  the  product 
of  the  inter\'aU  between  the  intermediate  notes,  while  the  inler\'al  of  an 
octave  is  z,  we  shall  have  in  the  equally  tempered  scale 


or 


.r=2^ 


1.059. 


In  this  tempered  scale  the  limma  is  1.059,  instead  of  being  1.067,  as  it 
is  in  the  tnic  scale,  while  the  tempered  major  and  minor  tones  are  each 
equal  to  r.122,  instead  of  being  1.125  and  i.iii  respectively. 

In  the  following  table,  the  relative  frequencies  of  the  notes  on  the 
natural  and  the  equally  tempered  scales  are  shown  : — 


C 

I) 

E 

F 

G 

A 

B         c 

Natural  Scale  .   . 

LOOT) 

1. 125 

1.250 

^'llil 

1.500 

1.667 

1.875    2.000 

Tempered  Scale  . 

1. 000 

1. 122 

1.260 

1.325 

1.498 

1682 

1.888    2.000 

On  the  equally  tempered  scale  Cit  and  Db  are  the  same  notes,  and 
this  relation  also  holds  with  regard  to  Dj  and  E^,  Fi  and  G\  Cifi  and 
A!^,  Aijand  Bl?,  while  YJg  is  the  same  as  F,  and  F^  is  the  same  as  E, 
as  is  also  the  case  for  nj{  and  C*^.  This  is  at  once  evident,  for  the 
interval  from  C  to  D  is  on  the  tempered  scale  1.122  or  (1.059)*,  while  the 
interval  between  C  and  C^  is  1.059,  and  that  between  D7  and  D  is  also 
1.059.     These  relations  are  also  clearly  evident  from  the  last  column  of 
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the  table  on  page  381,  where  brackets  show  the  various  intervals  which 
are  taken  as  equal  on  the  equally  tempered  scale. 

291.  Tones  — Harmonics  "Overtones.  — When  a  single  note  is 
sounded  on  many  kinds  of  musical  instruments,  a  practised  ear  can 
detect  that,  in  addition  to  the  note  the  frequency  of  which  corresponds 
to  the  note  sounded,  there  arc  present  notes  corresponding  to  other 
frequencies,  though  these  are  very  much  less  intense  than  the  principal 
note.  A  note  which  the  ear  cannot  break  up  in  this  manner  is  called  a 
foftc.  Thus  musical  notes  are  in  general  composed  of  tones,  the  pitch 
of  the  note  being  that  corresponding  to  the  lowest  tone  it  contains. 

If/;  is  the  frequency  of  a  tone,  then  the  tones  of  which  the  frequencies 
are  2n,  yty  4/1,  &c.,  are  called  the  hannonics  of  the  tone  «,  and  this  tone 
is  called  \^\^  fttndamentai. 

The  tones  which  go  to  build  up  a  note  are  not  necessarily  the  har- 
monics of  the  lowest  lone,  so,  for  distinction,  they  are  called  the  m'ertones 
or  upper  partial s  of  the  fundamental. 

In  the  case  of  tones  the  vibrations  of  the  sounding  body,  as  well  as 
the  waves  produced  in  the  air,  arc  simple  harmonic  vibrations  ;  and  it  is 
from  this  fact,  first  discovered  by  Ohm,  that  the  name  harmonic  vibration 
is  derived. 

29Ia.  The  Major  and  Minor  Chords.— Three  notes  which  when 
sounded  together  form  a  consonant  combination,  are  called  a  chord  or 
triad.  Three  notes»  of  which  the  frequencies  are  as  4:  5  :6,  constitute 
what  is  called  a  major  ihcrd  or  iriaiL  Thus  the  notes  C,E,G,  G,B,//, 
and  I'\A,i*  each  fonn  a  major  chord.  Any  one  of  the  notes  in  a  major 
chord  may  be  replaced  l)y  its  octave,  or  accompanied  by  its  octave,  with- 
out destroying  the  characteristic  consonant  character  of  the  combination. 

If  the  frequencies  of  three  notes  are  as  10  :  12  :  15.  the  consonance  is 
not  quite  so  complete  as  with  the  major  chord,  and  the  combination  is 
called  a  minor  chord.  The  notes  E,G,B  form  a  minor  chord.  As  in 
the  case  of  the  major  chord,  any  note  may  be  replaced  or  accompanied 
by  its  octave. 

The  scale  with  which  we  have  dealt  in  §  289  is  called  the  major 
scale,  and  the  following  scheme  shows  the  major  and  minor  chords 
which  can  be  formed  with  the  tones  which  constitute  the  scale : — 

major      major     major 

V     K     c      e      g     b      it 

minor     minor. 

The  sequence  of  notes  shown  in  the  following  scheme  is  called  the 
minor  scale  : — 

major     major 

y  pd   c    t*)    g   ^  (C 

minor     minor     rainot. 


CHAPTER    IV 

REFLECTWS,  REFRACTION,  AND  INTERFERENCE 

292.  Reflection  of  Sound,— We  have  a  familiar  case  of  the  reflec- 
linii  of  sound  in  tht-  ccIkj,  whirh  is  due  to  the  reflection  of  the  sound-waves 

])>-  some  large  vertical  surface,  such  as  a 
cliflT  or  the  side  of  a  house. 

The  reflection  of  sound  may  also  be 
shown  by  means  of  what  is  called  a  sensitive 
flame,  which  consists  of  a  {(as  flame  pro- 
duced by  a  pm-hole  burner,  in  ^^hich  the 
pressure  of  the  gas  has  been  increased  till 
the  flame  is  on  the  point  of  flarinjf.  Such  a 
flame  fonns  a  very  sensitive  dctccior  of 
'lOund-waves,  particularly  those  of  a  very 
high  pitch.  The  form  of  the  flame  when 
unaffected  is  shown  at  B  (Fig,  234,  while, 
when  a  sound  of  suitable  pitch  is  produced, 
tlie  flame  flaies  and  shortens  into  the  shape 
shown  at  A.  The  sensitive  flame  is  placed 
at  A  (Kiji,  235),  in  front  of  a  tube  CD,  and  a 
whistle  u  is  placed  opposite  the  end  of 
another  lube  Kh\  while  a  screen  is  placed 
at  <;h,  so  as  to  screen  nfl*  the  direct  action  of 
the  whistle  on  the  flame.  The  pressure  of 
the  gas  is  adjusted  till  the  flame  jusl  does 
not  flare  when  no  reflector  is  placed  at  I;  it 
will  then  Ix:  found  that,  on  placing  a  reflect- 
ing surface  at  I  in  such  a  way  as  to  be 
et.|ually  inclined  to  the  axes  of  the  two  tubes, 
the  flame  immediately  begins  to  flare,  and 
conii  mes  to  do  so  as  long  as  the  reflecting 
surface  remains  in  position. 

The  direction  in  which  the  sound-wave 

proceeds  after  reflection  can  be  obtained  in 

exactly  the  same  way  as  that  adopted  in 

and,  as  there,  it  will   be  found  that  the  angle  of  incidence  is 
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always  equal  to  the  angle  of  reflection.     This  fact  is  also  proved  by 
ihe  e.t^rimcnt  described  above,  for  it  is  only  when  the  nonnal  to  the 
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reflector  I  bisects  the  angle  l>clween  the  axes  of  the  tubes  that  the  flame 
flares ;  and  when  the  normal  bisects  this  angle,  the  angle  of  reflection  is 
equal  to  the  angle  of  incidence. 

Use  is  made  of  the  reflection  of  sound  in  several  well-known  instru- 
ments. Thus  in  the  car-irumpct,  the  sound-waves  that  are  caught  by 
the  bcll-shapcd  mouth  arc  reflected  from  the  sides  of  the  trumpet,  and 
the  cross  section  of  the 
wave-front  is  decreased  up 
to  the  ear-end.  Thus  the 
amplitude  of  U»e  sound- 
waves increases  as  the 
cross  section  of  the  air  in 
which  ihey  take  place  is 
decreased,  and  the  ampli- 
tude of  the  waxes  when 
they  strike  the  car  is  much 
greater  than  if  this  con- 
centration did  not  take 
place. 

The  sounding  •  board 
placed  over  the  head  of  the 
speaker  in  large  halls  is 
anoihrr  application  of  the  reflection  of  sound.  It  consists  of  a  reflecting 
surface  placed  so  as  to  reflect  those  s<iund-waves  that  strike  it  down 
towards  the  audience.  Hence  the  waves,  that  would  otherwise  spread 
up  to  the  roof  and  be  irregularly  reflected  there,  are  directed  downwards, 
and  assist  in  making  the  speaker  audible. 

In  the  case  <if  speaking-tubes^  the  sound-waves,  instead  of  spreading 
out  in  spheres,  as  they  would  do  in  the  open  air,  are,  by  reflection  at  the 
sides  of  the  tube,  confined  within  the  tube,  so  thai  they  travel  forward 
uiih  compfiraiively  small  decrease  in  amplitude,  the  wave-front  remain- 
ing of  the  same  cross  section  throughout.  A  similar  effect  is  produced 
when  a  watch  is  held  against  one  end  of  a  long  wooden  rod,  and  the 
ear  is  held  against  the  other  end.  The  ticking  of  the  watch  can  be 
heard  almost  as  clearly  as  if  it  were  held  close  to  the  ear.  The  reason  is 
that  the  sound-waves  in  the  wood,  when  they  reach  the  bounding  surface 
between  wood  and  air,  are  almost  entirely  reflected,  and  thus  the  wave 
proceeds  down  the  hkI  without  much  of  the  energy  escaping  into  the 
surrounding  air. 

The  difficulty  of  hearing  sounds  at  a  distance  on  certain  days  is 
supposed  to  I>e  due  to  the  fact  that  on  such  acoustically  opaque  days 
there  exist  columns  and  layers  of  air  at  different  temperatures,  and  that 
the  sound-waves  get  partly  reflected  at  each  passage  from  air  at  one 
temperature  to  air  at  another.  Such  reflection  must  occur,  for  the  velocity 
with  which  the  sound-waves  travel  will  be  different  if  the  temperature  of 
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the  air  is  different,  and  whenever  a  wave  passes  from  one  medium  to 
another,  in  which  it  moves  with  a  different  velocity,  it  is  partly  reflected 
at  the  boundary  !)eiween  llie  two  media. 

293.  Refraction  of  Sound.-  When  a  sound-wave  passes  from  one 
medium  to  another,  the  direction  in  which  the  sound-wave  is  travelling  is 
in  general  altered,  and  is  said  to  be  refracted.  The  laws  which  povcm 
the  refraction  of  sound  are  the  same  as  those  in  the  case  of  light  (sec 
§  34]).  In  the  case  of  sound,  however,  it  is  difficult  to  obtain  quanti- 
tative results.  The  fact  that  sound  can  be  refracted  may,  however,  be 
shown  by  having  a  lens-shaped  india-rubber  bag  filled  with  a  gas  other 
than  air.  If  the  lens  is  convex  {^  348)  and  is  tilled  with  carbon  dioxide, 
a  gas  in  which  sound  travels  wiih  a  smaller  velocity  than  in  air,  the 
sound-waves  will  be  brought  to  a  focus,  so  that  by  placing  a  whistle  at 
one  side  and  a  sensitive  flame  at  the  other,  it  will  be  possible  to  arrange 
matters  so  that  the  flaine  does  not  flare  when  the  lens  is  not  interposed, 
but  does  when  the  lens  focuses  the  waves  on  the  flame.  If  the  lens  is 
filled  with  hydrogen,  a  gas  in  which  sound  travels  more  rapidly  than  in 
air,  then  the  convex  lens  will  act  as  a  diverging  lens  (§  548),  and  a 
somewhat  similar  experiment  can  be  performed  in  which  the  flame  flares 
without  the  lens,  but,  owing  to  the  spreading  of  the  sound-waves  by  the 
lens,  docs  not  do  so  when  the  lens  is  interposed. 

Sound-waves  are  often  refracted  on  account  of  the  motion  of  the 
wind.  Thus  suppose  wc  have  a  plane  sound-wave,  in  which  the  wave- 
front  is  a  vertical  plane,  moving  against  the  wind.  Near  the  surface  of 
the  earth  the  velocity  of  the  wind  is  in  general  less  than  at  some  distance 
above  the  surface.  Now  the  sound-wave  will  travel  at  the  satne  speed 
through  the  air,  but,  owing  to  the  contrary  motion  of  ihe  air.  the  distance 
moved  through  by  the  \vave-front  relative  to  the  earth  will  be  greater 
near  the  surface  of  the  earth  than  higher  up.  The  wave-front  will 
therefore  t>econie  inclined,  the  top  lagging  behind  the  bottom,  and,  since 
the  motion  of  the  wave  is  at  right  angles  to  the  wave-front,  the  direction 
of  motion  of  the  wave,  instead  of  being  parallel  to  the  surface,  will  be 
inclined  upwards.  Thus  the  sound-waves  may  pass  over  the  head  of  an 
obser\'er  who  is  on  the  windward  side  of  the  place  where  the  sounds 
originate.  When  the  sound  is  travelling  with  the  wind  the  opposite 
effect  is  pioduced,  the  waves  being  refracted  downwards.  This  effect 
partly  accounts  for  the  greater  distance  sounds  can  be  heard  when  the 
sound  is  moving  with  the  wind,  than  when  the  sound  is  moving  against 
the  wind. 

Another  causcof  the  refraction  of  sound-waves  is  the  imcqual  heating 
of  the  various  strata  of  air.  In  general  tluring  the  day  the  air  near  the 
ground  is  hottest.  As  sound  travels  quicker  in  hoi  than  in  cold  air,  the 
result  is  that  the  waves  gel  refr#i<:tcd  upwards. 

294.  Interference  of  Sound-Waves.  -'Ihe  fart  that  soundwaves 
can  interfere  may  be  easily  shown,  and  the  wave-length  of  the  note  used 
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measured  (only  roughly  it  is  irue)  by  means  of  the  instrument  shown  in 
section  in  Y\%.  236.  A  whistle  or  reed  is  sounded  at  A.  and  the  sound-waves 
can  reach  the  sensitive 
ilame  placed  at  F  by  the 
two  tubes  Aru:  and  adc. 
If  these  two  paths  are 
uf  equal  length,  then  the 
waves  that  reach  c  after  j 
travelling  by  tlie  two 
tubes  will  be  in  the  same 
phase,  and  hence  they 
will  strengthen  one  an- 
other. One  tube,  D,  can 
be  lengthened, and  hence 
the  path  which  the  sound  has  Id  traverse  can  be  made  longer  in  this 
tube  than  ihc  other.  If  the  tube  is  gradually  pulled  out,  a  position  such 
as  r»'  can  Ije  obtained,  for  wliich  the  waves  that  travel  by  the  two  paths 
are  in  opposite  phase  when  ihey  reach  C,  and  hence  they  interfere,  so 
that  the  f^ame  is  unaHected  although  the  whistle  is  sounding  as  strongly 
as  before.  When  this  occurs  the  path  ad'c  traversed  by  one  wave  is 
longer  than  the  path  arc  traversed  by  the  other  by  half  a  wave-length, 
so  that  when  a  crest  reaches  C  via  B,  the  preceding,  trough  which  has 
travelled  via  !>'  has  only  just  reached  c,  and  these  two  neutralise  one 
another,  so  that  the  air  at  c  is  undisturbed. 

If  the  tube  n  is  pulled  further  out,  the  paths  difler  by  more  than  half 
a  wave-length,  and  hence  the  two  sets  of  waves   lui^ 
commence   to   strenjjlhen   one  another   again,       ' 
till  when  the  tube  is  pulled  out  to  l>",  and  the 
difference   between    the    paths   an'ounts  to   a 
whole   wave-length,   the    flame    is   almost   as 
strongly  affected  as  it  was  at  first,  when  the 
paths  were   of  equal   length.     The  difference 
between  the  lengths  of  the  two  tubes  when 
interference  occurs  is  equal  to  half  the  wave- 
length of  the  note  used. 

The  interference  of  sound-waves  is  also 
very  clearly  shown  in  the  case  of  the  waves  pro- 
duced in  air  by  a  tuning-fork.  As  we  shall  see 
later,  the  extremities  of  the  two  prongs  shown 
in  section  at  A  and  B  (Kig.  237)  vibrate  in  such 
a  way  thai  they  move  alternately  away  from 
and  towards  each  other.  As  a  result,  while  M, 
they  produce  a  condensation  in  the  air  between, 
they  produce  a  rarefaction  in  the  air  towards 
E  and  F,  and  vice  versa.     Hence  each  prong  starts  1 
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these  waves  are  in  opposite  phase  on  the  two  sides,  so  !hat  tlicy  tnierfere 
along-  the  surfaces  MAN  and  m'bn'.  This  interference  can  be  \cry  clearly 
distinguished  by  sounding  a  fork  and  then  turninjf  it  slowly  when  held 
near  the  ear.  When  the  ear  is  in  cither  of  the  positions  K,  F,  o.  or  H,  the 
fork  will  be  heard  distinctly,  while  when  the  ear  is  on  either  of  the 
cunes  MAN  or  m'iin'  no  sound  will  be  heard 

295.  Stationary  Waves  formed  by  Reflection  in  Free  Air.— When 

a  shrill  whistle  or  a  bird-call  r  (Fig.  238)  is  sounded  in  front  of  a  re- 
flecting surface  Ab,  the  sound- 
waves which  fall  on  the  surface 
are  reflected,  and  the  reflected 
p  and  incident  waves  interfere. 
'  Then,  as  in  the  case  of  the  water- 
waves  dealt  with  in  §  275,  there 
will  be  interference  at  the  points 
Ni,  N2,  N),  &c.,  when  the  distance 
MN„  MN^  MV3,  i&c,  are  equal  to 
V4i  3^/4»  5^/4i  &c.,  respectively.  If  then  a  sensitive  flame  is  moved 
along  the  nomml  pm,  it  will  not  flare  when  it  is  at  either  of  the  nodes 
Np  Nj,  N'a,  &C.  Hence,  since  the  distance  between  each  of  these  points 
is  equal  to  half  the  wave-Icnglh  (\),  by  noting;  the  positions  of  the  flame 
when  it  does  not  flare  we  may  detennine  the  wave-length  of  ihe  note 
given  by  the  whistle,  and  from  the  wave-length,  knowing  the  velocity  of 
sound  in  air,  calculate  the  frequency  of  the  note.  As  a  sensitive  flame 
will  delect  the  presence  of  sound-waves  of  frequency  too  great  to  Ijc 
heard  by  the  ear,  this  nicihod  allows  the  frequenc>'  of  such  inaudible 
sounds  being  determined. 

296.  Doppler'S  Principle.  Suppose  thai  at  a  pouu  A  there  is  a  body 
which  is  emitting  a  note,  of  which  the  frequency  is  w.  Owing  to  the 
action  of  the  sounding  Iwdy  there  will  l>c  a  succession  of  waves  produced 
in  the  surrounding  air,  and  the  frequency  of  these  waves  will  also  be  w. 
Ilenrc,  if  an  observer  is  at  a  point  B,  «  waves  will  reach  his  ear  in  each 
second,  and  he  will  l>ear  a  note  of  pitch  //.  Now  suppose  the  observer 
approaches  the  sounding  body,  then  in  each  second  he  will  now  receive 
more  than  w  waves,  for  in  addition  to  the  //  waves  which  would  reach  his 
ear,  suppose  he  had  been  stationary,  lie  will  have  met  a  certain  number 
of  waves  in  each  second,  for  at  the  end  of  the  second  he  is  nearer  the 
sounding  lx>dy  than  he  was  at  the  commencement,  and  his  ear  will  have 
received  the  waves  which,  at  the  commencement  of  the  second,  occupied 
this  space.  The  result  is  that  as  he  now  receives  more  than  //  waves 
per  second,  the  pitch  of  the  note  he  hears  will  be  higher  than  w.  If, 
instead  of  approaching  the  sounding  body,  he  moves  away  from  it,  then 
in  the  same  way  the  pitch  of  the  note  heard  will  appear  lower  than  ir. 
If  the  obsen'cr  remains  al  rest,  but  the  soundmg  body  approaches,  then 
the  effect  will  be  the  same  as  if  the  observer  approached  a  stationary 
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sounding  body,  and  the  note  heard  will  be  of  a  higher  pitch  than  that 
produced  by  the  body  ;  while  if  the  sounding  body  is  receding,  the  note 
heard  will  be  lower. 

This  apparent  change  of  pitch,  owing  to  the  relative  motion  of  the 
sounding  body  and  the  observer,  is  called  the  Ooppler  effect,  and  the  ex- 
planation which  we  have  given  is  called  the  Doppler  principle. 

The  Doppler  effect  can  often  be  observed  in  the  case  of  the  note  given 
by  a  steam-whisde  sounding  on  an  engine  which  is  passing  through  a 
station  at  a  rapid  niie.  The  noie  heard  when  the  engine  is  approaching 
the  obscr\'cr  is  very  markedly  of  a  hij^her  pitch  than  that  heard  when  the 
engine  has  passed  and  is  travelling  away  from  the  observer. 

The  change  in  pitch  prodviced  by  the  relative  molion  of  the  observer 
and  sounding  body  can  readily  be  calculated.  Suppose  that  the  sounding 
body  has  a  frequency  of /*  vibrations  per  second,  and  that  the  obser\'er  is 
approaching  it  with  a  velocity  v,  the  velocity  of  the  sound  Ijcing  /'.  If 
the  obser\'cr  were  at  rest,  he  wouUl  receive  «  waves  per  second.  If  \  is 
the  wave-length  of  the  sound,  then  in  a  spac^  v  there  will  be  v^\  waves. 
Hence,  since  the  observer  traverses  a  space  f  in  one  second,  his  car  will 
pick  up,  owing  to  his  motion  alone,  2'  \  waves,  so  that  the  total  number  of 
waves  received  in  a  second  will  be  «  +  ?'  X.  Bui  r=«\  {%  367),  so  that 
the  pitch  of  the  note  heard  is  w  +  w'/',  or  //(i  +7'/'}.  If  the  obser\'er 
had  been  travelling  away  from  the  sounding  body,  then  in  each  second 
his  ear  would  have  failed  to  pick  up  v\  waves,  and  the  pitch  of  the  note 
heard  would  l>e  «(i  -t'T'). 

We  may  arrive-  at  the  same  result  by  a  rather  different  method  of 
argument,  which  is  instructive  from  its  bearing  on  some  other  problems. 

Suppose  o„  o>,  pj,  &c.  (Fig.  239),  to  be  the  positions  of  the  sounding 
body  at  the  limes  o,  /,  2/,  3/,  &C.  Then  if,  as  before,  /'  is  the  velocity  of 
sound,  and  we  ilcsrril»e  a  circle  with  rtj  as  centre,  and  radius  4/^,  this 
circle  will  represent  the  wave-surface  at  a  lime  4/  for  a  disturbance  which 
was  caused  at  the  time  Cy  when  the  sounding  body  was  at  O^.  In  the 
same  way  if,  with  o^,  O3,  o,  as  centres,  circles  are  described  of  radii 
3/J',  2//'and  fV  respectively,  these  will  each  represent  the  positions  of 
the  wave-surfaces  at  the  lime  4/.  that  is,  when  the  sounding-  body  is  at  O^, 
due  to  the  disturiiances  produced  when  the  sounding  body  was  at  the 
points  o^,  O;^,  and  O4  respectively.  The  figure  very  clearly  shows  the 
crowding  together  of  the  waves  on  one  side,  corresponding  to  a  rise  in 
pitch,  and  the  spreading  out  in  another  direction,  corresponding  to  a  fall 
in  pitch.  The  figure  is  drawn  for  the  case  where  the  velocity  of  the 
sounding  body  is  less  than  that  of  the  sound,  the  corresponding  figure 
for  the  case  where  ?'  is  greater  than  /'  is  shown  in  Fig.  240.  The  funda- 
mental dificrencc  l>etween  the  two  cases  is  that  when  the  velocity  of  the 
sounding  body  is  less  than  that  of  sound,  the  wave-surface  correspond- 
ing to  the  disturbance  that  starts  at  any  given  time  lies  entirely  outside 
all   the  wave-surfaces  corresponding   to  disturbances  that   start  at   all 
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subsequent  limes,  while  in  the  other  case  the  whole  or  part  of  the  wave- 
surface  corresponding  to  subsequent  disturbances  lies  outside.     Thus 


Fig.  339. 

when  the  velocity  of  the  sounding  body  is  greater  than  the  velocity  of 
sound,  a  tangent  can  be  drawn  to  the  wave-surfaces  at  any  given  instant. 


b 
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Since  there  are  an  infinite  number  of  wave-surfaces  intermediate  to  those 
shown  in  the  figure,  and  all  these  wave-surfaces  will  ha\'e  the  same  tan- 
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gents,  and  that,  just  as  in  the  case  considered  in  §  373,  these  waves 
will  strengthen  each  other  along  these  tangents  but  will  interfere  at  all 
other  points,  two  plane  waves  inclined  at  a  constant  angle  ^ill  be  pro- 
duced. Since  the  moving  body  will  reach  the  point  Og  at  the  same 
instant  that  the  sound-wave  reaches  the  point  R,  it  follows  that  if  0  is  the 
angle  made  by  the  wave-front  ROg  with  the  direction  of  motion  of  the 
sounding  body,  then 

Sm  Q=  -rfyr  =^  =  -. 

0^0^     4/7/     V 

Hence  the  greater  the  velocity  v  of  the  sounding  body,  the  smaller  the 
angle  included  between  the  wave-fronts.  If  we  can  measure  this  angle 
and  know  either  the  velocity  of  the  moving  body  or  that  of  sound,  then 
the  velocity  of  sound,  or  of  the  moving 
body,  as  the  case  may  be,  can  be  cal- 
culated. * 

A  familiar  example  of  this  phenome- 
non, in  the  case  of  water-waves,  is  the 
bow-wave,  produced  when  a  boat  moves  •:  r;^*;! 
through  still  water.  Since  the  condition 
for  the  production  of  these  waves  is  that 
the  disturbing  or  sounding  body  must 
move  ^ter  than  the  waves  themselves 
travel,  it  follows  that  in  the  case  of 
sound-waves  the  velocity  must  exceed 
about  333  metres,  or  1090  feet  per  second.  In  Fig.  241  the  fonn  of 
the  wave  produced  in  air  by  a  rifle  bullet  is  shown,  as  obtained  in  the 
photographs  taken  by  Prof.  C.  V.  Boys. 


Fig.  241. 


CHAPTER   V 

VIBRATIONS  OP  STRINGS,  RODS,  PLATES,  AND 
COLUMNS  OF  CAS 

297.  Vibrations  of  String's.— For  our  purpose  we  shall  take  a  string 
to  be  a  perfectly  flexible,  uniform  filament  of  matter,  stretching  between 
two  points.  Any  real  string  will,  of  course,  possess  rigidity  ;  since,  how- 
ever, by  taking  a  string  of  which  the  diameter  is  very  small  compared 
with  the  Icnjj'ih,  ihc  effects  of  rigidity  are  very  smal^  the  errors  thus 
introduced  will  not  be  great. 

Strings  can  vibrate  in  two  distinct  manners,  according  as  the  vibra- 
tions of  the  particles  which  compose  the  string  are  longitudinal  or 
transverse.  We  shall  at  present  confine  ourselves  to  transverse  vibra- 
tions, postponing  the  consideration  of  longitudinal  vibrations  till  we  are 
dealing  with  the  vibrations  of  rods. 

Transverse  vibrations  may  be  produced  in  strings  by  plucking,  as  in 
the  case  of  a  guitar,  bowing,  as  in  the  violin,  or  striking,  as  in  the  case  of 
the  piano. 

The  instrument  usually  employed  for  the  study  of  the  transverse 
vibration  of  strings  is  shown  in  Fig.  342,  and  is  called  a  monochord  or 


1> 


T^r^^F^ 


Kin.  343. 

sonometer.  It  consists  of  a  sounding-box,  across  the  lop  of  which  a 
string  is  stretched  by  some  weights  P.  In  addition  to  the  fixed  bridges, 
A  and  I),  there  is  a  movable  bridge,  B.  by  means  of  which  the  length  of 
the  portion  of  the  string  which  is  put  in  vibration  can  be  altered. 
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If  a  stretched  string  is  struck  or  otherwise  distorted  and  then  let  go, 
ihc  velocity  with  which  the  wave  set  up  travels  along  the  string  is  given 
by  the  expression  (§  276) — 

v^^ri^n     .     .     .     (I), 

in  which  T  is  the  stretching  force  in  dynes  and  /;/  is  the  mass  of  one 
ccmimetre  of  the  string  in  grams. 

If  a  wave  travelling  along  a  string  AB  (Fig.  243)  reach  a  point  B, 
where  the  string  is  fixed,  there  will  be  reflection. 

There  is  a  difference  l>etwecn  the  reflection  in  this  case  and  that 
which  occurs  when  a  water-wave  or  sound-wave  in  air  is  reflected  from  a 
solid  obstacle.  In  the  case  of  the  water-wave,  when  a  crest  reaches  the 
reflector  it  is  reflected  as  a  crest,  while  when  a  trough  reaches  the 
obstacle  a  trough  is  reflected.  In  the 
case  of  a  crest  travelling  along  a 
stretched  string  and  reaching  the 
Jixdi  end  of  the  string,  it  is  not  re- 
flected as  a  crest  but  as  a  trough. 
Thus  if  A  (Fig.  243)  represents  a 
transverse  wave  travelling  up  to  the 
fixed  end  B  of  the  string,  then  after 
reflection  the  form  of  the  wave  is  that 
shown  at  C.  The  easiest  way  of  seeing  why  this  should  be,  is  to  suppose 
that  the  incident  wave  which  moves  up  to  the  fixed  end  B  of  the  cord 
(Fig.  244)  is  not  reflected,  but  moves  on  past  B  along  an  imaginar>'  con- 
tinuation, BC,  of  th^  cord,  and  that  the  corresponding  reflected  wave  is 
supposed  to  move  on  to  the  real  part,  BA,  of  the  cord  from  the  imaginar)* 
part  CB.  Now  it  is  evident  that  the  condition  which  the  rcllecied  wave 
has  to  fulfll  is,  since  the  point  B  on  the  string  is  held  fixed,  that  the 
algebraical  sum  of  the  displacements  at  the  point  B  on  the  siring  due  10 
the  direct  and  reflected  waves  must  always  be  zero.  At  in)  (Fig.  244) 
the  incident  wave  is  shown  at  the  instant  when  it  has  just  reached 
the  fixed  point  B.  At  ih)  the  incident  wave,  as  shown  by  the  light 
continuous  line,  has  partly  moved  on  to  the  imaginary  portion  of  the  cord, 
while  the  reflected  wave,  as  shown  by  the  dotted  curve,  has  partly  moved 
on  to  the  real  part  of  the  cord.  Under  the  influence  of  the  direct  and 
the  reflected  waves,  the  cord  lakes  the  position  indicated  by  the  thick 
line.  The  subsequent  state  of  affairs  is  shown  at  {c\  {(f),  (^),  &c.,  and 
finally  at  (/')  the  incident  wave  has  passed  wholly  on  to  the  imaginary 
part  of  the  cord,  while  the  reflected  wave  consists  of  a  wave  moving  to 
the  right,  but  with  the  depression  leading,  although  the  incident  wave  had 
the  elevation  leading.  This  change  in  ihe  condition  of  the  wave  due  to 
reflection  is  equivalent  to  u  loss  or  gain  of  phase  equal  to  half  a  wave- 
length at  the  point  of  reflection,  and  so  this  type  of  reflection  is  often 
referred  to  as  reflection  loi/h  change  of  sign. 
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If  in  place  of  a  single  incident  wave  we  have  a  train  of  waves,  then, 
owing  to  interference  between  the  incident  and  reflected  waves,  stationary- 
waves  will  he  foniied-  The  point  of  reflection  will  in  this  case,  however, 
be  a  node,  and  not  a  loop,  as  was  the  case  with  the  water-waves  considered 
in  §  275.  Fig.  228  will,  however,  apply  if  we  suppose  the  point  Nj  to  be 
the  fixed  end  of  the  string. 


Fig.  244, 

There  will  be  a  series  of  nodes  at  distances  V2  from  one  another,  ana 
half-way  between  each  node  will  be  a  loop. 

Since  the  nodes  arc  points  where  the  string  is  permanently  al  rest,  the 
vibrations  will  not  be  aflfected  if  we  clamp  the  string  at  any  of  these 
points,  in  which  case  we  should  be  dealing  with  the  vibrations  of  a  string 
held  at  each  end. 

If  the  second  fixed  point  is  placed  at  the  first  node  from  the  fixed  end, 
then  the  string  will  be  vibrating  so  as  to  give  the  lowest  tone  of  which 
it  is  capable,  or,  in  other  words,  will  be  giving  its  fundamental.      If  /  is 

the  length  of  the  string,  we  have /=A^,N,»-.     Now  \f  n  is  the  frequency 

of  the  string,  wc  have,  from  the  general  equation  connecting  «,  \  and  v 
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Hence  fFom  equation  (i)  above 


n\ 


or,  substituting  for  X  in  terms  of  /, 


vS' 


m 


(2). 


This  expression  may  be  written  in  a  slightly  different  form,  for  if  p  is 
the  density  of  the  material  of  which  the  string  is  composed,  and  r  is  the 
radius  of  the  string,  m=nT^p.     Hence 

/;="  /:zz. 

^W  nr^pl.i 

Now  nt^pl  is  the  total  mass  of  the  string,  so  that  if  we  call  this  quantity 
Mj  the  formula  reduces  to  

"-\Jm  ■  ■  ■  '''■ 

In  addition  to  the  fundamental  mode  of  vibration  considered  above, 
the  string  can,  as  shown  in  Fig.  245,  vibrate  in  such  a  way  that  there  are 
I,  2,  3,  &c.,  points  which 


are  permanently  at  rest 
between  the  extreme  points. 
The  points  Nj,  N2,  &c.,  which 
are  permanently  at  rest 
during  the  vibrations,  are 
nodes,  while  the  points 
marked  L,  at  which  the 
amplitude  of  the  vibrations 
is  a  maximum,  are  loops. 

Since  if  the  string  in  {b) 
(Fig.  245)  were  clamped  at 
N  the  vibrations  would  be 

unaiTected,  and  under  these  ■  'i      f^\ 

circumstances  we  should  be 
dealing  with    two    strings  ^'°'  ^^' 

each  of  which  had  a  length  //2,  we  see  that  the  frequency  of  the  tone 
produced  under  these  conditions  will  be  obtained  by  substituting  //2  for 
/  in  the  equation  (2),  since  the  tension,  T,  and  the  mass  per  unit  length, 
iw,  remain  the  same.     Hence  the  frequency  //  is  given  by 


"'=)\/i: 


that  is,  the  frequency'  is  double  what  it  was  in  the  case  when  the  sttl^^ 


was  vibrating  as  a  whole.  In  this  way  it  will  he  seen  that,  if  tt  is  the 
frequency  of  the  fundamental  tone  of  a  siring',  then  ihe  overtones  have 
the  frequencies  2//,  3//,  4//,  &c.  The  string  can  give,  therefore,  the 
harmonics  of  the  fundamental  tone. 

We  have  supposed  above  that  the  string  vibrates  in  only  one  of  the 
possible  ways  at  a  time  ;  we  may,  however,  have  a  number  of  them 
coexisting,  so  that  a  note  will  be  produced,  which  is  built  up  of  the  tone 
and  certain  of  the  overtones. 

Thus,  if  the  string  is  plucked  at  a  third  of  its  length  from  either  end 
the  first  overtone  will  be  particularly  noticeable,  and  can  be  rendered 
even  more  evident  if  the  fundamental  note  is  damped  out  by  lightly 
touching  the  string  at  its  middle  point  with  a  feather  or  piece  of  paper, 
when  the  octave  of  the  fundamental,  which  corresponds  to  the  first 
overtone,  will  be  heard  very  clearly. 

298.  Melde's  Experiment.— A  very  convenient  way  of  showing  the 
laws  which  govern  the  vibrations  of  strings  is  that  due  to  Mcldc.     A 

string  AM  (Fig.  246)  is  fixed  at 
one  end  to  the  (yrong  of  a  large 
tuning-fork,  while  the  other  end 
passes  over  a  pulley  and  has  a 
small  scale-pan  P  attached,  by 
putting  weights  in  which  the 
tension  on  the  string  can  be 
varied  at  will.  If  the  fork  is 
placed  in  the  position  shown  in 
ihc  figure,  then  when  the  prong 
n  innves  towards  A  the  string  will 
be  allowed  lo  sag.  As  the  prong 
moves  back  the  string  is  tightened, 
being  horizontal  when  the  prong  Is  furthest  from  a.  When  the  prong 
moves  back  towards  a  the  string  does  not  again  sag,  but,  owing  to  its 
inertia  and  the  upward  motion  it  has  acquired,  it  travels  up  above  the 
horizontal  position,  so  that  it  is  in  its  extreme  upward  position  when  the 
prong  has  completed  one  whole  vibration,  from  the  lime  when  the  string 
was  at  its  lowest.  Thus  the  frequency  of  the  siring  is  half  that  of  ijie  fork- 
If  the  fork  is  turned  through  90^  so  that  the  movement  of  the  prong 
is  at  right  angles  to  the  string,  then  when  the  prong  moves  to  the  right 
the  cord  will  also  move  to  the  right,  when  the  prong  is  passing  through 
its  position  of  rest  the  string  will  also  be  passing  through  its  position  of 
rest,  and  when  the  prong  is  at  its  extreme  left  elongation  so  also  will  be 
the  string.  The  string  therefore  will  in  this  case  vibrate  in  unison  with 
the  fork.  In  order  to  obtain  a  considerable  movement  of  the  string,  it 
is  necessary  that  the  tension  should  be  adjusted  so  that  the  natural 
period  of  the  string  should  agree  with  the  i>criod  of  the  vibrations 
impressed  on  it  by  the  fork. 
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If  the  fork  is  in  the  position  shown  in  Fig.  246,  and  has  a  frequency 
A*,  then  when  the  tension  'I\  of  the  string  is  such  that 


i.v 


"a/y 


m 


the  vibrations  set  up  in  the  string  will  be  most  energetic,  the  string 
vibrating  in  its  fundamental  mode.  As  the  tension  is  decreased  the 
ampHtude  of  the  vibrations  will  decrease,  but  when  the  tension  reaches 
the  value  7^  given  by  the  cquaiion 

.J-  /f. 

3/2V  m 


^N. 


the  string  will  again  vibrate  strongly,  but  now  with  a  node  in  the  middle. 
By  further  decreasing  the  tension  3,  4,  5,  &c.,  nodes  can  be  produced, 
but  for  the  vibrations  to  be  energetic  the  tension,  I\  has  in  ever>'  case  to 
be  so  adjusted  that  \i  t  is  the  distance  between  consecutive  nodes, 


^N. 


''2l'\J 


■^  ■•I 


m 

(a) 


N 
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2W.  Transverse  Vibrations  of  Rods.— In  considering  the  vibra- 
tions of  strings,  we  have  neglected  the  ri)^idity  of  the  string,  and  supposed 
that  the  only  force  lending  to  bring  the  string  back  into  its  position  of 
rest  when  it  is  displaced  is  that  iiivc:  to  ihe  tension.  We  now  pass  on  to 
the  opposite  extreme,  in  which  the  restitution  is  due  solely  to  ihe  rigidity 
of  the  solid,  namely,  the  case  of  a  rod  clamped  at  one  or  more  points  but 
not  subjected  to  any  tension. 

If  the  rod  is  held  in  a  clamp  at  one  end,  the  fundamental  form  in 
which  it  can  vibrate  is  shown  at  Os)^  Fig. 

247,  where  there  is  a  single  node,  and  that       AAA 
at  the  fixed  end. 

The  manner  in  which  a  rod  clamped 
at  one  end  vibrates,  when  sounding  it>  first 
and  second  overtones,  is  shown  at  (/>)  and 
(t'X  If  the  frequency  of  the  rod  when 
sounding  its  fundamental  is  taken  .is  unity, 
then  the  frequencies  of  the  overtones  are 
5.29,  8.37,  10.21,  11.66,  L^c.  In  this  case 
it  will  be  obser\'ed  that  the  overtones  are 
not  the  hannonics  of  the  fundamental 
tone. 

If  the  rod,  when  vibrating^  as  in  (^),  Fig. 
247,  instead  of  being  clamped  at  B,  were 
prolonged,  and  were   simply  supported  at 
N  and  B,   we  should   have   the  case  of  a  rod  free  at  both  ends,  and 
vibrating  in  its  fundamenial  form  as  shown  at  («),  Fig.  248.     The  mode 
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of  vibration  for  the   first  ov 
there  are  three   nodes.     The 
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ertone   is  shown  at  (^),  and   is   such   tliat 

relative  frequencies  of  the  fundamental 

and  of  the  overtones  for  a  rod  free 

at  both  ends  are  i,  z.f)2^  4.87,  6.32, 

7.48,  &c. 

The  consideration  of  the  con- 
nection between  the  dimensions 
of  a  rod  and  the  frequency  of  its 
fundamental  tone  is  beyond  the 
scope  of  this  work.  It  is,  however, 
interesting  to  note  that,  other  things 
being  the  same,  the  frequency  varies 
inversely  as  the  square  of  the  length, 
and  in  the  case  of  rectangular  rods,  directly  as  the  thickness,  or  as  the 
radius  in  cylindrical  rods. 

300.  Tuning'-ForkS.  — If  wc  consider  the  vibrations  of  a  rod,  free 
at  both  ends,  when  sounding  its  fundamental,  so  that  there  are  two 
nodes  in  the  positions  shown  in  {a\  Fig.  249,  and  suppose  that  the  rod 

is  gradually  bent  at  the  middle,  it  is 
then  found  that  the  nodes  come 
nearer  together  as  the  rod  is  bent, 
as  shown  at  (b\  (V),  and  {J)  in  the 
figure.  When  the  two  limbs  are 
parallel  the  arrangement  forms  a 
tuning-fork,  and  the  nodes  prac- 
tically coincide.  For  convenience 
in  holding  the  fork  a  stem  is 
attached  at  the  middle  point,  and 
since  this  point  is  a  node,  the  vibra- 
tions are  not  interfered  with  on 
this  account. 

The  above  method  of  consider- 
ing the  tuning-fork,  as  derived  from 
a  straight  rod,  shows  how  it  is  that  the  prongs  vibrate  in  such  a  way 
that  the  ends  alternately  approach  and  recede  from  one  another,  for  in 
ihe  straight  rod,  where  there  is  a  loop  in  the  middle,  the  ends  move 
up  and  down  together,  and  this  continues  in  the  bent  rod,  although 
the  central  loop  has  now  vanished. 

The  reason  thai  tuning-forks  are  of  such  importance  in  sound  is 
that  the  note  given  by  a  pro(>erly  formed  fork,  when  set  in  vibration 
by  gentle  bowing,  is  practically  a  simple  tone,  for  the  overtones  are 
comp>aratively  difficult  to  obtain,  and,  when  present,  die  out  vcr>'  much 
more  quickly  than  the  fundamental  tone.  The  absolute  freqitency  of 
the  tone  given  by  a  fork  depends  on  the  temperature  of  the  fork,  owing 
lo  the  change  of  the  elasticity'  of  the  metal  of  which  the  fork  is  com- 
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posed.  In  the  case  of  a  steel  fork,  the  frequency  decreases  by  about 
I  in  8943  for  each  degree  Centi^frade  rise  of  temperature. 

Since  tuning-forks  are  ahnost  exclusively  used  for  standards  of  pitch, 
it  is  of  importance  to  l>e  able  to  determine  the  pitch  of  .1  fork  with 
accuracy. 

One  mcthotl  by  which  the  frequency  of  a  fork  ran  be  measured  is 
to  tune  a  string,  which  is  stretched  by  a  known  force,  to  unison  with 
the  fork,  and  10  calculate  the  pilch  of  the  note  jjiven  by  the  siring  by 
the  formula  given  in  §  297.  This  method  does  not,  however,  admit  of 
any  great  accuracy.  A  better  method  consists  in  attaching  a  fine 
bristle  to  one  prong  of  the  fork,  and  causing  this  bristle  to  trace  a 
wavy  line  on  a  smoked  dnmi,  whirh  is  nutated  at  a  fairly  rapid  rate. 
A  small  electro-magnet  works  another  style,  which  traces  a  second 
line  on  the  drum  alongside  iliai  due  to  the  fork.  The  current  of  the 
electro-magnet  is  made  at  equal  inter\als  hy  the  ])endulum  of  a  stan- 
dard clock,  so  thai  the  line  traced  on  the  drum  is  broken,  and  the 
time  interval  between  these  breaks  is  known.  Hence,  by  counting 
the  number  of  vibrations  of  the  fork  which  occur  between  two  given 


? 
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time-marks,  the  frequency  of  the  fork  can  be  obtained.  Another  method 
of  considerable  importance  is  that  known  as  the  stroboscopic  disc 
method.  Two  thin  and  light  pieces  of  card  or  metal  foil  c,  D  (Fig.  250), 
are  attached  to  the  prongs  A,  B  of  the  fork.  Each  of  these  cards  is 
perforated  by  a  slit,  and  these  slits  are  so  placed  thai,  when  the  prongs 
of  the  fork  are  at  rest,  the  two  slits  are  opposite  each  other,  so  that 
an  eye  placed  at  K  can  see  through.  When  the  fork  is  sounding,  it 
will  only  be  possible  to  see  through  when  the  prongs  are  passing 
through  their  position  of  rest,  and  hence  an  object  placed  at  F  will 
be  seen  intermittently,  the  interval  between  two  views  l>cing  equal  to 
the  interval  between  two  consecutive  passages  of  the  prongs  through 
their  positions  of  rest,  that  is,  at  intervals  equal  to  half  the  period 
of  the  fork.  If  the  object  at  F  is  a  disc  on  the  face  of  which  arc 
painted  a  number  of  rings  of  equidistant  dots,  as  shown  in  Fig.  251, 
then,  if  this  disc  is  in  rotation,  and,  during  the  time  which  elapses  be- 
tween two  views  through  the  slits,  a  dot  in  any  one  of  the  rings  has 
just  had  time   to   take   the   position   occupied   by   the   preceding    dot., 
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when  the  disc  was  seen  before,  this  ring  of  dots  will  appear  at  rest, 
for  the  eye  cannot  distinguish  between  the  different  dots,  and  when- 
ever ic  sees  the  disc,  the  dots  on 
the  ring  considered  arc  as  a  whole 
in  the  same  [X)sition.  Let  the  velo- 
city of  rotation  of  the  disc  be  gradu- 
ally increased  till  the  dots  in  one 
of  ihe  rings,  when  \icwed  through 
the  slits,  appear  at  rest,  and  sup- 
pose that  the  angle  subtended  by  two 
adjacent  dots  of  this  ring  at  the 
centre  of  the  disc  is  ^,  so  that  if  there 
arc  m  dots  in  the  ring,  tf  =  36o/w, 
and  that  the  disc  makes  ft  turns  in 
a  second,  so  that  the  lime  taken 
to  make  one  turn  is  1 '«.  Then 
the  time  taken  to  turn  through  the 
angle  B  is  GI;^6on  or  i/ww.  Hence 
the  time  taken  by  the  fork  to  make 
half  a  vibration  is  i/w«,  or  the  frc<|uency  is  mn'z}  The  quantity  n  is 
obtained  by  counting  the  number  of  turns  made  in  a  given  lime  by 
means  of  an  arrangement  similar  to  that  shown  attached  to  the  syren 
in  Fig.  233,  the  speed  of  rotation  being  kept  constant  during  this  time 
by  observing  that  the  ring  of  dots  appears  at  rest  throughuut. 

301.   LlssaJOUS*   Figures.— Since    the   movement    of  the   prong   of 
a  tuning-fork   is  a  simple   harmonic  motion,  it  is  possible  by  means 

of  two   forks   to  illustrate  the   com- 
bination   of    two    simple    harmonic 
■n       V^t^'^"^  motions  treated  of  in  sections  53,  54. 

m  P^*^.^  If  a  mirror  M  (Fig.  252)  is  attached 

to  the  prong  of  a  fork  A,  and  a  ray 
af  light  is  reflected  from  the  mirror 
and  received  on  a  screen  s,  then, 
when  the  fork  is  set  in  vibration, 
instead  of  getting  a  spot  of  light 
on  the  screen,  we  shall  get  a  line, 
owing  to  the  motion  of  the  mirror 
and  to  the  persistence  of  vision. 
The  line  will  lie  parallel  to  the  limb 
of  the  fork,  that  is.  in  the  case  shown 
If  now  the  fork  is  rotated  round  a 


Fig.  352. 

in  the  figure  it  will  be  vertical. 

1  Tliis  result  may  be  obtained  utlicrwise,  thus:  Each  time  the  disc  is  seen,  each 
tloi  has  moved  on  one.     Now  the  number  of  dots  which  pass  any  g)>en  point  in  a 
second  is  nm.     Hence  ihe  disc  must  be  seen  mm  time*  per  second.     Hut  it  is  i 
a.V  times  per  second,  where  .V  is  ihe  frequency  of  the  fork.     Therefore  aA'sjt iw. 
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vertical  axis,  a  wavy  curve  will  Iw  produced  on  the  screen,  resembling  a 
sine  curve,  for,  owin^  to  the  rotation  alone,  we  should  obtain  a  liorizontal 
straight  line,  so  that  when  the  fork  is  moving  we  have  to  compound  a 
steady  horizontal  motion  with  a  S.  H.M.  in  a  vertical  direction. 

Next  let  the  ray  of  light,  after  being  retlected  by  the  mirror  attached 
tn  the  fork  a,  be  again  reflected  at  a  mirror  attached  to  a  second  fork 
"  ('■i^'  253)*  this  fork 
being  placed  so  that 
the  motion  of  its 
prongs  takes  place 
in  a  direction  at  right 
angles  to  that  of  the 
prongs  of  A.  If  A 
alone  vibrated,  the 
line  tvi'  would  be 
produced  on  a  screen 
S  J  while  if  11  alone 
vibrated,  the  line  bb' 
would  be  produced. 
HTicn  they  both 
vibrate  together,  the 
spot  of  light  will 
trace    out    a    curve 

due  to  the  combination  of  the  two  motions.  If  the  frequencies  of  the 
forks  are  in  the  ratio  of  2  to  3,  the  cun-e  will  be  one  of  thoae  shown  in 
Fig.  40.  If  one  fork  is  the  octave  of  the  other,  the  curve  obtained  will 
be  one  of  those  shown  in  Fig.  41.  Which  of  the  forms  is  obtained  with 
any  given  ratio  depends  on  the  relation  between  the  phases  of  the  two 
forks.  If  the  frequencies  are  exactly  commensurable,  the  fonn  of  the 
curve  obtained  will  remain  constant.  If,  however,  the  ratio  of  the  fre- 
quencies is  not  quite  in  the  ratio  of  two  simple  numbers,  say  they  are 
very  nearly  the  octave,  then,  as  shown  in  §  53,  the  curve  will  gradually 
change,  taking  in  turn  all  llie  forms  shown  in  Fig.  41. 

The  passage  of  the  curxe  through  the  different  forms  belonging  to 
any  given  ratio  of  the  frequencies,  when  the  forks  are  not  quite  adjusted 
lo  this  ratio,  is  a  very  accurate  method  of  telling  by  how  much  the  ratio 
of  the  frequencies  differs  from  the  correct  ratio,  or  of  adjusting  them  so 
as  to  give  the  correct  ratio,  for,  as  was  shown  in  §  53,  all  the  fonns  will 
be  gone  through  once  while  one  fork  gains  a  vibration  on  the  other. 
Thus  if  /«  and  «  +  A  are  the  frequencies  of  the  two  forks,  where  d  is  a 
small  quantity,  so  that  the  figures  obtained  correspond  to  the  ratio 
m  :  //,  the  whole  series  of  curves  corresjwnding  to  this  ratio  will  be  gone 
through  in  a  time  /,  such  that  /B  is  equal  to  unity.  Hence  if  we  note  / 
we  can  calculate  3,  and  therefore  deduce  the  true  ratio,  ///  :  «  f  \  of  the 
frequencies  of  the  two  forks. 
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The  changes  which  take  place  in  the  fonn  of  Lissajous'  figures  being 
such  an  accurate  method  of  aUjusiing  ihe  frequencies  of  two  forks  lo 
cenain  fixed  ratios,  it  is  of  much  use  in  adjusting 
tlie  pitch  of  forks.  Since,  however,  ordinary 
forks  are  not  fitted  w  ith  a  mirror,  and  the  addition 
of  a  mirror  would  allcr  the  pitch,  the  arrangc- 
inent  described  above  is  not  applicable.  Hence 
the  arrangement  shown  in  Fig.  254,  and  called 
a  vibration  microscope,  is  employed.  A  large 
fork  A,  which  is  tlie  standard  with  which  the 
others  arc  to  Ik  compared,  carries  attached  to 
one  of  its  prongs  a  snuill  lens  R.  This  ]ens 
forms  the  objective  of  a  small  microscope,  C, 
the  tube  and  eye-ptecc  of  which  are  supported 
on  a  separate  stand.  The  fork  I»,  which  is 
being  adjusted,  is  placed  so  that  its  prongs 
vibrate  in  a  direction  at  right  angles  to  those  of 
the  standard  A.  If  now  the  microscoj)e  is 
focusscd  on  a  small  dot  on  the  top  of  one  of  the  prongs  of  the  fork  D,  and 
the  standard  fork  is  alone  sounding,  the  dot  will  appear  druwn  out  into  a 
line  parallel  to  the  line  F,  owing  to  the  to-and-fro  motion  of  the  lens  B. 
If,  im  the  other  hand,  the  fork  A  is  at  rest,  and  the  fork  I>  is  sounding,  the 
dot  will  appear  as  a  line  parallel  to  the  line  E.  When  both  forks  are 
sounding,  the  pattern  traced  out  by  the  dot  will  be  the  Lissajous'  figure 
appropriate  to  the  relative  frequencies  of  the  forks.  Since  in  this  method 
of  obtaining  Lissajous'  figures  no  addition  has  to  be  made  to  the  fork 
which  is  being  tested,  it  can  be  used  for  adjusting  any  form  of  fork. 

The  pitch  of  a  runing-fork  is  adjusted  by  filing  the  prongs.  If  some 
of  the  metal  is  filed  away  near  the  extremity  of  Uie  prongs,  the  pitch  will 
be  raised,  for  the  mass  of  metal  which  swings  backwards  and  forwards 
is  thus  decreased.  If  the  filing  is  porfonned  near  the  stem  the  pitch  is 
lowered,  for  this  decreases  the  stiffness  of  the  prongs,  and  so  reduces  the 
restoring  force  which  acts  when  the  prongs  are  deflected  from  their 
position  of  rest. 

302.  Transverse  Vibrations  of  Plates.— If  a  square  plate  of  brass 

or  glass  is  supported  at  its  centre  in 
a  horizontal  plane  by  being  screwed 
to  a  vertical  pillar,  and  the  edge  is 
bowed  with  a  rosined  fiddle-bow,  it 
will  give  out  a  note.  The  number  of 
notes  which  can  be  obtained  from 
any  one  plate  is,  however,  practically 
infinite.  By  strewing  sand  on  the 
upper  surface  the  character  of  the 
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vibration  can  be  studied,  since  the  sand  gathers  along  the  nodal  lines, 
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/V.  ihe  lines  where  the  plate  remains  permanently  at  rest.  Some  of  the 
forms  which  can  thus  be  obtainetl  are  shown  in  Kig.  255,  which  are 
selected  from  some  of  those  pubhshed  by  Chladni,  and  the  figures  obtained 
in  this  way  are  called  Chladnis  hgures. 

The  fonn  shown  at  ia\  Kig.  255,  is  obtained  by  damping  the  plate, 
by  touching  it  with  the  finger,  at  the  middle  of  one  of  the  edges,  and 
bowing  at  one  of  the  corners.  To  obtain  {b)  the  corner  is  damped  and 
the  plate  bowed  in  the  middle  of  an  edge,  and  so  on,  the  bowing  being 
always  performed  at  the  point  half-way  lietween  two  nodal  lines,  and  the 
damping  taking  place  at  the  nodal  lines. 

Wheatstone  has  given  an  elementiiry  explanation  of  the  forms  in 
which  a  square  plaie  AKCD  i  Kig.  236)  can  vibrate.  He  first  considers 
the  plate  as  made  up  of  a  number  of  rods 
parallel  to  one  aide,  ab.  These  rods  could 
vibrate  so  as  to  all  have  their  nodes  along 
the  lines  N|N'j,  N^n'm.  In  the  same  way 
the  plate  may  be  considered  as  made  up 
of  rixls  parallel  to  AU,  and  ihebc  rod^ 
wouUl  all  vibrate  with  their  nodes  along 
the  lines  M,M',  and  m^mV  Now  suppose 
ihe  two  movements  to  go  on  simul- 
taneously, so  that  the  actual  motion  of 
any  portion  of  the  plate  is  the  algebraical 
sum  of  the  movements  due  to  the  two  sets 
of  rods.  Let  us  first  take  the  case  when 
the  central  segments  of  the  two  sets  of 
rods  arc  in  opposite  phase.  Then,  if  wc  indicate  that  any  given  part  of 
the  plate  is  above  the  plane  of  the  plate  by  the  symbol  +,  and  that  it  is 
below  by  -,  we  have  the  two  separate  motions  indicated  at  (a)  and  (^), 
Pig-  257.  When  these  two  are  combined  we  get  the  state  shown  in  (c). 
In  the  rectangles  which  are  shaded  the  two  displacements  assist  one 
another,  while  in  the  unshaded  portions  the  upward  displacement  due  to 
one  set  of  rods  is  neutralised  by  the  downward  displacement  due  (o  the 
other  set  Hence  the  minimum  displacement  will  take  place  along  the 
two  di«igona]s  AC,  BD,  a  result  which  agrees  with  the  form  shown  at  {b) 
in  Fig.  255.  If  the  central  portions  of  the  two  sets  of  rods  are  in  the 
same  phase,  then  when  they  exist  simultaneously  the  figure  shown  at 
(/),  Fig.  257,  will  be  produced.  The  nodal  lines  will  therefore  be  the 
square  EFGH.  This  case  corresponds  to  {^f)  in  Fig.  255  ;  and  since  the 
centre  of  the  plate  is  in  vibration,  the  plate  is  not  clamped  at  its  centre, 
but  at  a  point  on  the  nodal  line.  It  will  be  seen  that  the  general  form 
of  the  nodal  lines  obtained  by  experiment  agrees  fairly  well  with  the 
form  obtained  by  Wheatstone's  method.  The  slight  differences  between 
the  calculated  and  observed  forms  is  to  be  expected,  since  we  have 
assumed  that  the  amplitude  of  the  motion  of  the  central  portion  of  the 
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rods  and  of  the  extremities  are  equal.  This^  however,  is  not  true,  the 
amplilude  of  the  ends  being  really  considerably  greater  than  that  of 
the  central  segment.  Hence  some  of  the  parts  which  we  have  taken  as 
being  at  rest,  owing  to  the  displacement  of  the  end  segment  of  one  set 
of  rods  neutralising  the  displacement  of  the  central  segment  of  the  other 
set,  will  not  really  be  completely  at  rest. 

In  the  case  of  a  circular  plate,  the  nodal  lines  are  either  radial  lines, 
or  circles,  or  combinations  of  the  two.  Tlie  radial  nodal  lines  arc  ob- 
tained by  fixing  the  centre  of  the  circular  plate  and  bowing  the  edge, 
while  two  points  on  the  edge  are  damped.  Since  a  nodal  line  always 
represents  the  line  of  separaiioa  between  two  parts  of  the  plate  which 
are  vibrating  in  opposite  phases,  there  must  always  he  an  even  number 
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of  radial  nodal  lines.  If  there  were  an  odd  number,  then  at  one  line  at 
least  the  plate  on  both  sides  of  the  line  would  be  vibrating  in  the  same 
phase. 

The  circular  nodal  lines  can  be  obtained  by  resting  the  plate  on  three 
points  on  one  of  the  circles,  and  setting  it  into  vibration  by  drawing  a 
rosined  string  through  a  hole  at  the  centre.  They  may  also  be  obtained 
by  fixing  the  plate  by  its  centre  to  the  end  of  a  rod,  and  making  this  rod 
vibrate  longitudinally  (see  §  304). 

If,  instead  of  using  sand  to  show  the  nodal  lines,  a  light  powder,  such 
ns  lycopodium,  is  employed,  it  will  collect,  not  along  the  nodal  lines,  but 
at  the  parts  of  maximum  motion.  This  is  due,  as  was  shown  by  Faraday, 
to  the  formation  of  small  vortices  in  the  air  near  the  plate,  just  above  the 
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vertical  segments  or  loops,  these  vortices  sweeping  the  powder  on  to 
the  loops. 

303.  Bells.  — In  the  case  of  bells,  as  in  the  case  of  circular  discs,  there 
must  always  be  an  even  number  of  nodal  meridians,  the  portion  of  the 
Ijcll  on  opposite  sides  of  eacli  meridian  vibrat-  ..  — .^^ 

ing  in  opposite  phase.  The  simplest  fomi 
of  vibration  is  that  in  which  there  arc  four 
nodal  meridians,  N|,  N.^  N^,  and  N^  (Fi^-  258). 
Although  the  nodal  meridians  are  points  of 
no  radial  motion,  they  arc  points  of  maximum 
tangential  motion.  The  reason  is  that  when 
the  rim  on  one  side  of  a  node  is  outside 
the  mean  position,  the  rim  at  the  other  side 
is  within  the  mean  position,  and,  as  is  obvious 
from  the  figure,  the  length  of  rim  intercepted 
between  adjacent  nodes  is  greater  when  this 
portion  of  the  rim  is  outside  the  mean  position  than  when  inside  the  mean 
position.  The  result  is  that,  to  allow  for  this  change  in  the  length  of  rim 
intercepted  between  adjacent  nodes,  a  motion  of  the  rim  in  its  own  plane 
takes  place  at  the  nodes. 

The  overtones  of  a  bell  are  not  the  harmonics  of  the  fundamental,  as 
is  well  shown  by  the  following  table,  which  gives  the  various  tones  of  a 
peal  of  bells  which  were  examined  by  Lord  Rayleigh  ; — 
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2 
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gt 
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<f-6,  ^j-5,  rf^+8,  ^';;+io,  r  +  2. 

An  examination  of  this  table  will  show  how  markedly  inharmonic  are  the 
various  overtones.  The  very  curious  fact  also  appears  that  in  the  case  of 
all  these  bells,  which  are  by  English  founders,  it  is  the  fifth  of  the  above 
tones  that  fixes  the  nominal  pitch  of  the  bell. 

304.  Lon^tudlnal  Vibration  of  Rods  and  Strings.— In  the  case 
of  a  string  or  rod,  in  addition  to  the  transverse  vibrations  already  con- 
sidered, we  may  have  longitudinal  vibrations,  in  wliich  the  particles  of  the 
string  move  backwards  and  forwards  parallel  to  the  length  of  the  string. 

*  No  attention  is  here  paid  to  the  question  as  to  the  octait  of  the  nominal  pitch  of 
ibe  t^ells. 

*^~3  means  the  frequency  was  three  vibrations  per  second  less  tban^. 
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The  frequency  of  the  longitudinal  vibrations  of  a  string  is  independent 
of  the  tension  with  which  the  strinjr  is  stretched.  For  when  a  particle  of 
the  string  is  displaced  from  its  mean  position,  the  force  with  which  it 
lends  to  return  to  its  undisplaced  position  depends  on  the  stress  caused 
by  the  dispiacrment  from  this  position,  and  this  stress  is  by  Hooke's  law 
(sj  172)  independent  of  any  previously  existent  stress  which  affects  the 
particle  under  consideration  and  the  other  particles  equally.  Thus  the 
velocity  with  which  a  longitudiii:il  disturbance  travels  in  a  string  is  in- 
dependent of  the  tension,  and  depends  only  on  the  elasticity  and  density 
of  the  material  of  the  string.  When  the  string  is  giving  its  fundamental, 
there  will  be  a  node  at  each  end  and  a  single  loop  in  bctwrcn,  so  that 
the  wave-length  will  be  equal  10  twice  the  length  of  the  string.  Hence, 
since  v  —  fi\  where  v  is  the  velocity  of  sound  in  the  material  of  the  string, 
n  is  the  frequency  of  the  note  prtiduced,  and  X  is  the  wave-length,  we  get 
v==2ni^  where  /is  the  length  of  the  string. 

In  the  case  of  a  rod  clamped  at  the  middle  and  vibrating  longitudi* 
nally,  there  must  he  a  node  at  the  centre  where  the  rod  is  held,  and  the 
ends  of  the  rod  must  always  be  loops.  Hence  when  llie  rod  is  sounding 
its  fundamental  there  will  be  a  loop  at  either  end,  and  a  single  node, 
namely  that  at  the  centre.  The  wave-length  of  the  s<Mmd  in  the  rod  will 
therefore  be  equal  In  twice  the  len>;ih  of  the  rod. 

Since,  as  in  the  case  of  the  longitudinal  vibrations  of  a  string,  r'^znl^ 
if  we  measure  the  frequency  n  of  the  note  given  by  a  nxi  or  string  of 
length  /  when  vibrating  longitudinally,  wc  can  immediately  calculate  the 
velocity  of  sound  in  the  material  of  which  the  rod  or  string  is  composed, 
and  it  is  in  this  way  that  the  values  for  the  velocity  of  sound  in  the  solids 
given  in  the  following  table  have  been  obtained. 


Velocitv  of  Sound  in  .Solids. 


Aluminium 

Brass  . 

Steel 

Glass J 

Pine  (along  the  fibre) .... 


We  may  also  calculate  the  velocity  of  sound  in  a  string  or  rod,  and 
thus  also  calculate  the  pitch  of  the  note  given  by  such  rod  or  string  when 
vibrating  longitudinally,  for  the  waves  concerned  are  of  the  type  con- 
sidered in  g  379,  and  it  was  there  shown  that  the  velocity  of  such  a  wave 
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where  E  is  the  elasticity  (Young's  modulus  (§  17:)  in  this  case)  and  />  Is 
ihe  density,     llcncc,  since 

we  have  i     ,___ 

In  the  case  of  brass,  Young's  modulus  has  the  value  i.i  x  to*',  and  the 

density  is  8.7.     Hence  the  velocity  of  sound  in  brass  is 


/  1.1  X  10"  ^  , 

'''^  V  ^7 —  "  355600  cm./sec, 
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a  number  which  agrees  with  that  obtained  by  experiment. 

In  the  case  of  a  rod  clamped  in  the  middle,  the  first  overtone  is  pro* 
duced  by  a  mode  of  vibration  in  whicli  there  are  three  nodes,  one  of  them 
bcin^;,  of  course,  at  the  middle.  The  pitch  of  the  note  given  is  nearly 
three  times  that  of  the  fundamental  note.  The  next  overtone  contains 
five  nodes  and  the  pitch  corresponds  to  nearly  five  times  that  of  the 
fundamental,  and  so  on.  If  a  rod  is  held  with  one  end  fixed  and  the 
other  end  free,  there  must  be  a  node  at  the  fixed  end  and  a  loop  at  the 
free  end.  Hence  the  wave-length  of 
the  fundamental,  when  such  a  rod  is 
^•ibratinf,'  longitudinally,  will  be  equal 
to  four  times  the  length  of  the  rod,  a 
result  which  follows  immediately  from 
the  case  of  a  rod  clamped  at  the 
middle,  for  this  latter  may  be  re^^'arded 
as  made  up  of  two  rods  clamped  at 
one  end.  The  positions  oi  the  nodes 
for  the  fundamental  and  the  first  two 
overtones  arc  shown  in  Fig.  259,  from  which  it  will  be  immediately  seen 
that  the  frequencies  are  as  i  :  3  :  5. 

306.  Torsional  Vibrations. -When  a  rod  is  clamped  at  one  end, 
and  the  side  is  bowed  transversely  with  a  rosined  bow,  a  very  high  note 
can  be  obtained.  The  vibrations  in  this  case  consist  of  an  alternate" 
twisting  and  untwisting  of  the  rod,  and  are  called  torsional  vibrations. 
If  the  solid  is  in  the  form  of  a  rectangular  bar,  and  one  face  is  held 
horizontal,  by  strewing  sand  on  this 
face  and  bowing  the  edge  of  the  rod 
it  ran  be  set  in  torsional  as  well  as 
transverse  vibrations,  ;ind  the  posi- 
tions of  the  nodal  lines  will  be  shown 
by  the  sand. 

The  character  of  the  nodal  lines 
thus  obtained  is  shown  in  Fig.  26a      If  the  vibrations  were  simply  trans- 
verse, the  nodal  lines  would  be  at  right  angles  to  the  edge.     Owing, 
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however,  to  the  production  of  torsional  vibrations,  in  addition  to  the 
transverse  vibrations,  when  ihe  bar  is  bowed  at  A  and  dani{}ed  at  li  and 
!(',  the  nodal  lines  are  Incfined,  as  shown  in  the  fijfure. 

SOB.  Vibrating-  Columns  of  Gas, —The  column  of  gas,  say  aJr, 
enclosed  in  a  tube  can  be  caused  to  vibrate  longitudinally  in  a  manner 
strictly  analogous  to  that  of  the  lon^Mtudinal  vibrations  of  rods.  Two 
cases  have  to  be  considered,  namelj-,  that  in  which  the  tube  is  open  at 
both  ends,  and  that  in  which  the  tube  is  closed  at  one  end. 

In  the  case  of  vibrating  columns  of  air,  at  the  nodes,  which  are  points 
where  the  air  particles  arc  at  rest,  there  will  be  maximum  change  of 
pressure,  for  the  particles  will  alternately  be  crowded  together  and 
separated  at  these  points.  The  loops,  on  the  other  hand,  will  be  places 
of  maximum  motion,  but  of  minimum  change  of  density  and  pressure. 

In  the  case  of  a  closed  pipe,  there  can  be  no  motion  of  the  air 
particles  which  are  in  immediate  contact  with  the  closed  end,  so  that  the 
closed  end  must  always  he  a  node.  At  the  open  end,  where  the  air 
column  communicates  with  the  external  air,  the  changes  of  density  can 
only  be  very  small,  so  that  the  open  end  may  for  the  present,  at  any  rate, 
be  regarded  as  a  loop.     Hence  the  fundamental  is  produced  when  the 

air  column  vibrates,  as  at  (a\ 
N  L     ^"K-    26 1 ,      The    wave  -  length 

will  be  equal  to  four  times  the 
length  of  the  pipe,  for  it  is 
always  equal  to  four  times  the 
distance  between  a  node  and 
the  adjacent  loop.  The  first 
overtone  is  produced  when 
there  is  one  node  besides  that 
at  the  closed  end,  as  shown  at 
(d\  while  the  second  overtone 
is  produced  when  there  arc 
two  additional  nodes,  as  at  (r). 
The  air  particles  on  the  two 
sides  of  a  node  are  always 
moving  in  opposite  directions,  and  when  a  condensation  is  taking  place 
at  one  node,  a  rarefaction  is  taking  place  at  the  adjacent  nodes.  The 
wave-length  at  (&)  is  equal  to  twice  the  distance  between  consecutive 
nodes,  that  is,  is  equal  to  ^/,  where  /  is  the  length  of  the  pipe.  Thus  the 
wave-lengths  of  the  fundamental  and  of  the  overtones  of  a  closed 
pipe  are— 

3      5*    7 

Since  the  velocity  of  sound  in  the  air  is  the  same  in  all  cases,  and  T'  =  «X, 
the  frequencies  of  the  fundamental  and  of  the  overtones  arc  inversely 
proportional  to  the  wave-lengths,  so  that,  if  the  frequency  of  the  funda- 
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mental  is  taken  as  unity,  the  frequencies  of  the  fundan^enial  and  of 
the  overtones  arc  1,3,  5,  7,  &c.  In  this  case,  therefore,  only  the  odd 
harmonics  of  the  fundamcmal  are  present  in  the  ovtrtoncs. 

In  the  case  of  a  pipe  op>cn  at  lx)th  ends,  there  must  be  a  loop 
at  each  end,  and  the  funda- 
mental is  given  when  there  t_  N  L 
is  a  single  node  produced  at 
the  middle,  as  shown  at  {a)^ 
Fig.  262-  In  this  case  the 
wave-length  is  equal  to  twice 
the  length  of  the  pipe  The 
modes  of  vibration  correspond- 
ing to  the  lirst  two  overtones 
are  showi  at  {b)  and  (c\  It 
will  be  seen  Oiat  the  wave- 
lengths of  the  fundamenlal  and 

2/ 
overtones  are  equal  to  2/,   ^^ , 

-  ,    "  ,  &c.,  or  in  the  ratio  of  1  :  i  :  J  :  J  : 
3      4 
are  in  the  ratio  of 

1:2:3:4:     .     .     . 

So  that  in  the  case  of  an  open  pipe  all  the  harmonics  of  ihe  fundamental 
are  produced  by  the  overtones. 

The  positions  of  the  nodes  and  loops  in  vibrating  columns  of  air  can 
be  investigated  by  means  of  an  arrangement  devised  hy  Koenig,  and 
called  a  manotnctric  capsule  or  tlame. 

A  hole  is  made  in  the  side  of  the  tube  AB  (Fig.  363),  and  over  this 
hole  is  stretched  a  thin  india-rubber  membrane  C.  A  small  metal,  or 
wooden,  capsule  i>  covers  the  membrane,  leav- 
ing a  small  enclosed  space  G.  Ordinary  coal 
gas  is  supplied  through  the  tube  E,  and  escapes 
through  F,  where  it  is  lighted.  If  the  pressure 
within  the  pipe  alters,  the  membrane  c  will  be 
forced  in  and  out,  causing  the  pressure  in  O  to 
vary  also.  The  results  of  the  variation  of  the 
pressure  of  the  gas  in  G  will  be  to  cause  the  size 
of  the  flame  to  vary,  when  the  pressure  in  G  is 
increased  the  size  of  the  tlame  increases,  while 
whcQ  the  pressure  in  c  decreases,  so  also  docs 
the  size  of  the  flame.  Since  the  variations  in 
the  pressure  inside  the  sounding-pi[>e  occur  with  ga'at  rapidity,  the 
changes  in  size  of  the  flame  cannot  be  observed  when  the  flame  is  looked 
at  directly,  on  account  of  the  persistence  of  vision,  for  the  images  of  the 
small  and  large  flames  made  on  the  retinx  overlap.    In  order  to  overcome 
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this  difficulty,  the  flame,  instrati  of  bcinj,'  obscned  directly,  is  looked  at 
by  reflection  in  a  mirror,  shown  in  Kiy.  264,  which  can  be  rotated  about  a 

vrnical  axis,  so  thai  ilie  images  of  the 
flame  are  no  lonKcr  superposed.  If  ihc 
hole  in  the  side  of  the  pipe  coincides  with 
.1  loop,  then  there  will  be  no  variations 
in  pressure,  and  hence  the  manometric 
flame  will  not  var>'  in  size,  and  when 
viewed  in  tlie  rotator)-  mirror  will  show 
as  a  continuous  band  of  liyht.  If,  how- 
ever, the  hole  is  at  a  node,  the  flame, 
when  viewed  in  the  rotatory  mirror,  will 
he  broken  up  into  a  serrated  appearance* 
as  shown  in  Kig^.  265. 

We  have  in  the  above  discussion  sup- 
posed thai  a  loop  was  formed  exactly  at 
the  open  end  of  a  pipe.  This,  however, 
is  not  accurate,  for  it  is  only  at  a  httle 
distance  beyond  the  end  of  the  pipe  that 


Fig.  264. 
nochanges  in  density  occur.    Ifthere  is  a  flanjje  at  the  o|ien  end  of  the  pipe, 


i 


Ftc    2*^5. 

as  shown  in  Fig.  266,  the  loop  occurs  at  a  distance  of  0.82  J^  outside  the 
end  of  the  pipe,  where  A*  is  the  radius  of  the  pipe. 
If  there  is  no  flange,  the  loop  is  at  a  distance  of 
0.57  A'  from  the  end.  Hence  the  distance  between 
the  open  end  of  a  pipe  and  the  nearest  node  is 
always  less  than  half  the  distance  between  any  two 
consecutive  nodes,  or  less  than  X/4,  where  X  is  the 
wave-length  of  the  note  given  by  the  pipe.  The 
cfiect  of  this  correction  for  the  open  end  is  virxually 
to  lengthen  the  pipe,  but  this  will  not  alter  the 
relative  pitches  of  the  overtones.  Since,  however. 
Fig.  afifi.  ^^*  correction  for  an  open   pipe  will  have  to  be 

applied  at  both  ends,  its  virtual  length  will  be  /  -t-  3a, 

where  *i  is  the  correction  for  the  end,  and  the  wave-lengih  of  the  note 
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emitted  will  be  2(/+2ii),  while  the  N-irtual  length  of  a  closed  pipe  of 
length  /  will  be  /+'i,  and  the  wave-length  of  the  note  emitted  will  be 
4(/  +  a).  Hence  the  interval  between  the  notes  given  by  an  open  and  a 
closed  pipe  of  the  same  length  (/)  will  be 

4(/-*-a) 

2(/+2ny 

and  ibis  is  less  than  2.  Mence  the  open  pipe,  instead  of  giving  the 
octave  of  the  note  given  by  tlie  closed  pipe,  as  the  elementary  discussion 
previously  given  would  lead  us  to  expect,  gives  a  note  somewhat  iower 
than  the  octave. 

307.  Or^an-Pipes. — The  most  familiar  case  of  the  vibration  of 
columns  of  air  occurs  in  the  case  of  organ-pipes.  An  organ-pipe  consists 
of  two  parts  :  (1)  a  tube  enclosing  a  column  of  air  which  is  set  in  vibra- 
tion, and  which  governs  the  pitch  of  the  note  emitted  ;  and  (2)  an 
arrangement  for  setting  this  column  of  air  into  vibration  and  maintaining 
the  vibrations  when  started.  There  are  two  distinct  ways  in  which  the 
vibrations  of  the  air  column  can  l)e  started  and  maintained.  In  one  of 
these  air  is  forced  through  the  channel  A,  Fig.  267  (i/),  and  the  stream  of 
air  strikes  against  the  bevelled  lip  B  of  the  pipe. 
The  stream  of  air  striking  this  edge  sets  up  vibra- 
tions in  the  air  contained  within  the  body  of  the 
pipe,  in  the  same  way  that  vibrations  can  be  set 
up  in  the  air  contained  in  the  barrel  of  a  key  by 
blowing  across  the  lop. 

In  the  other  method  the  air  is  set  in  vibration 
by  means  of  the  transverse  vibration  of  a  thin 
plate  of  metal,  c,  Fig.  267  (/),  called  a  reed,  which 
is  fixed  at  one  end»  and  nearly  fills  the  aperture 
leading  from  a  box,  r»,  to  the  pipe  E.  If  air  is 
forced  into  0  it  will,  in  escaping,  set  the  plate  C  in 
vibration,  and  the  reed  in  its  motion  alternately 
closes  and  opens  the  passage  from  the  box  I).  It 
is  the  impulses  derived  from  this  intermittent 
supply  of  air  wliich  sets  the  column  of  air  in  the 
pipe  into  vibration. 

Open  org.in-pipes  are  tuned  by  reducing  the  size  of  the  open  end  by 
bending  a  sheet  of  metal  so  that  it  covers  the  opening  more  or  less.  The 
smaller  the  opening,  the  lower  is  the  note  given.  Closed  pipes  arc  tuned 
by  forcing  in  more  or  less  the  plug  which  constitutes  the  closed  end,  and 
thus  altering  the  length  of  the  pipe. 

If  the  pipe  is  not  vcr)*  narrow,  the  note  given  when  it  is  blown  gently 
is  very  nearly  a  pure  tone.  If,  however,  the  pipe  is  narrow  or  the  wind 
pressure  is  great,  the  pipe  will  give  a  note  in  which  the  first  overtone  is 
very  marked.     When  very  strongly  blown,  the  first  and  second  overtones 
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are  so  strong  as  to  completely  drown  the  fundamental,  which  is  very 
weak. 

The  clarionet  consists  essentially  of  an  open  reed-pipe,  the  length  of 
which  can  be  altered  by  opening  and  shutting  various  valves.  The  note 
given  is  verj*  rich  in  overtones,  and  it  is  owing  to  the  presence  of  these 
overtones  that  this  instrument  owes  its  characteristic  sound. 

In  the  comet  and  horn  there  is  no  reed  attached  to  the  instrument, 
but  the  lips  of  the  performer  vibrate  and  perform  the  functions  of  a  reed. 
In  the  comet,  the  length  of  the  tube  can  be  altered  at  will,  and  thus  the 
different  notes  can  be  obtained.  In  the  horn  and  bujjie  the  length  of  the 
tube  remains  constant,  but  the  perfonner  alters  the  manner  in  which  his 
lips  vibrate  so  as  to  make  the  pipe  give  its  diflferent  overtones,  so  thai  in 
these  instruments  all  ihe  possible  notes  that  can  be  obtained  are  the 
overtones  of  the  fundamental  note  which  the  pipe  will  give. 


CHAPTER  VI 


SUPPLY  OP  ENERGY   TO  A    SOUNDING  BODY— 
RESONANCE 

308.  Vibrations  Maintained  by  Heat.  — In  the  case  of  organ- 
pipes,  which  are  the  only  sources  of  sound  which  we  have  considered 
which  arc  capable  of  g-iving  a  maintained  note,  the  cncrg)^  necessary  to 
maintain  the  vibrations,  and  make  up  for  the  energy  which  is  radiated 
as  sound-waves,  is  supplied  by  the  blast  of  air  used  to  make  the  pipe 
"speak."  We  have  now  to  consider  other  methods  by  which  the  energy 
which  is  communicated  to  the  air  as  sound-waves  by  a  sounding  body 
can  be  supplied.  In  the  case  of  a  tuning-fork,  say,  the  cncrg)'  necessary 
to  supply  the  sound-waves  is  derived  from  the  loss  of  energy  of  motion  of 
the  prongs,  so  that  the  sound  gradually  dies  ouL  In  some  cases,  how- 
ever, the  necess«iry  energy  is  supplied  in  the  form  of  heat.  The  most 
familiar  case  of  sound  being  produced  by  heat  is  Trevelyan's  rocker. 
This  instniment  consists  of  a  piece  of  copper  or  iron,  the  cross  section  of 
which  is  shown  at  en  (Fig.  268),  which  is 
heated  and  then  rested  on  a  block  of  lead, 
AB.  Under  these  circumstances  the  rocker 
gives  out  a  musical  note.  The  cause  of  the 
vibrations  is  the  expansion  of  the  lead 
owing   to    the    heat    conducted   from   the  Fig.  368. 

rocker.     Suppose  the  rocker  to  be  resting 

on  the  edge  c  more  heavily  than  on  D,  the  result  will  be  that  heat  will 
flow  more  rapidly  into  the  lead  at  c  than  at  D.  This  heat  will  cause  the 
lead  to  expand  immediately  under  the  edge  c,  and  this  expansion  will  tilt 
the  rocker  over  on  to  the  other  edge.  The  conduction  of  heat  will  now  be 
greater  at  the  edge  i),  so  that  the  lead  will  now  expand  under  it  and 
cause  the  rocker  to  tilt  back  on  to  the  first  edge,  when  the  whole  process 
will  be  repeated.  Thus  the  rocker  is  set  in  vibration  and  gives  out  a 
note,  the  energy  being  supplied  by  the  heat  of  the  rocker  ;  in  fact  the 
arrangement  forms  a  heat  engine  m  which  the  rocker  is  the  source  and 
the  lead  i)Iock  the  sink,  and  some  of  the  heat  of  the  source  is  converted 
into  energy  of  motion*  while  at  the  same  time  a  portion  of  the  heal  passes 
from  a  higher  to  a  lower  temperature,  that  is,  passes  to  the  sink. 

If  a  jet  of  hydrogen  gas  be  placed  within  a  vertical  tube  open  at  both 
ends,  then  in  general  a  loud  note  will  be  produced,  which  will  continue  as 
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long  as  the  gas  jei  remains  alight.  The  same  phenomenon  is  exhibited  by 
burning  jets  of  other  combustible  gases,  but  to  a  less  marked  degree.  If 
the  flame  is  observed  by  means  of  a  rotating  mirror,  similar  to  that  used 
in  connection  with  manometric  flames,  it  will  be  seen  that  the  flame  is 
in  vibration.  By  using  the  siroboscopic  method  of  observing  the  flame, 
TCpIer  was  able  to  show  ihat  in  many  cases  at  one  time  during  eadi 
vibration  the  flame  retires  inside  the  jet  through  which  the  gas  is 
supplied.  It  is  abo  found  that  the  length  of  the  gas  supply-tube  bears  an 
important  part  in  the  phenomenon.  If  the  supply-tube  is  lightly  plugged 
with  cotton-wool  near  the  jet  the  gas  flame,  although  it  appears  just  as 
usual,  is  incapable  of  producing  vibrations,  while  ihe  notes  which  can  be 
obtamed  with  any  given  flame  depend  on  the  length  of  tlie  supply-lube 
and  on  the  nature  of  the  gas.  These  observations  indicate  that  stationary 
waves  are  set  up  in  the  supply-lube.  The  eflfect  of  these  vibrations  in 
the  supply-tube  is  that  the  emission  of  the  gas,  instead  of  being  uniform, 
is  intermittent,  so  that  the  size  of  the  flame,  and  hence  also  the  supply  oi 
heat  to  the  air  contained  in  the  tube  which  surrounds  the  flame,  is  inter- 
mittent. Now  when  a  column  of  air  is  in  vibration  and  heat  is  supplied 
to  the  air  at  the  moment  of  greatest  condensation,  this  supply  of  heal  will 
increase  the  force  with  which  the  gas  tends  to  expand,  />.  to  regain  its 
normal  condition  of  pressure.  The  efliect  of  this  will  be  similar  to  that 
produced  when  a  pendulum  is  struck  a  blow  at  the  end  of  its  swing 
tending  to  drive  it  back  towards  its  position  of  rest,  namely,  it  will  tend 
to  increase  the  amplitude  of  the  vibrations.  If,  on  the  other  hand,  the 
supply  of  heal  takes  place  when  the  air  is  at  ils  greatest  rarefaction,  this 
will  lend  to  resist  the  return  of  the  air  to  its  condition  of  rest,  and 
will  therefore  tend  to  check  the  vibrations.  Just  as  in  the  case  of  the 
pendulum,  if  it  is  struck  a  blow  lending  to  check  its  motion  as  it  is 
passing  through  its  position  of  rest,  the  amplitude  will  decrease.  Hence, 
if  the  periodic  increase  in  the  size  of  the  flame  always  occurs  at  the 
instant  when  the  air,  in  that  portion  of  the  tube  near  the  flame,  is,  owing 
to  the  natural  vibrations  of  the  column  of  air  in  the  tube,  at  its  maximum 
condensation,  the  amplitude  of  the  vibrations  will  be  increased  or  at  any 
rate  maintained.  If,  however,  the  increase  in  size  of  the  flame  occurs 
sometimes  at  the  instant  of  maximum  condensation  and  sometimes  at 
that  of  maximum  rarefaction,  that  is,  if  the  natural  periods  of  the  column 
of  gas  in  the  supply-tube  and  of  the  column  of  air  in  the  tube  arc  not 
commensurate,  the  heat  will  sometimes  assist  the  vibrations  and  some- 
limes  oppose.  Hence,  under  these  circumstances,  the  vibrations  of  the  air 
in  the  tube  will  not  on  the  whole  be  maintained  by  the  heat,  and  50  will 
die  out.  k  will  thus  be  evident  why  it  is  necessar>'  that  the  length  of  the 
supply-tube  and  the  position  of  the  flame  should  bear  definite  relations  to 
the  length  of  the  tube  in  order  that  a  sound  may  be  produced.  WTien  a 
plug  of  cotton-wool  is  placed  in  the  supply-tube  vibrnlions  can  no  longer 
take  place  in  the  gas  contained  in  the  tube,  and  so  the  variations  in  the 
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»ze  of  the  flame,  which  arc  necessary  if  the  vibrations  in  the  air  column 
are  to  be  kept  up,  are  not  produced. 

809*.  The  Energy  of  a  Vibrating  String.— When  a  string  is 
vibrating  transversely,  it  possesses  energy  due  to  its  condition.  When 
it  is  at  its  maximum  elongation  on  either  side  of  its  position  of  rest,  it  is 
momentarily  at  rest,  and  so  its  energy  is  entirely  potential,  that  is,  is 
stored  up  owing  to  the  deformation  of  the  string.  When  the  string 
is  passing  through  its  position  of  rest,  its  energy  is  entirely  kinetic. 

Let  the  mass  of  unit  length  of  the  string  be  m,  then  as  the  string 
vibrates  each  unit  of  length  will  vibrate  backwards  and  forwards  in  a 
simple  harmonic  motion.  Let  the  amplitude  of  the  vibrations  executed 
by  an  element  of  the  string  of  unit  length,  and  therefore  of  mass  w,  be 
a^  and  let  its  displacement  from  its  position  of  rest  at  a  given  instant 
be  4'.     Then,  as  shown  in  §  51,  the  velocity  with  which  the  element  is 

moving  is —  , 

27r//  »Ja-  —  x^y 

where  u  is  the  frequency  of  the  vibrations  executed  by  the   string. 
Hence  the  kinetic  energy  of  the  element  is 

Now   the    acceleration   with   which    the  element   is  moving  when   its 
displacement  is  x\s 

hence  the  force  acting  to  produce  this  acceleration  is  equal  to  the  product 
of  the  mass  into  the  acceleration,  or 

j[ir'n'^f/ix. 

This  is  the  force  of  restitution  when  the  displacement  is  .t",  and^we  see 
that  it  is  proportional  to  the  displacement  x.  Hence  if  we  draw  a  line, 
OP  (Fig.  260),  to  represent  the  connec- 
tion between  the  displacement  and  the 
force  of  restitution,  it  will  be  a  straight 
line  passing  through  the  origin,  for 
when  the  displacement  is  zero,  so  is 
the  force  of  restitution. 

If  NP  represents  the  force  of  resti- 
tution when  the  displacement  is  4-,  the 
work  which  has  been  done  against  the 
force  of  restitution  to  displace  the 
element  to  x  is  equal  to  the  area  of 
the  triangle  OPN  (§  77).  Hence,  as  the 
potential  energy  when  the  displacement 
is  X  is  equal  to  the  work  done  in  displacing  the  element  to  x  from  its 
position  of  rest,  the  potential  energy  is 


DISPLACEMENT 

Fig.  269. 


But  NH  is  the  force  of  restitution  when  the  displacement  is.r,  so  that  the 
potential  energy'  is 


Hence  the  total  energy,  both  potential  and  kinetic,  of  the  element  when 
the  displacement  is  x  is  given  by 


Since  this  expression  for  the  total  energy  docs  not  involve  the  displace* 
ment  .r,  we  see  that  the  total  energy  remains  constant  throughout  the 
vibration,  as  of  course  it  must,  and  wc  simply  have  changes  from  the 
potential  to  the  kinetic  form,  and  vice  versa,  during  the  motion. 

To  find  the  total  energy  of  the  uholc  string  we  have  to  add  together 
the  cncrg)'  due  to  all  the  elements,  so  iliat  the  total  energy-  is 

where  the  amplitude  a  varies  from  element  to  element. 

To  proceed  any  further  wc  must  niiike  some  assumption  as  to  the 
relation  between  the  amplitudes  of  the  different  parts  of  the  siring.  If  / 
is  the  length  of  the  string  and  A  is  the  amplitude  at  the  centre,  then,  if 
the  string  is  vibrating  in  its  fundamental  form,  we  may  represent  the 
amplitude  of  a  point  at  a  distance  ti  from  one  end  by  the  expression 

a^A  sin  Trdj/. 

When  ti=o  or  <^/=/,  that  is,  at  the  ends,  a  is  «ro,  for  sin  o  and  sin  ir  arc 
both  zero.  When  </=//2,  that  is,  at  the  middle  of  the  string,  a— A,  for 
bin  7r;2=  I.  Hence  the  expression  does  give  us  the  correct  values  of  the 
amplitude  at  the  ends  and  the  centre.  Substituting  this  expression  for 
<?,  wc  get  the  total  energy  equal  to 


or 


22jrVw--/*sin  V<///, 
ZT^n-mA^  sin  V(//A 


Now  the  expression  sin  hrdli  does  nut  involve  the  amplitude  with  which 
the  string  is  vibrating,  neither  docs  the  expression  irrn^m.  Hence  the 
total  energy  of  a  vibrating  string  \%  pri^ortiofud  to  the  square  of  the 
amplitude  A  with  which  the  centre  is  vibrating. 

Now  the  only  scientific  method  of  measuring  the  intensity  of  the 
vibrations  of  a  body  is  to  consider  the  energy  which  the  body  possesses 
on  account  of  these  vibrations.  Hence  we  sec  that  the  intensity  of  the 
vibrations  of  a  string  are  proportional  to  the  square  of  the  amplitude  of 
the  vibrations. 

By  a  similar  line  of  argument  it  can  be  shown  that  in  the  case  of  all 
vibrations  the  energy  is  propotiional  to  the  square  of  llie  ainplilude. 
Hence  the  intensity  of  all  vibrations  is  proportional  to  the  square  of  the 
amplitude. 
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310.  Decrease  of  the  Amplitude  of  Waves  with  Increase  of 
Distance  from  the  Source.— Suppose  we  have  a  centre  nf  disturbance 
A  within  an  isoiropit:  medium,  so  thai  the  wavx-fronis  are  spheres  with 
A  as  centre.  Let  A",  be  the  radius  of  one  of  the  spherical  wave-fronts, 
and  let  the  amplitude  of  the  waves  as  they  cross  the  surface  of  this 
sphere  be  A^.  Similarly  let  A^  be  the  amplitude  of  the  waves  when  they 
reach  a  sphere  of  radius  A*^.  Now  if  we  consider  a  thin  shell  of  radius 
V?,  and  thickness  x\  the  energy  due  to  the  waves  contained  in  this  shell 
is  proportional  to  the  volume  of  the  shell  and  to  the  square  of  the  ampli- 
tude.    Thus  the  energy  is  et|ual  to 

\rtR^x.A{KK, 
where  A'  is  a  constant. 

Now  the  waves  travel  out  carrying  their  energy  with  them,  and  when 
they  reach  the  sphere  of  radius  R^  the  efiergy  contained  in  a  shell  of 

thickness  .r  will  be  «»       ,  -    ,^ 

47rA^/j-.^j'.  A^ 

Now  the  waves  wliich  occupy  this  new  shell  are  the  same  that  some  time 
previously  occupied  the  bhcll  of  radius  A",,  and  so  the  energy  contained 
within  the  new  shell  must  be  et|ual  to  that  which  was  contained  within 
the  old.  We  are  here,  of  course,  supposing  thai  the  waves  can  taivel 
liirou^Oi  the  medium  without  any  of  the  energy  being  dissipated  as  heat, 
&c,  communicated  to  the  medium.  Hence,  equating  the  energy  con- 
tained within  the  two  shells,  we  get 


or 


y?lM,»=AV-/J^. 


That  is,  the  amplitude  decreases  as  the  distance  from  the  centre  of 
disturbance-  The  intensity  of  the  wave-motion  being  proportional  to  the 
square  of  the  amplitude,  it  follows  that  the  intensity  decreases  as  the 
square  of  the  distance  from  the  centre  of  disturbance. 

This  result  is,  of  course,  applicable  to  the  case  of  sound-waves,  so  that 
the  intensity  of  a  sound  varies  inversely  as  the  square  of  the  distance 
from  the  sounding  body.  This  only  applies  if  the  sound-waves  arc  pro- 
pagated in  free  air,  so  that  the  wave-fronts  are  spheres.  If  the  sound  is 
propagated  along  the  air  contained  within  a  tube,  the  cross  section  of  the 
wave-fronts  at  all  distances  from  the  source  remains  the  same,  and  hence 
the  decrease  in  amplitude  is  only  due  to  heat  produced  by  friction  of  the 
moving  air  against  the  sides  of  the  tube,  and  such  like  causes. 

311.  Damping,— When  a  vibrating  body  produces  a  sound,  the 
energy  of  the  sound-waves  which  travel  out  from  the  body  is  derived 
from  the  energy  of  vibraliort  of  the  body  ;  also  a  certain  amount  of  the 
energy  is  converted  into  heat  on  account  of  viscosity  of  the  particles  of 
the  body  and  friction.  This  loss  of  energy  causes  a  gradual  decrease  in 
the  amplitude  of  the  vibrating  body,  imless  energy  is  supplied  to  the 
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iHMly  from  some  external  source.  If  the  loss  of  energy  is  rapid,  so  that 
llic  «m|>liiiKlc  of  ilie  vibrations  decreases  rapidly,  the  vibrations  are  said 
Ui  be  ihrnpi-tL  The  extent  of  the  damping  is  measured  by  the  ratio  of 
il»r  amplituilc  of  one  vibration  to  that  of  the  succeeding  one.  Thus,  if 
-'/|  iiiul  ^'^j  are  the  amplitudes  of  successive  vibrations,  ihe  ratio  A^jA., 
lucusurcs  tl»e  damping.  In  general  this  ratio  is  constant,  so  that  the 
dtlTcrcnrc  between  the  logarithms  of  the  amplitudes  of  successive  vibra- 
lioni  is  also  constant.     For  if 

>4iy'^j=constant, 
log  y4|  -  log  /f  j=log  (constant). 

Thus  the  diffei-ence  between  the  logarithms  of  successive  amplitudes 
measures  the  damping  of  the  vibrations,  and  is  called  the  logarithmic 
ilecitMucnt.  , 

812.  Forced  and  Free  Vibrations.— Suppose  we  have  a  i>endulum 
of  which  the  period  is  one  second,  and  that  starting  with  the  pendulum 
at  rest  we  act  upon  it  with  a  force  which  lias  a  period  of  1.05  seconds. 
Let  us  for  simplicity  suppose  that  what  happens  is  that  the  pendulum  is 
struck  a  number  of  small  blows,  the  period  of  the  blows  being  1.05, 
The  result  of  the  first  blow  is  to  start  the  pendulum  swinging,  Al  the 
next  blow  the  pendulum  will  have  made  a  little  more  than  one  complete 
vibration,  but  the  blow  will  act  in  the  direction  in  which  it  is  moving, 
and  so  will  increase  the  amplitude.  At  the  fifth  blow  the  jiendulum  will 
ha\e  ccmpleied  5^  vibrations,  and  so  will  be  at  its  extreme  position,  Al 
the  sixth  blow  the  pendulum  will  be  moving  in  the  opposite  direction  to 
the  force,  and  hence  the  blow  tends  to  check  the  motion.  Al  ihe  tenth 
blow  the  pendulum  will  simply  be  brought  to  rest  again.  With  the 
succeeding  blows  the  whole  operation  will  be  repeated.  Suppose  now 
that  the  period  of  the  blows  is  gradually  reduced.  As  a  result,  the 
number  of  blows  which  are  struck  before  they  begin  to  decreiise  the 
amplitude  gets  greater,  and  hence  the  maximum  aniplitude  attained 
increases.  When  the  period  of  the  blows  is  one  second,  then  the 
pendulum  will  altuays  l>c  moving  through  its  position  of  rest  in  the 
direction  in  which  the  force  acts  at  the  instant  when  the  blow  is  struck, 
and  so  the  blows  will  always  tend  to  increase  the  amplitude  of  the 
vibrations. 

From  the  above  illustration  it  will  be  evident  why  it  is  that  when  the 
period  of  a  periodic  force  is  the  same  as  the  natural  period  of  the  body 
on  which  il  acts,  then  the  vibrations  set  up  in  this  body  by  the  force  are 
very  much  more  energetic  than  if  the  period  of  the  force  has  any  other 
value. 

In  the  above  discussion  we  have  supposed  that  the  blows  had  no 
effect  on  the  period  of  the  pendulum.  This  is  not,  however,  quite  correct, 
as  unless  the  blows  are  struck  while  the  pendulum  is  passing  ihmugh  its 
position  of  rest,  the  period  will  be  affected.     For  suppose  a  blow   ib 
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struck  the  pendulum  when  it  is  at  its  extreme  elongation  so  as  to  tend 
to  increase  the  elongation,  the  effect  will  be  to  delay  the  return  swing  of 
the  pendulum,  and  thus  increase  its  period* 

rrt)m  the  above  discussion,  when  llie  force  is  supposed  to  be  inter- 
mittent it  will  be  clear  how,  when  the  force  is  periodic,  that  is,  alternates 
in  direction  as  well  as  changes  in  magnitude,  a  body  may  be  set  in 
periodic  motion  by  the  force.  There  are  two  cases  to  be  considered. 
In  the  first  place,  if  the  natural  period  in  which  the  body  would  vibrate, 
if  it  were  displaced  and  then  left  to  itself,  is  the  same  as  the  period  of 
the  force,  the  vibrations  set  up  by  the  force  will  be  ver>'  energetic,  and 
the  body  is  said  to  nsound  to  the  periodic  force.  In  tlie  second  place, 
if  the  natural  period  of  the  body  does  not  agree  with  the  period  of  the 
force,  then  the  vibrations  set  up  in  the  body  are  in  general  of  ver>'  small 
amplitude,  and  they  agree  in  period,  not  with  the  natural  period  of  the 
body,  but  with  ihc  period  of  the  force.  Such  vibrations,  which  do  not 
agree  in  period  with  the  natural  period  of  the  vibrating  body,  but  are 
produced  by  the  action  of  a  periodic  force,  are  called yi^rtv^  vibrations. 

If  when  a  body  is  executing  forced  vibrations  the  periodic  force  is 
stopped,  then  the  body  will  continue  to  vibrate,  but  the  vibrations  will 
be  of  the  same  period  as  the  natural  period  of  the  body,  and  are  said 
to  be  frtc. 

If  the  point  of  support,  A  (Fig.  270),  of  a  pendulmu  is  given  a  periodic 
(o-and-fro  motion,  we  shall  have  a  case  of  a  periodic  force  being  applied  to 
the  pendulum.  If  the  period  of  the 
to-and-fro  motion  is  the  sainc  as 
the  natural  period  of  the  pendulum, 
this  latter  will  be  set  into  violent 
oscillation.  If,  however,  the  period 
of  the  to-and-fro  motion  is  not 
the  same  as  the  natural  period  of 
the  pendulum,  the  oscillations  pro- 
duced will  be  of  very  much  smaller 
amplitude.  After  a  time  the  pen- 
dulum will  take  up  a  periodic 
motion  of  the  same  frequency  as 
the  to-and-fro  motion,  the  ampli- 
tude remaining  constant.  In  this 
case  ihc  motion  of  the  penduluni 
is  forced.  I  f  the  to  -  and  -  fro 
motion  from  A*  to  A"  is  slower 
than  the  natural  period  of  the  pendulum,  the  motion  of  the  pendulum 
will  be  as  shown  at  (n\  Fig.  ^270.  The  pendulum  behaves  as  if  the  point 
of  support  were  at  the  point  P,  which  is  so  situated  that  a  pendulum  of 
length  PB  would  have  the  same  period  as  the  to-and-fro  motion.  If  the 
natural   period   of   the   pendulum   is   less   than   that   of  the   to-and-fro 
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motion,  the  motion  of  the  pendulum  is  as  shown  at  (<*),  where  a  pendulum 
of  length  PB  would  vibrate  in  the  same  period  as  the  to-and-fro  motion. 
If  the  to-and-fro  motion  of  the  point  of  support  is  stopped,  the  pendulum 
will  continue  to  vibrate,  but  now  with  its  natural  period.  This  example 
illustrates  \cvy  clearly  how  a  body  will  adjust  its  period  to  agree  with 
the  period  of  an  impressed  periodic  force. 

A  case  of  forced  vibrations  occurs  if  two  clocks,  which  are  nearly 
keeping  the  same  time  when  they  are  placed  on  separate  stands,  are 
placed  on  the  same  stand.  The  vibrations  of  the  pendulums  then  cause 
the  stand  to  oscillate  sliyhtly,  so  that  one  pendulum  produces  a  periodic 
force  acting  on  the  other,  and,  as  a  result,  the  clocks,  which  when  at  a 
distance  do  not  keep  time,  when  together  keep  time  exactly.  The 
pendulum  of  the  clock  which  loses  exerts  a  periodic  force,  which  pro- 
duced forced  vibrations  in  the  faster  ^)endulum,  causing  it  to  vibrate 
slower,  while  the  faster  pendulum  in  the  same  way  causes  the  slower 
pendulum  to  vibrate  faster.  Thus  finally  the  two  pendulums  vibrate  in 
periods  which  arc  exactly  the  same,  and  the  vibrations  in  each  case  arc 
forced,  thoujjh  they  difler  in  period  only  very  slightly  from  the  natural 
period.  The  increase  in  the  amplitude  of  the  vibrations  produced  by  a 
periodic  force,  when  its  period  agrees  with  the  natural  period  of  the  body, 
is  also  very  clearly  shown  by  the  oscillations  of  a  suspension  bridge. 
Standing  in  the  centre  of  such  a  bridge,  it  will  be  found  that  when  the 
steps  of  a  horse  have  a  certain  period  the  bridge  is  set  into  vioJent 
oscillation,  while  for  all  other  periods,  even  when  the  horse  is  much 
heavier,  the  oscillations  are  almost  imperceptible. 

If  the  free  vibrations  which  a  body  is  able  to  execute  are  heavily 
damped,  the  amplitude  of  the  vibrations  produced  by  a  f)eriodic  force 
will  not  increase  in  such  a  marked  manner  when  the  period  of  the  force 
agrees  with  the  natural  period  of  the  body.  The  reason  for  this  is,  that, 
owing  to  the  damping,  the  vibrating  body  loses  during  each  vibration 
nearly  all  the  energy  communicated  to  it  by  the  corresponding  impulse 
of  the  force,  so  that  when  the  force  acts  next  time  the  body  does  not 
possess  any  great  quantity  of  the  energy  communicated  at  the  preceding 
impulse.  Thus  the  energy  supplied  by  the  force  is  not  stored  up  in  the 
vibrating  body  by  the  amplitude  of  the  vibrations  increasing,  but  is 
continually  dissipated.  An  idea  of  the  conditions  can  be  obtained  by 
imagining  two  pendulums,  the  bob  of  one  being  a  ball  of  paper,  and  of 
the  other  a  ball  of  lead.  The  paper  pendulum  is  strongly  damped  on 
account  of  the  friction  of  the  air,  and  if  we  strike  it  p>eriodic  blows  it  will 
vibrate,  the  amplitude  of  the  \'ibralions  being  very  nearly  the  same  after 
the  first  blow  as  after  a  number  of  blows.  In  the  case  of  the  pendulum 
with  the  heavy  bob  it  is  otherwise,  for  by  suitably  timing  the  blows  the 
amplitude  can  be  gradually  increased  to  a  considerable  amoimt. 

313.  Resonators.— Resonanc?,  that  is,  the  production  of  vibrations 
in  a  body  by  the  action  of  a  periodic  force  which  has  the  same  period  as 
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the  natural  period  ol  ihe  body,  occurs  frequently  in  sound,  and  plays  an 
important  part  in  music. 

The  periodic  force  is  produced  by  the  vibrations  of  one  body,  and  is 
communicated  to  the  second  body,  which  is  called  the  resonator,  by  the 
sound-waves  set  tip  in  the  air,  or  other  medium  (solid  or  fluid)  which 
separates  the  two  bodies.  Thus  suppose  we  have  two  tuning-forks  of 
the  same  pitch,  and  that  one  of  these  is  sounded  when  held  near  the 
other.  The  sound-waves  from  the  soundinj^'  fork  will  strike  llie  other 
fork,  and,  since  the  frequency  of  ihcse  waves  is  equal  to  the  frequency  of 
the  fork  by  which  they  are  produced,  by  their  impact  Ihey  will  set  the 
fork  in  vibration.  In  this  case,  since  the  damping  of  the  vibrations  of  a 
tuning-fork  is  very  small,  it  is  necessary  for  resonance  that  the  pitches 
of  tile  two  forks  should  be  very  accurately  adjusted  to  equality.  In  fact 
if,  wlicn  the  adjustment  has  been  made  so  that  stronj^r  resonance  takes 
place,  one  fork  l>e  warmed,  thus  causing  its  pitch  lo  fall  slightly,  the 
resonance  is  almost  completely  destroyed. 

The  chief  function  of  resonators  in  acoustics  is  to  strengthen  the 
amount  of  the  sound,  of  the  particular  pitch  to  which  they  respond,  which 
is  radiated  throujih  the  surrounding  air,  that  is,  to  increase  the  amplitude 
of  the  waves  produced  in  the  external  air  by  means  of  which  the  sound 
is  heard-  As  an  example  of  this  action  of  a  resonator,  we  may  lake  the 
case  of  the  increase  in  the  loudness  of  the  note  given  by  a  tuning-fork  by 
means  of  a  resonator.  From  the  fact  that  the  prongs  of  a  fork  have  not 
a  very  great  area,  they  are  not  capable  of  setting  any  great  quantity  of 
the  surrounding  air  in  violent  vibration,  for  the  air  on  the  side  towards 
which  the  prong  is  moving  can  slip  round  the  edge  of  the  prong,  and 
thus  partly  tills  up  the  rarefaction  which  is  being  produced  on  the 
other  side  of  the  prong.  In  addition,  the  interference  which  takes 
place  between  the  wa\es  emitted  from  the  two  prongs  (§  294)  reduces 
the  intensity  of  the  motion  produced  in  the  surrounding  air.  If,  however, 
the  sounding  fork  is  held  near  the  open  end  of  a  closed  pipe,  of  which 
the  natural  period  is  equal  to  that  of  the  fork,  that  is,  its  length  is  equal 
to  i  of  the  wave-length  of  the  note  given  by  the  fork,  then  this  pipe  will 
be  in  resonance  with  the  fork,  and  the  column  of  air  within  the  pijie  will 
be  set  into  vibration.  Now  if  the  open  end  of  the  pipe  is  not  ver)'  small, 
the  vibrations  of  the  air  inside  will,  at  the  open  end,  set  the  external  air 
into  vibration  much  more  powerfully  tlian  the  fork  alone  did.  The  result 
is  that  on  bringing  such  a  resonator  near  a  sounding  fork,  the  intensity 
of  tlie  sound  heard  is  ver>'  much  increased.  The  same  kind  of  effect  can 
be  easily  noticed  in  the  case  of  the  vibrations  of  a  string.  Here,  again, 
the  surface  of  the  vibrating  body  is  small,  so  that  it  is  incapable  of  setting 
any  great  mass  of  air  into  vibration,  and  in  addition  the  waves  produced 
on  the  two  sides  of  the  string  arc  in  opposite  phase,  for  when  a  con- 
densation is  being  produced  on  one  side  of  the  string  a  rarefaction  is 
being  produced  on  the  other  side,  and  these  two  sets  of  waves  interfere. 
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Ity  holding  a  pipe  near,  of  which  the  natural  period  ag^rees  with  that  of 
the  string',  or^  what  is  better,  connecting  one  end  of  the  string  to  the  walls 
of  the  pipe,  so  that  the  vibrations  of  the  string  are  communicated  to  the 
walls,  and  by  them  to  the  air  contained  within  the  pipe,  the  column 
of  air  is  set  into  vibration,  and  communicates  its  vibrations  to  the 
external  air  much  more  powerfully  than  the  string  alone  is  capable 
of  doing. 

The  above  examples  of  the  strengthening  of  the  sound  produced  by 
a  vibrating  body,  which  are  cases  of  true  resonance,  must  not  be  con- 
founded with  others  where  the  vibrating  body  is  able  to  set  up  forced 
vibrations  in  a  body,  and  the  increase  in  the  loudness  is  due  to  these 
forced  vibrations.  Thus  when  the  stem  of  a  vibrating  tuning-fork  is 
pressed  against  the  wooden  top  of  a  table,  the  loudness  of  the  sound 
produced  is  greatly  increased.  In  this  case  the  fork  sets  the  table  into 
forced  vibrations  which  have  the  same  frequency  as  the  fork,  and  the 
table,  on  account  of  its  large  surface,  is  able  to  produce  violent  sound- 
waves in  the  air.  That  this  is  not  a  case  of  resonance  is  shown  by 
ihc  fact  that  the  table  acts  equally  well  in  the  case  of  forks  of  all 
frequencies. 

Since  the  resonator  owes  the  energy  necessary  to  set  it  into  vibration 
to  the  sounding  body,  and  since  the  increased  loudness  of  the  sound 
cmiltpd  when  the  resonator  is  present  means  that  more  energy  is  being 
given  out  to  the  external  air,  it  follows  that  the  sounding  body  must  lose 
its  energy  of  motion  more  rapidly  when  a  resonator  is  present  than  it 
does  when  no  resonator  is  present.  Tlial  this  is  so  can  be  easily  shown 
by  sounding  a  tuning-fork  first  without  the  resonance-box  belonging  to 
it,  and  then  with  the  box,  when  it  will  be  found  that  the  vibrations  of  the 
fork  continue  for  a  much  longer  time  wiihout  the  resonator  than  they  do 
with  it. 

Another  im|X)rtant  use  of  resonators  is  in  assisting  the  ear  to  resolve 
a  compound  note  into  its  simple  tones,  for  if  the  note  contains  a  tone 
which  is  the  natural  tone  of  a  resonator,  the  resonator  will  be  set  into 
vibration  by  this  tone  ;  while  if  this  lone  is  absent  from  the  note,  the 
resonator  will  not  respond.  We  shall  sec  in  a  subsequent  section  how 
this  analysing  property  of  resonators  may  be  utilised. 

A  resonator,  just  as  any  other  body,  can  be  set  in  vibration,  not  only 
in  its  fundamental  mode,  but  also  so  as  to  produce  overtones.  Hence  a 
resonator  will  resound  to  a  tone  having  the  frequency  of  any  of  its  over- 
tones. Now  one  of  the  uses  of  resonators  is  in  the  production  of  pure 
tones,  that  is,  a  resonator  is  used  to  strengthen  the  fundamental  tone  of 
a  note  without  strengthening  the  upper  pariials  which  may  be  present 
at  the  same  time.  If,  however,  the  upper  partials  of  the  natural 
vibrations  of  a  resonator  were  of  the  same  pitch  as  the  upper  partials  of 
the  note,  these  would  be  strengthened  by  the  resonator  as  well  as  the 
fundamental.     ThuSj  in  choosing  a  resonator,  it  is  important  that  while 
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it  resounds  to  the  fundamental  it  should  not  resound  to  the  upper 
partials.  We  have  seen  that  in  the  case  of  a  closed  cylindrical  pipe 
the  frequencies  of  the  upper  partials  are  3,  5,  7.  &c.,  limes  the  frequency 
of  the  fundamental,  so  that  if  the  sounding  body,  say  a  fork,  has  partials 
of  any  of  these  frequencies,  these  partials  will  be  strengthened.  In  the 
case  of  resonators  of  the  shape  shown  in  Fij?.  274,  the  frequency  of  the 
overtones  is  ver)'  hij(h  compared  10  the  fretjuency  of  the  fundamental, 
and  so,  if,  as  is  the  case  with  a  fork,  the  upper  partials  which  are  present 
in  any  strength  are  comparatively  low,  the  resonator  will  not  )>e  able  to 
strengthen  (hem.  Thus  for  producing  a  pure  tone  the  resonators  of  the 
form  shown  in  Fig.  274,  rather  than  simple  closed  pipes,  are  to  be  preferred. 
The  periods  of  the  fundamental  tones  of  such  resonators  cannot  usually 
be  cadculated,  but  the  following  general  considerations  apply  :  For  a  given 
opening  or  mouthpiece  the  pitch  is  mainly  dependent  on  the  volume  of  the 
enclosed  air,  while  in  the  case  of  resonators  without  necks  the  influence 
of  the  mouth  depends  on  its  area. 

314.  Kundt's  Experiment— If  a  rod  ab  (Fig.  371)  »s  clamped  at  its 
middle  so  that  one  end  projects  into  a  tube  en,  the  end  of  the  rod  being 
filled  with  a  light  piston  which  fits  loosely  into  the  tube,  then,  on  causing 
the  rod  to  vibrate  longitudinally,  this  piston  will  vibrate  backwards  and 
forwards  and  will  set  up  vibrations  in  the  air  contained  in  the  tube  CD. 
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The  waves  in  the  air  in  the  tube  will  be  reflected  from  the  end  D  of  the 
tube,  and  the  direct  and  reflected  waves  will  set  up  stationar\'  vibrations 
in  the  air.  If  we  suppose  that  the  tube  is  closed  at  r>,  this  point  will  l>c 
a  node,  and  there  will  be  a  series  of  nodes  along  the  tube  at  distances 
equal  to  A/2  from  one  another,  where  ^  is  ihe  wave-length,  in  the  gas 
which  fdls  the  tube,  of  the  tone  having  a  frequency  equal  to  that  of  the 
rod  If  the  position  of  the  end  of  the  rod  is  adjusted  so  that  the  piston 
B  is  at  a  loop  of  these  stationar)'  vibrations,  the  motion  of  the  piston  will 
have  its  maximum  effect  in  increasing  their  amplitude,  and  they  will  be 
so  intense  that  if  a  light  powder,  such  as  lycopodium  or  cork  filings,  be 
strewn  inside  the  tube,  it  will,  by  the  vibration  of  the  air  or  other  gas,  be 
collected  in  very  characteristic  transverse  ridges  at  the  loops,  Tlie 
explanation  of  the  formation  of  these  ridges  is  beyond  the  scope  of  this 
work,  so  wc  must  content  ourselves  with  referring  the  reader  who  wishes 
to  pursue  the  subject  to  Rayleigh's  "  Sound,"  vol.  ii.  p.  46.  By  measuring 
the  distance  between  consecutive  loops,  we  obtain  the  value  of  X/2  for  the 
tone  produced  by  the  rod  in  the  gas,  and  this  represents  the  space 
traversed  by  a  sound-wave  in  the  gas  during  the  time  the  rod  makes 
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half  a  vibration.  If  «  is  the  frequency  of  the  rod,  this  will  also  be 
ihe  frequenc>'  of  the  vibraiions  in  the  gas,  so  thai  if  v  is  the  velocity  of 
sound  in  the  gas,  we  have  7'=«\  or  v^2ni  where  /  is  the  distance 
between  two  of  the  loops  in  the  lube.  If  the  rod  is  giving  its  fundamental, 
then  the  wavc-lcngih  of  the  sound  in  the  rod  is  (§  304)  equal  to  2/.,  where 
L  is  the  length  of  the  rod.  Hence  for  the  mateiial  of  which  the  rod 
is  composed  we  have  V—jnL^  while  for  the  gas  in  the  lube  f  =  2«/. 
Therefore 

Thus,  by  measuring  the  ratio  of  the  length  of  the  rod  to  the  distance 
between  two  loops,  we  can  calculate  the  ratio  of  the  velocities  of  sound 
in  ihe  materia!  of  the  rod  and  in  the  gas.  If  we  know  the  frequency 
tj  of  the  rod,  the  velocity  of  sound  in  the  gas  can  be  calculated,  so 
that  by  filling  the  tube  with  various  gases  we  can  obtain  the  velocity'  of 
sound  in  these  gases.  Without  knowing  «  we  can,  by  simply  comparing 
the  values  of  the  wave-length,  obtain  the  ratio  of  the  velocities  in  the 
different  gases.  For  if  7'  and  7''  are  the  velocities  of  sound  in  two  gases, 
and  \  and  X'  the  wave-lengths  corresponding  to  the  lone  of  frequency  n 
given  by  the  rod,  we  have  v^n\  and  t/  =  n\\  so  that 

where  /and  A  are  the  distances  between  consecutive  loops  as  given  by 
the  Kundt's  tube. 

In  Uie  following  table  the  value  of  the  velocity  of  sound  for  some 
gases  at  a  temperature  of  o"  C.  is  given.  (As  has  been  pointed  out  in 
§  286,  the  velocity  is  independent  of  the  pressure,)    - 


Vklocitv  of  Sound  in  Gases  at  o"  C. 


Air     . 
Hydrogen  . 
Oxygen 

Carbon  dioxide 
Coal  gas 


33a6  metres  per  sec 

1286 
317 
262 


(abcMit)        490 
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CHAPTER  VII 


AUDITION,   COMBINATION   TONES,  CONSONANCE, 
AND    VOCAL   SOUNDS 

815.  Audition. — In  considering  the  subject  of  the  cficcts  of  sounds 
on  the  ear,  we  shall  deal  exclusively  with  the  physical  side  of  the 
subject,  referring  the  reader  to  books  on  physiology  for  an  account  of 
that  aspect  of  the  subject. 

The  ear  is  not  capable  of  detecting  as  sound  the  presence  of  air- 
waves of  all  frequencies,  but  it  is  only  when  the  frequency  of  such 
waves  falls  between  certain  limits  that  the  ear  is  able  to  distingnish 
their  presence,  and  we  experience  the  sensation  we  call  sound.  These 
limits  are,  however,  neither  of  them  well  defined.  HelmhoUz  concluded 
from  his  experiments  tliat  the  lowest  frequency  which  causes  the  sensa- 
tion of  a  musicai  totie  is  about  thirty  vibrations  per  second.  In  forming 
any  such  estimate,  it  is  very  difficult  to  obtain  a  tone  in  which  we  may 
be  quite  certain  no  overtones  are  present ;  for,  if  they  are  present,  what 
is  actually  heard  may  be  the  overtones  and  not  the  fundamental. 

The  upper  limit  of  audibility  is  even  more  uncertain,  for  not  only 
does  it  var)-  very  much  with  the  obsen-er,  but  there  is  the  added  diffi- 
culty that  it  is  very  hard  to  determine  the  frequency  of  notes  of  very 
high  pitch.  The  upper  limit  of  audibility  for  normal  ears  appears  to  be 
somewhere  between  !o,ooo  and  20,000  vibrations  per  second.  Estimates 
i>{ pitch  cannot,  however,  be  made  above  a  frequency  of  about  400a 

A  closely  related  subject  is  the  amplitude  of  the  sound-waves  in 
air  necessar)'  for  audition.  As  a  result  of  some  experiments  on  the 
distance  to  which  a  whistle  could  be  heard  when  a  measured  power 
(§  78)  was  employed  in  maintaining  the  sound,  Rayleigh  came  to  the 
conclusion  that  under  favourable  circumstances  the  ear  is  able  to  detect 
a  sound,  if  the  amplitude  of  the  sound-wave  exceeds  10  ''cm.' 

The  direction  from  which  a  sound  comes  can  be  judged  with  con- 
siderable accuracy,  and  although  the  exact  method  by  which  we  are 
able  lo  make  this  estimate  of  direction  is  not  known,  there  is  no  doubt 
that  we  are  very  largely  guided  by  the  effect  of  the  sound  on  the  two 
ears  ;  probably  the  slight  difference  of  the  intensity  with  which  the  sound 
reaches  the  two  ears  is  at  the  base  of  all  such  judgments. 

I  Intermittent  sounds  can  be  delected  by  the  ear  when  a  continuous  sound  of  the 
samr  amplitude  is  inaudible 
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316,  Beats.— We  have  seen  in  g  54  thai  when  wc  combine  two 
S.H.M.'s  of  ver>-  nearly  the  same  frequency,  of  which  the  displacements 
take  place  in  the  same  direction,  ihe  resultant  motion  is  periodic,  and 
the  amplitude  of  the  motion  undergoes  periodic  variations,  caused  by 
the  displacement  due  to  the  two  motions  sometimes  being  in  the  same 
direction,  nnd  thus  aiding  each  other,  and  Jit  other  times  being  in 
op[K>site  directions,  and  so  opposing  each  other.  In  the  case  of  sound, 
wc  may  obtain  a  similar  result,  for  when  two  tones,  whose  frequencies  do 
not  differ  by  more  than  about  sixteen  vibrations  per  second,  are  sounded 
together,  a  periodic  waxing  and  waning  of  the  sound  due  to  the  two 
tones  occurs.  Under  such  circumstances  the  tones  arc  said  to  bcaf. 
The  production  of  beats  may  he  illustrated  objectively  by  an  arrange- 
ment similar  to  that  used  to  produce  Lissajous*  figures  (§  301).  The 
two  forks  are  arranged  to  vibrate  in  the  same  plane,  so  that  the  ampli- 
tude of  the  movement  of  the  spot  of  light  on  the  screen  is  equal  to 
the  sum  of  the  amplitudes  due  to  each  fork  separately.  It  will  then  be 
seen  that  at  each  beat  the  spot  of  light   is  drawn  out  into  a  line,  while 

Fui.  372. 

half-way  between  the  boats  the  spot  appears  round.  liy  projecting  the 
spot  of  light  on  a  photographic  plate,  which  is  moved  in  a  direction  at 
right  angles  to  the  plane  of  vibration  of  the  forks,  a  curve  such  as  that 
given  in  Fig.  272  is  obtained,  in  which  the  effect  of  the  beats  is  very 
clearly  shown. 

Let  one  tone  {A)  make  x  vibrations,  while  the  other  {£)  makes  x-{- 1. 
If  then  we  start  when  the  two  are  in  the  same  phase,  the  phase  of 
the  tone  /?  will  gain  on  that  of  //,  till,  at  the  end  of  x  vibrations  of./, 
fi  will  have  made  x-{-\  vibrations,  and  so  they  will  again  be  in  the 
same  phase,  and  the  sound  will  be  a  maximum.  Let  the  frequency 
of  the  tone  A  be  wx,  and  hence  that  of  I^  Tt{x-\-\).  Now  from  one 
inaxitnum  of  sound  to  the  next  A  makes  x  vibrations,  so  that  the 
number  of  maxima  in  a  second  will  be  //,  or  there  will  be  //  beats  per 
second.  But  the  difference  between  the  frequencies  of  A  and  Jj  is 
n{x -^  \)  - nx  or  n^  so  that  the  number  of  beats  p>er  second  is  equal  to  the 
difference  in  the  frequencies  of  the  two  tones. 

Starling  with  two  tones  in  unison,  and  increasing  the  frequency  of 
one  of  them,  beats  will  be  produced  which  are  at  first  slow,  but  increase 
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in  frequency  as  the  difference  in  the  frequencies  of  the  tones  increases. 
After  a  lime  the  frequency  of  the  beats  ^^ill  be  so  great  that  the  ear 
ceases  to  hear  them  as  such,  and  the  only  sensation  is  one  of  discord. 
While  the  beats  arc  still  audible,  the  ear  is  unable  to  distinguish  the 
separate  tones  which  arc  producing  the  beats,  but  when  the  beats  cease 
to  be  distinguishable,  then  the  ear  can  delect  the  existence  of  the 
two  separate  tones. 

Koenig  hns  advanced  the  theory  that  in  the  case  of  the  beats  pro- 
duced by  pure  tones,  such  as  those  given  by  massive  tuning-forks  when 
lightly  bowed,  there  are  really  two  sets  of  beats.  Thus  suppose  we 
have  a  fork  giving  64  vibrations  per  second,  this,  according  to  what  we 
have  said  above,  will  give  8  beats  per  second  with  a  fork  of  which  the 
frequency  is  72.  According  to  Koenig  it  is,  however,  possible  to  obtain 
8  beats  per  second,  if  the  second  fork  has  a  frequency  of  120.  In  the 
first  case  we  have  72-64  =  8,  and  in  the  second  case  64  x  2  -  120=8,  so 
that  beats  occur  not  only  where  the  frequencies  of  two  notes  are  nearly 
the  same,  but  also  when  t!ie  frequency  of  the  higher  note  is  nearly 
equal  to  the  frequency  of  the  octave  of  the  fundamental.  Of  course 
the  presence  of  this  superior  series  of  beats  is  explained,  if  we  suppose 
that  the  octave  of  the  lower  tone  is  given  by  the  luning-fork  as  an 
overtone,  so  that  the  heats  heard  are  really  due  to  the  combination  of 
this  overtone  with  the  higher  fork.  Koenig,  however,  maintains  that 
the  tones  he  uses  are  pure,  that  is,  that  no  overtones  are  present. 

Koenig's  two  scries  of  beats  are  related  to  the  primary  tones  in  the 
following  manner.  The  frequency  /«  of  the  higher  tone  must  lie 
between  two  multiples,  a  and  /',  say,  of  the  frequency  ft  of  the  lower 
tone,  where  an  is  less  than  w/,  and  dti  is  greater  than  m,  llien  the 
two  scries  of  beats  which  may  be  produced  arc  an  inferior  scries,  in 
which  there  are  m-ttn  bents  per  second,  and  a  superior  series,  in  which 
there  are  bn—m  beai.s  per  second.  Thus  if  the  two  tones  had  fre- 
quencies of  40  and  74,  then  a=  i  and  ^=2,  since  74  lies  between  40X  1 
and  40x2.  Hence  the  possible  beats  will  be  an  inferior  beat,  of  which 
the  frequency  is  74-40  or  34,  and  a  superior  beat,  of  which  the  fre- 
quency is  80-74  or  6.  Both  sets  of  beats  are  not,  however,  usually 
audible  at  the  same  lime. 

317.  Combination  Tones.  —  There  are  other  phenomena  besides 
the  beats  or  throbbing  sensation,  which  are  due  to  the  simultaneous 
production  of  two  tones.  For  under  certain  circumstances,  when  two 
tones  are  sounded  simultaneously,  the  ear  is  able  to  detect,  in  addition 
to  the  two  primary  tones,  other  musical  tones,  which  are  due  to  the 
combined  effect  of  the  two  primary  tones.  These  additional  tones  arc 
called  combination  tones.  There  are  three  kinds  of  combination  tones, 
namely,  difference  tones,  summation  tones,  and  beat  tones. 

The  difference  tone  is  a  combination  tone  the  frequency  of  which  is 
ec|ual  to  the  difference  in  the  frequencies  of  the  two  primary'  tones. 
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Thus  if  the  frequencies  of  the  primary  tones  are  m  and  «,  the  frequency 
of  the  dilTercnce  tone  is  n  -  m.  In  addition  to  this  difference  lone,  which 
is  called  the  difference  tone  of  the  first  order,  this  combination  tone  can 
itself  form  difference  tones  with  eitlier  of  the  primary  tones,  thus  giving 
rise  to  difference  tones  of  the  second  order,  and  so  on. 

The  summation  tones  arc  less  easily  obtained  than  the  above,  and 
have  a  frequency  equal  to  «4-w.  Summation  tones  of  a  higher  order 
than  the  first  can  also  be  obtained  by  the  combination  of  the  first  order 
summation  tone  with  one  of  the  primary  tones,  &c. 

When  considering  the  result  of  the  superposition  of  the  effects  of 
two  systems  of  waves  in  air  or  any  other  medium,  we  have  assumed  thai 
the  displacement  of  any  particle  due  to  the  two  systems  is  so  small  that 
the  force  lending  to  restore  the  particle  to  its  position  of  rest  is  accu- 
rately proportional  to  the  displacement.  If,  however,  the  wave-systems 
are  so  energetic,  and  the  displacement  of  the  particles  of  the  medium  so 
large  that  this  proportionality  no  longer  holds,  then  von  Helmholtz  has 
shown  that,  in  addition  to  the  two  primar>'  wave-systems  of  frequency 
?//  and  //,  there  will  be  produced  two  secondary  wave-systems  of  whicli 
the  frequency  will  be  n~w  and  //  +  ;/;.  These  secondarj*  systems  will 
correspond  to  the  difference  tone  and  summation  tone  respectively. 

The  condition  which  von  Helmholtz  presupposes  is  that  the  two 
primar>'  tones  cause  the  sawe  body  or  the  same  portion  of  air  to  vibrate 
very  violently.  In  the  case  when  the  two  tones  are  produced  by  a  syren 
or  by  two  harmonium-reeds,  the  vibrations  produced  in  the  air  are 
apparently  sufficiently  violent  to  cause  the  formation  of  the  combination 
tones,  for  von  Helmholtz  and  also  Prof.  Riicker  have  shown  that  wlicn 
the  two  primary  tones  are  produced  by  these  sources,  the  summation 
and  difference  tones  are  capable  of  causing  a  suitably  tuned  resonator  to 
"speak."  In  other  cases  the  body  in  which  these  tones  are  produced 
may  l>e  the  ear  itself,  for  the  series  of  small  bones  and  membranes  which 
convey  the  sound  from  the  outside  drum  to  the  ner\e  terminations  form 
an  arrangement  such  that,  when  violently  disturbed,  the  restoring  force 
would  no  longer  be  accurately  proportional  to  the  displacement 

Koenig  has  shown  that  when  the  beats  produced  by  two  tones  are 
sufficiently  rapid  they  combine  to  fomi  a  combination  tone,  which  he 
calls  a  beat  tone.  There  will  be  two  series  of  these  beat  tones,  one 
corresponding  to  the  inferior  series  of  beats  of  frequency  n  -  w/,  and  the 
other  belonging  to  the  superior  scries  having  a  frequency  bm-n.  It 
will  be  seen  that  the  inferior  beat  tone  corresponds  in  frequency  to  the 
difference  tone,  and  Koenig  considers  that  the  difference  tone  is  really  a 
beat  lone,  />.  is  produced  by  the  beats  having  become  so  rapid  as  to 
form  a  lone.  He  also  maintains  ihat  if  the  primary  tones  arc  really  pure 
the  summation  tone  is  never  heard,  and  that  when  it  is 
due  to  beat  tones  produced  between  some  of  the  upper  partials 
primar)'  notes. 


heard  it  is       ^J 
rtials  of  the      ^H 


Consonance  and  Dissonance 


435 


The  whole  subject  of  combination  tones  is  one  of  considerable  diffi- 
culty, and  we  must  content  ourselves  with  the  above  very  meagre 
statement  of  some  of  the  more  prominent  facts. 

318.  Consonance  and  Dissonance.— When  dealing  in  §  289  with  the 
musical  scale,  wc  referred  to  the  fact  that  some  intervals  arc  consonant, 
i.e.  produce  an  agreeable  effect  when  the  two  tones  are  sounded  together, 
while  others  are  dissonant,  or  produce  an  unpleasant  effect  on  the  car. 

■  We  are  now  in  a  position  to  consider  this  question  rather  more  in  detail.* 
The  end  organs  of  the  auditory  ner\*e  are  situated  on  a  fine  mem- 
brane, called  the  basilar  membrane,  which  is  situated  in  the  internal 
bony  chamber  of  the  inner  ear  (the  cochlea).  According  to  von  Helm- 
holtz's  theory  of  audition,  the  different  threads  of  the  basilar  membrane 
act  as  resonators,  each  thread  responding  to  vibrations  of  a  definite 
frequency,  and  that  as  a  consequence  of  ihe  vibration  of  these  threads 
the  corresponding  nerve  terminations  are  stimulated,  and  produce  in  the 

■  brain  the  sensation  which  we  call  sound.  Thus  when  the  disturbance 
pro<luced  by  the  sounding  of  a  musical  note  is  conveyed  to  the  liquid 
which  fills  the  cochlea,  the  threads  which  have  a  natural  period  agreeing 
with  the  period  of  any  simple  tones  which  are  present  in  the  note  will  be 
set  into  vibration.  If  the  sound  consists  of  a  simple  tone,  then  only  one, 
or  at  any  mte  a  very  small  proportion,  of  the  threads  are  set  into 
vibration,  and  the  brain  is  not  able  to  resolve  the  sound  into  any  simpler 
sensation. 

When  two  tones  of  nearly  the  same  pitch  are  sounded  simultaneously, 
then  some  of  the  fibres  will  respond  to  boih  tones,  but  the  vibrations 
set  up  will,  on  account  of  the  production  of  beats,  be  intermittent  in 
character.  If  this  inienuiitence  is  sufficiently  slow,  the  beats  will  be 
heard  as  separate  maxima  of  sound.  If,  however,  the  beats  are  rapid, 
so  that  the  fibres  have  not  time  to  completely  come  to  r<^t»  or  at  any 
rate  if  there  is  not  time  for  the  nerve  to  recover  completely  between  the 
stimuli,  the  effect  will  be  noticed  as  a  roughness  or  discord.  ^V^len,  how- 
ever, the  inter\*al  between  the  tones  is  so  great  that  none  of  the  fibres  are 
set  in  vibration  by  both  tones,  then  the  sense  of  roughness  will  vanish. 

■  If  we  further  suppose  that  each  thread  may  be  capable  of  vibrating 
in  more  than  one  way,  say  the  overtones  arc  the  harmonics  of  the 
fundamental,  so  that  any  given  fibre  would  respond  10  a  tone,  and  its 
octave,  twelfth,  &c.,  we  can  understand  how  it  is  that  the  interval  of  the 
octave  is  so  consonant,  and  it  would  further  explain  why  a  tone  and 
another,  the  frequency  of  which  is  nearly  the  same  as  the  octave  of  the 
first,  produce  discord. 

Starting  with  two  tones  of  the  same  frequency,  and  then  gradually 

^H  increasing  the  frequency  of  one  of  them,  the  number  of  beats  produced 

^^  gradually  increases.     V'ery  slow  beats  arc  not  very  unpleasant,  but  as  the 

frequency  of  the  beats  increases  so  docs  the  unpleasantness,  till  for  a 

certain  number  of  beats  per  second  the  discord  is  a  maximum.     If  the 
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number  of  beats  is  still  further  increased,  the  unpleasant  sensation  gradu- 
ally decreases.  The  phenomenon  is  similar  to  that  which  occurs  in  the 
case  of  vision.  If  the  intensity  of  a  light  alters,  that  is,  the  light  flicker^ 
the  unpleasant  sensation  produced  first  increases  as  the  frequency  of  the 
flickers  increases,  reaches  a  maximum  and  then  decreases,  and  if  the 
frequency  is  more  than  twenty  per  second  all  sense  of  flicker  is  lost,  and 
the  illumination  appears  continuous.  The  frequencies  of  the  beats  for 
>  wliich  the  discord  is  a  maximum,  and  for  which  the  sensation  becomes 
continuous,  vary  with  the  absoKiie  frequencies  of  the  tones  which  give  the 
beats.  This  cm  l:>e  clearly  perceived  by  sounding  the  following  internals 
on  the  piano,  in  which  the  number  of  beats  per  second  produced  is  the 
same,  but  while  the  first  interval  is  very  discordant,  the  last  is  quite 
concordiint. 


Interval. 

Notes. 

Fri«««n*.i^        Number  of  Boots 
Frequencies.           ^^  Second. 

Semitone    .    .    . 

Tone 

Minor  third      .     . 
Major  third      .     , 
Fourth    .... 
Fifth 

^^ 

C,  G 

495»  538 
297,  330 
165.  198 
132,  165 
99.  »32 
66.99 

33 
33 
33 
33 
11 
33 

Mayer,  who  has  examined  this  subject,  gives  the  following  scries  of 
values  for  the  frequencies  of  the  beats  when  discord  is  a  maximum  and 
when  the  roughness  vanishes  respectively  : — 


Frequency  of  Lower 
Tone. 

Nunitier  of  Beau  per  Second. 

When  Discord  is  a 

When  Roughness 

Maximum. 

Vanishes. 

64 

6.4 

16 

t28 

ia4 

36 

256 

18.8 

47 

384 

24-0 

60 

512 

3J.2 

78 

640 

36.0 

90 

768 

43.6 

109 

1024 

S4.0 

135 

When  considering  the  accord  or  discord  produced  by  compound 
tones,  such  as  ordinarily  occur  in  music,  the  presence  of  the  upper 
partials  must  be  taken  into  account,  for  although  the  fundamentals  may 
be  in  accord,  the  upper  partials  of  the  notes  may  produce  discord. 

Of  course  the  effects  of  the  uppier  partials,  in  giving  dissonance  for 
any  given  musical  interval,  will  depend  on  the  strength  of  the  partials 
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and  on  the  relation  which  their  pitch  bears  to  that  of  the  fundamental, 
so  that  the  source  of  two  musical  notes  has  to  be  taken  into  account  when 
considering  consonance.  For  simplicity  we  shall,  however,  suppose 
that  the  notes  are  such  that  the  partials  consist  of  the  first  seven  har- 
monics of  the  fundamental.  Under  these  circumstances  the  frequencies 
of  the  fundamental  and  the  overtones  are  represented  by  the  numbers 
^  2,  3,  4,  5,  6,  7,  8. 

In  each  case  we  will  assume  the  tonic  to  have  a  frequency  of  256,  and 
will  then  examine  the  frequencies  of  the  partials  of  this  tonic  and  of  notes 
which  together  with  it  produce  some  of  the  commoner  musical  intervals. 
In  the  first  place,  if  the  interval  is  the  octave,  so  that  the  frequencies  of 
the  two  fundamentals  are  256  and  512,  the  frequencies  of  the  partials  are 
shown  in  the  following  table  : — 


Tonic. 

Octave. 

Fundamental 

256 

512 

I  overtone 

512 

1024 

2           n 

768 

'536 

3 

1024 

2048 

4 

1280 

2560 

5 

J  536 

... 

6 

1792 

... 

7 

2048 

... 

8        „ 

2304 

A  consideration  of  this  table  will  show  that  the  smallest  difference  in 
frequency  (except  unison)  between  two  partials  of  these  two  notes  is  256. 
Hence,  since  for  discord  this  difference  must  be  about  19,  we  see  that  not 
only  the  fundamentals,  but  also  the  upper  partials,  are  consonant.  The 
effect  of  the  second  note  is  to  strengthen  the  even  partials  of  the  lower 
note. 

The  following  table  contains  the  frequencies  of  the  partials  of  the 
higher  note  for  some  other  intervals,  the  tonic  having,  as  before,  a  fre- 
quency of  256: — 


Tonic. 
T56 

Kifth, 
384 

Foixrth. 

Major 

Sixth. 

Major 
Third. 

Minor 
Third. 

Fundamental 

341 

427 

3- 

307 

I  overtone 

512 

768 

682 

854 

640 

614 

2        » 

768 

1152 

1023 

I281 

960 

921 

3 

1024 

1536 

1364 

1708 

1280 

1228 

4 

1280 

1920 

1705 

2135 

1600 

1535 

5 

1536 

2304 

2046 

2562 

1920 

1842 

6        „ 

1792 

2688 

2387 

... 

2240 

2149 

I        » 

2048 

... 

... 

... 

2560 

2456 

8        » 

2304 

... 

... 

... 

... 

... 
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In  the  case  of  the  fifth,  it  will  be  observed  that  the  diflfcrence  in  frequenc>' 
between  the  fundamentals  is  128^  while  this  number  also  expresses  the 
smallest  difference  which  occurs  between  any  of  the  particles. 

In  the  fourth,  the  smallest  difference  in  frequency  is  83.  There  is, 
apparently,  a  difference  of  2  between  the  seventh  overtone  of  the  funda- 
mental and  the  fifth  overtone  of  the  higher  note,  but  this  is  because  for 
simplicity  we  have  taken  the  frequency  of  this  note  as  34I1  when  it  ought 
to  l>e  341.3. 

In  the  major  sixth,  the  smallest  difference  is  84. 

In  the  major  third,  the  smallest  difference  is  64. 

In  the  minor  third,  the  smallest  difference  is  50. 

Now  of  the  intervals  considered  above  the  most  consonant  is  tlie" 
fifth,  and  the  consonance  decreases  as  we  pass  to  the  minor  third.  Tliis 
decrease  in  the  consonance  is  accompanied  by  a  decrease  in  the  smallest 
difference  in  frequency  of  the  pariials  of  the  two  notes,  so  that  in  the 
case  of  the  minor  third  we  are  approaching  the  limit  (47  beats  per  second) 
at  which  discord  bejiins. 

Next  let  us  take  a  case  where,  although  the  difference  between  the 
frequencies  of  the  fundamentals  is  greater  than  in  several  of  the  cases' 
above,  yet  ilie  consonance  is  not  so  good,  and  see  whether  we  can 
account  for  this  dissonance  by  the  production  of  beats  between  the  par- 
tials.  For  this  purpose  we  may  take  the  notes  ^!>  and^J,  and  a  slightly 
mistuned  fifth. 


c 

369 

gt 

,  Mistuned 

Fifth. 

380 

Fundamental 

256 

400 

I  overtone 

512 

7i^ 

800 

760 

2 

768 

1107 

1200 

1140 

3 

1024 

1476 

t6oo 

1520 

4 

1280 

1845 

2000 

1900 

5       » 

1536 

2214 

2400 

2280 

6 

1793 

•  •■ 

... 

... 

7 

2048 

... 

... 

8        « 

2304 

•  •• 

... 

1        — 

In  the  case  of  t  and  g^^  the  difference  between  the  fundamentals  is 
113,  and  so  these  tones  will  not  produce  discord.  The  second  overtone 
of  r  ,ind  the  first  overtone  of g^,  however,  differ  by  30,  and  are  therefore 
dissonant,  and  it  is  to  the  beats  produced  by  these  that  the  dissonance 
of  the  interval  is  due.  In  the  case  oft  and  gt^  the  second  overtone  off 
and  the  first  overtone  of  ^^  differ  in  frequency  by  32,  while  the  sixth 
overtone  of  c  and  the  fourth  overtone  of  j^jj  differ  by  48,  and  the  dis- 
sonance of  the  interval  is  thus  accounted  for.  In  the  untrue  fifth  there 
will  be  eight  beats  per  second  between  the  second  overtone  of  the  lower 
note  and  the  flrbt  overtone  of  the  higher,  sixteen  per  second  between  the 


I 
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fifth  overtone  nf  the  lower  and  the  third  overtone  of  the  h'lglier,  and 
iwenty-four  between  the  ei^'hth  overtone  of  the  lower  and  the  fifth  of  the 
higher.  Hence  it  will  be  seen  why  it  is  that  an  untrue  fifth  is  dissonant, 
and  how  the  ear  is  able  to  detect  want  of  correctness  in  such  an  interval. 

We  may  in  the  same  manner  examine  the  other  inter\'als,  but  this 
task  is  left  to  the  reader. 

Since,  when  an  interval  is  untrue,  those  partials  of  the  two  notes 
which,  if  the  inter\al  were  true,  ought  to  be  in  unison,  will  be  in  a  con- 
dition for  producing  beats,  it  follows  that  the  greater  the  number  of 
common  partials,  and  the  stronger  these  partials  are,  the  ^^reater  will  be 
the  discord  produced  by  mistuning  the  interval,  and  so  the  greater  the 
accuracy  with  which  the  ear  can  adjust  such  an  inter\'al.  In  the  case  of 
the  perfectly  consonant  interval,  the  octave,  all  the  partials  of  the  higher 
note  are  in  unison  with  partials  of  the  lower.  In  the  fifth,  the  alternate 
overtones  (i,  3,  5,  &c.)  of  the  higher  note  are  in  unison  with  partials  of 
the  lower.  In  the  fourth,  every  second  overtone  (2,  5,  &c.)  of  the  higher 
are  in  unison  with  partials  of  the  lower.  In  the  major  sixth,  major  third, 
and  minor  third,  one  overtone  of  the  higher  is  in  each  case  in  unison  with 
one  partial  of  the  lower,  but  as  the  consonance  decreases,  it  is  a  higher 
and  higher,  and  therefore  less  important  partial  that  is  in  unison.  Thus 
an  intcr\'al  is  more  consonant  the  greater  the  number,  and  more  import- 
ant, that  is,  the  lower,  the  partials  which  are  common  to  the  two  notes. 

When,  insteiid  of  compound  tones,  simple  tones  are  employed,  the 
aljove  explanation  docs  not  account  for  the  fact  that  while  a  true  octave 
or  fifth  is  consonant,  an  untrue,  that  is,  slightly  mistuned,  octave  or  fifth 
is  dissonant.  It  is  to  be  noted  that  with  pure  tones  the  accuracy  with 
which  the  ear  is  able  to  detect  an  untrue  inter\'al  is  very  considerably  less 
than  with  compound  tones,  so  that  the  explanation  given  above  is  to  this 
extent  supported.  Helmholtx  has  explained  the  dissonance  of  simple 
tones  as  being  due  to  the  beats  produced  by  combination  tones.  Thus, 
suppose  we  have  an  untrue  octave,  the  frequency  of  the  tones  being  256 
and  515.  The  number  of  beats  is  259,  and  therefore  cannot  produce  the 
discord  which  is  heard.  These  two  (ones  will  produce  a  difference  tone, 
of  which  the  frequency  is  515-256  or  259,  and  this  tone  will  give  three 
beats  per  second  with  the  tone  256.  It  is  to  these  beats  that  Helmholtz 
attributes  our  power  of  distinguishing  the  untrue  interval.  In  the  same 
way,  suppose  we  have  an  untrue  fifth,  the  frequencies  being  256  and  380. 
The  first  difference  tone  has  a  frequency  of  380-  256  or  124,  and  will  not 
produce  a  discord  with  cither  primar>'.  A  secondary  difference  tone  will 
be  produced  between  the  first  difference  tone  and  the  lower  primary  of 
frequency  256-124  or  132,  and  this  secondary  difference  tone  will  produce 
eight  beats  per  second  with  the  first  difference  tone,  hence  the  discord. 

319.  Timbre. — The  quality  or  timbre  of  the  notes  given  by  different 
instruments  is  produced  by  the  overtones  which  accompany  the  funda- 
mental.    In  general  those  notes  in  which  the  fundamental  is  relatively 
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strong,  the  overtones  being  few  and  feeble,  are  of  a  mellow  character. 
On  the  other  hand,  notes  in  which  the  overtones  are  numerous  and 
strong  are  harsher,  and  have  a  so-called  metallic  sound. 

In  dealing  with  the  effects  of  the  overtones  on  the  timbre  of  a  note, 
there  are  three  points  to  be  considered:  (i)  the  relative  frequencies  of 
the  partials.  (2)  llieir  relative  intensities,  and  (3;  the  relations  that  exist 
between  the  phases  of  the  partials. 

That  the  first  twoof  these  conditions  will  have  an  important  bearing 
on  timbre  is  evident  from  a  consideration  of  the  curves  given  in  Fig.  273, 


ic) 


AMPLITUDE  li.iMi.i.ttik  /,  i.  -*,-f,i. 

//O  DfFFERENCE  OF  PHASE. 


ib) 


(d) 


FRtqutHCftftWrnAU  A2,3,4A6.ZBAJ0.  /,  J.  5.  7.  9. 

AMPUTUDC  AliXlli.ltA  A  f  i. "*. i 

OlFFgRENCE    OF  PHASE  90'. 

Fir,.  27^ 

(a)  and  (c),  which  represent  the  resultant  curves  obtained  by  the  combi- 
nation of  sine  curves  which  are  all  harmonics  of  the  same  cur>*e,  but  in 
which  the  harmonics  present  are  different.  In  the  case  of  a  note  in 
which  the  corresponding  partials  are  present,  we  can  easily  sec  thai  the 
timbre  may  be  very  different  in  the  two  cases. 

In  order  to  determine  what  partials  were  present  in 
any  given  note,  HclmhoUz  used  a  series  of  resonators, 
each  of  the  fonn  shown  in  Fig.  274.  The  open  end  a  of 
the  resonator  is  turned  towards  the  source  of  sound, 
while  the  other  and  smaller  opening,  ^,  is  connected  to 
the  ear  by  means  of  an  india-nibber  tube.  If  the  given 
note  contains  a  partial  which  corresponds  in  pitch  to 
the  natural  pitch  of  the  resonator,  then  this  partial  will 
cause  the  i-esonator  to  "  speak." 

Koenig  has  devised  the  form  of  resonator  shown  in 
F'R-  275,  in  which  the  volume  of  tlie  enclosed  air  can 
1>e  altered,  and  thus  the  pitch  of  the  note  to  which  the 
resonator  responds  also  altered. 
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Fig.  975. 

(/■  rem  ii.tmH't  "J'Myncj."} 


Instead  of  using  the  ear  to  detect  whether  a  resonator  responds 
to  a  given  note,  use  may  l>e  made  of  a  manometric  flame,  the  capsule 
of  which  is  connected  with  the  inside  of  the  resonator.  On  this 
principle  Koenig  has  constructed  the  instrument 
shown  in  Fijj.  276.  A  scries  of  resonators  are 
luned  so  as  \o  respond  10  a  Riven  tone  and  to 
its  hannonics,  each  resonator  being  connected 
by  means  of  a  lube  with  a  manometric  capsule. 
When  a  note,  of  whicli  the  fundan^enlal  agrees 
in  pitch  with  the  pilch  of  the  lowest  resonator,  is 
sounded  near  this  instrument  all  the  resonators 
which  agree  in  pitch  with  the  partials  that  arc 
present  will  respond,  and  the  corresponding 
flames  will  be  affected,  which  effect  can  be  ob- 
served by  looking  at  the  flames  in  a  rotating 
mirror.  \\Tien  an  open  organ  •  pipe,  of  which 
the  fundamental  corresponds  to  the  lowest  reso- 
nator, is  sounded  gently  the  fundamental  is  the 
only  resonator  that  responds.  If,  however,  the 
pipe  is  sounded  more  strongly,  the  resonators 
corresponding  to  the  first  five  harmonics  re- 
spond, the  response  of  the  third  harmonic  being 
stronger  than  that  of  the  second.  If  a  closed  pipe  of  the  same  pitch  is 
sounded  strongly,  then  the  even  harmonics  are  all  absent,  as  we  should 
expect  from  the  discussion  given  in  §  306.  The  third  harmonic  is  fairly 
strong,  while  the  fifth  is  only  feeble. 

In  the  case  of  the  note  given  by  a  bowed  violin-string,  the  first  seven 
harmo'^ics  are  present,  and  it  is  owing  to  the  presence  of  this  large 
numbe.*  of  partials  that  the  violin  owes  the  piercing  character  of  its 
notes.  In  the  case  of  the  piano,  the  partials  1,  2,  3  are  fairly  strong, 
while  the  partials  4,  5,  6  are  more  feeble,  while  the  position  at  which  the 
strings  are  struck  is  so  chosen  that  the  seventh  partial  is  absent.  The 
reason  for  this  is  that  the  seventh  partial,  when  present,  forms  a  dis- 
sonance with  the  sixth  and  eighth. 

The  frequency  of  the  sixth,  seventh,  and  eighth  partials  being  6//,  7//, 
and  8«,  where  n  is  the  frequency  of  the  fundamental,  the  interval  between 
the  6ih  and  7th  is  6/7,  and  that  between  the  7th  and  StR  is  7/8.  Now 
neither  of  these  intervals  is  consonant.  If,  however,  the  7th  partial  is 
absent,  the  interval  between  the  6th  and  8th  is  3/4  (a  fourth),  and  this  is  * 
consonant  Hence  when  the  7th  partial  is  wanting,  all  the  partials  up  to 
and  including  the  8ih  arc  consonant.  Although  the  8th  and  9th  are 
dissonant,  yet  since  the  loudness  of  a  partial  decreases  rapidly  with  the 
order  of  the  partial,  the  dissonance  produced  by  the  6th  and  the  higher 
partials  is  practically  ncgligable. 

The  partials  of  an  organ-pipe  have  been  investigated  by  Raps  in 
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another  way.  Two  rays  of  light  are  caused  to  fonn  interference  hands 
(§  378),  and  while  one  ray  passes  altogether  through  the  external  air,  the 
other  passes  ihrou^'h  the  air  situated  at  the  node  of  an  organ-pipe.  TTic 
alternate  condensations  and  rarefactions  cause  the  density  of  the  air  lo 
alter,  and  hence  the  veloriiy  of  light  passing  through  the  air  varies  in  the 
same  way.     The  result  is  that  when  the  pipe  is  sounded  the  interference 


i 


hands  vibrate  backwards  and  forwards  in  the  same  period  us  theclianges 
of  density  of  the  uir  in  the  pipe.  If  then  the  bands  are  received  on  u 
rotating  drum  covered  with  photographic  paper,  a  wavy  line  will  be  pro- 
duced, and  from  the  character  of  ih's  line  the  nature  of  the  vibrations 
of  the  air  in  the  pipe  can  be  seen.  A  scries  of  traces  obtained  in  this 
way  fi-om  an  open  pipe  blown  with  gradually  increasing  wind  pressure  is 


Timbre 


jyiven  in  Fig.  277.     It  will  be  noticed  how  1 
first  absent,  gradually  increases  in  inten- 
sity as  the  wind  pressure  is  increased. 

Not  only  did  Hclmholu  perform  the 
analysis  of  compound  notes  into  their 
simple  partial  tones,  but  he  also  perfoniicd 
the  inv'crse  operation,  namely,  building  np 
a  note  of  a  given  timbre  by  the  combina- 
tion of  a  number  of  simple  tones,  that  is, 
he  performed  the  synthesis  of  a  yivcn 
note.  The  apparatus  he  used  is  shown  in 
Fig.  278,  and  consisted  of  ten  tuning-forks 
which  were  tuned  so  as  to  give  a  funda- 
mental of  256  vibrations  per  second  and 
its  first  nine  harmonics.  Each  of  these 
forks  is  arranged  in  front  of  a  resonator 
tuned  to  unison  with  it.  An  eleventh  fork, 
K,  is  maintained  in  vibration  electrically, 
and  is  so  arranged  that  it  makes  and 
breaks  an  electric  circuit  once  in  each 
vibration.  Each  of  the  other  forks  is  pro- 
vided with  an  electro  -  magnet  through 
which  the  intermittent  rnrrcnt   produced 
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a  periodic  force  which  recurs  regularly  after  I,  2»  3,  &c.  complete  vibra- 
tions, and  thus  keeps  the  fork  in  vibration.  Fork  number  2,  in  the  same 
way,  receives  an  impulse  cver>*  other  vibration,  and  so  on.  Each  of  the 
resonators  is  fitted  with  a  clapper  worked  by  a  string  attached  to  a  key- 
board,  by  means  of  which  the  mouth  of  the  resonator  can  be  closed. 
When  the  mouth  of  the  resonator  is  closed,  so  that  it  cannot  reinforce 
the  sound  of  the  fork,  the  sound  emitted  by  the  latter  is  of  so  feeble 
intensity,  compared  to  the  sound  emitted  when  the  resonator  is  in  action, 
that  it  may  practically  be  neg^Iected.  Thus  the  compound  note  heard 
corresponds  to  tlie  note  produced  by  the  coexistence  of  the  tones  given 
out  by  the  forks,  the  resonators  of  which  have  been  uncovered  by  depres- 
sing the  corresponding  keys.    Since  the  intensity  with  which  a  resonator 
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sounds  depends  on  the  extent  to  which  the  of>ening  has  lieen  uncovered, 
the  intensity  of  the  different  partials  can  be  altered  at  will 

Koenig  has  also  performed  the  synthesis  of  musical  notes,  by  cutting 
out  the  curve  obtained  as  in  Fig.  273,  by  compounding  ihc  sine  curves 
corresponding  to  the  different  harmonics,  taken  with  their  proper  relative 
amplitudes,  round  the  edge  of  a  metal  cylinder,  such  as  that  shown  in 
Fig.  279.  If  a  jet  of  air  from  a  narrow  slit  B  be  directed  on  such  a 
toothed  wheel,  then  the  passage  of  the  air  will  vary  according  to  the 
amount  the  metal  is  cut  away,  and  by  rotating  the  wheel  a  note  will  be 
pnxluced.  With  this  instrument,  called  a  wave-syren,  Koenig  was  able 
to  reproduce  the  characteristic  timbre  of  some  musical  notes. 

The  timbre  obtained  also  varies  when,  the  number  and  amplitude  of 
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the  partiaU  being  kept  the  same,  the  phase  relations  between  these 
parlials  are  changed  in  the  manner  exhibited  in  Fig.  273.  In  the  curves 
(a)  and  (t)  the  phases  of  all  the  partials  are  the  same,  that  is,  when  the 
fundamental  curve  is  passing^  through  the  axis  of  A"  from  the  negative  to 
the  positive  side,  that  is,  when  its  phase  is  0°,  all  the  curves  correspond- 
ing to  the  other  partials  are  also  passing  through  the  axis  of  -V  from  the 
negative  to  the  positive  side,  so  that  their  phases  are  also  o*.  In  tlie 
cun'cs  (b)  and  (1/),  when  the  phase  of  the  fundamental  is  o^  that  of  the 
partial  next  above  it  is  90"  behind,  so  that  this  curve  is  at  its  maximum 
below  the  axis  of  X,  while  the  phase  of  the  next  partial  is  90"  behind  this, 
and  so  on. 

Hence  Koenig  concludes  that,  contrary  to  the  results  obtained  by  von 
Hclmholtz,  the  relative  phase  of  the  partials  has  some  influence  on  the 
timbre  of  the  note. 

320.  Production  of  Vocal  Sounds.— The  actual  organ  concerned 
in  the  production  of  the  vibrations  that  constitute  a  vocal  sound  are  two 
membranes,  called  the  vocal  cords.  These  membranes  are  stretclied 
between  a  series  of  cartilaginous  structures,  to  which  are  attached  a 
series  of  muscles,  by  means  of  which  the  tension  of  the  membranes  can 
be  altered.  The  vocal  cords  are  stretched  across  the  opening  of  the 
trachea,  which  is  a  tube  leading  to  the  lungs,  and  it  is  to  the  vibrations 
caused  in  the  cords  when  air  is  forced  between  them  thai  vocal  sounds 
arc  due.  The  vocal  cords  in  men  arc  thicker  than  in  women  and  children, 
so  that  they  vibrate  more  slowly,  and  hence  produce  lower  notes. 

The  sounds  produced  by  the  vocal  cords  are  much  modified  by  the 
effect  of  the  mouth,  which  acts  as  a  resonator  of  variable  shape  and 
volume.  The  mouth  cavity  may,  however,  not  only  act  the  pari  of  a 
resonator  in  the  sense  we  have  already  used  the  temi,  but  it  may  also 
modify  the  note  produced  by  the  vocal  cords,  even  when  it  is  not  truly 
in  resonance  with  any  of  tlie  lower  parlials  of  the  note.  'Hiat  such  an 
effect  can  be  produced  is  shown  by  an  experiment  of  Koenig's,  in  which 
a  syren  was  sunnountcd  by  a  pipe,  and  the  note  produced  was  examined 
by  a  manometric  flame,  while  the  ratio  between  the  natural  periods  of 
the  syren  and  pipe  was  altered.  It  was  thus  found  that  the  characteristic 
of  the  partials  present  in  the  resultant  note  underwt»nt  marked  changes 
due  to  the  effect  of  iho  resonator,  these  being  vtry  much  more  marked 
when  the  natural  period  of  the  resonator  coincided  with  that  of  one  of 
the  partials  of  the  note  given  by  the  syren. 

Articulate  speech  is  composed  of  a  number  of  cliaracteristic  sounds 
called  vowels,  of  which  there  exist  almost  an  infinite  number  of  different 
kinds,  the  characteristic  being  that  a  vowel  sound  can  be  indefinitely 
sustained  without  losing  its  characierislic.  In  addition  to  the  vowel 
sounds,  there  are  other  sounds  called  consonants,  which  arc  not  per- 
sistent sounds,  being  practically  only  different  ways  of  commencing  and 
ending  a  vowel  sound. 
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The  question  as  to  what  it  is  that  g-ives  its  character  to  a  vowel 
sound  is  a  subject  about  which  tliere  has  been,  and  is  stil),  inucli 
difference  of  opinion. 

HelmhoUz,  who  investigated  this  question,  found  that  when  the  mouth 
is  adjusted  for  sounding  any  given  vowel,  the  cavity  of  the  mouth 
always  resounds  to  the  same  tonc^  and  that  the  frequency  of  the  tone 
depends  only  on  tl»c  vowel,  and  not  on  the  age  or  sex  of  the  speaker. 
He  was  hence  led  to  the  conclusion  that  cvei")'  vowel  sound  is  charac- 
terised by  the  pitch  of  the  tone  (or  tones)  to  which  the  mouth  is  adjusted. 
In  this  way  he  found  the  following  characteristic  tones  for  some  of  the 
vowels  :— 

Vowel  Characteristics. 


Vowrl. 


Ch.ir»cleristic  Tone. 


//  :is  in  r//dc  . 

ou 

o  as  in  mf»re  . 

ah  . 

a  as  in  father 

e  as  in  th^re  . 

i  as  in  mach/ne 


0'"  sindr 
//""and/ 


frequency  176 

35? 


476 
932 

1188 

i95o»35: 
2376,  176 


The  difficulty  then  arises  as  to  how  it  is  that  we  can  recognise  the 
character  of  a  vowel  sound  when  it  is  sung  on  very  different  pitches. 
This  diflfirtilly  may  in  measure  be  met  by  supposing  that  in  general  one 
of  the  upper  partials  of  the  note  produced  by  the  vocal  cords  is  suffi- 
ciently near  to  the  characteristic  tone  of  the  vowel  to  cause  the  mouth 
cavity  to  resound,  and  it  is  the  strengthening  of  this  partial  by  resonance 
which  gives  the  characteristic  vowel  sound,  although  the  great  bulk  of 
the  sound  pro<luced  may  be  of  a  different  pitch. 

By  means  of  a  system  of  resonators,  Hclmholtz  was  able  to  detect  the 
presence  of  other  partials  which  characterised  the  vowel  sounds,  and 
then,  using  his  apparatus  for  the  synthesis  of  notes,  he  was  able  to 
reproduce  some  of  the  vowel  sounds  with  some  degree  of  success. 

More  recent  observations  of  the  form  of  the  trace  in  the  phonograph, 
however,  seem  to  indicate  that  the  subject  is  more  complicated  than 
Hclmholtz's  work  would  lead  us  to  suppose,  and  that  when  a  vowel 
sound  is  sung  on  different  notes,  one  of  the  j>.irtials  of  the  note  is 
reinforced,  and  that  the  frequency  of  the  partial  thus  reinforced  oscillates 
between  certain  limits.  Hence  the  characteristic  tone  of  a  vowel  is  not 
of  perfectly  fixed  pitch,  but  changes,  within  certain  limits,  in  such  a  way 
as  always  to  be  one  of  the  partials  of  the  note  on  which  the  vowel  is 
sung. 

321.  The  Phonograph.— There  have  been  numerous  attempts  to 
artificially  reproduce  human  speech,  and  of  these  the  only  one  which  has 
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been  completely  successful  is  that  made  by  Edison.  The  latest  form  of 
Edison's  Phonograph  consists  of  a  wax  cylinder,  on  which  a  small  stylus 
with  a  sharp  cutting  edge  records  the  vibrations  caused  in  a  thin  glass 
diaphragm  by  the  sound-waves  which  are  incident  on  the  diaphragm. 
The  vibrations  of  the  diaphragm  cause  the  stylus  to  cut  a  groove  in  the 
wax  of  variable  depth,  and  this  groove  forms  a  permanent  record  of  the 
vibrations  of  the  diaphragm.  In  order  to  reproduce  the  sounds,  the 
cutting  stylus  is  replaced  by  a  round  pointed  one,  and  this  stylus  is 
caused  to  pass  along  the  groove  made  by  the  cutting  stylus.  In  this 
way  the  rounded  stylus  is  caused  to  vibrate  in  exactly  the  same  way  as 
did  the  recording  one,  and  since  it  communicates  its  motion  to  the  glass 
diaphragm,  this  latter  also  is  caused  to  vibrate  in  the  same  manner  as  it 
did  under  the  influence  of  the  incident  sound-waves.  The  diaphragm 
communicates  its  motion  to  the  air,  and  thus  the  sounds  are  repro- 
duced. 

The  character  of  the  trace  made  on  the  wax  cylinder  has  been 
examined  by  Hermann,  by  attaching  a  mirror  to  the  recording  stylus 
and  reflecting  a  ray  of  light  from  this  mirror  on  to  a  screen.  Under 
these  circumstances  the  movements  of  the  spot  of  light  will  show  the 
form  of  the  trace  made  by  the  recording  stylus  on  the  wax  cylinder. 
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CHAPTER  I 
RECTI  USE  A  R   PROP  A  GA  TION— REFLECTION 

322.  Scope  of  the  Subject.— The  word  light  is  used  both  in  a 
subjective  :ind  an  objective  sense.  Thus  when  our  eye  is  subjected  to 
certain  conditions,  \vc  experience  a  sensation  which  we  call  light,  while 
the  physical  cause  of  this  sensation  is  also  called  light.  In  our  examipa- 
lion  of  the  phenomena  we  shall^  however,  find  that  bodies  which  emit 
that  fonn  of  radiiiiion  which  produces  the  sensation  of  light,  in  general, 
also  emit  other  forms  of  radiation  which,  while  physically  of  the  same 
nature  as  light,  yet  do  not  produce  the  sensation  of  light.  Thus  the 
flame  of  a  Bunsen  burner  is  almost  Invisible,  still,  if  we  hold  oar  hand  or 
a  thermometer  near  the  flame,  we  find  that  he;it  energy  is  being  radiated 
out  all  the  lime.  By  introducing  a  piece  of  fine  platinum  wire  into  the 
flame,  the  wire  will  he  raised  to  a  white  heat,  and  will  produce  light 
radiation.  The  flame  still  continues  to  produce  radiant  heat,  but  now, 
in  addition,  some  radiation  is  also  produced,  which  can  lie.  recognised  by 
our  eye.  Thus  while  visible  radiant  energy  will  be  called  light,  we  shall 
in  this  portion  of  the  book  also  examine  the  phenomena  due  to  invisible 
ratiiani  energy,  which  is  physically  of  the  same  nature  as  the  light  radia- 
tion, but  for  ilie  recognition  of  which  we  have  no  special  sense  organ. 

823.  Rays— Geometrical  Optics— Physical  Optics.— We  shall  see 
that  in  an  isotropic  medium  light  is  propagated  in  straight  lines,  and  is 
due  to  a  wave-motion.  A  hue  drawn  so  as  to  represent  the  direction  of 
propagation  of  the  light  proceeding  from  a  luminous  body  is  called  a  ray.' 

Starting  from  the  obsened  fact  that  light  travels  in  straight  lines,  and 
the  laws  of  reflection  and  refraction,  it  is  possible  to  deduce  a  number  of 
interesting  results  which  have  a  direct  bearing  on  optical  phenomena  bj' 
mere  mathematical  or  geometrical  methods.     The  subject  of  light  con- 

>  Ttie  word  ray  is  also  used  to  signify  "  kind  of  radiaiion."  Thus  wc  speak  of  licat 
rays,  red  rays,  blue  rays.  &c..  meaning  radi.^nt  heni  and  radiation  which  produces 
the  sensation  of  red,  blue,  &c. 
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sidered  in  this  way  is  generally  called  Geometrical  Optics.  In  geometrical 
optics  no  inquiry  is  made  as  to  the  nature  or  cause  of  liy^ht»  neither  is 
any  explanation  forthcoming^  of  the  rectilinear  propagation  of  lii;ht. 
The!»e  matters  come  within  the  scope  of  another  branch  of  the  subject, 
called  Physical  Optics,  In  the  following  paj^es  we  shall  commence  by 
using  the  methods  of  geometrical  optics.  Having  in  this  way  obtained 
a  certain  familiarity  with  some  of  the  simpler  phenomena,  we  shall  then 
be  in  a  position  to  consider  the  physical  nature  of  these  phenomena. 
324^.    Rectilinear  Propagation   of  Llgrht— Shadows.— The  fact 

that  under  ordinary  circumstances  light  is  propagated  in  straight  lines  is 
taken  for  granted  by  every  one  in  common  life,  for  we  always  assume 
that  a  body  exists  in  the  direction  of  the  rays  of  light  which  enter  our 
eye.  The  simplest  proof  of  the  rectilinear  propagation  is  afforded  by  the 
formation  of  shadows,  for  it  is  found  that  the  edge  of  the  shadow  of  a 
body  formed  by  a  point  source  of  light,  such  as  a  pin-hole  in  a  dark 
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shutter,  the  edg«  of  the  object  and  the  source  of  light  are  all  in  a 
straight  line. 

In  order  to  find  the  form  of  the  shadow  cast  by  a  point  source,  we 
have  only  to  draw  a  number  of  straight  lines  from  the  source,  so  that  they 
all  touch  the  edge  of  the  object.  Where  these  lines  meet  the  screen 
will  be  points  on  the  edge  of  the  shadow.  If  the  source  of  light  has 
an  appreciable  magnitude,  however,  we  do  not  get  a  simple  shadow  of 
uniform  blackness  with  a  sharp  outline.  Let  AB  (Fig.  380)  be  a  luminous 
object,  say  the  sun,  and  en  the  body  that  casts  the  shadow,  say  the 
mtxjn.  Then  if  we  consider  a  point,  A,  of  the  luminous  body,  the.  shadow 
cast  by  this  point  on  a  screen  at  E.F  would  be  at  HK,  In  the  same  way 
the  shadow  cast  by  the  point  B  would  be  (;i.  All  intermediate  points 
would  cast  shadows  situated  between  G  and  K.  It  will  thus  be  seen  that 
HI  will  be  the  only  part  of  the  screen  which  is  completely  in  shadow, 
/>.  screened  from  the  whole  of  the  luminous  object.  This  part  of  the 
shadow  is  therefore  called  the  umbra.  The  rest  of  the  shadow  is  not 
completely  dark,  but  gets  darker  and  darker  from  the  outside  to  the 
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edge  of  the  umbra.  This  pari  of  the  shadow  is  called  the  ptnumbra. 
In  the  case  of  the  moon  and  earth,  it  is  only  when  the  earth  enters 
within  the  cone  CMD  that  a  total  echpse  takes  place  ;  when  it  enters 
within  the  penumbra  the  eclipse  is  only  partial,  since  from  any  point 
within  the  penumbra  strai^jht  lines  can  be  drawn  touching  the  object, 
which  will  intersect  the  source  of  hght,  and  so  part  of  the  source  will  be 
visible  from  any  such  point. 

825.  The  Pin-hole  Camera.— The  working  of  the  pin-hole  camera 
depends  on  the  rectilinear  propagation  of  light.  If  a  small  hole  is  made 
in  an  opaque  screen,  and  a  luminous  object  is  placed  on  one  side,  and  a 
while  screen  on  the  other,  an  inverted  image  of  the  luminous  object 
will  be  formed  on  (he  screen.  Each  luminous  fwint  of  the  object  A  and  fi 
(Fig.  281)  will  form  a  small  round  patch  of  light  on  the  screen  ;  and  if 
the  hole  is  so  small  that  these  patches  of  light  do  not  ver>'much  overlap, 
ihey  will  build  up  an  image  of  the  object,  which,  as  is  shown  in  the 
figure,  is  inverted     It  is  important  to  note  that  the  image  will  be  formed. 
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whatever  may  be  the  relative  distance  of  the  object  and  screen  from 
the  pin-hole,  so  that  in  this  particular  we  have  an  important  difference 
between  the  image  formed  in  this  way  and  that  produced  by  a  lens  or 
mirror  (§§  337,  338).  If  a  second  pin- hole  were  made  near  the  first,  say  at 
p,  a  second  image  would  be  produced,  which  would  partly  overlap  the  first 
image.  In  the  same  way,  if  a  number  of  holes  were  made  surrounding  o, 
Instead  of  a  definite  image  we  should  simply  have  a  blur  produced  by 
the  partial  superposition  of  all  the  images.  This  explains  why  it  is  thai 
it  is  only  when  the  pin-hole  is  small  that  any  sharp  image  is  obtained,  for 
a  large  bo'e  is  the  equivalent  of  a  number  of  pin-holes  close  together. 

826.  Assumptions  as  to  the  Nature  of  Light.— We  shall  in  a 
subsequent  section  descrilje  experiments  to  prove  that  Hght  travels  with 
a  finite  velocity,  and  others  which  show  that  it  is  of  the  nature  of  a  wave- 
motion.  Since,  however,  for  the  full  grasping  of  these  experiments  a 
knowledge  of  the  laws  of  reflection  and  refraction  and  of  the  elementary 
properties  of  mirrors  and  lenses  is  required,  the  description  of  them  is  for 
the  present  postponed.     Wc  shall,  nevertheless,  in  the  followinij  sections 
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assume  thai  light  consists  of  a  wave-motion,  and  thai  the  velocity  with 
which  the  light  waves  move  is  different  in  different  media,  and  on  these 
assumptions  we  shall  construct  explanations  of  the  simple  phenomena 
of  reflection  and  refraction.  Thus  when  considering  the  properties  of 
mirrors  and  lenses  we  shall  not  only  use  the  method  of  the  older 
geometrical  optics,  namely,  the  method  of  rays,  but  in  addition  we  shall 
sometimes  lake  as  our  starting-point  the  wave-front  (§  272)  at  any  given 
instant,  and  then  by  Muyghens's  construction  (§  273)  we  shall  trace  out  the 
form  of  the  wave-front  at  subsequent  times.  These  two  methods  of 
viewing  the  phenomena  are  essentially  the  same,  for  the  rays  are  every- 
where at  right  angles  to  the  corresponding  wave-fronts;  but  it  is  never- 
theless of  use  when  employing  the  method  of  rays  to  have  in  our  mind's 
eye  the  corresponding  wave-fronts. 

327.  Curvature  of  a  Surface.— If  we  have  a  disturbance  produced 
at  a  point  within  an  isotropic  medium,  the  wave-fronts  will  be  spheres 
with  the  point  as  centre.  If,  however,  the  medium  is  not  isotropic,  the 
form  of  the  wave-fronts  will  in  general  be  different.  In  the  following 
pages  we  shall  almost  exclusively  deal  with  spherical  or  plane  wave- 
fronts.  If  we  have  a  surface  which  is  not  a  sphere,  and  at  any  point 
on  this  surface  draw  a  sphere  touching  this  surface,  then  for  parts  of  the 
surface  in  the  immediate  neighbourhood  of  this  point  we  may  suppose  the 
surface  replaced  by  that  of  the  sphere.  In  the  same  way  we  can  draw  a 
circle  to  touch  any  plane  cur\e,  and  for  points  near  the  point  of  contact 
the  circle  will  coincide  Aviih  the  curve. 

Let  AB  (Fig.  282)  be  a  portion  of  a  curve,  and  at  the  points  A  and  B 
draw  two  tangents  to  the  cor\'e-  Now 
at  the  point  A  the  direction  of  the  cur\'e 
is  that  of  the  tangent  AT|,  while  at  B 
the  direction  of  the  cur\'e  is  BT^  Hence, 
when  we  pass  from  A  to  B  the  direction 
of  the  curve  changes  by  an  angle 
ADTj  or  6.  Let  the  length  of  the  curve 
between  A  and  B  be  .s,  then  the  rate 
of  change  in  direction  with  distance 
measured  along  the  cune  is  ^/s,  and 
this  is  called  the  cunmture  of  the 
cur\'e  between  A  and  D,  If  the  cune 
is  a  circle  with  its  centre  at  c,  the 
angle  acb  is  equal  to  the  angle  TjOT^  for  the  radii  are  at  right  angles  to 
the  tangents.  Let  r  be  the  radius  of  the  circle,  then  the  length  of  the  arc 
AB  is  r'd  (§  14).     Hence  the  curvature  of  the  circle  is — 

Bird  or  i/r. 

Thus  the  curvature  of  a  circle  is  numerically  equal  to  the  reciprocal  of 
the  radius. 


Fig.  38z 
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In  the  case  of  any  othtr  cun-e,  if  the  tangent  circle  is  drawn  at  any 
point  the  cunature  of  this  circle  is  the  reciprocal  of  the  radius,  and  as  the 
circle  coincides  with  the  curve  at  ihe  given  point,  this  also  measures  the 
curvature  of  the  curve  in  the  immediate  nci^^'Ubourhood  of  this  |>oint. 

When  in  the  place  of  plane  curves  wc  arc  dcalinj^  with  surfaces,  the 
same  method  is  employed  to  measure  the  cur\'ature,  namely,  the  curvature 
at  any  point  is  equal  to  the  reciprocal  of  the  radius  of  the  sphere  which 
-  touches  the  surface  at  that  point. 

The  radius  of  the  tangent  circle  or  sphere  is  called  the  radius  of 
cun'ature  of  the  curve  or  surface  respectively,  while  the  centre  of  the 
circle  or  sphere  is  called  the  centre  of  cur^'a/ure. 

In  the  case  of  a  wave-front  we  have  to  distinguish  two  cases, 
namely,  according  as  the  direction  in  which  the  wave  is  moving  is 
towards  the  concave  or  convex  surface  of  the  wave.  We  shall  take  the 
cur\'ature  of  a  wave  to  be  positive  when  it  is  moving  towards  the  centre 
of  the  tangent  sphere.  Thus  the  curvature  of  the  spherical  wave-surface 
produced  by  a  disturbance  at  a  point  in  an  isotropic  medium  is  negative. 

328.  Images.  — If  a  wave  has  a  positive  cur\alure  it  is  moving  towards 
the  centre  of  a  circle,  and  if  the  medium  between  the  wave-front  and  the 
centre  of  the  circle  is  isotropic  the  wave  will  converge  on  this  centre,  so 
that  at  a  certain  instant  the  wave-front  will  be  reduced  to  a  point.  Under 
these  circumstances  the  wave  is  said  to  come  to  a  real  focus,  or  to  produce 
a  real  image  at  the  point. 

If  by  reflection  or  refraction  a  wave-front  of  negative  curvature  is 
produced  such  that  the  centre  of  curvature  does  not  coincide  with  the 
point  where  the  wave  was  originated,  the  wave  will  travel  as  if  it  came 
from  this  centre,  which  is  called  a  virtual  focus,  or  virtual  image. 

Since  the  rays  are  always  at  right  angles  to  the  wave-fronts,  a 
spherical  wave-front  of  positive  curvature  corresponds  to  a  pencil  of  rays 
which  converge  towards  a  point,  this  point  being  the  centre  of  curvature  of 
the  wave-front.  Thus  a  real  image  is  produced  when  the  rays  of  Hght 
which  have  started  from  a  luminous  point  are,  by  reflection  or  refraction, 
caused  to  pass  through  a  second  point,  this  point  being  the  real  image. 

In  the  same  way,  when  the  rays  proceed  as  if  they  came  from  a  point 
other  than  the  actual  source  from  which  they  do  proceed,  this  point  is 
called  a  virtual  image. 

In  the  case  of  a  real  image  the  waves  and  the  rays  actually  pass 
through  the  image,  while  In  the  case  of  a  virtual  image  the  waves  never 
actually  pass  through  the  image  ;  they,  however,  proceed  as  if  they  had 
been  produced  at  the  image,  and  had  then  moved  out  in  ever-widening 
spheres  in  an  isotropic  medium.  In  a  virtual  image  also  the  rays  never 
actually  pass  through  the  image  ;  their  direction,  however,  is  such  that  if 
ihey  were  prolonged  bac^vards  they  would  pass  through  the  virtual  image. 

829,  Laws  of  Reflection.  —  The  fact  that  bodies  which  arc  not 
themselves  luminous   are,  when   illuminated,   visible  in   all   directions. 
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shows  that  they  must  be  capable  of  reflecting  light  in  all  directions,  for 
it  is  by  lliesc  reflected  rays  that  we  are  able  to  see  the  body.  Such  rays, 
which  are  reflected  from  a  body  in  all  directions,  and  which  often  differ 
in  many  ways,  such  as  colour,  from  the  incident  light,  are  said  to  have 
undergone  diffused  reflection. 

When  a  Ijeam  of  light  is  incident  on  a  well-polished  mirror,  it  under- 
goes diffused  reflection  to  only  a  very  small  degree,  the  greater  part  of 
the  light  being  reflected  in  a  single  direction.  This  light  is  said  to  have 
undergone  regular  reflection,  and  we  now  proceed  to  consider  the  laws 
that  govern  regular  reflection. 

The  point  where  a  ray  of  light  strikes  a  mirror  is  called  the  point  of 
incidence.  If  through  the  point  of  incidence  a  line,  called  the  normal,  is 
drawn  at  right  angles  to  the  reflecting  surface,  the  angle  the  incident 
ray  makes  with  this  line  is  caHcd  the  angle  of  incidence,  while  the  angle 
ihc  reflected  lay  makes  with  the  normal  is  called  the  angle  of  reflection. 


fegj^^  ^^^M 


Fig.  283. 

The  phenomena  of  regular  reflection  may  then  be  summed  up  in  the 
following  two  laws  : — 

I.  The  incident  ray,  the  normal  to  (he  reflecting  surface  at  the  point 

^^of  incidence,  and  the  reflected  ray,  arc  all  in  the  same  plane. 

^b      2.  The  angle  of  reflection  is  equal  to  the  angle  of  incidence. 

^"  The  laws  of  reflection  are  proved  whenever  an  ''artificial  horizon"  is 
used  for  determining  the  altitude  of  a  star,  ;>.  the  angle  included  by 
straight  lines  drawn  in  a  vertical  plane  from  the  obscr^■cr  to  the  star 
and  to  the  horizon.  A  telescope  T  (Fig.  -*53),  movable  in  a  vertical  plane 
about  a  horizontal  axle,  is  turned  to  obser\e  a  flxed  star  s,  when  seen 
directly,  and  the  reading  on  a  vertical  divided  circle  is  taken.  The  tele- 
scope is  now  turned  down  til!  the  star  is  again  seen  in  the  telescope,  but 
this  lime  after  reflection  at  the  surface  of  some  mercury  in  an  open  dish 

.^■M.     Since  the  surface  of  the  mercury  is  horizontal,  the  normal  qlIOnsvcv. 
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the  vertical  plane.  As  the  telescope  moves  about  a  horizontal  axle,'  the 
plane  in  which  it  moves  is  vertical,  and  hence  the  two  rays  ST  and  OT  are 
both  in  this  vertical  plane.  The  incident  rays'o  is  also  in  this  plane,  for, 
since  the  star  is  at  such  an  enormous  distance,  the  rays  ST  and  S*o  are 
parallel.     Hence  the  first  law  is  verified. 

To  prove  the  accuracy  of  the  second  law,  a  dish  of  mercur)-  is  placed 
immediately  below  the  telescope,  which  is  ihen  turned  till  it  is  at  right 
angles  to  the  surface  of  the  mcrcur>\  This  adjustment  is  made  by  seeing 
when  the  image  of  the  cross  wires  of  the  telescope  seen  reflected  in  the 
mercury  surface  coincides  with  the  cross  wires  themselves.  The  circle 
attached  to  the  telescope  is  then  read,  thus  giving  the  reading  when  the 
telescope  is  pointing  vertically  downwards,  i.e.  normal  to  the  surface  of  the 
mercury  at  P,  Next,  the  circle  is  read  when  the  image  of  the  star,  as  seen 
directly  and  as  seen  after  reflection  in  the  mercury  in  M,  coincides  with 
the  intersection  of  the  cross  wires. 

From  these  readings  the  value  of  the  angles  p'ts  and  pto  can  at  once 
be  deduced,  and  they  are  found  to  be  equal.  I3ut  since  PP'  is  a  vertical, 
it  is  parallel  to  the  normal  ON,  and  therefore  the  angle  PTO  is  equal  to 
the  angle  ton,  and  the  angle  p'ts  is  equal  to  the  angle  s'oN,  since  ST  is 
parallel  to  s'o.  Hence  the  angle  TON  is  equal  to  the  angle  s'ON,  and  the 
second  law  of  reflection  is  verified. 

SdO.  Reflection  at  a  Plane  Surface.  —  We  have  in  §  274  con- 
sidered the  reflection  of  a  plane  wave  at  a  plane  surface,  and  we  have 
now  to  pas:i  on  to  the  cases  wlien  the  incident  wave  is  spherical,  that  is, 
p  is  proceeding  from 

a  point  disturbance, 
or,  as  it  is  generally 
called  in  optics,  a 
point  source  or  ob- 
ject. 

Let  P  (Fig.  284) 
be  the  luminous 
point,  and  EMK  a 
section  of  the  mir- 
ror. Let  CML»  be  a 
wave-front  which  is 
just  touching  the 
mirror  at  M,  and 
c'm'd'  be  the  posi- 
tion which  the  same 
wave  -  front  would 
occupy  at  a  time  /  later  if  no  mirror  were  present.  We  may  con- 
sider that  as  each  portion  of  the  incident  wave-front  reaches  the  mirror 

*  This  condition  is  secured  by  mauis  of  a  i>lriding  level  w  hicU  rests  on  the  tninnions 
which  carry  the  telescope. 
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it  becomes  the  centre  of  a  new  disturbance  which  is  propagated  back 
into  the  medium,  and  llicn  find  the  new  wave-front  by  Huyghens's  con- 
struction (§  273).  Thus,  to  find  the  position  of  the  reflected  wave  at  the 
lime  /,  we  descril)C  from  each  point  of  t.F  a  circle  touching  the  arc  EMV, 
and  the  connnon  tangent  to  all  these  circles  will  be  the  reflected  wave- 
front.  In  the  time  /  the  reflected  wave  will  travel  from  M  through 
a  distance  et^ual  to  mm',  and  it  will  reacli  the  point  m",  where  MM" 
is  equal  to  mm'.  In  tlie  same  way  the  point  H  on  the  incident 
wave  would,  if  there  were  no  reflection,  travel  to  h'".  It  is,  however, 
reflecled  at  H',  and  in  the  remainder  of  the  lime  /  is  able  to  travel  over  a 
distance  h'h",  wliich  is  equal  to  HH'".  In  the  same  way,  it  can  be  shown 
that  the  reflected  disturbances  are  all  circles  touching  the  arc  em'K. 
Hence  the  reflecled  wave-surface  EW"k  is  also  an  arc  of  a  circle  of  the 
same  radius  as  the  circle  c'm'iA  If  p'  is  the  centre  of  the  circle  of  which 
I  EM"f  is  an  arc,  f'm  is  equal  to  I'M,  for  the  radius  f'm"  is  equal  to  the 
radius  pm',  and  mm"  is  equal  to  mm'.  Thus  h'  is  the  image  of  the  point 
P  produced  by  reflection  in  the  mirror  AH,  and  since  the  waves  do  not 
actually  pass  through  n't  but  only  proceed  after  reflection  as  if  they  had 
originated  at  p',  the  image  is  virtual. 

Since  KF  touches  the  circle  CMD,  the  line  PM  is  perpendicular  to  AB. 
Thus  ihe  image  P'  is  situated  on  tlie  line  drawn  from  the  luminous  point 
at  right  angles  to  the  mirror,  and  is  as  far  behind  the  mirror  as  the  object 
is  in  front. 

The  position  of  the  image  formed  by  reflection  in  a  plane  mirror  can 
be  deduced  from  the  laws  of  reflection  simply,  without  any  assumption  as 
to  the  nature  of  light. 

Thus,  as  before,  let  AB  (Fig.  285)  represent  the  trace  of  a  plane  mirror 
which  is  perpendicular  to  the 
plane  of  the  paper,  and  p  be  the 
luminous  point  from  which  rays 
oflighl  are  proceeding  in  alldirec- 
tions.  LetPMibcarayproceeding 
from  P,  which  is  reflected  at  Mj. 
The  reflected  ray  will  be  along 
MiQ,.  where  the  angles  PMjN, 
Q|M,N  are  equaL  In  the  same 
way,  the  rays  PM,  and  PMj  will 
be  reflected  along  M«g^  andM3Q3 
respectively.  Now,  if  the  direc- 
tion of  these  rays  be  produced 
backwards  behind  the  mirror,  it 
will  be  found  that  they  alt  in- 
tersect at  one  point,  p'.  Thus, 
after  reflection  at  the  plane  mir- 
ror AB,  the  rays  of  light  proceed  in  the  same  directions  that  they  would 


supposing  the  mirror  were  removed,  and  a  luminous  point  were  placed 
at  P'.  Thus  the  point  P'  is  the  image  of  P  fonncd  by  reflection  in  the 
mirror  AB,  and  as  the  reflected  rays  do  not  actually  pass  through  the 
image,  but  it  is  only  their  directions  when  produced  backwards  that  pass 
through  the  image,  the  image  is  virfua/. 

In  order  to  find  the  position  of  the  image  P',  we  may  proceed  as 
follows  :  By  the  law  of  reflection  the  nonnal  ray  PM  must  be  reflected 
Dack  along  the  nonnal,  and  hence  the  line  PMP'  must  be  nonnal  to  the 
mirror.  By  the  same  law  the  angle  PM,N  is  equal  to  the  angle  QxM,N, 
which  is  itself  equal  to  the  angle  n'MiP*.  Hence  the  angle  PMjM  is  equal 
to  the  angle  p'm,M.  The  angles  PMM,  and  p'mMj  are  also  equal,  each 
being  a  right  angle.  The  two  triangles  PM,M  and  p'm,m  have  therefore 
one  side  common,  and  two  angles  of  each  equal  :  they  are  therefore  equal 
in  all  respects,  and  the  side  PM  is  equal  to  the  side  P.M.  The  image 
P'  is  therefore  on  the  prolongation  of  the  normal  to  the  mirror  drawn 
through  the  object  P,  and  is  as  far  behind  the  min^r  as  the  object  is 
in  front. 

In  the  case  of  a  hmiinous  object,  as  distinct  from  a  point,  which  may 
either  itself  be  a  source  of  light,  such  as  a  candle  flame,  or  simply  appear 
luminous  from  the  light  which  it  reflects  in  a  clifTiise  manner,  each  point 
produces  its  own  image  according  to  the  above  law.     Thus  the  image  of 

the  arrow  pq  (Fig.  286)  in  the 
plane  mirror  AB  is  at  p'q'.  To 
an  eye  placed  at  E,  the  object  as 
seen  by  reflection  would  appear 
to  be  at  p'q',  for,  as  shown,  the 
pencils  of  rays  which  enter  the 
eye  diverge  after  reflection  as  if 
they  came  from  the  correspond- 
ing points  of  the  image,  and  it 
is  by  the  direction  of  the  rays 
as  tfuy  enter  the  eye  that  we 
judge  of  the  position  of  a  lumi- 
nous body. 

If  from  E  the  object  PQ  is 
viewed  directly,  the  point  of  the 
arrow  appears  turned  towards 
the  left,  while  in  the  image  the 
point  (J»')  appears  turned  to- 
wards the  right  ;  the  image  has 
therefore  undergone  per>'ersion  from  light  to  left.  This  perversion  by  re- 
flection is  very  clearly  shown  if  some  writing  is  blotted  when  wet  on  a 
clean  piece  of  blotting-paper.  In  this  way  a  perverted  copy  of  the  writing 
is  obtained,  and  on  holding  this  up  before  a  plane  mirror  the  image  is 
perverted  and  the  writing  becomes  at  once  legible. 
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331.  Rotation  of  a  Plane  Mirror.— Suppose  that  a  ray  of  light  from 
the  point  P  (Kig,  287)  meets  llie  plane  mirror  AB  in  the  point  iM,  and  is 
reflected  along  Mg,  and  that  the 
mirror  is  then  rotated  around 
an  axis  at  right  angles  to  the 
plane  of  incidence  through  an 
angle  a  into  the  position  a'b'. 
The  ray  pm  will  now  be  reflected 
along  mq',  and  we  require  to 
find  the  relation  between  the 
angle  QMQ'  or  )3,  through  which 
the  reflected  ray  has  been  ro- 
tated, and  the  angle  n,  through 
which  the  mirror  has  been  ro- 
tated. Let  MN  and  mn'  be  the 
normals  at  the  point  M  to  the 
mirror  in  its  two  positions,  then  the  angle  NMN'  is  equal  to  n.  Also  by  the 
laws  of  reflection  the  angle  PMN  is  equal  to  the  angle  NMQ,  and  the  angle 
PMN'  is  equal  10  the  angle  N'mq'.  Therefore  the  angle  PMg  is  equal  to 
twice  the  angle  J*mn,  and  the  angle  PMq'  is  equal  to  twice  the  angle  PMN'. 
Hence  the  angle  P  is  equal  to  2(PM  v  -  PMN').  But  the  angle  NMN'  or  a  is 
equal  to  pmn-pmn'.  Hence  /3  =  2a,  or  the  reflected  ray  has  been  turned 
through  twice  the  angle  through  which  the  mirror  has  been  turned. 

We  may  regard  this  problem  in  a  slightly  different  manner.  Let 
O  (Fig.  288)  be  the  point  about  which  the  mirror  turns,  then  if  a  circle 
be  described  with  o  as  centre 
and  OP  as  radius,  we  shall 
show  that  whatever  the  posi- 
tion of  the  mirror,  the  image 
of  P  will  lie  on  this  circle.  Let 
AH  be  a  position  of  the  mirror, 
then  ifV  is  the  image  of  P, 
wc  have  that  pp'  is  perpen- 
dicular to  AB,  and  that  pm 
«p'm.  Hence  in  the  two  tri- 
angles OPM  and  op'm,  the  two 
sides  OM,  MP  of  the  one  are 
equal  to  the  two  sides  OM,  MP' 
of  the  other,  and  the  included 
angles  are  equal,  each  being 
a  right  angle.  Ilcncc  the  tri- 
angles are  equal  in  all  respects, 
and  OP  is  equal  to  op',  hence 

p'  is  on  the  circle  described  with  o  as  centre  and  OP  as  radius.     Lei 
a'b'  be  another  position  of  the  mirror,  and  P"  the   image  of  P,   then 
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we  can  show  just  as  before  that  p"o=op,  and  hence  P"  must  be  on 
the  circle. 

Since  PM  and  pm'  are  the  nonuals  to  the  mirror  in  the  two  posi- 
tions, the  angle  m'pm  or  p"pp'  is  equal  to  a,  and  by  a  well-known 
property  of  the  circle,  the  angle  v"o^  subtended  by  the  arc  P"p'  at 
the  centre  is  twice  the  angle  p"pp'  subtended  by  the  same  arc  at  a 
point  on  the  circumference.  Hence  the  angle  p"oP'  is  2a,  so  that  when 
the  mirror  turns  through  an  angle  a,  the  line  joining  the  axis  of  rota- 
lion  to  the  image  turns  through  an  angle  2a.  Now  if  po  is  an  incident 
ray,  then  OQ  and  OQ'  will  be  the  reflected  rays  in  the  two  positions  of 
the  mirror.  Hence  the  angle  *?0(/  included  between  the  two  reflected 
rays  is  la. 

332.  Use  of  a  Mirror  and  Scale  to  Measure  an  Angle.— Use  is 
very  frequently  made  of  a  mirror  to  measure  the  angle  through  which 
a  body  rotates,  since  we  virtually  get  by  this  method  a  weightless  un- 
bendable  pointer  of  whatevtT  length  we  please. 

Suppose  Aiui'  (Fig.  289)  to  be  a  scale  divided^  say,  into  millimetres, 
and  that  at  a  distance  D  from  the  scale  is  placed  a  mirror  M,  which  can 

rotate  about  an  axis  perpendi- 
gl  cular  to  the  plane  mab',  /v.  the 

plane  of  the  paper.  Let  MN  be 
a  line  drawn  from  the  centre  of 
the  mirror  normal  to  the  scale. 
If  a  ray  of  light  is  incident  along 
PM,  it  will  be  reflected  along 
MB  when  the  mirror  is  in  one 
position,  and  along  MB'  when 
the  mirror  is  rotated  through 
an  angle  a,  and  we  have  seen 
that  the  angle  bmu'  is  equal 
to  2a. 

Fig.  989.  Calling  the  distance  on  the 

scale  between  the  points  B  and 
b',  where  the  reflected  rays  cut  the  scale  and  the  point  N,  d  and  d\ 
and  the  angle  BMN  Q^  wc  have  ;  — 

•^=tan  6*  and  -jj=KWi  (20  +  ^), 

Hence,  knowing  d^  <f,  and  /^  we  can  from  a  table  of  tangents  cal- 
culate the  values  of  the  angles  B  and  2a+^,  and  hence  get  a.  Tlius 
if  the  mirror  M  is  attached  to  a  body  which  can  rotate,  we  can  obtain 
the  angle  through  which  it  rotates  from  the  readings  on  the  scale. 

If,  instead  of  being  straight,  the  scale  is  cur\ed  so  as  to  form  part 
of  a  circle,  having  the  mirror  at  its  centre,  then  the  dilTerence  of  the 
readings  for  b  and  e',  divided  by  the  radius  ii,  will  give  the  value  of 
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the  angle  2a  in  circular  measure  (§  14)  :  and  hence,  knowing  the  number 
of  degrees  in  the  unit  angle  in  circular  measure  (radian),  the  angle  n  can 

■  be  obtained  in  degrees. 
If,  when  using  the  straight  scale,  the  distance  D  between  the  mirror 
and  the  scale  is  very  great  compared  to  the  lengths  NB,  NB',  both  the 
angles  9  and  ^  +  2a  are  very  small.  Hence,  since  in  the  case  of  very 
small  angles  the  angle  (in  circular  measure)  is  equal  to  the  tangent 
(§  14),  we  have 
K  ^=6'and^=2a  +  ^. 


Therefore 
I  or,  if  we  express  a  in  degrees, 


go    Y  -  ti 


333.  The  Sextant.— The  principle  that  the  reflected  ray  is  lumed 
through  twice  the  angle  that  the  mirror  is  turned,  is  made  use  of  in 
the  sextant  to  measure  the  angle  subtended  at  the  observer  by  two 
distant  objects,  say  the  sun  and  the  hori2on.  The  sextant  consists 
essentially  of  two  mirrors,  one  of  which,  A  (Fig.  290),  is  fixed,  while  the 


Fig.  29a 

other,  B,  is  movable  about  an  axis  at  right  angles  to  the  paper,  the  angle 
through  which  it  is  lumed  being  read  by  means  of  a  vernier,  v,  and  a 
graduated  circular  arc  DC  The  upper  part  of  the  mirror  a  has  the 
silver  removed,  so  that  it  is  transparent,  and  a  telescope  T  is  so  placed 
that  half  the  light  that  enters  the  object-glass  comes  through  ihe  upper 
part  of  the  mirror  a,  and  the  rest  is  light  which  has  been  reflected  in 
the  lower  part.  Suppose  SjA  is  a  ray  of  light  coming  from  a  distant 
object,  which- traverses  A  and  enters  the  telescope,  and  thus  helps  to 
produce  an  image  of  tlie  object.     Now  the  movable  mirror  B  can  be 
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SO  turned  that  a  ray  SjU,  coming  from  the  same  object,  al\cr  rt-flect(on 
in  the  mirrors  B  and  A,  also  enters  the  telescope.  This  ray  will  help 
to  produce  a  second  image  of  the  object,  which,  by  rotating  the  mirror  B, 
can  be  brought  alongside  the  image  formed  by  the  direct  rays.  Next, 
keeping  the  telescope  turned  so 'that  the  direct  rays  S|  still  form  an 
image,  turn  the  mirror  B  till  the  rays  RB,  proceeding  from  some  other 
object,  cnler  the  telescope  and  form  an  image  alongside  the  first.  Since 
merely  reversing  the  direction  of  the  rays  of  light  will  not  alter  iheir 
paths,  wc  now  see  that  while  in  the  first  position  of  the  mirror  a  ray 
incident  along  AB  is  reflecled  along  BS^  in  the  second  position  a  ray 
incident  along  ab  is  reflected  along  hk.  Hence,  if  n  is  the  angle 
through  which  the  mirror  has  been  turned,  the  angle  RBSj  is  equal  to 
2a.  Now  the  angle  RBS^  is  the  angle  subtended  at  B  by  the  two  objects, 
and  so,  since  a  is  obtained  by  reading  the  two  positions  of  the  vernier 
on  the  arc,  this  angle  can  at  once  be  obtained.  In  order  to  save  the 
necessity  of  doubling  the  reading  of  the  scale,  it  is  usual  to  nunil>er 
each  half-degree  as  a  whole  degree,  so  that  the  reading  gives  directly 
the  value  of  2n. 

334.  Reflection  at  Two  Plane  Hirrors.~lf  a  luminous  object  v 
is  placed  in  the  angle  included  between  two  plane  mirrors,  AO  and  OB 

(Fig.  291),  a  series  of  images  of  p 
will  be  formed.  In  the  first  place 
we  shall  obtain  two  images,  p, 
and  1*',  formed  by  a  single  reflec- 
tion in  each  of  the  mirrors.  These 
images  will,  as  proved  in  §  331, 
both  lie  on  the  circle  drawn  with 
O  as  centre  and  OP  as  radius. 
Suppose  now  that  the  mirror  AO 
were  removed  and  the  object  p 
replaced  by  its  image,  this  will 
not  affect  the  direction  of  the  ra)*s 
which,  starting  from  P,  after  re- 
flection at  AO,  strike  the  mirror 
OB.  The  point  P|  would  then 
produce  an  image  P"  in  the  mirror 
f^  OB,  which,  since  the  line  J',p"  is 

p.„  perpendicular  to  OB,  must  l>e  on 

the  circle.  This  image  is  there- 
fore formed  by  double  reflection,  first  in  ao  and  then  in  OB.  In  the 
same  way,  an  image  \\  will  be  formed  by  reflection  first  in  OB  and  then 
in  AO. 

Again,  the  images  P^  and  p"  will  act  as  objects  forming  two  new 
images,  V'"  and  p^,  which  are  produced  by  reflection  twice  in  one  mirror 
and  once  in  the  other,  and  P3  forms  an  image  p""  in  u^  produced  by 
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reflection  twice  in  oa  and  twice  in  or  Neither  p""  nor  p"'  can  produce 
any  more  imaj^es,  since  these  points  are  beliind  hoth  mirrors,  and  you 
cannot  gel  an  image  from  a  luminous  point  placed  bt^hind  a  mirror. 

If  we  join  OP,  and  call  the  angle  AOP  a,  and  the  angle  POB  /:^,  it  can 
be  shown  from  similar  triangles  thai. the  angle  ftop'  is  equal  lu  /?,  and 
the  angle  AOPi  is  etjual  to  «i.  Similarly,  the  angle  I(Op"  is  equal  to  the 
angle  Boi»„  that  is,  to  2a  -t-/i,  so  that  the  angle  P'OP"  is  eiiual  to  2a.  In 
the  same  way,  the  angle  PiOp.>  is  equal  to  2/?.  Also  the  angle  i»"op"'  is 
2/J,  the  angle  P3OP;,  is  2rt,  and  the  angle  p"'op""  is  2a.  It  will  thus  be 
seen  that  the  angles  subtended  by  two  consecutive  images  at  the  inter- 
section of  the  mirrors  are  alternately  equal  to  2a  and  2/jf. 

An  interesting  case  occurs  when  the  angle  between  the  mirrors  is 
equal  to  180  ,/i,  where  n  is  some  whole  nuinbcr.  Since  the  angle 
between  the  mirrors  is  a4-/i,  we  must  have  in  this  case  2«(tt  +  ^)  =  36o*, 
that  is,  2(tt-h/i)  will  divide  exactly  n  times  into  the  whole  circumference. 
\{y  therefore,  starting  from  P  we  mark  off  points  on  the  circumference  in 
both  directions  subtending  alternately  angles  of  2a  and  zfi  at  the  centre, 
we  shall  fmally  reach  the  same  spot,  so  that  the  last  image  will  be  the 
image  of  the  last  but  one  of  each  of  the  two  scries^  or,  in  other  words, 
the  two  sets  of  images  now  have  an  image  in  common. 

As  an  illustration,  we  may  take  the  case  when  the  mirrors  are  inclined 
at  60%  i.e.  when  «  =  3.  If  the  object  P  (Fig.  292)  is  so  placed  that  a  =  20* 
and  /i  =  4o'*,  then  we  can  obtain 
the  images  p'p"?'"  by  making 
the  angle  POP'=2/i{=8o',  the 
angle  p'OP''=2a  =  4o'',  and  the 
angle  P*OP'"  =  8o°;  here  we  must 
stop,  since  p'"  is  behind  both  the 
mirrors.  The  whole  angle  pop"' 
is  therefore  80+40+80  =  200'. 
Proceeding  in  the  same  way, 
POP,  =  4o\  PjOP,  =  80",  and 
PjOPj  =  40",  so  that  the  angle 
POp3  =  4o  +  8o  +  40=  i6o*'.  Hence 
the  angles  pop^  and  POP'"  to- 
gether amount  to  360",  and 
therefore  the  points  P,  and  P"' 
must  coincide. 

If  wc  wish  to  trace  out  the 
actual   path   of  a   ray  of  liyht 
which,  after  leaving  the  object  P,  enters  an  eye  at  E,  producing,  say,  the 
image  Pj,  we  draw  the  line  joining  E  and  P^,  and  join  the  f>oint  where 
this  line  cuts  the  mirror  AO  to  the  image  p',  since  P^  is  the  image  in  AO^ 
of  P'.     Finally,  the  point  where  this  last  line  meets  the  mirror  OB  is 
joined  to  P.     It  will  be  easily  seen  that  the  line  thus  obtained  is  really 
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the  path  of  the  ray,  for,  starting  from  P,  the  ray  after  reflection  in  BO  will 
travel  as  if  it  came  from  the  imag^e  v\  and  tliis  ray,  when  it  has  been 
reflected  in  AO,  will  travel  as  if  it  came  from  P^,  i.e.  along  the  line  PjE. 

It  is  interesting  to  examine  this  same  point  from  the  view  of  the 
wave-froDts.     Taking  for  simplicity  the  case  where  the  mirrors  AO,  oB 

(Fig.  293)  are  at  right 
Sc^^V       \  anjjlcs,      the     circles 

drawn    with    the    full 
line  represent  a  series 
of  wave-fronts   which, 
A?<ry^  \    ^^^V'W     \\       starting  from  P,  have 
..     \  ''A      -.M      \       j^Qj     \ittr\     reflected. 
When    one    of   these 
wave-fronts  meets  the 
■     ns.    f   ••  I       mirrorAOitis  reflected, 
-*^'y/^'    \'){     \/j       and   the    circles   with 
centre   P^   which  are 

shown  thus , 

represent  the  reflected 

wave-fronts.      1  n    the 

■  P'  same  way,  the  circles 

shown  thus 

represent  the  wave-fronts  as  reflected  in  bo.  When  either  of  these 
reflected  wave-fronts  impinges  on  the  other  mirror  it  will  be  reflected, 
and  in  this  way  a  series  of  wave-fronts  with  centre  at  p/'  arc  obtained, 

and   these  are  indicated   thus  It  will  be  noticed  how  the 

circles  with  centre  at  P*"  represent  the  reflected  wave-fronts  belonging 
to  both  sets  of  doubly  reflected  waves.  This  is  of  course  because 
90=  180/2,  and  so  the  second  image  of  the  two  series  coincide.  An  eye 
placed  anywhere  in  the  space  included  between  the  two  mirrors  will 
receive  four  sets  of  waves,  of  which  the  centres  of  cur\ature  are  P,  P[,  P*, 
and  P^"  respectively,  and  will  therefore  see  a  luminous  point  apparently 
at  each  of  these  places. 

The  number  of  images  formed  if  the  angle  between  the  mirrors  is 
equal  to  jSo'/w  is  2/1-  1,  if  the  angle  is  less  than  i8o*>  but  greater  than 

r~y  the  number  of  images  is  a/»,  since  in  the  flrst  case  two  of  the  images 

coincided. 

As  the  angle  between  the  mirrors  is  decreased  the  number  of  images 
is  increased,  and  when  the  mirrors  are  parallel  the  angle  between  them 
is  zero,  and  hence  the  expression  180^///  must  be  zem,  which  can  only 
happen  if  n  is  infinite,  that  is,  there  must  be  an  infinite  numl>er  of  images. 
Since  the  images  all  lie  on  a  circle  having  its  centre  at  the  intersection 
of  the  mirrors  and  passing  through  the  object,  it  is  evident  that,  if  the 
distance  between  the  mirrors  near  the  object  is  kept  fixed,  the  radius  of 
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ihe  circle  will  increase  as  the  angle  between  the  mirrors  is  decreased. 
Finally,  when  the  mirrors  become  parallel,  their  intersection  is  at  an 
infinite  distance^  since  parallel  lines  only  meet  at  infinity,  and  therefore 
in  this  case  the  circle  on  which  the  images  lie  becomes  one  of  infinite 
radius.  Now  if  we  consider  a  small  part  of  a  circle  of  very  great  radius, 
it  is  practically  a  straight  line,  which  will  be  perpendicular  to  the  radius 
of  the  circle  at  the  part  considered.  Hence  when  the  circle  passing 
through  V  becomes  of  infinite  radius,  any  finite  portion  of  it  near  P  will 
be  a  straight  line,  and  this  line  will  be  perpendicular  to  the  two  mirrors, 
for  the  mirrors  arc  radii  of  the  circle.  Hence  we  see  that  in  the  case  of 
two  parallel  mirrors  the  images  are  infinite  in  number,  and  lie  on  a 
straight  line  drawn  through  P  perpendicular  lo  the  mirrors.  This  could 
of  course  have  been  seen  to  be  the  case  at  once  from  first  principles,  but 
it  is  instructive  to  deduce  it  from  the  case  of  two  mirrors  inclined  at  a 
finite  angle,  since  it  is  an  easy  illustration  of  the  application  of  what  is 
called  the  method  of  limits,  a  method  of  frequent  use  in  physics. 

We  may  also  deduce  the  law  according  to  which  the  images  are 
spaced  from  the  case  of  the  inclined  mirrors  in  the  same  way.  We 
have,  when  the  angle  between  the  mirrors  is  finite,  that  the  arc  PM 
(Fig.  292}  is  equal  to  the  arc  p,m,  since  they  each  subtend  an  angle  a 
at  O.  Also  the  arc  PjPj  and  the  arc  P'p",  which  each  subtend  an  anylc 
2a,  are  equal  to  twice  the  arc  PM.  In  the  same  way,  the  arcs  p"p'" 
and  P,P,  are  each  equal  lo  twice  the  arc  pn.  Hence  we  might  have  said 
that  the  images  are  arranged  round  the 
circle  so  as  to  intercept  arcs  of  the  cir- 
cumference which  are  alternately  equal  to 
2PM  and  2PN.  When  the  circle  becomes 
of  infinite  radius  the  arcs  become  por- 
tions of  the  same  straight  line,  and  hence 
the  images  are  arranged  along  the  line 
drawn  through  P  normal  to  the  mirrors, 
and  at  distances  alternately  equal  to  twice 
the  distance  between  the  object  and  the 
one  mirror,  and  to  twice  the  distance  be- 
tween the  object  and  the  other  mirror.  It 
will  be  a  useful  exercise  for  the  student  to 
deduce  the  positions  of  the  images  in  the 
case  of  two  parallel  mirrors  directly  from 
first  principles. 

S35.  Multiple  Images  formed  by 
a  Thick  Mirror.— If  a  ray  of  light  pro- 
ceeding from  a  luminous  point  P  strikes 
a  thick  plate  of  j^lass  ABCD  (Fig.  294) 

which  is  silvered  on  the  back  cu  at  the  point  /*,  some  of  the  light  will  be 
reflected  from  the  surface  of  the  glass  along  aii\  forming  an  image  of  P 


at  Pj.  Tlie  rest  of  tlie  light  will,  however,  penetrate  into  the  glass 
travelling  along  itti'\  and  will  be  leflected  at  the  silvered  surface  along 
tt"^.  At  fi  part  of  this  light  will  be  reflected  along  M",  and  the  rest  will 
escape  into  the  air  and  travel  in  the  direction  ^/^,  fornting  an  image  at  P^ 

the  same  way  images  will  be  formed  at  P^,  P4,  Ac  Ordinarily  the 
image  P^,  formed  by  the  light  which  has  been  once  reflected  at  the 
silvered  back  of  the  mirror,  will  be  much  the  brightest.  If,  however,  the 
rays  fall  very  obliquely,  the  amount  of  light  reflected  at  a  will  be  con- 
siderable, so  that  the  image  Pj  will  be  bright 

336.   Measurement  of  the  Angle  of  a  Prism  by  Reflection. — 

Let  AO  and  no  (Fig.  295)  be  two  mirrors  inclined  at  an  angle,  with  their 
reflecting  sides  turned  away  from  each  other,  and  ^uppose  we  require  to 

measure  the  angle  AOB  included  between 
these  reflecting  surfaces.  Let  lO  repre- 
sent the  direction  of  a  parallel  pencil  of 
light,  part  of  which  is  reflected  in  the 
mirror  AO  parallel  lo  OR,  and  part  is 
reflected  in  on  parallel  to  or'.  If  ON  is 
the  nomial  at  o  to  the  mirror  OB,  then 
the  angle  of  incidence  ION  is  equal  to 
the  angle  of  reflection  nor'.  If  bo  is 
produced  to  B'  and  10  to  c,  then  the 
angle  IOB'  is  equal  to  the  angle  COB. 
Also,  since  the  angle  ion  is  equal  to  the 
angle  nor',  the  angle  lOu'  must  be  equal 
to  the  angle  BOR',  for  the  whole  angles 
b'on,  BON  are  each  right  angles,  tience 
the  angle  COB  is  equal  to  the  angle  BOR'. 
In  the  same  way,  the  angle  COA  is  equal 
lo  the  angle  AOR,  so  that  the  angles  AOC 
and  COB  are  together  equal  to  the  angles  AOR  and  ROB,  and  therefore 
the  angle  ror',  between  the  two  reflected  rays,  is  equal  to  twice  the 
angle  of  the  prism  AOB.  We  shall  sec  later  on  (§  357)  how  the  angle 
ror'  may  be  measured. 

387.  Reflection  in  Spherical  Mirrors,— The  smaller  segment  of  a 
spherical  reflecting  surface  cut  off  by  a  plane  is  called  a  spherical  mirror. 
Spherical  mirrors  are  of  two  kinds  :  (1)  if  the  reflection  occurs  from  the 
outside  of  the  spherical  surface  the  mirror  is  said  to  be  convfx;  {2)  if  the 
reflection  takes  place  from  the  inside  of  the  spherical  surface  the  mirror 
is  said  to  be  concave. 

In  order  to  investigate  the  reflection  of  light  in  spherical  mirrors,  we 
make  use  of  the  laws  of  reflection  as  given  for  a  plane  surface,  for  if  we 
consider  a  very  small  element  of  surface  on  a  spherical  mtrrnr,  this  small 
clement  will  possess  no  appreciable  cur\'ature,  so  that  we  may  treat  it  as 
a  small  plane  mirron     The  normal  to  the  surface  will  at  every  point  be 
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the  radius  of  the  sphere  passing  through  the  point,  and  hence  the  differ- 
ence between  the  case  of  a  spherical  mirror  and  a  plane  mirror  is,  that 
while  in  a  plane  mirror  the  nornials  at  all  points  are  panillel,  in  a 
spherical  mirror  the  normals  are  not  parallel  ;  they  ;ill,  however,  pass 
thron^'h  a  certain  point,  namely,  the  centre  of  the  sphere  of  which  the 
surface  of  the  mirror  forms  a  part 

A  line  drawn  through  the  centre  of  the  sphere  of  which  a  mirror  is 
the  part,  perpendicular  to  the  plane  by  which  the  mirror  is  cut  off  from 
the  sphere,  is  called  the  tixis  of  the  mirror. 

Let  lol'  (Fig.  296}  represent  a  section  of  a  spherical  mirror,  oc  being 
the  axis  of  the  mirror  and  C  the  centre  of  the  sphere  from  which  the 
mirror  is  cut.     The  point  C  is  called  the  centre  of  cuntiitufe  of  the  mirror, 


Fig.  396. 


and  the  distance  oc,  which  is  the  radius  of  the  sphere,  is  called  the  radius 
of  curvature  of  the  mirror. 

Suppose  that  a  luminous  point  P  is  placed  on  the  axis  of  the  mirror, 
then  the  ray  of  light  from  P  incident  along  the  axis  will  be  reflected 
straight  back,  for  the  line  PCO  is  normal  to  the  mirror  at  O.  If  we  join 
the  point  of  incidence  M,  where  another  ray  PM  strikes  the  mirror,  to  the 
centre  c,  then  the  line  cm  in  Fig.  296  (</),  or  CM  produced  in  Fig.  296  {b\ 
will  be  the  normal  to  the  mirror  at  M  ;  and  hence  if  we  make  the  angle 
RMC  equal  to  the  angle  PMC,  or,  in  the  case  of  the  convex  mirror,  the 
angle  rmn  equal  to  the  angle  PMN,  the  line  MR  will  be  the  path  of  the 
reflected  ray.  Let  MR,  or  in  the  case  of  a  convex  mirror  MK  produced 
backwards,  cut  the  axis  at  p',  then  V'  will  be  the  point  of  intersection  of 
the  two  rays  incident  at  O  and  M  respectively  after  reflection. 

Taking  the  case  of  the  concave  mirror  first,  we  have,  since  in  the 
triangle  P'MP  the  line  CM  bisects  the  angle  p'mp,  the  following  relation 
(Euclid,  vi.  3) — 

CP^  FAf 
If  the  angle  LCl'  subtended  at  the  centre  by  the  mirror,  called  the 
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aperture  of  the  mirror,  is  small,  then  PM  is  very  nearly  equal  to  PO,  and 
p'M  very  nearly  equal  to  P'o,  and  under  these  circumstances 

cp    To 

iJF^TO 
Thus,  if  the  mirror  is  of  small  aperture,  the  position  of  P'  docs  not  depend 
on  the  position  of  the  point  of  incidence  M,  but  only  on  the  distance  PO 
and  the  radius  of  curvature  oc  of  the  mirror.  Hence  all  the  reflected 
rays  will  pass  through  P',  and  P'  will  be  the  image  of  p  produced  by 
reflection  in  the  mirror.  We  shall  for  the  present  confine  our  attention 
to  mirrors  of  such  small  tiperlure  that  the  assumptions  made  above  hold 
good,  so  that  p'  will  be  the  image  of  the  point  p  formed  by  reflection 
in  the  mirror,  and  since  the  reflected  rays  actually  pass  through  P,  the 
image  is  real. 

We  have  now  to  make  some  convention  as  to  the  direction  we  shall 
call  positive,  and  shall  lake  all  distances  measured _/>v'/«  th^  pnirror  in  an 
opposite  sense  to  that  in  which  the  incident  light  falls  upon  the  mirror  as 
positive^  while  all  distances  measured  in  the  same  sense  as  the  incident 
light  we  shall  lake  as  negative. 

Thus  the  distance  oc,  Fig.  296  (a\  being  measured  in  the  opposite 
sense  to  the  incident  light,  which  proceeds  from  P  to  the  mirror  in  the 

sense  PO,  is  positive,  while  the  distance  oc.  Fig.  296  (i^),  ts  negative.  It 
will  also  be  convenient  to  use  single  letters  to  represent  some  of  the 
distances  which  continually  occur.  We  shall,  therefore,  in  future  indi- 
cate the  radius  of  curvature  OC  of  the  mirror  by  r,  the  distance  OP  of  the 
object  from  the  mirror  by  w,  and  the  distance  op'  of  the  image  from  the 
mirror  by  v. 

Now  CP=op-oc=w-r  ;  and  CP'=OC-OP'=r-f ;  hence  the  equa- 
tion (1)  reduces  to 

u  —  r_u 

r—v'  r^ 
or  «^v  -  vr—  ur-  uv. 

2tiv^vr-\-ur^ 
and  dividing  all  through  by  i/vr,  we  get 


r    u    V 


(2). 


This  equation  gives  us  the  general  relation  between  the  distances  of 
object  and  image  from  a  concave  mirror  of  small  aperture  in  terms  of  the 
radius  of  cur\'alure  of  the  mirror. 

Returning  to  the  case  of  a  convex  mirror,  Fig.  296  {h\  it  will  be 
noticed  that  the  reflected  rays  do  not  actually  pass  through  the  image  P*, 
but  only  their  directions,  so  that  the  im.ige  is  virtual. 
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As  in  the  case  of  ihe  concave  mirror,  we  have 
CF    Fit 

and  when  the  mirror  is  of  small  aperture,  this  reduces  to 

CP    Fo 

UP"  Fo 
NowCP=oc+OP=  -r+//,  since  oc  is  equal  lo-r,  for  the  distance  is 
measured   in   the   ne^'alive  direction,  and  oP  is  w;    also  CP'  =  oc-op' 
=  —  r+x',  both  t  and  v  being  measured  in  the  negative  direction.    Hence 

i/-r_  u 

v  —  r     -  v' 
or  -iw+vr=irt/-«n 

Thus  we  have  the  same  equation  as  in  the  case  of  the  concave  mirror. 
In  makinjj  any  numerical  appliration  of  this  formula  it  must,  however,  be 
carefully  borne  in  mind  that  wliile  for  both  classes  of  mirrors  //  is  always 
positive,  in  the  case  of  concave  mirrors  r  is  positive,  while  in  the  case  of 
convex  mirrors  r  is  negative. 

If  we  make  the  distance,  //,  of  the  object  from  the  mirror  lai^er  and 
larger  till  the  object  is  at  an  infinite  distance,  \'u  will  become  zcra 
Hence,  under  those  circumstances, 

and  hence  the  image  is  formed  at  a  point  half-way  between  the  mirror 
and  the  centre  of  curvature. 

Since,  when  the  object  is  at  an  infinite  distance,  all  rays  proceeding 
from  it  which  strike  the  mirror  maybe  considered  as  parallel,  a  pencil  of 
parallel  rays  incident  parallel  to  the  axis  are  brought  to  a  focus  at  a  point 
on  the  axis  at  a  distance  equal  to  half  the  radius  of  curvature  from  the 
mirror.  This  point  is  called  the  principal frcusy  and  the  distance  between 
it  and  the  mirror  is  called  \k\^  focal  length  of  the  mirror.  In  the  case  of 
a  mirror  the  focal  length  (/)  is  equal  to  half  the  radius  of  curvature. 
Hence,  in  terms  of  the  focal  length,  the  fonnula  for  giving  the  position  of 
the  image  becomes — 

1 


=1+1 


(3). 


Since  the  principal  focus  is  half-way  between  the  mirror  and  the 
centre  of  cur\'aiure,  the  sign  of/ is  the  same  as  that  of  r,  that  is, /is 
positive  for  concave  mirrors  and  negative  for  convex  mirrors. 
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It  is  sometimes  convenient  to  measure  the  distances  of  the  object 
and  image  from  the  principal  focus,  instead  of  from  the  mirror.  From 
Fig,  296  it  will  be  at  once  seen  that  if  the  distance  between  the  object  and 
the  principal  focus  F  is  called  x^  and  the  distance  between  the  image  and 
F  is  called  y,  these  quantities  being  taken  as  positive  if  they  are  measured 
from  F  towards  the  object,  we  liave  for  both  kinds  of  mirrors,  remembering 
that /is  positive  for  concave  mirrors  and  negative  for  convex  mirrors— 

i/  =  .r+/'and  t  •=.»'+/ 
Hence,  substituting  these  values  of  1/  and  t'  in  equation  (3),  we  get — 

!=•+_!_ 

/     X+/   JK+/ 

(■V+/X^+/)=/^^+/>+/(^+/) 
..-/=/«     .     .     .     (4). 

This  expression  shows  that  the  product  of  the  distances  of  the  object 
and  image  from  the  principal  focus  is  equal  to  the  square  of  the  focal 
length.  Since  the  square  of  any  quantity  must  be  positive,/^  will  always  be 
positive,  and  hence  the  equation  shows  that  the  product  xy  must  always  be 
positive.  Hence  .r  and  y  must  always  be  of  the  same  sign,  that  is,  the 
image  and  object  must  always  lie  on  the  same  side  of  the  principal  focus. 
Writing  the  expression  (4)  in  the  form 

X 

wc  can  by  giving  r,  the  distance  of  the  object,  different  values  gel  ttie 
corresponding  position  of  the  image,  as  shown  in  the  following  tables  : 

Relative  Positions  of  Object  and  Image  for  a 
Concave  Mirror. 


Position  of 
Object 


'•       IvSueofJ'.,       onm^c 


At  infinity    . 

Between  «  \ 
and  centre  \ 
of  curvature  J 

At  centre  oi) 
curvature    .  i^ 

Between  ccn- 1 
treofcuH'a-  |- 
turcand/y;  I 

At//      .     . 
Between  //  } 
and  mirror   f 
At  surface  of  if 


Character  of  Image, 


+  &     / 
+  &  </ 


0 
& 

-/ 


/ 


„       I  f  At  principal  \  «     , 

i    focus  (A/.) .  ( 

i  between  /./  *j 

+  &    /  I    and    centre  , 


Real 


of  curvature 
S  At  centre  of   ) 
i    cur\'ature    .    ii 


Real 


I  f  lletwcenccn-    ^ 
+  &  >/| \    tre of cuna-      Heal 
I    ture  and  co     } 
I     At  infinity    .  | 
J.  O^etweenmir-    )  Vtr- 
-^  I J    rorand  -  00    f  lual 
_  y.       i  At  surface  of  ,  \ 
"-'      I }    mirror   .    *   y  '" 


00 


Inverted 
Inverted 

Inverted 

* « t 
t  Erect 

Erect 


Diminishe 

(  Same  size 
i    as  object 

Magnified 


Magnified 

5  Same  size  I 
(    as  object 
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Relative  Positions  of  Objf.ct  and  Image  for  a 
Convex  Mirror. 


Position  of 

Object, 


At  infinity    , 

Between    eo  1 

and  mirror  j 

At  surface  of  I 

mirror   .    .  i 


Value  of 

X. 

so 

+  &  >/ 


Corre- 
sponding 
Value  of  r. 

0 

+  &</ 

+/ 


Hence  Position 
of  Image. 


Kxp.f.     . 
Between  p./. 
and  mirror 
Ai  surface  of 


mirror  , 


Chancter  of  Image. 


Virtual 

i  ...      !*    Erca 


Diminished  | 

f  Same  size 
(   as  object  > 


In  the  case  of  a  convex  mirror,  jr  cannot  be  less  than/ 

338.  Imafire  of  a  Small  Object  on  the  Axis  of  a  Mirror.— We 

have  hitherto  considered  the  image  of  a  single  luminous  point,  and  now 
have  to  proceed  to  find  the  image  of  a  small  object  placed  on  the  axis  of 
a  mirror.     Let  it.»  (Fig.  297)  be  such  an  objecu  then  we  may  consider 


A 

c 

M'  r 

Fig.  397. 

each  point  of  the  object  as  a  luminous  point  and  find  its  Image,  and  all 
the  images  thus  found  will  build  up  the  image  of  the  small  object.  The 
problem  is  most  easily  solved  by  a  geometrical  construction  based  on  the 
results  we  have  obtained  in  the  last  section. 

Consider  the  point  P  of  the  object.     A  ray  incident  along  the  line 
PCN,  passing  through  the  centre  of  curvature  of  the  mirror,  will  meet  the 
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mirror  normally  at  N  and  lie  reflected  straight  back  along  its  path.  •  A  ray 
PM  incident  parallel  lo  ihe  axis  of  the  mirror  will,  after  refleciion,  either 
actually  pass  through  the  principal  focus  F  (concave  lens^or  its  direction 
when  produced  Ijark  will  pass  through  the  focus  F  (convex  lens).  These 
two  rays,  both  proceeding  from  the  point  P,  will  therefore  meet  at  P',and 
this  point  will  l>e  the  image  of  P.  In  the  same  way,  the  image  of  Q  can 
be  found  by  the  intersection  of  one  ray  passing  through  the  centre  of 
curvature,  which  will  be  reflected  back  on  itself,  with  another  taken 
parallel  to  the  axis^  \vhich,  after  reflection,  will  pass  through  the  principal 
focus.  We  thus  obtain  the  images  of  the  extreme  points  of  the  object, 
and  may  fill  in  the  intervening  part  free-hand,  since  the  image  and  object 
will  be  similar.  It  will  be  seen  that  for  the  positions  shown  the  images 
are  in  both  cases  smaller  than  the  object,  and  that  the  image  in  the  con- 
cave lens  is  inverted  and  real,  while  that  in  the  convex  lens  is  erect  and 
virtual. 

The  relative  sizes  of  the  image  and  object  can  also  be  obtained  from 
these  figures,  for  a  ray  from  v  incident  along  po  will  be  reflected  along 
op'  to  the  image  p',  and  the  angle  of  incidence  POA  must  be  equal  to  the 
angle  of  reflection  aop'.     Hence  the  two  triangles  POA  and  P'OA'  are 

similar^  and  therefore  _ 

PA       OA     u 

Fa'   oa'   ^ 

Also,  since  the  triangles  fca  and  p'ca'  are  similar, 

PA    FA' 
AV^'a'C 

Hence  the  ratio  of  the  size  of  the  object  to  that  of  the  image  is  as  the 
ratio  of  their  distances  from  the  mirror,  or  as  the  ratio  of  their  distances 
from  the  centre  of  cur\'ature. 

The  changes  that  take  place  in  the  relative  size  of  object  and  image 
are  given  in  the  last  two  columns  of  the  tables  on  pp.  462,  463. 

339.  Caustics  formed  by  Reflection.  — We  have  hitherto  only  con- 
sidered reflection  at  spherical  mirrors  of  such  small  aperture  that  all  rays 
from  a  luminous  point  are  reflected  so  that  they  pass  through  a  single 
point.  We  now  have  to  consider  the  directions  of  the  reflected  rays 
when  the  aperture  of  the  mirror  is  large.  A  ray  such  as  PM  (Kig.  29S), 
incident  at  a  point  .M„  near  o,  will  l>e  reflected  so  as  to  cut  the  axis  at  ihe 
point  p',  which  is  the  image  of  p  given  by  ihe  central  part  of  the  mirror. 
A  ray  such  as  PM,^  incident  at  a  point  M^  at  some  distance  from  o,  will 
not,  however,  be  reflected  through  P',  but  will  intersect  the  axis  nearer  the 
mirror,  at  p".  In  the  same  way  the  ray  incident  at  M,  will,  after  reflec- 
tion, cut  the  axis  at  p".  Hence  the  reflected  rays  will  no  longer  all  pass 
through  a  single  point,  this  phenomenon  being  referred  to  as  sjtkeriad 
aberration. 


4 
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It  is  found  th.it  all  the  reflected  rays  are  tangential  to  a  certain 
curve  ep'e',  which  is  called  a  causiic  cunfc.  Since  near  this  curve  the 
reflected  rays  will  be  more 
closely  packed  than  at  any 
other  point,  if  a  screen  is 
placed  so  as  to  receive  the 
rcfleaed  rays,  the  caustic 
curve  will  appear  on  the 
screen  as  a  bright  line.  The 
caustic  is  also  very  clearly 
seen  when  a  bright  light 
shines  on  the  inside  of  a  cup 
nearly  filled  with  milk,  the 
surface  of  the  milk  acting  as 
a  screen. 

The  caustic  cuts  the  axis 
at  the  point  P',  which  is  the 
image  of  P  formed  by  the 
central  parts  of  the  mirror, 
and  the  curve  forms  a  cusp 
at  this  point. 

If  we  call  the  angle  made  by  the  normal,  CM3,  at  the  point  of  incidence 
with  the  axis,  «,  then  the  distance  of  the  point  p'",  where  a  ray  incident 
paniilel  to  the  axis  when  reflected  cuts  the  axis  from  the  point  o,  noay 
be  expressed  by  the  equation 

where  />  is  a  fraction  the  value  of  which  depends  on  the  angle  a. 

The  following  table  gives 
some  values  of/;  for  different 
values  of  o  ; — 


0. 

ff. 

0' 

*S 

r 

•49994 

5" 

.49809 

10- 

.49229 

20* 

.45552 

The  manner  in  which  the 
caustic  is  formed  is  very 
clearly  shown  in  Fig.  299, 
where  OM  represents  a  sec- 
tion of  a  spherical  mirror,  of 
which  oc  is  the  axis  and  C 


Fig. 


399. 


the  centre  of  curvature.    The  wave-fronts, 


after  reflection  in  the  mirror  for  a  series  of  plane  waves,  incident  parallel 
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to  tlie  axis,  have  been  found  by  Huyghens*  construction.  It  will  be 
noticed  how  the  circles  representing  the  elenienlar>'  waves  are  crowded 
together  along  the  caustic,  indicating  that  a  violent  disturbance  is  pro- 
duced at  all  points  on  this  curve. 

8iO,  Parabolic  MirPOrs.  —  Since  in  the  case  of  spherical  mirrors  of 
any  great  aperture  parallel  rays  are  not  nil  reflected  through  the  principal 
focus,  a  luminous  point  placed  at  ttie  principal  focus  will  not  produce, 
after  reflection,  a  l>eaTn  of  parallel  rays.  As  the  brightness,  and  hence 
the  distance  to  which  a  beam  of  light  can  be  projected  by  a  reflector 
depends  on  making  the  rays  parallel,  othenvise  they  become  scattered 
over  a  larger  and  larger  area  as  the  distance  from  the  mirror  increases, 
it  is  of  some  importance  to  see  if  a  mirror  cannot  be  produced  of  such  a 
fonn  that  parallel  rays  are  all  reflected  through  a  single  point,  however 
great  the  aperture. 

The  surface  foniied  by  rotating  a  parabola  about  its  axis  fulfils  this 
condition,  for  in  the  parabola  the  distance  of  any  point  on  the  curve  OM 


from  the  focits  F  (Fig.  300)  is  equal  to  its  distance  from  the  directrix  en. 
Hence  if  AB  represents  the  position  which  a  plane  wave  incident  parallel 
to  the  axis  would  have  occupied  at  a  given  instant,  suppose  the  mirror 
MO  were  not  present,  we  can  obtain  the  position  of  the  reflected  wave- 
front  by  Huyghens's  construction  by  drawing  circles  with  their  centres 
on  OM,  touching  ab.  These  circles  will  all  touch  a  circle  HG  described 
with  the  focus  F  as  centre,  for  since  by  the  property  of  the  parabola 
MK  =  MF,  and  MA  =  MO,  being  both  radii  of  the  same  circle,  FG  must  be 
equal  to  ae  or  bd.  In  the  same  way,  it  can  be  shown  that  the  distance 
between  F  and  any  of  the  other  circles  is  equal  to  BD,  50  that  a 
circle  described  with  F  as  centre  and  bd  as  radius  will  touch  all  these 
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Circles,  and  will  represent  the  reflected  wave-front.  Since  the  section 
of  the  reflected  wave-front  is  a  circle,  the  wave  will  be  brought  to  a  focus 
at  the  centre  of  the  circle,  namely  at  F. 

The  diflerencc  between  a  spherical  and  a  parabolic  reflector,  as  far  as 
the  production  of  a  plane  wave,  that  is,  a  pencil  of  parallel  rays,  when  a 
luminous  point  is  placed  at  the  focus,  is  shown  in  Fig.  301.     The  portion 
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MO  of  the  mirror  is  parabolic,  while  the  portion  ON  is  spherical  A 
luminous  point  is  supposed  to  be  placed  at  F,  and  the  positions  of  a  series 
of  reflected  wave-fronts  have  been  drawn  by  Huyghens*s  construction. 
While  the  wave-fronts  after  reflection  at  the  parabolic  mirror  are  plane, 
this  is  only  the  case  for  those  portions  quite  close  to  the  axis,  when 
reflection  takes  place  from  the  spherical  surface. 
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REFRACTION 

341.  Refraction— SneU's  Law.— As  long  as  a  ray  of  light  travels 
through  a  homogeneous  (isotropic)  medium,  its  path  is  a  straight  line  ;  in 
general,  however,  when  it  passes  from  one  medium  to  anotlier,  the  direc- 
tion of  the  path  of  the  ray  changes  abruptly  at  the  surface  of  separatios 
of  the  two  media.  In  addition  to  the  portion  of  the  light  which  pene- 
trates into  the  second  medium,  a  portion  of  the  light  will  be  reflected  at 
the  surface  of  sepanitlon,  according  to  the  laws  we  have  just  considered, 
and  wc  shall,  in  the  present  section,  generally  neglect  the  consideration 
of  this  reflected  ray,  and  concern  ourselves  exclusively  with  the  portion 
which  peneirates  into  the  second  medium,  and  which  is  called  ihc 
refracted  ray. 

As  before,  we  shall  call  the  point  where  the  incident  ray  meets  the 
surface  of  separation  between  the  two  media  the  point  of  incidence,  also 
the  angle  of  incidence,  the  plane  of  incidence,  and  the  normal  will  have 
the  same  signification  as  in  the  case  of  reflection.  The  angle  between  the 
refracted  ray  and  the  normal  in  the  second  medium  will  be  called  the 
angle  of  refraction. 

We  then  have  the  following  laws  : — 

(1)  The  refracted  ray  lies  in  the  plane  of  incidence,  and  on  the 
opposite  side  nf  the  normal  to  the  incident  ray. 

(2)  The  sine  of  the  angle  of  refraction  bears  a  constant  ratio  to  the 
sine  of  the  angle  of  incidence  for  all  angles  of  incidence,  the  value  of  the 
ratio  depending  on  the  nature  of  the  two  media  at  the  surface  of  separa- 
tion l>eiwecn  which  the  refraction  takes  place,  and  also  on  the  nature  of 
the  incident  light  (Snell's  law). 

It  will  thus  be  seen  that  in  the  case  of  refraction  the  conditions  are 
much  more  complicated  than  in  that  of  reflection,  for  while  in  the  latter 
the  dircciion  of  the  reflected  ray  was  independent  of  the  nature  of  the 
reflecting  surface,  of  the  medium  in  which  the  light  was  travelling,  and 
of  ihe  nature  (colour)  of  the  light,  in  the  case  of  refraction  the  direction 
of  the  refracted  ray  depends  on  all  these  conditions.  We  shall  for  the 
present  postpone  the  consideration  of  the  influence  of  the  nature  of  the 
light,  assuming  that  the  light  with  which  we  arc  about  to  deal  is  the 
yellow  light  given  out  by  a  Hunscn  flame  when  a  bead  of  common  salt 
(NaCl)  is  placed  in  the  flame. 


A 
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Suppose  AB  (Fig.  302)  to  be  the  surface  of  separation  between  two 
media,  say  air  above  and  gla^s 
below,  and  that  a  lay  of  light 
travelling  in  the  direction  10  is 
incident  at  o.  Let  non'  be 
the  nonnal  to  the  surface  of 
separation  at  o,  then  in  the 
case  considered,  in  which  the 
medium  above  AB  is  less  dense 
than  that  below,  the  angle  of 
refraction  RON*,  or  ^,  will  be 
less  than  the  angle  of  incidence 
ION,  era.  If  the  medium  above 
AB  had  been  denser  than  that 
below,  then  a  would  have  been 
less  than  /J. 

If,  with  O  as  centre,  we  de- 
scribe a  circle  of  any  radius, 
cutting  the  incident  ray  at  I 
and  the  refracted  ray  at  R,  and  from  I  and  R  draw  perpendiculars  to  the 


normal,  then 


or 


sin  a=: 

sin  a 

siiT/? 


7Z7' 
JM 

~knt 


and  sin  tf  — «— , 


According  to  SnelPs  law  the  ratio  sin  a/sin  (i  is  constant  for  all  angles 
of  incidence,  and  the  value  of  this 
ratio  for  any  pair  of  media  is  called 
the  refractive  index  for  these  media, 
and  is  generally  indicated  by  the 
Greek  letter  >t. 

WTien  the  incident  ray  is  perpen- 
dicular to  the  surface  of  separation  « 
is  zero,  and  hence  sin  a=jO,  so  that 
sin  j3=oand/3=0.  Thus  in  this  case 
the  ray  does  not  suffer  refraction. 

If  we  are  given  the  refractive  in- 
dex between  two  media  and  the  angle 
of  incidence,  it  is  easy,  by  a  geometri- 
cal construction,  to  find  the  direction 
of  the  refracted  ray.  If  AB(Fig.  303) 
is  the  surface  of  separation  between 
the  media,  the  denser  being  below, 
and  I>o  is  the  direction  of  the  inci- 
dent ray,  measure  off  from  o  along  OD  a  distance  oc  equal  to  units,  Qt 


N 

M 

_. 

^^X. 

W 
K 

— ...   -/..< 

^D 

"ty^ 

\ 

'^-'/^ 

\ 

A 

/ 

/ 

0 

N' 

B 
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ig  OD  a  distance  OC  equa 
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with  O  as  centre  describe  a  circle  of  radius  unity  cutting  DO  at  C,  and  a 
distance  OD,  which,  expressed  in  the  same  units,  is  ^vaX  to  the  refractive 
index  ^  VV^ith  centre  O  and  radius  OD  describe  an  arc  of  a  circle.  From 
c  draw  CK  parallel  to  the  normal  ON,  cutting  the  circle  in  E,  join  EC  and 
produce  to  R,  then  OR  is  the  refracted  ray. 

To  prove  this,  draw  em,  dl,  and  c>c  perpendiculars  to  ON. 


Now 


and 


Hence 


OD 

=  sin  II, 

OE 

=  sin  /3. 

sin  a 
8in/i 

DL 
Ob' 

OE 
ME 

DL 

'kV 

DL^ 
KC 

OD 
OC 

OD 
OC 

"/*• 

sin  a 

sin  /i 

'fh 

for  OD  and  OE  are  equal,  being  radii  of  the  circle,  and  Mb  is  equal  to  KC 
Now  the  triangles  DOL  and  COK  are  similar.     Hence 


But  by  construction 


Hence 


and  p  is  the  angle  of  refraction,  so  that  ok  is  the  direction  of  the 

refracted  ray. 

If,  instead  of  being  a  plane,  the 
surface  separating  the  two  media  is 
a  sphere  of  radius  r,  the  path  of  the 
refracted  ray  may  be  found  by  the 
following  geometrical  construction. 
Let  the  circle  MB  (Kig.  304)  with 
centre  C  be  a  meridian  section  of 
the  sphere  of  the  medium,the  refrac- 
tive index  between  the  surrounding 
medium  and  the  sphere  being  ^. 
With  c  as  centre,  describe  two 
Pic.  301.  circles,   having    radii   fir  and  r/>i 

respectively,  and  produce  the  in- 
cident ray  PM  till  it  cuts  the  outer  circle  at  M'.  Join  M'c,  culling  the 
inner  circle  at  A.     Then  the  line  MAR  will  be  the  refracted  ray. 
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By  construction  we  have 


and 


MC     r 

M'C    rii_ 
MC      "^     ^ 


Also,  since  in  the  triangles  mca  and  m'cm  the  angle  MCA  is  common, 
and,  as  above  shown,  the  sides  about  these  angles  are  proportional,  it 
follows  that  the  triangles  are  similar.  Hence  the  angle  mac  is  equal  to 
the  angle  m'mc,  or  a. 

In  the  triangle  MCA,  since  the  ratio  of  two  sides  is  the  same  as  the 
ratio  of  the  opposite  angles,  we  have 


or 


CM 

Ta' 


sin  MAC 
sin  CM  A* 

sin  MAC _ 
sin  P 


sm  a 

sin /J 


But  if  MA  is  the  refracted  ray, 


sm_o_ 
sin  p 


'/*. 


and  since  the  line  MA  has  been  shown  to  fulfil  this  condition,  it  must  be 
the  refracted  ray. 

'842.  Refraction  througrh  a  Slab  with  Parallel  Sides.— Suppose 


we  have  a  slab  of  a  denser  medium 
enclosed  by  parallel  sides,  ab  and 
CD  (Fig.  305),  with  a  less  dense 
medium  on  either  side.  Then  it  is 
found  experimentally  that  if  a  ray 
of  light  is  passed  through  the  plate, 
the  direction  0|R  of  the  ray  after 
leaving  the  plate  is  parallel  to  the 
incident  direction  lo,  the  only  effect 
of  the  interposition  of  the  plate  be- 
ing to  displace  the  ray  to  one  side. 
We  will  call  the  less  dense 
medium  i,  and  the  medium  com- 
posing the  slab  2,  and  indicate  the 


N 


A 


(1) 

V 

(2) 

1^ 

i 

0 

B 


N' 


(n 


305- 


refractive  index  from  medium  i  to  medium  2  by  i^s*  and  that  from  3  to 
I  by  jftj.     We  have 


sm  g 


and 


2Ml  = 


sin  ^y 


Since  the  sides  of  the  slab  are  parallel,  and  NON'  and  "^-fi^S^x  are  normals, 
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these  lines  are  parallel,  and  therefore  the  angle  ^  is  equal  to  the  angle 
P  ;  also,  since  ihe  rays  lo  and  0|K  are  found  by  experiment  lo  be 
parallel,  the  angle  a  is  equal  to  the  angle  u'. 


Hence 


or 

Thus  we  get  that  the  refractive  index  from  medium  (i)  into  medium 
(z)  is  the  reciprocal  of  the  refractive  index  from  medium  (2)  into 
medium  (i). 

By  taking  a  number  of  slabs  of  media  of  different  rcfrangibility,  it 
can  be  shown,  using  a  similar  notation  to  that  employed  above,  that 


sm  a 

sin^" 

sm 

sin 

a' 

i>*ii  = 

1 

iMi'^i  = 

=  1. 

IMS-Sfi- 3^4-4^5 


iiM|  =  I. 


This  expression  will  be  of  use  in  solving  problems  on  refractive  index. 
Thus,  given  that  the  refractive  index  from  air  to  glass  is  1.5,  and  that 
from  air  to  water  is  1.33,  find  the  refractive  index  from  water  to  glass. 
Id  the  first  place, 

/■(of  r  to  glass)  X  ii^glass  to  air)  —  i , 


Also 


Hence 


M  (glt^s  to  air)^ —  =.67 , . 

v^air  to  water)  x  iilwater  to  glass)  x  f^iglass  to  air)  —  i , 
1 .33  X  i»{wat^r  to  glass)  x  .67  « i. 


pi^water  to  glass)  = 


1.33  X. 67 


-1.13- 


or  the  refractive  index  from  water  to  glass  is  1.13. 

343.  Imagre  of  a  Point  Formed  by  Refraction  at  a  Plane 
Surface.  — if  AB  (Kig.  306)  is  the  surface  separating  two  media,  the  re- 
fractive index  from  one  to  the  other  being  ^  and  the  denser  below  AB,  and 
P  is  a  luminous  point  in  the  denser  medium,  the  ray  PMN,  which  strikes 
the  surface  of  separation  normally,  is  unrefracied.  All  other  rays,  such 
as  PMj,  which  strike  the  surface  AB  obliquely  will  be  refracted,  the 
direction  of  the  refracted  ray  M^R,  being  obtained  by  the  construction 
given  in  §  341.  [f  we  produce  MjRi  backwards,  it  will  intersect  the 
normal  ray  PN  at  the  point  p',  and  the  refracted  rays  MN  and  M^\^^  will 
proceed  as  if  they  came  from  }'\  If  we  make  the  same  construction  for 
a  ray  such  as  PM2,  which  strikes  the  surface  AB  a  good  deal  further  from 
M,  the  refracted  ray  M^Rj,  when  produced  backwards,  will  be  found  to 
intersect  the  normal  ray  at  a  point  p",  nearer  to  M  than  K  Hence  the 
directions  of  the  refracted  rays  do  not  all  pass  through  a  single  point| 
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so  that  there  is  not  a  single  geometrical  image  of  P.     The  directions  of 
all  the  refracted  rays  are  however  tangential  to  a  caustic  curve  cp'. 


If  we  restrict  ourselves  to  rays  which  strike  the  surface  near  any 
given  point  M,  a  restriction  similar  to  that  made  with  regard  to  spheri- 
cal mirrors,  it  will  be  found  that  the  direc- 
tions of  all  the  refracted  rays  very  nearly 
pass  through  a  single  point,  so  that  in  this 
case  we  get  an  image  of  the  luminous  point. 
If  we  draw  the  normal  at  M  (Fig.  307),  and 
call  the  angle  n"mr  a,  and  the  angle  pmn' 
^,  we  have 

sin  g  _ 

Now  since  the  angles  nmp'  and  p'mn'  are 
together  equal  to  a  right  angle,  sin  p'mn' 
=  cos  nmp'.  Hence,  since  the  angle  p'mn' 
is  equal  to  a,  

sin  a  =  sin  FMN'  =  cos  NMF-=^^* 


FM 


Fig.  307. 


Also,   since   PN  and   n'm  are  parallel,  the  angles  PMN'  and  NPM  arc 
equal,  and  hence  

sin  ^  «=^— - 
PM 

Substituting  these  values  of  sin  a  and  sin  )8,  we  get 
NM    TKf    PM 


M  =  - 


FM    NAf    FM 
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Now  if  the  point  M  is  taken  ven-  near  N,  I'M  will  be  very  nearly  equal 
to  PN,  and  p'm  lo  p'n.     Hence  for  rays  incident  near  N  we  get 


or 


FN* 


which  gives  the  distance  of  the  image  from  the  surface  of  separation 
between  the  media.  As  we  have  supposed  that  the  medium  below  k\\ 
is  denser  than  that  above,  and  as  ^  was  the  refractive  index  from  the 
upper  to  the  lower  medium,  ^  must  be  greater  than  unity,  so  that  the 
image  p'  is  nearer  to  the  surface  than  the  object.  In  the  case  of  water, 
it  is  a  matter  of  ever>'day  obser\'atiou  that  objects  in  the  water  appear 
nearer  the  surface  than  they  arc  really. 


Fic.  30a. 

For  any  other  rays,  except  those  which  are  incident  almost  normally, 
the  directions  of  a  small  pencil  of  rays,  such  as  would  enter  the  eye  after 
refraction,  very  nearly  pass  through  a  single  point  whicli  lies  on  the  caustic, 
so  that  an  image  is  fonned  at  this  point.  The  position  of  the  image 
differs,  however,  with  the  position  of  the  eye,  as  is  shown  in  Fig.  308. 

344.  Total  Internal  Reflection.— The  equation  expressing  Sncll's 

law  may  be  written  „• 

'                                         o    s  n  o 
sin  R^ 

If  M  is  greater  than  unity,  i.e.  if  we  are  considering  a  ray  travelling  from 
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a  less  dense  to  a  more  dense  medium,  since  sin  a  cannot  l>c  g^rcater 
than  unity,  i)»e  quotient  sin  a/^  must  always  be  less  than  unity.  Hence 
for  any  value  of  a  we  can  get  a  corresponding  value  for  j3.  That  is, 
whatever  the  value  of  the  angle  of  incidence  (of  course  this  angle  must 
be  less  than  90'),  there  will  be  a  refracted  ray. 

If,  however,  we  are  considering  a  ray  passing  from  a  more  dense 
medium  to  a  less  dense  one,  so  that  /*  is  less  than  unity,  then  if  sin  a  is 
less  than  m,  the  quotient  (sin  a)//*  will  be  greater  than  unity.  Now  sin  ^ 
cannot  be  greater  than  unity,  so  that  we  cannot  obtain  a  value  for  the 
angle  of  refraction.  When  sin  a  is  less  than  m,  we  can  obtain  a  value 
of /i,  and  there  is  a  refracted  ray.  When  sin  a  is  equal  to  m,  the  quotient 
sin  a/^  is  unity,  and  therefore  sin  ^=  I,  />.  jQ  — 90'.  This  means  that  for 
this  angle  of  incidence  the  angle  of  refraction  is  90°,  and  hence  the 
refracted  ray  in  the  less  dense  medium  is  parallel  to  the  surface  of 
separation  between  the  media,  and  just  grazes  this  surface.  For  larger 
angles  of  incidence  there  is  no  refracted  ray,  so  that  none  of  the  liyht 
passes  out  of  the  denser  medium,  it  all  being  reflected  back  at  the  sur- 
face of  separation  according  to  the  ordinary  laws  of  reflection.  In  this 
case  the  ray  is  said  to  suffer  total  internal  reflection.  The  angle  of 
incidence,  of  which  the  sine  is  equal  to  the  reciprocal  of  the  refractive 
index,  is  called  the  critical  an^le. 

If  the  critical  angle  (A)  between  two  media  is  measured,  we  can 
obtain  the  refractive  index  from  the  relation 


'^     sinfi 

In  the  case  of  glass  and  air  the  refractive  index  is  1.5,  and  hence 
the  critical  angle  is  given  by 

sind-*-«=.67.. 

If  a  ray  of  light  is  incident  normally  on  one  of  the  shorter  faces  AC 
of  a  right-angled  glass  prism  ABC  (Fig. 
309),  it  will  enter  the  glass  without 
refraction,  and  will  be  incident  on 
the  hypotenuse  at  an  angle  of  45°. 
.\s  this  angle  is  greater  than  the  criti- 
cal anglr,  the  ray  will  not  be  able  to 
pass  out  into  the  air,  but  will  be 
totally  reflected  along  o'o",  and  will 
be  incident  normally  at  o"  and  con- 
tinue along  o"r.  The  prism  has  there- 
fore acted  as  a  plane  mirror  and  simply  reflected  the  ray,  ttiming 
direction  through  a  right  angle. 


Light 
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846,  RefPaction  through  a  Prism.— A  portion  of  a  refracting 
medium  bouniied  by  two  plane  surfaces  which  arc  inclined  at  a  finite 
angle  is  called  a  prism. 

The  two  plane  surfaces  are  called  the  faces  of  the  prism,  the  line  in 
which  the  faces  meet,  or  would  meet  if  produced,  is  called  the  ftA%t.  of 
the  prism,  and  the  angle  between  the  faces  is  called  the  refracting  angle, 
or  simply  the  angle  of  the  prism. 

Any  plane  perpendicular  to  the  two  faces,  and  hence  also  to  the  edge, 
is  called  a  principal  plane  of  the  prism. 

Since  a  prindpai  plane  is  perpendicular  to  both  faces,  if  a  ray  of  light 
is  incident  in  the  principal  plane  it  will  continue  in  this  plane  both 
during  its  passage  through  the  prism  and  after  leaving  the  prisnu 

When  the  medium  of  which  the  prism  is  composed  is  denser  than  the 
surrounding  medium,  the  ray  of  light  incident  in  a  principal  plane  will 
be  deviated  towards  the  thick  end  of  the  prism.  The  angle  through 
which  the  ray  has  been  deviated  during  its  passage  is  called  the  angle  of 
deviation. 

If  the  angle  of  incidence  of  the  incident  ray  with  the  first  face  is 
altered,  it  is  found  that  for  one  angle  of  incidence  the  angle  of  deviation 


ih) 


Fig.  310. 


produced  is  a  minimum,  the  deviation  being  greater  both  for  smaller  and 
larger  angles  of  incidence.  The  angle  through  which  the  ray  is  deviated 
under  these  circumstances  is  called  the  angle  of  minimum  deviation. 

If  a  ray  of  light  PL  is  incident  at  such  an  angle  on  the  face  AB  of  the 
prism  ABC,  Fig.  310  (a),  that  the  deviation  is  a  mmimum,  the  path  of 
the  ray  in  the  prism  is  such  that  am  is  equal  to  aU  If  this  were  not  so, 
let  us  suppose  that  PLMR,  Fig.  310  (J>\  represents  the  path  of  a  ray  when 
the  deviation  is  a  minimum.  Then  a  ray  of  light  incident  along  rm 
would  travel  along  RMLP,  and  hence  would  also  suffer  minimum  devia- 
tion, for  if  we  reverse  the  direction  of  a  ray  of  light,  it  always  retraces 
its  path. 

Next  take  the  point  /,  such  that  a/^ai.,  and  w,  such  that  AW^AM, 
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and  join  /w.  Then  draw  //  inclined  at  the  same  angle  to  AC  as  is  PL  to 
AB,  and  t9tr  inclined  to  AD  at  the  same  angle  as  is  MR  to  AC.  Then  the 
path  plmr  is  exactly  similar  to  ihe  paih  plmr,  and  hence  a  ray  incident 
along  //  would  travel  along  plmr^  and  would  be  deviated  through  the 
same  angle  as  is  the  ray  PLMR,  that  is,  it  would  sufTer  minimum  deviation. 
Hence  there  are  two  rays,//  and  rm,  at  different  angles  of  incidence, 
both  of  which  undergo  minimum  deviation,  which  is  impossible,  since  by 
experiment  there  is  only  one  angle  of  incidence  which  fulfils  this  con- 
dition. Hence  PLMR  cannot  be  at  minimum  deviation.  In  the  same 
way,  it  can  be  shown  that  no  ray  which  does  not  cut  the  two  faces  so  as 
lo  make  al  equal  to  am  can  be  at  minimum  deviation. 

346.  Determination  of  Refractive  Index  from  the  Angle  of 
Minimum  Deviation.— From  the  knowledge  of  the  reiracting  angle  of 
a  prism  and  the  angle  of  minimum  deviation,  we  ran  calculate  the 
refractive  index  from  the  medium  surrounding  the  prism  to  the  medium 
of  which  the  prism  is  composed,  bince  in  practice  we  have  almost 
always  to  consider  the  passage  of  light  from  rf/r  into  some  other  medium, 
we  shall  in  fiiture  refer  to  the  refractive  index  from  air  into  a  medium 
simply  as  the  refractive  index  of  the  medium. 

Let  ARC  (Kig.  31 1)  be  the  trace  of  a  prism,  the  paper  being  a  prin- 
cipal plane,  and  plmr  the  path  of  a  ray  which  is  at  minimum  deviation, 
so  that  AL  =  AM.  At  L  ^ 
and  M  draw  the  normals 
NLN"  and  N'm>",  also 
produce  the  direction  of 
the  emergent  ray  MR 
back  to  i>,  and  produce 
die  direction  of  the  in- 
cident ray  PL  to  cut  this 
at  E,  Then  the  angle 
DEL  or  d  is  the  angle 
through  which  the  ray 
is  deviated,  and  hence  1 
h  is  by  supposition  the 
angle  of  minimum  devia- 
tion.               

Since  AL=AM  the  angle  alm  is  equal  to  the  angle  AML,  and  hence 
as  the  angles  AI.N""  and  aMn"  arc  each  a  right  angle,  the  angle  n"lm  is 
equal  to  the  angle  n"ml.  In  the  quadrilateral  aln"m,  the  angles  aln" 
and  .vmn"  are  right  angles,  hence  the  angle  LN".vi  =  n--d  Hut  since 
LMN"  is  a  triangle,  the  angle  ln"M  =«-  -  2/?.     Hence 

7r-2/f  =  jr-tf 

^4 


iy.^. 


w 


«'! 

/-'        "~^'-\M^'- 

/ 

Fig.  511. 
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In  the  triangle  EI.M  the  angles  ELM  and  EMt^  are  each  equal  to  a  — )9, 
and  hence  the  exterior  angle  DEL  is  equal  to  z(a~l^\  or  3  — 2(tt-j3). 


a  =  ;+/3 


n+e 


But  if /A  is  the  refractive  index. 


sin  g     sin  l(^+B) 
'^"sin/i"     sin  Jd     * 

and  so  if  the  angles  6  and  d  are  measured,  the  refractive  index  can  at" 

once  be  calculated. 

847.  Absolute  Refractive  Index,  and  Change  in  Refractive 
Index  with  Change  in  the  Physical  Condition  of  the  Medium.— 
In  almost  all  cases  the  refractive  index  from  air  to  a  given  medium  is 
what  we  obtain  by  experiment.  When,  however,  we  are  making  com- 
parisons between  the  optical  properties  of  different  media,  it  is  convenient 
to  eliminate  the  effect  of  the  medium  air,  and  to  consider  the  refractive 
index  from  a  vacuum  to  the  medium  considered.  This  is  called  tiie 
absolute  refractive  index,  and  can  at  once  l>e  calculated  from  the 
refractive  index  in  air,  if  we  know  the  absolute  refractive  index  of  air, 
by  the  method  given  in  §  342.  Since  the  absolute  refractive  index  of 
air  under  standard  condition  of  pressure  and  temperature  (76  cm.  of 
mercury  and  o"  C.)  is  1.00029,  the  absolute  refractive  index  for  any 
medium  is  obtained  by  multiplying  the  refractive  index  relative  to  air  by 
1.00029. 

According  to  the  electro-magnetic  theory  of  light,  to  which  we  shall 
refer  later,  the  refractive  index  of  a  substance  is  connected  with  the 
density  ti  in  such  a  way  that  the  expression 

t  u'  —  I 

J   j  .     ""a  constant  (^,  say). 

This  expression  is  due  to  Lorentz,  and  the  value  of  the  const 
y?  is  independent  of  the  temperature,  pressure,-  and  the  stale  of  the 
substance. 

Lorentz*s  formula  may  be  written — 


Hence  if  t— i  is  constant,  the  formula  will  reduce  toO*-  i),Vf=constan€ 

ja"+2 
From  the  results  of  their  experiments  Gladstone  and  Dale  had  previously 
found  that  the  expression  (it-  i)/*/ remained  constant  when  the  tempera- 
ture and  pressure  changed. 

In  the  case  of  gases  the  refractive  index  is  always  very  nearly  unity, 
so  that  Ihe  quantities  n  +  1  and  /*'  +  2  arc  very  nearly  2  and  3  respectively, 
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SO  that,  for  gases,  Loreiitz*s  expression  reduces  to  that  of  Gladstone 
and  Dale. 

In  the  following  table  the  values  of  R  are  given  for  some  substances 
both  in  the  liquid  and  gaseous  state  :— 


Uquid. 

a2o6i 
a  2805 
ai79o 

Vapour. 

Water         .... 
Carbon  bisulphide 
Chloroform 

2gS 
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348,  Lenses,— A  portion  of  a  refracting  medium,  bounded  by  two 

surfaces,  one  of  which  is  spherical  and  the  other  is  plane  or  spherical,  is 

called  a  /^ns. 

If  the  two  surfaces  of  the  lens  arc  spherical,  the  line  joining  the 

centres  of  the  spheres  is  called  the  axis  of  the  lens  ;  if  one  of  the  surfaces 

is  plane*  the  axis  is  the  line  drawn  through  the  centre  of  the  sphere 

perpendicular  to  the  plane. 

If  the  rays  proceeding  from  a  point  V  on  the  axis,  after  refraction  at 

the  lens,  pass  through  a  point  P' ;  or  if,  although  ihcy  do  not  actually  pass 

through  this  point,  their  directions  pass  through  p',  then  P  and  P*  are 

called  conjugate  foci. 

The  point  through  which  the  refracted  rays,  or  their  direction,  pass 

when  the  incident  rays  are  parallel  to  the  axis,  is  called  \\\c  principal 

focus  of  the  lens,  and  the  distance  between  this  point  and  the  lens  is 

called  the  focal  length  of  the  lens.     Every  lens  has  two  principal  foci,  one 

on  either  side  of  the  lens,  and  at  equal  distances  from  the  lens. 

If  AB  (Fig.  312)  represents  a  section  of  a  lens,  and  XX'  the  axis,  the 

surfaces  of  the  lens  at  M  and  N 

will  be  normal  to  the  axis,  and 

hence    a    ray   of    light    incident 

along  the  axis  will  not  be  deviated 

by  its  passage  through  the  lens- 

Also    if    P  and   Q   are   any   two 

points,  such  that  the  tangents  to 

the  lens  at  P  and  Q  are  parallel,  a 

ray  of  light  incident  at  P  in  such  a 

direction  that  it  travels  along  pq 

will,  after  it  leaves  the  lens,  travel 

along  QR  in  a  direction  parallel  to 

its  original  path,  IP  ;  for  as  far  as 

this  ray  is  concerned  the  lens  acts 

simply  as   a   parallel-sided   slab. 

The  point  o.  where  this  ray  cuts 

the    axis,   is    called    the    optical 

centre  of  the  tens,  and  is  such  tluit  all  rays  which  pass  through  it  are 
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undcviatcd  by  their  passa^^e  through  the  lens.  Tlic  pf>sition  of  the 
optical  centre  varies  with  [lie  curvature  of  the  surfaces,  and  may  lie  quite 
outside  the  lens. 

In  the  ca:>e  of  most  lenses  used  in  practice  the  thickness  of  the  lens 
is  small  compared  with  the  focal  length,  so  that  the  points  M,  o,  and  N  are 
near  togcthet.  Such  a  lens  is  called  a  thin  lens,  and  we  siiall,  unless  it 
is  specially  mentioned,  restrict  ourselves  10  thin  lenses,  so  that  we  may 
take  cither  of  the  three  points  M,  o,  or  N,  as  the  optical  -centre  of  the  lens. 

Lenses  are  divided  into  two  classes.  The  first  class,  called  convex 
lenses  or  converging  lenses,  are  such  that  when  a  pencil  of  raj's  parallel 
to  the  axis  passes  through  the  lens,  they  are  refracted  so  as  to  pass 
through  the  principal  focus.  The  second  class,  called  concave  ordiverjj- 
in^  lenses,  are  such  that  when  a  pencil  of  rays  parallel  to  the  axis 
passes  through  the  lens  they  are  refracted,  so  that  although  they  do  not 
actually  pass  through  the  principal  focus,  yet  their  directions  pass  through 
the  focus. 

It  is  only  when  the  medium  of  a  lens  is,  as  is  generally  the  case, 
denser  than  the  surrounding  medium  tliai  the 
above  definitions  hold.     In  the  opposite  case 
a  concave  lens  is  a  converging  lens,  and  vice 
versa. 

In  Fig.  313  arc  given  the  sections  by  a 
plane  containing  the  axis  of  the  three  typical 
forms  of  convex  lens.  Lens  (a)  is  called  a 
double  convex  lens,  {b)  a  plano-convex  lens, 
and  (i)  a  convexo-concave  lens  or  convex 
meniscus.  Lens  (t)  has  one  convex  and  one  concave  surface  ;  the  radius 
nf  the  convex  surface  is,  however,  less  than  that  of  the  concave.  In 
FiR-  314  the  three  typical  fonns  of  con- 
cave lenses  are  shown.  Lens  (a)  is  called 
a  double  concave  lens,  {b)  a  plano-concave, 
and  (r)  a  concavo-convex  or  concave 
meniscus.  In  (l)  the  concave  surface  has 
a  smaller  radius  of  curvature  than  the 
convex  surface. 

If  a  pencil  of  rays,  all  parallel  to  the 
axis,  falls  on  a  convex  lens,  such  as  AB 
(Fig.  315),  after  refraction  through  the  lenses  they  all  pass  through  the 
principal  focus  F,  and  OF  is  the  focal  length  of  the  lens.  Since  the  focal 
length,  measuredyrfw  the  lens,  is  in  the  same  direction  as  that  in  which 
the  incident  light  is  proceeding,  it  is  negative,  the  same  convention  as  to 
sign  being  adopted  as  in  the  case  of  mirrors  (§  337). 

If  a  pencil  of  rays  parallel  to  the  axis  falls  on  a  concave  lens,  such  as 
CD  (Fig.  315),  after  their  passage  through  the  lens  the  rays  diverge  and 
travel  as  if  they  came  from  the  principal  focus  F',  the  point  F*  being  on 
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the  side  of  the  lens  on  which  the  light  is  incident.  Hence  as  oy'  is 
measured  in  the  opposite  direction  to  the  incident  liyhl  it  is  positive,  so 
that  the  focal  length  of  a  concave  lens  is  positive.  It  is  for  the  above 
reasons  that  convex  lenses  are  sometimes  called  negative  lenses,  while 
concave  lenses  arc  called  positive. 


r-^m- 


Fig.  315. 

If  ry  is  the  radius  of  curvature  of  the  first  surface  on  which  a  parallel 
beam  of  light  is  incident,  /,  the  radius  of  curvature  of  the  other  surface, 
y  the  focal  length,  and  ;*  the  refractive  index  of  the  medium  of  which  the 
lens  is  composed,  then  these  quantities,  due  regard  beinj;  paid  to  their 
proper  sign,  are  connected  by  the  equation  — 


r^"- 


I) 


(--■) 


dX 


This  equation  can  be  deduced  in  the  following  manner.      Let  AB 

(Fig.  316)  be  a  section  of  a  lens,  and  suppose  a  pencil  of  parallel  rays 

-   .  falls  on  the  lens  parallel  to 

C  ^  the  axis,  OF,  and  is  brought 

to  a  focus  at  the  principal 
focus,  F,  We  will  consider 
two  rays,  r|AF  and  r,OF.  If 
through  c  we  draw  cc'  per- 
pendicular to  the  incident 
light,  CC*  will  be  a  section  of 
the  wave-front,  for  we  are 
dealing  with  plane  waves. 
Hence  the  wave  will  reach 
the  points  C  and  C*  in  the 
same   phase.     After  leaving 


Fig,  316. 


C'  the  wave  will  travel  along  C'a,  then,  as  a  is  just  at  the  edge  of  the 
lens,  it  will  pass  through  a  very  small  thickness  of  glass,  and  then  travel 
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alonj;  AV.  The  part  of  llic  wave  near  c  will  in  the  same  way  travel 
throu^'h  a  thickness  id  of  jjlass,  and  then  over  a  distance  DF  of  air. 
Now  as  the  rays  are  brought  to  a  forus  at  F,  the  different  parts  of  each 
wave,  such  as  cc^^  must  all  reacli  F  at  ihe  same  time,  for,  as  we  have  seen 
in  the  case  of  a  real  focus,  the  wave-front  Is  a  sphere  with  positive  curva- 
ture, and  the  wave-fronts  eventually  are  reduced  to  points  at  the  focus. 
Thus  the  time  taken  by  the  one  portion  of  the  wave  to  travel  over  the 
path  c'af  must  be  the  same  as  that  taken  by  the  other  portion  to  travel 
over  the  path  CDF. 

We  shall  sec  later  (§  366)  that  the  velocity  of  li^'^ht  in  a  medium,  of 
which  the  refractive  index  is  ^,  is  lift,  of  the  velocity  of  liyht  in  air. 
Hence  it  will  take  the  light  the  same  lime  to  travel  over  a  distance  ftx  in 
air,  as  it  does  over  a  distance  x  in  a  medium  of  refractive  index  ;i. 

If  we  call  the  distance  AO  ti^  the  radius  of  cur\aturc  of  the  surface 
ACB  r„  that  of  the  surface  add  r^  and  the  focal  length,  of,  of  the  lens^ 
then,  from  the  well-known  property  of  the  segments  of  chords  of  a  circle, 
we  have  .^t-t  ,  ;.--,»       • 

or  C0=n''l2r^, 

for  if  the  lens  is  thin,  and  it  is  only  for  thin  lenses  of  small  curvature  that 

our  investigation  holds,  we  may  neglect  the  term  co*.     In  the  same  way 

Now  the  length  of  the  path  c'af  is 

Cji  +  A?=  CO  +  fJiJJF^-\-Au') 


where  terms  in  a*//*  and  higher  powers  have  l>een  neglected,  for  /  is 
much  greater  than  a.  Also  the  length  of  the  path  CUF,  allowance  being 
made  for  the  slower  velocity  of  the  waves  in  glass,  is 

Hence  if  the  length  of  the  two  paths  are  equal,  so  tliat  the  two  portions 
of  the  wave  reach  F  at  the  same  instant,  we  have 

2r|    -'      2/       2  Vr,      rJ     ^       2r, 
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where  we  have  taken  al!  lengths  as  positive,  that  is  not  considered  their 
sign.  Since,  however,  all  distances  measured  from  the  lens  in  the  direc- 
tion in  which  the  light  is  travclliny  are  taken  as  negative,  both  /  and  r^ 
are  negative.     Making  this  change  in  (i)  we  get 


>-.)0,-;;)- 


If  one  of  the  faces,  say  the  second,  is  plane,  so  that  ^^=00 ,  the  above 
formula  will  become 


since  when  r,  =  «|  will  be  zera 
'a 
As  an  illustration  of  the  application  of  these  formulae,  suppose  that 
the  radius  of  curvature  of  the  right-hand  surface  of  the  lens  AR  (Fig.  316) 
is  10  cm.,  and  that  of  the  left-hand  surface  is  S  cm.,  and  we  rciiiiircd 
to  find  tlie  focal  length,  the  refractive  index  of  the  medium  of  which 
the  lens  is  composed  being  1.33.  In  this  case  the  centre  of  the  sphere 
of  which  the  right-hand  face  is  a  part  is  to  the  left  of  the  lens,  and  hence 
its  radius  of  curvature  measured  from  the  lens  is  measured  to  the  left,  />. 
in  the  same  direction  as  the  incident  lighi,  and  is  therefore  negative.  In 
the  same  way,  the  radius  of  curvature  of  the  other  face  is  positive.  Hence 
in  the  example  r,=  -  10  cm.,  and  rj=8  an.    Putting  these  values  into 


equation  (i),  we  get 


H 


=  -33( 
»  -ao742. 
/«  -13.48  cm. 


of- 

.100- 


I 

10"  8 
.125) 


D 


Next  suppose  that  the  radius  of  curvature  of  the  right-hand  surface  of 
a  double  concave  lens  en  (Fig.  315)  is  10  cm.,  and  that  of  the  left  surface 
is  8  cm.     In  this  case  /*(=3  -|- 10  cm.  and  ^2=  -  8  cm.     Hence 


/ 


=(1.33- • 


ii-A) 


=.33(-«»+-i25) 
—0.0742. 
/« 1 3.48  cm. 

349.  Geometrical  Construction  for  finding  the  Image  and 
Relative  Size  of  Image  and  Object.-  The  position  of  the  image 
formed  by  a  lens  can  be  found  by  a  geometrical  construction  exactly 
similar  to  that  used  in  regard  to  mirrors  in  ^  338. 


d 
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We  take  one  ray  which,  proceeding  from  the  point  Q  (Fig.  317)  of  the 
object,  passes  through  the  centre  of  the  lens  o,  ami  hence  is  undeviated, 
and  another,  qm,  which  is  parallel  lo  the  axis,  and  hence  after  passing 
through  the  lens  either  actually  passes,  or  its  direction  passes  through 
the  principal  focus  F.  The  point  (^>'  where  ihe  two  rays  intersect  is  the 
image  of  Q.  If  the  rays  actually  pass  through  y'  the  image  is  real  ;  if 
the  rays  do  not  actually  pass  through  g',  but  only  their  directions  when 


Fig.  317, 

produced  backwards,  then  the  image  is  virtual.  In  Fig.  317  the  image 
produced  by  the  lens  ab  is  real,  while  that  produced  by  the  lens  CD  is 
virtual. 

In  the  figure  the  triangles  QOP  and  q'op'  are  similar.     Hence 

Thus  the  size  of  the  object  is  to  the  size  of  the  image  as  the  distance  of 
the  object  from  the  lens  is  to  the  distance  of  the  image  from  the  lens. 

The  relation  l>etwten  the  distances  of  the  object  and  image  from  the 
lens  may  be  found  in  the  following  manner.  In  the  triangles  QPO,  q'p'o 
(Fig.  317),  since  the  angles  at  o  are  equal,  and  the  angles  at  F  and  p'  arc 
both  right  angles,  the  triangles  arc  similar.     Hence 

PO  ^PQ 
FO     FQ 


(«). 
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In  the  saire  way  ihe  triangles  WFO  and  y'FP'  are  similar,  so  thai 


since  OiV^/^C?- 

Hence,  from  (i) 


PO_  OF 
FO    FF    '    ' 


(2). 


Now  ro  is  the  distance  between  the  object  and  the  Itns,  or  calling 
this  distance  w,  andremembcring  that  u  is  positive  for  both  a  convex 
and  a  concave  lens,  ^'0  =  u,  In  the  same  way,  if  7'  is  the  distance  of  the 
imajfc  from  the  lens,  p'o— — v  for  a  convex  lens,  and  P'o^r*  for  a  con- 
cave lens  ;  for  v  is  negative  for  a  convex  lens,  and  positive  for  a  concave 
lens.  If/  is  the  focal  length  of  the  lens,  then  since  /  is  negative  for  a 
convex  lens,  0F= -/  for  a  convex  lens.  Similarly  OF=/ for  a  con- 
cave lens.  For  a  convex  Jens  FP'=-7'+_/;  and  for  a  concave  lens 
FP'=y-v.     Substituting  these  values  in  (2),  we  get 


-V       -V  +/" 

—  wz/  +  uf—ft'^ 

f     V     u 
the  same  expression  in  the  case  of  both  lenses. 


For  a  convex  lens 


or 


For  a  concave  lens 


V  f—v 
yf—uv—fv^ 
i_jt  _  I 

/     V     u 
In  using  the  formula 


thus  obtained,  care  must  be  taken  to  pay  due  regard  to  the  proper 
sign  of  the  quantities  Uy  ?',  and/ 


k 


Pig.  31711 

We  may  employ  the  method  used  in  §  348  to  obtain  the  relation 
between  the  distances  of  the  image  and  object  from  a  lens.  Taking  the 
case  of  a  convex  lens,  wc  have  to  find  the  condition  that  the  time  taken 
for  a  wave  to  travel  along  the  path  PMP'  (Fig.  317^)  shall  be  the  same  as 
that  taken  by  a  wave  to  ti^'el  along_POP'. 

CaJiing  the  distances  PO,  0?*,  OM,  u,  r,  and  a  respectively,  and  the 
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radius  of  the  fince  MnV,,  and  that  of  the  face  MN'r^,  we  have,  as 
in  §  348,  „ 


A'F=vi-\ 


2r, 


Hence  the  length  of  the  path  pmp'  is        

V«-+«H  ^^^^  or  «  \/'  +^^+^  \/'  '*"^' 
which  reduces,  if  a  is  small  compared  with  u  and  t^,  to 

The  length  of  the  path  POP*,  allowing  for  the  fact  that  the  portion  NON* 
is  performed  in  glass  of  refractive  index  ^  is 

2r,       2r,       2r,  2^ 

or  «4-x,+^(^_i)(i+iY 

But  if/ is  the  focal  length  of  the  lens, 

in  which,  as  in  the  second  case  in  §  348,  we  have  taken  r,  and  r,  both  as 
positive. 

Hence  equating  the  lengths  of  the  paths  we  have 


v 


or 


'  +  '-' 


where  u,  v,  and/are  all  taken  as  positive. 

Now  in  the  case  taken  we  consider  both/and  v  as  negative  and  u  as 
positive.     Making  these  changes  we  get 

the  expression  previously  obtained. 

The  positions,  &c.,  of  the  image  for  different  positions  of  the  object 
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are  given  in  ihe  two  following  tables,  and  the  results   can   easily  be 
verified  by  drawing  figures  in  the  diflTereni  cases  : — 

Convex  Lenses. 


Distance  of  Object 
from  Lens. 

Distance  oi  Image 
from  Len*. 

Character  of  Image.               | 

00 

Between  oo  &  2/" 
Heiween  2f&./ 
Between/ &0 

Between  -/  &  -2/ 
Between  -  2/&.  -  00 
Between  +  00  &  0 

Real      Inverted    Diminished 

Real     Inverted     Magnified 

Virtual     Erect        Magnified 

Concave  Lenses. 


Distance  of  Object 
from  I-ens. 

Distance  of  Image      , 
(roin  Lens. 

Character  of  Image, 

00 
Between  00  &  0 

Between  +/&0 

Virtual 

Erect 

Duiiinisbed 

350.  Position  of  the  Ima^e  formed  by  Two  Lenses.— Suppose  two 

lenses  AH  antl  C"i*  (Fig.  318)  to  be  placed  so  thai  their  axes  coincide, and 
at  a  distance //apart,  the  focal  length  of  ah  i>eing^,  and  that  of  CD /^  and 
that  we  require  to  find  the  position  of  the  image  of  a  luminous  point  Pal  a 
distance  u  from  the  first  icns  formed  by  the  combination  of  the  two  lenses. 


u 


D 

Fig.  318. 

If  the  lens  en  existed  alone^  then  the  distance  v  of  the  image  from  o' 
will  be  given  by 


(•). 


The  distance  of  this  image  from  the  second  lens  is  v  4- /a^  since  if?'  is 
positive,  i.e.  the  image  is  to  ihc  right  of  CD,  the  distance  from  O  is  equal 
to  the  distance  from  o'  plus  r/,  and  with  reference  to  o  this  length  would 
be  positive.  If  the  image  fonned  by  Ihe  first  lens  is  to  the  left  of  CO,  v 
is  negative,  and  f  + Estill  gives  the  distance  of  the  image  from  o,  with  its 
proper  sign.  Hence,  treating  this  image  as  the  object  for  the  second 
lens,  if  7/  is  the  distance  of  the  image  of  this  image  from  O,  we  have 


i?"Z"^r  +  ^ 


(2). 
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By  substituting  the  value  of?'  given  by  (i)  in  this  equation  the  value  of 
\f  can  be  obtained,  which  gives  the  position  of  the  image  fonncd  by  the 
combination. 

If  the  two  lenses  are  placed  in  contact  and  their  focal  lengths  are 
sufficiently  large,  we  may  take  </=o.  Under  these  conditions  (2)  re- 
duces to 

Hence,  substituting  from  (1)  the  value  of  -,  we  get 

\A-\-'-  .  .  •  (3). 

If  the  object  is  at  an  infinite  distance  (//  =•  00  )  the  incident  light  is  a 
parallel  beam,  and  the  light  is  brought  to  a  focus  at  a  point  at  a  distance 
F  from  the  two  lenses,  where  F  is  the  value  of?''  obtained  when  //=  00, 


Thns 


^■'  7^7t 
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The  quantity  F  may  be  called  the  focal  length  of  the  combination, 
and  the  above  equation  shows  ihat  the  reciprocal  of  the  focal  length  of  a 
combination  of  two  lenses  in  contact  is  equal  to  the  sum  of  the  recipro- 
cals of  their  focal  lengths. 

351.  The  Eye.-»-The  eye  consists  practically  of  a  system  of  lenses  by 
means  of  which  a  real  image  of  external  objects  is  fonned  on  a  network 
of  ncn'es,  called  the  retina,  at  the  back  of  the  eye,  which  nerves  convey 
the  impression  of  vision  10  the  brain. 

A  diagrammatic  section  of  the  eye  is  shown  in  Fig.  319.  Tlie  eye  is 
surrounded,  except  in  front,  by  a  homy  opaque  coat,  the  sclerotic.  The 
front  transparent  portion  of  this  outside 
coating  is  called  the  cornea,  C.  The 
inside  of  the  eye  is  divided  into  two  por- 
tions by  the  iris  I,  the  cr>'5talline  lens  L, 
and  the  muscles  which  attach  the  latter 
to  the  walls  of  the  eye.  The  crystalline 
lens  is  a  double  convex  lens,  of  which  the 
anterior  surface  has  a  radius  of  cun-ature 
of  about  M  cm.,  while  the  posterior 
surface  has  a  radius  of  curvature  of 
about  0.8  cm.  By  means  of  the  muscles 
attached  to  the  edge  of  the  lens  the 
curvature  of  the  faces,  and  hence  the 
focal  length,  can  be  altered  at  will.  The  iiis  I  forms  an  opaque  coloured 
diaphragm  perforated  by  a  central  opening  called  the  pupil.     The  dia- 


meter  of  the  pupil  varies  with  the  intensity  of  the  li^ht  which  enters  ihc 
eye  ;  thus  in  a  strong  light  the  pupil  is  contracted,  while  in  a  feeble  li^'bt 
it  is  expanded,  these  movements  being  involuntary.  The  space  between 
the  cornea  and  the  lens  is  tilled  by  a  transparent  liquid  called  the  aqucuus 
luimrur,  while  that  between  the  lens  and  the  retina  R  is  filled  with  a 
liquid  called  the  vitreous  humour. 

The  retina  consists  of  a  semi-transparent  network  of  nerve  fibres 
formed  by  the  spreading  out  of  the  tennination  of  the  optic  nerve.  Near 
the  centre  of  the  retina  there  is  a  round  yellowish  spot  V,  called  the 
yellow  spot,  and  vision  is  most  distinct  when  the  image  falls  on  this  spot. 
The  point  of  the  retina  where  the  optic  nerve  enters  is  insensitive  to 
light,  so  that  when  the  image  of  an  object  falls  on  this  spot,  which  is 
called  the  blind  spot,  no  sense  of  vision  is  produced. 

If  the  eye  really  consisted  of  an  ordinary  lens,  it  is  evident  that  for 
only  one  distance  would  the  light  from  a  luminous  point  be  brought  to  a 
focus  on  the  retina.  At  all  other  distances  an  indistinct  and  blurred 
image  would  be  produced.  The  eye,  however,  possesses  the  power  of 
accommodation  so  that  the  images  of  objects  at  ver>'  different  distances 
can  all  be  formed  on  the  retina.  In  most  cases  the  eye,  when  at  rest,  is 
so  arranged  that  the  image  of  a  distant  object  is  in  focus  on  the  retina. 
TTie  accommodation  for  nearer  objects  is  produced  by  a  slight  forward 
motion  of  the  lens  and  an  increase  of  the  curvature  of  its  surfaces,  the 
increase  in  cun'nture  of  the  front  surface  being  very  mucli  the  more 
strongly  marked  of  the  two. 

The  range  of  the  accommodation  is  not  unlimited,  so  that  objects 
which  are  very  near  the  eye  cannot  be  clearly  seen.  Since  when  an 
object  is  a  great  way  off  we  cannot  make  out  small  details  about  it,  and 
neither  can  we  do  so  when  it  is  very  near,  it  follows  there  must  be  some 
distance  at  which  we  are  able  to  see  most  distinctly.  This  distance, 
which  is  callcil  the  distance  of  distimi  vision^  is  for  a  normal  eye 
between  35  and  30  cm.,  or  to  and  12  inches. 

862.  Defects  of  Vision.— There  are  three  defects  of  the  eye  which 
are  of  comparatively  frequent  occurrence.  These  are  known  as  (1)  shoit- 
sight,  (2)  long-sight,  (3)  astigmatism. 

In  the  case  of  short-sight  distant  objects  cannot  be  seen  distinctly, 
because  the  point  to  which  the  rays  from  distant  objects  are  brought  to  a 
focus  is,  even  when  the  lens  is  at  its  fiattest,  in  front  of  the  retina.  We 
may  here  consider  that  the  lens  is  too  convergent  for  the  size  of  the  eye- 
hall,  so  that  if  in  front  of  the  eye  we  place  a  concave  lens  so  as  to  make, 
with  the  lens  of  the  eye  itself,  a  less  convergent  system  than  the  crys- 
talline lens  itself,  the  defect  of  short-sightedness  can  be  corrected. 

Since  the  image  formed  by  a  concave  lens  is  .ilways  virtual,  it  is 
evident  that  if  d  is  the  muximum  distance  at  which  a  short-sighted 
person  can  sec  distinctly,  then  if  the  concave  lens  is  such  that  the  focus 
of  parallel  rays  is  at  a  distance  d  from  the  eye,  the  eye  will  be  able  to 
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see  clearly  this  imaj^e,  and  hence  all  distant  objects.  Since  the  spectacle 
lens  is  always  placed  quite  close  lo  the  eye,  the  distance  of  the  focus  for 
parallel  rays  from  the  lens  must  be  d^  that  is,  the  lens  must  have  a 
focal  length  d. 

In  long-sight,  or  hypermetropia,  near  objects  cannot  be  seen  dis- 
tinctly, this  being  due  to  the  fact  that,  when  the  lens  is  as  much  curved 
as  possible,  the  image  of  objects  even  some  distance  off  is  fonned  behind 
the  retina.  In  this  case  the  eye,  when  relaxed,  is  in  such  a  slate  that 
parallel  rays  meet  behind  the  retina,  so  that  to  see  distant  objects  the 
eye  has  to  be  accommodated.  This  defect  can  be  remedied  by  placing 
a  convex  lens  in  front  of  the  eye,  for  by  this  means  the  focus  of  the 
combination  of  lens  and  eye  is  nearer  the  crystalline  lens  than  when  no 
spectacle  lens  is  used. 

Let  the  minimum  distance  at  which  a  long-sighted  eye  can  see 
clearly  be  </,  and  it  be  required  to  find  the  focal  length  of  a  convex  lens 
which  will  produce  distinct  vision  at  the  ordinary  distance  of  most 
distinct  vision,  say  D,  Then,  assuming  that  the  spectacle  lens  and  eye 
are  close  together,  we  must  take  the  focal  lengthy  of  the  lens  such  that 
the  image  produced  by  an  object  at  a  distance  D  must  be  on  the  same 
side  of  the  lens  as  the  object,  and  at  a  distance  from  the  lens  </,  where 
d  >  IX     Here  u=  -\-D  and  v=  +  */.     Hence 


/    d'V' 

Since  d  \s>Dy  -will  be  less  than  — ,  and  hence  ^and  ihereforeywill 

be  negative,  and  the  lens  must  be  convex,  which  agrees  with  the  con- 
clusion at  which  we  have  already  arrived. 

In  astigmatism  the  surfaces  of  the  cornea,  and  the  lens,  but  principally 
the  former,  are  not  symmetrical  about  the  axis.  In  most  cases  the 
vertical  section  of  the  cornea  of  an  astigmatic  eye  is  more  curx'cd  than  a 
horizontal  section,  so  that  the  image  of  a  horizontal  line  is  formed  nearer 
the  crystalline  lens  than  the  image  of  a  vertical  line.  This  defect  is 
remedied  by  the  use  of  spectacles  in  which  the  surfaces  of  the  lenses  are 
not  spheres,  but  differ  from  these  in  the  opjwsitc  sense  to  that  of  the 
defective  eye. 

S63.  The  Simple  Microscope,  or  Magnifying  Glass.— We  have 
seen  in  the  preceding  section  that  if  we  attempt  to  increase  the  distinct* 
ness  with  which  an  object  can  be  seen  by  bringing  it  nearer  the  eye,  so 
that  it  appears  larger,  a  position  is  at  length  reached  such  that  if  we 
bring  it  nearer  wc  are  unable  to  see  it  at  all  distinctly. 

If  a  convex  lens  is  placed  in  such  a  position  that  the  object  AB 
(Fig.  320)  is  between  the  principal  fiH,U3  F  and  the  lens,  the  rays,  after 
they  leave  the  lens,  will  proceed  as  if  tliey  came  from  the  virtual  image 
A'b',    This  image  is  found  by  the  construction  given  in  §  349,  and  is  erect 
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and  maipiified.    Now,  although  the  image  a'b'  and  the  object  ab  subtend 

nearly  the  same  angle  at  the  eye,  yet  if  a'b'  is  at  the  distance  of  distinct 

virion,  on  removing  the  lens  the  object  AB  would  be  seen  vcr>'  indis- 

^  tinctly,    ii    being    so 

A 


a 

D 


much  within  the  mini- 
mum distance  of  dis* 
linct  vision.  Hence, 
to  find  the  magnifica- 
tion produced  by  the 
lens,  we  mustcomparc 
the  angle  subtended 
at  the  eye  by  the 
image  aV  with  the 
angle  subtended  by 
the  object  when  it  b 
at  the  minimum  dis- 
tance at  which  it  can 
be  clearly  seen,  i,e.  at  tib.  If  the  eye  is  ver)'  near  the  convex  lens,  the 
angles  subtended  by  the  image,  and  by  the  object  when  at  the  distance 
of  distinct  vision^  arc  very  nearly  equal  to  a'ob'  and  aob  respectively, 

w      .      •  ,        -^'1*'         aV         .... 

Hence  the  magnification  iscqual  to  ^?^  or  ^^,or,smccthctnanglcs 

o^  AB 

D(5 


B' 


Fio.  3Qa 


a'od,  aoc  are  similar,  to  ^ 

CO 


But  CO  is  the  distance  of  the  object  from 

the  lens,  and  do  is  the  distance  of  the  image  from  the  tens,  hence  we 
have  the  magnification  =  ~.    If/is  the  focal  length  of  the  lens, 


or 


or 


I     [ 

I 

;.,. 

V 

;- 

V 

~7 

Hence  the  magnification  — I  -7  ;  or,  since  the  imag^  is  to  be  formed  at 


/ 


D 


V 


where  it  must 


the  distance  of  distinct  vision  /?,  the  magnification  = 

be  remembered  that/ is  negative  and  D  is  positive. 

From  the  above  expression  it  will  be  seen  that  the  magnification 
increases  as  /  decreases,  so  that  to  obtain  great  magnifying  power  a 
lens  of  very  short  focal  length  must  be  taken. 

854.  The  Compound  Microscope.— In  the  simple  microscope  the 
greatest  magnification  which  can  be  obtained  is  about  one  hundred-fold. 
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and  in  order  to  obtain  greater  magnification  a  combination  of  convex 
lenses  must  be  used,  called  .a  compound  microscope.  In  its  simplest 
form  the  compound  microscope  consists  of  two  convex  lenses,  A  and  B 
(Fig.  321).  The  lens  A,  or  objective,  is  of  short  focal  length,  and  is  so 
placed  that  the  object  rg  is  just  beyond  its  principal  focus,  so  that  a  real 
inverted  and  slightly  magnified  image  is  produced  at  l''g'.     The  second 


ri-' 


Fig.  3«i. 


lens  or  eye-piece,  B,  is  placed  at  such  a  distance  from  the  objective  that 
the  image  formed  by  the  latter  is  just  inside  the  principal  focus  F,  and 
hence  the  eye-piece,  acting  as  a  simple  microscope,  gives  a  virtual  and 
magnified  Image  p"q''' 

Since  the  normal  eye,  when  at  rest,  is  adjusted  for  an  object  at  a 
great  distance,  i.e,  for  parallel  rays,  it  is  less  trying  to  the  eyes  if,  when- 
ever possible,  we  arrange  an  optical  instrument  so  that  the  rays  that 
enter  the  eye  arc  parallel  In  the  case  of  the  compound  microscope  this 
can  be  easily  done,  for  if  the  lens  B  be  placed  so  that  the  image  P't^'  is 
formed  at  its  principal  focus,  then  the  rays  from  each  point  of  the  image 


Fig.  333. 

P'q',  after  passing  through  the  eye-piece,  will  emerge  parallel,  as  shown 
in  Fig.  322.  Tlie  angle  between  the  rays  from  the  extreme  points  of  the 
object  wl>en  they  enter  the  eye  remains  practically  the  same,  as  in 
Fig-  321,  so  that  the  apparent  size  of  the  image  remains  the  same  ;  we 
have,  however,  done  the  focussing  by  means  of  the  instrument,  instead 
of  using  the  accommodation  of  the  eye. 
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The  above  form  of  microscope  i<;  much  simpler  than  any  now  used, 
but  to  go  into  the  ihcoiy  of  ihe  modern  microscope  lo  any  purpose 
would  be  beyond  the  scope  of  this  work.  On  account  of  spherical 
aberration  and  chromatic  al>crralion,  both  the  objective  and  the  eye-piece 
consist  of  combinations  of  lenses,  the  objectives  of  some  modern  high- 
power  microscopes  having  as  many  as  ten  separate  lenses. 

365.  The  Telescope.— A  telescope  is  an  instrument  by  which  a 
magTiihed  image  of  a  Mstatti  object  may  be  produced.  If  a  convex  lens 
is  used  to  form  an  image  of  a  distant  object  on  a  screen  the  image  will 
be  smaller  than  the  object  in  the  ratio  of  the  distance  of  the  object 
lo  the  distance  of  the  screen  from  the  lens.  Suppose  \\vt  object  is  at  a 
distance  A,  so  great  that  the  image  is  practically  at  the  principal  focus, 
/>.  at  a  distance  F  from  the  lens.  Then  if  -V  is  the  size  of  the  object, 
and  X  that  of  the  image,  we  have — 

X     F 

ITT 

If  the  image  is  viewed  at  the  distance  of  distinct  vision  Z>,  it  will 
subtend  an  angle  which  in  angular  measure  may  be  taken   to  be  -y^. 

Also  the  object  when  looked  at  directly  will  subtend  an  .ingle'-,  since 

by   supposition   the  object   is   so   far  off"  that   L    practically  gives   the 
distance  from  the  eye.     Hence  the  magnification  is 


S/f-'" 


Thus  if  the  distance  of  distinct  vision  is  30  cm.,  and  the  focal  length 
of  the  lens  is  60  cm.,  the  magnification  produced  when  a  distant  object, 
such  as  the  moon,  is  viewed  will  be  2.     In  other  words,  the  diameter  of 


Fig.  333. 

the  image  formed  on  the  retina,  when  the  image  on  the  screen  is  viewed, 
will  be  twice  the  diameter  of  the  image  produced  on  the  retina  when  the 
moon  is  viewed  directly. 

If  instead  of  receiving  the  image  formed  by  the  convex  lens  on  a  screen 
we  view  it  through  an  eye-piece  lens,  then  we  can  obtain  funhcr  magniBca- 
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tion.  The  course  of  a  parallel  beam  of  light  through  such  a  combination 
of  lenses,  called  an  asironomical  telescope,  is  shown  in  Fig.  323.  An 
inverted  and  diminished  image  is  produced  by  the  object-glass  ar  at  p'q'. 
the  principal  focus.  This  image,  being  at  the  principal  focus  of  the  eye- 
lens,  the  rays  from  each  point  of  the  object  on  leaving  this  lens  will  be 
parallel,  and  entering  the  eye  will  produce  an  image.  Since  the  image 
p'q'  is  inverted,  and  the  virtuaJ  image  of  this  image  produced  by  CD  is 
erect,  the  final  effect  is  that  a  magnified  inverted  image  of  the  object 
is  seen. 

The  angle  made  by  the  rays  from  the  extreme  points  r'<^'  of  the 
image  p'q'  when  they  enter  the  eye  is  q'o'p',  which,  since  this  angle  is 

small,  is  equal  to  ^-^  ory.in  circular  measure,  if /"is  the  focal  length  of 

the  eye-lens.     But 

X     F 


orx* 
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Hence  the  angle  between  the  rays  when  ihey  enter  the  eye  is 

FX 

A' 

But  the  angle  subtended  by  the  object  seen  without  any  telescope  is  j. 

Hence  the  magnification  is 

FXIX    F 
fLl  L-f 

The  magnification  thus  depends  on  the  ratio  of  the  focal  length  of  the 
object-glass  lo  that  of  the  eye-piece.  Increasing  the  diameter  of  the 
object-glass,  if  the  focal  length  is  unaltered,  does  not  change  the  magni- 
fication ;  it  will,  however,  increase  the  brightness  of  the  image,  for  it  will 
collect  more  of  the  rays  that  leave  any  particular  point  of  the  object  and 
bring  them  to  a  point  in  the  image.  In  practice,  both  the  objeci-glass 
and  the  eye-piece  consist  of  several  lenses,  so  as  to  avoid  chromatic  and 
spherical  abeiTation. 

The  image  seen  in  an  astronomical  telescope  is  inverted,  and  although 
this  does  not  matter  for  astronomical  purposes,  yet  it  would  be  very 
inconvenient  when  the  telescope  is  used  to  view  terrestrial  objects. 

An  erect  image  is  obtained  by  placing  two  convex  lenses  between  the 
object-glass  and  eye-piece.  These  two  lenses  are  at  a  distance  apart 
equal  to  the  sum  of  their  focal  lengths,  and  the  one  nearer  the  objective 
is  placed  so  that  the  image  formed  by  the  objective  is  at  the  principal 
focus  of  this  lens.  In  Fig.  324  p'q'  is  the  image  formed  by  the  objective, 
and  as  this  image  is  at  the  principal  focus  of  the  lens  M^  all  the.  t^^s 
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leaving  any  point  of  the  object  will,  after  their  passage  through  the  lens 
Mjt  be  parallel.  These  parallel  ra>'S,  falling  on  the  lens  Mj,  form  an  image 
P'^j"  at  the  principal  focus,  f",  of  this  lens,  which  irpage  is  inverted  with 
reference  to  P't^',  and  hence  erect  with  reference  to  the  object.  This 
image,  p"q"»  's  viewed  by  an  eye-piece  as  in  the  astronomical  telescope. 
The  two  lenses  M^  and  Mj  serve  simply  to  give  an  erect  image,  and  are 
fixed  at  a  constant  distance  apart.  The  telescope  is  focussed  by  allenng 
their  distance  from  the  object-glass,  so  that  the  image  formed  by  the 
latter  is  always  at  the  principal  focus  of  M|. 


Fig.  324. 

A  form  of  telescope  which  gives  an  erect  image  with  only  two  lenses, 
and  which  can  be  made  much  shorter  than  the  terrestrial  telescope 
dcscril:)ed  above,  is  (jnlilco's.  This  form  of  iclescope  consists  of  a  convex 
lens  as  object-glass,  ab  (Fig.  325),  and  a  concave  lens,  CD,  as  eye-piece. 
If  CD  were  not  present  the  convex  lens  would  fonn  a  real  image  at  p'g'j 
when  the  concave  lens  is  interposed  between  AU  and  the  image,  so  that 


the  distance  o'f  is  equal  to  the  focal  length  of  CD,  the  rays  of  light  from 
any  one  point  of  the  object  will  be  parallel  after  they  leave  this  lens. 
Hence,  as  shown  in  the  figure  in  full  lines,  for  a  pencil  of  rays  coming 
from  the  point  P  of  the  object,  the  rays  will  enter  the  eye  in  the  direction 
P^R,  while  a  pencil  coming  from  Q  will,  as  shown  by  the  dotted  lines, 
enter  the  eye  in  ihe  direction  q"s  so  that  the  eye  sees  an  enlarged  and 
erect  image.  The  magnification  is,  as  before,  equal  to  F\f^  where  F  is  the 
focal  length  of  the  objective  and/  that  of  the  eye-piece.  In  Galileo's 
telescope  the  distance  between  the  objective  and  eye-piece  is  /"-/,  while 
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in  the  astronomical  telescope  it  is  7^+/  hence  the  saving  in  length  for 
an  equal  magnifying  power,  and  with  ohjectives  of  equal  focal  length. 
Opera  and  field  glasses  consist  of  two  Galilean  telescopes,  one  for  each 
eye,  the  distance  between  the  objectives  and  eye-pieces  being  variable 
by  means  of  a  scrcw^  so  that  the  image  formed  by  the  objective  may 
always  be  formed  at  the  principal  focus  of  the  eye-piece. 

356.  The  Optical  Lantern. — The  optical  or  magic  lantern  is  an 
arrangement  by  which  an  enlarged  image  of  an  object  can  be  thrown  on 
a  screen.  A  convex  lens  or  system  of  lenses  is  used  to  form  the  image, 
but  since  the  image  is  considerably  magnified,  the  light  which  the  lens 


Fig.  326. 


receives  from  the  object  is  spread  over  a  large  area,  and  hence,  unless 
the  object  is  very  briglitly  illuminated,  the  image  will  be  very  feeble. 

In  front  of  a  brilliant  source  of  light  S,  such  as  an  electric  arc  or  an 
oxyhydrogen  lime-light,  is  placed  a  pair  of  plano-convex  lenses  c  (Fig.  326), 
which  converge  the  rays  from  S,  so  that  they  illuminate  the  object  PQ 
uniformly.  A  convex  lens  A  is  then  used  to  form  an  enlarged  image, 
P'q',  of  the  illuminated  object  on  the  screen. 

367,  Methods  of  Measuring  the  RelVactlve  Index.— The  most 
commonly  employed  method  of  determining  the  refractive  index  of  a 
substance  is  to  lake  a  prism  of 
the  substance,  if  a  solid,  or  a 
hollow  glass  prism  filled  with 
the  substance  if  it  is  a  fluid,  and 
to  measure  the  angle  of  the 
prism  S  and  the  angle  of  mini- 
mum deviation  B,  the  refractive 
index  being  then  obtained  from 
the  formula 

sin  ^(8  4-  B) 
'*"      sin  Jd    ' 

The  quantities  8  and  6  can 
both  be  measured  by  means  of 

an  instrument  called  a  spectro-  Fio.  327. 

meter.    This  instrument  consists 
of  a  graduated  circle  ABC  (Fig.  327),  having  a  small  astronomical  tele- 
scope FG  attached  to  an  arm  which  can  rotate  round  the  centre  of  the 
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circle,  the  position  of  the  telescope  being  read  by  means  of  a  vernier  v. 
A  tube  DE,  called  the  collimator,  is  fixed  radially  to  the  circle,  and  has  a 
narrow  vertical  slit  D  at  one  end  and  a  convex  lens  at  the  other.  The 
distance  between  the  slit  -Mid.  the  lens  is  equal  to  the  focal  length  of  the 
lens,  so  that  when  the  slit  is  illuminated  by  a  source  of  light  i>,  the  rays 
of  light  that  leave  the  lens  k  are  all  parallel. 

The  prism  P  is  placed  on  a  small  table  attached  to  the  circle,  and 
when  the  refracting,'  an^'le  is  being  measured,  the  refracting  edge  is 
turned  towards  the  collimator  as  shown  in  the  rtgure.  The  telescope 
Is  then  turned  till  the  ima^'e  of  the  slit,  seen  by  reflection  from  one 
face  of  the  prism,  coincides  with  the  intersection  of  two  fine  cross- 
wires  placed  in  the  eye-piece,  and  the  vernier  is  read.  The  telescope 
is  then  turned  till  the  image  formed  by  reflection  from  the  other  face 
coincides  with  the  intersection  of  the  cross  wires,  and  the  vernier  again 
read.    The  difference  between  the  vernier  readings  gives,  as  shown  in 

§336, -ft 

In  order  to  determine  5  the  prism  is  removed,  and  the  vernier  reading 
obtained  when  the  telescope  is  turned  so  as  to  see  the  slit  direct,  thus 
obtaining  the  reading  for  the  direction  of  the  incident  rays.  The  prism 
is  then  placed  so  that  the  light  falls  on  one  of  the  faces,  and  the  telescope 
turned  so  as  to  caieh  the  deviated  rays.  13y  tuming  the  prism  round  a 
vertical  axis  a  position  is  found  such  that  if  it  is  turned  in  either  direction, 
in  order  to  catch  the  deviated  light,  the  telescope  has  to  be  rotated 
towards  the  collimator,  or,  in  other  words,  the  prism  is  set  at  minimum 
deviation  hy  trial.  When  this  has  been  done,  the  vernier  is  read  when 
the  deviated  image  coincides  with  the  cross  wires,  and  the  difference 
between  this  reading  and  that  for  the  direct  light  gives  K 

Another  method  of  detemiinmg  the  refractive  index  of  a  medium 
depends  on  the  fact,  as  shown  in  §  343,  that  a  point  P  at  a  depth  U 
below  the  surface  of  a  medium  of  refractive  index, 
^  appears,  when  viewed  normally,  as  if  it  were  at 
a  depth  ^/^.  In  order  to  apply  this  method,  a 
microscope  C  (Fig.  328)  is  arranged  so  that  it  can 
move  in  a  vertical  direction,  and  the  distance 
through  which  it  is  moved  can  be  read  on  a 
scale. 

The   microscope   is   first   focussed    on    a    fine 
scratch  r  on  the  surface  of  the  stage,  a  plate  Ab 
~  of  the  material  is  then  introduced,  and  the  micro- 
A   *f  .p'  B  scope  again  focussed  on  the  scratch  P,  which  will 

_  now  appear  to  lie  at  p',  so  that  the  distance  through 
which  the  microscope  will  have  to  be  raised  will  be 
equal  to  Fp'.  Next,  the  microscope  is  focussed  on 
a  fine  line  <)  on  the  upper  surface  of  the  slab.  The  difference  between 
the  first  and  last  readings  on  the  vertical  scale  of  the  microscope  gives  d 


pr 
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the  thickness  of  the  slab,  and  the  diflference  between  the  second  and  third 
gives  p'q.    Then  , 

A  very  convenient  method  of  measuring  the  refractive  index  of  a 
substance,  particularly  for  liquids,  or  when  only  a  small  quantity  can  be 
procured,  depends  on  the  measurement  of  tlic  critical  angle  (§  344)  at 
which  total  reflection  begins.  Suppose  we  have  two  plates  of  glass  An 
and  CD  (Fig.  329)  fixed  together  in 
such  a  way  that  they  include  a  film 
of  air  EF,  and  that  the  whole  is  im- 
mersed in  a  fluid.  Let  us  call  the 
fluid  medium  i,  the  glass  medium  2, 
and  the  air  medium  3.  Then  if  a  ray 
of  light  travelling  in  medium  i  is 
incident  at  an  angle  a  on  the  glass, 
the  refracted  ray  00'  will  be  inclined 
at  angle  fi  to  the  nonnal.  Since  AU 
is  a  imrallel-sided  plate,  the  ray  will 
be  incident  on  tlie  face  separating  the 
glass  from  the  air  at  an  angle  /?. 

If  now  AR  and  CD  arc  turned  round, 
/>.  the  angle  of  incidence  a  is  altered  till  the  ray  00'  is  just  totally  reflected 
at  o,  that  is,  till  )3  is  the  critical  angle  from  glass  to  air,  we  have  the 
following  relations  : — 


33K> 


=  !'*2. 


(Sec  §34+)     Now  (§342), 


sm  a 
sin  fi 


Hence  substituting 


sin  a 


,in0 


sini3.3M,  =  i, 


or 


Hence 


3^1  = 


sm  a 
I 


.yij=l. 


sin  a 


But  j,Ui  is  the  refractive  index  from  medium  3  to  medium  i,  />.  from 
air  to  the  liquid,  which  is  what  we  have  called  the  refractive  index  of  ihe 
liquid.      Hence  if  we  can  measure  a  we  can  calculate  /** 

To  determine  the  angle  a,  a  parallel  beam  of  light  is  allowed  to  tra- 
verse a  glass-sided  trough  containing  the  liquid,  and  the  glass  plates,  which 
are  attached  to  a  divided  circle,  are  rotated  till  the  light  is  no  longer 
transmitted  througli  the  air  film.  The  position  of  the  plates  is  then  read 
on  the  circle,  and  they  are  turned  in  the  opposite  direction,  till  the  hght  is 
again  totally  reflected,  i.e.  till  the  light  is  incident  along  I'o.  The  difference 
between  the  new  reading  and  the  previous  one  gives  twice  the  angle  a. 


CHAPTER    IV 


pnoTo^fErRY 

358.  Illuminating^  Power  and  Intensity  of  Illumination.— It  is 

a  matter  of  common  observation  that  tlic  amount  of  light  emitted  by 
different  sources  is  very  different,  and  before  proceeding  lo  describe  the 
methods  employed  for  comparing  the  amount  of  light  emitted  by  two 
sources,  we  must  first  consider  how  we  arc  to  define  the  amount  of  light 
emitted  by  a  source.  Suppose  a  point  (7  to  be  a  source  of  liglit  which  is 
emitting  light  in  all  directions.  If  a  sphere  be  described  round  O  as 
centre,  all  the  light  emitted  by  the  source  will  fall  upon  this  sphere.  Hence 
the  quantity  of  light  which  falls  on  unit  area  of  the  sphere  will  be  propor- 
tional to  the  quantity  of  light  emitted  by  the  source. 

Thus  if  we  keep  the  radius  of  the  sphere  the  same,  and  use  different 
sources,  the  quantities  of  light  which  fall  on  unit  area  will  be  proportional 
to  the  quantities  of  light  emitted  by  the  sources.  If  the  radius  of  the 
sphere  be  unity,  the  quantity  of  light  which  falls  on  unit  area  of  its 
surface  is  taken  as  the  measure  of  the  iUuminatinjr powfr  of  the  source. 
li  is  evident  that,  since  the  area  of  a  sphere  of  unit  radius  is  4ir,  the 
illuminating  power  represents  i/4Tr  of  the  total  light  emitted  by  the 
source,  if  the  source  emits  light  uniformly  in  all  directions. 

The  quantity  of  light  which  is  received  by  unit  area  of  a  given  surface, 
which  is  placed  normally  to  the  incident  light,  is  called  the  intensity  of 
ttiu  mi  nation  of  the  surface.  If  the  surface  is  uniformly  illuminated,  the 
total  quantity  of  light  received  by  the  surface  is  equal  to  the  product  of 
the  area  into  the  intensity  of  illumination.  If  the  illumination  is  not 
uniform,  the  intensity  of  illumination  at  a  point  is  the  quotient  of  the 
quantity  of  light  received  by  an  element  of  area  surrounding  the  point, 
which  is  so  small  that  over  it  the  intensity  of  the  light  is  uniform,  by  the 
element  of  area  {cf.  §  31). 

359.  The  Law  of  Inverse  Square.— Consider  a  luminous  source 
(7,  of  which  the  illuminating  power  in  all  directions  is  E,  then,  if  with  O 
as  centre  we  describe  a  sphere  of  unit  radius,  the  quantity  of  light  which 
falls  on  unit  area  of  this  sphere,  or  the  intensity  of  illumination  on  the 
sphere,  will  be  £",  and  the  total  quantity  of  light  which  falls  on  the  sphere 
will  be  ^-irE.  If  now  we  take  round  O  as  centre  another  sphere  of  radius 
r,  the  first  sphere  being  removed,  the  whole  of  the  light  emitted  by  the 
source  must  fall  on  the  surface  of  this  sphere.     Hence,  since  the  total 

quantity  of  light  emitted  by  the  source  is  4ir^,  and  the  surface 
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Sphere  is  4ir/-*,  and  is  everywhere  at  right  angles  to  the  incident  light, 
the  intensity  of  illumination  on  the  surface  of  the  sphere  is 


E 

73' 


Thus  the  intensity  of  the  iliumination  varies  inversely  as  the  square 
of  the  distance  from  the  luminous  source.  This  law  is  known  as  the 
inverse  square  law. 

Since  light  is  propagated  in  straight  lines,  the  inverse  square  law 
holds  if  the  illuminating  power  of  the  source  is  different  in  different 
directions. 

Thus  suppose  O  (Fig.  330)  is  a  luminous  source,  and  ABcn  is  a  small 
square  aperture,  each  side  of  which  is  of  length  /,  in  a  screen  placed  at 
a  distance  i/j  from  the  source,  and 
the  light  which  passes  through  this 
aperture  is  received  on  a  screen 
a'b'c'd'  at  a  distance  ti^  from  the 
source.  If  abcd  and  abc'd'  are 
at  a  considerable  distance  from  the 
source,  compared  to  their  area,  the 
intensity  of  illumination  will  be 
practically  uniform  on  each,  and 
the  light  which  would  fall  on  ABCD, 

if  the  aperture  were  filled  up,  now  falls  on  a'b'cV.  Since  light  is  pro- 
pagated in  straight  lines,  we  have,  from  the  similar  triangles  BOC 
and  ti'OC', 

To 


Fig.  330, 


CO 


or 


Hence  the  area  a'b'c'd'  is 


^1 


PdJ 

But  the  area  of  abcd  is  P.    Hence  if /is  the  quantity  of  light  which  falls 
on  ABCD  or  a'b'c'd',  we  have 


Intensity  of  illumiHation  of  ABCD 
Intensity  oj  Hiuminaiion  of  A'B^Ciy' 


So  that,  as  before,  the  intensity  of  illumination  is  inversely  as  the  square 
of  the  distance  ;  and  in  this  case  we  may  take  the  area  abcd  as  small  as 
wc  please,  so  that  the  law  applies  to  the  light  emitted  from  a  source  in 
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any  given  direction,  whether  the  illuminating  power  is  the  same  in  all 
directions  or  not. 

S60.  Unit  of  Illumlnatlngr  Power.— We  have  hitherto  spoken  of 
the  quantity  of  lii,'hi  eniiiieil  by  a  source  or  received  by  a  screen,  but 
have  not  said  anything  as  to  what  measure  of  this  quantity  is  used-  As 
we  have  no  means  of  measuring  this  quantity  absolutely,  we  have  to 
adopt  some  standard  source  of  light,  and  say  that  its  illuminating  power 
is  unity.  The  standard  ordinarily  in  usl*  in  this  countr>*,  although  a  most 
unsaiisfacior)'  and  variable  one,  is  tlie  illuminating  power  of  a  *' standard 
candle."  The  standard  candle  is  a  sperm  candle,  of  which  six  weigh  a 
pound,  vvhiih  burns  \ZQ  grains  (7.776  yrams)ofwax  in  the  hour.  The 
candle  power  of  any  source  is  then  the  number  of  standard  candles  which 
would  have  the  same  illuminating  power  as  the  given  source.  Other 
standards  of  illuminating  power  are  the  Carcel  and  the  Hefner- Alteneck 
lamp.  The  Carcel  is  a  lamp  burning  colza  oil  at  a  fixed  rate,  and  the 
HefnCr-Altencck  a  lamp  burning  amyl-acetate,  the  height  of  the  flame 
being  adjusted  to  a  fixed  value.  Of  these  the  latter  is  much  more  con- 
stant than  either  the  Carcel  or  the  standard  candle.  V'iolle  has  proposed 
It)  use,  as  a  standard,  the  light  emitted  normally  by  a  square  centimetre 
of  platinum  at  the  temperature  of  its  meltingpoini,  but  this  can  hardly 
l>e  descriln'rl  i\s  a  [practicable  standard  for  general  use. 

861.  Photometry.— Although  the  eye  is  only  capable  of  very  roughly 
estimating  the  relative  intensity  of  the  illumination  of  two  surfaces,  yet 
it  is  capable  of  telling  with  considerable  accuracy  when  two  adjacent  sur- 
faces are  illuminated  with  equal  intensity.  Hence,  to  compare  the  illumi- 
nating powers  of  two  sources,  they  are  so  arranged  that  two  adjacent 
patches  on  a  screen,  each  patch  being  illuminated  by  only  one  of  the 
sources,  appear  illuminated  with  the  same  intensity.  Now  if  /,  and  /j 
are  the  illuminanng  powers  of  the  sources,  and  d^^d^  the  distances  between 
each  source  and  the  patch  of  the  screen  which  it  iliutninatcs  when  the 
intensity  of  illumination  of  the  two  patches  is  the  same,  we  have  that  the 
intensity  of  the  illumination  due  to  one  source  at  its  patch  is  f\d^^  and 
that  due  to  the  other  at  its  patch  is  /^V/j*.  Hence,  since  these  intensities 
are  equal,  we  have 

^-4  — 

/.* 


or 


'f: 


or  the  illuminating  powers  of  the  two  sources  are  direcdy  as  the  square 
of  the  distances  at  which  they  respectively  produce  equal  intensities  of 
illumination. 

There  arc  a  number  of  arrangements  in  use  for  obtaining  the  two 
patches,  illuminated  each  by  a  separate  source,  in  such  relative  positions 
that  any  difference  in  their  intensities  of  illumination  may  most  easily  be 
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detected  by  the  eye.  One  of  the  ^ww^^sx  photometers^  as  the  instruments 
used  for  comparing  the  illuminating  powers  of  two  lights  are  called,  is 
that  due  to  Rumford. 

A  Rumford's  photometer  consists  of  an  upright  screen  AB  (Fig.  331), 
which  is  covered  with  white  unglazed  paper— white  blntting-paper  does 
very  well — and  in  front  of  which  an  upright  opaque  rod  R  about  an  inch 
in  diameter  is  placed.  There  are  two  scales,  M  and  N,  inclined  at  ihe 
same  angle  to  the  screen,  along  which  the  two  sources^  P  and  Q,  can  be 
moved-  If  the  source  P  only  were  present,  the  rod  R  would  cast  a  shadow 
//on  the  screen,  while  if  the  li^jht  Q  only  were  present,  the  shadow  of  the 
rod  would  be  at  af.  Hence  when  both  lights  are  present,  while  the  parts 
hit  and  //u  of  the  screen  are  illuminated  by  the  two  sources,  the  part  yi/, 
which  receives  no  light  from  P  owing  to  the  interposition  of  the  opaque 
rod,  is  only  illuminated  by  Q,  and  ihe  part  af\^  only  illuminated  by  P, 
If,  then,  the  distances  of  the  lights  from  the  screen  arc  adjusted  till  the 
Iwo  patches  //  and  af  are  equally  illuminated,  we  shall  have  that  the 


Fig.  331. 


source  P  produces,  at  the  distance  of  p  from  af  the  same  intensity  of 
illumination  as  the  source  y  produces  at  the  distance  of  Q  from  fJ. 
Hence  if //|  is  the  distance  of  v  from  the  part  of  the  screen  which  it  only 
illuminates,  namely  af  and  d^  is  the  distance  of  g  from  the  part  of  the 
screen  it  only  itluminates,  namely///,  we  get,  if/,  and  A  are  the  illumi- 
nating powers  of  p  and  Q  respectively,  that 

The  distance  of  the  rod  R  from  the  screen  is  adjusted  so  that  the 
shadows  of  the  rod  cast  by  the  two  lights  just  touch  one  another,  as  it 
is  found  that  the  eye  can  best  judge  when  they  are  equally  illuminated 
under  these  circumstances. 

Another  form  of  photometer  which  is  frequently  used  is  Bunsen's 
grease-spot  photometer.  This  photometer  consists  of  a  small  sAeen 
which  has  a  central  spot  of  grease,  or  in  some  other  way  is  construcled 
so  that  the  central  portion  is  more  translucent  than  the  surrounding 
parts.  If  such  a  screen  is  held  between  the  eye  and  a  source  of  light, 
more  of  the  light  passes  through  the  grease-spot  than  through  the  sur- 
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rounding  more  opaque  parts  of  the  screen,  so  that  the  spot  appears 
brighter  than  the  surrounding  paper.  If,  however,  the  screen  is  held 
against  a  dark  background  and  illuminated  from  the  front,  the  grease- 
spot  will  appear  dark,  for  more  of  the  light  which  is  incident  on  the 
screen  is  transmitted  through  the  spot  than  through  the  rest  of  the 
screen,  and  hence  lass  is  reflected  or  ditTused  so  as  to  reach  the  eye  by 
the  spot  than  by  the  surrounding  parts.  If  the  screen  is  equally  illumi- 
nated on  both  sides,  then  the  spot  diffuses  less  of  the  light  received  from 
the  one  source  than  the  surrounding  parts,  but  it  transmits  more  of  the 
light  from  the  other  source,  so  that  these  two  eflecis  just  neutralise  one 
another,  and  the  spot  appears  of  the  same  brightness  as  the  surrounding 
paper. 

The  screen  with  the  grease-spot  is  placed  between  the  two  sources 
whose  intensities  have  to  be  compared,  and  moved  about  till  the  grease- 
sjjot  can  no  longer  l>e  distinguished  from  the  rest  of  the  screen.  If, 
when  this  adjustment  has  been  made,  the  distances  of  the  two  sources 
from  the  screen  arc  d^  and  (/j,  we  have,  as  before, 

A  < 

tn  using  Bunsen's  photometer,  it  is  of  assistance  if  both  sides  of  the 
screen  can  be  seen  simultaneously.  The  usual  arrangement  employed 
to  secure  this  end  is  a  system  of  two  mirrors  inclined  at  45*  to  the  screen. 

With  this  arrangement  one  side  of 
the  screen  is  seen  with  one  eye 
and  the  other  with  the  other,  so  that 
if,  as  is  generally  found  to  be  the 
case,  one  eye  is  more  sensitive  than 
the  other,  a  wrong  setting  may  be 
made.  This  source  of  error  is  re- 
moved in  the  Lummer- Brodhun 
photometer,  which  consists  of  an 
opaque  screen  AB  (Fig.  332),  each 
side  being  illuminated  by  one  of  the 
sources  which  arc  to  be  compared. 
The  two  sides  of  the  screen  are 
viewed  by  means  of  two  plane  mir- 
rors, M,  and  Mj,  and  a  double  glass 
prism,  CO.  This  prism  consists  of  two 
right-angled  prisms,  the  longest  face 
of  one  being  partly  bevelled  away, 
fastened  together  with  Canada  bal- 
sam. Owing  to  total  internal  reflection  (^  344),  the  central  rays  reaching 
an  eye  at  E  come  from  ihf  IcU-hand  face  of  the  screen,  and  the  sur- 
rounding rays  come  from  the  right-hand  side,  as  is  shown  in  the  figure. 
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Hence  the  observer  moves  the  photometer  till  the  central  patch  L  and 
circumferential  parts  R  appear  of  the  same  brightness,  when  the  intensity 
of  the  illumination  on  the  two  sides  of  the  screen  is  the  same ;  the  relative 
powers  of  the  two  sources  is  then  as  the  square  of  their  distances  from 
the  screen. 

The  relative  illuminating  powers  of  two  sources  is  only  strictly  com- 
parable when  the  colour  of  the  light  emitted  is  the  same  for  both.  If  the 
colours  difTer,  we  can  only  compare  their  illuminating  power  for  the  lights 
of  different  wave-length  which  are  included  in  the  light  given  by  both 
sources.  In  order  to  perform  this  comparison,  a  spectrum  (§  367)  is 
formed  with  the  light  from  each  source,  and  the  intensities  of  the  dif- 
ferent portions  of  the  spectra  which  are  common  to  both  are  compared, 
A  rough  comparison  can  be  made  by  comparing  the  powers  of  the  two 
sources,  when  a  red,  a  yellow,  and  a  blue-coloured  glass  is  placed  in  turn 
between  each  source  and  the  photometer  screen.  The  three  values  for 
the  relative  illuminating  powers  thus  obtained  will  give  an  idea  as  to  the 
relative  composition  of  the  light  given  by  the  two  sources. 


CHAPTER   V 


VELOCITY    OP    LIGHT 

362.  Finite  Velocity  of  Llffht— R6mer.— An  entirely  new  era"* 
ihe  histor)'  of  the  science  of  light  was  introduced  by  the  Danish 
astronomer  Romer  in  1676,  when  he  not  only  showed  that  light  did 
not  travel  instantaneously,  as  had  been  previously  supposed,  but  also 
measured  the  velocity  with  which  light  travels  through  interplanetary 
space. 

The  planet  Jupiter  has  four  moons,  and  as  these  revolve  round  the 
planet  they  disappear  once  in  each  revolution,  for  when  they  pass  into 
the  shadow  of  the  planet  cast  by  the  sun  ihcy  become  invisible,  and  arc 
said  to  be  eclipsed,  for  we  only  see  the  planets  and  their  satellites  by  the 
light  of  the  sun  which  they  reflect. 

If  any  one  of  Jupiter*s  moons  revolves  round  the  planet  with  a 
uniform  angular  velocity,  as  is  the  case  with  our  moon,  then  the  time 
which  elapses  between  one  passage  of  the  moon  into  the  shadow  and 
the  next  ought  to  be  constant,  since  it  would  be  equal  to  the  periodic 

timeof  Ihe  moon's  revolution  round 
the  planet-  However,  if  the  limes 
Ijeiween  successive  eclipses  of  the 
planet  are  noted,  as  seen  from  the 
earth,  it  is  found  that  they  are  not 
all  equal. 

Romer  accounted  for  this  phe- 
nomenon by  supposing  that  light 
took  an  appreciable  time  to  travel 
from  Jupiter  to  the  earth.  Let  S 
(Fig.  333)  be  the  sun,  K  the  earth, 
and  J  Jupiter;  and  suppose  that 
when  an  eclipse  of  one  of  the  moons 
occurs  these  three  are  in  tlie  rela- 
tive positions  shown,  the  earth 
being  at  its  nearest  point  to  Jupiter. 
When  the  next  eclipse  occurs,  the 
earth  will  have  moved  round  in  its 
orbit  to  some  such  position  as  F.i,  while  Jupiter  will  have  only  moved 
a  short  distance  round  in  its  orbit.  Kence  the  distance  between  the 
earth   .md   Jupiter   is   now   greater  than   before.       If   V  is   th 
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with  which  light  travels,  then  the  observed  time  al  which  the  eclipse 
occurs  when  the  earth  is  at  E  will  be  at  a  time  Ej//',  i.e.  the  time 
taken  by  the  light  to  traverse  the  space  KJ,  after  the  actual  eclipse. 
When  the  earth  is  at  K„  the  obser\'cd  time  will  be  t,j/K  later  than  the 
actual  time.  Hence,  if  B  is  the  actual  time  between  two  successive 
eclipses,  the  observed  inler\*al  is  ^+ Ejj/f'^-EJ/K,  and  since  E,J  is  greater 
than  KJ,  the  observed  interval  will  be  greater  than  the  true  interval  ;  since, 
however,  we  cannot  observe  the  true  interval  ^,  the  quantity  K cannot  be 
calculated  from  the  ob5er\ation  of  a  single  interval  in  this  way. 

At  each  successive  eclipse  the  earth  will  be  further  and  further  away 
from  Jupiter,  till  finally  they  come  into  the  positions  J«,  E«,  when  they 
are  at  their  maximum  distance  apart.  After  this,  at  each  successive 
eclipse  the  distance  uill  diminish,  and  hence  the  observed  interval  be 
less  than  the  true  inter\al. 

Suppose  that  n  eclipses  occur  between  that  which  occurs  when  Jupiter 
and  the  earth  are  nearest  together  (at  conjunction),  and  that  which 
occurs  when  they  arc  at  their  greatest  distance  (opposition),  the  actual 
inter\-al  between  the  first  and  last  of  these  eclipses  is  nd.  The  obser\'ed 
interval  is  nB  -^YmlnlV -  KJ/J",  or  \i  d\%  the  diameter  of  the  earth's  orbit, 
so  that  E*fj»(-EJ  -dy  the  observed  tntcr\'al  7",  is  fiB-k-djK 

The  actual  inter\'al  between  the  eclipse  when  the  earth  is  at  opposi- 
tion and  the  one  when  it  is  again  at  conjunction  will  also  be  rtB.  The 
obser\'ed  inter\'al,  7'j,  since  at  the  end  of  the  series  the  earth  is  nearer 
Jupiter  than  at  the  commencement  by  a  distance  </,  will  be  nB  —  djW 
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Hence  if  wc  know  the  diameter,  d^  of  the  earth's  orbit,  we  can  calculate 
the  velocity  of  light,  V\  from  the  difference  between  the  interval  T, 
which  elapses  between  an  eclipse  at  conjunction  and  the  eclipse  at  the 
next  opposition,  and  the  inter\'al  T^  between  this  eclipse  at  opposition 
and  the  one  which  occurs  at  the  next  conjunction. 

The  moon  chosen  was  the  innermost,  which  makes  a  revolution  in 
about  \\  days,  and  it  was  found  that,  starting  at  conjunction,  the  interval 
between  the  first  eclipse  of  this  planet  and  the  1  I3ih  (when  the  earth  and 
Jupiter  came  into  opposition)  exceeded  the  interval  between  the  Ii3lh 
and  the  225th  (when  the  earth  and  Jupiter  were  again  in  conjunction)  by 
33.2  minutes,  and  hence  7*,-  7^^  =  33-2  minutes.     If  V/,  or  the  diameter  of 
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the  earth's  orbit,  is  taken  as  195,600,000  milcs^  or  298,600,000  kilometres, 
this  gives  186,300  miles  per  second,  or  299,800  kilometres  per  second 
as  the  velocity  of  light. 

363.  Fizeau's  Method  of  Measupingr  the  Velocity  of  Light.— 
The  accuracy  of  the  determination  of  the  velocity  of  li^-hi  by  Homer's 
method  is  limited  by  the  accuracy  with  which  we  know  the  diameter  of 
the  earth's  orbit,  hence  it  is  important  to  determine  the  velocity  of  light 
between  two  terrestrial  points,  the  distance  between  which  can  be  directly 
measured.  The  first  to  perform  this  experiment  was  Fizeau,  who  in 
1849  measured  the  velocity  of  light  by  using  a  method  dejwnding  on 
the  eclipsing  of  a  source  of  light  by  the  teeth  of  a  rapidly  rotating  wheel, 
the  principle  of  the  experiment  resembling  Komer's  method. 

A  bright  source  of  light  was  placed  at  L  (Fig.  334),  and  after  passing 
through  a  lens  A,  a  certain  proportion  of  the  rays  of  light  was  reflected 
from  the  surface  of  an  unsilvered  plate  of  glass,  G,  placed  at  an  angle 
of  45".     The  reflected  rays  came  to  a  focxis  at  F,  this  point  being  the 


F»G,  334, 

principal  focus  of  a  second  lens  b.  Thus  the  light  left  B  in  a  parallel 
beam,  which,  after  traversing  a  distance  of  about  four  miles,  fell  on  a 
lens  C,  and  was  brought  to  a  focus  at  the  surface  of  a  spherical  mirror  D. 
The  curvature  of  this  mirror  is  such  that  the  lens  C  is  at  its  centre  of 
cur\'ature,  and  hence  the  rays  are  reflected  back  along  their  path,  so  ihat 
on  emerging  from  the  lens  c  they  again  form  a  parallel  beam.  This 
reflectctl  beam  falls  on  the  lens  R,  is  brought  to  a  focus  at  F,  and  then 
falls  on  the  plate  of  glass  G,  where  some  of  the  rays  will  be  reflected, 
and  some  will  be  transmitted  and  enter  the  eye  piece  E,  so  that  a  bright 
star  will  be  seen  by  the  observer,  formed  by  light  which  has  tmvelled  to 
D  and  back  again.  A  toothed  wheel,  h,  which  can  be  rapidly  rotated 
round  an  axle,  I,  is  so  arranged  that  when  a  tooth  passes  F  the  light  is 
intercepted,  but  when  a  space  passe?  f  the  light  is  allowed  to  pass. 

If  the  wheel  is  slowly  rotated,  an  obsen-er  at  E  will  see  a  bright  star 
when  a  space  passes  F,  while  when  a  tooth  passes  there  will  be  dark- 
ness, so  that  as  the  wheel  rotates  the  star  alternately  appears  and  dis- 
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appears  ;  but  if  ihe  speed  is  such  that  more  than  twenty  teeth  pass  per 
second,  o\vin>[  to  the  persistence  of  vision.  ci  permaneni  star  will  be  seen. 

If  light  took  no  tin-vc  to  travel  from  /'  to  D  and  back  again,  then  all 
the  light  that  passed  through  any  space  would  be  able  lo  pass  back 
again  through  the  same  space,  since  by  supposition  the  light  takes  no 
time  to  travel  from  /•*  to  D  and  back,  and  hence  the  wheel  would  not 
have  moved  between  the  starting  of  the  light  and  its  arrival  back  at 
A".  If,  however,  the  light  takes  an  appreciable  time  to  travel,  then,  as 
the  speed  of  the  wheel  is  gradually  increased,  it  will  eventually  rotate 
so  fast  that  by  the  lime  the  return  light  reaches  /*'  the  wheel  will  have 
turned  so  that  a  tooth  will  have  moved  round,  and  will  occupy  part  of 
the  space  which  was  occupied  by  a  space  when  the  light  started,  so 
that  part  of  the  return  light  will  be  cut  off  by  the  tooth,  and  hence  the 
star  seen  at  E  will  be  of  decreased  brightness.  As  the  speed  is  further 
increased,  more  and  more  of  the  return  light  will  be  intercepted  by  the 
succeeding  tooth,  till  finally  all  the  light  which  gets  through  a  space  is, 
on  its  return,  intercepted  by  the  succeeding  tooth,  and  no  star  is  seen. 
If  the  speed  is  yet  further  increased,  the  returning  hght  will  begin  to  get 
through  the  space  next  after  the  one  through  which  it  passed  on  its 
way  out,  and  a  bright  star  will  again  be  seen.  Hence,  as  the  speed  is 
increased,  the  star  alternately  appears  and  vanishes. 

If  the  wheel  contains  d  teeth,  then  the  angle  ACB-(Fig.  335)  sub- 
tended  by   the   interval   between    two    consecutive  _ 
teeth  or  spaces  at  the  centre  will  be  360'///  or  sttW           ^  rrrD 
in  circular  measure.     Hence  half  this  angle,  or  ttV,     \\^J    '"?^^ 
is  the  angle  through  which  the  wheel  has  to  turn  so             I         /       ^ 
that  a  tooth  may  exactty  occupy  the  position  previ- 
ously occupied  by  a  space. 

If  the  wheel  makes  n  revolutions  per  second 
when  the  first  eclipse  occurs,  the  angle  swept  out 
by  any  radius  AC  in  one  second  will  be  zt^n.  Hence 
the  time  taken  to  turn  through  the  angle  irld  will  be 

— /27r/r,  or  ijziift.      If  /  is  the  distance  between  F 

and  Z>,  the  distance  passed  over  by  the  light  while 
the  wheel  has  turned  through  an  angle  ar/r/  is  2/.     Hence  the  light  has  tra- 
velled a  distance  2/  in  a  time  i/o/Zm,  or  the  velocity  of  light  Kis  given  b>' 
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In  one  of  the  experiments,  /  was  equal  to  8633  metres,  the  wheel  had 
720  teeth,  and  when  the  star  was  first  eclipsed  it  made  12.6  revolutions 
per  second,  so  that 

K=4X  8633x720  X  12.6  =  313274304  metres  per  second. 
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More  recent  experiments  made  by  Comu,  using  this  method,  gave 
3C»,4oo  kilometres  per  j^ccontl,  ur  1 86,662  miles  per  second,  as  the  velocity 
of  liKlii. 

864.  Foueault's  Method  of  Measuring  the  Velocity  of  Lights— 
In  the  year  1850,  Foucault  succeeded  in  measuring  the  lime  light  took 
to  travel  over  a  distance  of  about  twenty  metres.  His  method  consists 
in  causing  a  beam  of  sunlight  to  fall  on  a  slit  S  (Fig.  336),  by  means  of 
a  heliostat.  The  light  transmitted  by  s  passes  through  an  unsilvered 
glass  plate  u,  falls  on  a  convex  lens  A,  and  then  on  a  plane  mirror  B, 
which  can  be  rapidly  rotated  round  an  axis  perpendicular  to  the  plane 
of  the  figure.  For  one  position  of  the  mirror  B,  the  reflected  light  falls 
upon  a  second  mirror  C.  This  latter  is  a  concave  mirror,  the  radius 
of  cun'aturc  being  equal  to  BC.     Hence,  if  the  mirror  U  is  at  rest,  the 


b 


Fig.  336. 

light  reflected  at  C  will  retrace  its  path,  being  partly  reflected  at  G,  so 
as  10  form  an  image  of  the  slit  s  at  D,  this  image  being  observed 
ihroiigh  an  eye-piece  E.  If  the  mirror  B  is  rotated,  the  light  is  only 
reflected  back  from  c  once  in  each  revolution,  if  the  mirror  is  only 
silvered  on  one  side.  If,  further,  during  the  time  taken  for  the  light  to 
travel  from  li  to  C  and  back  to  B,  the  mirror  has  appreciably  turned,  the 
return  rays  will  be  reflected  by  B  in  a  sliyhtly  difterent  direction  to  that 
which  they  wouI<l  have  taken  had  the  mirror  been  at  rest,  and  the  image 
D  will  he  displaced  to  n\  the  amount  of  the  displacement  being  read  off  on 
a  scale  placed  at  D.  In  order  to  count  the  speed  of  rotation  of  the  mirror 
B,  which  was  driven  by  a  small  steam-turbine,  Foucault  placed  a  toothed 
wheel  so  that  the  teeth  were  illuminated  by  the  intermittent  beam  of 
light  reflected  from  the  rotating  mirror.  If  the  wheel  was  rotating  at 
such  a  speed  that  during  the  interval  between  two  Hashes  one  tooth  had 
just  moved  into  the  position  occupied  at  the  previous  flash  by  the  pre- 
ceding tooth,  then  the  wheel  would  appear  to  be  at  rest.  When  this  is 
the  case,  the  time  taken  by  the  mirror  to  make  one  revolution  is  equal  to 
the  time  taken  by  the  wheel  to  turn  through  the  angle  ace  (Fig.  335X 
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that  is,  ijdfty  where  d  is  the  number  of  leeth  in  the  wheel,  and  n  the 
number  of  revolutions  it  makes  in  a  second.  Hence  the  number  W  of 
revolutions  made  by  the  mirror  in  one  second  is  dfi. 

In  order  to  calculate  the  velociiy  of  light,  we  require  to  determine 
throujfh  what  angle  the  mirror  B  must  turn  to  shift  the  image  formed  at 
the  eye-piece  from  I»  to  iV.  Since  an  image  of  the  slit  s  is  produced  at 
C,  we  may  if  we  please  look  upon  the  problem  as  to  determine  through 
what  angle  a  must  B  turn  so  that  the  image  of  c  formed  by  the  mirror 
and  the  lens  A  may  shift  from  D  to  i/.  Let  the  two  positions  of  the 
mirror  B  be  indicated  by  the  full  and  dotted  lines.  Then  for  each  posi- 
tion of  the  mirror  H  there  will  be  an  image  of  C  formed  in  lu  Let  r/and 
ii'  be  these  images  ;  then,  as  shown  in  S  331,  d  zn<\  d'  lie  on  the  circum- 
ference of  a  circle  having  its  centre  on  the  axis  al>t>ut  which  the  mirror 
turns,  and  passing  through  C.  Further,  the  arc  intercepted  between  d 
and  */'  subtends  an  angle  2a  at  the  centre  of  this  circle.  If,  therefore,  the 
distance  KC  is  called  /,  we  have  dd'=^2af.  Now  as  far  as  the  lens  A  is 
concerned,  instead  of  taking  c  as  the  object  and  considering  the  two 
positions  of  the  mirror,  we  may  suppose  the  mirror  B  removed  and  take 

the  two  images  d  and  d*  as  the  objects.     Then  — =  Using 

dd'    ag+gd 

the  letters  a^hyClo  represent  the  distances  DO',  BA,  ag-I-gd  resi>cciively, 

we  have  

dd'ajl^h) 


2/ 


2lc 


Since  the  mirror  makes  N  rotations  per  second,  the  lime  it  takes  to 
turn  through  an  angle  a  is  a/2irA'',  and  in  this  time  the  light  has  travelled 
from  B  to  C  and  back,  tliat  is,  a  distance  2/.  Hence  the  velocity,  l\  of 
light  is  given  by 


V-^ 


4nA7_  ^nNflc 


Using  this  method,  Michelson  has  obtained  299,853  kilometres  per  second 
as  the  velocity  nf  light,  with  a  possible  error  of  ±  Ao  kilometres- 

365.  Aberration, —A  calculation  of  the  velocity  of  light  was  made 
in  1727  by  Bradley  from  the  apparent  changes  which  take  place  in  the 
observed  positions  of  the  fixed  stars.  The  simplest  method  of  explaining 
the  principle  of  this  method  of  calculating  the  velocity  of  light  is  to 
consider  an  analogous  case.  Suppose  that  a  shot  is  fired  from  a  cannon 
c  (Fig.  337)  against  a  ship  ab,  which  is  moving  rapidly  at  right  angles 
to  the  direction  of  the  trajectory  of  the  shot.  If  the  shot  enters  the  ship 
at  the  point  D,  it  will  not  leave  the  ship  at  the  point  E,  for  while  the 
shot  is  travelling  across  the  ship  this  latter  will  have  moved  forward,  so 
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that  some  such  point  as  F  will  now  be  in  the  line  CD  of  the  trajectory, 
and  hence  the  shot  will  leave  the  ship  at  F.     Now,  as  far  as  the  track  of 

the  shot  left  in  the  ship  is  concerned,  it 
appears  to  have  come  from  the  point  C',  or 
the  cannon  is  apparently  displaced  in  the 
direction  in  which  the  ship  is  travelling. 

Now  consider  the  ship  to  be  replaced 
by  the  earth  moving  in  its  orbit  round  the 
sun,  and  the  shot  to  be  replaced  by  a  light- 
wave reaching  the  earth  from  a  star,  the 
line  joining  the  earih  and  star  being  at 
right  angles  to  the  direction  of  motion  of 
the  earth.     If  the  earth  were  at  rest,  and 
a  telescope  D  (Fig.  338)  were  pointed  at 
the  star,  the  axis  of  the   telescope  pro- 
longed  would   pass  through   the  star  C. 
When  the  earth  is  moving,  however,  the 
telescope  is  appreciably  moved  forward 
in  the  earth's  orbit  in  the  time  between  the  light-waves  reaching  the 
objective  r>  and  the  eye-piece  ;  and  hence,  if  the  axis  of  the  telescope 
is  still  directed  so  as  to  pass  through  the  star,  the  waves  of 
light  will  be  left  behind  and  form  an  image  of  the  star  at  F  to 
one  side  of  the  cross  wires.     Just  as  in  the  case  of  the  boat, 
the  shot,  which  if  tlie  boat  were  at  rest  would  have  reached 
the  point  K,  bits  the  point  F.     Thus  in  order  to  bring  the 
image  of  the  star  on  to  the  cross  wires,  the  axis  of  the  telescope 
must  be  pointed  along  FC',     Now  in  the  lime  the  light  has 
taken  to  travel  from  n  to  F  the  earth  has  moved  through  the 
distance  FE.      Hence  if  the  angle  CDc',  which  is  called  the 
aberration  constant,  is  a,  and  Tand  v  are  the  velocity  of  light 
and  of  the  earth  respectively,  we  have — 

r/K— Ian  o, 
or  t'=7//tan  a. 


>^^       Hence  if  v  and  a  arc  known,  F,  that  is,  the  velocity  of  light, 
~-^'       can  be  calculated. 

The  above  explanation  of  the  phenomenon  of  aberration  b 
that  commonly  accepted  ;  it  is,  however,  by  no  means  satis- 
Thus  the  quantity  /'is  the  velocity  of  light  in  the  medium, 
filling  the  telescope  tube,  so  that  if  the  tube  is  filled  with  water,  in  which 
the  velocity  of  light  is  less  than  in  air,  we  should  expect  the  aberration 
constant  a  to  increase.  No  such  effect  is,  however,  observed.  The  dis- 
cussion of  the  various  theories  which  have  been  propounded  to  explain 
this  discrepancy  would  lead  us  beyond  the  scope  of  this  book,  and  so 


Fig.  338. 
facior>'. 


§366] 


Tkt  Emission  Theory 


519 


we  must  content  ourselves  with  having  drawn  attention  to  the  existence 
of  the  difficulty. 

366.  Theories  as  to  the  Nature  of  Ligrht,-\Ve  have  hitherto 
assumed  that  light  consists  of  a  wave-motion  of  some  kind,  and  we  now 
have  to  consider  the  evidence  on  which  this  assumption  is  foundcd- 

There  have  been  two  principal  theories  of  light.  In  one  of  these, 
which  was  adopted  by  Newton,  and  is  called  the  emission  theory^  a 
luminous  body  is  supposed  to  be  emitting  small  particles,  called  light- 
corpuscles,  which  travel  out  in  all  directions  in  straight  paths,  and  all 
with  the  same  velocity.  These  light-corpuscles  were  supposed  to  cause 
the  sensation  of  light  by  their  impact  on  the  retina.  Since  light  can 
traverse  liot  only  empty  space,  but  also  some  forms  of  matter,  these 
corpuscles  must  be  able  to  travel  through  space,  and  also  through 
matter,  which  they  were  supposed  to  do  by  passing  between  the 
molecules.  On  this  theory  the  rectilinear  propagation  of  light  and  the 
formation  of  shadows  at  once  followed. 

In  order  to  explain  the  law  of  refraction  on  the  emission  theory,  it 
was  assumed  that  when  a  corpuscle  came  near  the  surface  of  separation 
between  two  media,  it  was  attracted  by  the  denser  medium. 

Thus  let  AB  (Fig.  339)  represent  the  line  of  demarcation  between  two 
media,  say  air  and  water,  and  10  the  path 
ofan  incident  corpuscle.  \ii\  is  the  velocity 
with  which  the  corpuscle   travels   in   air, 
then  we  may  resolve  this  velocity  into  two 

components,  one,  IN,  parallel  to  the  surface 
of  separation  of  the  media,  and  the  other, 


IM,  perpendicular  to  this  surface-  If  the 
water  particles  exert  an  attraction  on  the 
lighl-corijuscle  when  it  gets  near  the  sur- 
face of  separation,  this  force  must  act 
normally  to  the  surface,  i.e.  along  ON'. 
Hence,  while  the  vertical  component  of 
the  velocity  of  the  corpuscle  is  increased, 
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the  horizontal  component,  in,  will  remain 

unchanged.     If  then  we  take  om'  equal  to  OM,  and  ON*  equal  to  the 

increased  vertical  component,  and  complete  the  parallelogram,  f»R  will 
represent  the  velocity  of  the  corpuscle  in  the  water,  and  its  path,  that  of 
the  refracted  ray,  will  be  along  OR.     From  Snell's  law  we  have- 


«/iw  — 


sing  _/^V.A"/g    V^<^ 
sin  fi~Td'lw     To' 


Since 


IN=MO^OM'=N'IL 


I 


S20 

But  10  represents  the  velocity  of  the  corpuscle  in  air,  while  RO  represents 
its  velocity  in  water.     Hence 

Vtlocity  in  water  

Velocity  in  air   """'*«"' 

and  since  the  refractive  index  from  air  to  water  is  greater  than  unity,  it 
follows  that,  according  to  the  emission  theory,  the  velocity  of  light  must 
be  greater  in  water  than  in  air. 

In  the  second  theor>',  called  the  undulator>-  or  wave  theory  of  light,  a 
luminous  body  is  supposed  to  set  up  vibrations  in  an  all-pervading  cihcr, 
and  these  vibrations  are  supposed  to  travel  through  the  ether,  and  when 
they  enter  the  eye  excite  the  sense  of  vision.  During  the  passage  of  the 
light  from  the  source  to  the  eye,  the  energj'  emitted  by  the  source,  and 
which  we  recognise  when  it  is  given  up  to  the  retina  as  light,  must  be 
stored  up  in  the  ether. 

On  the  older  undulator>'  lheor>',  it  was  supposed  that  light-waves 
consisted  of  a  transverse  vibratory  movement  of  the  ether  itself,  but  a 
difficulty  was  introduced  by  the  fact  that,  if  we  suppose  that  the  motion  is 
propagated  by  the  successive  parts  of  the  ether  setting  each  other  in 
motion  by  mutually  attracting  forces,  these  forces  would  be  inclined  to 
the  direction  in  which  the  wave  was  travelling,  and  hence  they  would 
have  a  component  in  the  direction  of  the  wave  normal,  and  this  component 
would  lend  to  set  up  longitudinal  waves,  in  addition  to  the  transverse 
waves  which  are  required  to  explain  optical  phenomena.  We  have  no 
evidence,  however*  of  the  existence  of  such  longitudinal  waves  in  the 
ether.  In  the  later  form  of  the  undulatory  theor\',  called  the  electro- 
magnetic theory  of  light,  the  supposition  is  made  that  the  vibrations 
consist  not  in  the  change  in  position  of  the  ether  particles,  but  in  a 
periodic  alteration  in  the  electrical  and  magnetic  condition  of  the  ether 
during  the  passage  of  the  light.  This  supposition  does  not  lead  to  the 
same  difficulty  as  to  the  formation  of  longitudinal  waves  as  does  the  older 
theory,  and  hence  possesses  a  marked  advantage. 

Since  both  forms  of  the  theory  suppose  the  existence  of  a  transverse 
vibration  set  up  in  the  medium,  and  only  differ  as  to  the  nature  of  the 
entity  the  displacement  of  which  constitutes  the  vibration,  the  explana- 
tions which  we  shall  make  in  the  succeeding  sections,  since  they  do  not 
involve  the  nature  of  the  waves,  will  apply  to  either  form  of  the  theory. 
We  shall  also  sometimes  talk  of  the  displacement  of  an  cxher partic/e 
during  the  vibration,  but  this  must  be  taken  as  a  short  and  convenient 
method  of  stating  the  displacement  of  the  electric  and  magnetic  condi- 
tion of  the  ether  at  the  point  under  consideration. 

We  now  pass  on  to  consider  what  assumptions  as  to  the  relative 
velocity  of  light  in  air  and  in  water  have  to  be  made  on  the  undulatory 
theory  to  account  for  the  refraction  of  light  when  it  passes  from  air  to 


4 


J 


1366] 


Velocity  of  Light  in   U^ater 


521 


water.  Let  AB  (Fig.  340)  be  the  line  of  separation  between  air  and 
water.  Let  PP'  represent  a  wave-front  in  ihe  air,  then  if^'a  >s  the  velocity  of 
light  in  air,  the  time  taken 
for  the  point  p'  on  the  wave- 
front  to  reach  the  second 
medium  will  be  P'o/t'a- 
During  this  time  the  point 
p  on  the  wave  -  front  will 
have  travelled  into  the 
water,  and  if  z'w  is  the 
velocity  in  water,  it  will 
have  travelled   a   distance 

—  X  Via:    I  f  then,  with  ccn- 
Vm 

trc  P  and  radius  equal  to  this 

distance,  we  describe  a  circle,  and  then  from  o  draw  a  tangent  or,  or  will 

represent  the  wave-front  in  water  at  the  instant  when  the  point  p'  on  the 

wave-front  PP'  reaches  o  (see  §  273).     If  ON  and  PN'  are  normals  to 

AB,  we  have 


Fig.  .^4a 


sin  NOP' 


sin  A'PJ^ 

Now  in  the  triangle  pp'o  the  angle  at  P'  is  a  right  angle,  hence  the  two 
angles  p'PO  and  p'op  are  together  equal  to  a  right  angle.  But  the  angles 
P'ON  and  p'op  are  also  together  equal  to  a  right  angle.  Hence  the 
angle  p'on  is  equal  to  the  angle  p'po.  In  the  same  way,  the  angle  N'PR 
is  equal  to  the  angle  POR.     So  that 


sfhv  = 


sin  NOf 
sin  N'PJ^' 


sin  P'PO ^FO 
sin  POR^^q" 


PR_ 

To' 


pr' 


Or  the  velocity  of  light  in  air  is  to  thai  in  water  in  the  ratio  of  the 
refractive  index  from  air  to  water.  It  will  thus  be  seen  that  according 
to  the  undulalory  theory  light  travels  slower  in  water  than  in  air,  while 
according  to  the  emission  theory  it  travels  more  quickly  in  water.  Thus 
a  measurement  of  the  velocity  of  light  in  air  and  in  water  would  form  a 
crucial  experiment  to  test  the  validity  of  the  rival  theories.  This  crucial 
experiment  was  performed  by  Foucault,  who  placed  a  tube  filled  with 
water  and  closed  by  glass  ends  between  the  frxcd  mirror  c  and  the 
rotating  mirror  B,  and  thus  was  able  to  measure  the  velocity  of  light  in 
water,  and  found  it  to  be  kss  than  in  air.  This  experiment,  although  it 
does  not  in  any  way /r^r  the  truth  of  the  undulatory  theoiy,  yet  sliows 
that  the  emission  theory,  at  any  rate,  cannot  be  true. 
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DISPERSION 

867.  Dispersion,— The  phenomenon  of  refraction  is  not  in  reality  as 
simple  as  \vc  have  hitherto  considered  it  to  be,  for  if  a  narrow  parallel 
pencil  of  \v!iite  li^,'hl»  such  as  sunlight,  is  allowed  to  pass  obliquely  from 
one  medium  to  another,  it  is  found  that  in  the  second  medium  the  while 
light  is  split  up  into  light  of  several  colours,  a  phenomenon  whicli  is 
referred  to  as  Mspcrsion, 

Thus  if  a  beam  of  parallel  rays  of  white  light,  such  as  13  obtained  by 
reflecting-  sunlight  through  a  narrow  slit,  is  introduced  into  a  dark  room 
and  meets  a  screen  DE  at  F,  forming  a  white  patch  of  light,  then  on 
interposing  a  prism  ABC  (Fig.  341)  in  the  path  of  the  beam  with  its  refract- 
ing edge  parallel  to  the  slit,  the  light  wi'l  be  refracted  towards  the  base  of 

the  prism,  but  the  patch  on  the 
A  /^   screen  is  no  longer  the  same 

size  as  before,  nor  is  it  white. 
The  patch  is  drawn  out  in  the 
direction  RV,  in  which  the  light 
is  deviated,  and  exhibits  all  the 
colours  of  the  rainbow.  These 
colours  pass  imperceptibly  the 
one  into  the  next,  but  starting 
with  red   nearest   the  original 


^ 


Fig.  341. 


undeviated  patch  F,  the  colours  pass  through  orange,  yellow,  green,  blue, 
indigo,  to  violet,  which  is  the  most  deviated.  These  colours  constitute 
what  is  called  a  spectrum. 

Thus  white  light  lias  been  split  up  by  the  prism  into  light  of  a  number 
of  different  c<jKjurs,  these  coloured  lights  being  deviated  to  a  different 
amount  by  the  prism,  so  that  the  refractive  index  between  two  media, 
on  which  the  deviation  depends,  is  different  for  light  of  different  colours  ; 
and  since  the  violet  rays  arc  more  deviated  than  the  red,  the  refractive 
index  for  violet  light  is  greater  than  for  red  light. 

That  white  light  is  really  fonncd  by  the  superposition  of  light  of  all 
the  colours  of  the  spectrum  can  be  shown  by  receiving  the  colours  of  the 
Sf>ectrum  on  a  numl>er  of  separate  mirrors,  and  reflecting  the  light  from 
them  to  the  same  point,  when  it  will  be  found  that  white  light  will  be 
reproduced. 

S-n 
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Fig.  34a 


In  the  fonn  of  the  experiment  described  above,  the  different  colours 
overlap  on  the  screen  to  a  certain  extent ;  and  in  order  to  obtain  a  spectrum . 
where  no  o^'erlapping  takes  place,  or  a/w/v  j/<rW/'ww,  as  it  is  called,  we 
may  adopt  the  arrangement  shown  in  Fig.  342.  Light  from  a  source  L, 
such  as  the  electric  arc,  passes  through  a  narrow  slit  in  a  screen  s,  and 
then  falls  on  a  con- 
vex lens  A,  which,  L 
wlicn  the  prism  is  ^  ^ 
not  interposed, 
forms  a  real  image 
of  the  slit  at  s'.  If 
now  the  prism  is 
interposed  at  B,  the 
light  will  be  devi- 
ated towards  the  base  of  ilie  prism,  and  a  s|>ectrum  will  Ije  formed  on  a 
screen  placed  at  1>.  If  we  suppose  that  the  slit  is  illuminated  by  violet 
light  only,  then  an  image  of  the  slit  will  be  produced  at  V,  while  if  red 
light  is  used  the  image  will  be  at  R.  Hence  the  spectrum  VR  is  com- 
posed of  a  series  of  images  of  the  slit  formctl  by  differently  coloured 
light  If  the  slit  is  very  narrow,  one  image  will  overlap  very  little  on  the 
adjacent  images,  and  a  pure  spectrum  will  be  obtained.  As  the  slit  is 
widened  the  images  will  overlap  more  and  more,  till  with  a  ver>'  wide  slit 
we  shall  get  a  while  patch  in  the  centre  of  the  5i>ecirum  where  all  the 
images  overlap,  with  a  red  edge  at  one  end  and  a  violet  edge  at 
the  other. 

Another  method  of  obtaining  a  pure  spectrum  is  shown  in  Fig.  343. 
Parallel  light,  which  may  be  obtained  by  means  of  a  collimator,  being 


FJO.343- 


incident  on  the  prism,  a  lens  1.  is  placed  after  the  prism,  and  this  lens 
brings  the  rays  of  the  diflferent  colours  to  real  foci  between  k  and  v, 
where  a  pure  Spectrum  may  be  received  on  a  screen  or  viewed  with  an 
eye- piece. 


Light 
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This  arrangement  will  also  allow  of  the  recomposition  of  the  different 
colours  of  the  spectrum  to  form  white,  for  if  the  screen  be  placed  at  AB 
the  red  and  violet  rays,  as  shown  by  the  figure,  and  therefore  also  ihe 
rays  of  the  other  colours,  will  be  uniformly  spread  over  the  patch  Aa 
Under  these  circumstances  a  white  patch  will  appear  on  the  screen.  If, 
however,  a  small  obstacle  be  placed  at  V,  so  as  to  cut  off  the  \*ioIct,  the 
patch  at  AB  will  appear  coloured  a  greenish-gold  colour^  produced  by  the 
mixture  of  the  remaining  colours.  In  the  same  way,  by  cutting  off  the 
red  rays  by  an  obstacle  placed  at  R,  the  patch  will  appear  a  greenish 
blue. 

When  the  slit  of  the  spectrometer  shown  in  Fig.  327  is  illuminated 
with  white  liyht,  a  pure  spectrum  is  formed  at  the  principal  focus  of  the 
lens  F  in  the  manner  considered  alx>ve.  and  can  be  observed  with  the 
eye-piece.  The  spectrometer,  when  used  to  obser\e  spectra,  is  some- 
times called  a  spectroscope.  15y  using  light  of  different  colours,  the 
refractive  index  of  a  substance  for  lij^'ht  of  these  colours  can  be  obtained 
by  any  of  the  meihods  piven  in  §§  344*  34^- 

368.  Fraunhofer's  Lines.  — When  the  slit  of  a  spectroscope  is 
illuminated  by  simlii^ht,  it  is  found  that  the  spectrum  is  traversed  by  an 
enormous  number  of  dark  lines  parallel  to  the  length  of  the  slit.  These 
dark  lines  are  called  Fraunhofer's  lines,  and  are  due,  as  we  shall  see 
later,  to  the  light  of  the  colours  which  are  thus  missing  from  the  solar 
spectrum  being  absorbed  in  the  sun's  or  the  earth's  atmosphere. 

These  lines  form  a  ver>' convenient  means  of  specifying  any  particular 
colour  in  the  spectrum,  and  hence  the  more  prominent  of  them  arc  in- 
dicated by  the  letters  A,  B,  C.  U,  &c.  Their  relative  position  in  the 
Spectrum  arc  shown  in  Fig  344.    The  lines  A,  u,  and  c  are  in  the  red,  U 


I 


mo 


OWANCe  YILLOW    CittN 


BLUE         VKMXT 


a  B 


f   '    I    r  T    I    r  T   T    f  1    1    p 


,11'  I,.  „  III  1, 1)1, 


r  ;    I*  r'lTT    1 


izj 


70  60  SO 

WAVE-LENGTH    IN    10"«  CM. 

F>G.  344. 


40 


in  the  orange-yellow,  e  in  the  green,  >'  in  the  greenish-blue,  c.  in  the 
indigo,  and  H  in  the  violet  part  of  the  spectrum.  Hence  when  we  refer 
to  light  of  any  particular  colour  as,  say,  \>  light,  we  mean  lij^hi  of  the 
colour  which  corresponds  to  the  dark  line  D  in  the  orange-yellow  of  the 
solar  spectrum. 

369.  Refractive  Index  for  Light  of  Different  Colours  -Dis- 
persive Power. -In  the  following  table  the  refractive  index  of  some 
substances  arc  given  for  the  light  corresponding  to  FraunhofcHa 
lines  : — 
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Rekractivk  Index. 


Water  (i6'C.^ 
Carbon  bisul-  \ 
phiilc(io'')  f 
Crown  glass  . 
Flint  glass .  . 
Rock  salt  (17*) 


A. 

a 

C. 

D. 

E. 

F. 

G. 

a 

'•330 

1.332 

»-334 

... 

i.33» 

... 

1.344 

1.616 

... 

1.626 

1.635 

... 

1.661 

... 

1.708 

r.528 
1.578 
»-537 

1.530 
1.581 

«-539 

I-53I 
1.583 
1.540 

1-534 
1.587 
1.544 

1.537 
1.592 

>'S49 

1.540 
1.597 
1-553 

1.546 
1.606 
1.561 

t.551 
t.614 
1.568 

When  light  passes  through  a  prism  the  different  colours  are  deviated 
to  difTerent  degrees,  so  that  if  we  have  a  parallel  beam  of  light  incident 
on  the  prism  the  rays  of  the  different  colours  after  passing  through  the 
prism  will  be  inclined  to  one  another.  The  angle  between  the  emergent 
rays  for  any  two  colours  is  called  the  dispersion  of  these  two  colours, 
produced  by  the  prism. 

Since  the  rays  are  not  only  dispersed,  but  also  deviated,  it  becomes 
of  interest  to  see  if  there  is  a  fixed  relation  between  the  dispei-sion  and 
the  deviation.  The  ratio  of  the  dispersion  for  any  two  colours  to  the 
deviation  of  the  mean  ray  between  the  two  is  called  the  dispersive  power 
of  the  substance  of  which  the  prism  is  made. 

We  have  seen,  in  §  345,  that  if  the  prism  is  at  minimum  deviation, 
then 

sin  j(5+^) 
'**"     sm  \^     ' 

If  the  prism  has  a  ver\'  small  refracting  angle,  so  that  0  is  very  small,  the 
deviation  0  will  ^also  be  very  small,  and  hence  the  ratio  of  the  angles 
6^  +  5  and  0  will  be  the  same  as  the  ratio  of  the  sines.  Thus  for  a  prism 
of  very  small  refracting  angle 

fi  +  S 

6=(9(m-i). 

If  Ml  is  the  refractive  index^  and  8*  the  deviation  for  light  corresponding" 
to  the  Fraunhofer  line  a  in  the  extreme  red,  ^h  and  ^  the  corresponding 
quantities  for  the  M  line,  and  nt,  and  ^^  for  the  l»  line,  which  may  be 
taken  as  the  mean  light  between  .\  and  H,  we  have 

Hence  the  dispersion  between  the  A  and  the  H  light  is 
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Thus,  if  we  take  prisins  having  the  same  refracting  angle  ^,  we  get  the 
following  values  for  the  dispersion  : — 

Water 014  ^  

Carbon  bisulphide 092  9 

Crown  glass 023  d 

Flint  glass 036  Q 

Rock  salt 031  ^ 

Hence  it  will  be  seen  that  the  extent  of  the  spectrum  obtained  with  a 
prisip  filled  with  carbon  bisulphide  will  be  6.5   limes  as  great  as  the 
spectrum  obtained  under  similar  circumstances  with  water. 
The  dispersive  power  is  given  by 

so  that  the  dispersive  powers  of  the  su)>stances  given  in  the  table  above 

are  : — 

Water  .        « 0.042 

Carbon  bisulphide        .        .  .0.145 

Crown  glass 0^043 

Flint  glass ao6t 

Rock  salt 0057 

370.  Achromatie  Prisms  and  Direct  Vision   Spectroscopes.— 

Since  the  dispersive  powers  of  diflerent  substances  are  not  the  same,  we 
can  obtain  two  prisms  constructed  of  difTcTeni  materials  such  that,  while 
the  dispersion  they  produce  is  the  same,  the  deviation  produced  on  the 
mean  ray  is  dilTerent,  or  vice  versa.  For  instance,  taking  crown  and 
flint  glass,  if  we  have  a  prism  of  flint  glass  of  which  the  anj^lc  B  is  small, 
so  that  we  may  apply  the  formula  ^=^(>4-  1),  ihc  dispersion  is  0.036  B, 
If,  then,  we  take  a  prism  of  crown  glass  of  which  the  angle  is  ^  the 
dispersion  will  be  ao33  i/i.  If  the  dispersion  is  to  be  the  same  in  the  two 
cases,  we  must  have 

0.023 

Now  the  deviation  produced  by  the  flint-glass  prism  for  the  D  line  will 
be  (mo-  i)<y  =  o.s87  B^  and  the  deviation  for  the  same  light  produced  by 
the  crown-glass  prism  will  be  (m'b-  i)(/i=o.534  x  1.56  ^  =  0.833  Q.  Hence, 
although  the  two  prisms  produce  the  same  dispersion,  the  deviation  pro- 
duced by  the  crown-glass  prism  is  greater  than  that  produced  by  the 
flint-glass  prism. 

If  the  prisms  are  placed  with  their  refracting  edges  turned  in  opposite 
directions,  a  ray  of  white  light  will,  during  its  passage  through  the  crown- 
glass  prism  C  (Fig.  345),  l>c  deviated  towards  the  base,  i.e.  downwards  in 
the  figure^  and  also  dispersed,  the  red  ray  being  less  deviated  than  the 
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violet  During  the  passage  of  these  rays  throiigh  the  flinl-jjiass  prism, 
however,  the  deviations  of  both  rays  will  be  in  the  opposite  direction,  i,e. 
upwards,  the  red  ray  being 


deviated  upwards  less  than 
the  violet.  The  difference 
between  the  deviations  of 
the  red  and  v-iolet  rays 
being  the  same  in  the  two 
prisms,  the  rays  when  they 
leave  the  f1int-glas«  prism 
will  be  parallel.  The  mean 
deviation  in  the  crown  prism 
being,  however.gruater  than 
that  in  the  flint,  the  rays  on 
the  whole  will  be  deviated 
downwards,  i.e.  towards  the 
base  of  the  crown  -  glass 
prism. 


i^ 
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If  we  consider  a  second  ray  incident  parallel  to  10  and  close  to  it,  it 
also  will  be  split  up,  and  the  red  and  violet  rays,  after  passing  through 
the  two  prisms,  will  be  parallel  to  the  other  two.  A  consideration  of 
Fig.  346  will  show  that  the  patch  of  light  received  on  a  screen  will  be 


Fig.  546. 

very  much  more  coloured  in  the  case  of  a  single  prism,  where  the  red 
and  violet  rays  when  they  leave  the  prism  are  inclined  at  a  finite  angle 
to  one  another,  than  in  the  case  of  the  two  prisms  considered  above, 
where  the  red  and  violet  rays  are  parallel  after  they  leave  the  second 
prism.     For,  considering  only  the  two  incident  rays  shown  in  the  fig^ure. 
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in  the  case  of  ilie  single  prism  we  shall  have  a  white  patch  R'v,  bordered 
by  a  wide  red  margin  RR'  on  one  side,  and  a  violet  one  vv*  on  the  other. 
In  the  case  of  the  two  prisms,  however,  the  coloured  margin  is  very 
narrow,  and  is  of  ihe  same  width  at  all  distances  from  the  prisms. 

Hence  by  combining  two  prisms,  one  of  crown  glass  and  the  other  of 
flint,  tlie  ratio  between  the  refracting  angles  having  been  suitably  chosen, 
we  are  able  to  get  a  compound  prism  which  deviates  light  but  does  not 
disperse  it.     Such  a  combination  is  said  to  be  achrotfiatic. 

Instead  of  choosing  the  angles  of  the  prisms  such  that  the  dispersion 
is  the  same,  wc  might  have  chosen  them  such  that  the  deviation  produced 
on  the  mean  ray  xvas  the  same.     In  this  case  we  have 

^(/tn-l)-'/»(A'D-0 

</.=  i.i  B. 

The  dispersion  produced  by  the  flint-glass  prism  will  be 

^0*h-^a)- 0.036^, 

and  that  produced  by  the  crown-glass  prism  will  be 

</»0*'h-^'a)"O-O23  <^— 0.023  X  1.1  ^  =  0.025  Q, 

Hence  the  dispersion  produced  by  the  flint-glass  prism  is  greater  than 
that  produced  by  the  crown-glass  one,  so  that  if  the  prisms  are  placed 
with  Iheir  refracting  angles  turned  in  opposite  directions,  the  mean  ray  D 
will  be  undcviated  by  its  passage  through  the  two  prisms,  while  the  violet 
rays  will  be  deviated  one  way  and  the  red  rays  the  other.  In  this  way 
a  specirum  is  produced  without  the  mean  ray  being  deviated.  This 
arrangement  is  used  in  some  pocket  forms  of  spectroscopes,  which  are 
called  direct-vision  spectroscopes,  since  one  looks  straight  through  the 
prisms  at  the  slit,  and  not  at  an  angle  as  in  the  ordinary  form  of 
spectroscope. 

371.  Achromatic  Lenses.— In  considering  the  formation  of  images 
by  lenses,  we  have  supposed  that  ihc  light  was  monochromatic.  When 
white  light  is  used,  wc  shall  not  only  get  the  deviation  which  we  have 
hitherto  considered,  but  also  dispersion. 

Suppose  we  have  a  convex  lens  An  (Fig.  347),  and  that  a  parallel  beam 
of  white  light  falls  on  it,  then  where  the  rays  enter  and  leave  the  lens  ihc 
violet  rays  will  be  moro  deviated  towards  the  axis  of  the  lens  than  are 
the  red  rays,  and  hence  the  violet  rays  will  be  brought  to  a  focus  at  a 
point  V  nearer  the  lens  than  the  point  R,  where  the  red  rays  arc  brought 
to  a  focus.  Thus  if  a  screen  is  placed  at  v  we  shall  get  a  central  violet 
spot  surrounded  by  a  red  ring,  while  if  the  screen  is  placed  at  R  there 
will  be  a  central  red  spot  surrounded  by  a  violet  ring. 
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If  a  convergent  pencil  of  rays  is  incident  on  a  concave  lens,  CD,  the 
violet  rays  are  brought  to  a  focus  at  a  point  v,  which  is  further  from  the 
lens  than  the  point  K,  where  the  red  rays  come  to  a  focus. 

If  the  convex  and  concave  lens  are  of  the  same  material  and  of  equal 
focal  length,  on  being  placed  close  together  the  two  dispersions  counter- 
act each  other,  but  in  this  case  the  deviation  would  also  be  nil,  and  the 
whole  would  simply  act  like  a  plane  slab.  By  making  the  convex  lens  of 
crown  glass»  and  the  concave  lens  of  flint  glass,  we  are,  however,  able,  as 
in  the  case  of  the  prisms,  to  obtain  equal  and  opposite  dispersion,  and 
still  have  deviation  in  the  direction  of  that  produced  by  the  crown  glass, 
i>.  the  combination  will  be  a  convex  lens,  50  that  it  is  possible  to  construct 
achromatic  lenses. 

By  the  use  of  two  lenses  it  is  possible  to  make  a  lens  which  shall 
be  achromatic  as  far  as  light  of  any  two  colours  is  concerned.  The 
combination  will  not,  however,  be  achromatic  for  light  of  other  colours. 


Fig.  347. 

If  in  place  of  two  lenses  we  use  three,  made  of  materials  having 
different  dispersive  powers,  the  combination  can  be  made  achromatic 
for  light  of  three  colours,  and  so  on.  The  colours  for  which  the  lens 
system  is  rendered  achromatic  depend  on  the  purpose  for  which  the 
lens  is  to  be  used.  Thus  for  a  telescope  used  in  eye  observations  the 
colours  chosen  are  those  parts  of  ihe  spectrum  which  affect  the  eye  most 
strongly,  while  if  the  telescope  is  to  be  used  for  photography,  it  is  most 
important  that  the  lens  should  be  achromatised  for  the  violet  and  ultra- 
>'iolet,  since  these  rays  are  chiefly  concerned  with  the  production  of  the 
photographic  image. 

372.  The  Rainbow.— Let  the  circle  in  Fig.  348  represent  a  section 
of  a  spherical  raindrop.  When  a  ray  of  sunlight  SiM|,  which  may  be  taken 
as  parallel  light,  falls  on  the  drop  it  will  be  refracted  along  MjRi,  and 
when  it  comes  to  the  surface  at  R^,  part  of  the  light  will  be  reflected 
along  RjNj.  On  again  reaching  the  surface  at  N,  part  will  leave  the 
drop,  being  refracted  along  N,P,.  In  the  figure  the  paths  of  only  a  few 
of  the  rays  have  been  drawn>  in  order  to  prevent  confusion,  but  if  all  had 

2  L 


530 


Light 


[§  vi^ 


been  drawn  it  wouW  have  been  found  that  the  rays  incident  near  the 
point  Mj,  such  th.it  the  radius  OM^  makes  an  angle  of  ^^  with  the 
direction  of  the  incident  hght,  arc  less  deviated  by  their  two  refractions 
and  one  reflection  than  hght  incident  at  any  other  poinL  The  figure  also 
shows  that  the  rays  incident  in  the  neighbourhood  of  M^  fonn  a  parallel 
pencil,  N-jP^,  when  they  leave  the  drop,  while  in  the  case  of  rays  incident 
at  any  other  point,  M^,  they  form  a  divergent  pencil,  N^jPj.  Now  when  we 
are  dealing  with  a  parallel  pencil  of  rays,  since  the  cross  section  remains 
constant,   the   decrease   of  the   intensity  of  the   illumination   with   the 


distance  is  small,  being  only  due  to  absorption  in  the  medium.  With 
a  divergent  pencil  it  is,  however,  otherwise,  for  tlie  rays  are  spread  over 
a  greater  and  greater  area  as  we  go  away  from  their  point  of  intersection, 
and  hence  the  illumination  decreases.  Thus  if  we  viewed  such  a  rain- 
drop from  a  distance,  we  should  receive  a  considerable  amount  of 
refracted  and  reflected  light  if  we  looked  along  PjN^  but  ver>'  little  if  we 
looked  towards  the  drop  in  any  other  direction.  •  If  xx'  is  drawn  parallel 
to  the  incident  light,  the  angle  N^P^X  is  138',  and  the  angle  N,P,x'  is  42\ 
Hence  supposing,  with  our  eye,  E  (Kig.  349),  as  ajiex.  and  the  direction 
of  the  sun's  rays,  SEs',  as  axis,  we  describe  a  cone,  of  which  the  an^fle 
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between  the  generating  lines  and  the  axis  is  42*,  all  raindrops^  Pj,  Pj,  P5,  &c., 
which  are  on  the  surface  of  this  cone  will  be  so  situated  that  the  pencil 
of  parallel  rays  which  has  undergone  minimum  deviation  can  enter  the 
eye,  and  so  the  drops  would  be  visible  as  bright  points  of  light. 


Fia349. 

The  phenomenon  is  not  quite  as  simple  as  we  have  hitherto  supposed, 
for  the  white  sunlight  is  not  only  refracted  when  it  enters  and  leaves  the 
drop,  but  dispersion  also  takes  place,  as  shown  at  A,  Fig.  350.  The 
result  is  that  while  the  angle  between  the  pencil  of  red  rays  which  emerges 


Fig.  35a 


parallel  and  the  incident  light  is  about  42^,  that  between  the  violet  rays 
is  about  40*.  Hence  if  we  require  to  find  the  positions  of  the  drops 
which  will  send  violet  light  to  the  eye,  we  must  construct  a  cone  of 
which  the  half-vertical  angle  is  40',  which  will  of  course  lie  inside  the 
cone  for  the  red  rays.    The  cones  corresponding  to  light  of  intermediate 
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wave-lengths  will  lie  between  these  two,  and  therefore  what  is  seen  is 
a  series  of  circular  arcs  showing  the  spectrum  colours,  the  red  being 
outside,  and  the  other  colours  following  in  the  order  of  descending 
wave-length,  the  whole  constituting  what  is  called  the  rainbow. 

In  addition  to  the  bow  which  has  been  considered  above,  and  which 
is  called  the  primary  bow,  a  secondary  bow  is  sometimes  seen  outside 
the  first.  This  bow  is  formed  by  light  which  has  been  twice  reflected 
inside  the  raindrops  in  the  manner  shown  at  6  (Fig.  3SoX  and  the  angles 
of  minimum  deviation  are  54"  for  the  violet,  and  51'  for  the  red.  In  this 
bow,  therefore,  the  violet  appears  on  the  outside. 
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373.  Interference  of  Ligrht.— The  grreat  difficulty  met  with  at  the 
ouiset  by  the  exponents  of  the  undulatory  theory  of  hght  was  the  ex- 
planation of  the  rectilinear  propagation  of  light  and  of  the  formation  of 
shadows.  In  the  case  of  the  transmission  of  sound  through  air,  which 
was  admittedly  due  to  the  vibrations  of  the  air  particles,  a  sound  pro- 
duced outside  a  room,  and  coming  in  through  the  doorway,  is  found  to 
spread  all  over  the  room,  and  does  not  confine  itself  to  a  beam  passing 
across  the  room,  as  would  be  the  case  with  light.  It  was  only  when  the 
principle  of  interference  was  introduced  into  optics  that  the  formation  of 
shadows  could  be  explained  on  the  undulatory  theory. 

We  have  already  seen  ho\v  in  the  case  of  ripples  on  tlio  surface  of 
mercury,  and  in  the  case  of  sound,  two  wave-motions  may  combine 
together,  so  that  while  in  some  places  they  destroy  each  otJicr,  in  others 
they  strengthen  each  other. 

In  the  case  of  light,  all  attempts  to  obtain  interference  between  light 
waves  emitted  by  two  neighlsouring  sources,  or  even  two  separate  portions 
of  the  same  source,  fails,  this  failure  being  due  to  the  fact  that  the  phase 
of  the  light  vibrations  given  out  by  a  source  suflTcrs  rapid  and  abrupt 
changes,  so  that  in  the  case  of  two  separate  sources  the  phase  of  the 
emitted  light  may  be  the  same  for,  say,  a  thousand  vibrations,  a  crest 
leaving  each  simultaneously,  and  thus  producing  darkness  at  a  certain 
point  P ;  then  suddenly  the  phase  of  the  light  given  by  one  source  will 
change,  so  that  while  a  crest  is  leaving  one  source  a  trough  will  be  leaving 
the  other,  and  thus  the  waves  now  strengthen  each  other  at  P,  Since 
such  changes,  if  they  occurred  a  hundred  times  a  second,  would  not  be 
visible  owing  to  persistence  of  vision,  and  during  a  hundredth  of  a 
second  5  x  10*'-  vibrations  of  yellow  light  take  place,  it  is  cvidcnt.that  it 
is  not  necessary  to  assume  that  the  changes  of  phase  take  place  so  very 
frequently,  in  order  to  explain  the  absence  of  interference  between  the 
hght  from  two  independent  sources. 

If  instead  of  two  separate  sources  we  take  as  sources  two  images  of  the 
same  portion  of  a  luminous  body,  then,  whenever  a  change  in  phase  takes 
place  in  the  source,  the  corresponding  change  in  phase  will  take  place 
sitmilianeously  on  the  two  images  ;  and  hence  if  interference  is  produced 
at  a  given  point  before  ihe  change,  it  will  also  be  produced  after. 
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Fresrel,  in  order  to  demonstrate  the  inlerfercnce  of  light,  devised 
two  arrangements  for  producing  two  image  sources  in  such  positions 
that  they  interfere.  One  of  his  arrangements  consists  of  two  mirrors, 
AB   and   BC   (Fig.  351),   inclined   at   an   angle   of  very  nearly   180",  so 

that  a  luminous  point  at  r 
will  produce  two  images, 
one  at  P*  by  reflection  in 
the  mirror  AD,  and  the 
other  at  P"by  reflection  in 
the  mirror  BC  In  §331  we 
have  proved  that  K,  p" 
both  lie  on  a  circle  of 
which  B  is  the  centre. 
Hence  if  we  join  P'p'\ 
bisect  this  line  at  F,  and 
join  FB,  FB  will  be  at 
right  angles  to  P'p".  If 
FB  is  produced  to  meet  a 
screen  on  which  the  re- 
flected light  is  received 
at  O,  then  the  point  o 
is  equidistant  from  t^ 
and  P". 

As  far  as  the  reflected 
light  is  concerned,  we 
may  regard  it  as  coming 
from  the  images  P'and  P", 
so  that  the  length  of  the  path  of  any  ray  which,  leaving  p.  is  reflected  at 
one  of  these  mirrors  and  strikes  a  screen  DE  is  the  same  as  if  it  came 
from  P'  or  p",  as  the  case  may  be.  At  the  point  o  of  the  screen,  which  is 
equidistant  from  the  inuigeSf  the  light-waves  will  assist  one  another,  since 
they  always  leave  p'  and  p"  in  the  same  phase,  these  points  being  images 
of  the  same  source. 

There  will  be  interference  at  a  point  such  as  Q,  if  the  diflfcrencc 
between  the  distances  p'q  and  p"g  is  equal  to  half  a  wave-length,  for 
then  the  vibrations  from  p'  will  reach  q  in  the  opposite  phase  to  those 
from  P". 

The  manner  in  which  the  waves  coming  from  P*  and  p"  at  some 
points  on  the  screen  strengthen  each  other,  and  at  other  points  annul 
each  other,  is  made  clear  by  the  diagrammatic  representation  given  in 
I^ig*  35--  1"  i^^'s  figure  the  xvaved  lines  represent  the  displacements 
proceeding  from  the  two  sources  p',  p"  along  the  lines  P'o,  P^O,  P'q„ 
P'Qi,  &c  ;  and  it  will  be  seen  that  the  displacements  produced  at  the 
points  o  and  q,,  due  to  the  two  sets  of  waves,  are  in  the  same  phase,  so 
that  the  resultant  displacement  is  twice  the  displacement  due  to  either* 
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It  will  also  be  seen  that  there  are  an  equal  number  of  waves  between 
P*  and  O  and  p"  anfl  O,  but  that  there  is  one  more  wave  between  p'  and 
Qj  than  between  P"  and  Q^  At  ihe  jxiint  Qj  the  wavers  from  the  two 
sources  are  in  opposite  phase  and  destroy  each  other,  and  here  there  is 
Haifa  wave  more  between  p'  and  0,  than  between  p"  and  Qp 

If  wth  centre  Q  (Fig.  351)  and  radius  qp"  we  describe  an  arc  of 
a  circle  cutting  Qp'  in  G,  then  CP*  will  be  the  difference  between  the 
paths  p'q  and  p"q. 


r\ 


r^^ 


/\ 


yCs 


Fig.  352. 


Since  in  practice  the  distance  between  the  images  P*  and  P"  is  ex- 
cessively small  compared  with  the  distance  of  either  of  them  from  the 
screen,  the  arc  p"g  may  be  taken  as  a  straight  line,  which  is  practically 
perpendicular  to  qp*  and  qf. 

Since  p'p"  is  perpendicular  to  OF,  and  GP"  is  perpendicular  to  QF,  the 
angle  ofq  is  equal  to  the  angle  r.p"p'.  Hence  calling  this  angle  B^  and 
the  distance  between  the  images  2*/,  we  have — 


=  2^. 


OQ 


or,  since  QF  is  practically  equal  to  OF,  Q  being  very  small, 

OF 
Calling  the  distance  bf  between  the  images  and  the  mirrors  /,  that 
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between  the  mirrors  and  tlie  screen  g,  and  the  distance  of  the  point  Q 
from  O  X,  wc  get,  since  0F=/  +  ^, 

Now  if  X  is  the  wavc-Icngth  of  the  light  given  out  by  the  source  P, 
interference  will  be  produced  at  (j  whenever  the  difference  between  tlic 
paths  p'Q,  P"Q  is  such  that  the  light  reflected  from  the  two  mirrors 
arrives  at  y  in  opposite  phases.  This  will  occur  when  the  paihs  differ 
by  any  odd  number  of  half  wave-lengths,  for  the  ether  at  points  separated 
by  half  a  wave-length  or  any  odd  number  of  half  wave-lengths  is  vibrating 
in  opposite  phases. 

Hence  if  op*  is  equal  to  (2/;  +  i)-,  we  shall  get  interference  at  Q. 

Hence  if  there  is  interference 


or 


idx     ,  .X 


If  the  difference  in  path,  CP',  is  equal  to  an  even  number  of  half  wave- 
lengthsj  i,€.  to  a  whole  number  of  wave-lengths,  the  light  will  reach  Q  in 
the  same  phase,  and  hence  a  bright  band  will  be  produced  at  Q.  When 
this  occurs, 

X   ^g  _ 

2  •     Zd 


x=2n. 


In  this  experiment  the  two  image  sources  p',  P"  play  the  same  part  as 
the  two  needle-points  attached  to  the  tuning-fork  in  the  interference 
experiment  with  capillar}*  waves  on  the  surface  of  mercury  (§  271).  If 
a  line  in  Fig.  223  were  drawn  parnllel  to  the  line  joining  the  two  centres 
of  disturbance,  this  would  represent  the  screen  in  the  optical  experi- 
ment, and  wherever  this  line  cuts  one  of  the  Imerference  curves  in  the 
figure  would  correspond  to  a  dark  band  in  the  optical  experiment,  while 
half-way  between  each  cur\'c  the  mercury  sxirface  is  disturbed  by  the 
combined  action  of  the  two  centres  of  disturbance,  and  this  corresponds 
to  a  bright  band  in  light. 

In  the  second  method  used  by  Fresnel,  the  light  from  a  luminous 
point  P  passes  through  two  narrow-angle  prisms,  AB  (Fig.  353),  placed 
with  their  bases  in  contact,  forming  what  is  called  Fresncl's  bi-prism. 
After  passing  through  the  bi-prism,  the  light  travels  as  if  it  came  from 
the  two  points  p'  and  p",  and  interference  is  produced  on  a  screen  placed 
at  KE,  as  in  the  previous  case.  Calling,  as  before,  the  distance  of  the 
images  from  the  bi-prism  pt  that  of  the  screen  from  the  bi-prism  q,  and 
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the  distance  between  the  images  2*/,  then  a  dark  band  will  be  produced 
by  interference  at  Q,  if  the  distance  o<^  orjr  is  such  that 

as  in  the  case  of  the  two  mirrors. 

Fresnel  made  use  of  these  expcnincnis  on  interference  to  prove  that 
the  velocity  of  light  in  air  is  greater  than  in  glass,  and  hence  it>  show 
that  the  emission  theory  was  untenable. 

D 


I'IG.  3S3. 


Let  Vrt  be  the  velocity  of  light  of  any  given  colour  in  air,  and  Vg  the 
velocity  of  the  same  coloured  light  in  glass,  and  X«  and  X^  the  wave- 
length in  air  and  glass  respectively.  The  colour  of  the  light  being  the 
same  whether  it  is  passing  through  air  or  glass,  the  frequency  of  the 
vibration  must  be  the  same  in  the  two  media,  so  that  we  have 


and 
or 


Suppose  now  that  light  proceeding  from  the  two  points  P*  and  P* 
(Fig.  354)  produces  interference  at  Q,  and  that  in  the  path  of  the  light  pro- 
ceeding from  p"  we  introduce  a  plate  of  glass  AB  of  thickness  ^y.  Further, 
suppose  that  originally  q 
was  the  first  dark  interfer- 
ence band,  so  that  the 
paths  p'q  and  p"q  differed 
by  X/2.  Before  the  intro- 
duction of  the  glass  the 
nunil>er  of  wave-lengths 
in  air  between  A  and  n 
was  yl\t^  while  after  the 
introduction  of  the  glass  the  number  of  wave-lengths  between  A  and  B  is 
yl\g.  If  then  \j.  is  less  than  \a^  there  will  be  more  wave-lengths  l)etween 
A  and  B  when  the  glass  is  introduced  tlian  there  was  before,  so  thai  the 
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path  from  p"  to  Q  will  be  longer,  i>.  contain  a  greater  number  of  wave- 
lengths than  before,  and  therefore  the  two  paths  p\>  and  p"q  will  no 
longer  differ  by  half  a  wave-length.  In  order  to  get  interference  when 
the  glass  is  introduced,  we  must  therefore  lengthen  the  path  P'Q  and 
shorten  the  path  p"q.  This  will  be  the  case  for  a  point  such  as  q'  nearer 
O  than  Q.  In  the  same  way,  if  X^  is  greater  than  X<,  the  point  where 
interference  is  produced  will  be  moved  away  from  o  when  the  glass  is 
introduced,  so  that  if,  on  the  introduction  of  the  glass,  the  interference 
bands  move  towards  the  side  on  which  the  glass  has  Ixren  intmduced,  we 
should  infer  that  the  wave-length  in  glass  X^  was  smaller  than  the  wave- 
length in  air  X^,  and  vice  versa.  On  performing  the  experiment  the 
bands  move  towards  the  side  on  which  the  glass  is  introduced,  so  that 
the  wave-length  in  air,  and  hence  also  the  velocity  in  air,  is  greater  than 
the  corresponding  quantities  for  glass. 

Fresnel's  experiments  may  be  used  to  measure  the  wave-length  X  of 
the  light  used,  for  by  measuring  x  we  can  calculate  \  ll  is,  however, 
generally  more  convenient  to  measure  the  distance  between  the  dark 
interference  bands  than  to  measure  the  distance  of  a  dark  band  from 
the  central  bright  band  The  distances  of  the  first  few  dark  bands  from 
o  are  given  by 

^'2  if' 


^1== 


'2       2i/' 


so  that  the  distajice  (a)  between  two  consecutive  bands  is 

'     ^  2//- 
In  this  expression   ^— -X  js  independent  of  the  wave-length  of  the  light 

2// 

used,  so  that  we  see  that  the  greater  the  wave-length  \  the  further 
apart  are  the  interference  bands.  It  is  found  by  experiment  that  with 
red  light  the  bands  are  further  apart  than  with  violet  light,  so  that  the 
wave-lengih  of  violet  light  must  be  less  than  that  of  red  light. 

If  white  light  is  used,  the  \-iolct  light  will  be  destroyed  nearer  to  the 
centre  O  than  the  red  light,  so  that  this  red  left  over  will  produce  a  red 
band  on  either  side  of  the  central  bright  band,  which  will  be  white,  for 
the  light  of  all  wave-lengths  arrives  in  the  same  phase  at  o.  A  little 
further  out  from  o  the  red  light  will  be  destroyed  by  interference  leaving 
the  violet  light,  so  that  here  a  violet  band  will  be  produced.  Hence 
when  white  light  is  used  the  first  dark  band  will  be  bordered  with  red  on 
the  inside  and  violet  on  the  outside.  The  distance  between  the  points 
w'hcre  the  red  and  violet  are  destroyed  will  increase  with  each  successive 


The  Diffraciion  Grating 

band,  until  finally  there  will  be  overlapping  between  one  bright  band  for 
ihe  violet  and  ihe  previous  bright  band  for  tlie  red  ;  and  at  some  distance 
from  o,  the  overlapping  will  be  so  considerable  that  white  liy-ht  will  be 
reproduced,  and  so  no  bands  will  be  discernible. 

374.  The  DifTPactlon  GPatingr.— A  diffraction  grating  consists  of  a 
number  of  equidistant  parallel  lines  ruled  on  a  plate  of  glass,  or  of 
speculum  metal.  In  order  to  explain  the  action  of  a  grating,  we  shall 
suppose  that  it  consists  of  a  series  of  equally  spaced  opaque  lines  ruled 
on  a  plate  of  glass,  the  width  of  each  line  being  equal  to  the  space 
between  two  adjacent  lines. 

Let  AB  and  CD  (Fig.  355)  be  two  adjacent  spaces,  and  supjwsc  a  Ijeam 
of  parallel  light  to  be  incident  on  the  grating  normally,  />.  parallel  to  NA, 
SO  that  the  incident  wave- fronts  are 
parallel  to  the  grating.  \Vc  may  then 
look  upon  each  point  in  the  spaces  AB, 
cu,  &c.,  as  a  centre  of  disturbance  from 
which  light-waves  are  propagated,  all 
these  waves  starling  in  the  same  phase. 
Consider  two  of  these  centres  of  dis- 
turbance, one  at  A  and  the  other  at  C. 
The  disturbances  from  these  centres  will 
reach  all  points  at  equal  distances  from 
A  and  B  in  the  same  phase,  and  so  will 
strengthen  one  another. 

At  any  other  point  Q,  however,  the 
disturbances  need  not  be  in  the  same 
phase.  If,  as  is  always  the  case,  Q  is  at 
very  great  distance  from  the  grating  com- 
pared to  AB,  or,  iis  shown  in  the  figure, 
a  lens  L  is  interposed  to  form  an  image 
at  its  principal  focus,  we  may  take  the 
lines  AM  and  CK.  as  parallel,  and  both 
inclined  to  the  normal  to  the  grating  at 
an  angle  d. 

From  A  draw  AH  perpendicular  to  CK 
or  AM  ;  then,  since  N'a  is  perpendicu- 
lar to  CA,  and  AH  is  perpendicular  to 
AM,   the   angle    CAH    included   between 

CA  and  AH  is  equal  to  the  angle  ^  included  between  n'a  and  am. 
Therefore  -— ?      77^   .     a 

or  \id\%  the  combined  width  of  a  space  and  a  line,  so  that  ac  =  (/, 

CH-^d%\VK  0, 
Now  the  waves  starting  from  a  and  c  will  be  in  the  same  phase  when 


or 


they  reach  Q»  and  therefore  will  strengthen  each  other,  if  the  difference 
in  the  paths  am  and  CK.  is  equal  to  an  even  nunil>er  of  half  wave-lengths.' 
Hence  the  condition  for  the  production  of  a  bright  band  at  Q  is  that 


</.sin  G—2n 
sin  d= 


If  CH  is  equal  to  an  odd  number  of  half  wave-lengths,  interference  will 
be  produced  ai  ij,  the  condition  for  a  dark  band  being 

2 

What  we  have  said  with  regard  to  the  two  centres  A  and  c  will  also 
apply  to  each  pair  of  centres  taken  in  ah  and  CD,  so  that  the  above 
equations  also  give  the  conditions  for  the  production  of  a  bright  or  dark 
band  at  0,  when  the  whole  of  the  two  spaces  AB  and  CD  are  operative. 
A  similar  argument  holds  with  regard  to  the  next  two  spaces,  and  so  on, 
so  that  the  above  equations  apply  to  the  grating  taken  as  a  whole. 

If  we  consider  the  tirst  bright  band,  then,  as  </  is  constant  and 
sin  ^=\///,  it  is  evident  that  the  value  of  ^  will  vary  with  the  wave-length 
of  the  light,  so  that  by  measuring  the  angle  $  for  the  first  bright  band 
produced  by  different  coloured  lights,  wc  can  calculate  the  wave-length 
of  these  lights.  If  white  light  is  used,  the  positions  of  the  bright  bands 
will  be  different  for  the  different  colours,  and  hence  a  spectrum  will  be 
produced. 

When  using  this  method  to  measure  the  wave-length  of  light  the 
grating  is  mounted  on  the  lable  of  the  spectrometer  (Fig.  327),  with  its 
surface  normal  to  the  light  coming  through  the  collimator  and  the 
rulings  on  the  grating  parallel  to  the  slit.  The  telescope  is  then  turned 
to  view  the  bright  bands  on  either  side  of  the  central  bright  band 
corresponding  to  the  undeviated  light,  and  the  difference  between  the 
readings  gives  26. 

If  white  light  is  used,  a  series  of  spectra  will  be  obtained  corresponding 
to  the  cases  where  «  is  made  i,  2,  3,  &c,  in  the  formula 

sm  G^—j. 
a 

The  least  deviated  spectrum,  for  which  »« i,  is  called  the  first  spectrum: 
and  if  X*,  \a  are  the  wave-lengths  of  the  light  corresponding  to  the 

'  After  striking  the  lens  the  waves  will  be  V>roiight  to  a  focus  at  Q,  and  the  virtual 

length  of  the  paths  dciiends  on  the  constants  of  the  lens.    The  virtual  length,  thai  is, 

the  length  allowing  for  the  fact  that  light  travels  slo^%*cr  in  glass  than  in  nir,  of  nil  lb<r 

paths  from  il»r  first  surface  of  the  lens  lo  the  focus  Q  is  the  same,  so  that  any  difler- 

of  phase  which  exists  at  u  and  K  will  persist  when  the  waves  reach  Q, 
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A  and  H  Fraunhofer  lines,  the  difference  between  the  values  of  H  for 
these  two  lines  will  be  given  by 

sin  ^4 -sin  ^y=-,(XA  — ^n)- 

In  the  second  spectrum,  for  M'hich  w  =  2,  we  have  in  the  same  way — 

sin  ^A-sin  ^„  =  ^(X4-Xn). 
ti 

Hence  in  this  second  spectrum  the  difference  I'leiwecn  the  sines  of  the 
angles  of  deviation  is  twice  as  great  as  in  the  first  spectrum,  so  that 
f^A  —  O'u  is  greater  than  ^A-^ni  or,  in  other  words,  the  dispersion  in  the 
second  spectrum  is  greater  than  in  the  first.  In  the  same  way,  the  dis- 
persion in  the  third  spectrum  is  greater  than  in  the  second,  and  so  on. 

In  the  following  table  the  values  of  the  wave-length  for  the  principal 
Fraunhofer  lines  are  given  ;— 

Wave-Length  of  Fraunhofek  Lines  in  Air. 


A 

j  7621  X  io~*  cm. 

E 

5271  X  10' 

'  (  7594 

F 

.  4861 

B 

.  6870 

G 

.  4308 

C 

.  6563 

H 

3969 

D.   ■ 

.  5896 

K 

■  393+ 

D, 

.  5890 

L 

.  3821 

D,   . 

.  5876 

M 

.  373« 

376.  Colours  of  Thin  Plates.— It  is  a  matter  of  common  observa- 
tion that  some  bodies,  such  as  soap- 
bubbles,  thin  films  of  oil  on  water, 
of  oxides  on  metals,  gUtss,  &c., 
show  under  certain  conditions  of 
illumination  brilliant  colours.  The 
explanation  of  these  colours  on  the 
wave-theoiy  of  light  is  easily  ob- 
tained. 

Let  ABCD  (Fig.  356)  represent  a 
section  of  a  glass  plate,  and  suppose 
that  a  parallel  beam  of  light  is  inci- 
dent in  the  direction  IM,.  A  ray, 
IM|,  will  be  partly  reflected  at  Mj 
and  partly  refracthd  along  M,i..  At 
L  the  refracted  ray  will  be  partly 

reflected  along  l.M^  and  partly  refracted.  The  reflected  portion  will  again 
meet  the  surface  at  M^,  where  part  will  be  reflected  and  part  refracted 
alon^  MnK.  A  ray  directly  incident  at  M^  will  also  be  partly  reflected 
along  MjR,  so  that  we  shall  have  two  waves  which  left  I  and   l'  in  the 
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same  phase,  one  having  traversed  the  path  im,t.MjR  and  the  other  the 
path  i'MjR,  and  as  these  paths  dificr  in  length,  we  may  have  these  waves 
interfering. 

In  order  to  get  the  difference  in  the  lengths  of  these  two  paths  we 
draw  MiK  perpendicular  to  M^l',  M^K  perpendicular  to  M,L,  M^N'o  a 
nonnal  through  Mj,  and  i.N  a  normal  through  L.  Produce  \\^\^  to 
meet  the  normal  through  Mj  at  G. 

Now  M,F  is  the  wave-surface  at  the  instant  the  wave  reaches  M,,  for 
it  ts  at  right  angles  to  the  incident  rays  IM,  and  \'y\^  Also,  M^E  is  the 
wave-surface  of  ihe  refracted  wave  when  the  incident  wa\e  reaches  Mj, 
for  it  is  at  right  angles  to  the  refracted  ray  M,i-(see  also  §  366).  Thus 
when  the  disturbance  travelling  along  I'M,  reaches  M«,  the  disturbance 
travelling  along  iMjL  will  have  reached  E.  Hence  we  have  to  find  the 
time  the  disturbance  takes  to  traverse  the  path  ELM,. 

Since  the  sides  of  the  film  ab  and  uc  are  parallel,  the  angle  NLMj  is 
equal  to  the  angle  LMjN'.  Also,  since  the  normals  NL  and  MjG  arc 
parallel,  the  angle  NLMi  is  equal  to  the  angle  n'gl.  But  by  the  law  of 
reflection  the  angle  NLM|  is  equal  to  the  angle  NLMj.  Hence  the  angle 
lgn'  is  equal  to  the  angle  LM«n\  Thusjhe  triangles  LGN'  and  LMjN* 
are  equal,  and  M,N'  is  equal  to  N'G,  and  I.M3  is  equal  to  LG.  If  therefore 
MjN',  or  the  thickness  of  the  film,  is  T'and  the  angle  M^LN  is  ^,  we  have, 
from  the  right-angled  triangle  M/iE,  EG  =  M2G  cos  M,  CL  =  27' cos  ^^s 
EL+LMy     Hence  the  difference  in  the  lengths  of  the  paths  is  iTcos/S. 

If  Fand  V'g  are  the  velocities  of  the  light  in  air  and  glass  respectively, 
and  X  and  \g  are  the  wave-lengths  in  air  and  glass,  then  since  the  fre- 
quency in  the  two  media  must  be  the  same,  ^^;^=  l'giy=iJti  (§  366). 
Hence  if  there  are  n  waves  between  E  and  Mj  along  the  path  ELMj,  we 
have,  since  this  path  is  in  ^^f ass,  h=2T cos  ^ [kg— zTii  cos  pfk.  Thus 
the  phase  of  the  disturbance  which  travels  along  im,lMi.r  is  n  periods 
behind  the  phase  of  the  disturbance  which  travels  along  I'MjR,  where  n 
is  given  by  the  above  equation.  Now,  if  the  rays  had  both  travelled 
throughout  their  course  through  air  only,  while  the  length  of  one  path 
had  differed  from  the  length  of  the  other  by  2  7)icos^,  the  phase  of  one 
disturbance  would  have  been  2  7)i  cos  ^/A  periods  behind  the  other. 
Hence,  in  the  case  where  one  disturbance  travels  through  glass,  we  may 
call  the  product  of  the  diflfercnce  of  the  lengths  of  the  paths  into  the 
refractive  index  of  the  glass  the  effective  difference  in  the  paths,  so  that 
in  the  case  considered  the  effective  difference  of  path  =  2  7/j  cos^. 

If  this  difference  in  path  is  zero,  then  we  should  expect  the  two  waves  to 
strengthen  each  other,  since  along  M.^  they  would  be  in  the  same  phase. 
If  T  is  niade  vanishingly  small  the  difference  in  the  paths  vanishes,  so 
that  there  ought  to  be  maximum  reflection  for  this  case,  since  the  light 
reflected  from  the  two  surfaces  will  be  in  the  same  phase.  It  is  found, 
however,  in  the  case  of  a  soap  film,  that  as  it  gels  thinner  a  thickness  is 
at  length  reached  when  no  light  is  reflected  from  the  film,  while  when  it 
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is  thicker  colours  are  produced.  We  are  therefore  led  to  the  conclusion 
thai  the  above  invesiij^ation  is  defcciive.  The  fact  is  tliat  the  reflections 
that  take  place  at  L  and  Mj  occur  under  different  conditions,  in  that  at  L 
the  light  is  travelling  in  a  dense  medium  and  is  reflected  at  a  surface 
separating  a  denser  medium  (glass)  from  a  less  dense  medium  (air)^  while 
at  Mj  the  li^^ht  is  travelling  in  the  less  dense  medium  and  is  reflected  at 
a  surface  separating  this  medium  from  a  more  dense  medium. 

Wc  may  form  an  idea  in  what  manner  this  difference  in  the  circum- 
stances of  the  reflection  will  aflTect  the  phase  of  the  reflected  light  by 
considering  the  impact  of  two  elastic  particles  of  different  mass.  If  the 
lijfhler  particle  strikes  the  heavier  particle^  it  will  drive  ihe  heavier 
particle  forward,  but  it  H'ill  itself  rebound  so  that  its  own  motion  will  be 
suddcnl)-  reversed.  Since  a  sudden  reversal  of  a  moving  particIc^s  motion 
corresponds  to  a  change  of  phase  of  half  a  wave-length,  we  can  conceive 
that  when  a  light-wave  moving  in  air  strikes  a  denser  medium,  such  as 
glass,  the  refracted  ray  will  be  in  the  same  phase  as  the  incident  ray,  but 
the  reflected  ray  will  undergo  a  sudden  change  in  phase,  equivalent  to 
the  loss  of  half  a  wave-length  at  the  moment  of  reflection. 

If  a  heavier  particle  strikes  a  lighter,  then  the  lighter  particle  is  driven 
forward,  but  the  motion  of  the  heavier  particle  continues  in  its  original 
direction.  So  that,  in  the  case  of  a  wave  of  light  travelling  in  a  denser 
medium  and  meeting  a  surface  separating  this  medium  from  a  less  dense 
one,  there  will  be  no  change  in  phase  in  either  the  refracted  or  reflected 
wave. 

Hence  while  the  reflected  ray  at.Mj  loses  or  gains,  whichever  we  like 
to  take  it,  half  a  wave-length,  due  simply  lo  the  reflection,  the  ray 
IM|I.M,R  does  not  suffer  any  such  sudden  loss  or  gain.  In  considering 
the  interfereoce  of  the  two  rays  along  M^R,  we  must  therefore  add  ^/2  to 
the  path  IM^R,  so  that  the  difference  in  path,  allowing  for  this  effect  due 
to  reflection,  is 

2  7m  cos  ^  +  -. 


If  in  this  expression  T  is  made  very  small,  the  two  waves  will  differ  in 
phase  by  X/2  and  hence  will  produce  interference,  and  we  shall  get  no 
reflected  light,  which  agrees  with  experiment. 

Interference  will  also  take  place  if  the  difference  in  phase  between  the 

two  rays  is  any  odd  number  of  half  wave-lengths.     Hence  interference 

will  take  place  »f  %  v 

(2«+i)^«3rMCos/3+-, 


or  if 


nX  —  zTfi  cos  (S. 


In  this  expression  it  must  be  remembered  that  X  is  the  wave-length  of  the 
light  in  air,  and  p  is  the  ajigle  of  incidence  on  the  second  surface  of  the 
thin  plate. 

If  the  thickness  T  of  the;  pl^te  varies  and  the  incident  light  is  white,  a 
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series  of  coloured  patches  and  streaks  will  be  formed,  for  light  of  the 
different  colours  which  constitute  white  light  will  be  destroyed  by  inter- 
ference at  different  points,  the  thickness  being  given  by  the  above 
expression,  and  the  reflected  light  will,  by  the  loss  of  the  destroyed  rays, 
appear  coloured. 

376,  Newton's  Rings. — When  a  convex  lens  of  large  radius  is 
{)ressed  on  a  flat  piece  of  glass  or  on  a  concave  glass  surface  of  greater 
radius  of  curvature  than  that  of  the  lens,  the  ptjint  where  the  lens  touches 
the  glass  will  be  seen  surrounded  by  a  series  of  dark  rings  if  the  light  is 
monochromatic,  or  of  coloured  rings  if  white  light  is  used.  These  rings, 
which  are  known  as  Newton*s  rings,  are  produced  by  interference  in  the 
thin  film  of  air  enclosed  between  the  two  glass  surfaces,  and  may  be  seen 
both  in  the  reflected  and  in  the  transnutted  light. 

If  SOPN  (Fig.  357)  represents  a  section  of  ilie  sphere  from  which  the 
lens  may  be  supposed  to  be  cut,  and  AB  the  glass  plate,  which  the  lens 

touches  at  o,  then  the  thickness  of  the 
air  film  included  between  the  lens  and 
the  plate  is  zero  at  o  and  increases  as 
we  pass  out  from  O, 

Let  Q  be  a  point  at  a  distance  r  from 
the  point  of  contact,  then  the  thickness 
of  the  air  film  at  Q  can  be  found  as  fol- 
lows. Draw  Qp  perpendicular  to  AB  to 
meet  the  circle,  and  through  P  draw  pa 
parallel  to  ab.  rutting  the  diameter,  .vo, 
of  the  circle  in  R.  Then  by  a  well-known 
property  of  the  circle  PR.RS=OR.  RN«=« 
(on-or)or. 

Hence  if  R  is  the  radius  of  curvature 
of  the  surface  of  the  lens,  and  OR  or  PQ, 


0 

Fig.  3S7. 
the  thickness  of  the  air  film,  is  called  7\  we  have 


Now  since,  when  interference  takes  place,  the  thickness  T'of  the  air  film 
is  always  very  small  compared  to  the  radius  of  the  lens  R^  the  quantity 
7**  will  be  very  small  compared  to  2/17",  so  that  we  may  neglect  7^, 
and 


or 


2  A' 


We  have  already  seen  that  in  the  case  of  reflected  light  interference 

h\ 

will  lake  place   if  7"=  —       ,«  where  N  was   the  wave-length  in   the 
'^  2M  cos  0 
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medium  outside  the  film.     If  \i  is  ihe  wave-length  in  the  medium  outside 
the  film,  and  \  the  wave-length  in  the  film,  then 


h^ 


iM» 


or 


Hence  interference  will  lake  place  if 


3  COS  pf 


where  X,  is  the  wave-length  in  the  film. 

In  the  case  of  Newton's  rings  we  are  dealing  wi:h  air  as  the  film,  and 
so  \  is  here  the  wave-length  in  air,  so  that  we  shall  have  a  dark  ring 
passing  througli  g  if 


or  if 


2^ 

.2 


!  COS^ 


COS  P 


If  the  lens  and  plate  arc  in  contact  at  the  centre,  wc  shall  get  inter- 
ference, as  we  have  already  shown,  and  there  will  be  a  black  spot 
at  the  centre ;  the  radii  of  successive  dark  rings  will  be  obtained  by 
taking  w  equal  to  i,  2,  3,  &c.,  so  that  the  squares  of  the  radii  ol  suc- 
cessive dark  rings  are  proportional  lo  the  natural  numbers*  I,  2.  3,  &c. 
The  angle  p  is  that  which  the  light  rays  in  the  air  film  ii^ake  with  the 
plate,  bul  in  all  practical  cases  the  lens  is  of  such  small  cur\'ature,  and 
the  rings  are  only  formed  so  near  the  centre,  that  we  may  regard  the 
lens  as  a  parallel  plate,  so  that  the  rays  in  the  air  film  will  be  parallel 
to  the  rays  incident  on  ihe  upper  surface  of  the  lens,  and  we  may  lake  /i 
as  the  angle  of  incidence  of  the  rays  on  the  lens. 
If  the  light  is  incident  normally  p^t?,  and 

At  the  centre  there  is  interference  for  all  the  colours,  so  that  with 
white  light  the  centre  is  black,  as  we  pass  out  ;  if  Sn  is  the  wave-length 
of  violet  light,  then  when  H  is  equal  to  X„i^  this  violet  light  will  be 
destroyed,  and  hence  the  remaining  light  will,  along  this  circle,  appear 
coloured  red.  A  little  further  out,  r  is  equal  to  ^^A',  so  that  the  red 
light  is  destroyed,  and  the  remaining  light  appears  violet.  When  r  is 
equal  to  2\,iA',  the  violet  will  again  be  destroyed  and  the  red  left,  while 
whrn  r  is  equal  to  2\j^/\\  the  violet  will  be  left.  Thus  with  while  light 
Ihe  central  black  spot  will  be  surrounded  by  a  scries  of  coloured  rings, 
each  of  which  is  red  on  the  inside  and  violet  on  the  outside. 

Newton's   rings  are   also  formed  in  the  light  which  is  transmitted 

2  M 
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through  the  lens  and  plate. 


E 

S' 

L      ^ 

f 

A                       «, 

0'         B 

1 

1 

Fig.  358. 
Using  tlic  same  notatioiT  as  before, 

and  the  diflfercncc  in  path  is  given  by 


If  AB  (Fig.  358)  is  the  surface  of  the  plate, 
and  AI>F.  the  lens,  then  a  ray 
uf  tight  incident  nurmally 
along  IQ  traverses  the  air 
film,  and  a(  P  is  partly  trans- 
milted  along  PS  and  partly 
reflected  along  PQ',  where  it 
15  again  partly  reflected  aJong 
g'p's'.  Interference  n»ay  then 
take  place  between  the  waves 
which  have  traversed  the  air 
film  once,  and  those  which 
have  traversed  it  three  times. 


2PQ. 


R 


The  ray  IS,  as  it  is  nowhere  reflected,  undergoes  no  sudden  change  in 
phase  ;  the  ray  IPy's',  however,  is  reflccied  at  P  and  at  q',  and  in  each 
case  at  the  surface  of  a  tii'user  medium,  and  loses  at  each  half  a  wave- 
length, or  a  whole  wave-length  in  all  Hence,  as  the  loss  or  gain  of  a 
whole  wave-length  by  one  ray  does  not  affect  the  interference  pheno- 
mena between  two  rays,  we  have  that  interference  will  take  place  when 
the  difference  in  the  paths  is  ctjual  to  an  odd  multiple  of  the  half  wave- 
length.    Hence  there  will  he  a  dark  ring  passing  through  ii  if 


or 


3/'G«(2/»-f-l)- 


r^'  =  (3/i+  1) 


XA*. 


while  there  will  Ik  a  bright  ring  for 


AA- 


When  w  =  o,  f^=^n^  so  that  there  will  W.  a  bright  spot  at  the  centre, 
is  also  obvious  since  here  the  lens  and  plate  arc  in  contact,  so  that  Ihf 
is  no  air  film,  and  the  light  is  simply  transmitted.  By  comparing  the 
expressions  for  r  in  the  case  of  reflected  and  transmitted  light,  it  will 
be  seen  that  where  there  is  a  dark  ring  for  one,  there  will  be  a  bright 
ring  for  the  other. 
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377.  Stationary  Waves.— Lippmann's  Colour- Photography.— 

Suppose  a  beam  of  parallel  rays,  or,  in  other  words,  a  series  of  plane 

waves,  is  incident  normally  on  a  plane  mirror,  then  llie  waves  will  be 

reflected  at  the  mirror,  and  we  may,  as  in 

the  case  of  water  waves  (§  27$),  have  sta-     ^     C      C' 

lionary  waves  set  up  owing  to  the  inter-  , 

ference  between  the  direct  and  reflected 

waves.     Consider  a  point  P  (Fig.  359),  at    o| — ^r — s-i • "*"' 

a  distance  x  from  the  mirror,  then  we  may 

consider  that  at  P  we  have  two  series  oi 

waves,  one  the  direct  waves  and  the  other      BOO' 

a  series,  which,  starting"  in  the  same  phase  j-ifi,  ^^g, 

as   the  direct  waves,  has   travelled    along 

a  path  which  exceeded  that  of  the  direct  waves  by  2-r.     Wc  mtist  also 

add  half  a  wave-length,  for  the  reflection  at  O  lalccs  place  at  the  surface 

of  a  denser  medium.      Hence  the  ditTerence  of  pjuh   is  really  2.f  +  -. 

There  will  be  interference  at  I',  if  this  difference  in  path  is  equal  to  an 
odd  number  of  half  wave-lengths,  or  if 

2.r+-  =  (2»+i)- 
2  2 


If  then  P  is  a  point  such  that  ^'0"^  2,  there  will  be  interference  through- 
out a  plane  i:i>,  drawn  through  I'  pnialltl  to  tlie  reflecting  surface  ;  there 
will  also  be  interference  throughout  the  plane  c'D',  which  is  at  a  distance 
of  \  fmm  All,  and  so  on.  The  distance  between  the  planes  in  which 
intcrfrrcnce  occurs  will  v.nry  with  the  wave-lengih  of  the  light,  Ijeing 
smaller  for  violet  light  than  for  red  light  The  distance  between  con- 
secutive planes,  even  for  ned  light,  is,  in  the  c.nse  of  normal  incidence, 
excessively  small,  being  only  3.8  x  10"*  cm.  for  the  red  (A  line). 

The  fonnalion  of  these  planes,  over  which  interference  takes  place, 
in  the  neighhonrhond  of  a  plane  mirror  has  been  lUilised  by  Lippmaim 
\\\  his  excessively  beautiful  method  o(  obtaining  photographs  in  natural 
colours.  If  the  front  surface  ol  the  mirror  is  coated  with  a  sensitive 
photographic  emulsion,  then  when  light  of  wave-length  X'  is  incident  on 
the  mirror  the  light  will  Ijc  destroyed  in  planes  which  are  .it  a  distance  ul 
X'/a,  2X'/2,  3^'  2,  &c,,  from  the  mirror,  so  that  the  emulsion  will  not  be 
affected  on  these  planes.  At  the  planes  at  distances  X'/4,  2x74,  3X74,  &c, 
ihc  incident  and  reflected  light  strengthen  each  other,  and  the  emulsion 
will  be  acted  upon,  so  that  on  development  the  silver  of  the  cmulsicm  will 
be  reduced  on  these  planes,  and  thus  a  number  of  parallel  planes  at  a 
uniform  distance  apart  will  be  produced  within  the  film. 

If  now  a  beam  of  white  light  is  incident  on  the  <lcveloi>ed  plate,  the 
interval  between  each  of  ihe  planes  in  which  ihe  sib cr  has  l)ccn  deposited 
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will  act  as  a  thin  film  producing  interference  in  the  manner  considered 
in  §  375  between  llie  liglu  reflected  from  two  consecutive  planes  in  which 
the  silver  is  deposited.  The  difference  in  phase  between  the  light 
reflected  at  plane  I  (Fig.  360)^  and  that  reflected  at  plane 
4-  2,  will  be  equal  to  twice  the  distance  between  the  planes. 

■^-^  Hence,  since  the  distance  between  the  planes  is  \72>  the 

difference  in  the  paths  is  V,  so  that,  in  the  case  of  the 
romponcm  of  the  incident  wliite  light  which  has  the 
\va\e- length  \\  the  two  reflected  rays  combine  to 
strengthen  each  olher.  For  light  of  all  other  wave- 
lengths the  two  reflected  rays  will  differ  in  phase,  and  will 
therefore  more  or  less  interfere.  If  there  were  only  two 
planes  the  selective  strengthening  of  the  reflected  light 
of  one  wave  length  would  not  be  very  marked  ;  when, 
however,  there  are  hundreds  of  planes  placed  one  after 
the  other,  the  final  result  is  thai  practically  only  light  of 
wave-length  X'  is  reflected,  that  is,  light  of  the  same 
colour  as  that  originally  incident  on  the  sensitive  film. 

If  then,  instead  of  using  homogeneous  light  to  act  on  the  sensitive 
film,  li^hi  of  different  colours  in  different  pans  is  used,  such  as  would 
he  obtained  if  the  image  of  a  party-coloured  object  formed  by  a  lens  is 
thrown  un  the  h\\\\  then  on  development  the  silver  will  be  so  deposited 
lliatt  when  the  film  is  afterwards  illuminated  by  white  light,  the  light 
leflcctcd  from  different  parts  of  the  film  will  be  of  the  same  colour  as  the 
r<»rresponding  part  of  the  original  image,  and  hence  of  the  object,  and 
we  shall  thus  get  a  photograph  in  natural  colours. 

378.  Michelson*s  Interference  Apparatus.— In  the  cases  of  inter- 
ference which  we  have  hitherto  considered,  the  difference  in  the  length  of 
the  paths  of  the  interfering  waves  has  only  amounted  at  most  to  a  few 
hundred  wave-lengths.  Michelson  has,  however,  obtained  interference 
when  the  paths  differed  by  as  much  as  20  cm,,  i.e.  about  40o,ocx>  times 
the  wave-length.  His  apparatus  consists  of  two  parallel-sided  plates  of 
glass,  r.,  and  c,  1  Fig.  361),  of  equal  ihirkncss,  and  two  plane  mirrors. 
Ml  and  M._.,  arranged  as  shown  in  the  figure.  The  surface  of  the  glass 
plate  »:|,  which  is  turned  towards  the  mirror  M^  is  lightly  silvered,  so  tliai 
when  light  is  incident  at  an  angle  of  45"  on  this  surface,  half  the  light  is 
reflected  and  iialf  is  transmitted  throuj^'h  the  thin  coating  of  silver. 

If  a  piirallel  beam  of  light  is  incident  on  the  plate  C.|  along  the 
direction  10,  the  greater  pan  will  be  refracted  and  traverse  the  plate 
When  this  light  meets  the  silvered  surface  half  will  l>e  reflected,  and  after 
again  traversing  the  glass  plate  will  be  incident  normally  on  tlie  mirror 
M;. ;  the  other  half  will  Ije  trxinsniiiied,  and  after  traversing  the  plate  <;, 
will  l>e  incident  nonnally  on  the  mirror  M,.  The  light  which  falls  on  the 
mirnir  ki,  wiH  be  reflecteci  back  along  its  path,  will  again  traverse  the 
plate  t;^  and  will  then  be  partly  reflected  at  the  silvered  surface  of  G, 
along  o'r,.     The  light  which  falls  on  the  mirror  M,  will  be  reflected  back 
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aloRK  its  palh  and  will  traverse  the  jjlass  pl.ile  r.„  and  pnrt  will  be 
transmitted  throu),'h  the  silvcrinjj  and  emerge  alonj^  the  path  o'R*  In 
the  figure  the  reflected  rays  arc,  for  clearness,  shown  doited  and  slijjhtly 
displaced  to  one  side  of  the  incident  rays.  In  reality  no  such  displace- 
ment occurs,  and  the  two  refiectetl  rays  c'r^  and  o'k,  are  not  separated. 

The  two  rays  start  from  the  point  o'  in  the  same  phase,  and  while  one 
passes  twice  through  the  plate  c;,  and  twice  traverses  the  distance  between 
Cf I  and  Mj,  the  other  passes  twice  throu^di  the  plate  Gj  *  and  twice  traverses 
the  distance  between  G,  and  Mj.  Hence,  if  the  thickness  of  the  glass 
plates  is  !he  same,  the  ditTerence  in  phase  of  ilie  rays  o'R,  and  O'R, 
depends  on  the  difference  in  the  lengths  of  the  paths  o'm,  and  o'Mj.     If 


M,    M, 


R/^. 
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these  paths  dilTer  by  an  odd  number  of  half  wave-lengths,  the  rays  o'Rj 
and  o'r.^  will  interfere. 

Suppose  that,  for  light  of  wave-length  \  interference  takes  place 
when  the  mirror  M,  is  in  the  position  shown,  and  that  by  means  of  a 
micrometer  screw  this  mirror  can  be  moved  parallel  to  itself  into  a 
position  m'„  such  that  M,m',  is  equal  to  half  a  wave-length,  the  palh  of 
one  of  the  rays  will  be  increased  by  a  whole  wave-length,  so  that  if 
there  was  interference  at  M^  there  will  also  be  interference  at  m',,  and  no- 
where between.  Hence  by  moving  M,,  and  counting  the  number  of  limes 
the  two  rays  produce  interference  for  any  given  wave-length,  we  sliall  be 
able  to  determine  the  distance  through  which  we  have  moved  m,  in  terms 
of  (he  wave-length  of  the  light  used.  Thus  if  we  move  M,  through  x 
centimetres,  and  interference  is  produced  n  times  m  this  distance  with 
light  of  wave-length  \  we  shall  havc-- 

X 

Hence  counting  w,  and  knowing  cither  ^  or  x^  we  can  determine  the  other. 

»  Itie  reason  for  interposing  ihc  plalc  u^  is  »o  that  the  light  rcHecied  in  the  mirror 
Ml  m.Ty  have  to  u-av-er&c  a&  great  a  thickness  of  glasi  as  has  the  light  reflect^  in  M«. 


Uzht 


fS379 


By  means  of  this  apparatus  Michelson  has  compared  Ihe  Icnj^ih  of 
the  Metre  ties  Archives  wiih  ihc  wave-length  of  liyht  of  certain  colours, 
}lc  used  the  three  coloured  lights  given  out  by  cidniium  vapour,  and 
found  that  if  Xr,  A<„  Xu  are  tlie  wave-lengths  of  the  three  cadmium  lines  in 
air  under  standard  condition,  then — 

I  meire=  1553163.6X11 
„  =1966249.7X0 
.,       =2o83372-|\r, 

with  a  possible  error  of  a  few  tenths  of  a  wave-length.  Tliis  measurement 
would  allow  US)  supposing  all  the  copies  of  the  metre  were  destroyed,  to 
reproduce  the  metre  wiili  a  vei7  high  degree  of  accurao'. 

379*.  Explanation  of  the  Rectilinear  Propagratlon  of  U^hi 

on  the  Wave  Theory.  One  of  the  chief  causes  why  the  wave  thci>r>- 
of  light  was  for  a  long  time  thought  lo  be  incorrect,  was  the  difficulty  of 
explaining  why  light  was  propagated  in  straight  lines,  and  did  not,  as 
sound  in  general  does,  spread  out  in  all  directions  after  passing  through  a 
luile  in  a  screen  ;  and  we  are  now  in  a  position  to  consider  this  question. 
Let  mm'  (Fig.  362)  be  the  trace  of  a  plane  wave-front  at  right  angles 
tA  the  paper,  and  I'  a  point  at  which  wc  require  to  calculate  the  eflfect 

which  will  lie  produced  by  the  wave. 
Now  we  may  consider  that  each  of  the 
ether  particles  in  the  wave-front  mm' 
becomes  a  centre  of  disturliance,  and  we 
then  have  lo  find  what  is  the  combined 
effect  of  all  these  centres  on  the  ether  at 
the  point  P.  From  P  draw  pa  perpen- 
dicular to  the  wave-front,  and  let  the 
distance  p,\  be  called  d.  Next,  with 
radii  equal  to  d^\lz^  </-h2X/2,  </-l-3V2, 

a~  .  &c.,  describe  a  series  of  circles  with  P  as 

centre,  cutting  mm'  at  is  c,  n,  &c,  and  join 
HP,  CP,  DP,  &:c.  Now  since  BP  -  AP  =  A/2, 
the  waves  sent  by  the  ether  particles  at 
A  and  H  will  rearh  p  in  opposite  phases, 
ami  wdl  ihcrcfore  interfere.  In  the  same  way  the  waves  sent  from  n  and 
c  will  interfere,  and  so  also  the  waves  coming  from  the  particles  Ijctween 
A  and  H  will  interfere  with  the  waves  coming  from  the  particles  lictween 
B  and  c.  Now  the  same  argument  will  apply  to  the  waves  coming  from 
all  the  particles  on  the  wave-front  included  in  a  circle  described  about  A 
as  centre,  and  wiih  radius  Alt  on  the  one  hand,  and  the  particles  includetl 
in  the  annulus  or  zone  having  radii  AC  and  AB.  Now  the  effect  produced 
at  P  by  the  waves  sent  from  all  the  particles  in  any  lonc  will  depend  on 
three  ihin^s,  namely,  the  area  of  the  zone,  which  gives  (he  number  of 
ether  particles  which  are  sending  waves  to  P,  the  inclination  to  the 
wave-front  MM'  of  the  line  joining  P  lo  the  zone,  and  Ihc  distance  of  p 
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from  the  zone.  Since  the  inclination  and  distance  increase  as  the  zones 
are  taken  further  and  further  from  A,  the  magnitude  of  the  effect  pro- 
duced at  P  by  zones  having  equal  areas  will  on  this  account  gradually 
fall  off.  Since  the  inclination  and  distance  vary  from  one  zone  to  the 
next  at  first  quite  rapidly,  but,  as  we  shall  see  later,  the  change  very 
soon  becomes  excessively  small,  it  follows  that  the  difference  between 
the  effects  produced  by  equal  areas  of  consecutive  zones  is  at  first  con- 
siderable, but  soon  becomes  inappreciable  as  we  get  away  from  A. 
_  We  have  next  to  calculate  the  areas  of  the  successive  zones.  Now 
PB=(/+X/2.    Hence 

=  //X, 
if  we  neglect  the  term  involving  X^  since  X  is  a  very  small  quantity.    Also 

AC"'=(./+X)2-^ 
---2^/X, 
and  Ai)2  =  3(^X, 

and  so  on. 
Hence  the  area  of  the  circle  ah  is 

■nd\. 
The  area  of  the  zone  nc  is 

2-nt{\  —  Trd\=Trd\, 
The  area  of  the  zone  CD  is 

'yrd  \  —  2ird\  =  Trd  \ 

and  so  on.     Hence  the  area  of  all  the  zones  is  the  same. 

Now  if  the  distance  AP  or  d  is  10  cm.,  and  X  is  5  x  10  '  cm.  (green 
light),  the  radii  of  the  zones  have  the  following  values  : — 


Zoin*. 

RiuHus. 

Width  of  Zone 

CeiUtinctres. 

Ce  mime  Ires. 

I 

(aI-:) 

0.022 

0.022 

2 

(AC) 

0.032 

0.0 10 

3 

(AD) 

0.039 

0.007 

4 

(AK) 

0.045 

0.006 

5 

0.050 

0.005 

10 

0.07 1 

0.003 

1 1 

0.074 

... 

100 

0.224 

101 

0.225 

0.00 1 

This  table  shows  ver\'  clearly  how  the  width  of  the  zones  diminishes 
very  quickly  at  first,  and  then  more  slowly,  and  how  very  narrow  the 
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7rtnes  become  even  at  a  distance  of  two  milHiDetres  from  the  point  A, 
which  is  called  the  pole  of  i*. 

Now  the  effect  produced  at  I*  by  any  given  zone  depends  on  the  area 
of  the  zone  and  on  the  inclinaiion  to  the  line  w  of  the  line  joining  P  lo 
the  rone.  Tlie  tabic  given  above  shows  that  for  the  zones  .it  quite  a  short 
distance  from  the  pole  A  the  width  of  the  zones  is  verj'  small,  and  hence 
the  angles  between  the  lines  joining  two  adjacent  zones  to  p  and  the  line 
AP,  as  also  their  distances  from  P,  are  practically  the  same.  Thus, 
except  in  the  case  of  the  first  few  zones,  the  effects  of  consecutive  zones 
at  P  are  exactly  equal  and  opposite,  and  hence  the  only  portion  of  the 
wave  mm',  which  contributes  lo  the  production  of  the  disturbance  at  the 
I)oint  P,  is  that  portion  immediately  surrounding  the  pole  a.  Thus  if  an 
opaque  obstacle  be  placed  at  a,  so  as  to  cut  off  the  disturbance  coming 
front,  say,  the  first  ten  zones^  there  will  be  no  disturbance  produced  at  P, 
for  the  disturbance  coming  from  the  zones,  into  which  the  rest  of  the 
wave  can  be  divided,  will  neutralise  e.ich  other  by  interference.  That  is, 
an  obstacle  of  about  1.5  mm.  diameter,  if  placed  at  a,  will  completely 
screen  p.  This  result,  of  course,  amounts  to  the  same  thing  as  the  rectU 
linear  propagation  of  light,  fur  the  obstacles  employed  when  considering 
this  phenomenon  are  in  general  larger  than  that  given  above. 

We  also  at  once  see  why  it  is  that  In  the  case  of  sound-waves 
"shadows"  are  so  seldom  formed.  Thus,  taking  the  case  of  a  tuning- 
fork  giving  the  note  C  of  512  vilirations  per  second,  the  wave-length  in 
air  is  about  66.7  cm.  Hence  if  the  point  P  is  at  a  distance  of  looo  cm. 
from  the  pole  a,  the  diameter  of  the  tenth  zone  Is  2  ^'10x66.7  x  1000  = 
16340  cm.  In  other  words,  the  diameter  of  an  obstacle  to  shut  off  the 
sound  would  have  to  be  more  than  sixteen  times  the  distance  of  P  from 
the  pole,  and,  under  these  circumstances,  the  obliquity  of  the  disturbance 
coming  from  the  zones  would  be  so  great  as  to  make  our  investigation 
only  a  very  rough  approximation.  Thus  we  see  that  the  reason  we  do 
not  obtain  sound-shadows  is  that  the  wave-length  of  the  disturbance  is 
too  great  compared  to  the  size  of  the  obstacles  ordinarily  used.  Where 
the  obstacle  happens  to  be  very  largo,  sound-shadows  are  sometimes 
nbsen'ed  ;  as,  for  instance,  an  intervening  hill  has  often  protected  certain 
buildings  from  the  aerial  concussion  produced  by  an  explosion,  while 
other  buildings  at  much  greater  distances,  but  not  in  shadow,  have  had 
their  windows  broken. 

S80*.  Diffraction. — To  complete  the  discussion  of  the  production  of 
shadows  on  the  wave  theory,  we  must  now  briefly  consider  the  phenomenon 
obscn*ed  in  the  immediate  neighbourhood  of  the  edge  of  a  shadow,  and 
also  what  happens  when  the  size  of  the  obstacle  is  less  than  the  diameter 
of,  say,  ten  zones,  so  that  the  disturbance  is  not  completely  cut  off  from 
the  point  P  by  the  intervention  of  the  obstacle. 

We  will  first  consider  the  case  of  a  parallel  beam  of  light  which  is 
intercepted  by  an  opaque  object,  of  which  one  edge  is  a  straight  line. 
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Kcl  N  (Fij;-  3'>3)  be  ilic  section  of  ihc  celiac  nf  the  obstarle-,  nm',  laken 
at  right  angles  to  llie  paper,  and  P  the  point  where  the  iUuminalion  is  to 
he  calculated.  If  no  obstacle  were 
present,  we  might  divide  the  incident 
wave  mm'  into  half  wave-length  zones, 
jubl  as  in  the  previous  section.  Lei  the 
amplitude  of  the  vibration  which  reaches 
p  when  no  obstacle  is  present  be  A,  so 
that  the  intensity  of  the  illumination  al 
P  is  A^  (fi§  309,  359).  Now,  when  the 
ohstacle  is  so  placed  as  to  exactly  cover 
half  the  zones,  that  is,  when  tlie  edge 
passes  through  the  pole  of  P,  the  ampli- 
tude of  the  disturbance  produced  at  V 
will  he  reduced  to  a  half,  and  therefore 
the  intensity  of  the  illuniin.iiion  will  tje 
a",  4,  that  is,  reduced  to  a  quarter. 

Now  let  the  obstacle  be  gradually  moved  down  till  the  edge  N 
coincides  with  b',  that  is,  till  the  first  rone  is  completely  uncovered. 
The  result  will  be  that  the  illumination  at  P  will  increase  and  become 
considerably  greater  than  A*.  The  reason  is  that  the  illumination  is  A"* 
when  the  zone  Hc'  is  also  uncovered,  and  this  zone  affects  P  in  the 
opposite  phase,  and  therefore  decreases  the  disturbance  produced  by  the 
central  zone.  If  the  edge  is  now  lowered  to  c'  the  intensity  of  the 
illumination  will  j^radually  decrease,  and  reach  a  minimum  value  which 
is  less  than  A^  for  the  next  most  important  zone,  namely  c'l)',  is  covered, 
and  this  would  increase  the  disturbance  nt  P  if  it  were  in  action.  Pro- 
ceeding in  this  way,  we  see  that  the  illumination  at  P  will  pass  through 
a  number  of  maxima  and  minima.  The  variation  from  the  value  a^  will, 
however,  become  less  and  less  as  more  zones  are  uncovered,  and  when 
about  ten  zones  arc  uncovered,  the  illumination  will  remain  constant  at 
the  value  a*. 

When  the  edge  has  uncovered  the  first  zone,  the  illumination  at  l* 
will  be  the  same  as  that  at  a  point  P|,  where  PPi  =  ab,  before  the  edge 
was  moved  from  the  |x>sition  sliown  in  the  figure.  Hence,  since  the 
illumination  at  v  when  the  edge  is  at  h'  is  greater  than  a',  it  follows  that 
the  illimiination  at  P„  when  the  edge  is  at  the  point  A,  must  also  be 
greater  than  A^  Thus  if  a  screen  l>e  placed  at  P3P,  there  will  be  a  scries 
of  maxima  and  minima  of  illumination  near  the  points  I'l,  P._j,  P^,  &c., 
when  the  edge  is  at  a. 

Next,  to  examine  the  illumination  which  will  be  produced  on  the 
portion  of  the  screen  below  p,  that  is,  within  the  geometrical  shadow  of 
the  obstacle  m'N.  When  the  edge  is  at  A,  the  illumination  at  P  is  a74, 
and  as  the  edge  is  moved  up  the  central  zones  are  gradually  covered, 
and  hence  the  intensity  of  the  disturbance  sent  to  P  gradually  falls  olT 
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The  tlecrensc  in  ilic  iMnmination  within  the  geomelncal  shadow  is  con- 
tinuous, llial  is,  there  are  no  maxima  and  minima.  The  reason  is  ihat, 
^^  supposing  the  edge  to  occupy  the  position  shown 

in  Kip.  364,  then,  startinfi  from  N,  wc  may  divide 
the  remainder  of  the  wave-front  into  half-period 
zones  Ml,  BC,  CD,  &c.  Of  these  zones,  each  will 
produce  a  greater  effect  than  the  next,  but  ad- 
jacent ones  will  send  to  P  waves  in  op(>osite 
phase.  Thus  the  illumination  sent  to  P  will  be 
practically  the  difference  of  the  effects  of  the  lirsl 
two  zones,  or  at  any  rale  of  the  first  three  or 
'  four.  As  the  distance  NA  is  increased,  that  is. 
as  P  is  taken  further  and  further  inside  the 
geomeirical  shadow,  the  difference  between  the 
effect  pnxUiccd  by  the  first  two  zones  will  de- 
crease, ju5t  as  in  §  379  wc  found  that  consecutive  zones,  after  about  the 
tenih//-^///  the  pole,  had  equal  and  opposite  effects. 

Thus  the  wave  theory  indicates  that  the  shadow  (Uist  by  a  sharp  edge 
when  illuminated  by  parallel  lij^ht,  or.  what  comes  to  the  same  thing, 
liyht  from  a  point,  stnirce,  or  narrow  slit  at  a  considerable  distance,  is 
not  (putc  sharp.  Outside  the  jjeomclrical  shadow  will  lie  a  series  of 
lixht  ;uul  dark  bands,  and  inside  the  liyht  will  not  cease  suddenly,  but 
will  fall  off  rapidly. 

The  intensity  of  the  illumination  on  a  screen  placed  at  A  distance  of 
one  metre  from  a  diffracting  edge,  and  illuminated  by  a  parallel  beam  of 
light,  is  :»hown  by  means  of  a  curve  in  Fig.  365.     It  will  be  seen  that  the 
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illumination  at  the  edge  of  the  geometrical  shadow  is  a  quarter  of  the 
illuminaiirui  at  some  distance  from  the  edge,  that  is,  of  the  illumination 
which  would  occur  if  the  diffracting  obstacle  were  removed. 
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If  we  have  parallel  light  falling  on  a  slit,  then,  as  before,  we  may 
divide  the  incident  wave  into  half  wave-length  zones  with  reference  to  a 
point  P.  If  the  slit  is  at  a  considerable  distance  from  the  pole  of  P,  it 
will  include  many  zones,  for  at  this  distance  from  the  pole  the  zones  are 
very  narrow,  and  the  total  effect  of  these  zones  will  be  zero.  As  the  slit  is 
moved  nearer  to  the  pole,  the  number  of  zones  included  in  the  portion  of 
the  wave  which  can  pass  through  the  slit  decreases,  and  when  there  is 
an  even  number  the  zones  very  nearly  neutralise  each  other's  effect,  and 
there  is  a  minimum  of  illumination  at  P,  while  when  the  slit  includes  an 
odd  number  of  zones,  the  illumination  is  a  maximum.  The  illumination 
will,  of  course,  be  a  maximum  at  a  point  immediately  opposite  the  slit. 
On  either  side  will  be  formed  a  number  of  alternate  dark  and  bright 
lines,  the  intensity  of  the  maxima  rapidly  decreasing  as  we  go  away  from 
the  central  band. 


CHAPTER   VIII 


EMISSION  AND  ABSORPTION  OF  LIGHT 


381.  Nature  of  the  LIgrht  emitted  by  a  Luminous  Body— Spectra, 

—  ^n  g  368  we  have  referred  to  llie  spectrum  ohlained  when  sunlight  is 
passed  through  a  prism,  we  now  have  lo  cx.iiniue  the  Lonsiitutiim  of  the 
light  gUen  out  by  oilier  sources. 

If  a  solid  boLly>  ^uch  as  a  piece  of  lime  or  of  metal,  is  heated,  it  1>egin$ 
lo  x'ow  with  a  (lull  red  colour  at  a  temperature  of  alxjut  600'  C,  and  if 
ihc  light  emitted  is  examined  in  a  spectroscope  only  the  red  end  of  the 
spectrum  will  be  seen.  At  a  temperature  of  about  1000'  the  yellow  will 
appear  as  well  as  the  red,  while  at  about  1600',  the  solid  will  glow  with 
a  white  light,  and  the  spectrum  will  stretch  from  the  red  to  the  violet. 

The  spectrum  thus  obtained  wiUi  a  glowing  solid  will  differ  from 
the  solar  spectrum  in  that  ihcie  will  be  no  dark  bands,  the  spectrum 
being  continuous  from  one  em]  to  the  other. 

The  same  character  of  spectrum  is  given  by  incandescent  fluids,  such 
as  molten  plaliiuim. 

When,  however,  the  light  given  out  by  glowing  gases  or  vapours  is 
examined,  the  spectrum  produced  is  of  an  entirely  diflferent  character. 
Thus,  if  a  ball  of  either  of  the  metals  sodium,  calcium,  stron- 
tium, lithium,  &c.,  is  held  in  a  colourless  flame,  such  as  that 
of  a  Hunsen  burner,  and  the  light  is  examined  in  a  spectro- 
scope, the  spectrum  will  be  found  to  be  no  longer  continuous, 
hut  to  consist  of  a  number  of  bright  lines  in  various  parts  of 
the  spectrum.     The  position  and  number  of  these  lines  varies 
for  the  diflfcrent  metals,  but  does  not  depend  either  on  the  salt 
of  the  metal  used  (chloride,  bromide,  sulphate,  &c.)  or  on  the 
nature  of  the  flame  into  which  the  salt  is  introduced.    The 
nutfthcr  of  lines   visible  with  any  given  metal  depends,  to  a 
certain  extent,  on  the  temperature  of  the  flame,  but  although 
new  lines  may  make  their  api^earance  as  the  temperature  is 
raised,  the  position  of  the  lines  already  present  docs  not  var^'. 
Kro.  366.    1'^  ^he  case  of  gases,  the  spectrum  is  obtained  by  passing  the 
spark  from  an  induction  coil  (§  524)  through  the  gas  which  is 
contained  in  a  rarefied  condition  in  a  tube  of  the  shape  shown  in  Fig. 
366.     In  addition  to  line  spectra,  under  certain  conditions  of  pressure 
and    temperature,  the   spectra   of  some   gases  exhibit  bands   of  light, 
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which  with  a  small  dispersion  are  generally  sharply  defined  on  one  side, 
but  shade  off  gradually  on  ihe  other.  With  a  high  dispersion,  these 
bands  are  seen  lo  be  composed  of  numerous  lines  packed  close  toge- 
ther. When,  however,  (he  temperature  Is  raised,  the  band  spectrum 
becomes  changed  into  a  line  spectrum. 

The  character  of  the  lines  in  the  spectrum  of  a  gas  depends  very 
much  on  the  pressure  to  which  the  gas  is  subjected.  Thus  in  the 
case  of  hydrogen,  at  low  pressures,  say  below  i  mm.  of  mercury,  the 
spectrum  consists  of  three  narrow  lines,  one  in  the  violet,  one  in  the 
blue,  and  one  in  the  red,  which  are  jjenerally  indicated  by  //y,  Z/'^. 
and  /A.  As  the  pressure  is  increased,  first  the  line  //y,  then  //^,  and 
finally  also  //«  becomes  wider,  while  under  a  pressure  of  about  36  cm.  of 
mercur>*  the  spectrum  is  practically  continuous.  The  explanation  of 
these  changes,  if  we  accept  the  kinetic  theory  of  gases,  is  compara- 
tively easy.  When  a  gas  is  under  a  low  pressure,  the  mean  free  path 
(g  141)  of  the  molecules  is  great,  so  that  the  interval  between  successive 
impacts  of  a  molecule  with  another  is  comparatively  great.  Thus 
although  during  the  impact  the  atoms  will  be  set  into  all  kinds  of  forced 
vibrations,  yet  all  these  vibrations,  except  those  which  correspond  to 
the  naturai  period  of  vibration  of  the  atoms,  will  ver>*  rapidly  die  out, 
and  for  the  greater  part  of  the  time  the  atoms  will  be  vibrating  in  their 
own  natural  period.  Henre,  if  we  suppose  that  in  a  glowing  gas  the 
light  emitted  is  due  to  the  vibrations  of  the  atoms,  it  is  evident  thai 
at  low  pressures  the  gas  will  give  out  light  of  certain  definite  wave- 
lengths, corresponding  to  the  ralural  periods  of  the  atoms.  As  the 
pressure  increases  the  mean  free  path  of  the  molecules  decreases,  and 
hence  the  impacts  become  more  frequent.  Under  these  circumstances  the 
forced  vibrations  will  begin  to  tell,  and  at  first  it  will  be  those  vibrations 
which  are  nearly  of  the  same  period  as  the  natural  period  that  will  be 
most  noticeable,  so  that  the  bands  will  widen  out.  When  the  pressure 
is  further  increased,  the  encounters  between  the  molecules  are  so  fre- 
quent that  the  forced  vibrations  persist  from  one  encounter  to  the  next, 
and  hence  vibrations  of  all  periods  will  be  taking  place  in  the  different 
molectilfs,  and  a  continuous  spectrum  will  be  obtained. 

382.  Series  of  Spectral  Lines.  — If  we  assume  thai  the  frequency 
of  the  light  vibratuMis  gi\cnout  In  a  luminous  body  is  the  same  as  the 
frequency  of  the  \  ibrations  set  up  within  the  molecules  of  the  substance, 
we  are  led  to  the  conclusion  that  the  motion  of  even  a  gaseous  mole- 
cule must  be  very  complicated,  for  the  spectrum  of  most  substances 
contains  quite  a  large  number  of  bright  lines,  each  line  corresponding, 
on  the  above  hypothesis,  to  a  different  mode  of  vibration. 

Although  at  first  sight  the  arrangement  of  the  lines  in  the  spectrum 
of  a  gas  or  vapour  appears  in  general  quite  irregular,  yet  a  study  of 
this  subject  h.is  shown  that  in  many  cases  certain  relations  are  found 
to  hold  Iwiween  the  frequencies  of  the  various  lines. 
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The  first  relation  of  this  kind  observed  is  due  to  Balmer,  wlio  noticed 
that  the  wave-lengths,  X,  of  the  lines  in  the  hydrogen  spectrum  can  be 
represented  with  great  accuracy  by  the  general  expression 

^==3645  -  « —  X  10  •*  cm., 
m^  -  4 

in  which  ;/;  is  in  succession  given  the  values  3,  4,  5,  &c.,  up  to  16.  The 
kin<l  of  agreement  obtained  between  the  obser\e<l  values  and  those 
calculated  from  Ualmer's  formula  is  shown  in  the  following  table  : — 


m 

W.ive- length. 

CaJcuUted. 

Otiacrvetl. 

3 

6561  X  10-*  cm. 

6560.7x10^*011. 

4 

4860 

4S59.8 

5 

4339.3 

4340.1 

6 

4100.6 

4IOI.2 

7 

3969 

3968.1 

8 

3888 

3887.5 

9 

38344 

3834.0 

10 

3796.9 

3795-0 

II 

3769.6 

3767.5 

Another  curious  fact  is  that  when  there  exists  in  the  spectrum  of 
an  clement  a  doublet  or  triplet,  that  is,  two  or  three  lines  close  together, 
there  are  al^o,  in  general,  a  number  of  other  doublets  or  tiiplcts,  and 
the  difference  bi^lween  the  frequencies  of  Ihr  mmponents  of  these 
doublets  and  Inplels  is  the  same  for  all  those  which  occur  in  the  spcc- 
tniin  of  any  one  clement.  Tlius,  in  the  case  of  thallium,  Kayscr  and 
Runge  have  found  the  following  values  for  the  reciprocals  of  the  wave- 
lengths of  the  components  of  the  doublets.  The  reciprocal  of  ihc 
wave-Ienglh  being  proportional  to  the  frequency  of  the  vibrations,  the 
diflcrcnces  will  also  be  proportional  to  the  differences  of  the  frequencies. 


I/X 

Diflcrcnce. 

lA 

DilTercooe* 

18684.2  ( 

26476.6  i 
28324.1  ( 
361 17.1  i 

30952.1  [ 
38744.8  \ 
33569-4 1 

4»3'^5-<  \ 

34217.7  r 

42010.2  J 
345^6.2  [ 
42321.4  k 

7793.4 
7793.0 
7792.7 
7795.7 
7792-5 
7795.2 

35372.1  I 

43164.7  f 
36879-2  ( 
44671.0  J 
37503-0  > 

45293.8  \ 
38305.0  } 
46096.8  >' 
38f>63.3  I 

46452.4  \ 
39157.0^ 
46947-3  f 

7792.6 
7791.8 
7790.8 
7791.8 
7789.1 
7790.3 
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If  we  plot  the  values  of  I /X  for  ihe  lines  given  in  the  above  table  as 
abscissa:,  as  shown  in  the  upper  line  of  Fiy.  367,  where,  since  the 
components  of  the  doublets  would  be  at  a  constant  distance  apart 
throughout,  only  one  has  been  plotted,  tl»e  lines  do  not  appear  regularly 
arranged.  If*  however,  the  fourth  and  sixth  lines  are  omitted,  the 
remaining  lines  can  he  arranged  in  two  series  as  shown  at  h  and  c,  each 
of  which  resembles  the  scries  of  lines  represented  by  Haliiici-'s  formula, 
and  can  be  represented  by  a  similar  formula.     The   separation  of  the 
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lines  into  two  serious  is  further  justified  by  ihc  fact  that  each  double  line 
of  the  first  series  is  accompanied,  on  its  more  refrangible  side,  by  a 
strong  line  which  is  easily  reversed,  while  the  lines  of  ilie  second  series 
arc  not  accompanied  in  this  way.  Tlic  further  consideration  of  this 
subject  is  beyond  the  scope  of  this  work,  but  sufficient  has  been  said  to 
indicate  the  direction  in  which  modern  work  on  the  cLissilicaliou  of  the 
lines  in  the  spectra  of  the  different  elements  is  proceeding. 

383.  Absorption  of  Light.— When  light  passes  througli  a  medium, 
this  medium  in  geneml  absorbs  part  of  the  radiation,  and  the  amount  of 
this  absorption  is  generally  different  for  ligiu  of  different  M-ave-lengths, 
or,  in  otlier  words,  most  media  exert  a  selective  absorption  on  lighL 

In  order  to  examine  the  character  of  the  absoi^plion,  while  light  is 
passed  through  the  given  substance,  and  the  transmitted  light  is  examined 
spectroscopically.  If  then  the  substance  absorbs  light  of  any  particular 
wave  lengths  more  strongly  than  it  does  liglit  of  other  wave-lengths, 
the  spectrum  will  be  crossed  by  dnrk  bands  corresponding  to  the  colours 
which  have  been  absorbed.  Thus  if  a  dilute  solution  of  permanganate 
of  potash  is  used,  the  spcrirum  is  crossed  by  five  dark  bands  in  the  green, 
while  a  dilute  solution  of  human  blood  pnxluces  well-marked  absorption 
bands  in  the  yellow  and  green. 

In  the  rase  of  solutions,  the  absorption  bands  arc  generally  fairly 
wide,  the  width  increasing  with  the  strength  of  the  solution.  When 
light  is  absorbed  by  gases  or  vapours,  however,  the  character  of  the 
absorption  bands  is  vcr>'  different,  the  Iwmds  arc  sharply  defined,  and  in 
general  consist  of  a  number  of  fine  narrow  lines  in  various  parts  of  the 
spectrum.     Thus  if  white  light  from  a  vcr\'  hot  lw>dy,  such  as  the  electric 
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arc,  is  passed  through  a  flame  which  is  slroinfly  coloured  yellow  by  means 
of  stxlium,  two  fine  absorption  bands  are  formed  in  the  oranye-yellow. 
If  the  while  lij^hi  is  then  cut  ofl\  the  light  from  the  sodium  flame  will 
give  two  bright  lines,  which  occupy  exactly  the  same  place  as  did  the 
dark  abborption  lines.  We  thus  see  that  the  hght  absorbed  by  the 
sodium  vapour  is  of  exactly  the  same  wave-length  as  that  which  it  itself 
gives  out.  This  is  really  a  case  of  resonance,  for  the  incident  white  light 
contains  waves  of  all  periods  ;  of  these,  the  sodium  molecules  will  most 
powerfully  absorb  those  which  are  of  the  same  period  as  their  oKn 
natural  periods.  We  may  illustrate  this  action  by  taking  the  case  of  a 
number  of  ships  ;it  anchor,  when  if  the  period  of  ihe  waves  happens  to 
coincide  with  the  natural  rolling  period  of  the  ships,  then  they  will  be  set 
into  violent  oscillation,  and  the  energy  to  set  them  into  this  oscillation 
having  Ijcen  derived  frrnn  the  waves,  the  waves  must  themselves  have 
been  absorbed,  parting  with  their  energ>'.  Waves  of  other  peritMJs  will, 
however,  not  set  the  ships  into  such  violent  oscillation,  and  hence  will 
not  be  so  strongly  absorbed.  In  the  case  of  the  absorption  by  the 
sodium  vapour,  the  white  light,  coming  as  it  docs  from  a  source  at  a 
vcr>'  high  temperature,  is  verj'  bright,  and  the  sodium  flame  being  at 
a  much  lower  temperature,  the  sodium  vapour  absorbs  the  lijihi  of  the 
wave-length  it  itself  emits.  Thus  after  traversing  the  flame  all  the  con- 
stituents, except  the  yellow  sodium  light,  exist  in  their  original  brilliancy  ; 
the  sodmm  light,  however,  is  only  that  i\\x^  to  the  feeble  radiation  of  the 
Ihime,  so  that  by  comparison  with  the  light  of  the  other  colours  the 
yellow  sodium  band  looks  black,  although  when  the  white  light  is  cut 
off«  so  that  there  is  no  contrast,  the  sodium  line  is  seen  to  be  really 
bright. 

When  white  light  is  transmitted  throi>gli  an  incandescent  gas,  we 
therefore  get  dark  bands  in  those  parts  of  the  spectrum  corresponding 
to  the  bright  lines  produced  by  the  Ifght  given  out  by  the  gas,  this  being 
a  particular  case  of  the  general  proposition  that  bodies  absorb  most 
strongly  that  kind  of  vibratory  motion  which  they  are  themselves  capable 
of  giving  out,  whether  it  be  water-waves  as  .in  the  case  of  a  ship,  sound- 
waves as  in  the  case  of  a  resonator,  or  light  and  heat  waves  as  in  the 
cases  just  considered  (Stokes'  Law  or  KirchhofTs  Law). 

384.  Reversal  of  Lines  in  the  Solar  Spectrum.  —  Wc  have 
irfcrrcd  in  S  3^8  to  the  black  Kraunhofcr  lines  in  the  solar  spectrum, 
and  from  what  has  been  said  as  to  the  reversal  of  the  spectral  lines 
protluced  by  passing  while  light  through  a  glowing  gas,  we  are  at  once 
led  to  the  explanation  of  these  lines.  They  are  due,  as  was  first  pointed 
out  by  KirchhoflT,  to  the  absorption  of  certain  portions  of  the  light  given 
out  by  the  white  hot  nucleus  of  the  sun  during  its  passage  tlin)ugh  the 
gases  and  vapours  which  surround  this  nucleus,  or  through  the  earth's 
atmosphere. 

Since  the  position  of  any  one  of  Fraunhofcr^s  lines  in  the  spectrum 
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coincides  with  the  position  of  a  bright  line,  Uue  to  the  vapour  which 
has  absorbed  the  light,  by  measuring  the  wave-lengths  of  Fraunhofer's 
lines  and  conip.inn^'  them  with  the  wave-lengths  of  the  bright  lines 
produced  by  the  elements  which  occur  on  the  earth,  we  can  discover 
whether  these  elements  occur  in  the  sun's  atmosphere. 

Tims  the  PVaunhofer  line  D  in  the  solar  spectrum  really  consists  of 
two  lines  close  together  {D^  and  Z^),  and  these  occupy  the  satne  positions 
in  the  spectrum  as  twc  of  the  lines  of  the  metal  sodium,  so  that  we  may 
infer  that  sodium  exists  in  the  vaporous  condition  in  the  sun's  atmosphere. 
Until  recently  certain  lines  in  the  solar  spectrum  were  unknown  amongst 
terrestrial  elements,  and  were  said  to  be  due  lo  an  unknown  element, 
helium.  This  element,  which  proves  to  be  a  gas,  has,  however,  now  been 
discovered,  so  that  in  this  case  we  may  almost  say  that  this  element  was 
recognised  on  the  sun  before  it  was  known  on  the  earth. 

385.  Displacement  of  Spectral  Lines.— We  have  seen  in  §  296 
tliat  when  a  *iounding  body  is  either  approaching  or  receding  from  an 
observer,  the  pitch  of  the  note  perceived  is  different  from  that  given  out 
by  the  sounding  body.  The  same  principle  applies  in  the  case  of  light. 
Thus  if  a  luminous  body,  in  the  spectrum  of  which  there  are  definite 
lines,  is  moving  towards  the  observer,  the  wave-length  of  each  of  the 
lines  will  be  apparently  shortened,  since  in  a  given  time  the  observer 
will  receive  more  waves  than  he  would  if  the  luminous  f>o(Iy  were 
stationary.  The  effect  of  this  is  that  the  lines  in  the  spectrum  will  be 
displaced  towards  the  violet  end  of  the  spcctojin.  In  the  same  way,  if 
the  source  of  light  is  moving  away  from  the  observer,  the  lines  will  be 
displaced  towards  the  red  end  of  the  spectrum.  Hence,  by  comparing 
the  position  of  the  lines  in  the  spectrum  of  a  star  witli  the  position  of  the 
same  lines  in  the  solar  spectrum,  we  can  detennine  whether  the  distance 
Ijetween  the  earth  and  the  star  is  decreasing  or  increasing,  and  from  the 
extent  of  the  displacement  of  the  lines  we  can  calculate  the  velocity  with 
which  ihc  earth  and  the  star  arc  moving  relatively  to  rtne  nnother  in  the  line 
joining  the  two.  In  this  way  it  has  been  found  that  Arcturtis  is  approach- 
ing the  earth  wiih  a  velocity  of  43  miles  per  second,  while  Aldcbaran  is 
receding  with  a  velocity  of  45  miles  per  second. 

The  same  metho<l  has  been  used  by  Keeler  to  prove  that  Saturn's 
rings  arc  composed  of  small  botlies  rotating  round  the  planet.  An 
image  of  the  planet  is  formed  on  the  slit  of  a  spectroscope,  so  that  the 
different  parts  of  the  spectrum,  taken  at  right  angles  to  the  direction  of 
the  dispersion,  corresptmd  to  light  coming  from  the  different  parts  of 
the  planet  along  the  line  in  which  the  slit  cuts  the  image  of  the  planet. 
If  then  the  rin^^s  rotate,  the  spectral  lines  corresponding  to  the  light 
fropn  the  two  ends  of  a  diameter  of  the  rings  will  be  displaced  in  opposite 
directions,  while,  if  the  outside  of  the  ring  rotates  faster  than  the  inside, 
the  lines  will  not  only  l>c  di^placetl  as  a  whole,  but,  since  the  amount  of 
the  displacement  depends  on  the  velocity,  tlicy  will  he  inclined.       If  the 
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oulsidc  of  the  rings  Is  rotating  more  slowly  than  the  inside,  the  lines  will 
still  be  inchned,  but  in  the  opposite  direction.  By  this  method  Keelcr 
finds  that  the  inside  of  the  ring  is  rotating  faster  than  the  outside.  If 
the  ring  were  fluid  or  solid,  the  outside  would  move  faster  than  the 
inside,  while,  if  it  consists  of  a  swam^  of  independent  solid  bodies,  the 
nearer  ones  will  have  to  rotate  the  faster,  or  otherwise  the  centrifugal 
force  would  not  be  sufficient  to  keep  them  from  falling  into  the  planet, 
so  that  the  spectroscope  indicates  that  the  latter  hypothesis  is  ihc 
correct  one, 

386.  Anomalous  Dispersion.— We  have  seen,  when  speaking  of 
dispersion  (§  369),  that  the  dispersive  power  is  not  the  same  for  all 
substances.  For  this  reason  the  spectra  produced  by  prisms  of  different 
materials  are  not  similar,  for  the  relative  spreading  of  the  different  colours 
is  not  the  same.  Thus  in  Kig.  }/:i^  are  ^ivcn  the  relative  positions  of 
some  of  Fraunhofer^s  lines  for  spectra  produced  by  prisms  of  different 
substancL'5,  the  dispersion  between  the  a  and  ft  llney  being  the  same  for 
all.  The  top  line  is  a  grating  spectrum,  which  is  added  for  the  sake  of 
comparison,  for  here  the   spectrum  is  normal,   in  that  the  dispersion 
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between  any  two  rays  is  proportional  to  the  dittcrcncc  between  their 
wave-lengths,  so  that  the  dispersive  power  for  all  gratings  is  constant. 

In  the  case  where  the  material  of  which  the  prism  is  constructed 
shows  marked  selective  absorption,  the  spectra  obtained  arever^-  abnormal, 
for  in  certain  cases  the  order  of  the  colours  is  altered,  so  that  these  no 
longer  follow  in  the  order  of  their  wave-length,  while  in  other  cases  the 
spectrum,  instead  of  being  continuous,  is  separated  into  isolated  parts  by 
broad  dark  bands. 

A  solution  of  fuchsine  (one  of  the  aniline  dyes)  in  alcohol  strongly 
absorbs  the  green  light,  so  that  the  spectrum  formed  by  transmission 
through  a  prism  of  this  substance  does  not  contain  any  green.  Of  the 
three  colours,  red,  orange,  and  yellow,  on  one  side  of  the  missing  green, 
the  red  is  least  deviated,  next  the  orange,  and  then  the  yellow  ;  these 
colours  following  each  other  in  the  usual  order.  The  deviation  of  the 
violet  is,  however,  ^tuite  abnormal,  for  light  of  this  colour  is  Uss  deviated 
than  the  red,  being  separated  foni  this  latter  by  a  dark  liand. 

In  l^'K-  3^>9  the  top  line  sliows  the  arrangement  of  the  colours,  as 
indicated  by  the  Fraunhofer  lines,  in  the  sj)ectrum  produced  by  a  glass 
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prism,  wliile  the  second  line  shows  the  arnmgcinent  of  the  colours  hi  the 
spectrum  protluced  by  a  prism  filled  with  a  solution  of  fiichsine.  Tlie 
labt  hnc  is  a  curve,  such  that  the  ordinates  represent  the  intensity  (jf 
the  \"cirious  coloured  lights  in  the  fuchsinc  spectrum. 

The  li^dit  reflected  from  a  solution  of  fuchsine  at  normiU  incidence  is 
coloured  ^.Tecn,  thus  accounting  for  the  absence  of  the  green  in  the 
tninsmitted  spectrum. 
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Kundt  has  made  observaiinns  on  a  number  of  bodies  which  show 
anomahuJi'  dib[>crsion,  and  he  finds  it  in  all  bodies  which  have  wlmt  is 
called  surface  colour,  i.e.  those  whose  colour,  as  seen  by  reflected  light, 
is  different  from  that  seen  by  transmitted  light.  As  a  result  of  his 
exjieriments,  he  found  that  if  we  go  up  the  spectrum  in  tl»c  sense  of  de- 
creasing wave-lengths  (/>.  from 

red  to  violet),  the  deviation  is     *  f  i 

abnormally  increased  below  an 
absorption  band,  and  diminishe<l 
above  the  absorption  bantl. 
Thus  in  the  case  of  fuchsine, 
which  has  an  absorption  banil 
in  the  green,  the  colours  red. 
orange,  and  yellow,  which  are 
below  the  band,  are  deviated 
to  an  abnormal  extent  ;  and  the 
blue  and  violet,  which  are  above 
the  absorption  Ijand,  arc  less 
deviated  than  the  normal.  This 
is  shown  graphically  in  Fig.  370.  The  dotted  cur\'c  rcprcscnis  the 
proportion  of  light  of  the  different  wave-lengths  which  is  absorbed 
and  has  a  well-marked  maximum  in  the  green.  The  full-line  curve  abcij 
represents  the  deviation  produced  by  a  given  prism  of  fuchsine.     The 


E  M  C 

VIOLET      CRECH       Y«UOV/    RC9 
WAVELENCTM— * 

Fio.  370. 


S64 


Light 


\%zW 


yellow  and  red,  as  shown  by  the  portion  r>C  of  the  curve,  are  deviated 
more  than  the  violet,  as  shown  by  the  portion  i(\. 

387.  Colour  Produced  by  Absorption. -\Vc  have  already  referred 
to  the  fact  ihat  non-luminous  Uudics  are  ?>cen  by  the  light  which  they 
scatter  at  their  surfiice.  The  li>iht  is  usually  not  only  reilected  at  ihc 
surface,  bui  penetrate;*  some  depth  below  the  surface,  where  it  is  reflected 
by  inequalities  in  the  substance  of  the  body.  This  inlemally  scattered 
light  then  reaches  the  eye,  after  traversing  a  certain  thickness  of  the 
substance  ;  and  lience  if  the  body  absorbs  any  given  coloured  light,  ihc 
reflected  light  will  be  of  the  tint  obtained  by  removing  light  of  this  colour 
from  white  light.  Thus  a  red  poppy  appears  red  because  the  petals 
exert  a  strong  selective  absorption  on  all  the  colours  except  red,  so  that 
light  which  has  penetrated  lieneajh  the  surface  of  the  petals,  and  is  then 
scattered  by  the  cells,  emerges  robbed  of  all  its  colours  except  red. 
The  fact  that  the  flower  absorbs  almost  completely  all  colours  except 
red  can  l>c  obsenxd  by  holding  ihv  flower  in  different  parts  of  the 
spectrum,  in  the  red  it  will  appear  brilliantly  rcd»  and  as  it  is  moved 
towards  the  green  the  brilliancy  will  gradually  fade,  till,  when  it  is  in  the 
blue,  all  the  li^ht  which  now  falls  on  it  will  be  absorbed,  so  that  none  is 
reflected  to  the  eye,  and  the  flower  will  appear  black. 

In  the  case  of  the  boiiics  referred  to  in  the  previous  section  as  showing 
surface  colour,  light  of  a  particular  colour  seems  unable  to  penetrate  at 
all,  and  is  therefore  reflected,  so  that  the  transmitted  lij^ht  will  be  without 
this  colour.  Such  phenomena  are  shown  by  many  of  the  aniline  colours, 
and  by  some  n>etals»  such  as  gold  and  copper.  Thus  in  the  case  of 
K<tld  the  rctlecled  light  is  of  the  colour  ordinarily  associated  with  the 
metal  ;  a  thin  lihn  of  gold  is,  however,  transparent,  the  transmitted  light 
Ijeing  green. 

388.  Distpibution  of  Energy  in  the  Spectrum.— A  black  body 
appears  such  because  ii  absorI)s  light  of  all  wave-lengths,  and  although 
even  lamp-black  reflects  a  little  li^'ht,  yet  it  absorbs  such  a  great  pro- 
portion of  the  incident  light,  that  for  most  purposes  it  may  be  taken  as 
absorbing  the  whole  of  the  incident  light.  If,  then,  a  beam  of  light  is 
incident  on  a  surface  coated  with  lami>-black,  the  light  will  neither  be 
reflected  nor  transmitted.  The  energy  of  the  incident  light-waves  will 
be  transferred  to  the  absorbing  body,  where  it  will  appear  as  heal,  so 
that  the  body  coated  with  lampblack  will  become  heated  ;  and  if  we 
measure  the  quantity  of  heat  it  receives  in  a  given  lime,  when  absorbing 
a  given  quantity  of  light,  the  energy  corresponding  to  this  incident  light 
tan  l>c  calculated.  Hence  by  measuring  the  heat  received  by  a  black  l>ody 
when  placed  in  different  portions  of  a  specimm,  the  relative  energy 
of  the  liyht  of  the  various  wave-lengths  prcbcnl  in  the  spectrum  can  be 
determined,  the  instruments  used  for  this  measurement  l>cing  the  ones 
described  in  J5  244. 

In  order  to  carry  out  this  experiment,  l.angley  uses  a  rock-salt  prisTn 
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to  produce  the  dispersion,  since  this  substance  is  not  only  transparent 
to  the  light  rays,  but  also  to  heat  rays.  In  order  to  measure  the  energy 
in  different  portions,  he  uses  a 
bolometer,  the  receiving  surface  of 
which  consists  of  a  very  thin  and 
narrow  strip  of  blackened  plati- 
num. 

The  results  obtained  in  the  case 
of  the  solar  spectrum  are  shown  in 
f*'&-  37  ^  in  which  the  ordinates 
represent  the  energy  of  the  light 
of  the  various  wave-lengths.  The 
part  of  the  curve  between  a  and  d 
corresponds  to  the  visible  spec- 
trum. It  will  be  seen  from  this 
figure  that  the  spectrum  extends 
far  below  the  extremity  of  the 
visible  red. 

Langley  has  also  observed,  by 
the  same  method,  the  radiation 
from  bodies  heated  to  tempera- 
tures below  that  at  which  they 
emit  visible  rays,  and  some  of  his 
results  for  blackened  copper  heated 
to  various  temperatures  are  shown  in  Fig.  372,  together  with  the  solar 
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spectrum    for   comparison.     In   this   figure   the   abscissae  represent  the 
deviation  produced  by  the  rock-salt  prism,  and  not  wave-lengths,  as  in 
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l'*'B-  371-  ^^  ^^''''  ^c  observed  thai,  as  tlic  temperature  of  the  blackened 
copper  is  raised,  radiation  of  smaller  and  smaller  wave-lenj^'lh  appeals  ; 
and  alibou>;li  ihe  ener^^y  corresponding  to  ea<:h  wave-len^'th  increases, 
ihe  increase  is  noi  the  same  for  all,  the  maximuni  of  the  cur\e  being 
displaced  towards  the  smaller  wave-lengths. 

Since  when  the  copper  is  heated  to  a  sufficiently  high  temperature  il 
emits  white  light,  we  sc<^  that^  starting  at  a  low  temperature,  the  radiation 
emitted  is  of  comparatively  great  wave-length  only,  but  as  the  temperature 
rises  the  body  emits  rays  of  smaller  wave-length,  till  finally  e\*cn  violet 
light  is  emiucd.  We  sec,  therefore,  that  there  is  no  physical  difference, 
except  that  of  the  wave-length,  between  the  radiation  given  out  by  a  hot 
kettle,  which  we  call  radiant  heat,  and  thai  t:iven  out  by  a  gas  flame, 
which  wc  call  light.  Hence  the  arbitrary  distinction  between  hcai- 
rays  and  light-rays,  leased  on  the  fact  that,  although  both  are  simply 
wave-motions  in  the  ether,  we  perceive  them  with  differettt  senses  is 
misleading. 

The  depressions  in  tlic  energy  cune  of  the  solar  spectrum  in  the  infra 
red,  indicating  as  they  do  the  partial  absence  of  radiation  of  certain  wave- 
lengths, show  that  even  in  this  region  there  are  dark  bands  in  the  solar 
spectrum.  These  bands  in  the  infra  red  are  in  a  great  measure  due  to 
absorption  within  the  earth's  atmosphere. 

Not  only  does  the  solar  spectrum  extend  far  beyond  the  visible 
spectrum  in  the  direction  of  increasing  wave-lengths,  but  it  also  extends 
beyond  the  violet.  We  shall  see  later  on  how  this  ultra-violet  jxjrtion  of 
the  spectrum  ntay  be  examined. 

389.  Fluorescence.— If  a  solution  of  chlorophyll  (the  colourinjf- 
matter  of  green  plants)  is  placed  in  a  dark  room,  and  a  bcai!)  of  white 
light  is  allowed  to  fall  on  it,  the  portions  of  the  solution  on  which  the 
light  tlrsi  falls  become  luminous,  emitting  in  all  directions  a  red  light. 
This  phenomenon  is  called  fluorescence,  the  name  being  derived  from 
fluor-spar,  a  btidy  which  also  exhibits  the  phenomenon.  The  fluorescence 
is  most  brilliant  at  the  surface  of  incidence  of  the  white  light,  the  bril- 
Jiancy  gradually  decreasing  with  the  thickness  of  the  solution  through 
which  the  light  has  passed.  The  same  phenomenon  is  exhibited  by 
paraftin  oil,  solutions  of  quinine,  and  of  some  aniline  colours,  such  as 
eosin  fred  ink),  fluorescine,  also  by  some  salts,  such  as  barium,  or 
potassium  platino-cyanide. 

If  a  fluorescent  body,  instead  of  being  placed  in  white  light,  is  exposed 
to  light  of  different  colours,  it  is  found  that  the  fluorescence  only  occurs 
with  certain  kinds  of  light.  Thus  if  a  test-tube  containing  a  solution  of 
sulphate  of  quinine  is  held  in  different  parts  of  the  spectrum,  it  presents 
a  ver\*  different  appearance  in  some  parts  from,  say,  the  same  test-tube 
when  filled  with  water.  In  the  red  the  solution  of  quinine  looks  red,  in 
the  yellow  and  green  it  looks  yellow  and  green  respectively,  but  in  tlic 
blue  and  violet  a  marked  change  is  apparent,  as  it  begins  to  show  ilie 
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pale  blue  fluorescent  colour  which  it  exhibits  in  while  hyhi.  This 
fluorescence  increases  towards  the  violet  end  of  the  spectrum,  and  is 
visible  even  when  the  test-tube  is  held  beyond  the  limits  of  the  visible 
spectrum,  so  that  the  ultra-violet  rays  arc  capable  of  exciting  fluorescence 
in  this  substance. 

If  a  solution  of  chlorophyll  is  treated  in  the  same  way,  it  will  V>e  found 
to  glow  even  in  the  red  wiih  a  deep  red.  As  the  solution  is  moved  up 
the  spectrum,  it  continues  to  exhibit  the  red  fluorescent  light,  althou>^h 
in  the  violet  the  fluorescent  colour  is  brownish,  due  to  the  presence  of 
some  green  light  as  well  as  the  red. 

If  the  light  emitted  by  a  fluorescent  body  is  examined  spectroscopi- 
cally,  it  is  found  not  to  ht,  monochromatic,  but  to  contain  liyhL  of  various 
colours  ;  the  wave-length  of  these  colours  is,  however,  always  greater 
than  the  wave-length  of  the  li^hi  which  causes  the  fluorescence.  Thus 
fluorescent  bodies  possess  the  property  of  absorbing  light  of  certain 
wave-lengths;  quinine  absorbs  most  of  the  ultra-violet  light,  chlorophyll 
has  a  marked  absorption  band  in  the  red,  as  well  as  others  in  the  yellow, 
green,  and  blue,  and  of  converting  this  absorbed  light  into  light  of 
greater  wave-length.  For  instance,  to  the  eye  a  beam  of  simlight  does 
not  seem  reduced  in  intensity  by  passage  through  a  moderate  thickness 
of  a  solution  of  quinine,  but  it  has  t^een  deprived  almost  entirely  of  its 
ultra-violet  rays,  and  ihc  quinine  has  converted  these  rays  into  blue  and 
violet  rays  which  are  visible  to  the  eye. 

Fluorescence  has  been  used  to  map  the  solar  spectrum  beyond  the 
violet,  for  when  the  spectrum  is  thrown  on  a  fluorescent  substance  the 
fluorescent  glow  will  appear  extending  beyond  the  violet  and  is  traversed 
by  dark  absorption  bands  which  are  similar  to  the  Fraunhofer  bands  in 
the  visible  part  of  the  spectrum. 

890.  Phosphorescence.-  In  the  case  of  the  fluorescent  bodies  just 
considered,  the  emission  of  the  fluorescent  light  ceases  immediately  the 
incident  light  is  cut  oflT.  Some  substances,  particularly  the  sulphides  of 
cakium,  barium,  and  strontium,  continue  to  emit  light  after  the  incident 
light  has  been  cut  off",  so  that  after  exposure  to  light  they  shine  in  the 
dark.  This  phenomenon  is  called  phosphorescence,  a  name  which  is 
rather  misleading,  since  the  glow  t.xhibited  by  phosphorus  is  due  to  slow 
chemical  action,  while  the  glow  of  a  phosphorescent  substance  is  not  due 
to  chemical  action,  and  is  really  fluorescence  which  persists  after  the 
source  of  illumination  is  removed.  Phosphorescence  is  exhibited  by  a 
great  number  of  bodies,  but  in  most  cases  it  lasts  for  such  a  short  time 
after  the  incident  light  has  been  cut  ofl"  as  to  require  special  means  for 
its  detection. 

391.  Calorescence.— The  converse  action  to  that  which  occurs  in  the 
case  of  fluorescence,  i,e.  the  absorption  by  a  body  of  radiation  of  one 
wave-length  and  its  emission  as  radiation  of  shorter  wave-length,  is 
called  calorescence,  and  was  exhibited  by  Tyndall  by  focussing  the  infra- 
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red  rays  from  an  electric  arc,  the  luminous  rays  being  removed  by  trans- 
mission ihrouyh  a  solution  of  iodine,  on  a  strip  of  platinum  foil,  when  ihc 
platinum  was  heated  to  incandescence  and  emitted  visible  radiation. 

392.  Chemical  Action.— When  li^ht  is  absorbed  by  a  body  tbc 
energy  of  the  absorbed  radiation  is  liikcn  up  by  the  Ixxiy,  and  we  have 
alieady  considered  some  of  the  forms  under  which  this  absorlxjd  cncrj;y 
can  exist,  namely,  it  can  be  converted  inio  heat  and  wann  the  body,  (»r 
it  can  produce  by  fluorescence  or  phosphorescence  light  of  diflTcreni 
character  from  the  incident  radiation,  and  be  again  radiated  as  a 
vibratory  molion.  Wo  h.ive  now  to  consider  a  third  way  in  which  the 
energy  of  alist)rl>ed  light  may  Ix:  used,  namely,  in  doing  chcniital  work. 
Thus  a  mixture  of  chlorine  and  hydrogen  jjases  will  keep  indefinitely  in 
the  dark,  but  as  soon  as  the  mixture  is  exposed  to  sunlight  the  two  gases 
combine  with  explosive  violence. 

Another  well-known  case  where  light  produces  chemical  change  is 
that  of  silver  chloride,  which,  under  the  influence  of  light  (sunlightX 
becomes  blackened  owing  to  the  reduction  of  the  silver.  This  provoca- 
tion of  chemical  change  by  light  is,  of  course,  the  cause  of  all  photographic 
action. 

Light  of  all  colours  is  not  equally  active  in  promoting  chemical  change, 
and  in  Fig.  373  tlie  relative  intensity  with  which  light  of  diflercnt  colours 
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of  the  solar  spectrum  act  in  promoting  chemical  change  is  shown  by 
means  of  a  curve.  The  exact  position  of  the  maximum,  however,  dej>ends 
to  a  certain  extent  on  the  nature  of  the  chemical  change  produced.  The 
spectrum  must  l>c  produced  by  means  of  a  quartz  prism  and  lenses,  for 
glass  exerts  a  powerful  absorption  on  the  ultra-violet  rays.  It  will  be 
seen  that  ihe  rays  that  are  chiefly  efficacious  are  those  in  the  extreme 
violet  and  in  the  ultra-violet  For  this  reason  the  ultra-violet  rays 
are  often  called  chemical  rays,  but  it  must  lie  remembered  they  only 
diflfer  from  the  visible  and  heat  rays  in  their  wave-length,  and  that 
chemical  action  is  not  confmed  to  these  rays,  but  is  only  more  strongly 
exliibited  by  them  ilian  by  rays  of  greater  wave-lengili. 
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393.  Extent  of  the  Light  and  Heat  Spectrum.  — It  is  of  some 
interest  lo  briefly  collect  a  few  ilata  as  lo  the  ranj^e  of  wave-lengths  which 
have  been  measured  in  the  case  of  li^^'ht  or  heat  radiation. 

In  the  following  table  the  approximate  wavc-lcngtlis  of  a  few  interest- 
ing kinds  of  radiation  are  given  : — 

Cm. 

Smallest  wavc-lenHlh  measured ooooi 

Maximum  of  chemical  action  in  solar  spectrum.     Kx- 

tremiiy  of  visible  spectrum 00004 

/■'  line 000059 

Extremity  of  visible  spectrum        .....     .00007 

Maxirnuni  energy  in  solar  spectrum 00008 

Largest  wave-length  measured 0025 

Smallest  measured  electrical  oscillation  (j5  581)    .        .     .6 

393a.  Radio- Active  Substances. — Shortly  after  ROntgcn's  discovery 

of  the  rays  called  after  his  name  (§  564),  Ilecquerel  discovered  that  salts 
of  uranium  emit  invisible  radiations  which  have  many  of  the  properties 
of  R^inlgen  rays.  Thus  these  uranium  rays  arc  able  to  disrhaigc  an 
electrified  l>ody,  and  to  affect  a  photographic  plate  even  when  woikJ  and 
certain  other  substances  intervene.  This  property,  which  is  generally 
called  radio-activity,  seems  to  be  possessed  by  all  the  compounds  of 
uranium,  even  those  which  do  not  exhibit  fluoresence. 

Other  substances  besides  salts  of  uranium  have  been  found  lo 
possess  radio-aciivity.  In  particular,  Madame  Curie  has  found  two 
constituents  of  the  mineral  pitchblende,  which  she  has  called  Polonium 
and  Radium,  which  exhibit  this  property  in  a  most  surprising  dej^ree, 
being  many  thousand  limes  more  active  than  uranium.  A  further 
extraordinary  property  of  these  two  sul:)slances  is  their  power  of  com- 
municating their  radio-active  power  to  other  bodies  which  have  been 
exposed  to  their  rays.  Radio-active  bodies  continue  to  give  out  these 
rays  even  when  they  have  becnVept  in  the  dark  for  three  years,  and  it  is 
a  question  of  very  great  interest  as  lo  where  the  energy  coiresponding 
to  the  rays  which  such  btjdies  are  continually  sending  out  is  derived. 
No  very  satisfactory  answer  has  yet  been  given.  It  has  been  suggested 
that  some  kind  of  rays,  of  which  we  as  yet  know  nothing,  pervade  all 
space  and  can  traverse  most  forms  of  matter,  and  these  are  absorbed  by 
the  radio-active  substance  which  emits  them  in  a  changed  form  by  an 
action  similar  to  fluorescence.  Another  theory  is  that  the  rays  resemble 
kathode  rays,  and  consist  of  particles  shot  nut  from  the  active  substance. 
The  quantity  of  matter  which  would  have  to  be  lost  during  the  course  of 
a  yeiir  or  so  to  account  for  ibe  intensity  of  the  rays  observed  would  be 
quite  insignificant.  Neither  hypothesis  has  received  any  direct  proof, 
and  we  must  content  ourselves  with  the  above  brief  reference  to  this 
most  interesting  branch  of  modern  experimental  physics. 
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394.  Sensations  produced  by  LisrhU—VVe  have  up  to  the  present 
conbtdcrcd  the  iubjt-ci  of  li^jbt  in  its  objective  aspect  only,  and  must  now 
proceed  to  examine  tlic  subjecllve  sensations  produced  when  light-u-aves 
of  various  kinds  enter  the  eye.  When  dealing'  wiili  die  subject  of 
audition,  we  saw  that  the  nature  of  the  sensation  prmluccd  depends  on 
the  intensity,  the  frcfjuency,  and  the  timbre  of  the  n4»te.  The  timbre, 
liowcver,  is  really  included  in  llie  first  two,  for  it  depends  on  the  fre- 
quency and  intensity  of  the  various  simple  tones  which  build  up  the 
note.  In  the  same  way,  the  sensation  experienced  when  hghi  enters  the 
eye  depends  on  the  frequency  and  intensity  of  the  various  simple  coloured 
lights  which  build  up  the  resultant  colour.  As  we  shall,  however,  find, 
the  eye  possesses  much  less  analysing  power  than  the  ear,  for  while  the 
ear  which  receives  a  note  of  given  composition  can  always  distin^inish 
any  other  note  of  which  the  composition  is  different,  this  is  not  the  case 
with  the  eye.  Thus  by  allowing  light  of  only  three  selected  frequencies 
to  enter  the  eye,  a  sensation  is  produced  which  is  quite  undistin^uishablc 
from  the  sensation  produced  when  while  liyht  enters  the  eye,  althouji;h, 
as  we  have  seen,  white  light  consists  of  light  of  nil  frequencies  between 
ver)'  considerable  limits.  Thus  while  in  acoustics  like  sensations  are 
produced  by  like  causes,  in  optics  this  is  not  necessarily  true,  and  the 
same  scns.-innn  m:iy  V>e  produced  by  entirely  different  causes. 

395.  Colour  Constants.  -We  shall  in  the  following.'  pages  use  the 
word  colour  in  a  rather  different  sense  to  that  hitherto  employed.  Up 
to  now,  by  the  colour  of  li^ht  we  have  meant  the  frequency  of  the  elher 
vibrations,  and  so  have  used  it  in  the  sense  of  pitch  in  acoustics.  Now, 
however,  we  shall  use  the  word  colour  to  designate  the  sensation  pro- 
duced in  the  eye,  although  where  confusion  is  likely  to  occur  the 
expression  colour  sensation  will  Ijc  employed. 

As  we  shall  see  later,  the  colour  sensation  produced  in  different 
persons  by  the  same  quality  of  light  may  var>'  considerably,  and  40  we 
have  to  consider  the  sensation  which  is  felt  by  the  majority  of  people;  in 
other  words,  we  shall  deal  with  the  normal  eye. 

In  order  to  specify  a  colour  it  is  necessary  to  know  three  things  about 
it.  In  the  first  place,  we  re<|uirc  to  know  the  frequency  of  the  various 
vibratory  motions  which  constitute  the  light  which  enters  the  eye,  or,  as 
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U  is  sometimes  called,  the  hue  of  the  lij^ht.  In  the  secortd  place,  wc 
require  lo  know  the  bri>;htnes3  or  luminosity  of  the  c:olour.  In  the  third 
place,  we  require  to  know  whether  the  light  considered  \^  mixed  with 
any  while  light,  and  if  so,  to  what  extent.  If  a  light  is  free  from  admixed 
white  light  it  is  said  to  be  pure.  Thus  by  allowing  monochromatic 
/^-lighl  to  fall  on  a  white  card,  the  sensation  is  (hat  of  orange-yetlow  and 
the  colour  is  pure.  If,  however,  the  card  is  simultaneously  illuminated 
by  while  light,  the  sensation  produced  is  altered  and  the  colour  is  no 
longer  pure. 

396,  Luminosity.— In  order  to  be  able  to  measure  the  luminosity  of 
a  colour,  wc  must  have  a  standard  or  imit  of  luminosity.  Two  cases  have 
to  l>e  considered,  namely,  when  we  are  dealing  with  the  luminosities  of 
different  coloured  lights,  and  wiien  wearcdejilln^  with  the  luminosities  of 
the  colours  seen  when  different  pigments  are  illuminated  by  while  light. 

When  dealing  with  lights  of  different  colours,  the  unit  taken  is  some 
of  the  white  light  produced  by  the  source  which  is  employed  to  give  the 
coloured  light.  In  the  case  of  pigmcnt%  the  unit  is  the  luminosity  of  a 
white  surface  which  is  illuminated  by  the  iumc  light  as  that  which  falU 
nn  the  pigment. 

As  a  source  of  white  light  which  maybe  employed  in  colour  measure- 
ments, Captain  Ab- 
ney  has  found  that 
the  light  given  by  the 
crater  of  the  electric 
arc  (S  496)  is  by  far 
the  most  steady  and 
uniform  in  quality. 
The  arrangement  he 
has  employed  in  his 
experiments  on  colour 
is  shown  in  plan  in 
^'iK-  374-  An  imago 
of  the  crater  of  an 
arc,  t,  is  thrown,  by 
means  of  a  lens,  I.(, 
on  the  slit  of  a  colli- 
mator. The  parallel 
beam  of  light  thus 
produced  falls  on  the 
prisms  r,  and  Py, 
and  is  thus  split  up, 
ihe  different  coloured 
lays  be  in  g  brough  t 
to  a  focus  by  the  lens 
L3  l>etwccn  V  and  R.     If  a  screen  is  placed  at  >,  a  pure  spectrum  will  bo 
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fanned  un  it.      If  the  scircn  is  not  there,  the  lens  I.j  will  cause  the  light     ^H 
of  all  the  various  colours  to  be  superix>sed  o\'er  a  stnall  p.ach  on  a  screen     ^^k 
at  itt  and  so  will  reproduce  white  light.    If.  however,  there  is  a  screen  at  A     ^H 
in  wl^ich  there  arc  one  or  more  slits  of  which  the  positions  can  be  varied,     ^H 
then  it  is  only  the  light  of  the  wave-lengths  corresf)onding  to  the  positions     ^H 
of  these  slits  in  the  spectrum  which  will  be  thrown  by  the  lens  1^  on  the     ^^\ 
patch  R     Hence  by  varying  the  positions  and  si^es  of  these  slits,  ditfe rent            J 
colour  mixtures  can  be  obtained-     Some  of  the  white  light  is  reflected     ^H 
from  the  Hrst  prism  along  K,  and  by  means  of  a  lens  and  a  mirror  this     ^H 
light  is  caused  to  form  a  white  patch  on  the  screen  at  C.  and  this  acts  as     ^H 
a  reference  while  when  measuring  luminosities.     The  intensity  of  the     ^H 
while  light  can  lie  reduced  by  means  of  a  set  of  rotating  sectors  placed      ^H 
at  n,  which  arc  so  arranged  that  the  proportion  oi  opaque  sector  Ko     ^H 
transparent  sector  can  be  adjusted  while  the  instrument  is  rotating.               ^H 
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Fig.  376. 
by   ihe   given   coloured 


placing  a  slit  at  the  appropriate  place  in  tlic  spectrum,  and  then  two  sUis 
are  placed  so  as  to  allow  light  of  the  two  colours  to  fall  on  tlie  screen 
simultaneously,  and  the  luminosity  of  the  two  combined  measureil.  it  is 
found  to  be  equal  to  ibe  sum  of  the  luminosities  of  the  two  separate 
components.  The  wune  result  is  obtained  with  three  or  more  different 
coloured  lights,  so  that  the  luminosity  of  such  coloured  Hyhts  is 
additive. 

In  order  to  measure  the  luminosity  of  the  light  reflected  from  various 
pigments,  the  arrangement  shown  in  Fig.  376  is  employed.  The  central 
portion,  ^V,  is  covered  with  the  pigment,  and 
the  proportion  of  the  black  and  white 
sectors  C  and  B  can  be  varied  by  slipping 
one  over  the  other.  This  card  is  mounted 
on  an  axle  and  rapidly  rotated,  and  the 
width  of  the  white  sectors  is  altered  till, 
when  illuminated  with  any  given  coloured 
light^  the  luminosity  of  the  whole  disc 
apijeai-s  the  same.  The  ratio  of  the  white 
sectors  to  the  whole  circle  then  gives  the 
luminosity  of  the  pigment  when  illuminated 
light. 

397.  Colour  Mixtures.  -The  apparatus  shown  in  Fig.  374  can  be 
used  for  studying;  ihc  colour  sens:Hion  produced  by  mixing  light  of 
various  wave-lengths.  For  by  placing  slits  in  various  parts  of  the 
spectrum  the  patih  H  will  be  illuminated  by  the  mixture  of  the  colours 
corresponding  to  the  positions  of  the  slits.  It  is  found  that,  if  the  posi- 
tions of  three  slits  be  suitably  chosen,  any  colour  whatever  can  be 
matched  by  the  mixture  of  light  of  these  three  w.ive-lengths  taken  in 
various  proportions. 

The  three  primar)"  colours,  by  mixing  which  all  the  various  colour 
sensations  can  be  obtained,  are  violet  near  the  Fraunhofer  line  fi,  green 
l>eiween  K  and  F,  and  red  between  11  and  c. 

If  the  intensities  of  the  three  primaries  taken  are  violet  250,  green 
203,  and  red  100,  the  mixture  produces  the  same  sensation  as  white  light 
straight  fmin  the  arc. 

398.  The  Youngr-Helmhollz  Theory  of  Colour.— From  the  fact 
that  any  colour  sensation  could  he  produced  by  the  mixture,  in  suitable 
proportions,  of  light  of  three  given  wave-lengths,  Thomas  Young  was  led 
to  suppose  that  there  existed  three  primary  colour  sensations,  and 
HelmhoIlK  lias  supposed  that  the  reason  for  this  is  that  the  eye  is 
furnished  with  three  sets  of  ner\'es,  one  set  which,  when  excited,  gives  the 
sensation  of  red,  another  of  green,  and  the  third  of  violet.  AVhen  more 
than  one  set  of  nerves  is  excited,  then  a  mixed  sensation  is  produced,  the 
character  of  which  depends  on  the  degree  to  which  each  set  of  nerves 
has  been  excited. 


574 


Lifiht 


[§  399 


According  to  the  Youni^-Helmholtz  theory  of  vision  it  is  suptxisetl 
lliat  each  set  of  nerves,  the  red  say,  transmits  the  sensation  of  red  to  the 
brain,  whatever  the  manner  in  which  they  may  have  been  stimulated.  Thus 
the  red  nerves  arc  aflTcctcd  not  only  by  red  light  but  also,  to  a  smaller 
extent,  by  Uju'ht  of  other  wave-lengths  ;  the  impression  produced  on  ibe 
brain  is,  however,  always  that  of  red  light. 

It  has  been  found  possible,  by  studying  the  colour  sensations  of 
normal-eyed  and  of  colour-blind  persons,  to  draw  three  cur\'es  showing 
the  sensitiveness  of  the  three  primar)'  sets  of  nerves  to  stimulation  bj* 
light  of  different  wave-lenyths.     Such  a  curve  is  shown  in  Fig,  377,  and 

was  obtained  by  Koenig. 
It  will  be  seen  from  this 
cur\'e  that  the  sensation 
of  red  can  be  stimulated 
by  light  of  all  wave- 
lengths, as  is  also  very 
nearly  the  case  with 
the  green  nerves.  The 
violet  nerves,  however, 
are  not  at  all  affected 
by  the  red  end  of  the 
spectrum. 
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The  above  theory  as  to  three  sets  of  colour  ner\'es  accounts  satis- 
factorily for  the  abnormal  colour  sensations  of  colour-blind  persons. 
Thus  a  colour-blind  person  is  one  in  which  one  (very  rarely  two)  of  the 
sets  of  colour  nerves  is  missing.  Thus  a  red  cclour-blind  person  is  one 
in  winch  ihc  red  nerves  are  insensitive.  Hence  such  a  person  will  only 
possess  the  violet  and  green  sensations,  and  it  will  at  once  be  perceived 
wby  the  luminosiiy  curve  (Fig.  375)  obtained  by  such  an  obser>'er  falls  so 
much  below  the  nonnal  at  the  red  end  of  the  spectrum,  for  there  the 
green  and  violet  sensations  are  very  weak. 

In  the  case  of  a  green  colour-blind  person,  the  green  sensation  is 
absent,  and  hence  the  cur\'es  in  Fig.  yJ^  show  that  for  blue  light,  about 
half-way  between  K  and  F,  the  two  rem.aining  sensations  arc  equally 
stimulated.  Now  equal  stimulation  of  all  three  .sensations  corresponds, 
in  the  normal  eye,  to  white,  and  in  the  green  colour-blind,  in  the  same 
way,  equal  stimulation  of  the  violet  and  red  sensations  also  correspionds 
to  the  sensation  produced  by  while.  Hence  when  blue  light  enters 
the  eye  of  a  green  colour-blind  person  the  impression  pn)dured  is  the 
same  as  that  produced  by  white  light.  This  fact  is  brought  out  ver>' 
clearly  if  such  a  colour-blind  person  is  shown  a  spectrum,  for  he  will  say 
that  he  sees  red  at  one  end  and  violet  at  the  other,  with  a  white  band 
between. 

399.  Complementary  Colours.  -Two  colours  are  said  to  l>e  comple- 
mentary when,  if  niTubiiit'd,  they  produce  the  sensation  of  while. 
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The  complementary  colours  of  the  spectrum  colours  can  be  obtained 
by  slopping  the  light  of  any  given  wave-length  by  means  of  an  opaque 
rod  and  allowing  the  remaining  colours  to  he  combined  by  the  lens 
L^  (Fig.  374)  on  the  screen  at  ii.  Then  the  colour  seen  at  H  will  be  tlic 
complementary  of  that  which  is  removed  from  the  spectrum  by  the 
interposition  of  the  rod. 

Since  not  only  all  the  spectrum  colours,  but  also  the  three 
primar)'  colours  taken  in  their  proper  proportions,  produce  the  sensa- 
tion of  white,  if  one  of  the  slits  is  closed  the  colour  produced  by  the 
mixture  m^  the  remaining  two  will  be  complementary  to  the  missing 
colour. 

It  is  not  necessary  that  either  of  the  iwo  complemcntaries  should  be  a 
compound  i.olour,  for  if  a  slit  be  placed  in  the  blue  near  F,  and  another 
in  the  yellow  between  l>  and  C  the  mixture  of  the  two  simple  colours 
transmitted  will  proiluce  the  sensation  of  white,  and  hence  these  two 
colours  are  complementar)'.  The  reason  for  the  production  of  the  sensa- 
tion of  white  by  the  mixture  of  the  aliove  two  colours  can  be  seen  by  a 
study  of  the  curves  in  Fig.  377.  For  it  will  be  seen  that  the  sum  of  the 
ordinates  of  the  red  and  green  curves,  where  cut  by  the  dotted  Imes 
F,  I,  2,  J  and  4,  5,  6,  arc  each  equal  to  the  ordinate,  K3,  of  the  violet  cur\*e. 
Hence  the  combined  effect  of  these  two  lights  is  to  excite  all  three 
primary*  sensations  to  an  equal  extent,  that  is,  to  produce  the  sensation 
of  white.  * 

Although  a  mixture  of  blue  and  yellow  light  prrxluces  the  sensation 
of  white,  it  is  otherwise  if  we  mix  blue  and  yellow  pigments,  for  in  this 
case  the  result  is  a  pigment  which,  when  illuminated  by  wliitc  li[jhi, 
produces  the  sensation  of  green.  The  reason  for  this  is  that  in  the  case 
of  pigments  the  hght  which  reaches  the  eye  is  white  light  which  iias 
been  deprived  of  some  of  its  components  by  absorption  within  the  pig- 
ment. Thus  a  blue  pigment  will  absorb  all  the  colours  except  the  blue 
and  green,  while  a  yellow  pigment  will  absorb  all  but  the  red,  yellow, 
and  green.  Now  suppose  we  have  a  mixture  of  fine  yellow  and  blue 
pigment  panicles  illuminated  by  white  light,  the  bluff  particles  will 
absorb  all  the  components  of  the  white  light  except  the  blue  and  green, 
but  will  transmit  these  two  colours.  The  yellow  panicles  will  absorb 
the  blue  but  will  also  transmit  the  green.  Thus  all  the  components  of 
the  white  light  will  be  absorbed,  by  one  or  other  of  the  two  kinds  of 
parlicleii,  except  the  green,  and  hence  all  the  light  which  is  transmitted 
or  reflected  from  the  pi^mient  will  be  green.  The  truth  of  this  explana- 
tion can  ^»e  proved  by  painting  a  card  with  yellow  pigment  and  holding 
it  in  a  beam  of  light  which  has  passed  through  a  blue  stilution.  liluc 
and  green  light  will  now  fall  on  the  yellow  pigment,  and  of  this  the  blue 
will  be  absorbed  and  the  green  will  be  reflected,  so  that  the  card  appears 
green.  In  the  same  way  a  card  painted  blue,  when  illuminated  by  light 
obtained  by   passing  white  light  through  a  yellow  solution,   will   also 
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appear  green,  for  of  the  incident  yellow  and  green  light  the  yellow  will 
be  absorbed  by  the  pigment. 

Experiments  with  pigments  led  to  the  conclusion  that  red,  yellow, 
and  blue  were  the  three  primary  colours,  for  the  red  pigment  will  absorb 
the  green  which  is  transmitted  by  the  other  two,  and  so  a  neutral  tint 
is  produced.  Thus  when  using  pigments  to  examine  the  phenomena  of 
colour  great  care  must  be  taken,  for  in  no  case  are  pigment  colours,  even 
approximately,  monochromatic  ;  and- it  must  always  be  remembered  that 
the  colour  of  a  pigment  is  obtained  by  the  absorption  of  light  of  certain 
wave-lengths  from  the  incident  light 


CHAPTER  X 
POLARISATION  AND  DOUBLE  REFRACTION 

400.  Light  transmitted  by  Tourmaline— Polarisation.— We  have 
supposed  that  li^jht  is  due  to  a  wave-motion  in  the  ether,  hut  have  not 
yet  considered  whether  the  waves  arc  longitudinal,  such  as  is  the  case 
with  sound-waves,  or  are  transverse,  i.e,  whether  the  displacement, 
whatever  its  nature  may  be,  which  causes  the  sensation  of  light  (and 
also,  of  course,  of  radiant  heat)  lakes  place  normally  to  the  wave-front 
or  parallel  to  the  wave-front.  This  question  can  be  answered  at  once 
by  means  of  an  experiment  made  with  two  crystals  of  tourmaline. 

If  we  take  a  slice  of  a  crystal  of  tounnaline  cut  parallel  to  the 
crystallographic  axis,  and  pass  a  ray  of  light  through  it,  part  of  the 
light  will  pass  through,  and  will,  with  most  specimens  of  tounnaline, 
be  coloured  greenish  owing  to  selective  absorption  within  the  cr)'stal, 
otherwise  to  the  eye  the  character  of  the  light  appears  unaltered,  and 
remains  of  the  same  intensity  if  the  tourmaline  plate  is  rotated.  If  the 
light  which  has  passed  through  one  tourmaline  plate  is  allowed  to  fall 
on  another,  placed  with  its  axis  parallel  to  the  first,  the  light  will  pass 
through  the  two  :  the  only  visible  effect  will  be  to  slightly  darken  the 
greenish  tint,  the  intensity  being  very  slightly  diminished  by  the  second 
plate.  If,  however,  the  second  plate  is  gradually  rotated  round  an  axis 
parallel  to  the  light,  so  that  the  axes  of  the  two  cr>'stals  are  inclined  at  a 
finite  angle  to  one  another,  the  intensity  of  the  transmitted  light  will 
gradually  diminish,  till,  when  the  axes  are  at  right  angles,  none  of  the 
light  which  has  passed  through  the  6rst  plate  will  pass  through  the 
second. 

Ilcnce  the  light  which  has  passed  through  a  plate  of  tourmaline  has 
acquired  properties  which  it  did  not  before  possess,  in  that  it  can  no 
longer  pass  through  a  second  plate  of  that  substance  when  this  plate  is 
turned  so  that  its  avis  is  perpendicular  to  the  axis  of  the  first  plate. 

In  order  to  see  to  what  conclusions  this  experiment  leads,  let  us 
consider  an  analogous  problem.  If  wc  have  a  stretched  string,  wc  have 
seen  that  it  is  capable  of  two  distinct  modes  of  vibration,  namely, 
a  longitudinal  vibration,  in  which  the  particles  of  the  string  move 
backwards  and  forwards  in  the  direction  (»f  the  length  of  the  string,  and 
a  transverse  vibration,  in  which  the  particles  move  in  planes  perpendicular 
to  the  length  of  the  string.      In  the  ca.<^e  of  the  string   vibrating   tongi- 
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ludinally,  the  appearance  of  the  string  is  the  same  on  all  sides,  i,e.  it 
remains  stretched  straight  between  its  extremities.  When  it  is  vibrating 
transversely,  however,  its  appearance  is  ordinarily  different  on  different 
sides,  since  it  vibrates  in  a  single  plane.  Hence  a  string  vibrating 
transversely  has  definite  sides,  so  that,  10  define  its  motion  with  reference 
to  the  surrounding  medium,  we  must  state  the  plane,  passing  through 
the  undisturbed  position  of  the  string,  in  which  the  vibration  takes  place. 
Another  kind  of  transverse  vibration  of  which  a  siring  is  capable  is  that 
in  >ii\\\<:\\  each  particle  describes  a  circle  in  a  plane  at  right  angles  to  the 
undisturbed  position  of  the  string.  Suppose,  then,  that  we  cause  a  string 
to  vibrate  in  this  manner  by  attaching  one  end  to  a  hook  fixed  at  a  little 
way  from  the  centre  of  a  rapidly  rotating  disc  A  (Fig.  378).     The  string 

will  appear  to  swell  out  into 
r  D  something   like   the   shape 

shown  by  the  dotted  lines. 

I  -"T_    ^^  "^'^^  ^^  siring  is  passed 

B^    1  I      -—'I       through   a   narrow  vertical 

slit  1 1,  since  the  motion  of 

the   string   can    then   only 
Fig.  378.  ^^^   place  up  and    down 

this  slit,  beyond  i^  the 
motion  will  consist  of  transverse  vibrations  executed  in  a  plane  passing 
through  ihe  undisturbed  position  of  the  string  and  the  slit,  and  by 
rotating  the  slit  the  plane  in  which  the  vibrations  are  taking  place  will 
also  be  rotated.  Next,  if  a  second  slit  is  placed  at  F,  and  this  slit  is 
paniliel  xo  the  tlrsi,  the  motion  of  the  siring,  being  parallel  to  this  slit, 
will  be  unaffpcied.  If,  however,  the  first  slit  remaining  vertical,  the 
second  sill  F  is  turned  oul  of  the  vertical,  it  will  begin  to  Interfere  with 
the  vibration  of  the  cord,  and  when  it  is  horizontal  it  will  no  longer  allow 
any  of  the  motion  of  the  cord,  which  is  in  a  x'crtical  plane,  to  pass,  and 
hence  the  portion  of  the  cord  between  the  second  slit  and  B  will  remain 
at  rest. 

The  experiment  with  the  crossed  tourmalines  gives  just  such  a  result 
as  the  above,  and  so  we  conclude  that  the  reason  the  light  will  not  pass 
through  the  second  tourmaline,  when  the  axes  are  at  right  angles,  is  that  -J 
during  its  passage  through  the  first  the  light  vibrations  have  acquired 
sides,  or,  in  other  words  they  now  occtir  in  one  plane,  so  that  they  arc 
stopped  by  ilie  second  lounnaline,  just  as  ihc  transverse  vibrations  of  the 
cord  are  hloppfd  by  the  second  slit  after  they  have  been  confined  to  one 
plane  by  the  first. 

Since  no  such  action  could  take  place  with  the  cord  vibrating  longi- 
tudinally, we  conclude  (hat  the  light  vibrations  are  transverse. 

Ordinary  light,  then,  consists  of  transverse  vibrations,  and  since 
when  a  sifii^h  tourmaline  is  used  the  intensity  of  the  transmitted  light 
does  not  change  as  the  tourmaline  turns,  the  vibrations  must  take  pUce 
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in  all  directions  at  right  angles  to  the  direction  of  the  ray.  After  the 
passage  of  the  light  through  the  tourmaline,  however,  the  transverse 
vibrations  all  take  place  parallel  to  some  definite  direction,  and  the  ray 
is  said  to  be  plane  polarised.  Thus  when  a  ray  of  light  10  (Fig.  379) 
passes  through  the  tourmaline  plate 
AB,  which  is  cut  so  that  the  axis  of 
the  crystal  is  parallel  to  ab,  the 
transmitted  light  is  plane  polarised, 
/>.  the  vibrations  take  place  in  one 
plane.  As  has  been  mentioned  in 
§  366,  we  do  not  know  for  certain 
what  is  the  nature  of  the  wave- 
motion  in  the  ether  which  we  call 
light,  and  we  cannot  say. whether 
the  vibrations  take  place  in  the 
plane  containing  the  axis  of  the  crystal  and  the  ray,  or  in  the  plane  at 
right  angles.  Fresnel  assumed  in  his  theory  that  the  vibrations  take 
place  in  the  plane  containing  the  ray  and  parallel  to  the  axis,  as  shown 
by  the  small  double-headed  arrows  in  the  figure,  M*Cullagh,  on  the 
other  hand,  considered  that  the  vibrations  take  place  in  planes  at  right 
angles  to  the  axis.  For  the  purpose  of  explaining  the  phenomena  we 
shall  adopt  Fresnel's  hypothesis,  merely  remarking  that  according  to 
the  electro-magnetic  theorj-  of  light  there  is  something  going  on  in 
both  planes,  in  one  an  electric  vibration,  and  in  the  other  a  magnetic 
vibration. 

Hence  we  assume  that  the  vibrations  in  the  ether  which  produce 
light  take  place  in  the  plane  AHDC  containing  the  axis.  The  plane 
FKHG,  drawn  through  the  direction  of  the  ray  and  at  right  angles  to 
the  direction  of  vibration  of  the  ether  particles,  is  called  the  plane  of 
polarisation. 

Ordinary  light  is  light  in  which,  at  any  instant,  the  ether  particles 
at  a  given  point  are  vibrating  in  straight  lines,  but  such  that  the  direction 
of  the  vibrations  changes  from  time  to  time.  Since  interference  can 
be  observed  between  rays  which  have  traversed  paths  which  differ  by 
400,000  wave-lengths,  it  follows  that  during  the  time  taken  for  this 
number  of  vibrations,  i.e.  10'^  second,  the  direction  of  the  plane  of 
polarisation  does  not  appreciably  change.  A  much  slower  change  than 
this  would,  however,  be  imperceptible,  since  the  eye  is  unable  to  ap- 
preciate periodic  clianges  which  take  place  in  a  time  less  than  .05  of  a 
second. 

401.  Double  Refraction.— In  treating  of  the  refraction  of  light  we 
have  hitherto  assumed  that  the  media  between  which  the  light  passes 
are  both  isotropic.  We  have  now  to  consider  the  refraction  of  light 
when  one  of  the  media  is  a:'lotropic. 

An  aclotropic  body  which  is  transparent  to  light  is  the  crystalline 
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calcium  carbonate,  called  Iceland  spar,  this  substance  possessing  diffe- 
rent physical  properties  in  different  directions.  It  cr)*staliiscs  in  various 
forms,  but  they  ail  split  most  readily  along  certain 
planes  which  are  always  inclined  to  each  other  at 
fixed  anjfles,  so  that  by  cleavage  the  crystals  can 
always  be  reduced  to  the  rhombohedral  form  shown 
in  1*'K-  3^  The  rhombohedron  is  bounded  by  six 
parallelograms,  each  of  which  has  two  acute  angles 
of  73"  5'  and  two  obtufic  angles  of  loi"  55'.  Two  of 
the  solid  angles,  A  and  B  (Fig.  380),  arc  formed  by 
three  obtuse  angles,  the  remaining  four  being  formed 
by  one  obtuse  and  two  acute  angles.  A  line  drawn  through  either  A  or 
B,  so  as  to  be  equally  inclined  to  the  three  sides  or  edges  which  meet  at 
the  corner,  is  called  the  axis  of  the  crystal.  ,\Ve  shall  find  that  the  axis 
has  very  distinct  and  special  optical  properties,  and  since  these  properties 
are  unaltered  if  ihe  length,  breadth,  or  thickness  of  the  cr>'sta!  are 
altered,  as  far  as  su<:h  optical  properties  are  concerned,  the  axis  must  be 
looked  upon  as  simply  ?.  direction  in  the  crj'Slal,  so  that  all  hnes  parallel 
to  the  cr>'siallograpIiic  axis  are  optical  axes. 

If  a  ray  of  light  is  incident  normally  on  one  of  the  fiices  of  a  rhombo- 
hedron of  Iceland  spar,  part  of  the  light  will  pass  straight  through  along 

I'OO'  (Kig.  381),  just  as  would  happen 
in  the  rase  of  an  isotropic  bociy.  Part 
of  the  light  will,  however,  be  refracted 
and  travel  along  pkk'.  Hence  in  this 
case  ihcrc  arc  two  refracted  rays  cor- 
rfsjxinding  to  a  single  incident  ray. 
'Ihis  phenomenon  is  spolcen  of  as 
iiouhU  refraction. 

If  fhc  Iceland  spar  is  turned  round 
llic  line  PO  as  an  axis,  and  the  transmitted  light  is  received  on  a  screen, 
the  spot  of  light  corrrsponding  to  the  refracied  ray  POo'  will  remain 
stationary,  while  that  due  to  ihc  ray  1'Kk'  will  rotate  round  the  other  as 
a  centre,  the  line  joining  the  two  images  being  always  parallel  to  tbe 
shorter  diagonal  f*f  the  parallelogram  '  which  constitutes  the  (ace  of  the 
crystal  on  wliirh  the  light  is  incident  nonnally. 

If  the  angle  of  incidence  is  not  zero,  then  in  general  there  will  I»e  two 
refractr<!  rays,  but  while  one  of  them  obeys  Sncll's  law  in  that  the  ratio 
of  the  sine  of  the  angle  of  inciilence  to  the  sine  of  the  angle  of  rcfractirm 
is  constant,  whatever  the  direction  of  the  incident  ray,  for  the  other  ray 
this  ratio  is  different  for  rays  inridrnt  in  different  directions. 

The  refracted  ray  I*o,  which  olwys  the  ordinary  law  of  refraction,  is 
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8  40»] 


Double  Refraction 


581 


called  the  ordinary  mVy  while  the  other  ray  PK,  which  docs  not  obey  this 
law,  is  called  the  extraordinary  ray. 

If  the  light  which  has  been  transmitted  through  the  crystal  of  Iceland 
spar  is  allowed  to  fall  on  a  plate  of  tourmaUne,  and  if  this  plaic  is 
rotated,  it  will  be  found  that  in  some  positions  only  the  ordinary  ray 
is  transmitted,  and  in  others  only  the  extraordinary  ray.  Since  the 
positions  for  which  the  ordinar>'  ray  is  extinguished  are  at  right  angles 
to  the  positions  in  which  the  extraordinary  ray  is  extinguished,  this 
experiment  shows  that  both  the  ordinary  and  the  extraordinary  niys  are 
plane  polarised,  and  that  the  planes  of  polarisation  are  at  right  angles 
to  one  another. 

If  in  the  case  of  a  doubly  refracting  crystal  a  plane  Ix;  flrawn 
perpendicular  to  the  face  on  wliich  the  light  is  incident,  and  so  as  to 
contain  the  optic  axis,  this  plane  is  called  the  principal  plane  for  the 
given  face. 

When  the  axis  of  the  tourmaline  plate  is  -parallel  to  tlic  principal 
plane  of  the  spar,  the  ordinary  ray  is  cut  off  by  ihe  tourmaline,  which 
shows  that  the  ordinar)-  ray  is  polarised  in  a  plane  parallel  to  the  axis 
of  the  tourmaline,  />.  parallel  to  the  principal  plane  of  the  spar.  When 
the  axis  of  the  tourmaline  is  at  right  angles  10  the  principal  plane  the 
extraordinary  ray  is  cut  off,  so  that  this  ray  is  polarised  in  a  plane 
pcqwndicular  to  the  principal  plane. 

Thus  suppose  abcd  (Fig.  382)  represents  the  cross  section,  taken 
perpendicular  to  the  faces  ad  and  HC,  of  a  plate  of  Iceland  spar  cut 
through  the  comers  of  the 
rhombohcdron,  so  thai  the 
line  AX,  or  any  line  parallel 
to  this  line,  is  the  optic  axis, 
the  plane  of  the  pa[>cr  will  be 
the  principal  plane  of  the 
plate  for  light  incident  on  the 
faces  AD  or  DC,  since  it  is 
perpendicular  to  these  faces 
and  also  contains  the  axis. 
Then  the  plane  of  the  paper 
is  the  plane  of  polarisation 
for  the  ordinary  ray,  so  that 
in  this  ray  the  ether  vibrations 
take  place  along  straight  lines 
perpendicular  to  the  plane  of 
(he  paper,  while  the  extraordinary  ray  is  polarised  tn  a  plane  at  right 
angles  to  the  paper,  and  the  vibrations  lake  place  in  (he  plane  of  the 
paper.  The  directions  of  the  two  rays  for  various  angles  of  incidence 
are  shown  in  the  figure. 

When  the  refracted  ray  is  parallel  to  the  axis,  as  at  PjN,  there  is  only 
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Fig.  383. 


a  sin^'le  refrartcd  ray,  and  this  rayoljeys  Snell's  law, /V.  ihc  extraordioary 
ray  for  this  angle  of  incidence  coincides  with  the  ordinary  ray. 

If  ABC  (Fig.  383)  represents  a  secticm  of  a  prism  of  Iceland  spar  cni 
&o  that  the  refracting  edge  is  parallel  to  the  optic  axis,  the  plane  of  the 

paper  is  perpendicular  to  the  prin- 
cipal plane,  and  hence  the  ordinary 
ray  POO'  is  polarised  in  a  plane 
perpendicular  to  the  paper,  and 
the  extraordinary  ray  is  polarised 
in  the  plane  of  the  paper.  By 
setting  the  prism  so  that  first  Uie 
ordinary  and  then  the  extraordi- 
nary ray  is  at  minimum  deviation, 
the  refractive  index  for  the  ordinary 
ray  (a  constant)  can  be  dctcnuincd, 
as  also  the  refractive  index  for  the 
extraordinary  ray  in  a  plane  at  right  angles  to  the  axis.  The  refractive 
iiulux  for  the  D  line  for  the  ordinary  ray  is  1.658,  while  that  fi»r  the 
exiruoalinao'  ray  in  a  plane  perpendicular  to  the  axis,  /".t*.  in  a  plane 
at  right  angles  to  the  principal  plane,  is  1.486. 

Let  AKCU  (Kig.  384)  represent  the  face  of  a  section  of  a  crystal  of 
Iceland  spar  cut  parallel  to  the  optic  axis  XX\  then  if  a  ray  of  ordinary 
light  is  incident  normally  at  o,  it  will  be  split 
up  by  its  passage  through  the  crystal  into 
two  rays  of  equal  intensity;  one  of  these,  the 
ordiiinr\',  is  polarised  in  a  plane  pcipendicular 
to  the  paper  passing  through  XX'  (the  prin- 
cipal plane,  since  it  is  perjicndicular  to  the 
fai:e  ABCD,  and  contains  the  axis  Xx'),  and 
the  other,  the  extraordinary,  polarised  in  a 
plane  perpendicular  to  the  paper  and  passing 
through  YV'. 

Next  suppose  that,  in  place  of  the  incident 
light  being  unpolariscd  light,  we  use  plane 
polarised  light,  say  by  allowing  the  light  to 
pass  through  a  tourmaline  plate.  If  the  axis 
of  ihc  tourmaline  is  parallel  to  XX',  the  incident  hght  is  [K>larised  in  the 
plane  passing  through  vv'  and  the  vibrations  of  the  ei)»cr  lake  place 
parallel  to  Xx'.  Now  the  vibrations  of  the  ordinar>'  ray  take  place 
parallel  to  YV',  since  Ihc  ordinary  ray  is  polarised  in  the  plane  XX',  so 
that  the  motion  uf  the  ether  particles  in  the  incident  light  is  at  right 
angles  to  the  direction  of  motion  *^{  the  ether  particles  in  the  ordinary 
my.  Hence  the  motion  of  the  incident  waves  has  no  component  in  the 
direction  in  which  the  vibrations  of  the  ordinary  my  take  place,  and  so 
cannot  give  ribe  to  such  vibrations.     There  will  therefore  be  no  extra 
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ordinary  ray  when  the  incident  ray  is  polarised  in  the  plane  xx'.  In  the 
same  way,  there  will  be  no  ordinary  ray  when  the  incident  ray  is  polarised 
parallel  to  the  plane  w'. 

Next  suppose  that  the  incident  li^ht  is  polarised  in  some  intermediate 
direction,  say  parallel  to  the  plane  vj!^  which  makes  an  angle  u  with  ihc 
optic  axis  XX',  the  ether  vibrations  takinj,'  place  along  w',  which  is 
inclined  at  an  anj^le  yo"  -  a  to  the  opiic  axis.  The  incident  vibration  will 
now  have  a  component  **dong  both  xx'  and  Yv',  so  that  there  will  be  both 
an  ordinary  and  an  extraordinary  ray.  In  order  to  find  the  relative 
intensities  of  these  rays,  we  may  resolve  the  incident  vibration  along  xx' 
and  vv'.  Since  the  motion  of  the  ether  particles  is  along  vv',  if  a  is  the 
amplitude  of  the  incident  vibration,  the  amplitude  of  the  vibration 
parallel  to  \x'  will  be  A  cos  vox'—A  cos  (90'  — a)  =  A  sin  o,  while  the 
amplitude  of  ihc  vibration  parallel  to  vy'  will  be  A  cos  vov  =  a  cos  a. 

Thus,  since  the  energy  of  a  vibratory  motion  is  proportional  to  ihe 
square  of  the  amplitude,  we  have  that  the  intensity  of  the  incident  \\^\\ 
is  a'-,  that  of  llic  ordinary  ray  A^  cos  \t^  and  tliat  of  the  extraordinary  ray 
is  a^  sin  ^u.     Since 

A'  cos  'a+yi"  sin  'a^^/'^cos  'tt+  sin  *a) 

we  see  that  the  sum  of  the  intensities  of  ihe  ordinary  and  the  cxtra- 
nrdinary  myb  is  equal  to  the  intensity  of  the  incident  (ijiht, 

If  a  ray  of  light  is  allowed  to  pass  throui;H  Iwo  philes  of  Iceland  sjKir 
it  will  easily  be  seen,  from  what  has  already  been  said,  thai  if  the  prin- 
cipal planes  of  the  two  plates  are  parallel  tliere  will  be  one  ordinary  ray 
and  one  extraordinary,  the  ordinary  ray  in  one  crystal  becoming  the 
orilinary  ray  in  the  other,  Sic.  If  the  principal  planes  are  at  right  angles, 
the  ordinary  ray  in  one  crystal  will  become  the  extraordinary  ray  in 
the  other,  there  being,  as  before,  only  two  rays.  When,  lM>wever,  the 
principal  planes  are  inclined  at  an  angle  1>etwceno°  and  90",  there  will  Ix: 
four  transmitted  rays,  since  the  ordinary  and  extraordinary  rays  in  the 
first  plate  will  each  yive  rise  to  an  ordinary  and  extraordinary  ray  in  the 
second  plate,  the  intensities  of  the  rays  varying  with  the  angle  between 
the  principal  planes. 

Double  refraction  is  exhibited  by  all  crystalline  bodies  except  those 
which  crystallise  in  the  cubic  system.  In  every  case  the  ordinary  and 
cxtraordinar>'  rays  are  plane  ix»larised  in  planes  at  right  angles  to  one 
another.  In  the  case  of  tourmaline,  the  incident  li^ht  is  split  up  into  an 
ordinary  and  an  extraordinary  ray,  but  this  substance  exerts  a  jxiwerful 
selective  absorption  on  light  p<.ilarised  in  a  plane  containing  the  axis,  i,c. 
the  ordinary  ray,  so  that  with  moderate  thicknesses  of  the  crystal  only  the 
extraordinary  ray  can  pass. 

402.  Interference  of  Polarised  Llg^ht.— By  placing  two  plates  of 
tourmaline,  so  that  each  is  traversed  by  the  rays  passing  through  one  half 
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of  Frcsnel's  biprism,  the  interference  of  polarised  light  can  be  studied  in 
the  manner  described  in  §  373,  In  this  way  it  is  found  that  two  rays  of 
lighl  polarised  in  planes  at  right  angles  do  not  produce  interference 
under  circumstances  in  which  two  rays  of  ordinary  liyhi  would  interfere. 
Two  rays  polarised  in  the  same  plane  do,  however,  interfere  like  two 
rays  of  ordinary  light.  The  fact  that  rays  polarised  in  planes  at  right 
angles  do  not  interfere  is  a  further  proof  that  the  direction  of  vibration  in 
the  case  of  light  is  transverse  to  the  direction  of  propagation. 

403*.  Unlaxal  and  Blaxal  Crystals.— We  have,  when  speaking  of 
double  refraction  in  Iceland  spar,  mentioned  that  when  a  ray  of  light 
traverses  the  spar  parallel  to  the  optic  axis  there  is  only  a  single  refracted 
ray.  In  Iceland  spar  there  is  only  one  direction  in  which  this  takes 
place,  and  therefore  there  is  only  one  optic  axis.  Doubly  refracting 
cr>'stals  which  have  only  one  optic  axis  arc  called  uniaxal  crystals.  In 
other  crystals  there  are  two  axes  along  which  there  is  only  a  single 
refracted  ray,  and  these  are  called  biaxal  crystals. 

404*.  Wave  Surface  In  Uniaxal  Crystals.— If  we  have  a  disturb- 
ance produced  at  a  point  within  an  isotropic  medium,  the  wave-surface 
at  any  moment  will  be  a  sphere  with  the  point  of  disturbance  as  the 
centre,  for  the  velocity  of  light  being  the  same  in  all  directions,  the 
disturbance  which  originates  at  any  point  will  in  a  given  time  spread  to 
an  equal  distance  in  all  directions.  If,  however,  the  body  is  not  isotropic, 
and  the  velocity  of  light  is  different  in  different  directions,  the  disturbance 
will,  in  a  given  time,  travel  further  in  some  directions  than  in  others,  and 
so  the  wave-surface  will  no  longer  be  a  sphere. 

Now,  in  the  case  of  a  cr>'stal,  the  velocity  with  which  light  travels  is 
not  the  same  in  all  directions  ;  and  since  there  are  in  general  two  re- 
fracted rays  there  must  be  two  wave-fronts.  For  the  ordinary  ray  the 
refractive  index  is  constant,  and  therefore  the  velocity  of  the  ordinary 
ray  in  the  cr>stal  is  constant,  for  we  have  seen  in  §  366  that  the  refractive 
index  is  c-qual  to  the  ratio  of  the  velocities  in  the  two  media  (air-crystal). 
As  the  refractive  index  for  the  extraordinary  ray  varies  with  the  direction 
of  the  ray  within  the  crystal,  the  velocity  with  which  the 
extraordinary  ray  travels  must  depend  on  the  direction  of 
the  ray  in  the  cr\'stal.  The  velocity  in  the  case  of  the 
ordinary  ray  being  constant,  just  as  in  isotropic  bodies,  the 
ordinary  wave-surface  must  be  a  sphere.  Huyghens,  who 
first  considered  the  subject,  assumed  that  in  uniaxal 
crystals  the  extraordinary  w-ave-siirfacc  was  a  spkcroui 
nr  (Uipsoid  of  ren'ohition^  that  is,  the  figure  obtained  by 
rotating  an  ellipse  about  one  of  its  diameters,  ah  or  CD 
(I^i^-  3**5)»  a^d  then  verified  the  accuracy  of  this  assump- 
tion experimentally.  The  axis  about  which  the  ellipse  is 
rotated  to  form  the  extraordinary  wave-surface  coincides  with  the  optic 
axis  of  the  crystal.     Hence  the  complete  wave-surface  for  n  disturbance 
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originating  at  a  point  within  a  uniaxal  crystal  consists  of  a  sphere  and  a 
spheroid,  both  having  their  cenlres  at  the  point ;  ihe  axis  of  the  spheroid 
being  parallel  to  the  optic  axis  of  the  cr)'stal.  Further,  since  when  the 
ray  travels  in  the  crystal  in  a  direction  parallel  lo  the  optic  axis,  there  is 
only  one  refracted  ray,  i.e.  the  ordinary  and  extraordinary  rays  travel  with 
the  same  velocity,  the  sphere  and  spheroid  must  touch  one  another  at 
points  on  the  optic  axis. 

Two  cases,  however,  may  arise.  In  the  first  place,  the  extraordinary 
ray  may  be  more  refracted  than  the  ordinary  ray,  so  that  the  velocity  of 
the   extraordinary  ray 

is  hss  than  that  of  the  X  X 

ordinary  ray.  In  this 
case.  Fig.  386  {a)y  the 
spheroid  lies  within  the 
sphere,  touching  it  on 
the  optic  axis  xx'.  In 
the  other  case  the  velo- 
chyoftheexiraordinary 
ray  may  h^greaUr  than 
that  of  the  ordinary 
ray,sothatthespheroid 

lies  outside  the  sphere,  Fig.  386  (^),  again  touching  the  circle  on  the  optic 
aads  XX'. 

Uniaxal  crystals  in  which  the  wave-surface  is  like  Fig.  386  (rf),  and  in 
which,  except  along  the  optic  axis,  the  ordinary'  ray  travels  faster  than 
the  extraordinary  ray,  are  called  positive  crystals.  Quartz  and  ice  are 
positive  crystals. 

Uniaxal  crystals,  in  which  the  wave-surface  is  like  Fig.  386  {b\  are 
called  negative  crystals,  and  lo  this  class  belong  Iceland  spar  and 
tourmaline. 

405".  Huyghens's  Construction  for  the  Directions  of  the  Re- 
fracted Rays  in  a  Uniaxal  Crystal.  -.Suppose  wc  require  to  find  Ihc 
directions  of  the  refracted  rays  in  the  case  of  Iceland  spar.  The  spar 
being  a  negative  cr>'stal,  the  wave-surface  is  like  Fig.  386  (^). 

Let  IQ  or  I'p  (Fig.  3S7)  be  the  direction  of  the  light  incident  on  the 
face  of  the  crystal,  and  let  the  optic  axis  XQ  lie  in  the  plane  of  the  paper, 
so  that  the  paper  is  the  principal  plane  for  the  face.  Then  QM  is  the  wave- 
front  of  the  incident  wave. 

When  the  wave  reaches  Q,  we  may  consider  that  this  point  becomes  a 
centre  of  disturbance  within  the  crystal.  If  it  takes  the  wave  a  lime  t  to 
travel  from  M  to  P,  and  we  describe  the  wave-surfaces  in  the  crystal 
about  the  f)oint  Q  for  a  time  /  after  the  disturbance  reaches  Q,  these 
wave*surfaces  will  represent  the  positions  of  the  wave  in  the  crystal  when 
the  wave  in  the  air  reaches  P.  Hence,  if  from  P  we  draw  PO  and  PE 
tangents  to  the  ordinary  and  extraordinary  wave-surfaces  respectively, 
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TO  will  represent  the  ordinary  wave-front  in  the  crystal  and  PE  the 
cxlraordinaiy  wave-front,  and  the  line  ijo  wiU  represent  the  direction  of 
the  ordinary  ray  and  QE  the  direction  of  the  extraordinary  ray. 

If  the  plane  of  the  paper  had 
1^,^  not  been  a  principal  plane,  wc 

should  have  had  to  draw  throuxh 
r  a  plane  perpendicular  to  the 
plane  of  incidence  to  touch  the 
spheroid,  and  it  would  not  have 
touched  it  at  a  point  In  the  plane 
of  the  paper  ;  so  that  the  extra- 
ordinary ray  would  not  be  in 
the  plane  of  incidence,  and  thus 
would  not  have  obeyed  the  first 
law   of   refraction   as    given   in 

Two  particular  cases  are 
worth  examining  :  first,  when 
the  optic  axis  is  parallel  to  the 
face  of  the  crystal  and  ]jcrj>endicular  to  the  plane  of  incidence  ;  and 
second,  when  the  optic  axis  is  parallel  to  the  face  and  also  parallel  to  the 
plane  of  incidence. 

In  the  first  case  (Fig.  3H8)  the  optic  axis  is  perpendicular  to  the  plane 
of  the  pa[>er,  and  hence  the  sections  of  the  wave-surfaces  consist  of  two 

circles,   the    inner  one, 
I  ^^JwJ  since      the     crystal     is 

ne^raiive,  corresponding 
to  the  ordinary  ray.  The 
reason  the  section  of  the 
extraordinary  wave-sur- 
face is  a  circle  Is  that 
this  surface  is  obtained 
by  rotating^  an  ellipse 
about  the  optic  axis,  so 
that  all  sections  perpen- 
dicular to  the  axis  must 
be  circles. 

Fig.  aSfi.  ^^  *'  '^  *'*^  velocity  of 

the  ordinary  ray  and  b 
the  velocity  nf  the  extraordinary  ray  in  a  plane  at  riyht  an^rles  to  the 
optic  axis,  ihc  radius  of  ihc  *tphcncal  wavc-surtace  in  the  crystal  bcin|{ 
taken  as  «,  the  major  axis  of  the  spheroid  will  be  b.  Hence  in  Kig.  388, 
if  <^  is  <i,  4JE  will  he  equal  to  b.  If  the  veiocity  of  light  in  air  is  r, 
the  refractive  index  for  the  ordinary  ray  is  r/o,  and  that  for  the  ordinaiy 
ray  in  a  plane  at  right  angles  to  the  optic  axis  is  c\b.     Now  b  or  Q£  is 
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constant  for  all  angles  of  incidence  in  a  plane  ai  riglit  angles  to  the 

optic  axis,  and  hence  the  extraordinary  refractive  index  is  constant  in 

this  plane,  and  the  extraordinary 

ray     obeys    the     ordinary    laws 

of    refraction.      By     cutting    a 

prism  of  Iceland   spar  with  its 

refracting  ed^e   parallel   to   the 

optic  axis  two  refracted  rays  will 

be  obtained,  and  the  refractive 

index  {clu  and  clb)  corresponding^ 

to  each  of  these  can  be  measured. 

In  this  way  it  can  be  proved  that 

the  extraordinary  refractive  index 

{cji)  in  a  plane  at  rijjht  angles  to 

the  optic  axis  is  constant.    Hence 

b  or  gK  must  be  constant,  and  so 

it  is  proved  that  the  section  of  ihe 

extraordinary  wave -surface  per- 

liendiculur  to  the  axis  is  a  circle. 

The  construction  for  finding  the  directions  of  the  refracted  rays  when 
the  optic  axis  is  parallel  to  the  face  of  the  cr\sial,  and  in  the  plane  of 
incidence,  is  shown  in  Kig.  389, 

406.  Nicol's  Pplsm. — As  a  means  of  obtaining  plane  polarised  light, 
a  tourmaline  plate  is,  for  many  purposes,  unsuitcd,  for,  as  has  been  1 
mentioned,  the  light  transmiUed  by 
tourmaline  is  coloured  green.  Since, 
when  a  beam  of  light  is  passed  through 
'A  crystal  of  Iceland  spar,  two  refracted 
l>eams  arc  obtained,  each  of  which  is 
plane  polarised,  but  In  planes  at  right 
angles,  if  by  any  means  we  could  inter- 
cept one  of  these  refracted  beams,  the 
iiiher  would  give  us  plane  polarised 
light.  Since  the  angular  separation 
between  the  ordinaiy  and  extraordinary 
niys  is  not  verj'  great,  it  is  not  possible 
to  stop  one  of  the  beams  with  a  screen, 
unless  only  a  very  narrow  beam  is  cm- 
ployed,  or  we  use  a  very  thick  crj'stal. 

Tlic  most  convenient  method  of 
getting  rid  of  one  of  the  rays  is  to  make 
use  of  total  internal  reflection  for  this 
purpose.  A  rhomb  of  Iceland  spar  is 
taken  and  cut  in  two  by  a  plane,  AC 
(Fig.  390),  perpendicular  to  the  principal  plane  for  the  face  Aa 
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surfaces  are  then  polished  and  cemented  together  in  their  original 
position  by  means  of  a  thin  fihn  of  Canada  balsani. 

Now  the  refractive  index  of  Canada  balsam  (1.55)  is  greater  than  the 
minimum  value  for  the  extraordinary  ray  (1.486)  in  Iceland  spar,  and  less 
than  that  for  the  ordinary  ray  (1.658).  As  total  reflection  can  only  occur 
when  liyht  is  passing  from  a  media  of  greater  to  one  of  less  refractive 
index,  we  can  never  gel  total  reflection  in  the  case  of  the  extraordinary 
ray  when  passing  from  spar  to  balsam,  so  long  as  the  ray  passes  in  such  a 
direction  that  the  refractive  index  is  less  than  1.55.  In  the  case  of  the 
ordinar)'  ray,  however,  if  llie  incidence  is  sufficiently  oblique  we  shall 
obtain  total  reflection.  Hence  if  the  plane  AC  is  suitably  inclined,  the 
ordinary  ray,  ro,  will  be  incident  on  the  surface  AC  at  an  angle  greater 
than  the  critical  angle,  and  will  therefore  be  totally  reflected  iUong  OO', 
while  the  extraordinary  ray,  pke',  will  pass  through  the  prism. 

The  light  transmitted  by  such  a  rhomb  of  Iceland  spar,  which  is 
called  a  Nicol's  prism,  will  therefore  be  plane  polarised,  and  since  it  is 
the  extraordinary  ray  which  is  transmitted,  the  plane  of  polarisation 
Is  perpendicular  to  the  principal  plane,  />.  is  a  plane  perpendicular  to 
the  paper  in  Fig.  390.  . 

A  Nicol's  prism  may  be  used,  not  only  for  producing  plane  polarised 
lij^ht,  when  it  is  cfilled  a  polariser,  but  also  for  detecting  whether  light  is 
plane  polarised,  and,  if  so,  determining  the  plane  in  which  it  is  polarised, 
when  it  is  said  to  be  used  as  an  analyser. 

If  the  light  incident  on  the  Nicol  is  unpolariscd,  then  the  intensity  of 
the  transmitted  light  will  remain  the  same  when  the  Nicol  is  rotated 
round  the  light  ray  as  an  axis,  tlieintensity  of  the  transmitted  light  being 
practically  half  that  of  the  incident  light.  There  is,  however,  a  very  slight 
loss  due  to  reflection  at  E  (Fig.  390),  and  where  the  ray  leaves  the  cr>'stal. 

If  the  incident  light  is  plane  polarised,  the  intensity  of  the  transmitted 
liyht  varies  as  the  aniilyser  is  rotated.  When  the  principal  plane  of  the 
Nicol  is  parallel  to  the  plane  of  polarisation  of  the  incident  ray,  then 
(§  401)  there  will  be  only  an  ordinary  ray  in  the  spar,  and  this  ray  is  totally 
reflected,  so  that  no  light  will  be  transmitted.  When  the  principal  plane 
of  the  Nicol  is  perpendicular  to  the  plane  of  polarisation  of  the  incident 
light,  only  an  extraordinary  ray  will  be  produced  in  the  spar,  and  tliis 
will  be  transmitted  undiminished,  so  that  in  this  case  the  intensity  of  the 
Iransrniitcd  light  is  equal  to  lliat  of  the  incident  light.  If  the  principal 
plane  of  the  Nicol  is  inclined  at  an  angle  a  to  the  plane  of  polarisation, 
it  can  be  bhown,  exactly  as  in  ,§  401,  thai  the  intensity  of  the  extraordinary 
ray,  and  hence  that  of  the  transmitted  light,  is  /  sin^  a,  where  /  is  the 
intensity  of  the  incident  light.  Thus  when  a-o  or  180'  the  intensity 
of  the  transmitted  light  is  zero,  and  when  a ■•90*  or  270*  the  intensity 
of  the  transmitted  light  is  /. 

407.  Polarisation  by  Reflection.— If  the  light  reflected  from  a 
non-metallic  surface,  such  as  glass,  is  examined  with  an  analysing  Nicol^ 
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It  will  be  found  that  as  the  Nicol  is  rotated  the  intensity  of  the  trans- 
mitted light  varies.  For  a  certain  angle  of  Incidence  there  is  no  light 
transmitttd  by  ihe  Nicol  when  its  principal  plane  is  parallel  to  the  plane 
of  incidence  of  the  reflected  light,  while  when  the  principal  plane  of  the 
Nicol  is  perpendicular  to  the  plane  of  incidence,  the  transmitted  light  is 
equal  in  intensity  to  the  reflected  light  before  it  passes  through  the  Nicol. 
This  shows  that,  for  this  angle  of  incidence,  the  reflected  ray  is  com- 
pletely plane  polarised  in  the  plane  of  incidence.  For  all  other  angles 
of  incidence  the  reflected  ray  is  only  partly  polarised,  />.  consists  of  a 
mixture  of  ordinary  unpolarised  light  with  light  which  is  polarised  in  the 
plane  of  incidence.  The  angle  of  incidence,  for  which  the  j^eflectcd  beam 
is  completely  plane  polarised^  is  called  the  polarising  angle  for  the 
reflecting  sul)stancc. 

If,  instead  of  consisting  of  ordlnar>'  light,  the  incident  ray  is  plane 
polarised,  and  is  incident  at  the  ptilarising  angle,  then  when  the  incident 
ray  is  polarised  in  the  plane  of  incidence,  i.e.  the  vibrations  of  the  ether 
are  taking  place  perpendicular  to  the  plane  of  incidence,  the  light 
will  be  reflected.  If,  however,  the  incident  ray  is  polarised  in  a  plane 
perpcndirul.'ir  to  the  plane  of  incidence,  so  that  the  ether  vibrations  take 
place  in  this  plane,  none  of  the  light  will  be  reflected,  but  it  will  all  be 
refracted  inio  the  reflecting  substance. 

If  the  incident  light  is  polarised  in  intcnnediaic  ptancs.  Oio  reflected 
light  will  gradually  increase  in  intensity  as  the  plane  of  polarisation 
changes  from  the  position  in  which  it  is  perpendicular  to  the  plane  of 
incidence,  to  that  in  which  it  is  parallel  to  the  plane  of  incidence. 

Owing  to  polarisation  by  reflection,  a  glass  plate  can  be  used  both  as 
a  polariscr  and  as  an  analyser. 

Suppose  a  ray  of  light  to  (Fig.  391)  is  incident  on  a  plate  of  glass  A, 
at  the  polarising  angle  f/»,  which  for  ordinary  glass  is  about  56".     The 
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reflected  ray,  OP,  will  be  polarised  in 
the  plane  of  incidence*  that  is,  in  the 
plane  of  the  paper.  If  this  lefledcd 
ray  is  received  on  a  second  glass 
mirror,  n,  also  at  the  pc^Iarising  angle, 
then  if  the  plane  of  incidence  on  \s  is 
parallel  to  ihc  plane  of  incidence  on 
A,  as  is  shown  at  (it)  and  {b\  the 
polarised  light  will  be  reflected  along 
PR.  If  now  the  mirror  B  is  rotated 
round  an  axis  parallel  to  op,  the 
angle  of  incidence  will  remain  the 
same,  viz.  ecpial  to  the  polarising 
angle,  but  the  intensity  of  the  reflected 
ray  will  diminish  until,  when  the  plane  cS  inrirlenre.  '.vhich 
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the  plane  passing  through  V  and  u,  and  containing  the  normal  pn',  is 
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perpendicular  to  the  pbne  of  the  paper,  there  will  be  no  reflected  ray. 
Of  course  the  reflected  ray  will  again  be  of  maxiniuni  iniensity  when  the 
mirror  has  been  turned  through  i8o^  into  the  position  k',  and  zero  when 
it  has  been  turned  through  270'.  Thus  the  one  glass  plate,  A,  has  acted 
as  a  polariser  and  the  other,  11,  as  an  analyser.  This  is  ihe  principle  of 
Biot's  and  of  Non-enberg*s  polariscopes. 

406.  Brewster's  Law.— Sir  Da\'id  Brewster,  having  made  an  exten- 
sive bcrics  of  experiments  on  the  angle  of  polarisation  for  dilTercni 
substances,  found  that  the  tangent  of  the 
angle  of  polarisation  is  equal  to  the  refractive 
index  of  the  substance,*  or  if  «^  is  the  angle  of 
polarisation  and  m  the  refractive  index 

>«  =  tan  <f>. 

The  geometrical  interpretation  of  Brewstei^s 
law  is  very  interesting.  Let  lO  (Fig.  393)  be 
a  ray  of  light  incident  on  a  reflecting  surface  at 
the  polarising  angle  </>,  and  OK  and  op  be  the 
direction  of  the  reflected  and  refracted  rays 
respectively.  If  (d  is  the  anyle  of  refraction 
N'op,  we  have  the  following  relations  ; — 


By  Snell's  law 


sin  «/i_ 
sin  p~ 


=fi. 


By  the  law  of  reflection  the  angle  NOK  =  *^ 


But  hy  Brewster's  law 


tan  ^ 


_stn  •/>_ 


cos «/» 

sin  •/>_sin  <^ 
cos</>     sin  // 

or  sin  p^cfis  tfi. 

But  sin  /i  =  cos  (90"-^. 

/,  cos  (90"  -  P)^  COS  ff>, 

or  9o"-)3-./>. 

Hence  the  angle  POU,  which  is  equal  to  go*  —  )?,  is  equal  to  <^  or  to 
the  angle  N(»k.  Adding  the  angle  koh  to  each,  we  get  that  ihc  angle 
POk  IS  ecjual  to  the  angle  liOS.  Hence,  sinre  the  angle  ItON  is  a  rlglil 
angle,  the  angle  l*OK  muse  also  be  a  right  angle  ;  that  is,  when  the  angle 

*  More  recent  observations  hy  Jamin  have  shown  that  Brcwsicr's  law  is  only 
exact  for  substances  for  which  f^  is  about  1.46.  For  «u1>st.incri^  of  refractive  inc)ex 
differing  much  from  this  vnlue,  llie  reHrrliHi  bwim  is  ncvrr  rmirely  phme  poinris^r-l, 
but  for  an  nnRic  of  incidence  given  by  ihc  rrlatton  ton  ^=;i  the  quoniity  of  plaoc 
poUnuMl  light  is  n  maximum. 
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of  incideiipe  is  the  polarising  angle,  the  reflected  ray  or  is  at  right  angles 
to  the  xefiacted  ray  OP. 

Since  the  angle  of  polarisation  depends  on  the  refractive  index,  and 
this  differs  for  light  of  different  colours,  the  angle  of  polarisation  will  be 
different  for  different  colours. 

When  the  incident  ray  is  plane  polarised  in  the  plane  of  incidence, 
the  vibrations  of  the  ether  particles  take  place  in  straight  lines  parallel  to 


(i)  ^p 


Fig.  393. 


the  reflecting  surface  as  shown  at  («),  Fig.  393,  and  the  vibrations  in  the 
reflected  beam  are  also  parallel  to  the  reflecting  surface,  and  to  those  in 
the  incident  ray. 

When  the  incident  ray  is  polarised  perpendicular  to  the  plane  of 
incidence,  the  vibrations  of  the  ether  particles  take  place  in  the  directions 
shown  by  the  cross  lines  at  {b)y  Fig.  393.  Since  the  reflected  ray  OR'  is 
very  nearly  at  right  angles  to  the  incident  ray,  the  lines  along  which 
the  ether  particles  vibrate  in  the  incident  ray  are  very  nearly  parallel  to 
the  direction  of  the  reflected  ray,  and  we  should  therefore  expect  that 
they  would  not  produce  any  transverse  disturbance  along  OR' ;  in  other 
words,  that  there  would  be  no  reflected  ray. 

409*.  Polarisation  produced  by  Crystalline  Media,— Suppose 
^1  f^'g-  394  {'^\  to  represent  the  undisturbed  position  of  a  particle  in  an 
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isotropic  medium,  and  that  the  particle  is  displaced  to  a  position  p.  Since 
the  medium  is  by  supposition  isotropic,  the  elasticity  must  be  the  same 
in  all  directions. 
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Hence  if  OX,  OY  are  tu'O  axes  of  reference,  the  elasticity,^/,  of  the 
medium  must  be  the  same  along  ox  as  along  ov.  Since  the  elasticity  is 
equal  10  stresslstrain^  the  stress  or  restoring  force  called  into  play  by  a  si  rain 
or  displacement  </  in  any  given  direction  must  be  ed.  Hence  the  restoring 
force  in  the  direction  PN  is  ^.  PN,  and  that  in  the  direction  PM  is  ^piT. 
The  resultant  of  these  two  forces  will  thcrcforci  by  the  parallelogram  of 
forces  (§  66),  lie  along  PO ;  that  is,  in  the  case  of  an  isotropic  body  the 
restoring  force  acts  along  the  direction  of  the  displacement,  and  the 
particle  P  when  released  will  vibrate  along  the  line  POP'. 

In  the  case,  however,  of  a  crystal,  where  the  elasticity  is  different  in 

different  directions,  this  will  not  be  the  case.      For   suppose   that   the 

elasticity  (£")  in  the  direction  OX,  Fig.  394  {b\  is  greater  than  that  ye)  in 

the  direction  OY.     Then  when  the  particle  is  displaced  to  p  the  restoring 

force  along  PN  will  be  £.pn,  and  that  along  pm  will  be  /.pm.    To  find 

the  direction  of  the  resultant  force  acting  on  P  we  draw  a  parallelogram 

(rectangle  in  this  case,  since  the  two  components  are  at  right  angles),  of 

which  the  sides  are  prop<jrtional  to  the  two  restoring  forces.     Hence  if 

_^     li  MQ     J^.PN  

Mil  is  t.iken  such  that  Mo  =  -i'N«  l"cn  ='» —^   and   the   diagonal   pq 

will  represent  the  direction  of  the  restoring  force  acting  on  P.  Since  this 
force  does  not  act  through  o,  the  particle,  when  set  free,  will  not  vibrate 
backwards  and  forwards  through  O,  as  it  did  in  the  case  of  the  isotropic 
body,  but  will  have  \\s  direction  of  motion  gradually  changed,  till  it  finally 
takes  place  lackwards  and  fr»rwards  along  xx'. 

If  the  displacement  takes  place  cither  along  OX  or  OY,  the  restoring 
force  acts  through  O  and  ihe  particle  will  continue  to  vibrate  along  XX'  or 
YV',  as  the  case  may  be,  \Vc  can  thus  understand  how  it  is  that,  if  in 
a  cnstal  the  ether  has  different  elasticities  in  different  directions,  the 
vibrations  always  take  place  in  two  planes  that  arc  ai  right  angles  to  one 
another. 

410.  Double  Reft'action  produced  in  Isotropic  ,  Bodies  by 
Strain,  ll  is  possible  to  render  an  isotropic:  body  temp<irarily  doubly 
refracting  by  subjecting  it  10  a  stress.  This  phenomenon  can  be  ex- 
amined hy  means  of  a  bar  of  glass  AB  (Fig. 
395)  which  is  held  in  a  metal  frame,  so  that  by 
screwing  down  the  screw  c  the  Iwr  can  be  benU 
1  f  the  bar  is  placed  between  crossed  Nicols,  so 
thai  the  len;4lh  nf  the  bar  is  inclined  at  45'  to 
the  principal  planes  nf  the  Nicols,  it  will  pro- 
duce no  effect  sn  long  as  it  is  uneitrained.  On 
bending  the  bar,  however,  the  light  which 
passes  thn»ugh  the  parts  of  the  bar  above  and  Iwlow  the  median  line 
will  be  able  to  pass  through  the  annlysing  Nicol,  while  the  central  line, 
shown  dotted  in  the  figure,  remains  dark  as  l)efore. 


Fig.  395- 
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When  the  bar  is  bent,  ihc  part  above  the  doited  line  is  compressed 
and  the  part  below  is  extended,  while  the  central  part  is  unstrained. 
Since  the  central  part  is  unstrained,  it  produces  no  effect  on  the  plane  of 
polarisation  of  the  light  which  passes  through  il,  and  this  light  is  entirely 
cut  off  by  the  analyser.  The  strained  parts,  on  the  other  hand,  have 
become  doubly  refracting,  and  the  incident  plane  polarised  light  is 
partly  decomposed  into  light  polarised  parallel  and  at  right  angles  to 
the  length  of  the  bar,  that  is.  at  45"  lo  the  principal  plane  of  the  analyser, 
and  50  will  be  able  to  pass  through. 

This  method  of  placing  a  Ijody  between  crossed  Nirols,  and  seeing 
whether  any  light  is  then  able  lo  traverse  the  analyser,  is  a  very 
delicate  method  of  testing  whether  a  transparent  body  is  in  a  ,slale  of 
strain,  and  we  shall  see  that  under  certain  conditions  even  liquids  may 
l)ecoine  doubly  refracting  due  lo  strain. 

411.  Rotation  of  the  Plane  of  Polarisation.— If  two  NicoPs  prisms 
p  and  A  (Fig.  396)  are  placed  in  line,  the  one,  H,  to  act  as  a  polariser,  and 
the  other,  A,  to  act  as  an  analyser,  and  if  A  is  rotated  till  its  principal 
plane  is  at  right  angles  to  that  of 
P,  un  allowing  a  beam  of  parallel 
monochromatic  light  lo  fall  on  P, 
none  of  this  light  will  pass  A,  for 
the  light  will  be  plane  polarised 
in  a  plane  at  right  angles  lo  the 
principal  plane  of  P,  and  hence 
when  it  falls  on  A  there  will  only 
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be  an  ordinaiy  ray,  since  the  incident  light  is  polarised  in  the  principal 
plane  of  this  Nicol ;  and  as  this  ray  is  stopped  by  total  reflection,  no  light 
will  be  transmitted  through  A.  If  now  a  plate  of  quartz,  Q,  cut  with 
the  fares  perpendicular  lo  the  optic  axis,  is  placed  between  the  Nicols.  so 
that  the  light  traverses  the  plate  parallel  to  the  axis,  it  will  in  general  be 
found  that  some  light  is  now  transmitted  by  the  analysing  Nicol  .\.  By 
rotating  the  analysing  Nicol  a  position  can,  however,  be  found  such  that 
no  liyht  is  again  transmitted,  and  rotating  the  quartz  plate  round  its  axis 
produces  no  change.  This  experiment  shows,  in  the  first  place,  that 
when  plane  polarised  light  is  passed  through  a  plate  of  quartz  parallel  to 
the  axis  it  remains  plane  polarised;  and,  in  the  second  place,  that  the 
plane  in  which  the  light  is  polarised  is  rotated  by  the  passage  through 
the  quartz.  A  body,  such  as  quartz,  which  has  this  property  of  rotating 
the  plnnc  of  polarisation  of  plane  polarised  light,  is  said  to  be  opticalty 
active. 

The  amount  of  the  rotation  is  proportional  to  the  thickness  of  the 
substance  travprscd  by  the  liyhl,  and  varies  with  the  wave-length  of  the 
light  and  the  nature  and  tcmpfralure  of  the  substance.  While  some 
bodies  rninif  the  plane  of  polarisation  in  onr  <rrrection,  others  rotate  it  in 
the  reverse  direction.     If,  looking  in  the  direction  in  which  the  light  is 
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travelling,',  llio  plnne  of  polarisalioii  is  rolatrd  in  the  same  dirpriion  as 
tlinl  in  wliicli  ihe  hantltiof  ;i  clock  appear  to  move  when  we  look  at  the 
face,  the  roiaiion  is  sairl  to  be  riylu-lundeU  orp<^sitive;  iT  the  rotation 
takes  place  in  Ihe  opposite  direction,  il  is  said  to  be  left-handed  or 
negative. 

The  rotation  in  some  samples  of  quartz  is  to  the  ri;;ht»  and  in  others 
to  the  left,  the  ainouni  of  the  rotation  produced  by  equal  thicknesses 
bein^'  the  same  in  l>oth  cases.  Some  liquids  such  as  turpentine,  are  also 
optically  active,  as  well  as  solutions  of  some  substances  such  as  sugar 
and  qtiininc. 

The  rotation  varies  very  nearly  inversely  as  the  square  of  the  wave- 
length, ;i<i  thai,  if  while  light  is  used,  when  the  analysing  Nicol  is  set  lo 
eviinyxiish  liylu  of  any  given  wave-length,  the  light  of  the  other  wa\'C- 
lenytJis  will  bc  transmitted.  If  the  transmitted  lij^ht  is  examined  by 
means  of  a  spectroscope,  the  spectrum  will  be  seen  crossed  by  a  dark 
band  correspJiidintf  to  the  position  of  the  light  which  has  been  inter- 
cepted by  ihc  analyser. 

In  lliL-  case  of  a  solution  of  an  active  substance  in  an  inactive  solvent, 
I  lie  Nitation  is  pi(»|K>jtKinat  to  ihe  quantity  of  the  substance  present  in 
the  solution.  If  tt  is  ibe  rotation  prmlured  at  any  jpvcn  temperature  for 
light  of  a  yiven  colour  by  a  length  /,  exprtsscd  in  iltvimeim^  of  a  solution 
containing  j:  grams  of  the  active  substance  in  one  ctibic  centimetre  of  the 
solution,  ihc  quantity  <i//,r  is  called  the  specific  rotation  of  the  substance 
ai  the  given  tempf*raHire  and  for  the  given-roloured  light. 

412.  Connection  between  Optical  Activity  and  Chemical  and 

Physical  Nature.  -We  have  mentioned  in  the  pn.vious  section  that 
some  samples  of  quartz  rotate  the  plane  of  polarisation  lo  tlie  right  and 
some  to  the  left.  It  is  found  that  this  difference  in  their  optical  be- 
haviour, exhibited  by  dilTerent  specimens  of  quartz,  is  connected  with  a 
difference  in  their  crystalline  form.  Ihus  the  ordinary  form  of  a  quartz 
crystal  is  a  six-sided  prism  topped  by  a  six-sided  pyramid.  The  alternate 
solid  angles  where  two  pyramid  faces  meet  two  faces  of  the  prism  are, 
liowevcr,  often  bevelled  off  by  small  secondary  faces  or  facets  whicli  arc 
inclined  to  the  main  faces.  In  any  given  crystal,  these  facets  all  appear 
to  slope  towards  the  right  or  towards  the  left  when  the  cr>'stal  is  held 
with  the  pyramid  uppermost.  When  they  slope  towanls  the  right,  Uie 
specimen  rotates  the  plane  of  polarisation  to  the  right,  and  fice  vrrsa. 
A  sin»ilur  result  was  obtained  by  Tasteur  with  reference  to  the  double 
racemaie  of  sodium  and  ammonium. 

Of  amorphous  bodies  which  exhibit  optical  activity,  with  the  exce|>- 
tion  of  one  or  two  very  little-known  compounds  containing  nitrogen,  it  is 
found  that  they  are  not  only  all  compounds  of  carbon,  but  that  in  every 
case  one  or  more  of  the  carlwn  atoms  has  its  valency  satis5ed  by  four 
different  atoms  or  radicals,  which  fact  is  generally  expressed  by  saying 
that   these   bodies   contain   one  or  more   asymmetrical  carbon   atoms. 


§4i3j 


Saccharimetry 


595 


There  also  exists  in  every  case  a  twin  substance,  or  isomer,  which  has 
the  same  composition  but  which  rotates  the  plane  of  polarisation  in  the 
opposite  direction.  If  the  substance  contains  only  one  asymmetrical 
cart>on  atom,  the  rotation  produced  by  the  isomers  are  equal  and  oppo- 
site. Thus  in  the  case  of  tartaric  acid  there  is  a  dextro-tartaric  acid 
which  rotates  the  plane  of  polarisation  to  the  right,  and  a  levo-tartaric 
acid  which  rotates  it  to  the  left,  and -finally,  in  many  reactions  an  inactive 
tartaric  acid  is  produced.  Pasteur  has,  however,  shown  by  certain  pro- 
cesses which  only  affect  the  dextro  acid  and  not  the  levo,  that  this 
inactive  acid  consists  of  an  equi-molecular  mixture  of  the  dextro  and 
levo  acids. 

413.  Use  of  Optical  Rotation  to  Estimate  Sugrar— Sacchari- 
metry.— Cane  sugar  being  an  optically  active  substance,  if  we  measure 
the  rotation  produced  by  a  known  length  of  a  solution  of  this  substance, 
we  can  calculate  from  the  specific  rotation  the  quantity  of  sugar  contained 
in  the  solution. 

If  the  solution  contains  not  only  the  dextro-rotatory  cane  sugar  but 
also  the  levo-rotary  levulose,  after  determining  the  rotation  produced  by 
the  mixture,  the  cane  sugar  is  converted  into  levulose  by  acting  on  the 
solution  by  means  of  hydrochloric  acid,  and  then  the  rotation  is  again 
determined.  The  change  in  the  rotation  will  give  the  quantity  of  cane 
sugar  in  the  original  solution. 
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CHAPTER    I 
MAGNETS    AND    MAGNETIC    FIELDS 

414.  The  Loadstone.  — It  was  known  to  the  ancients  th.it  certain 
ores  of  iron  possess  the  properly  of  attracting  to  themselves  and  retain- 
ing small  particles  of  iron.  Tliis  pTO|>crly  was  exhibiietl  in  a  marked 
degree  by  some  of  the  ores  which  came  from  a  plarc  in  Asia  Minor  called 
Magnesia,  and  hence  the  ores  which  exliihiled  this  property  were  called 
mfif^neiic  stouts.  All  the  phenomena  ronnericd  with  the  properties  of 
such  magnetic  stones,  or  magnets  as  they  are  now  callc<1.  are  referred 
to  as  magnetic  plienomena,  and  the  branch  of  physics  dealing  with 
this  subjerl  is  railed  magnetism.  The  loadstone  consists  of  equivalent 
proj)t)rtions  of  the  two  oxides  of  iron,  I'cO,  Fc.^O^. 

If  a  natural  niaj^nei,  as  a  loadstone  vs  ofien  railed,  l^e  dipped  in  iron 
filings,  the  filings  will  be  found  to  adlnne  to  the  magnet  in  ver>'  char- 
acteristic tufts;  these  tufts  are  not  uniformly  distributed  over  the  surface, 
but  are  miirh  more  marked  at  some  parts  of  the  surface,  chiefly  projecting 
comers,  I  ban  at  olliers. 

416.  Artificial  Magrnets.-ln  addition  to  the  loadstone,  there  are 
other  bodies  wlii^h  evhibit  magnetic  propertiis;  rhiof  among  these  ate 
lars  of  hard  steel  which  have  been  treated  in  a  manner  which  we  shall 
consider  in  *ictail  in  a  stibsctpient  section.  Such  a  bar  of  steel  is  called 
an  artificial  magnel,  luit  since  wr  shaH  be  dealing  with  artificial  magnets 
excUisively  we  shall  in  future  tenn  it  a  mai^net,  and  when  it  is  dipped  in 
iron  filings  it  aUrarts  them  ami  forms  tufts,  but  these  tufts  are  almost 
exclusively  confined  to  the  two  ends  of  the  bar.  The  ends  of  the  magnet 
where  the  power  of  attracting  iron  filings  seems  to  be  situated  arc  called 
the  poles  of  the  magnet. 

Another  fundamental  properly  of  a  magnel  which  also  was  known,  at 
any  rale  to  the  Chinese,  long  ago  is  that  when  a  magnet  is  suspended  or 
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pivoted  so  that  it  can  turn  freely  about  a  vertical  axis,  it  will  set  itself  in  a 
definite  direction,  which  is  very  nearly  parallel  to  the  meridian,  that  is, 
it  sets  itself  in  the  north  and  south  direction.  It  is  found  thut  it  is  always 
the  same  end  of  any  given  magnet  that  points  towards  the  north  pole, 
and  hence  this  pole  of  the  magnet  is  called  the  nonh-seckinx  pole,  or 
simply  the  north  pole,  while  the  other  pole  is  called  the  soulh-seeking 
pole,  or  south  pole.  The  fact  that  we  are  able  in  ihis  way  to  distinguish 
the  two  poles  of  a  magnet  shows  that  there  must  be  some  difference 
between  the  two  poles. 

416.  Mag'netlc  Attraction  and  Repulsion.— If  a  magnet  is  sus- 
pended by  a  tine  thread,  or  pivoted  on  a  point,  so  that  it  can  turn  freely  in 
a  horizontal  plane,  then,  as  we  liave  already  said,  it  will  set  itself  in  a  direc- 
tion wliich,  in  the  absence  of  any  disturbing  force  due  to  other  magnetic 
causes,  will  be  very  nearly  due  north  and  south.  If  under  these  circum- 
stances the  north  pole  of  another  mag^nel  is  brought  near  the  north  pole 
of  the  suspended  magnet,  this  latter  will  be  repelled.  If,  however,  the 
south  pole  of  the  magnet  is  l-rought  near  the  north  pole  of  the  suspended 
magnet,  this  pole  will  be  attracted.  In  this  way  we  may  verify  the  follow- 
ing general  law  :  Two  poles  of  similar  name  repel  one  another,  while  two 
poles  of  different  name  attract  one  another. 

This  gives  us  a  ready  means  of  ascertaining  which  pole  of  a  magnet 
is  the  north  pole  ;  for  we  have  only  to  bring  one  of  the  poles  near  the 
north  pole  of  a  suspended  or  pivoted  magnet,  such  as  a  compass-needle, 
when,  if  the  north  pole  of  the  compass-needle  is  repelled,  we  know  that 
the  pole  of  the  other  magnet  must  be  a  north  pole. 

417.  Permanent  and  Temporary  Magnetism.— If  a  bar  of  soft 
iron  is  dipped  into  iron  filings,  or  is  suspended  so  as  to  be  able  to  rotate, 
it  will  neither  attract  the  filings  nor  will  it  set  itself  in  the  north  and 
south  direction,  in  fact  it  is  not  a  magnet.  If,  however,  a  magnet  is 
brought  near  one  end  of  the  bar  of  soft  iron  and  the  other  end  is  then 
dipped  in  iron  filings,  it  will  now  attract  the  filings,  forming  lufis  in  ihc 
saiTie  way  as  a  magnet  docs.  If  the  magnet  is  now  removed,  the  iron  at 
once  loses  its  power  of  attracting  the  filings.  We  thus  see  that,  in  addition 
to  the  permanent  magnetism  exhibited  by  a  siccl  magnet,  we  have  tem- 
porary magnetism  induced  in  a  bar  of  soft  iron  when  it  is  in  the  neighbour- 
hood of  a  magnet.  Other  substances  besides  soft  iron  possess"thc  property 
of  acquiring  temporarj'  magnetism,  though  to  a  much  smaller  degree  than 
in  the  case  of  iron.  Such  a  body  is  called  a  vm^netic  hodyu  while  a  body, 
such  as  a  piece  of  hard  steel,  which  is  permanently  magnetised  is  called  a 
ntagtteL 

If  an  unmagnetised  piece  of  steel  is -brought  near  a  magnet  it  will 
become  magnetised,  as  did  the  piece  of  soft  iron  under  the  same  condi- 
tions ;  on  the  removal  of  the  magnet  the  steel  will,  however,  not  lose  its 
magnetism  but  will  have  become  a  permanent  magnet.  This  difference 
between  the  behaviour  of  steel  and  soft  iron  is  referred  to  as  being  due  to 
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the  superior  coercive  power  of  the  sieeL  We  shall  return  to  this  subjeci 
In  .1  future  section. 

Ma^niets  are  made  in  many  different  shapes,  according  to  the  purpose 
for  whicli  they  are  iniendcd.  Tlie  two  commonest  shapes  are  a  straight 
bar  of  which  the  section  is  either  a  rectangle  or  a  circle,  such  a  ma^inet 
)x;iny  called  a  bar  magnet,  while  the  other  form  would  be  derived  from  a 
bar  jua^net  by  bending  it  round  in  the  fonn  of  a  horse-shoe,  so  that  ihc 
north  and  south  poles  are  brought  near  together  ;  such  a  magnet  i*  called 
a  horse-shoe  magnet.  Other  special  forms  of  magnets  we  shall  consider 
when  dcaling^  with  the  Insiniments  in  which  they  are  used. 

418.  Hagrnetlc  Lines  or  Force.— Wc  have  seen  that  a  magnet  is 
capable  of  exerting  a  force  on  another  magnet,  even  when  they  arc 
separated  by  some  distance,  so  that  the  space  surrounding  a  magnet 
possesses  some  properties,  due  to  the  presence  of  the  magnet,  which  it 
does  not  possess  when  the  magnet  is  not  present.  W'c  therefore  say  that 
a  magnet  is  surrounded  by  a  magnetic  field  of  force,  for  in  the  space 
considered  magnetic  forces  are  brought  into  play. 

If  a  small  compass-needle  is  brought  within  the  field  of  force  of  a 
magnet  it  will  set  itself  at  each  point  in  a  definite  direction.  If  lines  arc 
drawn  so  that  they  arc  cvcrj'whcre  in  the  direction  in  whicla  a  compass- 
needle  would  set  itself  under  the  influence  of  the  magnet,  these  curves  axe 
called  the  lines  of  force  of  the  field  of  force  of  the  magnet,  or,  more 
shortly,  the  lines  of  force  of  the  magnet. 

W^ea  a  small  pivoted  compass-needle  is  placed  in  the  neighbourhood 
of  a  magnet  both  its  poles  will  be  acted  on  by  the  two  poles  of  the 
magnet.  Thus  the  north  pole  of  the  needle  will  be  attracted  by  the  south 
pole  of  the  magnei  and  i-cpellcd  by  the  north  pole,  while  the  south  pole  of 
the  needle  will  be  attracted  by  the  north  pole  of  the  magnet  and  repelled 
by  the  south  pole.  The  neetllc  will  therefore  set  itself  in  such  a  direction 
that  these  four  forces  will  have  no  resuUanl  moment  round  the  pivot  about 
which  the  needle  can  ttini.  Hence  the  resultant  of  all  four  forces  must 
have  no  moment  round  the  pivot  (S  73). 

Let  NS  (Fig.  397)  be  the  magnet  and  sn  the  needle  in  its  position  of 
equilibrium  under  the  nfiuence  of  NS.  Then  the  forces  acting  on  the 
needle  are  along  ja,  jb,  //c,  //d.  If  the  length  of  the  needle  is  sufficiently 
small  the  two  forces  sk  and  wC  are  parallel  and  equal  and  opposite,  for 
the  points  w  and  s  may  be  taken  as  at  the  same  distance  from  N.  In  the 
same  way  the  two  forces  jB  and  tin  are  equal  and  opposite.  Hence  the 
resultant  fK  is  parallel  to  the  resultant  wr'.  Therefore  if  these  two 
resultants  are  not  to  have  a  couple  alwui  the  pivot  of  the  needle  K,  ihcy 
must  both  act  in  a  direction  passing  through  K,  that  is,  the  line  joining  the 
poles  of  the  needle  must  be  parallel  to  the  resultant  force  acting  on  a 
magnetic  pole  placed  at  the  point  K.  Hence  the  direction  of  the  line  of 
force  at  any  point  represents  the  direction  of  the  resultant  magnetic  force 
due  to  the  action  of  the  two  poles  of  the  magnet 
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The  form  of  the  lines  of  force  can  t>e  mosl  easily  oblained  by  making" 
use  of  the  ina^'netism  induceii  in  iron  filin^fs  wlicn  ihcv  arc  placed  near 
the  magnet,  for  each  tiling;  becomes  mag^nctised  and  tends  to  set  itself 
parallel  to  the  lines  of  force.     Hence  if  iron  filings  aic  scattered  over  a 
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sheet  of  smoolh  paper  or  glass  laid  over  the  magnet,  and  then  the  paper 
or  glass  is  Hqhlly  tapped,  so  as  to  facilitate  the  turning'  of  ihc  tilings  into 
the  position  in  which  their  length  is  parallel  to  the  lines  of  force,  the  form 
of  these  latter  can  at  once  be  obtained.     The  curves  show  n  in  Fi^j.  398, 
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Fig.  308. 

whirh  represent  the  lines  of  force  of  a  bar  magrnet,  have  been  obtained  in 
this  way. 

Since  a  force  must  have  not  only  direction  but  also  sense,  we  have  to 
adopt  some  convention  as  to  the  sense  in  which  the  lines  of  force  are 
taken  to  act,  for  while  a  north  pole  would  be  acted  on  by  a  force  tending 
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10  move  It  along  a  line  of  force  in  one  direciion,  a  south  pole  would  be 
acted  on  by  a  force  111  llic  opposite  direction.  We  shall  take  the  direc- 
tion in  which  the  force  would  tend  to  move  a  north  pole  to  be  the  positive 


ia  399. 

direction  of  the  line  of  force,  so  that  the  Hnes  of  force  will  run  from  the 
north  pole  of  the  magnet  to  the  south. 

Each  line  of  force  will  therefore  start  Irom  a  north  pole  and  end  at  a 
south  polr.  If  now  the  lines  of  force  lietween  a  north  pole  of  one  magnet 
and  the  south  pole  of  another  are  obtained  it  will  be  found  they  have  the 
general  form  shown  in  Fig.  399.     Here  it  will  be  seen  that  some  of  the 


Fig.  400. 

lines  of  force  run  from  the  north  pole  of  one  magnet  to  the  south  pole  of 
the  other.  Hence  if  the  lines  of  force  were  physical  realities,  and  there 
existed  a  tension  along  each  line,  the  two  poles  in  Fig.  399  would  bo 
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drawn  together  by  this  tension.  The  attraction  between  two  unlike  poles 
can  therefore  be  referred  to  the  existence  of  a  tension  existing  along  the 
lines  of  force.  Since  in  the  case  of  a  single  magnet  the  lines  of  force  do 
not  all  stretch  straight  from  one  pole  to  the  other,  but  arc  spread  out,  we 
must  further  suppose  that  each  line  of  force  exerts  a  repellent  force  on  the 
neighbouring  lines  of  force. 

In  the  case  when  the  two  poles  are  of  the  same  kind,  the  lines  of  force 
have  the  fonii  shown  in  Fig.  400^  and  the  repulsive  force  exerted  by  the 
lines  of  force  one  on  the  other  tends  to  force  the  two  poles  apart,  thus 
producing  the  repulsion  that  takes  place  between  two  poles  of  the 
same  kind. 

419.  Fields  of  Magnetic  Force.— Tlie  region  of  space  surrounding 
a  magnet  in  which  magnetic  phenomena  are  •  exhibited  is  called  a 
magnetic  field,  the  lines  of  force  showing  the  direction  in  which  the 
magnetic  forces  act.  The  fact  that  a  suspended  or  pivoted  magnetic 
needle,  even  when  no  magnet  is  in  the  neighbourhood,  sets  itself  in 
a  definite  direction,  shows  that  the  space  on  the  surface  of  the  earth 
must  be  a  magnetic  field,  and  we  shall  find  later  on  that  there  are 
other  ways  of  producing  magnetic  fields  besides  placing  a  magnet  in 
the  neighbourhood. 

A  magnetic  field  in  which  the  lines  of  force  are  all  parallel  is  called 
a  uniform  field  of  force.     In  the  absence  of  magnets  or  of  magnetic 
bodies  the  field  due  to 
the  earth's  magnetism  is, 
over  any  moderate  area, 
practically  uniform. 

If  a  magnet  is  placed 
in  a  unifor/n  field,  the 
lines  of  force  of  the  field 
will  he  distorted  by  the 
lines  of  force  of  the 
magnet  in  such  a  way 
that  they  are  everywhere 
parallel  to  the  direction 
of  the  resultant  mag- 
netic force  due  to  the 
original  field  and  to  the 
magnet. 

In  Fig.  401  the  direc- 
tions of  the  lines  of  force  due  to  the  disturbance  of  a  uniform  field  by  the 
magnet  NS  are  shown,  the  arrow  representing  the  direction  of  the  lines 
of  force  in  the  undisturbed  field.  It  will  Iw  observed  how  some  of  the 
hnes  of  force  due  to  the  field  enter  the  south  pole  of  the  magnet,  while 
some  of  tlic  lines  of  force  which  leave  the  north  pole  of  the  magnet  do 
not  return  to  the  south   pole,  but   pass  off  to  replace  the  lines  of  the 
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external  field  which  have  been  absorljctl  by  the  magnet.  The  tension  of 
the  hnes  of  force  which,  white  ihcy  bcf;in  or  end  in  tlic  magnet,  pass  off 
to  the  field,  will  tend  to  turn  the  magnet  in  the  a iiti -clockwise  direction. 
Also,  the  repulsion  between  ihc  lines  of  force  of  the  maynet  and  of  the 
field  in  the  regions  such  as  <i,  a',  will  tend  to  turn  the  magnet  in  tlie 

same  direction.  Hence 
it  can  be  seen  how  it  is 
that  a  magnet  tends  to 
set  itself  with  the  axis, 
that  is,  the  line  joining 
the  two  poles,  parallel 
to  the  lines  of  force  of 
the  magnetic  field  in 
which  it  is  placed.  The 
turning  effect  produced 
by  one  magnet  on  an- 
other is  also  illustrated 
in  Fig.  402.  Some  of 
the  lines  of  force  which 
Fig.  40X  leave  the  north  j)olc  of 

the  magnet  NS  enter 
tlie  south  pole  of  the  magnet  /w,  while  some  of  those  which  leave  the 
pole  n  enter  ihc  pole  s,  and  the  tension  along  these  lines  tends  to  turn 
the  magnets  Into  the  position  in  which  their  axes  are  panillel  and  their 
|x>lc3  are  pointing  in  opposite  directions.     If.  instead  of  a  magnet,  wc 

place  a  cylinder  of  soft  iron 
in  a  uniform  magnetic  field, 
the  lines  of  force  will  crowd 
together,  entering  the  iron  at 
one  end  and  leaving  it  at  the 
other  end  in  the  manner 
shown  in  Fig.  403. 

Since  the  point  where  the 

lines  of  force  enter  a  magnetic 

body  is   a  south   pole,  while 

the  point  where  the  lines  leavp 

Fig.  403.  it  is  a  north  pole,  it  is  evident 

that   the  end   w   of  the  iron 

cylinder  becomes,  under  the  influence  of  the  field,  a  north  pole,  while  the 

end  s  becomes  a  south  pole. 

Ii  would  thus  appear  that  the  lines  of  force  of  the  field  prefer  passing 
through  the  iron  to  passing  through  the  surrounding  air,  for  they  crowd 
into  the  iron.  This  crowding  of  the  lines  of  force  into  the  iron  is  also 
illustrated  in  Fig.  404,  which  represents  the  lines  of  force  of  a  uniform 
field  disturbt^l  by  a  hollow  iron  cylinder.     It  will  be  noticed  that  UiC 
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filings  within  the  cylinder  are  not  oriented  in  any  de6nite  directions. 
This  indicates  that  none  of  the  lines  of  force  cross  the  air  within  the 
cryliiider,  su  that  the  soft  iron 
lias  shielded  the  space  within 
from  the  effects  of  the  mag- 
netic field. 

420.  Molecular  Mag*- 
nets.-if  a  ]t)njr  thin  bar 
magnet  is  tested  by  plunging 
it  in  iron  filings,  these  will  be 
found  to  attach  themselves 
almost  exclusively  at  the  ends 
or  poles.  Also,  if  the  direc- 
tions of  the  lines  of  force  for 
the  magnet  are  drawn,  it  will 
be  found  that  almost  all  the 
lines  of  force  leave  the  mag- 
net near  one  end  and  enter 
it  near  the  other.  If  now 
the  magnet  is  broken  in  two 

parts  and  each  of  these  is  again  tested,  it  will  be  found  that  each  is  a 
perfect  magnet,  having  a  north  and  a  south  pole.  Hence,  althouj;h  the 
part  of  the  b.tr  which  was  originally  a  north  pole  is  one  still,  the  other 
end  of  the  half  bar,  which  in  the  whole  magnet  did  not  exhibit  the 
properties  of  a  pole,  is  now  a  south  pole,  while  the  portion  of  the  other 
half,  which  in  the  whole  magnet  was  not^  pole,  is  now  a  nonh  pole. 

If  now  the  broken  magnet  is  put  together  in  the  position  which  it 
occupietl  before  it  was  broken  and  is  again  tested  with  filings,  ami  the 
lines  of  force  are  drawn,  it  will  be  found  that  again  the  centre  hardly 


Fig.  404. 


exhibits  any  signs  of  poles,  that  is,  the  filings  will  not  adhere  to  any 
great  extent  at  the  centre,  nor  ivilj  the  lines  of  force  enter  or  leave  the 
reunited  magnet  at  the  centre.  The  reason  for  this  is  evidently  that  the 
effects  of  the  north  pole  which  exists  at  one  side  of  Uic  break  is  nculra- 
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lised  by  tbe  south  pole  which  exists  at  the  other  side,  all  the  Unes  of 
force  which  leave  the  north  pole  entering  the  neighbouring  south  pole, 
and  none  straying  out  into  the  surrounding  air.  If  CAch  of  the  halves  is 
again  broken  into  iwo,  it  will  be  found  in  the  same  way  that  they  arc  each 
a  complete  nmgnet,  with  a  north  and  a  south  pole.  In  Kig.  405  is  given 
the  iron-filing  picture  of  the  lines  of  force  of  .1  magnet  which  has  been 
broken  into  four  pieces,  the  pieces  having  been  placed  at  a  little  distance 

from  one  another.  Fig. 
406  gives  the  correspond- 
ing picture  in  the  case 
when  the  pieces  arc 
placed  close  together. 
Proceeding  in  this  way, 
it  is  found  that  however 
small  the  subdivisions 
into  which  the  magnet 
is  broken,  the  parts  arc 
each  a  complete  magnet, 
having  a  north  and  a 
south  pole.  Hence  we 
are  led  to  the  idea  of 
molecular  magnets,  that  is,  that  the  molecules  of  a  substance  such  as 
steel  are  all  small  magnets.  In  the  unmagnetised  state  we  may  suppose 
that  the  molecular  magnets  have  their  axes  pointing  in  all  directions, 
so  that  the  north  pole  of  one  is  neutralised  by  the  south  pole  of  one  of 
the  neighbouring  molecules.     Fig.  407  represents  the  filing  figure  for  a 


Kig.  406. 
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number  of  small  magnets  arranged  with  their  axes  turned  in  all  direc- 
tions, and  it  will  be  oV«ervcd  that  the  filings  surrounding  the  magnets 
are  very  liltle  affected.     In  a  magnetised  bar  of  steel,  however,  a  greater 
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Fig.  408. 


proportion   of  the   small   magnets   are   turned   with   their   north   poles 
pointing  in  one  direction,  and  the  greater  the  proportion  of  the  molecular 
maf^nets  which  are  turned  in  this  direction,  the  stronger  is  the  magneti- 
sation of  the  bar.      This  is 
iUusirated  in  Fig.  408,  which 
giv(.s    the    filing    picture    for 
the  same  magnets  as  in  Fig. 
407.   but    now  they  are   all 
arranged     with     their     axes 
(Kiinting  in  one  direction. 

The  fact  that  in  a  magnet 
the  magnetic  force  is  re- 
stricted to  near  the  ends  or 
poles  is  easily  explained  on 
this  hypothesis,  for  in  the 
case  of  the  molecular  mag- 
nets in  a  magnetised  bnr  it  is  evident  that,  except  at  the  ends  of  the  bar, 
the  north  pole  of  each  small  magnet  will  h^  very  near  the  stnith  pole  of 
the  next  magnet,  and  hence  these  two  will  neutralise  each  other's  effects 
on  all  external  points.  At  the  two  ends,  however,  this  nciitnilisation  will 
not  orrur,  and  at  one  end  the  north  poles  will  combine  to  form  the  north 
pole  of  ihc  magnet,  and  at  die  other  end  the  south  poles  will  combine  to 
form  the  south  pr>le. 

If  further  Ave  suppose  that,  in  the  case  of  steely  the  molecular  magnets 
having  been  once  set  in  one  direction  they  will  rcm.iin  in  this  direction, 
while  in  the  case  of  soft  iron,  although  under  the  influence  of  a  magne- 
tising force,  the  molecular  magnets  can  be  turned  so  that  they  lie  in  one 
direction,  yet  when  the  magnetising  forre  is  removed,  the  molecular 
ma^^ncis  do  not  remain  in  their  regular  arrangement,  but  again  turn  in 
all  directions,  the  diflTcrcnrc  in  the  liehaviour  of  steel  and  iron  can  at 
once  be  acromited  for.  We  shall  in  a  subsequent  section  return  to  this 
subject,  and  show  how  this  hypothesis  of  molecular  magnets  is  capable 
of  explaining  the  magnetisation  fif  iron,  even  when  considered  in 
jjrealer  detail. 

421.  Coulomb's  Law. — Although,  as  we  have  seen  when  considering 
the  effects  of  breaking  a  magnet  in  bits,  we  arc  unable  to  obtain  either 
a  north  pole  or  a  south  pnle  alone,  yet,  if  we  have  a  very  long  magnet, 
In  the  space  surrounding  one  of  the  poles  the  magnetic  forces  are  practi- 
cally due  to  that  pole  alone,  for  the  otiier  pole  is  at  such  a  great  distance 
that  it  produces  practically  no  effect  Hence  we  can  in  this  way  get 
what  is  practically  a  single  pole,  and  it  is  very  convenient  in  considering 
the  subject  10  speak  of  a  single  pole,  and  nf  the  forces  which  act  on  such 
a  single  pole. 

Coulomb  examined  the  laws  governing  the  attrrxction  and  repulsion 
between  magnetic  poles  by  suspending  a  long  thin  magnet  by  means  of 
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a  wire,  ilie  upper  end  bein^  aliacherl  to  a  divided  head,  so  ihal  the  angle 
llirongli  which  the  top  of  the  wire  was  turned  could  be  read  off.  A 
secoml  lonj,'  thin  nia^'net  was  placed  with  its  axis  vertical,  and  one  of  its 
poles  in  the  same  Imri/ontal  i)lane  as  the  suspended  magnet.  The  force 
with  which  the  pule  of  the  fixed  mai^nct  repels  or  attmcls  one  of  the 
polos  of  the  suspended  muynet,  when  at  different  distances,  w;is  measured 
by  finding  the  angle  throuj^h  which  the  torsion  head  had  to  be  turned  to 
keep  the  pfiles  at  the  given  distance  apart  (see  SS  '091  174)' 

From  the  results  of  this  scries  of  experiments^  carried  on  b>* 
means  of  the  torsion  Ixilance,  Coulomb  found  that  the  force  exerted 
between  two  poles  was  proj>nrlinnal  to  the  product  of  the  strengths  of  the 
p*)le*.,  and  inversely  proportional  to  the  scpiarc  of  the  distance  lietwecn 
the  pok's.  We  shall  see  !att-r  that  the  force  also  depends  on  the  nature 
of  the  medium  between  the  p<jlcs,  if,  however,  we  suppose  the  inter\'ening 
medium  always  to  lie  air,  I  hen  the  force  /•',  exerted  between  two  poles  of 
strength  m  and  m\  is,  according  to  Coulomb's  law,  given  by  the  equution 

where  ;  is  the  dislanrp  between  the  poles,  and  k  is  a  constant. 

422.  The  Unit  Magnetic  Pole. -Coulomb^  law  gives  us  a  means 
not  only  of  measuring  the  strength  of  magnetic  poles,  but  rdso  ofdelming 
(he  unit  pole.  If  we  take  two  poles  of  the  same  strenj^ih  w,  and  place 
litem  at  uttit  distance  apart  in  air,  then  the  force  exerted  between  ihcm 
will  be  given  by  F-m'-k.  If  further  we  choose  m  in  such  a  way  that  tlir 
reimlsion  between  the  two  poles  is  the  unit  of  force,  we  have  m^k-  1. 
If  we  define  our  unit  pole  as  such  that  when  two  unit  poles  are  placed 
at  a  distance  apart  of  one  centimetre  in  air  they  repel  each  other  with 
the  force  of  one  dyne,  then  k  will  be  equal  to  i,  and  (  milombs  law  may 
be  expressed  symbolically  by  the  equation 

„    9>tm' 

F^   ^-. 

423.  MagTietic  Moment.— Although  It  is  convenient  for  the  theo- 
retical discussion  of  the  subject  to  speak  of  a  single  magnetic  pole,  yei 
in  pmciire  such  a  thing  docs  not  exist,  and  as  the  forces  in  play  between 
two  ma^'nctic  jKtIes  can  only  be  measured  by  determining  the  force  acting 
on  a  magnet,  which  must  of  necessity  possess  both  a  north  and  a  south 
pole,  it  is  convenient  to  have  some  quantity  which  shall  include  the  effect 
of  the  two  poles.  Such  a  quantity  is  the  product  of  the  strength  of  either 
iy)Ie  of  the  m.^gnet  into  the  distance  between  the  poles,  and  is  called  the 
Moment  of  the  mti^net.  The  reason  why  this  quantity  is  of  importance 
will  be  at  once  apparent  if  we  consider  that  since  the  two  poles  of  a 
magnet  always  act  in  opposition,  the  greater  will  l>c  the  combined  effect 
the  greater  the  distance  between  them,  for  then  the  magnetic  effect  of 
one  pole  will  be  less  nentmlised  by  that  due  to  the  other. 
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424.  Strenjrth  of  a  Magnetic  Field.— Now  iliai  we  have  defined 
the  unit  magnetic  pole,  wc  arc  in  a  position  to  defino  tlic  stu-n^Mli  of  the 
unit  magnetic  field.  The  strcnyih  of  a  magnetic  field  is  the  forte  with 
which  a  unit  pole  would  be  acted  upon  by  the  lii'ld  when  placed  at  the 
given  point.  Thus  if  the  sirengih  of  a  magnetic  field  at  a  given  point  is 
//,  a  unit  north  jhjIc  when  placed  at  the  point  will  lie  acted  upon  by  a 
force  of  //  dynes  in  the  direction  of  the  lines  of  forrr  at  the  point.  If 
the  slrenj^th  of  the  pole  is  ///,  then  it  will  be  acted  on  by  a  force  of  ;//// 
dynes  in  the  direction  of  the  linrs  of  force. 

426.  Couple  Acting  on  a  Magnet  in  a  Magrnetlc  Field.— Sup- 
pose that  n  matjnct  NS  fKig.  409)  is  placed  in  a  uniform  field,  that  is,  a 
field  in  which  the  lines  of  force  arc  everywhere 
paralU-1,  and  of  whirh  the  strength  (//)  is  every- 
where the  sruiie.  If  v'oY  is  the  direction  of  the 
field,  the  magnet  will  he  arltd  upon  by  a  couple 
tending  to  turn  it  round  in  the  clockwise  direc- 
lion.  If  the  strength  of  each  pole  of  ihe  magnet 
is  w,  the  pole  N  will  Ijc  acted  upon  by  a  force 

m\\  in  the  direction  NH.  The  moment  of  this 
force  about  the  point  O  is  ///H.Nl.,  where  Nl.  is 
the  perpendicular  from  N  to  the  line  Yov'.  In 
the  snmc  way  the  force  acting  on  the  south 
pole,  S,  will  be  ccpial  to  a  force  of  m\\  in  the 

direction  SH',  and  the  turning  moment  of  this 
force  about  the  point  o  will  be  equal  lo  wor.SK. 
Since  O  is  the  centre  of  the  magnet,  on  is  equal 
to  OS,  and  the  angle  Noi.  is  equal  to  the  angle 
SOK,  and  therefore  M.  is  equal  to  KS. 


N 


Y' 
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Since  the  forces  NH  and  sn'  arc  equal  and  opposite  parallel  forces,  they 
constitute  a  couple  ({j  70),  and  the  turning  moment  of  this  couple  is  equal 
to  the  product  of  one  of  the  fctrces  into  the  perpendicular  distance  between 
the  lines  of  action  of  the  parallel  forces.  Ilencc  the  tuiTiing  moment  is 
equal  to  w//(Nl.  i  Ks).  Now  if  i)  is  the  angle,  NOI^  between  the  axis  of 
the  Tiiagnet  and  the  direction  of  the  field,  and  /  is  the  length  of  the 
mag^net,  so  that  NO  is  equal  to  //2,  wc  have 

jlE=ON  sin  (?=*//2.sin  B. 

In  the  same  way.  K?=os  sin  ^=//2.sin  6.     Hence  (ni.  +  ks)  is  equal  (o 
/  sin  B,     Thus  the  turning  moment  exerted  by  the  field  on  the  magnet  is 

//////  sin  ^. 
But  the  product  of  the  strength  of  one  pole  of  a  magnet  into  the  distance 
between  the  poles  is  the  magnetic  moment  of  the  magnet.     Hence,  if  J/ 


6o8 


Magnetism  and  Electricity 


[§426 


is  the  magnetic  moment  of  the  magnet,  M=mi^  and  the  turning  couple 
due  to  the  action  of  the  field  on  the  magnet  is  AfH  sin  $. 

The  above  expression  will  allow  us  to  measure  either  j^/  or  //,  if  we 
know  the  other  and  can  measure  the  couple  acting  on  the  magnet  when 
it  is  turned  so  that  its  axis  makes  a  known  angle,  &,  with  the  direction  of 
the  field. 

Since  the  forces  acting  on  ihe  two  poles  of  a  magnet  when  it  is  placed 
in  a  uniform  field  constitute  a  couple,  they  have  no  resultant  tending  to 
prmUicc  a  motion  of  translation  in  the  magnet.  This  is  proved  ex- 
perimentally by  floating  a  magnet  on  a  disc  of  cork,  when  the  magnet 
turns  and  sets  itself  approximately  north  and  south,  but  does  not  move 
off  in  any  direction. 

426.  Couple  due  to  the  Action  of  one  Magnet  on  another.— 

Let  fis  (Fig.  410)  l>c  a  small  magnet  placed  with  its  centre  on  the  pro- 
longation of  the  axis  of  another  magnet,  Ns,  so  that  the  axes  of  the  two 
magnets  are  at  right  angles  to  one  another.     Then  die  north  pole  N  of 


Fio.  41a 


the  one  magnet  will  repel  tlio  north  pole  «  of  the  other  and  attract  the 
soulli  pole  .V,  while  the  south  pole  of  the  first  magnet  will  attract  n  and 
repel  s;  but  since  the  pole  N  is  nearer  than  the  pole  S,  the  resultant 
action  of  the  two  will  he  a  force  acting  on  «.r,  tending  to  turn  it  in  the 
anti-cIoi:k\vise  direction.  Let  ///  be  ihe  strength  of  one  of  the  F>oles  of 
KS,  and  w'  the  strength  of  one  of  the  poles  of  rts^  and  let  2/  be  the  length 
of  m  and  2/.  that  of  ns.    Then  the  repulsion  Ijctween  N  and  n  is  equal  to 

— J  ,  where  f\  is  the  distance  from  N  to  «.     Tlie  turning  moment  of  this 

force  about  the  point  O  will  be  equal  to      y  ^  ^^y  where  OF  is  drawn 

perpendicular  lo  Nff.  But  if  the  distance,  OP,  between  the  centres  of  the 
two  niagnet*;  is  railed  J>y  since  the  triangles  //OK  and  «ON  are  similar, 

OF     ON      „ 
i^^  =  — ..    Hence 

On     NM 


I 


5-,J^^z^'=_(^^4)L 


So  tiiat  yW  turning  moment  is 


V/*+(D-iy 


mm7{P  -  /.) 
{/^4-(ZJ-Z.)*}i- 
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The  turning  moment  due  to  the  action  of  N  on  j  will  be  the  same  as  that 
due  to  N'  on  «.     Thus  the  total  turning  moment  due  to  the  pole  N  will  be 

{/■■»+ (/3-/.)«}r 

In  the  same  way  the  turning  moment  due  to  the  pole  s  will  be  obtained 
by  writing  D-^L  for  Z)-Z  in  the  above  expression,  and  since  this 
moment  acts  in  the  opposite  direction  to  that  due  to  the  pole  N,  the  total 
turning  moment  due  to  the  two  poles  will  be 

zmm'l{D-  L)     2ww7(/?  +  L) 
{/=*  +  (£»-  Lf\\  "{/*  +  (  z^  +  z)9)r 

If  the  length  of  the  magnet  ns  is  so  small,  compared  with  the  distance  D^ 

that  the  term  /*  can  be  neglected  in  comparison  with  {/J—^L)\  the  above 

expression  reduces  to 

2mm  I        2mm7 


or 


or 


%mninpL 


If,  further,  the  distance  between  the  two  magnets  is  so  great  compared 
with  the  length  of  either  that  we  may  also  neglect  /.*  compared  to  D\ 
ihc  expression  for  the  turning  nwmcnt  acting  on  the  needle  ns  reduces  to 

Now  2mL  is  the  magnetic  moment,  Af,  of  the  magnet  ns,  while  2mV 
is  the  magnetic  moment,  A/'j  of  the  magnet  rts.  Hence  the  turning 
moment  may  be  written  „ 

Next,  suppose  that  the  needle  ns^  instead  of  being  placed  with  its  axis 
perpendicular  to  the  axis  of  NS,  is  placed  so  that  its  axis  makes  an  angle 


N 


$  with  the  line  drawn  through  its  centre  perpendicular  to  the  axis  of  NS 
(Fig.  411).  If  we  suppose  that  the  magnets  are  both  small  compared  to 
the  distance  between  them,  the  turning  moment  will  be  less  than  before 

2  Q 
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in  the  ratio  of  i  to  cos  0,  For  wc  have  now  practically  to  do  with  a  needle 
of  which  the  strength  of  the  poles,  /«',  is  the  same  as  before,  but  the 
distance  between  the  poles  is  now  e<jual  to  EC,  where  E  and  G  are  the 
feel  of  the  perpendiculars  drawn  from  n  and  s  on  the  line  which  passes 
through  O,  and  \*,  perpendicular  to  the  axis  of  the  magnet  NS.  But 
OE=o« .  cos  ^,  hence  the  moment  of  this  imaginary  majfnet  is  J/'  cos  ft 
Thus  the  turninjj  moment  due  to  NS  is  now  equal  to 

iiMM*  cosj 
/> 

This  position  of  two  magnets,  in  which  the  axis  of  one  is  at  right 
angles,  or  at  any  rate  very  nearly  at  right  angles  to  the  axis  of  the  other, 
is  called  the  *'  A  tangential  position  of  Gauss." 

The  above  formula  shows  that  when  ^  is  a  right  angle,  so  that  the 
axes  of  the  two  magnets  lie  in  the  same  straight  line,  cos  d  being  zero, 
there  will  be  no  turning  couple  due  to  the  action  of  one  magnet  on  the 
other ;  this  is  also  evident  from  a  consideration  of  the  direction  of  the 

lines  of  force  of  the 
magnet  NS,  which  at  O 
are  parallel  to  the  axis 
of  NS. 

We  have  now  to  con- 
sider the  case  when  the 
magnet,  NS,  is  placed 
with  its  centreonthe  pro- 
longation of  the  axis  of 
ns  and  at  right  angles  to 
this  line  as  shown  in  Fig. 
412.  This  is  called  the 
Using  the  same  notation  as  before. 


Fig.  412. 

*'  B  tangential  position  of  Gauss. 

the  force  exerted  by  N  on  j  is  equal  to  '^^  along  jn 


The  turning 


mm 


moment  of  this  force  about  o  is  -rf-  x-  of.    Since  the  triangles  ots  and 


.     .,        OF      NP  —     /l 

M'f  are  similar,  ^  =  T=i  ;  or  of—     . 
05      NJ  '* 


But 


Hence  the  turning  moment  due  to  the  action  of  N  on  j  is 

mm'lL 

This  will  also  express  the  turning  moment  due  to  the  action  of  s  on  *, 
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while  the  moments  due  to  the  action  of  N  and  S  on  «  are  obtained  by 
changing  D-/  into  D+/  in  this  expression.  In  this  case,  however,  tl 
will  be  at  once  seen  that  the  !uming  moments  due  to  the  action  of  the 
poles  N  and  s  on  the  two  i)oIes  «  and  s  of  the  needle  are  in  the  same 
direction.     Hence  the  total  turning  moment  is 


or 


zmm*lL 


MM' 


W^{o  -  f)-\\'^2\L^-¥  (jy +/)R 


If  now  we  proceed  to  take  the  needle  short  in  comparison  to  the 
distance,  D,  between  the  magnets,  this  expression  reduces  to 

AfM'    . 


AVhile  if  L'  may  also  be  neglected  compared  with   \r^  the   turning 
moment  reduces  to 

MM 

As  before,  if  the  axis  of  the  needle,  ns^  makes  an  angle  $  with  the  line 
OF,  the  turning  couple  will  be 

MM' 


D* 


cos  e. 


Again,  this  is  zero  when  ^  =  90*,  />.  when  the  two  magnets  are  parallel, 
and  as  the  lines  of  force  of  the  magnet  NS  at  the  point  O  are  parallel  to 
the  axis  of  ns,  this  is  as  it  ought  to  be. 

These  expressions  may  be  used  to  test  the  correctness  of  Coulomb's 
law,  which  we  have  employed  in  obtaining  them,  for  if  the  needle  ns  is 
suspended  by  a  wire  or  by  a  bifilar  suspension  (§  1 19),  then  by  turning  the 
upper  end  of  the  wire,  or  of  the  bifilars,  till  the  axis  of  the  magnet  ns 
comes  into  the  position  considered,  we  can,  as  has  been  explained  in  §  log, 
measure  the  couple  which  is  acting  on  ns  when  the  magnets  are  at  a 
given  distance,  D,  apart  Then  by  varj'ing  D  we  can  test  whether  the 
couple  varies  inversely  as  p\  We  may  also  see  if,  for  a  given  value  of  P, 
the  couple,  when  the  magnets  are  in  the  A  position,  is  twice  as  great  as 
the  couple  when  they  are  in  the  B  position. 

Also  by  using  two  magnets,  of  which  the  moments  are  M  and  m",  wc 
may  measure  the  couple  they  exert  when  used  separately  at  a  distance  D. 
We  may  then  use  them  both  simultaneously,  placed  at  the  distance  D,  one 
on  either  side  of  the  needle,  and  show  that  the  couples  produced  when 
they  act  so  as  to  oppose  each  other,  and  also  when  they  act  to  assist  each 
other,  and  the  couples  which  they  each  produce  separately  are  in  the  ratio 
of  M-m":M  +  m"  :M  :m". 
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This  method  of  testingf  the  truth  of  Coulomb*s  law  can  be  inade  more 
accurate  than  can  ilie  method  with  the  torsion  balance,  where  the  cflfeci 
of  the  one  pole  is  often  modified  by  that  of  ihe  other. 

427V  Time  of  Vibration  of  a  Magnet  when  Suspended  In  a 
Magnetic  Field.— We  liave  seen  in  §  425  that  if  a  magnet  NS  (Fig.  413)   ^_ 
of  which  the  moment  is  J/,  is  suspended  in  a  magnetic  ^| 
field  of  strength  //,  and  if  the  axis  of  the  magnet  malces   ^^ 

an  angle  Q  with  the  direction  AB  of  the  field,  the  couple 
acting   on   the   magnet,   and   tending   to   turn   h   into   the 

direction  ar.  is  MH  sin  6.  Thus  if  the  magnet  lies  with 
its  axis  parallel  to  the  direction  of  the  field,  and  with  its 
north  pole  pointing  in  the  positive  direction,  it  will  be  in 
stable  equilibrium,  and  when  it  is  displaced  from  this 
^  position  through  an  angle  By  the  couple  lending  to  re- 
store it  to  its  undisturbed  position  will  be  MH  sin  9, 
Hence  if  the  magnet  is  displaced  and  then  set  free,  h  ^| 
will,  under  the  influence  of  this  couple,  move  back  towards  ^^ 
its  position  of  equilibrium.  It  will,  during  this  motion,  gain  kinetic 
energy,  so  that  it  will  pass  through  its  equilibrium  position  and  be  dis- 
placed on  the  other  side^  and  so  on  ;  in  fact,  it  will  execute  oscillations 
about  its  position  of  equilibrium. 

Now  in  §  113  we  found  that  when  a  simple  pendulum  is  displaced 
from  its  position  of  rest,  the  force  tending  10 
bring  it  back  to  that  position  was  given  by  mg 
sin  (?,  where  ;«  is  the  mass  of  the  bob.  The 
similarity  between  this  expression  and  that  ob- 
tained in  the  case  of  the  magnet  is  obvious,  and 
we  can  at  once  see  that  if  the  simple  pendulum 
performs  isochronous  vibrations,  the  suspended 
magnet  will  do  so  also.  As  we  have  already 
seen,  llie  pendulum  only  performs  isochronous 
oscillations  when  the  maximum  displacement 
{&)  is  small,  so  that  we  may  at  once  infer  that 
the  same  Mill  be  the  case  with  the  suspended  ^ 
magnet.  ( 

In  order  to  find  an  expression  for  the  periodic 
time  T  of  the  oscillations-  performed  by  the 
magnet,  let  AU  (Fig.  414)  represent  the  position 
of  equilibrium  of  the  magnet,  and  NS  the  position 
of  the  magnet  when  at  its  maximum  elongation. 
Now  for  small  displacements  {6)  the  restoring 
force  will  be  equal  to  AfHBy  since,  as  was  shown 
in  8  14  for  small  values  of  ^,  sin  0  may  be  taken  as  equal  to  0.  Hence, 
for  vibrations  of  small  amplitude,  the  restoring  force  is  proportional  to 


t4»7j 
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ihc  displacement,  and  therefore  the  magnet  will  execute  a  simple  har- 
monic motion  (§  50).  Now  in  J5  51  we  have  shown  that  in  a  S.H.M.  ihc 
maximum  linear  velocity,  tlmi  is,  the  velocity  when  the  body  is  passing 
thrnuyh  its  position  of  rest,  is  equal  to  irtalT^  where  //  is  tlie  amplitude  of 
the  vibration  and  7  is  the  period.  Hence  the  kinetic  energy  of  a  particle 
uf  mass  ;«',  when  passing  through  its  position  of  rest,  is  ztt^a^m'jJ^ 

Now  the  amplitude  (d)  of  a  particle  at  a  distance  r  from  the  point  o, 
about  which  the  magnet  rotates,  is  given  by 


d         r 


2r 


where  (^-tS)  stands  for  the  arc  AS,  and  /  is  ihe  length  of  the  magnet. 

Therefore  the  kinetic  energy  of  this  particle,  when  passing  through 
its  position  of  rest,  is 

Thus  the  total  kinetic  energy  of  all  the  particles  which  build  up  the 
magnet  is 

where  A"  is  the  moment  of  inertia  (§  85)  of  the  magnet  about  an  axis 
through  o. 

Now  when  the  magnet  is  at  its  extreme  elongation  the  energy  is 
entirely  potential.  This  potential  energy  is  equal  to  the  work  wliich  has 
to  be  done  to  move  the  poles  N  and  S  into  their  new  positions  against 
the  action  of  the  field.  Considering  the  pole  s,  we  might  take  it  from 
A  to  s  along  the  paths  AC,  cs,  where  sc  is  perpendicular  to  Alt,  and  there- 
fore also  perpendicular  to  the  lines  of  force  of  the  tield.  During  the 
portion  cs  of  the  path,  since  the  direction  of  motion  is  perpendicular  to 
the  force,  no  work  is  done.  During  the  passage  from  A  to  c,  since  the 
force  acting  on  the  pole  is  m//,  where  w  is  the  strength  of  the  pole,  the 
work  done  is  w//.AC.     Hence  the  potential  energy  due  to  both  poles 

when  the  magnet  is  at  NS  is 

2m//,  AC 

Now  the  triangles  ACS  and  abs  arc  similar.     Therefore 


AC 

7{s 


AS 
AB 


Tlius  the  potential  energy  is  


Equating  the  potential  energy  at  the  extreme  elongation,  when  the 
kinetic  energy  is  zero,  to  the  kinetic  energy  when  i\\t  maynct  is  passing 


6i4 
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ihroug^h  iis  position  of  rest,  and  therefore  its  potential  enci^y  is  zero^ 
wc  gel 

-/      =— fi75— 

Now  if  the  ampltiiide,  B^  of  the  vibrations  is  small,  tlie  chord  AS  may 
be  taken  as  L*qual  to  the  arc  (as).    Then 


But  W-;1/.    Heiice 


or 


4^K 


^       MM' 
r=2ir 


428.  Measurement  of  the  Strength  of  a  Magnetlo  Field.— We 
have  seen  in  tlic  last  section  that  if  a  magnet,  of  which  the  moment  is  J/ 
and  the  moment  of  inertia  is  K^  vibrates  in  a  magnetic  field  of  strength 
H,  the  periodic  time  T  of  the  vibrations  is  given  by 


-v.; 


A' 


Hence  if  we  measure  T',  and  know  A' and  J/,  we  can  calculate  //,  The 
moment  of  incnia  A'can  either  l>c  calculated,  if  ihe  magnet  is  of  a  simple 
and  regular  slvipe,  or  it  can  be  determined  experimentally.  Hence  we 
have  only  M  and  //  to  determine,  so  that  if  by  any  other  experiment  we 


p 


Fia  4x5. 

can  get  a  second  relation  between  M  and  //,  say  their  ratio,  we  could 
calculate  both  of  them. 

Now  wc  have  obtained  in  §  426  expressions  for  the  couple  caused  by 
the  action  of  one  magnet  on  anoiher  when  they  arc  placed  in  certain 
relative  positions.  Suppose  now  a  magnetised  needle  /«  (Kig.  415)  5s 
suspended  by  a  fine  thread  in  the  given  magnetic  field,  then  it  will  set 
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itself  parallel  lo  the  direction,  ha,  of  the  field.  If  now  we  place  the 
magnet,  of  which  \vc  have  observed  the  perioti  of  vibration,  in  the  position 
NS,  it  will  exert  a  couple  on  the  needle,  which,  if  the  distance  op  is  great 

compared  to  the  sizes  of  the  magnets,  is  equal  to  -"    '   .,  and  hence  the 

needle  will  be  turned  into  some  such  position  as  that  shown  in  the  figure, 
and  will  finally  come  to  rest  when  the  deflecting  couple,  due  to  NS,  t& 

equal  to  the  couple,  tending  to  bring  it  back  into  the  direction  BA,  due  to 
the  field. 

If  0  is  the  angle  which  the  axis  of  the  needle  makes  with  the  lines  of 
force  of  the  field  when  it  comes  to  rest  under  the  combined  influence  of 
the  magnet  NS  and  of  the  field,  the  couple  acting  in  the  clockwise  direc- 
tion due  to  the  magnet  is  - -,4—  cos  ^,  while  the  couple  aciing  in  the 

opposite  direction  due  to  the  field  is  J/^/Zsin  Q,  When  there  is  equi- 
hbrium  these  must  be  equal,  and  hence 


iMM' 


or 


zo%B^M*H^\ViB, 


2  cos  9      2 


If  then  we  measure  the  distance  between  the  centres  of  the  magnet 
and  needle  and  the  deflection,  we  can  calculate  the  ratio  '--.     But  we 

have  already  seen  that  the  vibration  experiment  gives  us  the  value  of  the 
product  J///,  and  hence  by  simple  algebra  the  values  of  the  two  quantities 
il/and  //  can  be  calculated.  Therefore  by  measuring  the  periodic  time 
of  a  magnet  of  known  moment  of  inertia,  when  suspended  in  a  given 
magnetic  field,  and  then  determining  the  angle  through  which  a  needle, 
suspended  in  the  same  field,  is  deflected  by  this  magnet  when  placed  at 
a  known  distance,  we  can  obtain  both  the  strength  of  the  field  and  the 
magnetic  moment  of  the  magnet  Of  course,  when  performing  the  deflec- 
tion experiment,  the  magnet  lis  might  be  placed  in  the  "  B  position,"  in 


which  case 


M 


/;3tan^. 
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429.  The  Magnetic  Elements.— The  most  important  magnetic  field 
with  which  we  have  to  do  is  that  tlue  to  the  magnetic  state  of  the  earth. 
In  order  to  be  able  to  state  the  condition  of  the  magnetic  field  of  the 
earth,  or  as  we  may  say  for  short  the  earth's  field,  at  any  point  we  require 
to  know  two  things,  (i)  the  direction  of  the  lines  of  force  of  the  field,  and 
(2)  the  strength  of  the  field.  That  is,  we  want  the  direction  in  which  a 
single  unit  north  pole  would  tend  to  move  under  the  influence  of  the  field, 
and  also  the  force  which  would  act  upon  it.  We  have  hitherto  supposed 
that  the  directions  of  the  lines  of  force  of  the  magnetic  fields  with  which 
we  have  been  dealing  were  horizontal,  so  'that  a  magnetised  needle, 
which  was  suspended  or  pivoted,  so  as  to  turn  about  a  vertical  axis,  was 
able  to  set  itself  parallel  to  the  lines  of  force  of  the  field  If  a  long  thin 
unmagnetised  bar  of  steel  is  suspended  by  a  fine  thread  so  that  it  hangs 
in  a  horizontal  position,  and  is  then  magnetised,  it  will  set  itself  in  an 
approximately  north  and  south  position,  but  will  no  longer  be  horizontal. 
In  this  part  of  the  globe  the  north  end  will  dip  downwards.  This 
indicates  that  in  these  parts  the  lines  of  force  of  the  earth's  field  arc  not 
horizontal,  but  are  inclined  downwards, 

For  most  purposes  it  is  convenient  to  suppose  the  earth's  field  resolved 
into  two  components,  one  of  which  is  horizontal  and  the  other  vertical. 
Since  a  magnetic  field  is  of  the  nature  of  a  force,  having  magnitude  or 
strength  and  direction,  the  field  may  be  resolved  into  two  component  fields, 
just  as  a  force  in  §  67  is  resolved  into  two  component  forces. 

In  order  to  define  each  of  these  components,  we  require  of  course  10 
know  its  direction  and  its  strength.  In  the  case  of  the  horizontal  com- 
ponent its  strength  is  called  the  horizontal  force,  and  is  generally  indicated 
by  the  letter  //.  Since  by  supposition  this  component  is  horizontal,  in 
order  to  define  its  direction  we  only  require  to  know  the  angle  which  it 
m.ike5  with  some  fixed  direction.  The  fixed  direction  chosen  is  the 
geographical  meridian,  and  the  angle  which  the  horizontal  force  makes 
with  the  geographical  meridian  is  called  the  tiecHnatiofty  or  sometimes 
the  rtnriation. 

The  vertical  component  of  the  earth's  field  is  called  the  vertical  force, 
and  is  generally  indicated  by  the  letter  /'y  its  direction  is  along  the 
vertical,  i\e,  the  radius  of  the  earth  at  the  point  considered. 
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Fig.  41& 
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The  actual  strength  of  the  earth's  field,  which  is  of  course  the  resultant 
of  N  and  /',  is  called  the  total  force.  The  angle  between  the  lines  of 
force  of  the  earth's  field  and  the  horizontal  is  called  the  iiij>.  Hence  the 
dip  is  also  the  angle  between  the  direction  of  the 
horizontal  component  and  that  of  the  total  force  or 
actual  field.  The  three  magnetic  forces,  the  total 
force  and  its  two  components,  iV  and  /',  must  of 
course  lie  in  the  same  vertical  plane,  the  angle 
which  this  plane  makes  with  a  venica]  plane  con- 
taining the  place  considered  and  the  axis  ab^mt 
which  the  earth  turns,  that  is,  the  meridian  plane, 
is  equal  to  the  declination. 

1  f  the  plane  of  the  paper  is  taken  as  the  vertical 
plane  in  which  the  total  force  and  its  components 

lie,  and  oa,  ob,  and  oc  (Fig.  416)  represent  in 

mag"nitude  and  direction  the  horizontal  and  vertical  components  and  the 

total  force,  then  the  angle  aoc  or  0  will  be  the  dip.     Hence  if  the  total 

— ♦■ 
force,  oc,  is  called  /,  we  have  from  the  triangle  aoc — 


-j=cosa 
Also  from  the  triangle  BOC,  since  the  angle  BOC  is  90"  -  9^ 


and  finally 


y  —  cos  BOC  at  sin  6 J 
V 


If 


=  lan  d. 


W 


N 


These  three  e.Ypre5sions  permit  of  our  obtaining  Kand'/if  we  know 
the  horizontal  component,  //,  and  the  dip,  ^,  or  if  we  know  Kand  H  we 
can  obtain  /  and  0, 

Hence  it  is  evident  that  if  we  know  the  declination,  the  hori7ontal 
component,  and  the  dip,  we  can  deduce  the  direction  and 
strength  of  the  earth's  field.     Since  it  is  generally  most 
convenient  to  measure  these  three  quantities,  they  are 
called  the  magnetic  elements. 

It  is  sometimes  convenient  to  be  able  to  express  the 
direction  and  mafinitude  of  the  earth's  field  by  three 
quantities  which  are  all  of  the  same  nature,  and  not,  as 
we  have  done  above,  by  means  of  a  force  and  two  angJcs. 
Suppose  we  resolve  the  horizontal  component  along  a 
line  which  points  to  the  true  or  geographical  north,  and 
along  a  line  true  west.     If  X  is  the  northerly  component  and  Y  the 
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westerly  component,  then  it  is  at  once  evident,  from  Fig.  417,  that  if  h  \ 

tlie  declination,  .-     ,,        « 

-V  =  //  cos  o, 

Y—Ii  sin  JJ, 

K 

-p=tan  o. 

Hence,  if  we  know  X  and  K,  we  can  calculate  //and  5.  Thus  the  values 
of  the  three  componems  of  the  force,  A',  )',  and  /",  arc  sufficient  to  com- 
pletely define  its  va'ue  both  in  magnitude  and  direction. 

Before  proceeding;  la  consider  the  general  fonn  of  the  earth's  field  a> 
deduced  from  a  study  of  llie  measurements  which  have  been  made  of  the 
magnetic  elements  at  diflfercnt  parts  of  the  earth's  surface,  it  will  be  useful 
to  briefly  consider  the  methods  employed  to  measure  the  magnetic 
elements  at  any  given  place, 

430.  Measurement  of  the  Declination.— The  declination  is  the 
angle  betsveen  tlie  geographical  meridian  and  the  direction  of  the  hori- 
zontal component.  Thus,  smcc  a  magnet  when  suspended  by  a  fine 
thread,  so  as  to  turn  freely  about  a  vertical  axis,  will  set  itself  parallel 
to  the  direction  of  the  lines  of  force  of  the  horizontal  component,  the 
declination  can  be  obtained  by  measuring  the  angle  between  the  axis  of 
such  a  suspended  magnet  and  the  meridian. 

The  practical  difiiculiy  in  performing  the  experiment  hes  in  the  fact 
thai  the  magnetic  axis  of  a  magnet  does  not  necessarily  coincide  with  its 
geometrical  axis. 

The  magnet  usually  employed  consists  of  a  hollow  steel  cylii^er,  A 
(Fig.  418),  which  is  fixed  in  a  brass  collar  to  which  are  attached  two 
pegs,  B  and  c,  either  of  which  fits  into  a  clip  attached  to  the  end  of  a  fine 

thread  formed  of 
unspun  silk.  At 
one  end  of  the 
hollow  magnet  is 
placed  a  fine  scale, 
s,  engraved  on  a 
piece  of  glass,  white 
at  the  other  end  is 
placed  a  lens,  L. 
The  focal  length  of 
this  lens  is  equal  to 
the  length  of  the  cylinder,  so  that  the  rays  of  light  proceeding  from  any 
point  in  the  scale  s  leave  the  lens  as  a  parallel  pencil.  The  line  joining 
the  central  division  of  the  scale  and  the  optical  centre  (§  348)  of  the  lens 
is  taken  as  the  geometrical  axis  of  the  magnet. 

If  AB  (I.,  Fig.  419)  is  the  plan  of  a  magnetic  needle  suspended  b/« 
fine  thread  attached  at  c,  and  of  which  the  magnetic  axis  is  /w,  then  tl 
WkU  set  itself  with  the  magnetic  axis  in  the  magnetic  meridian  NS.     la 
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this  case  the  jycometrica)  axis  of  the  needle  points  lo  the  west  of  the 
magnetic  meridian.  If  the  needle  is  reversed,  so  that  what  was  the  lower 
side  is  now  the  upper,  then,  as  is  shown  at  II.,  the  jjeometrical  axis  AB 
will  point  as  far  to  the  east  of  the  ma^'nctic  meridian  as  it  did  before  to 
the  west.  Hence  the  ma^'nctic  meridian  is  half-way  between  the  positions 
of  the  geometrical  axis  before  and  after  the  reversal  of  the  niagneL 

The  c>'lindrica!  maynei  shown  in  Fig.  418  is  suspKinded  in  a  box  fixed 
lo  the  centre  of  a  divided  circle^  while  an  arm  attached  to  the  circle 
carries  a  small  telescope,  in  the  rye-piece  of  which  arc  two  intersecting 


n 

KiG,  419. 
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cross-wires.  The  telescope  is  turned  till  the  centre  division  of  the  scale, 
S,  coincides  with  the  vertical  cross-wire,  first  when  the  magnet  is  suspended 
by  B,  and  then  when  it  is  reversed  and  is  suspended  by  c.  The  mean  of 
the  readings  on  the  divided  circle  corresponding  to  these  two  positipns 
gives  the  reading  corresponding  to  the  magnetic  axis  of  the  magnet  The 
reading  corresponding  to  the  geographical  meridian  is  obtained  either  by 
turning  the  telescope  to  view  some  object  the  bearing  of  which  is  known, 
or  by  observing  the  time  of  transit  of  a  star  or  the  sun  over  the  vertical 
cross -wire 

431.  Determination  of  the  Dip  or  Inclination. -When  determin- 
ing the  declination  by  means  of  a  maj^net  suspended  by  a  thread,  the 
effects  of  gravity  on  the  magnet  do  not  influence  the  observations,  for  the 
weight  of  the  magnet  will  have  no  effect  in  producing  a  rotation  about  the 
thread  as  an  axis. 

In  order  to  determine  the  dip,  however,  we  have  to  support  a  magnet 
so  that  it  can  turn  freely  about  a  korisonta'  axis,  and  then  measure  the 
angle  which  its  magnetic  axis  makes  with  the  horizontal.  If  the  axis 
about  which  the  magnet  is  allowed  to  turn  passes  through  the  centre  of 
gravity  of  the  magnet,  the*  weight  will  have  no  moment  round  this  axis, 
and  will  therefore  not  affect  the  position  of  the  magnet.  Since,  however, 
it  is  practically  impossible  to  secure  this  condition,  the  obser\allons  have 
to  be  so  arranged  that  errors  due  to  small  departures  from  this  condition 
may  be  eliminated.  The  principle  is  similar  to  that  employed  in  the 
case  of  the  determination  of  the  declination,  viz.  to  take  readings  in  pairs, 


620 


Magftetism  and  Electricity 


[§43« 


sucli  ihal  llic  error  in  the  separate  readings  .aflfects  ihe  result  in  the 
opposite  way,  and  hence  the  mean  of  the  two  readings  gives  the  true 
value. 

Suppose  AF.BD  (Fig.  420)  is  the  needle,  the  axle  being  at  c,  while  the 
centre  of  gravity  is  at  G,  a  point  which  does  not  coincide  with  c  We 
may  consider  the  effect  of  this  displacement  of  the  centre  of  gravity  as 

split  up  into  two  parts,  one  a 
displacement  along  the  axis  of 
the  needle  to  K,  and  the  other 
.1  displacement  at  right  angles 
to  the  axis  to  h. 

First  consider  the  displace- 
ment of  the  centre  of  gravity 
at  right  angles  to  the  axis  of 
the  needle,  i.e,  to  H.  If  the 
end  A  is  dipping,  that  is,  in  the  northern  hemisphere,  if  A  is  a  north  pole, 
and  the  needle  is  placed  in  its  bearings,  so  that  II  is  above  C,  the  effect 
of  the  weight  of  the  needle  will  be  to  increase  the  measured  dip,  while  if 
the  needle  is  reversed  in  its  Ijcarings,  so  that  H  is  below  c,  the  weight  will 
decrease  the  measured  dip  by  the  same  amount.  Hence  the  mean  of  the 
readings  obtained  will  be  free  from  error  due  to  the  displacement  of  the 
centre  of  gravity  at  right  angles  to  the  axis. 

As  long  as  the  end  A  is  dipping,  the  displacement  of  the  centre  of 
gravity  along  the  axis  to  K  will  always  increase  the  measured  angle  of 
dip.  If,  however,  we  remagnetise  the  needle,  so  that  the  end  B  dips, 
then  the  displacement  of  the  centre  of  gravity  to  K  will  decrease  the 
measured  dip,  so  that  by  reversing  the  polarity  of  the  needle  this  error 
can  be  eliminated.  The  fact  that  the  magnetic  axis  of  the  needle  may 
not  coincide  with  the  line  joining  AB  is  eliminated  by  the  reversal  of  the 
needle  when  eliminating  the  effect  of  the  displacement  of  the  centre  of 
gravity  perpendicular  to  the  axis,  for  the  same  reasons  as  in  the  case  of 
the  declination. 

In  order  to  measure  the  angle  of  dip,  the  needle  is  placed  with  its  axle 
resting  on  two  small  horizontal  agate  knife-edges,  K,  K'  (Fig.  421),  so  that 
the  axle  is  at  the  centre  of  a  graduated  circle,  any  slight  want  of  agree- 
ment between  the  position  of  the  axle  and  the  cetitre  of  the  circle  being 
eliminated  by  reading  the  position  of  both  ends  of  the  needle  by  means 
of  the  two  microscopes,  M,  M*.  When  not  in  use  the  needle  is  raised 
from  the  agates  by  means  of  two  V-shapcd  supports,  LI.',  which  can  be 
raised  by  turning  the  knob  E, 

The  only  remaining  source  of  error  which  may  occur,  owing  to  the 

mperfect  adjustment  of  the  instnmient,  is  that  due  to  the  fact  that  the 

line  joining  the  zero  gradations  on  the  circle  may  not  be  truly  horizontaL 

The  error  due  to  this  cause  can  be  eliminated  by  taking  two  sets  of  read- 

with  the  instrument  turned  so  that  the  graduated  side  of  the  circle 
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faces  first  east  and  then  west.  For  the  measured  dip  will  in  one  case  be 
greater  than  the  true  dip,  and  in  the  other  case  less  by  the  angle  which 
the  line  joining  the  zero  makes  with  the  horizontal. 

The  angle  between  the  magnetic  axis  of  the  needle  and  the  horizontal 
is  only  equal  to  the  dip  when  the  vertical  plane  in  which  the  needle  can 
turn  coincides  with  the  magnetic  meridian,  that  is,  when  the  axle  of  the 
needle  points  due  magnetic  cast  and  west  In  order  to  secure  this  condi- 
tion, the  circle  is  turned  till  the  needle  is  vertical.     The  needle  being 


Fig.  421. 

vertical  shows  that  in  the  plane  in  which  it  can  move  there  is  no  horizontal 
component  of  the  earth's  magnetic  field.     Now  obviously  this  can  only 
occur  when  the  plane  in  which  the  needle  moves  is  at  right  angles  to  the 
direction  of  the  horizontal  component,  that  is,  at  right  angles  to  the  mag- 
netic meridian.     We  may  also  see  that  this  must  be  so  from  the  follow- , 
ing  reasoning  :  When  the  axle  about  which  the  needle  turns  is  parallel  toj 
the  horizontal  component,  this  component  can  have  no  moment  tending ' 
to  produce  rotation  about  the  axl&     Hence,  when  the  plane  in  which 
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the  needle  turns  is  at  right  angles  to  the  magnetic  nieridian,  the  vertical 
component  is  the  only  one  which  has  a  directive  influence  on  the  needle, 
which  therefore  sets  itself  in  a  verticaJ  position.  The  position  of  the 
circle  when  the  needle  is  vertical  is  read  off  on  a  horizontal  divided  circle, 
FU,  attached  to  the  stand,  and  then  by  means  of  this  same  horizontal 
circle  the  vertical  circle,  and  with  it  the  uprights  carrying  the  needle,  is 
turned  through  90',  which  brings  its  plane  into  the  magnetic  meridian. 

432,  Measurement  of  the  Horizontal  Force.— In  order  to  measure 
the  horizontal  force,  the  usual  metliod  employed  is  that  given  in  §  428. 
The  magnet  shown  in  Fig.  41S  is  first  allowed  to  oscillate,  and  its  period 
of  vibration  is  determined  ;  it  is  then  used  to  deflect  another  suspended 
magnet,  and  the  value  of  H  is  deducted  from  the  results  of  these  two 
experiments  by  the  method  given. 

The  moment  of  inertia  of  the  mafrnel  used  in  the  \'ibration  experiment 
is  obtained  by  taking  the  period  when  a  brass  cylinder,  the  moment  of 
inertia  of  which  can  be  calculated,  is  placed  in  the  lube  D  (Fig.  418), 
and  also  taking  the  period  without  this  brass  cylinder.  From  these 
two  observations  the  moment  of  inertia  of  the  magnet  and  its  appendages 
can  be  calculated. 

433.  Terrestrial  Magnetic  Lines,— The  magnetic  state  of  the  earth 
is  best  shown  by  constructing  magnetic  maps,  in  which  lines  are  drawn 
through  the  places  at  which  the  element  considered  has  the  same  value. 
In  the  case  of  declinaiion,  lines  drawn  so  that  the  declination  is  the 
same  at  all  places  through  which  they  pass  are  called  Isogonal  LimSy  or 
Lines  of  equal  Variation  or  Declination. 

The  form  of  the  isogonals  for  the  year  1900  is  shown  in  Fig.  422,  which 
represents  the  earth  on  Mercaior's  projection.  The  full  lines  indicate 
westerly  declination,  i.e.  the  north  end  of  the  needle  points  to  the  west 
of  true  north,  while  the  dotted  cur\'es  indicate  easterly  declination. 

The  thick  lines,  which  separate  the  regions  in  which  the  declination 
is  westerly  from  the  regions  in  which  it  is  easterly,  are  lines  where  the 
declination  is  zero,  and  therefore  the  compass-needle  points  due  north. 
These  lines  are  called  the  agonic  lines. 

There  are  two  distinct  agonic  lines.  One  of  these  runs  down  the 
west  side  of  North  America,  cuts  off  a  part  of  South  America,  and  then 
passes  to  the  Antarctic  Ocean  ;  reappearing  on  the  other  side,  it  passes 
through  the  extreme  west  of  Australia,  through  the  Persian  Gulf,  near 
the  Crimea,  and  finally  enters  the  Arctic  Ocean  near  the  North  Cape, 
and  presumably  joins  the  other  branch  in  North  America.  The  other 
agoric  line  forms  an  ova!  curve,  the  greater  part  of  which  lies  in  Siberia, 
and  is  known  as  the  Siberian  Oval. 

The  lines  of  equal  dip  are  called  isoclinal  lines^  and  their  form  for  the 
year  1900  is  shown  in  Fig.  423. 

It  will  be  seen  that  the  line  of  zero  dip,  or,  as  it  is  called,  the  magnetic 
equator,  forms  a  circle  which  agrees  approximately  with  the  geographical 


Terrestrial  Magfiettc  Li  ties 


626 


Magnetism  atid  Electricity 


t§43J 


equator,  and  that  the  dip  increases  with  the  latitude,  the  north  pole  of 
the  needle  dipping-  in  the  northern  hemisphere,  and  tlie  south  jk)1c  in  the 
southern  hemisphere. 

At  two  points  on  the  canh's  surfoce  the  dip  is  90*,  r>.  the  dipping- 
needle  is  vertical,  this  indicating  that  the  horizontal  component  is  zero, 
so  that  the  compass-needle,  which  indicates  the  direction  of  the  horizontal 
component,  will  not  set  itself  at  these  points  in  any  definite  direction. 
These  points  are  often  called  the  magnetic  poles.  The  north  magnetic 
pole  lies  in  lat.  70*  5'  N.  and  long,  96'  43'  \V.,  while  the  south  magnetic 
pole  is  at  lat.  73*  30'  S.  and  long.  147*'  30'  E. 

The  agonic  line  passes  through  the  magnetic  poles. 

The  lines  of  equal  horizontal  force  arc  shown  in  Fig.  424,  and  it  will 
be  seen  that  the  horizontal  force  is  a  maximum  near  the  equator,  and  is 
zero  at  the  magnetic  p>oIes. 

The  curves  of  equal  total  force  are  called  isodyfiamic  lines.  The 
total  force  is  not  a  maximum  at  ihe  magnetic  poles,  but  there  exist 
in  the  nonhern  hemisphere  two  points  at  which  the  total  force  is  a 
maximum,  while  two  similar  points  exist  in  the  southern  hemisphere. 
These  points  of  maximum  force  are  called  nugnetic  foci.  One  of  the 
northern  foci  is  situated  in  North  America  at  lat.  52*  N.,  and  long.  90* 
W.  The  other  northern  focus  is  at  lat  70*  N,  and  long.  115'  E.,  and  is 
called  the  .Siberian  focus.  The  two  southern  foci  are  situated  much 
nearer  together  than  arc  the  northern  ones,  their  positions  being  approxi- 
mately lat.  65"  S.,  long.  140°  E.,  and  lat.  50"  S.,  long.  130°  E. 

The  positions  of  the  terrestrial  lines  for  the  whole  globe  arc  neces- 
sarily only  roughly  known,  for  there  are  very  large  tracts  where  few>  if 
any  at  all,  determinations  of  the  magnetic  elements  have  been  made. 
In  the  case  of  some  more  or  less  restricted  portions  of  the  earth,  notably 
Great  Britain,  the  magnetic  elements  have  been  determined  with  great 
accuracy  at  a  large  number  of  places,  and  hence  the  terrestrial  lines  are 
known  %vlih  some  accuracy.  In  Fig.  425  the  lines  of  equal  declination, 
dip,  and  horizontal  force  are  given  as  obtained  in  an  extensive  magnetic 
survey  conducted  by  Professors  Rucker  and  Thorpe.  These  lines  are 
obtained  by  combining  the  results  of  the  measurements  made  at  a 
number  of  stations  which  are  grouped  together  so  as  to  eliminate  the 
effects  of  any  local  abnormality  in  the  value  of  the  elements  at  any  one 
point,  and  hence  they  give  what  may  be  considered  as  the  normal 
distribution  of  the  lines.  The  value  of  the  elements  at  any  given  spot 
do  not,  however,  in  general  agree  exactly  with  the  values  as  deduced 
from  these  curves.  This  difference  is  due  to  the  fact  that  at  the  place 
considered  there  may  exist  slight  abnormalities,  owing  to  the  presence 
of  magnetic  material  in  the  neighbouring  portions  of  the  earth's  crust. 
The  extent  to  which  these  disturbing  causes  may  affect  tlie  even  trend 
of  the  terrestrial  lines  is  well  shown  in  Fig.  426,  whicli  gives  the  form  of 
the  true  isogonal  lines,  that  is,  the  lines  passing  through  the  places  at 
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which  the  actual  measured  declination  is  the  same.  Here  the  effects 
of  local  disturbances  have  not  been  eliminated  by  lumping  the  stations 
together  in  groups  so  as  to  eliminate  the  effects  of  these  disturbances,  at 
any  rate  when  they  do  not  affect  any  large  area. 

From  the  amovmt  of  the  differences  between  the  values  of  the  elements 
as  obtained  from  the  smooth  curves  and  the  actual  measured  values,  an 
idea  of  the  position  and  extent  of  the  magnetic  masses  which  cause  these 
differences  has  been  made  by  Professor  Riickcr,  so  that  the  value  of  the 
magnetic  field  on  the  surface  of  the  earth  is  employed  to  get  an  idea  of 
the  geology  of  the  portions  of  the  earth's  crust  below  the  actual  surface 
layers. 

434.  Continuous  Magnetic  Records.— In  a  certain  number  of 
obser\'atorics  a  continuous  record  of  the  values  of  the  magnetic  elements 
is  kept  by  means  of  self-recording  instruments.  The  records  are  ob- 
tained by  means  of  the  trace  left  by  a  spot  of  light  reflected  from  a 
mirror  attached  to  a  magnet  on  a  sheet  of  photographic  paper,  which  is 
kept  in  uniform  movement  by  means  of  clockwork.  In  the  case  of  the 
declination,  the  mirror  is  simply  attached  to  a  magnet  which  is  suspended 
by  a  long  fine  thread,  so  that  it  can  turn  freely  about  a  vertical  axis,  and 
so,  by  always  setting  itself  in  the  magnetic  meridian,  gives  a  record  of 
the  changes  that  take  place  in  the  position  of  this  meridian,  that  is, 
shows  the  changes  in  the  declination. 

The  changes  in  the  horizontal  force  are  recorded  by  means  of  a; 
magnet  ivhich  is  suspended  by  a  bifilar  suspension  (§  119).  The  top  of 
the  bifilar  ts  turned  till  the  magnet  sets  itself  at  right  angles  to  the 
magnetic  meridian,  under  which  circumstances  the  earth's  field  exerts 
a  turning  couple  on  the  magnet  equal  to  MH  (§  4-5),  this  couple  being 
balanced  by  the  couple  due  to  the  bifilar.  If  the  value  of  the  horizontal 
force  H  alters,  the  couple  due  to  the  magnetic  forces  alters  also  in  the 
same  proportion,  and  the  magnet  turns  about  a  vertical  axis  till  the 
couple  due  to  the  bifilar  becomes  equal  to  the  new  couple  due  to  the 
magnetic  forces.  Changes  in  the  declination  will,  however,  not  affect 
the  position  of  the  magnet,  since  it  is  at  right  angles  to  the  magnetic 
meridian. 

Since  no  satisfactory  way  of  recording  the  changes  that  take  place  in 
the  dip  has  been  devised,  it  is  usual  to  record  the  changes  in  the  vertical 
force.  For  this  purpose  a  magnet  is  balanced  on  knife  edges  in  such 
a  way  that  it  is  in  an  approximately  horizontal  position.  If,  say,  the 
vertical  force  decreases,  then  the  downward  force  acting  on  the  north 
pole  and  the  upward  force  acting  on  the  south  pole  both  decrease,  and 
hence  the  north  pole  of  the  balanced  magnet  rises  and  the  south  pole 
falls,  just  as  when,  in  a  balance,  the  load  of  one  pan  is  increased  and 
that  of  the  other  is  decreased.  The  motions  of  such  a  balanced  magnet 
will  therefore  indicate  the  changes  that  take  place  in  the  vertical  force, 
and  since  the  magnet  with  the  bifilar  suspension  gives  the  changes  that 
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lake  place  in  the  horizontal  force,  the  changes  in  dip  and  in  the  total 
force  can  be  immediately  calculated  from  the  records  given  by  the  two 
instruments. 

436.  Diurnal  Range.— As  a  result  of  a  study  of  the  records  of  the 
magnetographs,  as  the  self-recording  magnetic  instruments  are  called, 
it  is  at  once  evident  that  the  values  of  the  magnetic  elements  undergo 
small  daily  changes  in  vahie»  the  magnitude  of  this  diurnal  range  de- 
pending on  the  position  of  the  place  and  the  time  of  year.    The  form 


Fig.  497. 

of  the  diurnal  ran^e  curves  for  Kew  for  the  summer  months  are  shown 
in  Fig.  427,  which  gives  the  variation  of  each  element  from  its  mean 
value  for  the  whole  twenty-four  hours.  The  fact  that  the  curve  is  above 
the  zero  line  means  that  the  corresponding  clement  is  greater  than  its 
mean  value. 

436.  Annual  and  Secular  Change.— In  addition  to  the  diurnal 
range,  the  magnetic  elements  undergo  a  periodic  change  of  which  the 
period  is  a  year,  which  is  called  tlie  annual  range. 

Slow  changes  of  which,  if  they  are  periodic,  the  period  must  be  many 
centuries,  also  take  place  in  the  values  of  the  elements,  and  these  are 
called  secular  changes.  In  Fig.  428  the  change  in  the  value  of  the  declina- 
tion at  London  during  the  last  three  hundred  years  is  shown  by  means 
of  a  cur\'e.  It  will  be  seen  that  the  declination  attained  a  maximum 
westerly  value  in  1810,  while  in  1660  the  declination  was  zero,  so  that  in 
that  year  the  agonic  line  passed  through  London. 

A  very  elegant  method  of  showing  the  changes  due  to  the  secular 
variation  has  been  introduced  by  L.  A.  Dauer.     If  we  suppose  a  magnet 
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suspended  in  such  a  way  that  it  is  free  to  set  itself  parallel  to  the  lines  of 
force  of  the  earth's  field,  then,  owing  to  secular  change  in  ihc  declination 
and  in  the  dip,  the  north  pole  of  the  magnet  would  describe  a  curve  in 
space.    The  fonn  of  the  curve  in  the  case  of  a  magnet  in  London  is  shown 
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in  Fig.  429,  From  this  curve,  and  similar  ones  drawTi  for  other  places, 
Uauer  was  able  to  show  that  tlie  north  end  of  such  a  freely  suspended 
needle  describes  a  curve  such  that,  to  an  observer  situated  at  the  centre  of 
the  needle,  the  curve  is  described  In  the  same  direction  as  that  in  which 
the  hands  of  a  watch  move.     The  form  of  the  curve  given  in  Fig.  439 
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seems  also  to  indicate  that  the  cur\'e  described  by  the  pole  of  the  needle 
will  be  closed,  the  time  taken  for  ihc  needle  to  complete  a  whole  cycle 
being  about  470  years. 

437.  Magnetic  Storms.— In  addition  to  the  regular  changes  in  the 
magnetic  elements  which  we  have  been  considering,  sudden  disturbances 
of  these  elements  sometimes  occur,  which  are  often,  especially  when  the 
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phenomenon  called  the  aurora  borealis  is  seen,  of  considerable  magniludc- 
Thc  character  of  such  ma^'netic  slonns,  as  they  arc  called,  is  shown  by 
the  copy  of  the  photographic  trace  of  the  self-recording  declination 
niagneto^ruph  of  Greenwich  Observatory  during  a  magnetic  storm  and 
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also  dunngf  an  ordinary  quiet  day,  reproduced  in  Fig.  430.  The  cause 
of  these  magnetic  storms  has  not  yet  been  discovered,  although  there 
seems  to  be  some  connection  between  them  and  the  condition  of  the 
sun,  for  whenever  there  are  a  large  number  of  spots  on  ihe  sun  there 
always  seem  to  be  a  number  of  magnetic  disturbances. 


PART    II— ELECTRO-STATICS 


CHAPTER     III 


ELECTRO-STATIC  ATTRACTION  AND  REPULSION— 
COULOMB'S  LA  W 

438.  Fundamental  Experiment.— Thales  who  lived  about  600  B.C, 
discovered  that  amber  when  rubbed  acquires  the  property  of  attracting 
Jight  bodies^  such  as  pieces  of  pith  or  cork.  Towards  the  end  of  the 
sixteenth  century  Gilbert  showed  that  this  property  was  aJso  possessed 
by  other  bodies,  such  as  wax,  sulphur,  and  glass.  All  such  phenomena 
are  studied  in  the  science  of  electricity,  the  name  being  derived  from 
the  Greek  name  for  amber. 

A  1x)dy  which  has  acquired  this  property  of  attracting  other  bodies, 
the  attraction  considered  being  of  course  different  from  the  gravitational 
attraction  which  all  bodies  exert  one  on  the  other,  is  said  to  be  clecirified, 
or  to  possess  electriBcatiotx.  KtectriAcation,  unlike  mass,  is  not  a  funda- 
mental properly  of  matter,  since  under  ordinary  circumstances  matter  is 
unelectriBed,  and  it  is  only  after  the  electrification  has  been  produced  by 
certain  causes,  which  we  shall  examine  in  detail  later  on,  that  it  becomes 
electrified. 

The  most  usual  manner  of  causing  the  electrification  of  a  body  is  that 
referred  to  above,  namely,  friction  with  a  suitable  rubber.  Thus  a  stick 
of  sealing-wax,  when  rubbed  with  a  dry  piece  of  tlanncl,  becomes  electrified, 
as  also  docs  a  rod  of  glass  when  rubbed  with  silk. 

439.  Conductors  and  Non-Conductors,— All  substances  may  be 
roughly  divided  into  two  classes,  called  conductors  and  non-conductors. 
In  a  conductor  the  electrification  spreads  all  over  the  body,  so  that  if 
one  point  of  the  body  is  by  any  means  electrified,  this  electrification 
immediately  spreads  all  over  the  body.  In  the  case  of  a  non-conductor, 
or  insulator,  as  such  bodies  are  also  called,  the  electrification  does  not 
spread  in  this  way,  but  remains  in  the  neighbourhood  of  the  point  where 
the  electrification  took  place. 

The  best  conductors  are  the  metals  and  solutions  of  most  salts  in 
water,  while  the  best  non-conduclor3  are  ebonite,  glass,  shellac,  sulphur, 
paraffm,  sealing-wax,  and  silk.  There  is,  however,  no  hard  and  fast  line 
of  demarcation  between  the  two  classes,  for  such  bcxlies  as  dry  wood 
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and  paper  have  intermediate  properties,  and  are  sometimes  called 
semi-conductors.  In  the  study  of  electricity  it  is  of  much  importance  to 
have  a  good  non-conductor,  for  by  this  means  we  are  able  to  support  a 
body  in  such  a  way  that  any  electrification  communicated  to  it  will  not 
spread  to  neighbourmR-  bodies  through  the  support.  Although  no  body 
is  known  which  is  a  perfect  insulator,  yet  glass,  particularly  when  it  has 
been  boiled  in  water  and  is  then  kept  in  a  dry  atmosphere,  paraffin,  and 
fused  quartz  are  sufficiently  good  insulators  for  all  practical  purposes. 
When  a  body  is  supported  on  an  insulating  stand,  we  shall  speak  of  it  as 
being  insulated. 

440.  Two  Kinds  of  Electrification — If  a  rod  of  sealing-wax  is 
electrified  by  nibbing  with  flannel,  and  is  then  su^^pcnded  byan  insulating 
thread,  such  as  silk,  and  a  second  rod  of  sealing-wax  is  also  elcctritied 
in  the  same  way  and  brought  near  the  first,  they  will  repel  each  other. 
We  have  here  a  case  then  of  two  electrified  bodies  repelling  one  another. 
In  the  same  way,  if  two  rods  of  glass  are  electrified  by  being  rubbed  with 
silk,  and  one  of  them  is  suspended  by  the  silk  thread  and  the  other 
brought  near,  repulsion  will  take  place.  If,  however,  a  rod  of  sealing-wax, 
electrified  by  friction  with  flannel,  is  brought  near  the  glass  rod,  which 
has  been  electrified  by  friction  with  silk,  the  two  will  attract  one  another. 
We  thus  see  that  we  have  here  to  do  with  two  kmds  of  electrification,  in 
the  same  way  that  in  the  case  of  magnets  we  had  to  do  with  two  kinds 
of  poles.  The  kind  of  electrification  that  is  developed  in  glass  when  it 
is  rubbed  with  silk  is  distinguished  by  being  called  positive  electrification, 
while  the  kind  of  electrification  produced  in  sealing-wax  by  friction  wilh 
flannel  is  called  negative. 

We  may  then  state  the  law  of  electrical  attraction  and  repulsion  as 
follows  :  Bodies  electrified  in  the  same  manner  repel  one  another,  while 
hollies  electrified,  one  positively,  and  Ujc  other  negatively,  attract  one 
another. 

Whenever  electrification  of  one  kind  is  produced  in  any  way,  eleari- 
fication  of  the  opposite  kind  is  also  produced  at  the  same  time  Thus  in 
the  case  of  the  glass  electrified  by  friction  wilh  silk,  while  the  glass  will 
attract  a  negatively  electrified  rod  of  sealing-wa.<,  the  silk  used  to  rub 
the  glass  will  repel  the  sealing-wax,  thus  indicating  that  the  silk  has 
become  negatively  electrified. 

The  kind  of  electrification  developed  in  a  body  depends  on  the  nature 
of  the  body  with  which  it  is  rubbed  ;  thus  while  glass  becomes  positively 
electrified  when  it  is  rubbed  with  silk,  it  becomes  negatively  electrified 
when  it  is  nibbed  with  a  cat's  skin.  The  kind  of  electrification  pro- 
duced is  also  dependent  on  the  slate  of  polish  of  the  surface,  on  the 
temperature,  Sec, 

441.  The  OoldLeaf  Electroscope.— In  order  to  study  the  sign,  and 
to  a  certain  extent  the  magnitude  of  the  electrification  produced  in  a 
given  body,  the  instrument  shown  in  Fig.  431,  and  called  the  ^Id-leaf 
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electroscope,  is  often  convenient.  It  consists  of  a  plass  flask,  in  w  hich 
hang  two  jjold  leaves,  CC,  w^ich  are  in  conducting  communication  with  a 
uietal  disc.  A,  by  means  of  a  metal  rod,  the 
rod  being  insulated  by  a  coating  of  ahcllac,  D. 
When  the  metal  disc  or  cap  of  the  instru- 
ment is  put  in  conducting  communication 
with  an  electrified  body,  the  gold  leaves 
b<->th  become  electrified  with  the  same  kind 
of  electrification  as  the  body ;  and  since 
two  bodies  electrified  in  the  same  way  repel 
one  another,  they  diverge  as  shown  in  the 
figure,  the  amount  of  the  divergence  being 
a  rough  measure  of  the  amount  of  the 
clecirificalion  of  the  body. 

442.  Eleetrincation  by  InductJon.~If 
an  electrified  body  is  brotight  near  the  cap  of 
a  gold-leaf  electroscope,  it  will  l>c  found  that 
the  leaves  diverge,  showing  that  they  have 
become  electrified  before  the  electrified  body 
has  come  into  conducting  communication 
with  the  cap.  On  the  removal  of  the  electri- 
fied body  the  leaves  again  collapse,  showing 
that  they  have  lost  the  electrification  they  possessed  when  the  electrified 
body  was  near.  This  electrification,  caused  by  Ihc  proximity  of  a  charged 
body,  is  said  to  be  produced  by  induction. 

If  the  inducing  body  is  charged  positively,  the  part  of  the  insulated 
body  nearest  to  the  inducing  charge  will  be  negatively  electrified,  while 
the  part  furthest  from  the  inducing  charge  will  be  positively  electrified. 
That  this  is  so  can  easily  be  shown  by  means  of  a  small  piece  of  metal 
attached  to  an  insulating  handle,  and  called  a  proof-plane,  which  is 
brought  into  contact  with  diflferent  parts  of  the  body  on  which  the 
induced  charges  are  produced.  The  sign  of  the  charge  carried  away 
by  the  proof-plane,  after  contact  with  any  given  part  of  the  body,  can 
be  found  by  means  of  the  gold-leaf  electroscope.  In  this  way  it  can 
be  shown  that  whenever  an  insulated  conductor  is  placed  in  the  neigh- 
bourhood of  a  charged  body,  the  conductor  will  become  electrified  by 
induction,  the  electrification  at  the  end  nearest  the  charged  body  being 
of  the  opposite  kind  to  that  of  the  charged  body,  while  the  electrification 
on  the  end  furthest  from  the  charged  body  is  of  the  same  kind  as  that 
of  the  inducing  charge.  If,  while  an  insulated  conductor  is  in  the  neigh- 
bourhood of  a  charged  body,  so  that  it  is  charged  by  induction,  it  is 
placed  in  conducting  communication  with  the  earth,  the  electrification 
of  the  same  kind  as  that  of  the  inducing  charge  will  be  destroyed.  If 
the  connection  with  eartli  is  now  broken,  and  the  Inducing  charge  is 
then  removed,  it  will  be  fo.  -td  that  the  conductor  is  now  electrified  with 
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the  opposite  kind  of  elcctrilicaiiun  to  that  of  the  inducing  body.  In  tbe 
case  when  the  inducing  charge  is  removed  before  the  conductor  has 
been  put  to  eanh,  the  reason  why,  on  the  removal  of  ihc  inducinu 
charge,  the  conductor  was  unelcctrificd  was  that  the  two  kinds  of 
electrification,  produced  in  equal  quantities  by  the  induction,  neutralise 
each  other.  We  shall  return  to  the  consideration  of  the  subject  of 
induction  after  we  have  dealt  with  the  quantitative  measurement  of 
electrification. 

443.  Coulomb*S  Law,— By  means  of  the  torsion  balance,  Coulomb 
was  able  to  show  that  the  force  exerted  on  one  another  by  two  charged 
conductors  is  directly  proportional  to  the  product  of  their  charges,  and 
inversely  proportional  to  the  square  of  the  distance  between  the  bodies. 

Hence,  as  in  the  case  of  the  unit  magnetic  pole,  we  may  define  the 
unit  electrification  or  charge  as  such  that  if  two  small  bodies,  each 
charged  with  a  unit,  are  placed  at  one  centimetre  apart  in  air,  the  force 
they  will  exert  on  one  another  will  be  one  dyne.  The  reason  the  medium 
air  is  specified  is  that,  as  we  shall  see  later,  the  force  exerted  between 
two  charged  bodies  depends  on  the  nature  of  the  medium  which  fills 
the  space  between  them,  while  the  reason  the  bodies  on  which  the 
charges  are  supposed  to  exist  arc  taken  as  small  is  that  if  the  bodies 
were  of  appreciable  magnitude  the  distribution  of  the  electrification 
would  be  altered  by  the  action  of  the  one  charge  on  the  other. 

Suppose  then  we  had  two  points,  charged  with  e  and  /  units  of 
electricity  respectively,  placed  at  a  distance  r  apart  in  air,  the  force,  F^ 
which  they  would  exert  one  on  the  other,  due  to  their  electrification,  will 
be  given  bv  the  equation — 

The  force  will  be  an  attraction  if  the  charges  e  and  ^  arc  of  opposite 
sign,  and  a  repulsion  if  they  are  of  the  same  sign.  In  the  case  of  the 
unit  of  electrification,  as  we  shall  see  later,  we  meet  with  a  case  where 
there  are  two  separate  relations  commonly  employed  to  connect  the 
quantity  to  be  measured  with  the  fundamental  units  i(§  8).  Hence,  in 
order  to  distinguish  the  unit  as  defined  above,  which  depends  for  its 
definition  on  the  force  exerted  between  two  charged  bodies,  and  another 
unit  which  we  shall  consider  later,  and  which  depends  for  its  definition 
on  another  physical  property  of  a  charged  body,  the  unit  above  defined 
is  called  the  eUciro-siatic  unit  of  quantity  of  electricity  or  char]ge. 


CHAPTER  IV 
THE    ELECTRICAL    FIELD 

444.  Electrical  Lines  of  Force,— If  a  small  body,  charged  wiih 
the  unit  positive  charge,  is  brought  into  the  neighbourhood  of  a  charged 
body,  this  unit  charge  will  be  acted  upon  by  an  electrical  force,  which 
at  every  pK)int  of  the  spate  surrounding  the  charged  body  will  have  a 
definite  magnitude  and  direction.  As  in  the  case  of  magnetism,  a  line, 
such  that  its  direction  at  exery  point  is  the  same  as  the  direction  of 
the  force  acting  on  the  unit  charge  when  placed  at  the  point,  is  called 
a  line  of  force.  The  direction  in  which  a  line  of  force  is  supposed  to 
run  is  the  direction  in  which  a  small  positively  electrified  body  would 
tend  to  move.  Hence  a  line  of  force  will  always  start  from  a  body 
which  is  positively  electrified  and  end  on  a  body  which  is  negatively 
electrified. 

If  we  take  an  area  on  the  surface  of  a  positively  electrified  body, 
such  that  this  portion  of  the  surface  contains  a  unit  of  electricity,  and, 
starling  from  all  points  on  the  curve  bounding  this  area,  draw  the  lines 
of  force,  these  lines  of  force  will  enclose  a  lubc-shapcd  space  which  is 
called  a  tube  of  force.  Since  each  of  the  lines  of  force  must  terminate 
on  a  negatively  electrified  body,  we  see  that  every  tube  of  force  must 
end  on  a  negatively  electrified  body,  and  it  can  be  shown  that  the 
quantity  of  electricity  on  that  portion  of  the  surface  enclosed  by  the 
tube  of  force  will  be  a  unit  of  negative  electricity.  By  means,  there- 
fore, of  lubes  of  force,  we  can  indicate  the  distribution  of  the  electrifica- 
tion on  the  surface  of  a  charged  body,  for  the  greater  the  charge  the 
smaller  will  be  the  cross-section  of  the  tubes  of  force,  and  hence  the 
larger  the  number  of  them  which  will  leave  each  square  centimetre  of 
the  surface  of  the  charged  body.  Since  it  would  be  rather  inconvenient 
to  draw  a  series  of  tubes,  it  is  usual  to  suppose  that  a  single  line  of 
force  is  drawn  along  the  axis  of  each  unit  tube  of  force,  that  is,  diat 
from  the  centre  of  each  element  of  the  surface  of  the  positively  electrified 
body  on  which  the  unit  quantity  of  positive  electricity  exists  we  draw  a 
line  of  force.  Under  these  circumstances  the  number  of  these  lines  of 
force  which  leave  tlie  surface  of  the  charged  body  will  represent  the  charge 
on  the  surface.  If  a  body  is  charged  with  c  units  of  electricity,  then 
r  lines  of  force  will  leave  the  surface  of  the  body,  while  if  the  body  is 
charged  with  e  units  of  negative  electricity,  c  lines  of  force  will  terminate 
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on  the  surface  of  the  body.  It  will  thus  be  seen  that  if  a  body  is  char|^ 
with  e  units  of  positive  electricity,  so  that  e  lines  of  force  leave  the  bodjr 
and  must  terminate  on  a  negatively  charged  body,  somewhere  or  other 
there  must  necessarily  exist  e  units  of  negative  electricity.  Tliis  ne^tiv-c 
charge  may,  however,  be  so  far  removed  from  the  spot  where  we  are 
making  ourexpcnments  that  it  docs  not  in  any  way  affect  the  results,  and 
hence  we  are  able  to  perform  experiments  in  which  we  practically  ha%'e 
only  to  deal  with  one  kind  of  electrification.  Here  we  have  a  marked  dif- 
ference between  magnetism  and  electricity,  for  in  the  case  of  magnetism 
we  arc  unable  to  obtain  a  body  which  has  only  one  pole,  and  so  cannot 
deal  with  a  single  pole. 

The  space  in  the  neighbourhood  of  electrified  bodies  in  which  elec- 
trical phenomena,  such  as  attraction,  are  exhibited  is  called  an  electrical 
field,  A  field  in  which  the  force  acting  on  a  small  electrified  body  is 
ever>'where  the  same  both  in  magnitude  and  direction  is  called  a  uniform 
field.  In  a  uniform  field  the  lines  of  force  must  be  ever>^whcre  parallel^ 
and  therefore  the  lubes  of  force  must  everywhere  have  the  same  cross- 
section. 

The  quantity  of  electrification  on  the  unit  of  area  of  the  surface  of  an 
electrified  body  Is  called  the  surface  density  of  the  electrification,  and,  as 
we  have  seen,  the  number  of  lines  of  force  which  leave  or  tenninate  on 
the  unit  of  area  of  the  surface  is  also  equal  to  the  charge  on  the  unit  area. 
Hence  the  surface  density  may  also  be  defined  as  the  number  of  lines  or 
lubes  offeree  which  leave  or  tenninate  on  the  unit  area  of  the  surface  of  the 
electrified  body.  In  the  case  where  the  electrification  of  the  body  is  not 
uniform,  the  surface  density  at  a  given  point  is  defined,  as  in  the  case  of 
other  variable  quantities,  as  the  quantity  of  electricity  on  a  small  element 
of  surface  surrounding  the  given  point  divided  by  this  area. 

The  lines  offeree  in  the  case  of  two  small  bodies,  one  of  them  positively 
and  the  other  negatively  electrified,  and  placed  at  a  very  great  dis- 
tance from  all  other  conductors,  so  that  all  the  lines  of  force  which 
leave  the  positively  electrified  body  terminate  on  the  negatively  electrified 
body,  are  shown  in  Fig.  432,^  while  in  Fig.  433  the  lines  of  force  in  the 
case  where  the  two  l^odies  are  electrified  with  the  same  kind  of  electrifi- 
cation are  shown. 

As  in  the  corresponding  case  in  magnetism,  we  may  account  for  the 
attraction  which  lakes  place  in  the  one  case,  and  the  repulsion  in  the 
other,  if  we  suppose  that  there  exists  a  tension  along  the  lines  of  force, 
and  that  something  of  the  nature  of  an  hydrostatic  pressure  acts  at  right 
angles  to  the  direction  of  the  lines,  so  ihat  they  repel  one  another. 

When  the  electrical  charge  on  any  system  of  conductors  alters  its 
distribution,  we  may  consider  that  each  imit  of  the  charge,  as  it  moves 
over  the  surface  of  the  conductors,  drags  the  end  of  its  tube  of  force  after 

'  TI1C  lines  of  force  ore  symmeirical  about  the  line  j(^ning  the  charges,  and  so  to 
save  space  only  half  arc  shown. 
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It,  but  that,  on  account  of  the  tension  acting^  along  the  tube,  the  tendency 
is  for  the  tube  to  become  as  short  as  possible  When  the  two  conductors, 
on  which  any  given 
tube  terminates,  are 
separated  by  a  non- 
conductor, the  tube  of 
force  cannot  shorten 
indefinitely,  for  the 
ends  of  the  tube  can- 
not leave  the  conduc* 
tors.  If,  however,  the 
two  conductors  are 
placed  in  conducting 
communication,  say  by 
being  joined  by  a  wire, 
the  ends  of  the  lube 
can  now  move  along 
this  wire,  so  that  the 
tul>e  can  shorten  in- 
definitely, and  ulti- 
mately vanish. 

Thus  by  supposing 
that  not  only  docs  the 
tension  along  the  lines 
of  force  give  rise  to  a 
mechanical  force  act- 
intf  on  the  matter  on 
which  the  electrifica- 
tion exists,  but  also 
that  this  tension  causes 
the  electricity  of  the 
two  opposite  kinds 
which  exist  at  the  two 

ends  of  the  line  offeree  to  tend  to  apprtvich  each  other,  and  can  only  be 
kept  apart  by  the  interposiiinn  of  ,1  non-condurior,  we  shall  be  able  to 
explain  how  it  is  that  one  of  the  kinds  of  electricity  produced  by  induction 
remains  on  the  body  when  the  latter  is  put  to  earth,  while  the  other  kind 
of  electrification  escapes  to  earth. 

In  Fig.  434  let  A  represent  the  inducing  body,  which  we  may  suppose 
charged  with  positive  electricity,  and  U  be  an  insulated  conductor  which 
is  electrified  by  induction  by  A.  Then  some  of  the  lines  of  force  (shown 
by  the  full  lines)  which  leave  A  will  terminate  on  B,  and  B  will  therefore 
be  negatively  electrified  at  the  part  where  these  lines  meet  the  surface.  In 
addition  a  number  of  lines  of  force  will  leave  B,  and  terminate  on  sur- 
rounding conductors,  such  as  the  walls  of  the  room  in  which  the  two 
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bodies  arc  placed.  The  part  of  B  where  these  lines  leave  the  surface  will 
be  positively  electrified,  the  corresponding  negative  charge  being  on  (he 
walls.  The  lines  of  force  which  stretch  from  A  to  B,  by  their  tension, 
cause  the  negative  charge  on  B  to  accumulate  on  the  side  next  A,  Tlie 
whole  charge  does  not  accumulate  at  the  nearest  point,  however,  because 
of  the  mutual  repulsion  which  ilic  lines  of  force  exert  on  one  another.    It 


Fig.  434. 

is  owing  to  this  repulsion  between  the  lines  that  the  lines  leaving  the 
body  B  accumulate  at  the  other  end. 

When  the  body  b  is  put  in  conducting  communication  with  the  earth, 
iV.  with  the  bodies  on  which  the  lines  of  force  which  leave  it  terminate, 
owing  to  the  action  of  the  tension  on  the  electrification  itself,  the  latter  , 
will  escape,  but  the  negative  electrification  corresponding  to  the  lines  of  I 
force  which  leave  A  and  terminate  on  B  will  not  be  able  to  reach  A,  since  I 
these  two  bodies  are  not  in  conducting  communication.    The  distribution  J 
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of  the  charges  will  then  be  as  shown  by  the  lines  of  force  in  Fig.  435, 
where  there  are  no  lines  of  force  leaving  B,  indicating  that  the  charge  on 
B  is  everywhere  negative. 


Fig.  435. 


445.  Faraday's  Ice  Pail  Experiment.— The  production  of  electri- 
fication by  induction  can  be  very  clearly  investigated  by  means  of  the 
arrangement  shown  in  Fig.  436.  Faraday,  to  whom  these  experiments 
are  due,  used,  in  place  of  the  hollow  metal  sphere  A,  a  metal  ice-pail,  and 
owing  to  this  circumstance  it  is  generally  known  as  Faraday's  ice-pail 
experiment.  The  hollow  metal  sphere  has  an  opening  B,  through  which 
a  small  charged  sphere  D  c;in  be  lowered  into  the  interior.  The  hollow 
sphere  is  supported  on  an  insulating  stand,  and  is  connected  with  an 
electroscope  c.  Let  A  be  unclectrified,  and  suppose  that  we  introduce 
the  small  sphere  D,  which  is  suspended  by  an  insulating  thread,  and  is 
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charged  with  O  units  of  positive  electrification.  Before  D  was  introduced 
within  A,  the  tul>es  of  force  which  start  from  the  charged  sphere  ter- 
minated on  the  walls  of  the  room  and  on 
neighbourinjj  conductors.  When,  how- 
ever, D  is  introduced  within  A  we  shall 
have  two  sets  of  tubes,  one  set  starting^ 
from  D  and  icmiinaiing  on  ihe  inside  of  A, 
and  the  other  starting  from  the  outside  of 
A  and  tenninating  oh  the  walls  of  the 
room.  In  other  words,  the  conducting 
shell  A  has  divided  each  of  the  tubes  of 
force  which  leaves  the  charged  body  D  into 
I  wo  parts. 

The  tubes  of  force  which  leave  the 
outside  of  A  correspond  10  a  positive 
electrification,  and  the  magnitude  of  this  clectrificaiion  is  indicated  by 
the  magnitude  of  the  divergence  nf  the  gold  leaves  of  the  electroscope. 
If  now  the  vessel  A  is  put  in  conducting  communication  with  the  earth, 
the  lubes  of  force  which  stretch  from  its  outer  surface  to  the  walls  will 
be  able  to  contract,  the  ends  running  along  the  conductor  used  to  put 
A  to  earth.  The  tubes  which  teniiinaie  on  the  inside  surface  will,  how- 
ever, not  be  able  to  shrink,  for  the  sphere  D  is  not  in  conducting 
comnumicaiion  with  the  vessel  A.  Next  let  the  vessel  A  be  again 
insulated,  and  then  lower  the  sphere  D  till  it  touches  the  inside  of  A. 
Now  the  tubes  of  force  l^tween  n  and  the  inside  of  A  are  able  to  shrink 
and  vanish.  When  the  vessel  A  was  put  to  earth  the  leaves  of  the 
electroscope  collapsed,  showing  that  the  vessel  A  had  lost  its  free  charge, 
and  they  remain  collapsed  even  when  ihe  charged  sphere  is  allowed 
to  touch  the  inside  of  the  vessel  A.  This  therefore  shows  thai  the 
positive  charge  on  1»  is  exactly  equal  to  the  induced  negative  charge 
on  A.  Hence  the  charge  induced  on  the  inside  of  A  is  -  (?.  Also,  since 
there  were  Q  tubes  of  force  leaving  1>,  and  each  of  these  tubes  must 
have  terminated  on  the  inside  of  A,  that  is,  on  a  surface  on  which  the 
charge  is  -  Q^  we  see  that  this  experiment  proves  that  the  charge  on  the 
portion  of  the  surface  on  which  each  lube  terminated  was  a  unit  of 
negative  electricity. 

Next  remove  x^  and  again  charge  it  with  Q  units  of  positive  electricity, 
that  is,  give  it  the  same  charge  as  before,  and  again  introduce  it  within 
the  vessel  A.  If  now  the  sphere  n  be  lowered  till  it  touches  the  inside  of 
A,  it  will  be  found  that  the  separation  of  the  leaves  of  the  electroscope 
remains  unaltered.  We  have  now  communicated  a  charge  +  <2  to  A,  and 
since  this  produces  the  same  deviation  of  the  electroscope  leaves  as  did 
the  induced  charge  produced  by  the  body  charged  with  +  Q  units  placed 
inside,  we  see  that  the  positive  charge  produced  by  induction  is  equal  to 
Q  units.     Hut  the  previous  experiment  showed  that  the  negative  charge 
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produced  by  induction  on  the  inside  of  A  is  also  equal  lo  Q  uniis.  Hence 
we  see  that  the  positive  and  negative  charges  proc!iiced  by  induction  are 
equal.  Thus  our  assumption  that  ever)'  tube  of  force  starts  from  a  portion 
of  a  conductor  on  whicli  there  is  a  unit  positive  charge,  and  terminates  on 
a  portion  on  which  there  is  a  unit  nej^ative  charj^e,  is  justified. 

Since  every  tube  of  force  must  have  Ixnh  a  Ijcginniny  and  an  end,  it 
therefore  follows  that  to  every  positive  charge  there  must  exist  an  equal 
negative  charge,  this  charge  being  situated  on  the  bodies  on  which  the 
tubes  of  force  which  leave  the  positively  charged  body  terminate.  From 
this  it  follows  that  whenever  we,  by  any  means  whatever,  give  a  charge  of 
one  sign  to  a  body  an  equal  and  opposite  charge  must  at  the  same  time 
l>e  produced.  This  deduction  may  be  proved  experimentally  by  means 
of  Faraday*s  ice-pail  experiment,  for  if  a  small  piece  of  sealing-wax  is 
attached  to  an  insulating  handle  and  introduced  within  the  vessel  A,  and 
is  electrified  by  rubbing  with  a  flannel  pad  attached  to  a  second  insulat- 
ing handle,  the  electroscope  will  be  unaflfcctcd.  The  reason  is  that  the 
charges  produced  on  the  sealing-wax  and  the  flannel  are  equal  and 
opposite,  and  therefore  they  induce  equal  and  oppK)site  charges  on  the 
outside  of  the  vessel  A.  On  removing  either  the  sealing-wax  or  the 
flannel  the  electroscope  will  be  affected,  for  now  the  inducing  charge 
inside  A  is  all  of  one  sign,  and  hence  so  also  is  the  charge  induced  on  the 
outside. 

We  can  by  this  arrangement  give  the  vessel  A  a  charge,  the  magni- 
tude of  which  is  any  given  number  of  times  the  magnitude  of  some  given 
charge.  Thus  suppose  we  have  a  negatively  charged  sphere,  and  that  we 
bring  the  sphere  It  to  within,  say,  six  inches  and  then  put  it  momentarily 
to  earth.  In  this  way  D  will  obtain  a  charge  of  positive  electricity  of 
magnitude  Qy  say.  Next  introduce  n  inside  A,  and  let  it  touch  the  bottom. 
In  this  way  we  shall  communicate  a  charge  of  Q  to  A.  If  now  D  is  again 
brought  to  within  six  inches  of  the  negatively  charged  sphere  earthed  and 
then  introduced  within  A  as  before,  a  further  charge  of  (J  will  be  com- 
municated to  A,  sn  that  the  total  charge  is  2  Q^  and  so  on. 

446.  Difference  of  Potential.— If  two  conductors,  one  of  which 
is  charged  positively  and  the  other  is  charged  negatively,  are  put  in 
conducting  communication,  their  state  of  electrification  will  become 
changed,  so  that  if  they  originally  possessed  equal  charges  they  will 
both,  after  being  connected,  exhibit  no  signs  of  electrification.  If  the 
charge  on  one  was  greater  than  that  on  the  other,  then,  after  being 
connected,  the  sign  of  the  charge  on  the  two  will  be  the  same  as  the 
sign  of  the  charge  which  was  originally  the  greater,  while  the  sum  of  the 
charges  now  possessed  will  he  equal  to  the  difference  of  the  two  original 
charges.  If,  however,  two  bodies,  each  of  which  is  charged  with 
clcclnrity  of  the  same  kind,  are  put  in  conducting  communication,  it 
does  not  follow  that  the  charge  on  the  body  which  was  originally  elec- 
trified with  the  larger  charge  will  be  decreased  and  that  of  the  other 
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increased,  for  a  small  sphere  charged  with  one  unit  of  positi\-c  electriciiyj 
when  put  in  conducttnjf  communication  with  a  sphere,  of  which  the  rad; 
is  three  limes  thai  of  the  other  and  which  is  charged  with  two  units  of 
positive  elcctricily,  will  lose  electrification.  There  must  evidently,  there- ^j 
fore,  he  some  other  condition  besides  the  majjnitudc  of  the  charjfc  whir.h^^^ 
decides  whether,  when  two  charged  bodies  are  put  in  communication,  ihe^H 
charge  of  one  or  other  of  them  becomes  increased. 

Two  conductors  are  said  to  be  at  different  potentials  if,  when  (hey  are 
put  in  ronduciing  communication,  the  distribution  of  electri^cation  on 
the  conductors  changes.  The  body  on  which  tlie  positive  electricity 
dnreast's  is  said  to  be  at  the  higher  potential. 

This  idea  of  electrical  potential  is  of  the  same  nature  as  the  idea 
temperature  in  tlie  case  of  heat,  or  of  level  in  the  case  of  the  flow  of  waicrJ 
in  a  pipe,  for,  as  we  have  seen,  hfat  always  flows  from  a  body  at  a  higher 
temperature  to  a  body  at  a  lower  temperature,  and  water  only  flows  from 
places  at  a  higher  level  to  places  at  a  lower  level- 

Jhe  difference  in  potential  between  iwn  charged  conductors  is 
mcastiied  by  the  work  that  would  have  to  l>e  done  on  a  small  body 
Hiargofl  with  a  unit  of  positive  electricity  when  the  body  is  moved  from 
the  immediate  neighlx)urhood  of  the  conductor  at  the  lower  potential 
to  the  immediate  neighbourhood  of  the  conductor  at  the  higher  potential. 

Kor  all  prariital  purposes  the  measure  of  the  available  energy  of  a 
waterfall  is  known  if  the  available  head  and  the  quantity  of  water  which 
passes  in  a  second  :tre  kntmn,  for  the  variation  in  the  value  of  the 
acceleration  due  to  gr:ivity  {x)  is  comparatively  small.  It  would  be  quite 
otherwise,  lunvi  vrr,  if  the  value  of  j;,' varied  to  any  great  extent  from  one 
place  to  the  other  on  the  surface  of  the  earth.  Thus  suppose  that  we 
had  to  do  with  two  waterfalls  in  whi<:h  the  quantity  of  water  which 
passed  per  second  was  the  same,  but  the  fall  was  different  and  the  value 
of  \^  was  twice  as  great  at  one  place  as  at  the  other.  Then  the  work 
which  could  be  obtained  from  the  unit  mass  of  water  as  it  passed  from 
the  top  to  tlie  bottom  of  the  full  would  be  ^h^  in  the  one  case  and  igh^  in 
the  other.  Hence,  as  far  as  the  quantity  of  energy  ax'ailabic  is  con- 
cerned, the  height  through  which  the  water  falls,  that  is,  the  difference 
in  level  between  the  water  above  and  lielow  the  fall,  is  not  a  measure  of 
the  value  of  the  f;ill.  If,  however,  wc  incasurcd  this  difference  of  **  levcV* 
by  the  (juantity  of  work  which  must  l^e  done  to  raise  unit  mass  of  the 
water  from  the  bottom  of  the  fall  to  tlie  top,  then  the  available  cner>;y 
of  any  fall  would  be  siii^ply  obtained  by  multiplying  this  quantity  by  the 
quantity  of  water  whirh  passes  over  the  fall  in  a  unit  of  time.  Now 
although,  as  has  (wen  mentinnrd  alxivc,  the  changes  in  i^  are  so  small 
as  to  make  it  <|uite  unnecessary  to  athipt,  in  the  case  of  waterfalls,  any 
such  device,  yet  il  will  be  seen  why  the  method  adopted  for  measuring; 
the  difference  of  potential  between  two  charged  bodies  is  quite  a  reasuD- 
able  otje. 
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When  considering  (he  absoUite  scale  of  temperature  in  S  261  we  used 
a  very  similar  method,  for  the  difference  in  temperature  between  two 
bodies  was  measured  by  ihe  work  which  could  be  done  by  a  reversil>Ie 
enjfine  when  working  between  these  two  temperatures,  and  taking  a 
^vcn  quantity  of  heat  from  the  hotter  body.  Thus  in  this  case  also  a 
quantity  of  work  is  used  as  a  measure  of  the  difference  of  the  quantity 
(temperature)  which  decides  in  which  direction  heat  will  flow  when  two 
bodies  are  placed  in  thermal  communication,  and  is,  therefore,  analo^fous 
to  poleritiai  in  the  electrical  problem. 

The  amount  of  work  done  on  the  unii  of  positive  electricity  as  it  is 
carried  from  the  neighbourhood  of  one  charged  lx)dy  to  thai  of  the  other 
is  the  same,  whatever  the  path  by  which  it  is  moved.  If  it  were  not,  so 
that  it  were  possible  to  pass  from  a  jwint  A  (Fig,  437)  to  another  point  B 
at  a  lower  potential,  in  such  a  way  that  the 
work  Tt'i  done  on  the  unit  charj^c  when 
taken  along  the  patli  ACB  was  greater  than 
the  work  tu^  done  when  the  unit  is  moved 
along  the  path  aub,  then  by  taking  the 
body  with  the  unit  charge  from  A  to  B  by 
llic  path  ACH,  and  bringing  it  back  by  the 
path  itDA,  the  whole  system  would  have 
j>erformed  a  cycle,  for  the  mitial  and  final 
states  are  the  same,  while  an  amount  of  work  equal  to  'w^-w^  would 
have  been  done  without  (lie  supply  of  any  external  energy'.  This  l)eing 
contrar>*  to  the  doctrine  of  the  conservation  of  energy,  it  follows  that  Wj 
must  be  equal  to  w^  that  is,  the  work  done  when  the  unit  charge  is 
carried  from  A  to  B  must  be  independent  of  the  path  by  which  it  is 
carried. 

We  have  dcBned  the  difference  between  ihe  potential  of  two  points 
and  shown  how  it  is  measured,  and  «e  have  now  to  choose  some  fixed 
potential  as  the  zero  of  potential.  The  potential  of  the  earth  is  usually 
taken  as  the  zero  of  potential,  so  that  the  [wtential  of  a  positively 
electrified  body  is  positive,  and  that  of  a  negatively  eleciritied  body  is 
negative?,  for  a  positively  electrified  body  will  repel  a  lw>cly  charged  with 
a  unh  of  positive  electricity,  and  so  work  will  Ije^lone  on  the  unit  charge 
as  it  is  moved  from  the  electrified  body  to  the  earth,  while  if  the  IxMly  is 
negatively  electrified,  work  must  be  supplied  to  move  the  unit  charge 
from  the  electrified  body  to  the  earth. 

447.  Equipotential  Surfaces.— An  equipotential  surface  is  a  surface 
such  that  the  potential  of  all  points  upon  it  is  the  same.  No  work  is 
therefore  done  when  a  charged  body  is  moved  along  a  path  which  hes 
in  an  equipotential  surface.  It  follows  at  once  that  the  lines  of  force 
must  always  cut  an  equipotential  surface  at  right  angles.  If  a  line  of 
force  did  not  cut  an  equipotential  surface  at  right  angles,  then  the  force 
which  acts  in  the  direction  of  the  line  of  force  can  be  resolved  into  two 
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components,  one  along  tlie  surface  and  the  other  normul  to  the  surface 
If  iin  electrified  body  were  placed  at  the  point  where  the  line  of  foron 
cuts  the  et|ui|x>tenlial  surface,  it  would  be  acted  upon  by  the  compouenci 
parAllcl  lo  the  surface,  and  If  it  were  moved  in  the  direction  in  which] 
this  component  acts,  work  would  either  be  done  on  or  by  the  clcctrilicdj 
particle,  but  by  the  definition  of  an  cquipotcntial  surface  no  work  is] 
done  when  a  cliargcd  botly  is  moved  from  one  point  of  such  a  surface  to] 
any  other  point  on  the  surface,  Mence  it  follows  that  the  contponent  oH 
the  for<:e  parallel  lo  the  surface  of  the  ci|uipotenlial  surface  must  be  xcro^l 
or,  in  other  words,  that  the  direction  of  the  line  of  force  must  be  perpco*! 
ilicular  lu  the  surface  at  the  point  where  it  cuts  the  sur&ce. 


Fia  438. 

Since  in  the  case  of  a  conductor  the  elecirificaiion  is  not  prevented] 
from  spreading'  itself  over  the  surface  of  the  body,  no  change  in  the] 
distriliuiion  of  the  electrification  would  take  jilacc  by  connecting;  any  two! 
points  of  the  surface  by  a  conduclini^  wire,  and  so  all  parts  of  the  surface] 
must  l>c  at  the  same  potential.  The  surface  of  a  conductor  must  thero*] 
fore  be  an  equipolential  surface,  and  hence  the  lines  of  force  must  always! 
cut  the  surface  of  a  conductor  at  rij^'ht  angles  to  the  surface. 

In  Fig.  438  the  lines  of  force  and  the  cquipotential  surfaces  for  a 
positively  charged   body  A  are  shown,  the  traces  of  the  equipotentiali 
surfaces  bein^^  shown  by  the  doited  lines.     If  an  insulated  unchar^fcdj 


§447] 


Equipotential  Surfiicts 


647 


conductor  it  is  placed  in  the  ncij^^hbourhood  of  the  charged  conductor, 
this  conductor  will  become  clcctriticd  by  indiiclion.  Now  if  the  con- 
ductor K  could  lie  brought  near  the  charged  body  A  witliout  producing 
any  cliaiigc  in  tlic  distribution  of  the  charge  on  the  conductor  ur  chan^- 
in^  the  state  of  the  electrical  field  in  the  space  now  occupied  by  the 
conductor,  that  is,  if  the  lines  of  force  and  ihe  equipotential  surfaces 
were  to  remain  as  in  Fig.  438  afier  the  Introduction  of  ihc  cimductor, 
then  those  parts  of  the  conductor  11  furthest  from  A  would  be  ;it  a  lower 
]x>ienlial  than  the  parts  nearer  A.  Hence,  since  it  is  iuipossil>Ie  for 
dilTcrcnl  paiis  o{  a  conducl«.ir  to  be  at  different  pulcntials  so  long  as  the 
elertrituation  is  not  chanying,  some  change  in  the  electrical  conditions 
mu^t  t.iUc  place  so  as  tu  raise  the  potential  of  the  more  distant  parts  of 
the  conductor  it,  or  lower  the  potential  of  the  nearer  parts.  'I'his  will 
occur  if  the  more  distant  parls  become  positively  elecirifjed  and  the 
nearer  parts  negatively  electrified,  iyyx  luidcr  these  circumstances  a 
greater  repulsive  action  will  be  exerletl  on  a  unit  of  positive  electricity 
when  placed  near  to  the  further  surface  of  11,  and  hence  a  greater 
anwunl  of  work  will  be  done  on  this  unit  while  it  is  being  moved  fiom 
this  position  to  the  ncighbourhotxl  of  the  earth.  In  the  same  way,  less 
work  will  have  to  be  done  to  move  a  unit  charge  from  the  near  side  to 
the  neighbourhood  of  the  earth,  so  that  the  [Kiiuntial  of  the  near  side 
will  be  reduced  by  ilie  presence  of  the  induced  negative  electrification. 
This  lowering  of  the  potential  on  the  near  side  of  li,  itself  involves  a 
lowering  of  the  potential  of  the  near  side  of  llie  conductor  A,  and  hence 
also  of  the  far  side.  This  lowering  of  the  potential  of  the  far  side  is 
prcxluced  by  the  accumulation  of  the  positive  electrification  of  A  on  the 
side  near  \\. 

The  form  of  the  lines  of  force  and  of  the  equipotential  surfaces  under 
the  new  conditions  is  shown  in  Fig.  434.  It  will  be  seen  that  the  change 
in  the  distribution  of  the  charge  on  A,  as  well  as  the  distribinion  of  the 
induced  charge  on  n,  is  such  that  the  surfaces  of  the  two  conductors  are 
etiuipotential  surfaces.  If  the  insulated  conductor  is  earthed,  then  the 
electrification  on  both  conductors  is  altered,  but  in  such  a  way  thai,  as 
shown  in  Fig.  435,  the  surfaces  of  the  conductors  remain  equipotential 
surfaces.  We  thus  see  that  the  fact  that  the  distribution  of  the  electrifica- 
tion on  the  body,  when  placed  in  the  neighbourhood  of  a  charged  body, 
is  not  uniform  is  not  inconsistent  with  the  surface  of  the  conductor  being 
an  equipotential  surface,  but  is  in  fact  the  distribution  which,  in  conjunc- 
tion with  the  inducing  charge,  insures  the  fulfilment  of  this  condition. 

If  A  and  L  are  two  points  on  a  line  of  force,  they  must  necessarily  be 
at  different  potentials.  Let  the  potential  of  A  be  /'|,  and  that  of  B  be  K, 
(K,  being  greater  than  V.^  ;  then  if  a  small  body  carrying  the  unit  charge 
of  positive  electricity  is  moved  along  the  line  of  force  from  A  to  B,  the 
work  done  will  be  equal  to  K,  -  K^  for  the  difTcrencc  in  potential  between 
two  points  is  measured  by  the  work  done  on  the  unit  charge  when  it  is 
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moved  from  one  point  to  the  other.  If  the  points  A  and  U  are  very  close 
to^jeihcr,  the  force  /',  which  acts  on  the  unit  charge  in  the  direction  from 
A  to  B,  as  it  is  moved  from  A  to  B,  may  be  supposed  to  remain  constant, 
and  to  be  equal  to  the  average  force  that  acts.  The  work  done  by 
the  unit  charge  as  it  is  moved  from  A  to  h  will  therefore  be  equal  to  /'V,  ' 
where  s  is  the  distance  from  A  to  R,  measured  along^  the  line  of  force, 
that  is,  the  distance  through  which  the  charge  is  moved  along  the  line  of 
action  of  the  force  P.  Hence  the  work  done  on  the  unit  charge  is  —  Fs, 
Equaling  the  two  expressions  we  have  now  obtained  for  the  work  done 
on  the  unit  charge  when  it  is  moved  from  A  to  n,  we  get 

J 

Now  the  expression  on  the  right-hand  side  of  this  equation  is  the 
difference  of  potential  between  the  two  points  divided  by  the  distance 
between  the  points  measured  along  a  line  of  force,  or,  in  other  words,  is 
the  rate  of  change  in  the  potential  along  the  line  of  force  at  the  {mints 
A  and  B,  which  are  by  supposition  very  close  together.  Hence  the  force 
which  acts  on  a  unit  charge  of  positive  electricity,  when  placed  in  an 
electrical  field,  is  equal  to  minus  the  rate  of  change  of  the  potential  along 
the  line  of  force  at  the  given  point.  If  the  force  acting  on  the  unit 
charge  is  constant,  it  follows  that  the  rate  of  change  of  the  potential 
must  also  be  constant.  Hence  in  a  uniform  electrical  field  (§  4W;  the 
rale  of  change  of  the  potential  in  the  direction  of  the  lines  of  force  must 
be  constant,  and  thus  the  length  of  a  line  of  force  intercepted  between 
two  consecutive  cquipotential  planes  will  be  the  same,  if  the  difference 
of  potential  between  consecutive  equii>otential  planes  is  itself  constant. 

448.  Electriflcailon  Conflned  to  the  Surface  or  a  Conductor.— 
If  a  hollow  conducting  vessel  is  electrified,  the  whole  of  the  charge  is 
confined  to  the  outside  surface  of  the  conductor.  That  this  is  so  may 
be  shown  by  touching  the  inside  surface  with  a  proof- plane,  then 
removing  the  pr(K>f-planc,  taking  care  not  to  touch  the  sides  of  the 
orifice  of  the  rharged  vessel,  when  it  will  be  found  on  testing  llie  prmiT- 
planc  that  it  has  not  carried  away  any  charge.  Another  way  of  proving 
that  the  charge  is  entirely  on  the  outside  is  lo  lower  a  smal)  charged 
sphere,  attached  to  an  insulating  thread,  into  a  hollow  conductor,  and 
allow  it  to  touch  the  inside  of  the  conductor,  and  then  withdraw  it,  when 
it  will  be  found  to  have  completely  lost  its  charge.  When  the  charged 
sphere  was  allowed  to  touch  the  inside  of  the  hollow  conductor,  it.  Cor 
the  lime  l>eing,  formed  part  of  this  conductor  ;  anti  since  it  entirely  lost 
its  charge,  wc  can  infer  that  the  charge  on  a  conductor  is  entirely  con- 
fined lo  the  outside  surface. 

449.  Force  Exerted  on  a  Charged  Body  placed  within  a 
Hollow  Chargred   Conductor.— since  the  surface  of  a   charged  con- 
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ductor  is  an.equipotential  surface,  the  whole  of  the  space  within  must  be 
at  the  same  potential,  so  long  as  there  are  no  charged  bodies  within  the 
conductor.  For,  suppose  that  within  the  surface  of  the  conductor  there 
were  an  equipotential  sur^ce  corresponding  to  a  higher  potential  than 
the  potential  of  the  surface  of  the  conductor,  then  there  would  be  lines 
of  force  running  everywhere  to  the  outer  equipotential  surface  from  this 
inner  one ;  and  since  these  lines  of  force  must  of  necessity  start  from 
a  positively  electrified  body,  it  would  follow  that  there  must  be  a 
positively  electrified  body  within  the  conductor,  which  is  contrary  to 
our  original  supposition.  In  the  same  way  it  would  follow  that,  if 
there  existed  an  equipotential  surface  of  lower  potential  than  that  of 
the  surface  of  the  conductor,  there  must  be  a  negatively  electrified  body 
within  the  conductor.  We  are  therefore  led  to  the  conclusion  that 
there  can  be  no  point  within  a  closed  conductor  at  a  diflferent  potential 
from  that  of  the  surface,  unless  there  are  charged  bodies  within  the 
conductor. 

Since  the  strength  of  an  electrical  field  is  equal  to  minus  the  rate  of 
change  of  the  potential,  it  follows  that  if  the  potential  is  constant,  that 
is,  if  its  rate  of  change  is  zero,  there  will  be  no  electrical  force  exerted 
within  the  conductor.  We  thus  see  that  it  follows,  from  the  fact  that  the 
charge  of  a  conductor  is  confined  to  the  outside  surface,  that  there  is  no 
force  exerted  within  a  charged  conductor  ;  and  it  can  be  shown  that  this 
condition  can  only  be  fulfilled  if  Coulomb's  law  (§  443),  that  the  force 
exerted  between  two  charged  bodies  varies  inversely  as  the  square  of 
the  distance,  is  true. 

Take  the  case  of  a  uniformly  electrified  sphere,  and  suppose  we 
require  to  find  the  force  at  a  point  P  (Fig.  439).  Through  P  draw  a 
series  of  lines  forming  a  cone  with  P  as  vertex,  and  intersecting  the 
surface  of  the  sphere  in  the  small  areas  s  and  s.  Then  it  can  be  shown  * 
that,  if  r  and  R  are  the  distances  of  these  areas  from  the  point  P,  then  s 
is  to  S  as  y^  is  to  r2.  Hence,  as  the  density  a-  of  the  charge  on  the  sphere 
is  uniform,  the  charges  on  the  areas  s  and  s  are  proportional  to  these 
areas,  that  is,  in  the  ratio  of  r^  to  R*.  If  now  the  force  exerted  is  in- 
versely as  the  square  of  the  distance,  the  ratio  of  the  forces  exerted  at  P 

'  Since  the  tangents  at  s  and  s  make  equal  angles  with  the  chord  JPS,  t))ey  iiiiist 
make  equal  angles,  ^,  with  lines  drawn  through  the  points  a  and  b  at  right  angles  to 
the  chord.  If  <a  is  the  solid  angle  of  the  cone  at  p,  the  area  of  a  cross  section  of  this 
cone  made  by  a  plane,  ac,  at  right  angles  to  the  axis  of  the  cone  is  wr*.  Hence  the 
area  intercepted  by  the  cone  on  a  plane  inclined  at  an  angle  9  to  the  axis  is  wr^/cos  9. 
If  the  angle  w  is  small,  the  area  intercepted  on  the  tangent  plane  is  the  same  as  the 
area  intercepted  on  the  sphere,  and  so  the  area,  j.  of  the  surface  of  the  sphere  inter- 
cepted by  the  cone  is  w''-,cos  0.  In  the  same  way  the  area,  .S,  intercepted  by  the 
cone  is  equal  to  wR-/cos  &.     Hence 
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by  the  charges  on  the  surfaces  s  and  s  will  l)e  as  t^  :  -j.     Hence  we  sec 

that,  if  the  inverse  square  law  hnUIs,  the  forces  exerted  at  the  point  P  by 
the  char^jes  on  the  jwrtions  of  tlie  surface  of  the  sphere  intercepted  by 
the  cone  are  cqua!  arid  opposite,  so  that  they  neutralise  each  other.  The 
same  will  hold  for  the  charges  on  the  portions  of  the  surface  intercepted 
by  any  other  cone  drawn  through  P  ;  and  since  the  whole  surface  of  the 


sphere  *:an  l>e  divided  up  into  pairs  of  cones  of  equal  uiigle  and  having 
a  common  vertex  at  i\  and  if  the  inverse  square  law  holds,  the  forces 
due  lo  the  charges  on  llic  (XJrlions  of  the  surface  intercepted  by  each 
pair  of  cones  just  neutnilise  each  other,  the  whole  electritied  surface  will 
exert  no  force  at  the  potut  i'.  Since  experiment  shows  that  there  is  no 
force  exerted  at  I',  wc  infer  that  the  supposition  that  ihc  inverse  squan: 
law  is  true  is  correct,  for  if  the  force  varied  as  any  other  power  of  the 
distance,  there  would  be  ^uine  force  exerted  at  P. 


CHAPTER  V 


CAPACITY— ELECTRICAL   ENERGY 


460.  Capacity  of  a  Conductor.— There  is  a  constant  relation  be- 
tween the  cliarj^^e  of  a  cuiulucior  and  iis  potential,  for  if  the  density  of 
ihe  ciiar^^e  at  every  point  of  a  conductor  is  doubled  tlic  total  cliai>;e  will 
also  jju  doLihlcd,  and  the  force  exerted  on  a  unit  cliarj;c,  placed  anywhere 
in  the  nei^ihliourluKKi  (jf  the  charged  conductor,  will  also  be  doubled,  so 
that  the  work  done  in  removing  the  unit  charj^e  from  the  neighbourhood 
of  tlic  conductor  to  a  place  of  zero  potential  will  be  doubled,  that  is,  tlic 
potential  of  the  conductor  will  be  doubled.  This  constant  ratio  of  the 
charge  of  a  conductor  to  its  polcntiiil  is  called  the  cafru/'/y  of  the  con- 
ductor. Thus  if  a  char^fe  (J  raises  the  ]>otenti:d  of  a  cniidiirtor  to  l\  the 
capacity,  C,  is  i^ivcn  by  the  relation  C=  Oj  K.  If  the  conductor  is  charged 
to  unit  potential,  then  K=  i  ami  the  capacity  is  nunu-riciiily  e^ual  ti*  the 
chari^e  necessary  to  charge  the  conduttor  to  unit  potential.  Hence  wc 
may  also  define  the  capacity  of  a  conductor  as  the  cliarge  which  nuisl  Ijc 
coiiimuniratt'd  to  it  to  raise  its  potential  by  one  unit 

4fil.  Coniieiisers,— We  have  seen  in  §  447  that  if  an  uninsulated 
conductor  is  brou>;ht  near  a  charged  body,  the  potential  of  this  hitter  is 
diminished  on  account  of  the  induced  charj^e  on  the  uninsulated  tomluclor. 
Hence  the  potential  of  tlie  insulated  conductor  produced  bya  ^iven  char^'c 
is  less  when  the  uninsulated  conductor  is  near  than  it  is  when  this  con- 
ductor is  absent ;  in  other  words,  the  etTect  of  brin^nn^  the  uninsuUitcd 
conductor  near  the  charged  one  is  to  incre;ise  the  capacity  of  this  latter. 

We  may  consider  the  same  problem  in  a  somewhat  more  direct  way,  if 
we  suppose  that  a  ^iven  conductor,  say 
a  plane  ab  (Fig.  440),  is  insulated  and 
then  charged  to  a  potential  I  'when  at  a 
distance  from  all  other  conductors. 

Let  a  second  plane,  which  is  con- 
nected with  earth,  be  placed  at  such  a 
distance  from  AB  that  its  presence  does 
not  appreciably  affect  the  electrical 
condition  of  AB.  Then  the  work  that 
is  done  in  carn-ing  a  unk  of  i>ositive 
electricity  from  a  point  P  near  Alt  to  a  point  P*,  which  is  at  zero  potential, 
is  equal  to  K  Next  suppose  that  the  uninsulated  plane  is  moved  near  to 
AB,  into  the  position  CDj  so  that  an  appreciable  charge  is  induced  on  it. 
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The  work  ihal  must  now  be  done  to  move  the  unit  charpc  from  P  to  P'  by 
llie  same  path  as  lieforc  will  be  less  than  before,  for,  on  .iccount  of  ihc 
attraction  exerted  on  the  unit  charge  by  the  negative  charge  induced  on 
CI),  the  force  exerted  on  the  unit  is  everywhere  less  than  it  was  before. 
Hence  the  potential  of  AH  is  less  than  it  was  before.  As  the  plane  CD  is 
moved  nearer  to  All  the  amount  of  the  induced  negative  charge  increases, 
and  the  influence  of  this  negative  induced  charge  in  diminishing  ibc 
repulsive  force  exerted  on  the  unit  charge  becomes  greater  and  greater, 
and  hence  the  potential  of  ab  becomes  less  and  less.  The  charge  on  All 
remains  however  the  same,  and  therefore,  since  the  potential  to  which 
this  charge  is  capable  of  raising  An  diminishes  as  the  uncharged  and 
uninsulated  conductor  ci)  is  brou^^hi  near,  it  follows  that  the  capacity  of 
Alt  must  increase  as  the  conductor  en  is  brought  near.  If,  instead  of 
keeping  the  charge  on  AH  constant,  we  had  kept  the  potential  constant, 
then  we  should  have  had  to  increase  the  charge  on  AB  as  the  conductor 
CD  was  bniught  up. 

An  arrangement  of  two  conductors,  one  of  which  is  insulated  and  the 
other  is  uninsulated^  placed  near  one  another  with  an  insulator  between, 
is  called  a  condenser.  The  name  condenser  was  given  to  such  an 
arrangement  on  account  of  the  fact  that  the  presence  of  the  sectmd 
uninsulated  conductor  appears  to  exert  a  condensing  action  on  the 
electrical  charge  on  the  insulated  conductor,  so  that  for  a  given  potential 
it  can  receive  a  much  greater  charge  than  it  could  without  the  presence 
of  the  uninsulated  conductor. 

The  rapacity  of  a  condenser  is  the  charge  which  must  be  communi- 
cated to  iho  insulated  conductor  to  raise  its  potential  through  one  unit  of 
poteniinl.  The  two  conductors  of  a  condenser  are  sometimes  called  the 
annaturcs  of  the  condenser. 

The  commonest  fonn  of  condenser  is  that  shown  in  Fig.  441,  and  is 
called  a  Leyden  jar.  It  consists  of  a  glass  jar,  the 
interior  of  which  is  coated  with  tinfoil  up  to  within  an 
inch  or  so  of  the  top,  and  a  metal  knob  which  is  in 
conducting  communication  with  this  inside  coating. 
This  tinfoil  forms  the  insulated  armature  of  the 
condenser,  the  uninsulated  armature  being  fonned 
by  a  coating  of  tinfoil  on  the  outside  of  the  jar. 

Another  form  of  condenser  which  is  commonly 
used  consists  of  a  plate  of  glass  or  some  other 
insulating  material,  which  is  coated  on  each  side 
with  a  sheet  of  tinfoil  or  some  other  conductor,  a 
margin  of  an  inch  or  so  being  allowed  all  round  the 
cdye  of  the  glass.  One  coating  is  connected  with 
earth,  and  the  other  fonns  the  insulated  arm;iture  of  the  condenser.  'Jliis 
arrangement  is  sometimes  called  a  fulminating  pane. 

If  the  insulated  armature  of  a  condenser  is  charged  to  a  potential  of 
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V^  the  other  armature  1>eing  at  a  potential  zero,  and  tlits  armature  is  llien 
insulated,  while  the  armature  which  was  at  5rst  insulated  is  put  to  earth, 
this  armature  will  not  lose  much  of  its  charge,  ns  now  the  rotes  of  the  two 
annatures  are  reversed,  for  what  was  ori(jinaliy  the  induced  i:hargc  is  now 
the  inducing  charge,  while  the  former  induciu);  charge  is  now  the  induced 
charge.  When  a  condenser  is  charge<i.  most  of  ihe  lines  of  force  stretch 
across  from  one  armature  to  the  other,  few  stretching  from  the  insulaieil 
nnnature  to  surrounding  objects.  Now,  in  order  to  discharge  a  charged 
conductor,  the  bodies  on  which  the  other  ends  of  the  lul>es  of  force  which 
leave  the  conductor  tenninatc  must  l»e  put  in  con»luciing  communication 
with  the  ronductor.  For  we  may  imagine  ihai  when  a  charged  Ixidy  is 
put  lo  earth  by  means  of  a  conducting  communication,  such  as  a  wire, 
that  the  two  ends  of  each  tube  of  force  travel  along  the  concluding  wire 
towards  one  another,  the  tube  of  force  shortening  up  in  virtue  of  (he 
tension  which  exists  along  every  such  tube,  until  the  two  ends  come 
together  and  the  tube  of  force  shrinks  to  nothing.  In  the  case  of  the 
condenser,  if  the  two  armatures  are  put  in  conducting  communication  all 
(he  lubes  of  force  arc  able  to  shrink  to  nothing,  that  is,  the  condenser 
l^ecomes  completely  disch.arged.  If,  liowever,  after  charging  the  unin- 
sulated amiaiurc  is  insulated,  and  the  other  armature  is  put  in  conducting 
communication  with  e^rth,  only  those  tubes  of  force  which  stretch  from 
this  armature  to  the  surrounding  uninsulated  conductors,  such  as  the 
walls  of  the  room,  will  l>e  able  to  shrink  and  vanish.  The  great  majority 
of  the  tul>cs  which  stretch  from  one  armature  to  the  other  will  not  be  able 
lo  shrink,  for  the  nnn.*tures  are  not  in  conducting  communication. 

462.  Specific  Inductive  Capacity. -If  a  condenser  is  fonned  by 
two   conducting    plates    All   and   I'li   (Kig.  442).   placeil   parallel   to  one 
another,  the  intervening  insulator  being  air,  the  capacity  will 
have  a  definite  value,  say  C,      If  now,  while  the  two  armatures       A    C 
are  kept  at  the  same  distance  apart,  the  air  t)etween  the  plates 
is  replaced  by  some  other  insulator,  say  paraffin,  the  capacity 
of  the  condenser  will  be  altered,  in  the  case  taken  the  capacity 
will  l>e  increased.    We  thus  see  that  Ihe  capacity  of  a  condenser 
def>ends  not  only  on  the  geometrical  conditions  of  the  armatures, 
such  :is  their  size,  shaj^e,  and  distance  apart,  but  nlsf>  on  the 
nature  of  the  medium  which  fills  the  space  l»ctwccn  the  plates. 
This  fact  is  expressed  by  sa\ing  that  dielectrics,  as  the  media 
between  the  armaliires  are  called,  have  different  sprdjic  ituUu- 
five  aipiicitUs,  F";.  44^ 

The  specific  inductive  capacity  of  the  air  is  taken  .is  unity, 
and  that  of  any  other  dielectric  is  measured  by  the  ratio  of  the  capacity 
of  a  condenser,  of  which  the  given  substance  is  ihr  dielectric,  to  the 
capacity  of  the  sau>e  condenser  when   the  given   meditnn  is  replaced 
by  air. 

Thus  if  the  capacity  of  a  given  condenser  witb  air  as  the  dielectric  is  C^ 
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its  capacity  -when  the  air  Is  replaced  by  a  dielectric  of  which  the  specific 
inductive  capacity  is  K  will  be  CK. 

In  order  to  compare  the  si>cciric  inductive  capacities  of  different 
dielectrics,  Faraday  used  a  condenser  of  the  form  shown  in  Fig.  443.  It 
consisted  of  an  outer  brass  sphere,  i-Q,  made 
up  of  two  hemispheres,  which  fitted  accurately 
together.  This  fonned  thcT uninsulated  anna- 
tiire  of  the  condenser,  the  other  armature  bcin^ 
formed  by  a  brass  sphere,  c,  which  was  held 
in  a  position  concentric  with  the  outer  sphere 
by  means  of  an  insulating  rod,  A.  A  metal 
wire  passing  down  through  A  allowed  the  inside 
sphere  to  l)c  charged. 

Two  exactly  similar  condensers  of  this  form 
were  made,  and  one  of  them  was  charged  by 
means  of  the  rod  B,  the  outside  hollow  sphere 
being  connected  to  earth.  The  magnitude  of 
the  charge  imparted  to  the  condenser  was  then 
determined  by  touching  B  with  a  proof-plane, 
the  charge  taken  away  by  the  plane  being 
measured  with  the  torsion  balance.  The  knob 
n  was  then  connected  with  the  similar  knob  of 
the  other  condenser,  so  that  the  two  shared 
the  charge.  The  charge  of  each  was  then 
tested  hy  means  of  the  proof-plane  as  before, 
and  was  found  10  be  the  same,  thus  showing 
that  the  capacity  of  the  two  condensers  was 
the  same,  as  from  their  equal  size  and  shape 
ought  to  be  the  case. 
Next  the  spare,  «m,  between  the  inside  and  outside  spheres  in  one 
of  the  condensers  was  filled  with  the  medium  of  which  the  specific  induc- 
tive rapacity  was  to  be  dctcnnincd.  The  other  condenser  was  then  again 
charged,  the  amount  of  the  charge  being  measured  as  before.  The  knobs 
of  the  two  condensers  were  then  connected  together,  and  the  potential 
again  measured.  I  n  the  case  of  such  a  dielectric  as  paraffin,  the  potential 
of  the  two  is  considerably  less  than  half  the  potential  of  the  air-condenser 
Ijefore  llie  two  are  put  into  communication,  hence  the  paraffin-condenser 
has  taken  more  than  half  the  charge  of  the  air-condenser;  and  since 
when  they  are  connected  the  potential  to  which  they  are  charged  must 
be  the  same,  it  follows  that  the  capacity  of  the  condenser  in  which  the 
dielectric  is  paraffin  must  l>e  greater  than  that  of  the  one  in  which  the 
dielectric  is  air.  In  order  to  calculate  the  specific  inductive  capacity.  A", 
of  the  paraffin,  suppose  that  the  potential  to  whidi  the  air-condenser  was 
originally  charged  was  f',,  while  the  potential  of  the  two  condensers  when 
joined  together  is  \\.     If  C\  and  C,  are  the  capacities  of  the  condemwrs 
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of  wliich  the  dielectrics  are  air  and  paraffin  respectively,  then  the  original 
charge  of  the  air  condenser  is  C|K,,  while  its  charge  after  it  has  been  put 
into  coininunicaiion  with  the  paraffin-condenser  is  /'^C'l.  The  charge  of 
the  paraffin-condenser  is  equal  to  '  s^'j,  but  this  must  also  be  equal  to 
the  charge  lost  by  the  air-condenser,  that  is,  to  r,C*|-  VJOx-  Thus  the 
specific  inductive  capacity  of  the  paraffin,  which  by  definition  is  equal  to 
the  ratio  of  the  capacity  of  a  condenser  of  which  the  dielectric  is  paraffin 
to  the  capacity  of  the  same  condenser  when  the  dielectric  is  air,  can  be 
found.     For 

so  that  K'^^ *      ir     . 

As  we  shall  see  later,  the  determination  of  the  specific  inductive  capacity 
of  different  dielectrics  is  of  great  interest  from  its  bearing  on  the  electro- 
magnetic theory  of  light.  In  the  ftiHowin^  table  the  values  of  the  specific 
indur.tive  capacity  of  some  dielectrics  arc  given.  The  values  obtained 
depend,  in  the  case  of  solids,  on  the  physical  condition  of  the  solid  as 
well  as  on  the  duration  of  the  electrical  charge  employed  in  the  measure- 
ment. 

Specific  Inductive  Capacity. 


Ebonite      ...  2.5 

Glass     ....  6.0 

Shellac  ....  3.3 

Sulphur      .     '     ■  3.0 

Mica      .     .    .     .  S.O 


Benzine      .     . 

•    2.3 

Eihyl  alcohol 

.  25.0 

rctroleum  .     . 

■     3-1 

Turpentine 

.    2.2 

Vaseline     .    . 

.     2.2 

Air  ....  i.oono 
Carbon  dio.\idc  i.ckx>4 
Hydrogen  0.9997 
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453.  Energy  of  a  Charged  Condenser.— Suppose  that  a  condenser 

of  capacity  C  is  charged  to  a  potential  /*,  the  uninsulated  armature 
being"  at  the  potential  zero.  Since  the  potential  of  the  one  armature  is 
\\  and  that  of  the  other  is  O^  the  work  done  in  moving  a  unit  charge 
from  one  armature  to  the  other  will  be  W  Henre  if  we  suppose  that  the 
condenser  is  discharged  by  the  process  ofcarryinjf  the  charge,  one  unit 
at  a  time,  from  one  armature  to  the  other,  the  work  done  during*'  the 
transference  of  the  first  unit  will  be  K.*  On  account  of  the  loss  of  this 
amount  of  the  charge  the  potential  will  be  reduced  to  V-  I  'C,  for  the 
nrig^inal  charge  was  /'C,  and  the  charge  after  the  abstraction  of  one  unit 
is  VC-  I,  and  this  charge  will  raise  the  potential  of  a  condenser  of 
VC-\ 


capacity  C  to  a  potential 


Hence  the  work  done  in  carrying  the 


second  unit  from  one  armature  to  the  other  will  be  V-  xjC^  and  so  on. 

*  It  will  really  be  a  liule  1p«  than  /'.  sincr  ihe  removal  of  the  first  unit  will  rwlucc 
ihf  ch.irgB  on  the  armaluri:'.  If,  howcvxT,  /'  is  gn-al,  so  ihal  Uic  n.'iMOval  of  n  single 
unit  rnaki-s  little  rffect,  or  if  we  remove  k^ss  than  a  unit  cadi  time,  the  error  on  this 
account  can  be  niadc  Dcgligable. 
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Since  i  Cyc^  the  original  charge  is  mmncd  each  time. after  n  times, 
wbcre  n  is  namencaUy  equal  to  l-'C,  the  condenser  wiU  be  ccmpleie])- 
discharyed.     Hence  the  total  amount  of  work  done  ki  the  dischaj^ge  b 

Ihesumoflhcserirs  '>  ( ''-c)'^( ''- ^-j  "^(i'- ^)  +      "*' (  '    ~  xO" 
This  verics  is  an  arithmetica]  progression,  and  the  sum  of  the  terms  ts  < 
eijuaJ  to  Italf  the  sum  of  ihe  tirsi  and  last  terms  muUtpl»c<I  by  the  nomber 
of  ternkAf  tliat  is,  the  totaJ  work  done  in  the  discharge  is  ^y'C{l'~0), 
or  i'*'*^'-     Tliis  expression  niay  also  be  written  in  the  forms  iOl'uad 

^^i,  whcac  Q  IS  the  ori}pna1  char^j^e  of  the  condenser.     Since  the  work 

done  in  the  discharge  must  be  equal  to  the  work  done  durin^r  the  charge, 
lh«'  alwvc  cxprcsiiima  also  express  the  work  done  in  char^j^ing  a  ccm- 
denccr ;  in  Cacf,  these  expressions  give  the  eneix>'6f  a  charged  condenser 


Ki-;.  444. 
U-'^m  Garnet  -  /**>rt^u  t 

dnr  !o  ihr  char^'f.  Wc  may  look  upon  a  rhargcd  condenser  as  posses** 
in^'  sti>rc(lup  rn<^r^;y  due  lo  (he  strain  which  is  sr\  up  in  the  dielectric, 
Jii^t  as  the  riiilrdup  sprinjj  of  a  watch  possesses  cncr^ry  due  to  the  state 
of  strain  it  is  in  due  ti»  its  deformation. 

Tli«  spark  an*l  the  acronipanyinji  noise  on  the  discharge  are  both 
evidctH  e  of  the  energy  whirh  is  set  free  when  a  condenser  is  discharnctL 
Tlic  heat  priHlucrd  by  the  dischar^'c  of  a  rondcnsrr  may  be  shown  and 
Touj^'hly  measured  by  njeans  of  the  arranj'cmcnt  shown  in  Y\^.  444,  and 
called  Kicss's  flrrtric  thcnnomcter.  ft  cunsists  of  a  jjlaws  glol»e  to  which 
ift  attached  a  narrow-lxire  glass  Inlvr,  the  end  of  which  is  connected  lo 
n  rrstrvoir  ronlittttitiii:  some  colotircd  water.  A  fine  platimnn  wire  is 
ftrclchcd  across  the  bulb  between  two  metal  terminals  which  are  brought 
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through  the  sides  of  the  bulb.  The  pressure  of  the  air  in  the  bulb  is 
adjusted  sc  that  the  liquid  in  the  tube  comes  to  near  the  top,  and  then 
a  charged  condenser  is  discharjjed  throuj^'h  the  wire  by  attaching  ooft 
terminal  to  the  outside  coaling,  and  then  bringing  the  knob  of  the  inside 
coating  near  the  other  temimal.  On  the  passage  of  the  discharge  the 
wire  becomes  heated,  and  the  air  in  the  Ihermomelcr  expands,  forcing 
the  liquid  down  the  lube. 

If  a  condenser  of  capacity  C,  is  given  a  charge  Q^  it  will  possess  a 
quantity  of  electrical  energy  CV^Cp  If  now  it  is  caused  to  share  its 
charge  with  a  second  condenser  of  capacity  C^,  by  ronnecting  together 
the  two  outside  ccwitingi,  and  then  bringing  the  inside  coalings  into  con- 
ducting communication,  tlie  charge  will  be  shared  by  the  two  jars.  The 
combiaed  charge  will  now  be  equal  tti  the  original  charge  of  the  first  jar, 
while  the  combined  capacity  is  f',  +  t.'^  hiencc  the  energy'  of  the  two 
condensers  is  'J'/2(C,  +  C'2).  Since  C, +  C|  inusl  necessarily  be  greater 
than  C*„  it  follows  that  the  energy  of  ihe  two  condensers  is  less  than  that 
of  the  one  before  It  had  shared  its  charge  with  the  other.  This  loss  of 
energy  is  represented  by  the  energy  spent  as  heat  in  the  spark  which 
always  passes  when  the  tharge  of  the  one  jar  is  shared  with  the  other. 
If,  instead  of  one  of  the  condensers  being  originally  uncharged,  ihcy  arc 
iMJth  charged,  and  their  inner  coatings  are  then  connected  together,  so 
that  they  share  their  charges,  it  can  he  shown  that  there  is  always  less 
energy  in  the  combined  charges  after  they  have  been  brought  to  the 
same  potential  ilmn  there  was  originally  in  the  two  separate  charges, 
except  in  the  case  when  they  were  originally  at  the  same  potential,  when, 
of  course,  no  communication  of  charge  from  one  to  the  other  takes  place 
on  their  being  put  in  communication,  and  thus  no  energy  is  wasted  in 
the  fi>nnatii»n  of  a  spark. 

454,  Condition  of  the  DieleetPle  in  an  Electrical  Field. —The 
imponaiu  part  played  by  the  di<leciiic  in  the  case  nf  a  Leyden  jar  may 


Fia  445. 

be  shown  in  a  very  striking  manner  by  means  of  a  jar  such  as  is  shown 
in  Fig.  445*  of  which  the  armatures  are  removable.      If  such  a  jar  is 
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charged,  Hiid  then  the  inner  and  outer  armatures  are  removed  wiih  a  pair 
of  insulating  tonys,  discharged,  and  then  replaced,  it  is  found  thai  the 
discharge  whicli  can  be  obtained  from  the  reconstriKted  jar  is  almost  as 
strong  as  if  the  armatures  had  not  been  removed.  This  experiment 
shows  how  the  charge  of  the  jar  is  really  due  to  some  change  which  has 
been  prc»duct;d  in  the  dielectric.  If,  after  the  removal  of  the  coatings,  the 
glass  itself  is  discharged  by  passing  it  through  a  flame,  no  discharge  can 
be  obtained  when  the  jar  is  put  together  again. 

The  phenomenon  of  absorption  also  illustrates  the  fact  that  the  energy 
of  a  charged  Leyden  jar  is  stored  up  in  the  dielectric.  If  a  jar  is  charged, 
then  discharged  by  connecting  its  two  coatings  for  a  second,  after  a  short 
time  it  will  Ix:  found  possible  to  obtain  a  further  discharge,  and  after  some 
time  another,  and  so  on,  each  discharge  being  feebler  than  the  previous 
one.  These  residual  charges,  as  they  are  railed,  seem  to  show  that  the 
electrical  charge  produces  in  the  dielectric  something  of  the  nature  of  a 
sub-permanent  set  or  strain,  and  that  the  complete  recovery  from  this 
strain  takes  time. 

The  fart  th^t  the  dielectric  between  two  charged  bodies  is  in  a  state 
of  strain  is  shown  by  some  experiments  which  arc  due  to  Kerr.  Wc  have 
seen,  when  dealing  with  the  subject  of  light,  that  when  an  isotropic  body 
is  placed  between  crossed  Nicols  (§  410)  no  light  passes  through  the 
analysing  Nirol.  If,  however,  the  isotropic  body  is  put  into  a  state  of 
strain,  it  becomes  temporarily  double-refracting,  and  the  light  is  able  to 
pass  ihroiigh  the  analyser.  We  may,  therefore,  use  a  pair  of  crossed 
Nicols  to  detect  the  presence  of  a  state  of  strain  set  up  in  an  isotropic 
medium  under  any  given  condi<ions.  Kerr  immersed  two  flat  metal 
plates,  I*  and  N  (Tig.  446),  in  carbon  bisulphide 
and  passed  through  the  liquid  between  the  plates 
a  beam  of  plane  polarised  light  in  a  direction 
perpendicular  to  the  paper.  The  principal  plane 
of  the  polarising  Nicol  was  parallel  to  AH,  and  on 
turning  the  analysing  Nicol  till  its  principal  plane 
was  parallel  toCi>,  all  the  light  was  cut  oflT  When, 
however,  the  plates  r  and  N  were  brought  to 
different  potentials,  so  lliat  an  electric  field  was 
produced  in  the  carbon  bisulphide  through  which 
the  plane  polarised  light  was  passing,  the  lines  of 
force  of  the  field  being  parallel  to  xx',  and  there- 
lore  perpendicular  to  the  direction  of  propagation  of  the  light,  and  inclined 
at  an  angle  of  45*  to  the  principal  planes  of  the  Nicols,  the  light  was  able 
to  pass  through  the  second  Nicol.  This  experiment  shows  that  the  car>>on 
bisulphide,  which  under  ordinary  conditions  is  perfectly  isotropic,  becomes 
doubly  refracting  under  the  influence  of  the  electrical  field.  It  also  shows 
that  the  supposition  as  to  the  cxislenrc  of  a  tension  along  the  lines  of 
force  and  a  pressure  at  right  angles  to  the  lines  is  justified 
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Since  the  dielectric  plays  such  an  important  pan  in  all  electrical 
|)henomcna,  it  is  of  j^freat  importance  to  examine  in  detail  the  condition 
of  the  dielectric  in  an  electrical  field.  In  order  to  form  a  mental  picture 
of  the  state  of  the  diclcclric  in  an  electrical  field,  Faraday,  who  first 
drew  atteniion  to  the  important  part  played  \\y  the  dielectric,  imagined 
the  system  of  lines  and  lubes  of  force  of  which  we  have  already  made 
some  use.  In  the  following  section  we  shall  study  more  in  detail  the 
property  of  Faraday's  tubes  of  force,  and  we  shall  find  that  they  very 
completely  represent  the  state  of  an  electrical  field  not  only  in  a  qualita- 
tive way  but  also  quanlilatively. 

465,  Tubes  of  Force. — Suppose  thai  a  vcr)-  small  conducting  sphere 
A  is  charj^'cd  with  //  units  of  positive  electricity,  then  if -7  is  removed 
from  the  neighbourhood  of  other  conductors,  the  tubes  of  force  will 
spread  out  from  the  charged  sphere  radially  in  all  direciions,  being  unJ- 
fonnly  spaced.  If  an  imaginary  sphere  were  described  with  A  as  centre 
and  a  radius  r  (r  being  considerably  greater  than  the  radius  of  the 
charged  sphere),  the  area  intercepted  by  each  tube  of  force  on  this 
surface  would  be  the  same.  Since  the  charged  VkkIv  is  charged  with 
q  units  of  positive  electricity,  q  tubes  of  force  will  leave  its  surface,  and 
hence  q  tubes  of  force  will  cut  the  sphere  of  radius  r.  Therefore,  since 
the  area  of  a  sphere  of  radius  r  is  47rr*,  the  number  of  tubes  of  force 
which  cut  the  unit  area  of  this  sphere  is  ql^-nr^.  Now  if  the  sphere  A 
is  sufiicienlly  small,  we  may  regard  the  charge  as  concentrated  at  a 
point,  namely  the  centre,  and  therefore  the  force  exerted  on  a  unit 
charge  at  a  distance  r  from  the  centre  is  q>r^.  But  the  force  exerted 
on  the  unit  charge  is  what  we  t:all  the  strength  of  the  field,  so  that  the 
strength  of  the  electrical  field  at  the  surface  of  the  sphere  of  radius  r 
is  y/r*.  We  have  just  seen  that  the  number  of  tubes  of  force  per  square 
centimetre  at  the  surface  of  this  sphere  is^/4rrr'.  Hence  the  strength 
of  the  field  is  numerically  equal  to  the  product  of  the  number  of  tubes 
of  force  per  square  centimetre  into  477.  This  result  may  \hi  put  in  a 
somewhat  different  form,  for  the  number  of  tubes  of  force  being  q^  and 
the  area  over  which  they  are  spread  being  4n'^,  the  cross-section  of 
each  tube,  where  it  cms  the  sphere  of  radius  r,  is  ^irr^lq.  Hence  the 
strength  of  the  field  is  etjual  to  the  quotient  of  47r  by  the  cross-section, 
taken  nt  right  angles  to  the  lines  of  force  *  of  the  tube  of  force  passing 
through  the  given  point.  Thus  if  s  is  the  cross-section  of  the  tube  of 
force  passing  through  a  point  /',  the  strength  of  the  field  at  P  being  /^ 
we  have  the  following  relation  : — 

\(  Fi  is  the  strength  of  the  field  at  one  point  of  a  tube  of  force  where 

1  Sincn  the  line?  of  force  cut  an  rqiupotrnti.il  surface  nt  right  anglw,  s\%  the  area 
intCT-ccpted  hy  the  lube  of  (orcc  on  the  equipolcntial  j^urface  passing  thrtjugb  the  given 
point, 
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ihe  cross-section  is  J;,  and  Aj  is  the  strength  of  the  field  at  another  part 
of  the  lube  where  the  cross-section  is  s^  we  have 

Thus  the  product  of  the  strengtli  of  the  field  at  any  point  along  a  tube 
of  force  into  ihe  cross-section  of  the  tube  of  force  at  the  point  is  con- 
stant. Nmv  llie  prodiKn  of  the  electrical  force  in  a  direction  at  right 
"anijles  to  a  surface  into  the  area  of  (hat  surface  is  called  the  clecinral 
induction  ihn)u;<li  ihc  surface.  Thus  the  induction  through  a  normal 
rross-seriion  nf  a  luhr  tjf  force  is  constant,  for,  as  we  have  s»*en  alxjve, 
the  product  of  ihc  force  into  the  area  of  the  nonoal  cross-section  is 
constant,  and  is  equal  to  4ir.  Since  the  induction  throughout  a  tul>e  of 
force  is  constant,  surii  a  lul>e  may  be  called  a  tube  of  induction.  If 
we  define  a  unit  tube  of  iurluciion  as  one  in  which  the  induction  is  unity, 
each  of  our  unit  tubes  of  force  will  l>e  ct|Mal  to  4jr  unit  tul>es  of  induction. 
Thus  on  each  square  ce-ntimelrc  of  tlie  surface  of  a  conductor  which  is 
charj,M-rl  to  a  yurfare  densiiy  «•  there  will  end  47r<r  unit  tubes  of  induction. 

456.  Action  of  a  Uniformly  Chargred  Sphere  on  an  External 

Point. — Suppose  wc  liave  a  conthirlinj^'  splicie  of  r.idius  /■,  which  is  at 
a  grL-at  distance  from  all  other  rotuhiclovs  and  is  charf;jed  with  (2  units 
of  positive  eleciricityj  and  we  rct|uirc  to  find  the  strength  of  the  field 
at  an  external  jioint  nt  a  tlisiance  R  from  the  centie.  Sinrc  the  sphere 
is  uniformly  charjijcd  and  is  at  a  j,'reat  distance  from  all  other  conductors, 
the  lints  of  force  nuibt  everywhere  l>c  radial,  while  the  tubes  of  forc« 
will  be  c(»nes  havinj<  their  apexes  at  the  centre  of  the  sphere,  and  will 
all  l>e  of  the  same  dimensions.  If  a  sphere  were  described  having  the 
same  centrr  as  the  rharj^i  d  sphere  and  of  raclius  A',  each  of  the  tubes 
of  force  would  intercept  the  same  area  on  this  sphere,  while  it  would  cut 
each  of  tJic  tubes  at  ri^^ht  an^jlcs.  Now  il  tubes  leave  the  char^'cd  sphere, 
so  that  the  area  intercepted  by  each  tul>c  on  the  sphere  of  radius  R  will 
be  \irf^l(2.  Hence  if /'is  the  strength  nf  the  field  at  any  pomt  on  the 
sphere  of  radius  A*,  since  the  force  is  equal  to  ^w  divided  by  the  norma] 
cross-section  of  the  Itdirs  where  tliey  cut  this  sphrrp,  we  have — 

Uut  if  the  whole  charj:je,  (?,  of  the  sphere  were  concentrated  at  the  centre, 
the  force  exerted  at  a  point  at  a  distance  /\  would  l>c  Qih\  Hence  the 
force  exerted  at  an  external  point  by  a  unifonnly  rharjjcd  sphere  is  the 
same  as  wonUI  Im-  exerted  if  the  whole  cliarjre  were  concentrated  at  the 
centre  of  thr  splierc, 

457.  Distribution  of  Energy  in  a  Field.— Suppose  that  we  have 
two  conducting  surfaces,  A  ami  A  f'lrmin^'  a  condenser,  and  that  they 
are  at  such  a  distance  from  all  other  conductors  that  all  the  lines  of 
force  which  leave  tlic  one  surfa<  e  lemiinaie  on  the  other.  The  potential 
of  the  plate  Ji  being  kept  zero,  let  the  plate  A  be  charged  with  Q  units 
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of  positive  electricity,  so  that  its  potential  is  /'.  Now  the  energy  of  the 
charged  condenser  is  Ql'J2  and  the  total  number  of  lubes  of  force  in 
the  field  is  (?,  so  tliat  the  quotient  of  ihe  cncryy  of  the  charged  con- 
denser by  the  number  of  tubes  of  force  is  VJ2.  Next  suppose  that  the 
distance  between  the  plates  is  decreased.  The  result  will  be  that  the 
capacity  of  the  condenser  will  be  increased,  and  so,  If  the  charge  Q  on 
the  plate  A  remains  the  same,  its  potential  will  decrease.  Let  us,  how- 
ever, increase  the  potential  of -'^j  that  of /?  being  still  kept  zero,  till  the 
potential  of  -'/  has  its  previous  value  V^  and  let  the  new  charge  on  A 
be  (J.  The  energy  of  the  condenser  is  now  Ql'iz,  while  (J  tubes  of 
force  occupy  the  field.  Hence  the  c|Uotient  of  the  energy  by  the  number 
of  tubes  is  I'/s,  that  is,  has  the  same  value  as  before.  If  we  suppose 
that  each  tube  of  force  contributes  an  equal  amount  to  the  energy  of 
the  field,  then  the  contribution  by  each  tube  is  the  same  in  the  two 
cases,  namely  i']'2.  The  question,  however,  arises  :  Are  we  justified  in 
supposing  that  each  tube  contributes  an  equal  amount  to  the  energy  of 
the  field,  for  some  of  the  tubes  will  be  short  and  stretch  almost  straight 
from  one  plate  to  the  other,  while  others  may  be  quite  long  and  sweep 
round  in  a  great  cur\'c  from  one  plate  to  the  other.  Now  wc  have  seen 
above  that  as  long  as  the  difference  of  potential  of  the  plates,  that  is, 
the  difference  of  potential  between  the  two  ends  of  the  tubes  of  force, 
is  kept  the  same,  the  quotient  obtained  by  dividing  the  energy  by  ih** 
number  of  tubes  is  the  same  whatever  the  relative  positions  of  the  plates. 
For  instance  wc  get  the  same  result  whether  the  plates  are  placed  near 
together  and  parallel  to  one  aiiotlierj  so  that  almost  all  the  tubes  stretch 
straight  from  one  plate  to  the  other,  or  the  plates  are  turned  so  that  one 
is  at  right  angles  to  the  other,  and  hence  a  large  proportion  of  the  tubes 
have  to  cur>'e  round  from  one  plate  to  the  other.  Considerations  sudi  as 
these  lead  us  to  infer  tliat  e;ich  tube  of  force  in  an  electrical  field  con- 
tributes an  equal  amount  to  the  energy  of  the  field. 

We  have  next  to  see  how  the  energy  stored  up  in  a  tube  of  force  is 
distributed  along  its  length.  Consider  a  single  lube  \  this  will  start  from 
a  small  area  of  the  plaie  A^  on  which  there  will  be  a  unit  of  positive 
electricity.  Now  if  it  were  possible  to  move  this  portion  of  the  surface  of 
A  along  the  tube  of  force  to  the  plate  /i',  this  tube  of  force  would  be 
annihilated.  In  the  first  place  let  us  suppose  that  the  removal  of  this 
portion  of  the  charge  of -^  does  not  affect  the  potential  of  the  plate. 
Under  these  circumstances  the  work  done  in  carrying  llie  unit  from  one 
end  of  the  tube  to  the  other  would  be  V.  Thus  the  destruction  of  the 
lube  of  force  h.is  been  accompanied  by  the  performance  of  V  units  of 
work,  while  the  energy  contained  within  the  tube  we  have  seen  is  only 
half  this  quantity.  The  rcison  for  this  difference  is  that  ihe  supposition 
wc  have  made  as  to  the  potential  of  A  remaining  the  same  after  the 
removal  of  the  unit  is  erroneous.  As  the  portion  of  the  plate  .-/  carr>'ing 
the  unit  charge  is  moved  away  from  the  plate  A  the  potential  will  gradu- 
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ally  fall.  The  result  of  this  fall  of  ihe  potential  o\  A  is  that  the  quantity 
of  cncrj;y  stored  up  in  each  of  the  tubes  which  are  left  stretching  from  A 
to  U  is  reduced  Now  it  can  be  shown  that  the  loss  on  this  account  is 
exactly  equal  to  the  loss  on  account  of  the  destruction  of  the  tube,  and, 
further,  that  the  rutus  at  which  the  losses  occur  as  the  tube  is  gradually 
destroyed  by  the  motion  of  the  portion  of  the  plate  A  carrjin^jihe  end  is 
the  same  in  the  two  cases.  Hence  the  work  done  during  the  movement 
of  the  unit  charge  from  a  point  P  of  the  tulx;  to  a  neighhourinj^  point  f? 
is  equal  lo  the  sum  of  the  cner^,')'  contained  wiihin  the  portion  of  the  tube 
included  l>elween  P  and  Q^  and  the  loss  of  energy  of  the  condenser  owing 
to  the  decrease  of  the  difference  of  polcnti.'U  between  its  plates.  Since 
these  two  losses  of  energy  arc  equal,  the  energy  contained  in  the  part  of 
the  lube  between  P  and  (?  's  half  the  work  which  is  done  when  the  unit  is 
carried  from  P  lo  (J.  Now  the  electrical  force,  /%  varies  along  the  lube, 
but  if  wc  consider  the  two  p)>inl3  /•  and  O  sufficiently  near  together,  we 
may  consider  that  /■  remains  constant  over  ihis  distance.  Hence  tlje 
work  done  in  carrying  the  unit  from  /-*  to  Q  will  be  /■".  PO\  for  the  force /^ 
acts  alone  the  lube,  that  is,  along  the  direction  of  the  path  PQ-^  Thus  the 
energy  included  in  the  tul>c  of  force  between  /^and  <2  »s  F,P<2i2,  Hence 
the  energy  stored  in  unit  length  of  tlu^  tube  is  /^/2,  so  that  the  energy* 
stored  up  in  unit  length  of  a  lube  of  force  is  numerically  equ;d  to  half  the 
electrical  force  :il  the  p.irt  of  the  tube  considered. 

The  cross-section  of  a  tube  of  force  at  a  point  where  the  force  is  P 
being  4^-//'",  the  volume  of  unit  length  t^f  ihe  tuV>c  in  this  part  of  the  held 
is  4n';V'*  But  the  energy  stored  up  in  unit  length  of  the  lube  is  J'J2, 
Hence  4r//-"c.c.  of  the  field  contains  I'lz  units  of  energy,  i.e.  ergs.  ITicre- 
fore  the  energy  contained  in  unit  volume,  that  is,  one  c.c,  of  the  field,  at  a 
part  where  the  electrical  force  is  /'',  is  /'^/Hir. 

If  ilie  difference  of  potential  between  ihe  ends  of  a  lube  of  force  is  l\ 
and  we  draw  the  eqtiipotential  surfaces  so  that  the  difference  of  potential 
between  consecutive  surfaces  is  one  unit,  these  surfaces  will  divide  each 
tube  into  K  small  portions  or  cells.  The  whole  energy  stored  up  in  the 
tube  l>eing  I'/J,  the  energy  stored  in  each  cell  will  be  half  an  erg. 

As  we  shall  see  later,  the  method  of  looking  upon  the  energy  possessed 
by  a  charged  conductor  as  stored  up  in  the  field  leads  to  many  important 
generalisations,  and  the  calculations  we  have  made  alxive  will  help  to  give 
the  reader  some  mental  grasp  of  what  is  implied  when  a  certain  region  is 
said  to  be  a  field  of  electrical  force,  and  to  appreciate  how  completely 
lliis  field  is  uiapptd  out  by  the  tubes  of  force. 

458.  Stren^h  of  the  Field  near  a  Charged  Conductor.— If  the 
density  of  the  charge  at  a  given  point  of  the  surface  of  a  charged  con- 
ductor is  a,  then  a  lubes  of  force  will  start  from  the  unit  of  area  of  the 
surface  of  the  conductor,  and  since  the  tubes  of  force  intersect  a  conduct- 
ing surface  at  right  angles,  the  cross-section  of  a  tube  in  the  immediate 
neighbourhood  of  the  surface  will  be  i  V.     If  the  surface  density  is  not 
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uniform,  the  same  will  sLill  hold  good  in  virtue  of  the  manner  in  which  we 
have  defined  the  measure  of  the  surface  density  when  it  is  variable,  for  if  fty 
is  the  char^i^c  on  a  small  element  of  surface,  J>//,  surrounding;  the  y  iven  point, 
the  surface  density  is  A^/d*;  ;  but  since  8^  lulxrs  of  force  leave  the  small  area 
^(ly  the  cross-section  of  a  sin^dc  tube  is  haj^.  Now  wc  have  seen  in  §  455 
that  the  stren^^th  of  a  field  is  equal  to  4r/-r,  where  s  is  the  cross-seclion  of 
the  tube  of  force  of  the  field  at  the  j^iven  point.  Hence  the  strength  of 
the  field  in  the  imnK*diate  ncijijhbourhood  of  a  charged  conductor,  at  a 
point  where  llie  surface  density  of  the  charge  is  <r,  is  4Tro'.  We  have  in 
the  above  argument  assumed  that  the  tubes  of  force  leave  the  surface  of 
the  conductor  at  the  point  considered  on  one  side  only,  as  would  be  the 
case  if  the  portion  of  the  surface  considered  fonns  part  of  the  outside  of 
a  dosed  surface,  for  under  these  conditions  there  is  no  force  within  the 
surface,  and  so  all  the  tuU's  of  force  must  leave  the  portion  of  the  con- 
ductor on  the  one  side.  In  the  case  of  an  unclosed  canduclOT»  such  as  a 
plane,  there  are  two  ways  of  regarding  the  problcni.  If,  as  is  usual»  we 
take  0"'  as  the  charge  on  Iwth  sides  of  unit  area  of  the  plane,  Ihen  the 
lines  of  force  will  start  out  equally  from  each  side  of  ihe  plane,  so  that 
the  numberoftulxjs  of  force  leJiving  each  square  centimetre  on  either  side 
will  be  (r'/2,  and  the  cross-section  of  a  lul)e  of  force  in  the  immediate 
neighbourhood  of  tiie  siu  face  will  be  2/tr'.  Hence  in  this  case  llic  strength 
of  tlic  field  will  be  given  by  J'  ~  2-a\ 

459.  Mechanical  Force  Exerted  on  each  Unit  of  Area  of  a 
Charged  Surface.  -Let  vxuc  (Kig.  44;)  represent  a  section  uf  a  closed 
conductor  which  is  charged  so  that  the  surface  density  over  a  small  area 
of  the  surface  at  AC  is  a;  Let  us  consider  the 
electrical  force  at  two  points,  \\  and  r-,  one 
just  outside  and  the  other  just  inside  the  surfatc 
of  the  conductor.  We  ntay  consider  that  the 
force  at  these  two  points  is  made  up  of  two 
parts,  namely,  the  force  due  to  ihe  |>ijriion  AC 
of  the  charged  surface  and  that  due  lo  the 
part  ciiA.  Lei  the  force  at  the  point  Tj,  due  to 
the  portion  CHA,  be  /"p  then,  since  the  two 
points  r,  and  r^  are  by  supposition  very  near 
together,  the  force  due  to  the  part  CHA  of  the 
conductor,  which  is  at  a  comparatively  great 
distance  from  both  points,  will  be  the  same  for 
both,  namely  F^.  Also,  since  the  portion  AC  of  the  surface  is  small,  it  is 
practically  plane,  and  so  the  force  exerted  at  the  two  points  P,  and  P^, 
which  are  similarly  situated,  will  be  equal  in  magnitude  but  opposite  in 
direction.  Thus  if  the  force  due  to  AC  at  \\  is  /•'^  acting  along  the  outward 
drawn  normal  to  the  suifacc,  the  force  at  P.,.  will  be-y%.  Hence,  adding 
together  the  two  component  forces  for  each  point,  we  get  that  the  force  at 
Pi  >s  ^1  +  F^  while  the  force  at  P,  is  F^  -  F^     But  the  point  P^  being  within 
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a  closed  conductor,  the  force  there  is  zero,  while  we  have  just  seen  that 
the  force  at  a  point,  such  as  I'l,  just  outside  the  surface  of  a  conductor 
charged  lu  a  surface  density  o-,  is  ^v<r.    We  therefore  get  that 

/'i  +  /i  =  4ffor  and  F^~F^^O, 
/*!  = /"j  =  2irir. 

-Now  F^  is  the  force  at  P,  or  Pj  due  to  the  portion  CBA  of  the  charged 
conductor,  and  therefore  if  \vc  imagine  that  the  portion  AC  of  the  surface 
were  disconnected  from  the  rest,  without  in  any  way  altering  the  distribu- 
tion of  the  charge,  the  electrical  force  acting  at  the  point  where  this 
portion  of  the  surface  is  situated  is  F^  or  2fr<r.  Now  if  a  is  the  area  of 
the  portion  AC,  the  charge  on  this  portion  is  mi,  and  so  the  mechanical  force 
in  the  direction  of  the  normal,  which  this  portion  of  the  conductor  would 
experience  owing  to  the  action' of  the  rest  of  the  conductor,  is  <rtt,F^  or 
2»rff*tt. 

Although  for  clearness  we  have  supposed  the  portion  considered  to  be 
separated  from  the  rest  of  the  surface,  the  same  force  is  exerted,  although 
this  division  does  not  occur.  We  thus  sec  that  in  the  case  of  a  charged 
conductor,  on  every  small  element  of  area,  //,  there  is  exerted  an  outward 
force  27:<rht^  where  rr  is  the  density  of  the  charge  on  the  clement  in  ques- 
tion. This  force  acts  everywhere  normally  to  the  surface,  for  the  force  at 
the  point  P^  is  normaJ  to  the  surfiice^  since  the  lines  of  force,  as  has  been 
shown»  ever>'where  cut  a  conducting  surface  at  right  angles.  The  outward 
normal  force  exerted  on  the  unit  of  area  is  "Zna^.  This  force  is  of  the 
nature  of  an  hydrostatic  pressure,  and  if  the  conductor  is  expansible,  as 
for  instance  is  the  case  with  a  soap-bubble,  it  will  cause  the  conductor  to 
expand  when  it  is  electrified. 

The  electrical  force,  7%  at  P,,  that  is,  the  force  due  to  the  whole  charged 
conductor,  being  47ro-,  we  get  that  the  mechanical  force  experienced  by 
unit  area  of  the  surface  of  the  conductor  is  aFl2  or  /-^f&n. 

460,  Tension  along*  the  Tubes  of  Force.— We  have  seen  in  the 
last  section  that  each  unit  of  area  of  a  charged  conductor  experiences  an 
outward  mechanical  force,  due  to  the  charge,  which  amounts  per  unit 
area  to  /'V/2,  where  F  is  the  electrical  force  just  outside  the  portion  of 
the  charged  surface  considered,  and  tr  is  the  density  of  the  charge  on 
this  portion  of  the  surface.  Now  the  number  of  lubes  of  force  which 
start  from  unit  area  of  the  surface  is  *r,  and  hence,  if  we  suppose  that 
each  of  these  tubes  exerts  a  tension  on  the  surface  of  the  conductor  equal 
to  F/Zf  the  total  tension  exerted  on  unit  area  will  be  /'V/2,  that  is,  is  of 
the  actual  amount  which  occurs.  Hence  we  are  able  to  account  for  the 
mechanical  forces  which  act  on  brwiies  when  placed  in  an  electric  field, 
if  we  suppose  that  each  of  the  tubes  of  force  is  in  a  state  of  tension,  the 
magnitude  of  the  tension  being  at  each  point  equal  to  half  the  electrical 
force  at  that  point 
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If  we  take  a  unit  of  area  on  an  equipoteutial  plane,  passing  through  a 
point  /*,  that  is,  at  right  angles  to  the  tubes  of  force,  the  number  of  tubes 
which  cross  this  unit  of  area  will  be  A/4n-,  where  F  is  the  force  at  P, 
Hence,  as  the  tension  along  each  lube  of  force  is  F\2^  the  tension  in  the 
air  across  the  unit  of  area  is  F^jZtt. 

As  we  have  already  mentioned,  this  tension  is  not  alone  sufficient  to 
account  for  the  distribution  of  the  tubes  of  force,  but  it  can  be  shown 
that  if  in  addition  we  imagine  that  there  exists  a  pressure  at  right  angles 
to  the  lines  of  force,  of  which  the  magnitude  is  /'""/Sir  per  unit  area,  then 
this  distril)ution  can  be  accounted  for. 

461.  Dielectrics  other  than  Air.— We  have  hitherto  confined  our 
discussion  of  the  stale  of  the  electric  field  to  the  case  where  the  only 
dielectric  present  was  air,  and  we  have  now  to  proceed  to  consider  what 
alterations  will  have  to  be  made  in  the  expressions  we  have  deduced, 
when  the  whole  or  part  of  the  field  is  occupied  by  other  dielectrics. 

Suppose  that  wc  have  two  infinite  planes,  A  and  ^,  placed  parallel  to 
one  another  at  a  distance  rf  apart,  and  that  the  plane  --/  is  given  a 
positive  charge,  such  that  the  surface  density  is  a.  Let  the  plane  7/ be 
kept  at  zero  potential,  and  the  potential  of  y/  be  V'a  when  the  dielectric 
separating  the  planes  is  air,  and  lli  when  the  dielectric  separating  the 
planes  has  a  specific  inductive  capacity  /C, 

Since  the  planes  are  infinite,  the  field  of  force  between  the  planes 
must  be  uniform,  so  that  the  tubes  of  force  are  all  parallel,  stretching 
straight  across  from  one  plane  to  the  other,  and  have  everywhere  the 
same  cross-section.  Since  the  density  of  the  charge  on  the  i)lane  -'/  is  o-, 
the  number  of  tubes  of  force  which  leave  unit  area  of  the  surface  is  <r,  and 
hence  the  cross-section  of  each  lube  is  i/rr.  The  cross-section  of  the 
tubes  will  be  the  same  whatever  the  dielectric,  for  wc  suppose  that  the 
density  of  the  charge  on  the  plane  W  is  kept  the  same  in  all  cases. 

Now  the  capacity  of  unit  area  of  the  plane  A  will  bear  the  same 
ratio  to  the  capacity  of  the  whole  plane  as  does  unit  area  to  llie  total 
area  of  the  plane,  so  that  we  may,  if  we  like,  confine  our  attention  to 
unit  area  taken  on  each  of  the  planes.  The  capacity  being  the  ratio  of 
the  charge  on  one  plate  of  a  condenser  to  the  difference  of  potential 
between  the  plates,  the  capacity  Ca  of  unit  area  of  the  planes,  when  the 
dielectric  is  air,  is  given  by 

for  the  charge  on  unit  area  of  cither  plane  is  a,  and  the  difference  of 
potential  between  the  planes  is  ?«. 

In  the  same  way  the  capacity  of  unit  area,  when  the  dielectric  is  not 
air,  is  given  by 

Now  the  specific  inductive  capacity  of  the  dielectric  is  defined  as  the 
ratio  of  the  capacity  of  a  condenser  having  the  given  dielectric  separating 
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the  plates  to  ilie  capacity  uf  ihc  same  condenser  when  the  dielectric  is 
air.  Hence  we  have,  if  A'  is  ihe  specific  inductive  capacity  of  the 
dielectric. 

If /a  is  the  electrical  force  at  any  point  between  the  planes,  when  the 
dielectric  is  air,  the  work  which  would  have  to  be  done  to  carry  unit 
clKii)^e  from  one  plane  to  the  other  would  he  P'^ti^  so  that  the  difference 
of  potential  W  between  the  planes  is  ^dven  by 

In  the  same  way,  if  Fk  is  the  electrical  force  at  any  point  between  1 
planes,  when  ihc  dielectric  lias  a  sj>ecific  inductive  capacity  A",  and  ^>  is 
the  dilTeicnLL-  of  potential,  we  have 


Hence 
or 


J'*  =  /^tr/. 


Now  if  J  is  the  cross-section  of  tl»e  tubes  of  force,  which,  as  wc  have 
seen,  will  I)e  the  same  in  the  two  cases,  we  have 


Hence 


y=*=4T/Aj. 


Thus  in  the  case  of  a  dielectric  of  b|>ecific  inductive  capacity  A",  tlic 
electrical  force  at  a  point  is  i/A'  of  the  quotient  of  4^  by  the  cross- 
section  of  the  lul>e  of  force  at  the  p<jint.  Puilinfj  A*  equal  unity,  that 
is,  dealing  with  air  aa  the  dielectric,  we  obtain  the  expression  already 
found. 

]f  .V  is  the  number  of  tubes  which  pass  through  imit  area  taken  at 
right  angles  to  the  Hncs  of  force,  we  have 

y^t=4'rA7>r. 

Proceeding  in  the  same  way,  wc  may  show  that  the  enerpy  stored  up 
in  eath  ccntimclre  of  a  tube  of  force  is  Fi-lz^  and  the  energy  per  cubic 
centimetre  of  the  dielectric  is  Fi^Kl^nr.  Also  the  tension  in  each  tu!^  is 
Fkl2y  and  the  tension  across  unit  area,  taken  at  right  anj^lcs  to  the  hncs 
of  force,  is  Fir/^'jSir.  The  proof  of  these  expressions  we  will,  however, 
leave  as  an  exercise  for  the  reader. 

462'.  Force  exerted  between  Two  Small  Charged  Bodies  when 
surrotinded  by  a  Dielectric  other  than  Air.— Suppose  that  two  small 
!)odJcs,  ^  and  />\  charged  with  O^  and  (_^  nnits  of  electricity  respectivelvp 
arc  placed  at  a  distance  r  apart,  and  arc  immersed  in  a  dielectric  of 
specific  inductive  capacity  A'.     If  the  body -^  were  atone  present,  then 
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(he  tubes  of  force  which  start  from  it  will  be  uniformly  distributed,  and 
therefore  since  theie  arc  (2i  tubes,  the  cross-section  s  of  one  of  these 
tubes,  at  a  distance  r  from  the  charged  body,  will  be  At^IQi-  Hence  if 
F  is  the  electrical  force  at  a  point  P,  at  a  distance  r  from  the  charged 
body,  we  have,  as  shown  in  tlie  last  section, 

Now  F  is  the  force  which  would  be  exerted  on  the  unit  charge  if  placed 
at  /*,  and  therefore  if  a  body  charj-cd  with  Q.*  units  wore  placed  al  /*,  the 
force  exerted  upon  it  will  be  FQu  or  QiQJK*^-  Heni  e  llic  force  exertctl 
between  two  small  charj;ed  bodies,  when  immersed  in  a  dielectric  of 
specific  inductive  capacity  A',  is  i/A'  ///  of  the  force  which  would  be 
exerted  if  they  were  placed  at  the  same  distance  .ipari  in  air. 

463*.  Parallel  Plate  Condenser  In  which  the  Dielectric  Is 
partly  Air  and  partly  another  Material.-  Suppose  that  we  have 
as  in  §  461,  two  infinite  parallel  Londuciiny  planes,  A  and 
B(Fii;.  448),  placed  at  a  distance  (/apart,  and  that  between 
:hem  is  placed  an  infinite  parallel-faced  slab,  CD,  of  a 
dielectric  nf  s[H:cific  ituluciive  capacity  A',  the  tliicVness  of 
the  slab  Ixjing  A  Let  the  plane  A  be  charged  to  a  surfuce 
density  o-,  and  let  its  potential  Ijc  l\y  tliat  of  the  plane  i: 
Ireing  kept  al  zero.  The  planes  being  infinite,  the  lubes 
of  force  will  have  everywhere  the  same  cross-section,  j,  for 
the  lines  of  force  will  all  be  paraltcl  and  at  right  angles  to 
llie  planes.  Thus  the  electiital  force  /\,,  Iwtween  A  and 
c  and  between  u  and  B,  where  the  dielectric  is  air,  will  be 
jjlven  by 

/\,  =  4»A=4w<r» 


B 


1 

d 
Fig.  448. 


while  ilie  force  Ft  within  llic  slab  of  tlie  dieJectric  will  be 
j-iven  by 

Now  suppose  that  the  unit  charge  is  carried  from  near  the  ])Iane  A  to 
near  the  plane  H  alon^  a  line  of  force.  The  distance  moved  ihrouj^'h  in 
air  will  be  </-/,  and  the  work  done  during  this  part  of  ihc  path  will  be 
((/-/)/'■„  or  47rcr<//-/).  The  distance  moved  through  in  the  dielectric  is 
/,  and  the  work  done  during  this  part  of  the  path  is  /*>./  or  ^ntrtlK. 
Thus  the  total  work  done  when  the  unit  char>,'e  is  carried  from  A  to  It  is 
4ir(r!(/-/+/'A'}.  But  this  is  equal  to  the  diflerence  of  potential  between 
the  planes,  hence 

Ki«4iriH*/-/+//An 

Suppose  now  that  the  slab  of  dielectric  were  removed,  the  sur- 
face density  of  the  charge  on  A  remaining  as  before.     The  work  which 
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would  have  to  be  done  to  carry  the  unit  from  A  to  B  would  now-  be  ] 
4x(r</,  that  is,  if  V^  is  the  new  potential  of  jI,  that  of  B  being  stitl  irm,  I 
wc  have — 

Thus  the  difference  of  potential  produced  by  a  given  charge  is  less  when  j 
the  slab  of  dielectric  is  introduced,  that  is,  of  course,  supposing  th«  i 
specific  inductive  capacity  A'  of  the  slab  ts  greater  than  that  of  air,  and 
hence  the  capacity  of  the  condenser  is  greater.  The  potential,  and 
therefore  also  the  capacity  of  the  condenser,  with  air  only  as  the 
dielectric  will  be  the  same  as  that  when  the  slab  is  in  place,  if  the 
distance  between  the  plates  is  reduced  to  </-^4-//A",  for  under  these 
circumstances  the  work  done  when  the  unit  charge  is  carrietl  from  A  to 
B  will  be  4«-cr(^-/+//A'),  that  is,  the  difference  of  potential  will  have  the 
same  value  as  when  the  distance  between  the  plates  was  ti^  but  the  slalt 
was  between  the  plates. 

464*.  Capacity  of  a  Sphere  when  at  a  great  Distance  from 
all  other  Conductors. — Suppose  that  wc  have  a  sphere  of  radius  /?, 
surrounded  by  a  dielectric  of  specific  inductive  capacity  A*,  and  placed 
at  a  grent  distance  from  all  other  conductors.  Now  we  have  seen  in 
§  456  that  the  force  exerted  by  a  uniformly  charged  sphere  at  all  external 
points  is  the  same  as  would  be  exe^tc^d  if  the  charge  were  concentrated 
at  the  centre.  Hence  the  force  exerted  on  the  unit  charge,  when  placed 
at  a  distance  d  from  the  centre,  is  QiKd\  Suppose  that  we  take  one  of 
the  lines  of  force  of  the  sphere,  that  is,  a 
"  straight  line  which  is  the  prolongation  of  a 
radius  of  the  sphere,  and  that  starting  frcnn 
a  [Mjint  Qi  (Fig.  449)  on  this  line  wc  carry  llie 
unit  charge  along  the  line  to  an  infinite  dis- 
tance from  the  sphere,  that  is,  to  a  point  where  the  potential  Is  lero. 
The  work  which  will  have  to  be  done  to  carry  the  unit  charge  from  Q|  to 
infinity  will  be  equal  to  the  potential  of  the  point  Q|. 

Suppose  that  the  path  is  divided  into  a  number  of  small  elements 
ViV»i  'W»»  ^^»  ^hc  distances  of  the  points  y„  Qj,  &c.,  from  the  centre 
of  the  sphere  being  //,  //,,  c/^,  &c.  Then  the  force  acting  on  the  unit 
charge  when  at  Qi  is  QA'ti\  while  the  force  acting  on  it  when  it  is  at 
Oi  is  QlKd^,  If  then  the  points  c^j  and  <Jj  are  ver)'  near  together  the 
force  at  Qj  and  Q|  will  be  very  nearly  the  same,  and  the  work  done  while 
the  unit  charge  is  carried  along  0|(,»,  will  be  very  nearly  equal  to  the 
product  of  the  force  at  either  of  these  points  into  the  distance  between 
the  points.  The  actual  amoimt  of  the  work  will  be  rather  less  than 
would  be  the  case  if  the  force  acting  was  all  along  equal  to  the  value 
it  has  at  \>i,  and  somewhat  greater  than  if  the  force  had  everywhere  the 
value  that  it  has  at  g^  Thus  we  shall  obtain  a  better  approximation 
to  the  truth  if  wc  assume  that  the  value  of  the  force  acting,  whUe  the 
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charge  is  moved  from  Q^  to  Q^,  has  a  value  intermediate  between  the 
values  it  has  at  Q|  and  Qj.  Such  an  intermediate  value  will  be  obtained 
by  taking  the  geometrical  mean,  Q.KtUiy,  of  the  forces  at  y,  and  Qj. 
Thus  the  work  done  while  carrying  the  charge  from  ijj  to  g.^  will  be 


or 


K\4   rt',  > 


lu  the  same  way,  the  work  \\\me^  while  carrying  the  unit  charge  from  Qg 
to  g,  will  l)e 

A"  \  </,     ,/.  \  ' 
and  so  on. 

Adding  together  the  work  done  over  all  the  elements  of  the  path  we 
shall  obuiri  the  whole  work,  that  is,  the  potential,  l\  of  the  point  Q,. 
Thus 


,.   G  (  »     I.I     I  ,  c 


-i\- 


Now  it  will  hr  ser^n  ihat  in  this  expression  the  distance  of  each  of  the 
points  V-;,  V3,  Ac,  occurs  twice,  once  positively  and  onre  negatively, 
so  that  when  we  add  together  all  the  terms  these  positive  and  negative 
values  will  cancel,  and  wc  ;ire  left  with  the  first  term  only,  for  (he  value 
of  the  last  tciin  I  w  is  zero.     Thus 

Hcni:c  the  potential  at  a  point  at  a  distance  r/  from  a  uniformly  charged 
spherf  is  numerically  pqual  to  the  charge  nn  the  sphere  divided  by  A' 
times  the  distance  of  the  point  from  the  centre  of  the  sphere.  If  the 
medium  surrounding  the  sphere  is  air,  the  potential  is  obtained  by  putting 

A'=i. 

If  the  point  i>j  is  taken  close  to  the  stiifare  of  the  sphere,  the  unrk 
which  has  to  be  done  to  carry  the  unit  charge  from  (j,  to  inhniiy  is  the 
measure  of  the  potential  of  the  sphere.  Thus  the  potential  of  a  sphere, 
when  at  a  great  distance  from  all  other  conductors  .ind  charged  with  Q 
units,  is  Qi'A^A'i  or,  il  the  medium  is  air,  is  $J/A\  Now  the  capacity  of  a 
conductor  is  the  ratio  of  the  charge  to  the  potential  to  which  the  con- 
ductor is  raised  by  that  charge.  Thus  the  capacity  of  the  sphere  is 
A'A\  or,  if  surrounded  by  air,  is  A\  that  is,  the  capacity  of  a  sphere  in 
air  is  numerically  equal  to  ihc  r.ulius. 

465*.  Capacity  of  a  Spherical  Condenser.— The  problem  of  cal- 
culating the  capacity  of  a  system  of  conductors  of  given  form  is  in 
general  very  difficult  to  solve  ;  the  case  however  of  a  condenser,  such  as 
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that  showa  in  Fig.  443,  wliere  the  two  coatings  arc  concentiic  spheres,  ' 
can  be  readily  obtained.  Let  R  be  the  radius  of  the  outside  sphere  which 
is  connected  to  earth,  and  r  the  radius  of  the  inside  sphere.  Let  the 
char^'e  on  ihc  inside  sphere  be  Q,  and  the  difference  of  potential  between 
the  two  spheres  be  V.  Then  Q  lines  of  force  leave  the  inside  sphere, 
and,  since  each  of  lliese  tubes  of  force  terminates  on  the  inner  surface  of 
the  outside  sphere,  there  must  be  a  charge  of  Q  units,  but  of  opposite 
si^n  to  the  charge  on  the  inside  sphere,  induced  on  the  outside  sphere 
If  tlic  charge  on  the  ouisidc  sphere  alone  were  present,  the  potential 
within  this  sphere  would  be  eveiywhere  constant,  and  equal  to  the  value 
il  has  at  the  surface  of  the  sphere,  for,  as  we  have  shown  in  §  449, 
the  poieniial  inside  a  charged  conductor  is  everywhere  equal  to  the 
potential  at  the  surface  of  the  conductor.     Hence,  owing  to  the  charge 

Q 


on  the  outside  spherei  the  potential  everywhere  inside  is 


// 


for  this  b  ' 


the  potential  to  which  a  charge  -  Q  will  raise  a  sphere  of  radius  A*,  the 
capacity  of  such  a  sphere  being  numerically  equal  to  the  radius.  If  the 
charge  on  the  inside  sphere  were  rilone  present,  the  potential  at  its 
surface  would  be  Qlr,  Since  the  potential  at  any  point  due  to  the 
simultaneous  action  of  two  charges  is  the  sum  of  the  potentials  which 
each  wouti!  pmdure  if  it  acted  alone,  the  potential,  \\  of  the  inside 
sphere,  when  the  outer  sphere  is  present,  is  given  by 


r=Q;r-!2/y?=G(i.-i). 


But  the  capacity,  C,  of  the  condenser  is  equal  to  Q\V,    Hence 

^     R-r 

If  the  dielectric  separating  the  two  spheres,  instead  of  being  air,  has  a 
specific  inductive  capacity  A',  the  capacity  will  be 

KrR 
R-'r 

I  f  the  thickness,  R-  r,o(  the  dielectric  is  small,  the  radii  R  and  r  will 

be  very   nearly  equal,  so  that,  if  //  is  the  thickness  of  the  dielectric, 

A' A'' 
C=--j— .     If  .S"  is  the  surface  of  the  inside  sphere,  we  have  5=»4r^,  or 

R'^S/^ir.      Hence  under  these  circumstances  the  capacity,  C,  can  be 

..,       -     SA'  ' 

wntten  C=-  -,. 

4Tif 

Although  this  formula  only  strictly  applies  to  the  case  of  a  spherical 
condenser,  yet  it  holds  approximately  in  ihc  rase  of  the  ordinar\'  fonn  of  I 
Leyden  jar,  in  which  the  outside  coating  docs  not  completely  surround  { 
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the  inside  coating,  and  it  is  sometimes  of  use  for  calculating  the  approxi- 
mate capacity  of  jars. 

7*he  expression  for  the  capacity  of  a  spherical  condenser  can  be 

77/     If  >n  this  expression  we  make  H  infinite, 


written  in  the  form  C- 


we  get  C—r^  which  corresponds  to  the  case  of  a  sphere  removed  from  all 
other  conductors.  Hence  this  case  may  be  regarded  as  a  condenser  in 
which  the  outer  coating  has  been  removed  to  an  infinite  distance.  This 
corresponds  to  what  was  said  in  §  444,  as  to  the  fact  that  the  lines 
of  force  which  leave  a  charged  body  must  terminate  on  some  body,  and 
that  where  they  terminate  will  be  found  a  charge  equal  in  magnitude, 
but  opposite  in  sign  to  the  diarge  on  the  electrified  body. 


CHAPTER   VI 

ELECTROMETEHS  AND  ELECTRICAL  MACHINES 

466.  The  Attracted  Disc  Electrometer.— Suppose  that  two  con- 
ductin>;  planes,  ak  ami  t  LD  ^t  iy-  45<->).  ^irc  platt-d  parallel  lo  one  another, 
and  at  a  distance  //  apart,  si>  small  cmnpared  to  their  size  that  the  dis- 
turbing efieci  of  ihf:ir  edges  produces  no  trffect  at  the  central  portions. 

so  tl)at  the  tleld  of  force  between 
the  plates  is  in  these  parts 
uniform.  Wc  require  to  find 
ihc  atlracilon  cxertcil  on  a 
portion,  E.  of  the  one  plane  of 
area  S,  when  the  two  planes 
are  charged  to  a  diflfercnce  of 
potential,  l\  the  dielectric  being  air.  Suppose  that  the  surface  density 
<»f  the  th.irge  on  AB  is  +  o-,  and  that  on  en  is  -  c,  then  tr  tubes  of  force 
will  terminate  cm  each  square  centimetre  of  the  plane  CD,  or  at  any  rale 
on  each  square  ccatimctre  of  the  central  portion,  E.  Hence,  since 
these  Iul>e5  arc  all  norma!  lu  the  surface  of  V^  and  each  exerts  a 
mechanical  force  /'"fz  (§  460),  the  total  attraction  exerted  on  E  by  the 
charged  jilate  All  is  A'^V/;. 

Now  the  cross-section  of  carh  tube  of  force  l?eing  i/<r,  the  electrical 
force,  /'',  acting  at  any  point  Ijetwecn  ihe  plates  is  4*Fa.  Hence  ihc 
attraction,/,  acting  on  K  is  given  by 

Since  the  electrical  force,  A*,  acting  on  the  unit  charge  anywhere 
between  the  plates  is  ^Tnr,  the  work  that  must  he  dune  to  carry  the  unit 
charge  from  one  plane  lo  the  oilier  is  4^-0'*^/,  and  therefore  l'=4irmi. 
Hence  a—  i'l^Trt/,  and  substituting  this  value  for  tr  in  the  expression  for 
the  attraction  exerted  on  t;  wc  gel 


&Wst^ 


or 


v^^ 


Hence  by  measuring  the  fnrrc  exerted  on  a  p^irtinn  of  area  S  of  it 
plate   rn,   uhrn    the    distance    tjotween   tlic   plates    is  //,  and  they   are 
charged  to  a  ditfcrence  of  potential  K,  we  can  calculate  the  value  of  this 
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difference  of  potential  This  then  gives  a  method  of  obtaining  the  value 
of  a  given  difference  of  potential  in  terms  of  the  units  of  mass,  time 
(involved  in  the  value  of  the  forced  and  length,  that  is,  of  determining  a 
difference  of  potential  in  absolute  units  (§  8). 

The  portion  of  the  plaie  ci>,  which  surrounds  the  part  E  on  which  the 
attractive  force  is  measured,  is  called  by  Lord  Kelvin,  to  whom  the 
arrangement  is  due,  the  guard  ring.  The  functions  of  the  guard  ring  arc 
simply  to  insure  that  the  cleclrical  field  at  the  part  of  the  plates  where 
the  attracted  part  E  is  placed  shall  be  uniform. 

In  the  instrument  depending  on  this  principle  invented  by  Lord 
Kelvin,  and  called  the  attracted  disc  electrometer,  or  the  absolute 
electrometer,  the  part  E  on  which  the  force  is  measured  consists  of  a 
metal  disc  supported  by  three  springs,  so  that  it  lies  concentrically 
within  a  circular  hole  in  the  guard  ring,  to  which  it  is  electrically 
connected.  The  springs  arc  so  arranged  (hat  when  the  attracted  disc 
is  attracted  with  a  certain  force  by  the  opposite  plate,  AM,  it  lies  exactly 
in  the  plane  of  the  guard  ring,  as  indicated  by  means  of  two  sights  which 
are  attached.  The  plate  An  can  be  moved  in  a  direction  parallel  to  its 
normal  by  means  of  a  micrometer  screw.  When  using  the  instrument 
the  guard  ring  and  attracted  disc 
arc  connected  with  earth,  so  that 
their  potential  is  zero,  and  the 
other  plate  is  connected  whh  the 
body  of  which  the  potential  is  to 
be  measured.  The  distance  l»e- 
tween  the  two  plates  is  then 
altered  till  the  disc  comes  into 
its  sighted  pnsition.  The  force 
necessary  to  bring  the  disc  into 
its  sighted  position  is  deter- 
mined once  for  all  by  placing 
weights  on  it,  and  hence,  know- 
ing this  quantity  (/  in  the 
fonnula),  and  also  knowing  the 
distance  between  the  plates  from 
the  reading  of  the  micrometer 
screw,  the  potential  can  be 
obtained. 

467.  The  Quadrant  Electro- 
meter.— The  absolute  electro- 
meter, although  it  permits  of  our 
measuring  a  given  potential  in 
absolute  measure,  is  not  very  sensitive,  and 
comparing  two  small  differences  of  potential,  or  for  detecting  the 
existence  of  a  small  difTcrence  of  potential.    Hence  another  form  of 
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Fig.  45a. 
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electrometer,  called  the  quadi;mt  clectromelcr^  has  been  invented  by 
Lord  Kelvin.  A  simple  form  of  this  instrument  is  shown  in  Klg.  451. 
A  light  dumb-bell  shaped  aluminium  needle  is  suspended  by  means  of  a 
fine  metallic  wire  from  the  inside  coaling  of  a  Leyden  jar,  the  outside  1 
coatin^^  of  which  is  connected  with  earth.  Immediately  below  the  needle 
four  quadrant-shaped  metal  plates  arc  supported  on  insulating  rod& 
The  alternate  plates,  A  and  B  (Fig.  452)  and  C  and  D,  are  connected 
together  by  wires.  The  twist  of  the  suspending  wire  is  so  adjusted  that 
when  all  four  tjuadrants  arc  connected  together,  and  are  therefore  at  the 
same  potential,  the  needle  hangs  symmetrically 
with  reference  to  the  two  pairs  of  quadrants,  as 
shown  in  the  figure.  If  now  the  two  pairs  of 
quadrants  are  disconnected,  and  while  one  set 
arc  put  to  earth,  the  other,  say  A  and  B,  are  con- 
nected with  a  Iwdy  which  has  a  positive  charge, 
then  the  positive  charge  on  these  two  quadrants 
will  act  on  the  positive  charge  of  the  needle,  and 
cause  it  to  turn  in  the  clockwise  direction  till  the 
couple  due  to  the  torsion  of  the  suspending  wire 
just  ba]ances  the  deflecting  couple  due  to  the 
action  of  the  charged  quadrants  on  the  needle. 
If  the  potential  to  which  the  needle  is  raised  is  very  great  compared 
to  the  difference  of  the  potentials  of  the  two  sets  of  quadrants,  the 
deflection  of  the  needle  is  proportional  to  the  difference  in  potential 
between  the  quadrants.  Hence  if  the  deflection  produced  by  a  known 
difference  in  poieniial  is  measured,  the  potential  corresponding  to  any 
other  deflection  can  be  calculated.  The  an^^lc  through  which  the  needle 
turns  is  generally  measured  by  means  of  the  motion  of  a  spot  of  light 
rcfiecied  from  a  small  mirror  attached  to  the  needle  in  the  manner 
explained  in  §  332. 

Since  the  capacity  of  the  quadrants  of  a  quadrant  electrometer  is 
fairly  small,  connecting  them  to  a  charged  condenser,  of  which  the 
capacity  is  generally  enormously  greater,  does  not  appreciably  alter  the 
potential  of  such  a  condenser.  If  tlie  capacity  of  the  quadrants  is  of 
the  same  order  as  that  of  the  body  whose  potential  15  being  measured,  a 
correction  on  account  of  tlie  quantity  of  electricity  taken  by  the  quadrants 
mubt  be  nuide. 

468.  Electrical  Machines.— We  have  hitherto  refrained  from  con- 
sidering the  methods  by  which  electrification,  in  greater  quantities  than 
can  be  obtained  by  simply  rubbing  a  body,  such  as  a  stick  of  sealing-wax, 
can  be  produced,  since  the  explanation  of  the  manner  in  which  the  more 
efficient  machines  act  involves  a  knowledge  of  the  laws  of  induction.  Tlw 
oldest  fonn  of  electrical  machine,  as  the  apparatus  for  the  production  of 
electrification  is  rallrd,  consisted  of  a  glass  disc  or  cylinder  against  which  a 
pad  covered  with  silk  was  pressed.    When  the  cylinder  or  disc  was  rotated, 
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the  friction  of  this  pad  ayalnst  the  glass  causeil  the  glass  to  become 
positively  electrified.  The  electrification  of  tlie  glass  was  collected  by 
■means  of  a  conductor  to  which  were  attached  a  number  of  points  arranged 
fso  as  just  to  ^aze  the  surface  of  the  glass.  On  account  of  the  induction 
of  the  electrified  glass  these  points  become  electrified,  and  since  the 
electrical  density  at  a  sharp  point  is  great,  the  negative  induced  charge  is 
able  to  escape  through  the  air  on  to  the  glass.  This  negative  electricity 
neutralises  the  positive  electrification  on  the  glass,  and  leaves  the  con- 
ductor to  which  the  points  are  attached  positively  electrified.  This  form 
of  machine  only  works  with  any  degree  of  regularity  when  the  surround- 
ing air  is  cjuite  dry,  and  nowadays  the  only  forms  of  machine  which 
are  employed  depend  on  the  induction  produced  in  a  conductor  by  an 
electrified  body. 

The  simplest  form  of  induction  electrical  machine  is  the  electrophorus. 
This  instrument  is  shown  in  Fig.  453,  and  consists  •fa  disc  of  resin  or 
ebonite,  AU,  and  a  metal. plate,  ci»,  which  is  attached  to  an  insulating 
handle,  K,  by  means  of  which  it  can  be  raised 
from  the  disc  and  carried  alx>ut.  The  disc  is 
electrified  by  friction,  and  the  plate  is  placed 
on  the  top.  Suppose  that  the  material  of  the 
disc  is  such  that  it  becomes  positively  electri- 
fied on  friction,  so  that  when  thus  electrified  we 
shall  have  a  number  of  tubes  of  force  stretch- 
ing from  the  disc  to  the  walls  of  the  room. 
On  account  of  ihe  fact  that  the  surface  of  the 

disc  is  never  quite  plane,  when  the  plate  is  placed  on  the  top,  contact 
will  only  take  place  at  a  very  few  pnints.  Thus  the  plate  does  not 
become  appreciably  electrifiecf  by  conduction  from  the  disc,  for,  as  it  is 
an  insulator,  the  electrification  from  those  parts  which  are  not  in 
immediate  contact  with  the  plate  are  not  able  to  travel  up  the  disc. 
Hence  those  tubes  of  force  which,  before  the  plate  was  placed  over  the 
disc,  stretched  from  the  upper  surface  of  the  disc  to  the  walls  of  the  room, 
now  terminate  on  the  lower  surface  of  the  plate,  white  fresh  tubes  start 
from  its  upper  surface  and  stretch  away  to  the  wails.  If  now  the  plate 
is  earthed,  that  .is,  is  put  in  conducting  communication  witli  the  walls,  the 
tubes  which  start  from  the  upper  surface  of  the  plate  will  be  able  to 
shorten  and  vanish  ;  that  is,  there  will  now  only  be  the  tubes  which, 
starting  from  the  upper  surface  of  the  disc,  tenninate  on  the  lower  surface 
of  the  plate.  If  now  the  plate  is  lifted  up  from  the  disc  by  its  insulating 
handle,  the  distribution  of  the  tubes  of  force  will  alter.  Some  of  the  tubes 
will  still  stretch  from  the  disc  to  the  plate,  but  as  the  plate  gets  further  and 
further  from  the  disc  the  number  of  these  lubes  gels  less  and  less.  The 
other  tubes  are,  on  account  of  the  repulsion  they  exert  on  one  another, 
driven  out  sideways  till  they  meet  the  walls,  their  positive  ends  still  remain- 
ing on  the  disc  and  their  negative  ends  still  remaining  on  the  plate.   ^Vhen 
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a  tube  meets  ihe  wall  it  will  break  in  two,  and  wc  shall  have  two  separate 
tuljcs,  one  starting  from  the  disc  and  ending  on  the  wall,  and  the  other 
starting  from  the  wall  and  ending  on  the  plate.     The  tubes  which  still 
stretch  from  the  disc  to  the  plate  correspond  to  that   fraction  of  the  | 
charge  of  the  plate  which  is  still  "bound"  by  the  charge  on  the  disc,] 
while  the  tubes  which  stretch  from  the  plate  to  the  walls  correspond  to 
the  "free"  charge  of  the  plate.     When  the  pl.ite  is  in  contact  with  the 
disc  and  has  l>een  put  to  earth  lis  potential  is  zero.     As  it  is  raised  up 
from  the  plate,  having  been  insulateil,  its  potential  will  gradually  increase ;  I 
that  is,  in  the  case  we  have  supposed,  since  the  charge  of  the  plate  is 
negative,  its  potential  will  fall  more  and  more  Ijelow  that  of  the  Cd.nh- 

Ifj  after  having  been  removed  to  a  distance  from  the  disc,  the  plate  is 
put  to  earth,  the  tubes  which  start  on  the  walls  and  terminate  on  the 
plate  will  be  able  to  shorten  and  vanish,  and  the  plate  will  be  discharged. 
Now  in  the  series  otf  operations  we  have  perfomied  the  charge  on  the 
disc  has  not  been  affected,  and  hence  the  plate  may  be  replaced  and  the 
whole  cycle  of  operations  gone  through  again,  and  so  on,  so  that  the 
plate  may  be  charged  any  number  of  times  without  recharging  the  disc    | 

It  may  at  first  sight  seem  as  if  in  this  way  wc  were  able  to  produce 
an  indctlnite  amount  of  electricity  without  doing  any  work,  and  since  we 
have  seen  thai  a  charged  conductor  possesses  energy  in  virtue  of  its 
charge,  this  would  be  contrary'  to  the  doctrine  of  the  conservation  of 
energy.  Il  must,  however,  be  remembered  that  when  the  plate  is  in  con- 
tact  with  the  disc  its  potential  is  zero  after  it  has  been  put  in  communica- 
tion with  the  earth,  and  it  does  not  then  possess  any  available  charge.  \ 
It  is  only  after  the  plate  has  been  removed  from  the  vicinity  of  the  induc- 
ing charge  that  it  possesses  any  "free"  charge.     Now  in  order  to  move 

the  plate  away  from  the  disc,  work  has  to 
be  done  against  electrical  attraction  between 
the  inducing  and  the  induced  charges,  or,  in 
other  words,  work  has  to  be  done  to  stretch 
out  the  tubes  of  force,  and  it  is  this  work 
which  is  the  equivalent  of  the  energy  of  tlie 
electrical  charge  on  the  plate.  \\*e  arc 
therefore  here  directly  converting  the  me- 
chanical work  done  by  our  muscles  when 
we  raise  the  plate  into  electrical  energy. 

In  the  electrophorus  a  number  of  sepa- 
rate operations  have  to  be  gone  through  each 
lime  the  plate  is  charged,  and  it  naturally 
iH  curs  to  one  to  try  and  invent  an  arrange- 
ment by  means  of  which  these  opcraiiona 
are  performed  automatically.  The  simplest  of  these  is  that  due  to  Lord 
Kelvin,  which  is  known  as  Thomson's  .Mouse  Mill,  Il  consists  of  two 
metal  plates,  a  and  B  (fig*  454))  bent  so   as   to   form  portions  of  a 
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cylindnral  surface,  these  plates  being  carried  on  insulating  supports. 
Two  small  metallic  brushes,  V  and  G,  are  attached  to  the  inside  of  A 
and  H.  Two  otlicr  metallic  plates,  C  and  r>,  are  carried  by  an  insulating 
arm,  E,  u-hirh  is  pivoted  so  that  it  can  tuni  about  an  axis  perpendicular 
to  the  plane  of  the  figure.  Lastly,  there  are  two  other  metal  brushes, 
K  and  K,  which  are  in  metallic  connection  with  one  another  by  the  wire  U 
The  brushes  are  so  arranged  that  as  E  rotates,  the  plates  c  and  D  make 
contact  with  tliem. 

Suppose  that  by  means  of  an  electrified  rod  the  plate  A  is  given  an 
initial  small  positive  charge,  while  the  plate  \\  is  given  a  small  negative 
charge,  and  that  the  movable  arm  is  in  the  position  shown  in  the  figure. 
Owing  to  the  inductive  action  of  the  charged  iKxlies  A  and  B,  the  plates 
C  and  D  become  electrified,  one  positively  and  the  other  negatively,  for 
they  form  a  single  conductor  on  account  of  the  connecting  wire  L.  Thus 
we  have  lubes  of  force  starting  from  D  and  ending  on  B.  If  the  arm  E 
is  now  rotated  in  the  direction  of  the  arrows,  the  first  thing  that  happens 
is  that,  as  t*  and  C  move  round,  ihe  connection  between  Ihcm  through  the 
brushes  11  and  K  and  the  wire  L  is  broken,  while  the  tubes  of  force  are 
drawn  out.  The  drawn-out  tubes  offeree  will,  on  account  of  iheJr  mutual 
repulsion,  spread  out,  and  so  most  of  them  will  come  in  contact  with  the 
metal  plate  A,  Kach  tiihe,  when  it  touches  A,  will  divide  into  two  parts, 
one  part  stretching  from  D  to  A,  and  the  other  from  A  to  ii.  or  even  by 
further  sulxlivision  from  a  to  the  walls.  As  on  this  account  as  many  new 
tubes  will  enter  a  as  leave  it,  the  charge  on  a  will  be  unaltered.  When 
11  touches  the  brush  F  it  becomes  virtually  a  part  of  the  conductor  A,  and 
thus  the  tuljcs  which  stretch  from  D  to  A  contract  to  nothing  ;  that  is, 
the  tubes  which  terminated  on  A  vanish,  and  so  on  account  of  the  new 
positive  tubes,  which  were  added  to  a  when  the  tulles  stretching  from  D 
to  B  split  up,  the  charge  on  A  is  increased.  In  the  same  way  the  negative 
charge  on  C  is  transferred  to  K.  As  the  rotation  is  continued,  the  plate 
i»  comes  into  the  position  in  which  the  plate  c  is  shown  in  the  figure, 
and  the  whole  process  is  repeated.  Thus  by  the  continuous  rotation  of 
the  ami  E  carrying  the  two  plates  the  charges  on  the  conductors  A  and  H 
are  increased,  the  one  being  charged  positively  and  the  other  negatively. 

Although  we  have  supposed  an  initial  charge  to  be  given  to  A  and 
B,  the  infinitesimal  charge  which  is  induced  by  the  friction  of  the 
movable  plates  on  the  brushes  is  generally  sufficient  to  start  the  machine, 
this  small  charge  being  then  increased  in  the  manner  described.  If  the 
movable  arm  is  rotated  in  the  opposite  direction  the  charges  on  a  and  B 
are  decreased,  so  that  the  arrangement  is  used  in  some  instruments  for 
adjusting  the  charge  to  a  given  value,  for,  by  turning  the  mill  in  one 
direction  or  the  other,  the  charge  on  a  body  connected  to  a  or  B  can  be 
increased  or  decreased  at  will. 

The  Holtr  electrical  machine  consists  of  two  glass  discs,  A  and  B 
(Fig.  435),  one  of  which,  A,  is  tixedi  while  the  other,  B,  can  be  rotated  by 


Magfutistn  and  Electricity 


[5  4«8 


*ftT7TTTTrr 


means  of  a  handle.     Tlic  fixed  plate   is   pierced  by  two  apertures  or  i 
windows,  Ff"',  which  are  at  opposite  ends  ol   the  same  diameter.     On  \ 

(he  face  of  the  plate  A«  and  ' 
on  the  surface  turned  awa)r 
from  the  movable  plate,  two 
pieces  of  tinfoilf  cc',  are 
fixed.  Each  of  these  pieces 
of  foil  has  a  tonj^uc  which 
projects  through  the  window  ' 
in  ihe  plate  A.  Opposite 
these  pieces  of  tinfoil,  and 
on  the  opposite  side  of  the 
movable  plate  K.  arc  placed 
two  metal  combs,  PD',  which 
are  supported  on  insulating 
stands.  The  machine  ts 
started  by  charging  one  of 
the  pieces  of  foil,  say  c,  with 
positive  electricity,  and  ro- 
tating the  glass  plate  in  the 
direction  of  the  arrows.  The 
electricity  on  c  acts  induc- 
tively on  the  comb  D,  and  as 
a  consequence  a  negative 
change  becomes  spread  over 
the  surface  oftheglass  as  it  is 
rotated.  When  this  negative 
eleciriticaiion  reaches  K*,  it 
acts  inductively  on  the  tongue  attached  to  the  piece  of  tinfoil  c',  and 
attracts  an  equal  quantity  of  positive  electricity  to  the  face  of  the  movable 
plate  next  to  a.  Since  the  thickness  of  the  plate  B  is  small,  the  positive 
charge  derived  from  c'  and  the  negative  charge  derived  from  D,  ailhou|;h 
they  are  on  opposite  sides  of  the  plaie,  are  so  near  that  they  practically 
neutralise  each  other^s  cflTects  on  any  external  point.  Owing  to  the  in- 
duction and  to  the  loss  of  positive  electricity  from  the  tongue,  the  tinfoil 
C*  becomes  negatively  electrified,  and  this  acting  inductively,  the  comb  i/ 
produces  on  the  rotating  glass  plate  a  positive  charge  over  the  upper 
portion,  which  in  its  turn  acts  inductively  on  the  tongue  of  C,  and  draws 
oflTa  negative  charge  which  neutralises  the  action  of  its  own  charge  and 
increases  the  positive  charge  of  C.  Thus  as  the  plate  rotates  the  charges 
on  c  and  C'  are  increased,  and  these  charges  acting  on  the  combs  charge 
ihem,  one  positively  and  the  other  negatively,  so  that  a  body  connected 
to  one  or  the  other  may  l)e  charged  either  positively  or  negatively,  or  a 
spark  may  be  produced  between  the  two  knobs  attached  to  the  combs. 
In  order  to  increase  the  quantity  of  electricity  which  passes  at  each 
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spark,  the  inside  coating^s  of  two  small  Lcyden  jars  are  connected  to  the 
combs,  the  outside  coatings  being  connected  together.  The  result  la 
th;it  these  jars  become  charged,  one  positively  and  the  other  negatively, 
and  when  a  spark  passes  between  the  knobs  not  only  the  combs  but 
also  the  jars  connected  v/ith  them  are  discharged,  and  since  the  capacity 
of  the  jars  is  much  greater  than  that  of  the  combs,  the  quantity  of  elec- 
tricity that  passes,  and  hence  also  the  brightness  of  the  spark,  is  in  this 
way  much  increased.  It  must  be  noticed  that  the  addition  of  the  jars 
docs  not  produce  any  eiTect  either  on  the  quantity  of  electricity  produced 
by  the  machine  for  any  speed  of  rotation,  or  on  the  maximum  difference 
of  potential  between  the  two  combs  which  the  machine  can  produce  ;  the 
only  effect  is  to  store  the  electricity  up  till  the  potential  rises  to  the 
sparking  amount  and  to  then  let  it  discharge.  Thus  the  sparks  are 
less  frequent  than  they  would  be  without  the  jars,  but  when  they  do 
occur  they  arc  more  intense. 

If  the  combs  of  one  machine  are  connected  to  the  combs  of  a  similar 
machine,  and  the  first  machine  is  then  set  in  motion,  the  other  machine 
will  begin  to  turn,  but  in  the  opposite  direction  to  that  in  which  it  is 
turned  when  it  is  functioning  as  a  generator  of  electricity.  In  the  first 
machine  mechanical  work  is  done  in  turning  the  handle,  and  this  is 
converted  into  electrical  energy,  the  electrical  energy  being  transmitted 
to  the  second  machine,  where  it  is  in  part,  at  any  rate,  reconverted  into 
mechanical  energy. 

Another  form  of  machine  by  which  one  body  can  be  charged  to  a 
greater  potential  than  that  of  another  body,  although  the  electrification 
is  obtained  by  induction  from  this  latter,  is  the  so-called  waier-droppcr. 
This  consists  of  an  insulated  metallic  cylinder  B  (Tig.  456)»  down  the 
axis  of  which  water  falls  in  drops  from  an  uninsulated 
pipe,  A.  Below  this  cylinder  is  placed  a  second  metal 
cylinder,  C,  which  is  fitted  with  a  funnel  of  the  shape 
shown  in  the  figure.  Some  of  the  tul>es  of  inrre.  which 
leave  the  charged  cylinder  B  will  terminate  on  the 
supply  pipe,  and  of  these  a  few  will  terminate  on  a 
drop  of  water  just  as  it  is  leaving  the  pipe.  As  the 
drop  falls  it  will  carry  one  end  of  the  tube  down  with 
it  into  the  c>'linder  C,  thus  increasing  the  number  of 
tubes  which  terminate  on  C  ;  that  is,  increasing  its 
negative  charge.  WTicn  the  drop  strikes  C  it  forms 
part  of  this  conductor,  and  the  end  of  the  tubes  brought 
down  by  the  drop  will  immediately  travel  over  the 
surface  of  c  to  the  outside,  for  C  is  very  nearly  a  closed 
conductor.  Thus  when  the  drop  leaves  the  funnel  in 
C  no  tubes  of  force  terminate  on  it ;  that  is,  it  is 
uncharged.  In  this  way  the  charge  of  C  is  continually  increased  till  the 
leakage  over  the  insulating  support  of  c  is  equal  to  the  rate  of  supply, 
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or  till  the  cylinder  is  so  strongly  electrified  that  the  falling  drops  arc  so 
strongly  repelled  that  they  no  longer  fall  into  the  funnel.  liy  having  two 
of  these  arrangements,  the  lower  cylinder  of  the  one  being  connected 
witli  the  upper  cylinder  of  the  other,  and  ince  vtrsa^  the  two  will  react 
one  on  the  other  so  that  the  original  charge  on  the  upper  cylinders  will 
be  increased,  and  hence  also  the  charge  produced  by  induction  on  each 
drop  of  water. 

The  encrg}'  necessary  to  produce  the  electrification  in  this  apparatus 
is  derived  from  the  energy  of  the  falling  water.  Owing  to  the  repulsion 
between  the  charged  cylinder  C  and  each  drop  which  carries  a  charge  of 
the  sanic  sign  as  that  on  the  cylinder,  the  resultant  force  acting  on  the 
drop  and  tending  to  move  it  downwards  is  less  than  the  weight  of  the 
drop.  Hence  the  velocity  acquired  by  the  drop  in  falling  is  less  than  il 
would  be  if  the  electrical  forces  were  absent,  so  that  tlic  kinetic  energy 
of  tlie  drop,  when  it  strikes  the  funnel,  is  less  than  it  otherwise  would  be, 
and  the  energy  of  the  charge  which  it  imparts  to  c  is  the  equivalent  of 
this  decrease  in  its  kinetic  energy.  If  we  suppose  that  the  charge  on 
each  drop  as  it  leaves  the  supply  pipe  is  the  same,  the  upward  force 
exerted  upon  it  by  the  charge  on  c  will  increase  as  the  charge  on  c 
increases,  so  that  the  loss  of  kinetic  energy  which  a  drop  experiences  will 
increase  as  the  charge  on  c  increases.  This  is  equivalent  to  an  increase 
in  the  electrical  energy  supplied  to  C  by  the  drop. 

As  the  charge  on  c  increases  its  potential  will  increase  in  the  same 
proportioiiv  and  hence  the  work  that  must  be  done  to  bring  a  given  charge 
from  a  place  where  the  potential  is  zero  to  the  neighbourhood  of  c  will 
increase  proportionally  to  the  increase  in  the  charge.  Now  the  potential 
of  the  cud  ijf  the  pipe  which  is  connected  with  earth  is  zero,  so  that  each 
drop  when  it  starts  to  fall  is  at  a  place  whore  the  potential  is  zero,  and  we 
thus  see  how  the  increase  in  the  loss  of  kinetic  energy  of  each  drop  as  the 
potential  oft*  increases  is  accounted  for.  This  example  is  of  interest  on 
account  of  the  very  clear  manner  in  which  the  advantage  of  ihe  method 
we  have  adopted  for  the  measure  of  a  difference  of  potential  is  brought 
out,  a  method  which  may  at  first  iippear  rather  artificial. 
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THE  ELECTRIC  CURRENT 

469.  The  Electric  Current.— If  wc  have  two  conductors  at  ditTerent 
potentials,  and  put  tliem  in  conducting  communication  by  means  of  a 
wire,  there  will  be  a  redistribution  of  the  electrical  charges  on  the  con- 
ductors, positive  electricity  l(*avlng  the  conductor  at  the  higher  potential 
and  increasinif  on  the  other.  We  have  also  seen  that  heat  is  developed 
in  the  wire,  by  means  of  which  the  conductors  are  put  into  communication, 
and  wc  shall  sec  that  during  the  time  that  electricity  is  passing  from  one 
conductor  to  the  other  this  conductor  is  the  seat  of  many  other  phenomena 
which  only  last  while  this  transference  of  electricity  is  going  on.  If  by 
any  means  we  were  able  lo  keep  up  the  difference  of  potential  between 
the  two  conductors,  although  they  arc  connected  by  the  wire,  then  this 
transference  of  electricity  would  continue,  and  the  wire  would  continue 
to  be  the  seat  of  a  developtnent  of  heati  &c.  Under  these  circumstances 
the  wire  is  said  lo  be  traversed  by  an  electric  current.  The  current  is 
assumed  to  tlow  in  the  direction  from  the  body  at  the  higher  potential, 
through  the  wire,  to  the  body  at  the  lower  potential.  The  word  current 
was  originally  used  when  electricity  was  regarded  as  a  fluid  which  flowed 
from  the  conductor  at  the  higher  potential  through  the  wire,  just  as  a 
fluid  flows  from  a  place  at  a  higher  level  through  a  pipe  lo  a  place  at  a 
lower  level.  As  far  as  we  are  ^ble  lo  tell,  however,  the  only  thing  that  does 
pass  is  cncrg)',  this  cncrg)-  being  in  the  form  we  call  electricity,  but  of  the 
nature  of  which  we  are  entirely  ignorant ;  and  so  far  from  the  energy  being 
transmitted  by  the  wire  through  which  the  current  is  flowing,  the  accepted 
belief  nowadays  is  that  the  energy  is  really  transmitted  by  the  insulating 
dielectric  which  surrounds  tlic  wire,  and  that  the  function  of  the  wire  is 
to  direct  the  flow  of  energy.  Keeping  this  warning  in  memory,  it  will  be 
permissible  to  speak  of  a  current  of  electricity  flowing  through  a  wire, 
and  to  refer  to  the  phenomena  in  the  space  surrounding  the  wire  as  due 
to  this  current,  although  we  no  longer  by  these  tenns  mean  to  imply  any 
supposition  as  to  electricity  being  of  the  nature  of  a  fluid,  or  as  to  the  wire 
being  the  path  along  which  the  energ>'  flows. 

The  magnitude  of  the  current  flowing  in  a  wire  can  be  measured  by  the 


682 


Magnetism  and  Electricity 


[§470 


quantity  of  electricity  which  passes  through  the  wire  in  unit  time.  Thus 
suppose  that  a  conductor  is  connected  to  earth  by  means  of  a  fine  wire,  and 
that  in  order  to  keep  it  at  a  constant  potential,  /',  higher  than  the  earth, 
we  must  supply  it  with  2  units  of  positive  electricity  per  second,  then  the 
wire  connectintf  the  conductor  with  earth  will  be  traversed  by  a  current 
in  ihc  direction  from  the  body  to  the  eanh,  and  the  magnitude  of  this 
current,  as  measured  in  the  units  we  have  adopted  above,  is  Q.  If  the 
quantity  Q  is  constant,  the  wire  is  said  to  be  traversed  by  a  constant 
current. 

470.  Electromotive  Force.— The  cause  of  the  electric  current  in 
the  wire  in  the  exanijjie  in  l!ie  above  seclion  is  the  fact  that  the  two  ends 
of  the  wire  are  at  different  potentials,  and  in  such  a  case,  where  the 
efiect  of  the  ditTcrence  of  potential  is  to  produce  an  electric  current,  that 
is,  to  move  positive  electrification  from  one  place  to  another,  it  is  generally 
spoken  of  as  an  electromotive  force.  Thus  what  we  have  hitherto  spoken 
of  as  the  difference  in  potential  between  two  bodies  will  often,  when  ive  are 
dealing  with  electro-kinematics,  be  called  an  electromotive  force  between 
the  two  bodies.  It  must,  however,  be  remembered  that  electromotive 
force  and  difference  of  potential  are  two  different  names  for  one  and  the 
same  thing,  and  the  restriction  of  the  one  term  more  or  less  rigorously  lo 
electro-statics  and  of  the  other  to  electro-kinematics  is  simply  a  matter 
of  usage. 

In  the  example  given  above  of  the  wire  connecting  a  body  which  was 
kept  at  a  potential  /'to  earth  (the  potential  of  the  earth  being  taken  lo 
be  zero),  the  electromotive  force  acting  on  the  wire  and  lo  which  the 
current  is  due,  is  \\ 

The  electromotive  force  \\\  this  example  might  be  produced  by  con- 
necting the  body  with  one  of  the  terminals  of  an  electrical  machine,  such 
as  are  described  in  §  468,  and  under  these  circumstances  the  eJeclricaJ 
machine  can  be  regarded  as  a  source  of  electromotive  force.  The  detailed 
study  of  the  other  sources  of  electromotive  frrcc  can  be  undertaken  with 
more  profit  at  a  later  stage,  so  that  for  the  present  it  will  be  sufficient  to 
suppose  that  what  is  called  an  electric  battery  or  voltaic  cell  is  employed. 
One  of  the  simplest  of  such  cells  is  that  due  to  Daniell,  and  consists  of  a 
plate  of  copper  immersed  in  a  solution  of  copper  sulphate,  and  a  plate  of 
zinc  immersed  in  a  solution  of  zinc  sulphate  or  in  dilute  sulphuric  acid, 
the  two  solutions  being  separated  from  one  another  by  a  partition  of 
porous  earthenware.  When  the  copper  plate  is  connected  with  the  zinc 
plate  by  means  of  a  conducting  wire,  this  wire  will  be  inivereed  by  a 
current.  If  the  copper  and  zinc  plates  arc  connected  with  the  opposite 
quadrants  of  a  quadrant  electrometer  the  needle  will  be  deflected,  showing 
that  the  copper  is  at  the  higher  potential. 

The  consideration  of  the  manner  in  which  the  electromotive  force 
in  this  cell  is  developed  is  entirely  postponed,  but  it  may  be  of  use  to  say 
that  the  energy  necessary  for  the  maintenance  of  the  electric  current  in 
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the  wire  connecting  the  copper  to  the  zinc  is  due  to  the  chemical  changes  , 
which  go  on  in  the  cell  when  a  current  is  passing, for  the  zinc  is  dissolved] 
forming  zinc  sulphate,  while  the  copper  sulphate  solution  is  decomposed, 
the  copper  being  deposited.  We  have  seen  in  §  328  that  in  every 
chemical  reaction  there  is  a  definite  quantity  of  heal  absorbed  or  evolved, 
and  in  this  case  more  heal  would  be  evolved  in  the  conversion  of  a  given 
quantity  of  linc  into  zinc  sulphate  than  is  absorbed  by  the  splitting  up  of 
the  quantity  of  copper  sulphate  solution  which  occurs  in  ihc  same  lime, 
and  It  is  from  this  surplus  energy  that  the  energy  necessary  for  the 
maintenance  of  the  electric  current  is  derived. 

471.  Oersted's  Experiment.— Hitherto  we  have  not  had  to  deal 
with  any  phenomenon  connecting  magnetism  and  electricity,  although 
some  nf  tlie  points  in  wliich  the  two  classes  of  phenomena  resemble  one  ] 
another  may  have  suggested  that  some  connection  must  exist.  The 
honour  of  being  the  first  to  discover  any  connection  between  electricity 
and  magnetism  belongs  to  Oersted,  who  found  that  a  conductor  in 
which  a  current  is  flowmg  exerts  an  action  on  a  neighbouring  magnetic 
needle.  If  a  wire  is  stretched  horizontally  in  the  magnetic  meridian, 
so  as  to  be  vertically  over  a  pivoted  magnetic  needle,  then  Oersted 
found  that  the  needle  is  deflected  if  a  current  is  passed  through  the  wire, 
and  tends  to  set  itself  at  right  angles  10  the  wire.  On  reversing  the 
direction  in  wliich  the  current  is  flowing  in  the  wire,  the  direction  in 
which  the  north  pole  of  the  needle  is  deflected  is  also  reversed.  The 
direction  of  the  deflection  is  also  reversed  if,  instead  of  being  placed 
over  the  needle,  the  wire  is  placed  t)elow  the  needle. 

A  number  of  rules  have  been  given  to  remember  the  direction  in 
which  the  needle  is  deflected  by  a  conductor  carr>'ing  a  current  in  a 
given  direction,  the  two  most  commonly  employed  being  the  following  : 

1.  Imagine  yourself  swimming  in  the  wire  in  the  direction  in  which 
the  current  is  flowing,  and  facing  the  magnetic  needle  ;  then  the  north 
pole  will  be  deflected  towards  your  lelt  hand,  the  south  pole  being  deflected 
in  the  opposite  direction  (-Ampere's  rule). 

2.  Place  your  right  hand  alongside  the  wire,  with  ihe  fingers  pointing 
in  the  direction  in  which  ihe  current  is  flowing,  and  the  thumb  stretched 
out,  so  that  the  palm  of  the  hand  is  turned  towards  the  magnet,  then  the 
north  pole  will  be  deflected  towards  the  direction  in  which  the  thumb  points. 

472.  Lines  of  Force  of  a  Conductor  conveying  a  Current.— If 

a  wire  through  wliich  a  fairly  strong  current  is  passed  is  held  in  a 
vertical  position,  so  that  it  passes  through  a  hole  in  a  horizontal  plate 
of  glass,  and  iron  filings  are  scattered  over  the  glass,  on  tapping  the 
glass  the  filings  will  set  themselves  in  curves  which,  as  in  the  case  of 
the  field  of  a  magnet,  indicate  the  direction  of  the  magnetic  lines  of  force. 
A  series  of  cur\es  obtained  in  this  way  are  shown  in  Fig.  457,  and  it 
will  be  seen  that  the  lines  of  force  consist  of  a  series  of  circies,  the  axis  of 
the  wire  being  at  the  centre  of  each. 


Fig.  457 
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The  direction  in  which  the  lines  of  force  run  can  Ijc  at  once  obtained 
from  either  of  ihe  rules  as  to  the  direction  in  which  a  nonh  pole  is 
deflected  in  Oersted's  experiment,  given  in 
the  last  section.  Suppose  that  the  current  in 
the  wire  of  Fig.  457  is  running  in  ihe  direc- 
tion from  l>eneath  the  p.iper  to  at>ove,  then, 
to  a  person  swimming  with  the  current,  a 
nortii  pole  will  be  deflected  to  the  left  hand  ; 
thus  the  lines  of  force  run  in  the  anticlockwise 
direction.  If  we  imagine  that  a  corkscrew  is 
placed  in  the  place  of  ihe  wire  conveying  the 
current,  with  its  point  in  the  direction  in 
which  the  current  is  flowing,  and  is  then 
turned  in  the  direction  in  which  it  is  turned 
a  cork,  it  will  travel  forward  in  the  direc- 
is  flowing,  and  the  direction  in  which  it  is 
turned  will  be  the  direction  in  which  the  lines  offeree  of  the  current  run. 
Thus  the  direction  of  the  electric  current,  and  the  sense  in  which  the 
lines  of  force  run,  are  related  to  one  another  in  the  same  way  as  are  the 
direction  of  motion  of  an  ordinary  right-handed  corkscrew,  or  other  kind 
of  screw,  and  the  sense  in  which  it  is  turned.  It  is  of  great  importance, 
for  following  the  forces  in  play  between  a  conductor  conveying  a  current 
and  a  ma^et,  or  another  conductor  which  is  also  conveying  a  current, 
to  learn  to  l>c  able  at  once  to  tell  in  which  direction  the  lines  of  force  in 
the  neighbourhood  of  ilie  conductors  are  running. 

If,  instead  of  being  straight,  the  conductor  is  bent  into  the  form  of 
a  circle,  the  lines  of  force  all  thread  through  the  space  enclosed  by 
ihc  conducting  hoop,  and  the  general  form  of  the  lines  is  shovk*n 
in  Fig.  4'')2. 

473.  Strensrth  of  the  Hagmetlc  Field  due  to  a  Current— Since 
the  space  in  the  neighbourhood  of  a  conductor  in  which  a  current  is 
flowing  is,  owing  to  the  current,  a  magnetic  6eld,  and  that  the  strength 
of  this  magnetic  field  can  be  measured  by  the  methods  given  in  the 
preceding  pages,  we  may  take  the  strength  of  the  ^eld  at  a  given 
disl.ince  from  the  conductor,  which  has  a  given  shape,  as  a  measure  of 
the  strength  of  the  current  flowing  in  the  wire.  A  system  of  electrical 
units  has  been  derived  in  this  way^  the  starting-point  being  the  strength 
of  the  magnetic  field  due  10  a  conductor  conveying  the  current.  The 
conductor  is  supposed  to  be  in  the  form  of  an  arc  of  a  circle  of  which  the 
radius  is  one  centimetre,  the  length  of  the  arc  being  also  one  centimetre- 
Then  unit  current  is  such  that  the  magnetic  field  produced  at  the  centre  of 
the  circle,  of  which  the  conductor  is  an  arc,  is  unity.  Hence,  since  the 
unit  magnetic  field  is  such  that  the  unit  north  pole  is  acted  upon  by  a 
force  of  a  dyne,  the  unit  current  may  be  deiined  in  this  system  as  such 
that  if  flowing  in  the  arc  of  a  circle  of  which  the  radius  is  one  centi- 
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metre,  the  length  of  the  arc  also  being  one  ceniimclre,  ihen  ibc  force 
exerted  on  a  unit  pole  placed  at  the  centre  of  the  circle  will  be 
a  dyne. 

We  thus  see  that  we  have  two  ways  of  defining  the  strength  of  an 
electric  current,  one  of  them  dependin^f  on  the  definition  of  the  strength 
of  an  electric  charge,  that  is,  on  the  force  exerted  on  one  another  by  two 
charged  bodies,  and  the  other  on  the  force  which  a  conductor  carrying 
a  current  exerts  on  a  magnetic  pole.  The  magnitude  of  this  latter 
depends  on  the  definition  of  the  unit  pole,  which  is  derived  from  the 
force  with  which  two  magnetic  poles  act  on  one  another.  The  first  of  these 
systems,  namely,  that  depending  on  the  force  exerted  between  charged 
bodies^  is  called  the  electro-static  system  of  electrical  units,  and  the  other 
is  called  the  electro-magnetic  system.  On  either  system  a  consistent 
series  of  electrical  and  magnetic  units  can  be  built  up,  and  in  a  later 
chapter  we  shall  return  to  the  relation  which  these  two  systems  bear 
to  one  another,  but  for  the  present  we  shall  make  use  of  the  electro- 
magnetic system,  not  only  on  account  of  its  greater  adaptability  to  the 
subjects  with  which  we  shall  be  dealing,  but  also  since  it  is  this  system 
that  is  exclusively  used  in  practice. 

The  unit  current,  defined  above,  is  found  to  be  too  large  for  practical 
purposes,  and  hence  the  unit  ordinarily  employed  is  a  tenth  of  the  above 
unit.  This  practical  unit  is  called  the  ampere^  while  the  theoretical  unit 
of  which  it  is  a  tenth  part,  and  which  belongs  to  the  centimetre-gram- 
second  system  of  absolute  units,  is  called  the  c.*^.s.  unit  of  current- 

474.  Units  of  Quantity  and  of  Electromotive  Force  on  the 

Electro-magrnetlc  System.  — In  the  electro-magnetic  system  of  units, 
the  unit  quantity  of  electricity  is  the  quantity  of  electricity  which  crosses 
a  given  section  of  a  wire  in  which  the  unit  current  is  flowing  during  a 
second.  If  the  current  is  one  ampere,  then  the  unit  quantity  as  defined 
above  is  the  practical  unit  of  quantity  and  is  called  the  couhmb.  Thus 
in  one  second  one  coulomb  of  electricity  is  transported  past  a  given 
point  by  a  current  of  one  ampere. 

The  electro-magnetic  unit  of  diflference  of  potential  or  of  electro- 
motive force  is  such  that  if  the  unit  electro-magnetic  quantity  of  elec- 
tricity falls  through  this  unit  of  potential,  the  work  done  is  one  erg. 
This  unit  being  very  small,  for  practic.1l  purposes  the  unit  adopted  is  lo* 
times  this  unit.  This  practical  unit  of  electromotive  force  is  called  a 
vott. 

The  electromotive  force  of  a  Daniell's  cell  is  about  1.1  volis.  In 
order  tn  save  writing  the  words  electromotive  force  at  length,  we  shall 
often  use  the  recognised  abbreviation  E.M.F, 

475.  Streng-th  of  the  Field  due  to  a  Straigfht  Conductor  in 
which  a  Current  is  Passing.  Suppose  that  ah  (Kig.  438)  is  a  wire 
through  which  a  current  is  passing,  and  that  PCn  is  the  line  of  force  of 
the  current  passing  through  a  point  r,  which  is  at  a  distance  r  from  the 
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wire.     Then  ihc  direction  of  the  magneiic  field  due  to  the  current  at  Uie 
point  P  is  tangential  to  the  line  offeree,  x>.  in  the  direction  of  the  arrow. 

The  strength  of  the  field  is 
obviously  proportional  to  the 
strength  of  the  current  in  the 
wire,  for  if  a  second  wire, 
carrying  an  equal  current, 
were  placed  alongside  AB  the 
field  at  P  due  to  this  current 
would  have  the  same  value  as 
the  field  at  this  point  due  to 
the  currfni  in  AB,  and  hence, 
when  the  two  wires  exist  simul- 
taneously, the  field  at  P  will  be 
twice  as  strong  as  it  is  when  only  one  of  the  wires  is  present  The  two 
wires,  each  carrying  a  current  C,  are  equivalent  to  a  single  wire  in 
which  the  current  is  2C,  so  that  doubling  the  current  has  Mso  doubled 
the  strength  of  the  field  at  P-  TTie  rate  at  which  the  strength  of  the  field 
varies  with  the  distance  r  from  the  wire  can  be  at  once  deduced  from 
the  cxpcrimcntEil  fact  that  if  a  magnet  be  suspended  so  that  its  two  poles 
lie  on  a  line  passing  through  the  wire  and  perpendicular  to  the  wire, 
then  the  magnet  experiences  no  force  lending  to  make  it  rotate  round 
the  wire.  Suppose  that  the  north  pole  of  the  magnet  is  at  P.  at  a 
distance  r  from  the  wire,  while  the  south  pole  is  at  <^,  at  a  distance  R, 
Let  the  streiijjih  of  the  field  at  P  be  //,  and  that  at  o  be  //',  then  the 
force  exerted  on  the  north  pole  P  is  /«//,  where  ///  is  the  strength  of  the 
pole.  The  moment  of  this  force  about  the  axis  of  the  wire,  tending  10 
rotate  the  magnet  in  the  anticlockwise  direction,  is  mHr,  In  the  same 
way,  the  moment  of  the  force  due  to  the  field  of  the  current  on  the  south 
pole  at  Q  is  mH'I\\  and  tends  to  rotate  the  magnet  in  the  clockwise 
direction.  Since  experiment  shows  that  the  magnet  experiences  no 
resultant  force  tending  to  make  it  rotate  as  a  whole  round  the  wire, 
these  two  moments  must  be  equal  and  opposite.     Hence 
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mHr^mH'R, 
NjH'^RIr. 


Hence  it  follows  that  the  strength  of  the  field  in  the  neighbourhood  of  a 
long  straight  conductor  conveying  a  current  varies  inversely  as  the 
distance  from  the  conductor. 

We  may  therefore  say  that  the  strength  of  the  field  in  the  neighbour- 
hood of  such  a  long  straight  wire,  in  which  a  current  C  is  flowing,  is 
directly  proportional  to  the  strength  of  the  current,  and  inversely  pro- 
portional to  the  distance  of  the  point  considered  from  the  wire,  or 

/f^KCjr, 
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where  A'  is  a  constant.  By  making  measurements  of  the  strength  of 
the  field  by  any  of  the  methods  previously  K*^'^"t  say  by  noting  the 

deflection  of  a  small  magnetic  needle  when  at  a  given  distance  from  the 
wire,  we  can  obtain  the  ratio  of  the  strength  of  ihc  field  due  to  the 
current  to  the  strength  of  the  earth's  field,  the  value  of  which  is  known, 
it  can  be  shown  thai,  if  C  is  measured  in  c.i^.s,  units,  the  value  of  the 
constant  K  is  2.  Hence  the  strength  of  the  field  at  a  distance  r  from 
the  wire  is  given  by  N  —  iClr^  if  Cis  measured  in  terms  of  the  c.g.s.  unit 
of  current,  and  is  equal  to  lAjior  ox  Aj^r^  where  A  is  the  value  of  the 
current  measured  in  amperes. 

Since  the  strength  of  the  magnetic  field,  at  a  distance  r  from  a  long 
straight  wire  in  which  a  current  of  C  t\i^.s.  units  is  flowing,  is  aC/r, 
and  the  circumference  of  a  circle  of  radius  r  is  2ir/-,  the  work  done  in 
cam-ing  a  unit  pole  round  the  wire  along  the  circle  of  radius  rwill  be 
7Trx  2Qr  or.4irC  Thus  the  work  done  in  carrying  a  pole  round  the 
conductor  is  independent  of  the  radius  of  the  circle  along  which  the 
pole  is  carried,  and  hence  the  work  done  will  be  the  same  whatever  the 
path  traversed  by  the  pole,  so  long  as  it  passes  conipletely  round  the 
wire  and  then  returns  to  its  starting-point  That  this  is  so  is  immedi- 
ately evident,  for  we  may  split  up  any  given  path  into  a  number  of  small 
elements  wliich  are  alternately  parallel  to  the  lines  of  force  and  at  rij^ht 
angles  to  the  lines  of  force,  and  the  work  done  along  the  sum  of  the 
portions  in  the  direction  of  the  lines  of  force  will,  by  what  has  been 
already  said,  be  equal  to  4'C,  wlitle  no  work  will  be  done  in  the  short 
paths  which  are  at  right  angles  to  the  lines  of  force, 
since  there  is  no  component  of  the  force  along  these 
paths. 

Although  there  is  no  couple  tending  to  make  a 
magnet  as  a  whole  revolve  round  an  infinitely  lung 
straight  conductor  in  which  a  current  is  flowing, 
owing  to  the  fact  that  the  force  acting  on  the  north 
pole  is  exactly  balanced  by  the  force  acting  on  the 
south  pole,  yet  by  using  a  conductor  of  finite  length 
we  may  eliminate  the  effect  of  the  current  on  one  pole, 
and  thus  allow  the  other  pole  to  be  moved  round  in 
the  direction  of  the  lines  of  force  of  the  current. 
One  arrangement  by  which  this  experiment  may  be 
carried  out  is  shown  in  Fig.  459.  A  vertical  axle,  An, 
is  pivoted  so  that  it  may  turn  freely,  and  to  this  is 
attached  a  magnet,  NS,  which  is  bent  in  the  manner 
shown  in  the  figure.  An  annular  mercury  cup,  C,  is  also  attached  to  the 
middle  of  the  axle,  tliis  mercury  cup  being  in  conducting  communication 
with  the  axle.  Thus  a  current  can  be  passed  down  the  axle  entering  at 
the  upper  pivot  and  leave  by  means  of  a  wire,  F,  which  dips  in  the  mercury. 
In  the  portion  AO  of  the  axle  there  will  thus  be  a  current  flowing,  and  the 
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north  pole  of  the  magnet  will  l>e  acted  upon  by  this  current.  Since,  how- 
ever, there  is  no  current  in  the  portion  GB  of  the  axle,  the  south  pole,  S, 
will  not  be  within  the  field  of  tlic  current.  Thus  the  magnet  as  a  whole 
will  be  acted  upon  by  a  turning  moment  tending^  to  make  it  rotate  about 
the  axle,  the  direction  of  motionj  if  we  look  from  above,  being  clockwise, 
for  the  lines  of  force  of  the  current  from  a  to  i;,  when  seen  from  abo%'c, 
run  in  ihe  clockwise  direction. 

If ;«  is  the  strength  of  (he  pole  of  the  maynet  and  the  current  flowing 
is  C,  the  work  done  by  the  current  on  the  magnet  during  each  complete 
rotation  is  \-nmC.  When  the  steady  state  has  been  reached,  that  is, 
when  the  magnet  is  rotating  with  uniform  velocity,  this  quantity  of  work 
is  exactly  equal  to  the  work  done  against  friction  in  moving  the  rotating 
parts  of  the  insirumcnt. 

476,  Field  due  to  a  Circular  Conductor.— In  the  previous  section 
we  have  dealt  with  the  magnetic  iield  of  a  long  straigiit  conductor  in 
which  a  current  is  flowing,  and  we  have  now  to  consider  the  field  due  to 
conductors  of  other  fonns. 

We  may  regard  the  field  at  any  point  as  due  to  the  combined  action 
of  all  the  small  elements  into  which  the  conducting  wire  may  be  supposed 
to  be  broken  up.  The  effect  of  a  small  element,  such  as  we  have  supposed 
the  wire  lo  be  split  up  into,  cannot  be  measured  experimentally,  since  it 
is  impossible  to  obtain  such  an  element,  for  the  current  must  be  con- 
ducted to  and  away  from  the  element,  and  the  magnetic  effect  of  these 
conductors  would  have  to  be  taken  into  account.  Ampere,  however, 
made  a  long  series  of  experiments  on  the  magnetic  field  of  conductors 
of  different  fonns,  and  he  deduced  from  his  results  what  would  be  the 
magnetic  field  of  a  small  element  of  a  wire  in  which  a  current  C  is  flow- 
ing. If  dj  is  the  length  of  the  element,  and  if  the  direction  of  the  length 
of  the  clement  makes  an  angle  B  with  the  line  joining  the  centre  of  the 
element  to  the  point  where  the  strength  of  the  field  is  to  be  measured, 
and  the  distance  of  this  point  from  the  centre  of  the  element  is  r,  then 
the  strength  of  the  field  is  C^j.sin  B-r^, 

Although  the  correctness  of  this  expression  cannot  be  directly  tested 
by  experiment,  yet  by  its  means  we  can  calculate  the  strength  of  the 
field  due  to  conductors  of  certain  fixed  forms,  and  then  if  the  calculated 
result  agrees  with  the  value  obtained  experimentally,  the  correctness  of 
Ampere's  law  will  be  made  more  and  more  probable  as  the  number  of 
experiments  made  is  increased. 

As  an  application  of  the  law,  we  may  employ  it  lo  obtain  the  strength 
of  the  field  near  a  wire  which  is  bent  in  the  form  of  a  circle  of  radius  A'. 
First  let  the  point  at  which  the  force  is  to  be  calculated  be  the  centre  of 
the  circle,  (hen  tlie  angle  between  the  clement  and  the  line  joining  the 
element  to  the  centre  of  the  circle  is  always  90*  ;  hence  sin  B  is  t  for  all 
the  elements.  The  distance  of  the  point  where  the  strength  of  the  field 
is  to  be  measured  from  the  elements  is  also  constant,  being  A*  the  radius 
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of  the  circle.  Hence  the  strength  of  the  field  due  to  each  clement  of 
length  hx  is  Chx\F^,  Further,  since  the  direction  of  the  lines  of  force 
due  to  each  element  are  at  right  angles  to  the  length  of  the  element,  the 
direction  of  the  lines  of  force  at  the  centre  of  the  circle  are  all  parallel  to 
the  axis  of  the  circle.  Thus  the  strength  of  the  field  due  to  the  combined 
effect  of  all  the  elements  is  obtained  by  simply  adding  the  strength  due 
to  each  of  them  separately.  The  factor  (7/ A'*  being  common  to  all  the 
elements,  we  have  simply  to  add  together  the  lengths  of  the  different 
elements  of  the  wire  and  then  multiply  ihe  sum  by  C/A*.  But  the  sum  of 
the  lengths  of  the  elements  is  the  circumference  of  the  circle,  that  is,  zttR, 
Hence  the  strength  of  the  field  at  the  centre  of  the  circle  is  2TrCj/^,  If, 
instead  of  being  a  complete  circle,  the  wire  only  occupies  an  arc  of  which 
the  length  is  equal  to  the  radius  A^  of  the  circle,  the  strength  of  the  field 
at  the  centre  is  CjR,  If,  further,  the  radius  of  the  circle  is  one  centimetre, 
the  length  of  the  wire  also  being  one  centimetre,  the  strength  of  the 
field  at  the  centre  is  C.  Hence  if  the  strength  of  the  field  at  the  centre 
is  unity,  the  current  in  the  wire  is  also  unity,  and  this  result  agrees  with 
our  definition  of  the  unit  current. 

If  instead  of  the  wire  only  forming  a  single  turn  there  are  //  turns,  all 
of  radius  A",  and  a  current  C  is  sent  through  them  all,  since  the  field  due 
to  all  the  turns  will  he  pai*allel,  and  the  strength  at  the  centre  due  to 
one  turn  is  2TrCjJ\\  the  strength  of  the  field  due  to  the  n  turns  will  be 
iirrtCih',  If,  instead  of  being  measured  in  t.^.s,  units,  the  current  is 
measured  in  amperes,  the  strength  of  the  field  produced  at  the  centre  by 
a  current  of  A  amperes,  when  flowing  in  a  circular  coil  of  radius  A'  and 
having  //  turns,  is  jt/zW,  5A'. 

To  obtain  the  strength  of  the  field  at  any  point  on  the  axis  of  the 
circle,  other  than  the  centre,  we  may  proceed  as  follows.  Let  A  and  R 
(Fig.  460)  represent  the  cross-section  of  the  circular  conductor  by  a  plane 
(that  of  the  paper)  passing  through  the 
centre  C  Let  the  distance  of  the  point  P 
from  the  plane  of  the  circle  be  */,  and  the 
angle  made  by  a  line  joining  P  to  any  point 
on  the  circumference  of  the  circle  with  the 
axis  be  6^.  Consider  an  element  of  the  wire 
of  length  Kr  at  A  ;  the  strength  of  the  fi^d 
due  to  this  element  at  !•  will  be  C&r/.^P-, 
since  the  line  ap  \%  at  right  angles  to  the 
element.  Also  A  P*  =  A*^ -t- r/'-',  so  that  the 
force  due  to  the  element  is  C(/r/(A'- +  */"•). 
Since  the  lines  of  force  of  the  element  are  circles  in  the  plane  of  the 
paper  with  A  as  centre,  the  direction  of  the  force  at  P  is  tangential  to 
the  circle  in  the  plane  passing  through  P  perpendicular  to  the  element 
describetl  about  A  as  centre  and  with  ap  as  radius,  that  is,  it  is  along  PD, 
where  pr>  is  at  right  angles  to  AP.     This  force  may  be  resolved  into  two 
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components,  one  along  the  a.\is  of  the  circle  and  ilie  other  along  the  line 
PF  at  light  angles  lo  the  axis.  Since  PD  is  at  right  angles  to  AP,  and  PC 
is  at  right  angles  to  CP,  the  angle  fpd  is  equal  to  $.     Hence  the  com- 

poxient  of  F  along  the  axis  is  --;; — ^  sin  ft  and  the  component  at  right 


angles  to  the  axis  is 


cos  B.     If  we  proceed  in  the  same  way  fori 


the  element  of  length  Ju-  at  n,  the  component  along  the  axis  will  also  be 
^     ^  sin  ^,  and  the  component  at  right  angles   to  the  axis  will   be 

f^ — ^cos  0,  but  in  llie  opposite  direction  lo  the  component  <luc  to  the 

element  at  A.  Thus  the  ctmiponcnts,  at  right  angles  to  the  axis,  of  the 
fields  due  to  these  two  elements  are  equal  and  opposite,  and  hence 
are  in  equilibrium  and  neutralise  each  other.  Since  the  whole  circle 
may  be  split  up  into  pairs  of  elements  which  bear  lo  one  another  the 
same  relation  as  do  the  elements  at  A  and  li,  the  components  at  right  angles  < 
lo  the  axis  will  on  the  whole  neutralise  one  another,  and  in  calculating 
the  strcnj;th  of  the  field  at  P  we  have  only  to  consider  the  components 
panillel  to  the  axis.  The  term  C  sin  ^/(A^  +  ^)is  common  to  all  the 
axial  components  of  all  the  elements,  and  ihe  sum  of  the  lengths  of  the 
elements  is  the  circumference  of  the  circle,  that  is,  2hA\  Hence  the 
strength  of  the  field  at  P  is  2 ;r AT  sin  9l(/^  +  f/^)f  or,  since  sin  ^=  AC/.vp» 
^/ ^/CA'  +  z/),  this  may  l^e  written  27rA^C7(/i^-  +  r/')?.  If  there  are  w  turns, 
the  strength  of  the  field  at  P  is  27rw/?*C/(^  +  ^/*)J. 

477.  Galvanometers. — The  deflection  of  a  magnetic  needle  from  its  ' 
position  of  equilibrium  in  a  magnetic  field,  either  that  of  the  earth  or  that 
due  to  the  combined  field  of  the  earth  and  a  magnet,  by  the  action  of  the 
field  due  to  a  wire  in  which  a  current  is  flowing  is  the  commonest  way  of 
detecting  and  of  measuring  a  current.  An  instrument  consisting  essenti- 
ally of  a  magnetic  needle  and  a  conducting  wire,  so  arranged  that  when 
a  current  flows  in  the  wire  the  needle  is  deflected  and  used  for  detecting 
or  measuring  an  electric  current,  is  called  a  ^galvanometer.  GalvanD- 
meters  may  be  divided  into  two  great  classes,  namely,  those  used  for 
simply  detecting  the  passage  of  a  current  or  of  cowpitring  the  magnitude 
of  two  currents  and  those  in  which,  from  the  magnitude  of  the  deflection, 
we  can  calculate  the  magnitude  of  the  current.  In  the  first  class  the  chief  | 
requisite  is  sensitiveness,  that  is,  that  a  vcr)'  small  current  should  produce  | 
a  measureable  deflection  of  the  needle  ;  while  in  the  second  class  sensi- 
tiveness has  lo  be  subordinate  to  the  requirement  that  wc  must  be  able 
to  calculate  from  the  dimensions  of  the  coil,  &c.,  the  value  of  the  field 
produced  at  the  centre  by  unit  current. 

As  we  have  seen  in  the  last  section,  the  strength  of  the  field  at  the 
centre  of  a  circular  coil  varies  inversely  as  the  radius  of  the  coil,  and 
hence  if  wc  wish  to  make  the  field  produced  by  a  given  current  as  great 
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as  possible,  we  must  make  the  radius  of  the  coi)  small  Further,  since 
the  strength  of  the  field  is  directly  proportional  to  the  number  of  turns, 
the  sensitiveness  will  obviously  increase  as  the  number  of  turns  increases. 
Suppose  that  the  plane  of  the  galvanometer  coil  is  made  to  coincide 
with  the  mn^^netic  meridian,  so  that  the  5cld  due  to  the  coil  is  at  right 
angles  to  the  magnetic  meridian,  then  the  direction  in  which  a  magnetic 
needle  suspended  at  the  centre  of  the  coil  will  set  itself  will  be  the  direc- 
tion of  the  resultant  of  the  field  of  the  coil  and  that  of  the  earth.  If, 
then,  by  means  of  an  auxiliary  magnet  the  strength  of  the  field,  in  which 
the  needle  hangs  when  no  current  is  passing,  is  decreased,  the  resultant 
of  this  field  and  that  due  to  the  current  in  the  coil  will  be  nearer  to  the 
direction  of  the  field  due  to  the  coil.  The  deflection  of  the  needle  will 
therefore  be  greater  for  a  given  strength  of  the  coil  field. 

The  sensitiveness  of  the  galvanometer  is  also  sometimes  increased  by 
employing  what  is  called  an  astatic  system  for  the  needle.     An  astatic 
system  consists  of  two  magnetic  needles  of  almost  the  same  magnetic 
moment,  fixed  to  a  stem  to  which  is  attached  the  fibre  by  which  they 
are  suspended  in  such  a  way  that  their  poles  arc  turned  in  opposite 
directions,    as    shown    in    Kig.   461.      If  the    magnetic 
moment  of  the  magnet  ns  is  w,  while  that  of  wV  is  ///+.i*, 
where -i"  is  a  small  quantity,  the  system  will  set  itself  in  the     5        |        ff, 
magnetic  meridian  with  the  pole  //'  towards  the  north,  for 
the  magnet  mV  is  the  stronger.    If  the  system  is  deflected 
through  an  angle  Bixon\  the  meridian,  the  couple  tending 
to  bring  the  needle  //Y  back  into  the  meridian  is  (§  425)   ft' — l-^S' 
('/t-\-.v)//  sin  9y  while   the  couple  tending  to   turn  the         fig.  461. 
magnet  rrs  out  of  the  meridian  is  w///  sin   9.     Hence 
the  resultant  couple  tending   to   bring  the   system   into  the  meridian 
is  4-// sin  0, 

By  making  the  quantity  x  small,  this  couple  can  be  made  as  small  as 
wc  like,  so  that  if  the  needles  are  of  almost  the  same  magnetic  moment, 
the  directive  couple  acting  on  the  astatic  system,  due  to  the  field  in 
which  the  system  is  suspended,  is  ver>'  small 

In  the  application  of  an  astatic  system  to  the  galvanometer,  the  coil 
of  wire  is  either  made  to  surround  one  needle  only,  or  two  coils  are 
employed,  one  round  each  needle,  but  the  current  is  sent  round  the  two 
coils  in  opposite  directions,  so  that  the  field  due  to  the  coils  in  each  case 
tends  to  deflect  the  needles  in  the  same  direction.  Thus  while  the 
deflecting  couple  due  to  the  field  of  the  galvanometer  coils  remains  the 
same,  the  directing  couple  which  tends  to  bring  the  needles  into  the 
meridian,  and  hence  opposes  the  deflection  of  the  needle,  is  reduced,  and 
the  deflection  produced  by  a  given  current  in  the  coils  of  the  galvano- 
^_  meter  is  increased. 

^B        In  sensitive  galvanometers  the  deflection  of  the  needle  is  read  by 
^H  means  of  a  light  mirror,  whicli   is   attached  to  the  needle  system,  a 
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iclescopc  and  scale  being  employed  as  described  in  §  332,  or  the  image 
of  a  slit,  which  is  illuminated  by  a  lamp,  is  thrown  on  a  divided  scale 
after  reflection  at  the  mirror.  The  image  is  eitlier  produced  by  using  a 
concave  mirror,  or  by  placing  a  lens  in  front  of  the  plane  mirror.  In 
l)olh  cases  the  angle  through  which  the  reflected  beam  is  deflected  is 
twice  as  great  as  ihc  angle  through  which  the  needle  is  turned. 

478.  The  Tang-ent  Galvanometer.— In  the  form  of  galvanometer 
described  in  the  last  section,  the  field  due  to  the  coils  at  the  place  where 
the  needles  arc  placed  is  very  irregular,  on  account  of  the  crowding 
togetlicr  of  the  turns  of  wire,  so  that  as  the  needle  turns  under  the 
influence  of  a  current  the  strength  of  the  field  due  to  the  current  changes, 


Fro.  46a. 


and  thus,  except  for  very  small  deflections,  the  deflection  of  the  needle  is 
not  proporiiona!  to  the  strength  of  iTie  current  in  the  coils.  In  designing 
a  galvanonieicr  in  which  the  law  connecting  the  deflection  and  the 
strength  of  the  current  in  the  coils  is  knovm,  it  is  neccssar)'  to  arrange 
that  the  field  due  to  the  current  at  the  point  where  the  needle  is  placed 
shall  be  as  uniform  as  possible. 

The  most  common  form  of  galvanometer  for  measuring  currents,  as 
distinct  from  detecting  them,  is  the  tangent  galvanometer,  so  called  from 
the  fact  that  the  currents  arc  proportional  to  ihc  tangents  of  the  angles 
through  which  the  needle  is  deflected.  The  roil  of  a  tangent  galv;ino* 
meter  is  made  of  large  radius,  and  the  turns  of  wire  arc  all  wound  in 


§478] 


TJu  Tangtnt  Gahanoftuter 


693 


a  small  groove  in  a  metal  or  wooden  ring,  the  groove  being  of  small  cross- 
section  compared  with  the  radius  of  the  ring.  In  Fig.  462  the  lines  of 
force  and  the  equipoteniial  surfaces  for  such  a  coil  arc  shown,  and  it  will 
be  noticed  that  the  field  is  very  nearly  uniform  near  the  centre,  so  that 
if  the  needle  is  small,  say  its  length  is  not  more  than  1/20  of  the  dia- 
meter of  the  coil,  the  pari  of  the  field  in  which  it  hangs  is  practically 
uniform,  and  for  any  given  current  is  of  the  same  strength  as  the  field 
at  the  centre  of  the  coil.  This  figure  also  illustrates  how  it  is  that  in  a 
galvanometer,  in  which  the  length  of  the  needle  is  almost  as  groat  -xs  the 
diameter  of  the  coil,  the  strength  of  the  field  changes  as  the  needle  is 
deflected. 

Suppose  that  the  roil  of  the  tangent  galvanometer  is  set  up  in  the 
magnetic  meridian,  and  that  the  value  of  the  earth's  field  at  the  centre 
of  the  coil,  where  the  needle  is  placed,  is  ^.  If  there  are  n  turns  in  the 
coil,  and  the  mean  radius  of  the  coil  is  r,  the  cross-section  of  the  coil 
being  so  small  that  the  radius  of  each  turn  differs  but  little  from  the 
mean,  the  strength  of  the  field  at  the  centre  of  the  coil  when  a  current  of 
C c.g.s,  units  is  passing  is  zxnCjr^  and  the  direction  of  the  field  is  at  riyht 
angles  to  the  magnetic  meridian. 

If,  under  the  influence  of  the  field  due  to  the  current  in  the  galvano- 
meter, the  needle  is  deflected  through  an  angle  ^from  the  meridian,  then, 
as  was  shown  in  §  425,  the  couple  tending  to  bring  the  needle  back  into 
the  meridian  will  be  m/f  sin  ^,  where  w/  is  the  magnetic  moment  of  the 
needle.  In  the  same  way,  the  couple  due  to  the  field  of  the  coil  is 
2TrH»tC  cos  O/r.  If  the  needle  is  at  rest  under  the  in- 
fluence of  these  two  couples,  they  must  be  equal,  hence 


or 


2irnMC  cos  6lr=m// s'm  (9, 

C-^tanfl. 
3ir« 


We  might  arrive  at  this  result  directly  without  using 
the  result  obtained  in  §  425,  in  the  following  manner.  Let 
NS  (Fig.  463)  be  the  direction  of  the  magnetic  meridian, 
and  hence  also  the  trace  of  the  plane  of  the  coil,  and 
let  the  position  of  the  needle  when  deflected  by  the 
current  be  jo//,  tnaking  an  angle  6  with  the  meridian. 
Then  the  force  exerted  on  the  pole  n  of  the  needle 
due   to  the  earth's   field   is   mN,  in  the  direction  ////  K»g.  463- 

parallel  to  SN.  The  turning  numicnt  of  this  force 
about  o  is  mH.ut,  But  L//  is  equal  to  0/i.sin  ^,  or,  if  2/  is  the  length 
of  the  needle,  to  /  sin  6.  Hence  the  moment  of  the  force  due  to  H  is 
/w//  sin  0.  In  the  same  way,  the  coil  has  a  field  of  strength  2TrnC!r  in 
the  direction  ///i  and  the  force  on  the  pole  «,  due  to  this  field,  is  2irM/tC/r. 
The  moment  of  this  force  about  o  is  l.o.  2TrmnC',r^  or,  since  1,0=/ cos  9^ 
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ihe  moment  is  i-rlmnC  c^^  ffjr, 
needle  is  in  equilibrium  is 

27rlmnCcos  Blr^lmff  sin  0^ 


Hence,  as  before,  the  condition  that  the 


or 


r^^l^unft 


It  will  l>c  seen  that  for  a  given  coil,  and  for  a  given  value  of  tlie 
earth's  field,  the  current  passing  in  the  coil  is  proportional  to  the  tangent 
of  the  angle  through  which  the  needle  is  deflected.     Since  the  value  of  ] 
the  carth^s  field  varies  not  only  from  place  to  place,  but  also  from  lime 


',      ;    1   ;  ;   > 

* 

b 


Fig.  464. 

to  time  at  the  same  place,  it  is  usual  to  divide  the  expression  for  the 
current  in  terms  of  the  dimensions,  &c.,  of  the  coil  into  two  parts.  The 
quantity  rjiirn^  which  only  depends  on  the  dimensions  of  the  coil  of  the 
galvanometer,  is  called  the  constant  of  the  instrument,  and  is  generally 
indicated  by  i/o,  so  that  the  expression  for  the  current  which  produces 
a  deflection  6",  is  C«///o  .tan  d.  The  strengths  of  two  currents  can  be 
compared  without  knowing  the  value  of  either  //  or  6",  for  if  0^  and  6^ 
are  the  deflections  produced  by  the  currents  C^  and  C'j,  we  have 

r,«//  tan  e^jG  and  C\^N  tan  O^G^ 
or  C,/Ci«ian  B^  tan  ^j^ 
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The  value  of  the  constant  G  of  the  galvanometer  can  either  be 
obtained  by  calculation  from  the  measurements  of  the  number  of  turns 
and  of  the  radit  made  when  the  coil  was  wound,  or  it  can  be  obtained 
experimentally  by  passing  a  current  of  which  we  know  the  absolute  value 
through  the  coils  and  noting  the  deflection  6.  Then,  if  the  value  of  the 
earth's  field  H  be  measured  in  the  manner  given  in  §  432,  the  value  of  G 
can  be  calculated  from  the  relation  G—N  ia.n  OjC, 

In  Helmholtz's  form  of  tangent  galvanometer  the  uniformity  of  the 
field  near  the  needle  is  yet  further  insured  by  having  two  coils  of  equal 
radii  placed  parallel  to  one  another  at  a  distance  apart  equal  to  the  radius 
of  either.  The  needle  is  suspended  half-way  between  the  two  coils  on 
their  common  axis.  The  form  of  the  lines  offeree  for  such  a  double  coil 
is  shown  in  Fig.  464,  and  by  comparing  this  figure  with  Fig.  462  the 
advantage,  as  far  as  the  uniformity  of  the  field  near  the  centre  is  concerned, 
.will  at  once  be  seen. 

479.  The  Sine  Galvanometer.— If  the  coil  of  a  tangent  galvano- 
meter is  mounted  so  that  it  can  be  rotated  about  a  vertical  axis,  and  the 
angle  through  which  it  is  rotated  can  be  read  off  on  a  horizontal  divided 
circle,  another  procedure  for  measuring  a  current  can  be  employed. 
The  coil  is  first  turned  till  it  lies  in  the  magnetic  meridian  and  the  circle 
is  read.  The  current  is  then  passed,  and  the  coil  rotated  about  the 
vertical  axis  till  the  needle  again  lies  in  the  plane  of  the  coil.  Using  the 
same  notation  as  before,  and  $  now  indicating  the  angle  through  which 
the  coil  has  been  turned,  the  turning  moment  acting  on  the  needle  due 
to  the  earth's  field  and  tending  to  bring  it  back  into  the  meridian  is 
triHi  sin  6  as  before.  The  moment  of  the  force  exerted  by  the  field  of 
the  coil,  which  now  acts  at  right  angles  to  the  needle,  is  27r«/«/C/r, 
Hence 

iirnmlClr =m Hi  s\n  6, 

^    Hr    ,    ^    H  .    ^ 
or  C=  —  sm  ^=^sm  B, 

Z-KTt  G 

Thus  the  current  is  proportional  to  the  sine  of  the  angle  through  which 
the  coil  is  turned. 

The  usual  way  of  performing  the  experiment  is  to  turn  the  coil  till 
the  needle  is  in  the  plane  of  the  coils,  when  the  current  is  passing  in  one 
direction,  and  take  the  reading  on  the  horizontal  circle.  The  current  is 
then  reversed  in  direction,  so  that  the  coil  has  to  be  turned  in  the 
opposite  direction.  The  difference  between  the  reading  of  the  circle 
when  the  needle  is  again  in  the  plane  of  the  coil  and  that  obtained  with 
the  current  in  the  opposite  direction  is  twice  the  angle  d. 


CHAPTER   VIII 


RESISTANCE 


480.  Ohm's  Law.— If  a  current  C  is  passing^  from  a  point  ^  in  a  uirc 
to  another  point  />'  there  must  be  an  electromotive  force  between  A  and 
B,  and  this  electromotive  force  is  measured  by  the  work  that  has  to  be 
tlone  against  electrical  forces  to  transport  the  unit  quantity  of  electricity 
from  W  to  y?.  The  connection  between  the  electromotive  force  £■,' 
between  any  two  points  on  the  wire  and  the  current  which  this  K.M.F. 
causes  in  the  wire,  was  first  given  by  Ohm  in  1827.  Ohm  found  by 
experiment  that  the  ratio  of  A'  to  C  was  constant,  so  long  as  the  physical 
state  (temperature,  &c.)  of  the  wire  between  A  and  B  was  the  same. 
This  constant  ratio  between  the  electromotive  force  and  the  current  is 
called  the  resistance  of  the  conductor.  Calling  this  quantity  /*,  Ohm's 
law  may  be  staled  symbolically  as  follows  : — 


or 


EIC^R, 
C^EIR. 


The  resistance  of  the  wire,  therefore,  does  not  depend  on  the  strcnjfth 
of  the  current  which  is  flowing  in  it.  It  does,  however,  depend  on  the 
shape  and  length  of  the  wire,  as  also  on  the  material  of  which  it  is 
composed  and  on  the  physical  state  of  the  material,  such  as  temperature, 
strain,  &c. 

Ohm's  law  is  entirely  an  empirical  law,  since  there  is  no  theoretical 
reason  why  it  should  hold.  The  truth  of  the  law  has,  however,  been 
subjected  to  most  careful  investigation,  and  it  has  been  found  that  in  the 
case  of  metals  and  electrolytes  the  law  is  true,  at  any  rate  to  within  one 
part  in  a  hundred  thousand.  In  the  case  of  the  passage  of  electricity 
through  gases  at  a  very  low  pressure  it  does  not,  however,  appear  to 
hold 

Since  the  resistance  of  a  conductor  is  defined  as  the  ratio  of  the 
electromotive  force  applied  at  its  ends  to  the  current  passing  through 
it,  it  follows  that  a  conductor  has  unit  resistance  when  unit  difference 
of  potential  produces  unit  current  in  it.  In  the  practical  system  the  unit 
of  resistance  is  called  the  <>///«,  and  is  such  that  the  difference  in  poten- 
tial, or  the  K.M.K.,  between  the  terminals  of  a  conductor  of  which  the 
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resistance  is  one  ohm  when  a  current  of  one  ampere  is  passed  through  it, 
is  one  volt. 

The  t'.^.J.  unit  of  resistance  is  defined  in  the  same  way  with  reference 
to  the  c.^^.  units  of  current  and  E.M.F.  Since  the  ampere  is  i/io  of  the 
c.^*s,  unit  of  current  and  the  volt  is  equal  to  10"  c.£:s.  units,  it  follows 
that  the  ohm  is  equal  to  10"  t:.^.s.  units. 

481.  Speciflc  "Resistance.— The  resistance  of  a  given  metallic  con- 
ductor (the  subject  of  the  resistance  of  fluids  is  for  the  present  post- 
poned) depends  not  only  on  the  material  of  which  the  conductor  is 
composed,  but  also  on  the  dimensions  of  the  conductor.  For  a  wire  of 
a  given  material  under  constant  conditions  of  temperature,  &c.,  the 
resistance  is  found  to  be  directly  proportional  to  the  length  and  inversely 
proportional  to  the  cross-section.  Hence,  if  /  is  the  length  and  s  the 
cross-section,  the  resistance  /i  b  given  by 

where  I'  is  a  constant  depending  on  the  nature  of  the  material  of  which 
the  wire  is  composed,  and  is  called  the  specific  resistance  of  the  material. 
If  both  /  and  s  are  equal  to  unity,  the  resistance  is  equal  to  A  Thus  we 
may  define  the  specific  resistance  of  a  material  as  the  resistance  of  a 
wire  of  the  material  of  which  the  length  is  one  centimetre  and  the  cross- 
section  is  one  square  centimetre,  or  as  the  resistance  between  the 
opposite  faces  of  a  cube  of  the  material  of  which  the  edge  is  one 
centimetre. 

If  the  wire  is  cylindrical  and  of  radius  r,  the  resistance  is  given  by 
/f^^Z/Trr",  since  the  cross-section  is  irr^. 

It  is  sometimes  useful  to  deal  with  the  reciprocal  of  the  resistance  of 
a  conductor,  and  this  quantity  is  called  its  conductivity.  Thus  if  *S'  is  the 
conductivity  of  a  wire.  Ohm's  laiv  is  expressed  by  C  =  ^IC.  In  the  same 
way  the  specific  conductivity  w  of  a  inaterial  is  the  reciprocal  of  the 
specific  resistance,  and  is  connected  with  the  conductivity  by  the  relation 
S=ms'Jy  the  conductivity  being  directly  proportional  to  the  cross-section 
and  inversely  proponional  to  the  length. 

In  the  following  table  the  specific  resistance  of  some  pure  metals 
is  given,  but  it  must  be  remembered  that  a  mere  trace  of  an  im- 
purity may  very  largely  influence  the  specific  resistance.  The  specific 
resistance  also  depends  to  a  considerable  extent  on  the  state  of  the 
material  as  to  hardness,  that  is,  as  to  whether  it  has  been  annealed 
or  not,  and  if  so,  under  what  conditions  the  annealing  has  been 
performed. 
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MeUL 

Resistance  in  Ohms  of  a  Har  z  cm. 

Long  and  of  i  cm.^  Cross-seclioo 

at  a  Teraperatim  of  o*  C 

Silver 

Copper       ... 
riatmum    . 

Iron 

Tin 

Zinc 

Lead 

Aluminium 

Carbon  (I'rom  Edison-Swan 
incandescent  lamp) 

1,56  X  10* 

si 

8.6 
9.6 

5.8 

•    19.0 
3.2 

4000 

462.  Effect  of  Temperature  on  the  Specific  Resistance  of 

Metals.— Ill  the  case  of  pure  metals  the  specific  resistance  always  in- 

25000  r 


-300 


-200'        *IOO*  O  +100* 

TEMPERATURE 
Fig.  465. 


•*- 200*0 


creases  with  mcrease  of  temperature-  The  change  nf  the  specific 
resistance  viih  temperature  of  some  metals,  as  determined  hy  Fleminjf 
and  Dewar,  is  shown  by  means  of  a  series  of  curves  in  Kig,  465.  The 
ran^^e  of  temperature  employed  was  from  about  -200*  C.  to  +200*  C 
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If  any  of  the  curves  are  produced  backwards  till  (hey  intersect  the  axis 
of  -V,  that  is,  till  they  reach  the  point  on  the  curve  corresponding  to  zero 
resistance,  the  curious  result  is  obtained  that  in  almost  all  cases  the 
temperature  corresponding  to  zero  resistance  is  -  273"  C.  Thus  at  the 
absolute  zero  of  temperature  the  resistance  of  all  pure  metals  would  be 
zero. 

On  account  of  the  fact  that  the  change  in  the  resistance  of  a  platinum 
wire  is  often  used  to  measure  the  temperature  to  which  it  is  subjected, 
the  change  in  resistance  of  this  metal  with  temperature  has  been  very 
carefully  studied.  As  a  result  it  has  been  found  that  if  A*;  is  the  resist* 
ancc  of  a  platinum  wire  at  the  temperature  /*  C.  on  the  air  thermometer, 
and  A'o  is  the  resistance  at  a  temperature  of  o*  C,  then  the  connection 
between  these  quantities  can  be  expressed  by  an  equation  of  the  fonn 

In  this  expression  a  and  b  are  constants  which  vary  slightly  from  one 
si)ccimcn  of  wire  to  another.  The  value  of  these  constants  is  determined 
by  measuring  the  resistance  of  the  wire  when  it  is  at  three  known  tem- 
peratures, say  in  melting  ice,  boiling  water,  and  boiling  sulphur. 

Over  comparatively  small  ranges  of  temperature  the  increase  of 
resistance  of  pure  metals  is  very  nearly  proportional  to  the  increase  in 
temperature.  Hence  if  y?o  is  the  resistance  at  a  standard  icmperalure, 
say  o"  C,  and  A*/  the  resistance  at  a  temperature  /,  then  we  may  express 
the  relation  between  Be  and  AV  by  an  expression  of  the  form 

/vV-AV(i+a/). 

The  coefficient  a  is  called  the  temperature  coefficient  of  the  material. 
For  all  pure  metals  the  temperature  cocflicient  has  almost  the  same 
value,  namely  0.00366.  Since  the  coefficient  of  expansion  of  a  perfect 
gas  is  aoo366,  it  is  seen  how  it  is  that  the  resistance  becomes  zero  at  the 
absolute  zero. 

483.  Specific  Resistance  of  Alloys*  — As  far  as  their  electrical 
properties  de[>end  on  those  of  their  constituent  metals,  alloys  may  be 
divided  into  two  classes.  Alloys  containing  lead,  tin,  zinc,  or  cadmium 
have  a  specific  resistance  which  can  be  calculated  from  that  of  the  con- 
stituent metals  if  we  know  the  proportions  in  which  the  constituent 
metals  are  present.  Thus  the  specific  resistance  of  an  alloy  containing 
equal  masses  of  lead  and  tin  will  be  the  mean  of  the  specific  resistance 
of  the  constituent  metals.  In  the  case  of  most  other  metals  the  specific 
resistance  of  the  alloy  is  much  higher  than  would  be  calculated  in  this 
manner.  Not  only  is  the  specific  resistance  of  such  an  alloy  greater 
than  that  of  the  constituents,  but  the  temperature  coefficient  is  less  than 
that  of  the  constituents.  This  is  an  important  property  of  alloys  from 
the  point  of  view  of  the  construction  of  standards  of  resistance,  for  the 
smaller  the  temperature  coefficient  of  the  material  used,  the  less  will 
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variations  in  the  temperature  of  the  standard  afleci  its  resistance.  It 
has  been  found  that  by  using  manganese  as  a  constituent  of  an  alloy,  it 
is  possible  to  prepare  a  material  of  which  the  temperature  cocfiicient 
at  ordinary  temperatures  is  either  zero  or  even  negative  ;  that  is,  the 
resistance  of  the  nialerial  decreases  with  rise  of  temperature. 

4«4,  Standards  of  Resistance.— Since,  as  we  shall  see  later,  the 
resistance  of  two  conductors  can  be  compared  with  a  very  high  degree 
of  accuracy,  whenever  possible  all  electrical  measurements  are  reduced 
to  the  measurement  of  a  resistance  ;  and  the  manufacture  of  material 
standards  of  wliich  the  resistance  is  known,  and  of  such  a  material  that 
the  resistance  does  not  alter  with  time,  is  of  considerable  importance. 
Where  great  accuracy  is  desired,  the  fonns  of  standard  shown  in  Kig.  466 


B 


a 


Fig.  466. 


C^) 


L  cal 

m 


are  used.  The  form  shown  at  (*?)  is  that  adopted  by  the  Committee  of 
the  British  Association,  and  consists  of  a  coil  of  insulated  wire  embedded 
in  paraffin  wax  and  protected  by  a  brass  case.  The  ends  of  the  wire  are 
attached  to  two  thick  copper  rods,  by  means  of  which  the  standard  can 
be  connected  with  any  piece  of  measuring  apparatus,  the  ends  of  these 
rods  being  amalgamated  and  dipping  into  small  mercur>'-cups.  The 
alloy  used  for  the  wire  is  composed  of  two  parts  of  silver  to  one  part/>f 
platinum.  The  constancy  of  this  alloy  seems  all  that  can  be  desired,  but 
it  has  the  disadvantage  of  a  somewhat  high  temperature  coefficient,  and 
is  very  expensive.  The  form  of  coil  shown  at  {h)  is  that  adopted  by  the 
German  National  Physical  I.aboraior\',  and  consists  of  a  wire  which  is 
coated  with  silk  and  shellac,  and  wound  on  the  outside  of  a  brass  cylinder, 
the  ends  of  the  wire  l>eing  connected  to  stout  copper  connecting-rods. 
The  wire  is  composed  of  an  alloy  of  copper,  nickel,  and  manganese, 
called  mang.inine,  which  has  a  very  small  temperature  coefficient.     This 
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Cact,  combined  with  the  fact  tliat  the  wire  not  being  buried  in  a  mass  of 
paraffin  can  easily  take  up  the  temperature  of  a  liquid  bath  in  which  the 
coil  is  placed,  renders  this  form  of  coil  less  liable  to  uncertainties  as  to 
the  true  temperature,  and  hence  the  resistance  of  the  wire,  than  is  the 
English  form. 

For  measurements  in  which  the  greatest  attainable  accuracy  is  not 
desired,  sets  of  coils  are  employed  which  are  so  arranged  that  by  remov- 
ing a  metal  plug  the  resistance  corresponding  to  any  coil  is  brought  into 
the  circuit 

485.  Resistance  of  Systems  of  Conductors.— If  any  number  of 
conductors  are  arranged  so  that  the  current  goes  through  them  all  one 
after  the  other  (under  these  circumstances  the  conductors  are  said  to  be 
arranged  in  series),  the  resistance  of  the  arrangement  is  equal  to  the  sum 
of  the  resistances  of  the  conductors  separately.  That  this  is  so  follows  at 
once  from  Ohm's  law,  for  the  potential  of  the  end  of  one  conductor  is  the 
potential  at  the  beginning  of  the  next,  and  if  ^„  E^  E^y  &c.,  are  the 
electromotive  forces  between  the  ends  of  the  conductors  when  a  current 
C  is  passed  through  them  all,  then  E^^R^C^  E^  =  R.^C,  E^^R^C,  &c, 
where  /i*i,  R^  R^  .  .  .  are  the  resistances  of  the  conductors.  But 
^,  +  ^2 +  -^3+  •  •  ■  =-£*»  the  difference  of  potential  between  the  two  ends 
of  the  compound  conductor.  Hence,  C  bcinj^j  common  to  all  the  con- 
ductors,/r/C=/?i  4- ^'2+^*3+  .  .  .  But  ^/C  is  the  resistance  of  the  com- 
bined conductors,  and  hence  the  resistance  is  the  sum  of  the  separate 
resistances  of  the  conductors. 

Next  let  us  consider  the  case  of  two  conductors  of  resistance  rj  and 
r^  which  are  joined  together  at  each  end.  Conductors  arranged  in  this 
way  are  said  to  be  joined  in  parallel,  or  in  multiple  arc.  Let  E  be  the 
E.M.F.  acting  between  the  two 
points  where  the  conductors  join, 
and  let  the  current  in  ABE  (Fig.  467) 
be  Ci  and  that  in  ade  be  c.^.  Then  ' 
from  Ohm's  law  we  have  C,  =  E/r, 
and  C2  =  E/r2.  The  total  current,  c, 
flowing  through  the  combined  wires 
isC=Ci  +  C2.  Substituting  the  values  forCi  andc^,  weget  C  =  E(i/rj  +  i//-^). 
Hence,  as  far  as  the  current  c  through  the  combination  is  concerned, 
the   two  wires  behave   as   if  they  were   replaced  by  a  wire  of  which 

the  resistance  was   —. -7—,  or  — *— -.      Since  the  reciprocal  of  the 

i/ri+i/rj'        rj  +  rj 

resistance  of  a  wire  is  the  conductivity,  this  expression  amounts  to  a  state- 
ment that  the  conductivity  of  two  wires,  when  they  are  arranged  in  parallel, 
is  equal  to  the  sum  of  their  conductivities  when  considered  separately. 

We  can  express  the  currents  in  the  two  branches  in  terms  of  the 
current  c  passing  through  the  two  wires,  and  the  resistances  of  the  two 
branches  for  c,  =  C  -  Cg  =  C  -  E/r^. 
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Hence,  substituting  for  £  in  terms  of  C  and  the  combined  resistance, 
we  get  n ,  \ 


or 


C^  = 


r,  +  r- 


In  the  same  way 


C-    Cr, 


If  there  arc  more  than  two  conductors  arran^^ed  in  parallel,  it  can  be 
shown  in  the  same  way  that  iho  conductivity  of  the  arrangement  is  the 
sum  of  the  conductivities  of  the  branches  separately. 

486.  Shunts. —If  we  know  the  resistance  of  each  of  two  conductors 
which  are  arninijed  in  parallel  and  measure  the  current,  C„  in  one  branch, 
we  ran  c.ilculaie  the  current,  C,  which  is  passing  through  the  two  branrhes. 
This  proposition  is  made  use  of  for  the  purpose  of  measuring  currents  which 
are  too  large  to  be  passed  through  the  coils  of  any  available  galvanometer. 
A  resistance  .S",  called  in  this  case  a  shunt,  is  connected  in  parallel  wiih 
the  coils  of  ihe  galvanometer,  of  which,  say,  the  resistance  is  ,^.  Then  if 
C  is  the  current  passing  through  the  shunt  and  gahnnometer,  //•.  the 
current  to  be  measured,  and  c  is  the  current  indicated  by  the  galvano- 
meter, we  have,  by  the  relation  found  in  the  last  section, 

Very  often  a  galvanometer  is  supplied  with  a  set  of  shunts  of  which 
the  resistances  are  ^'9,  ^'99,  &c.     Hence  ihe  current  in  the  galvano- 
meter is  i/io,  i/ioo,  Arc,  of  the 
current  to  be  measured. 

487.  Wheatstone's  Net- 
work of  Conductors. -.A  s>'s- 
tcm  of  conductors,  AK,  EC,  AD, 
DC,  arranged  as  in  Fig.  468,  the 
points  A  and  C  l>cing  connected 
with  the  poles  of  a  battcr>',  B, 
and  the  points  U  and  K  being 
connected  through  a  galvantv 
meter,  G,  is  called  a  Wheatstone's 
network  of  conductors.  If  the 
resistances  of  the  separate  con- 
ductors are  as  shown  on  the 
figure,  and  these  resistances  are 
so  adjusted  that  no  current 
passes  through  the  galvanometer,  then  the  following  illation  holds  ; — 
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Since  there  is  no  current  through  the  galvanometer,  the  potential  of 
the  points  E  and  D  must  be  the  same.  \t  c^  is  the  current  in  the 
branc;^  AEC,  and  c^  is  that  in  the  branch  ADC,  we  have  from  Ohm's  law 
that,  if  e^  is  the  E.M.F.  between  A  and  E,  and  so  on  for  the  other 
conductors, 

Since  the  two  conductors  ad  and  ae  are  in  contact  at  A,  the  potential  at 
this  point  must  be  the  same  for  both,  and  we  have  seen  that  when  no 
current  is  passing  through  the  galvanometer  the  points  E  and  D  are  at 
the  same  potential;  hence  the  difference  of  potential  between  A  and  E 
must  be  the  same  as  that  between  A  and  D  or  ^,— ^3.  In  the  same  way 
^j=r4.  Hence,  substituting  for  ^j,  e^  e^y  ^4,  in  terms  of  the  currents  and 
the  resistances,  we  get 

r^c^^r^c^  and  r^i==r^c^ 
Dividing  one  of  these  equations  by  the  other, 

or  r^r^^r^v 

This  may  be  written  ri  —  r.^,  ^,  which  shows  that  if  we  know  the  value  of 

the  resistance  rj,  and  also  the  ra^io  of  the  resistances  r^  and  r^,  we  can 
calculate  the  value  of  the  resistance  r,.  Thus  if  we  know  the  value  of  one 
resistance  and  the  ratio  of  two  others,  which,  when  arranged  together 
with  an  unknown  resistance  so  as  to  form  a  Wheatstone's  net,  give  no 
current  in  the  galvanometer,  we  can  immediately  calculate  the  value  of 
the  unknown  resistance. 

488.  Wheatstone's  Bridge.— An  arrangement  of  resistances  to 
facilitate  the  measurement  of  a  resistance  by  an  application  of  the  results 
obtained  in  the  last  section  is  called  a  Wheatstone's  bridge.  The  simplest 
foim  of  Wheatstone's  bridge  is  shown  in  Fig.  469,  and  is  called  the  slide- 
wire  bridge,  or  sometimes,  since  the  wire  is  often  made  a  metre  long,  the 
metre  bridge.  In  this  arrangement  the  resistances  r^  and  r,,  the  ratio  of 
whose  resistances  is  required,  are  formed  by  the  two  portions  of  a  uniform 
wire,  AC,  which  is  stretched  alongside  a  divided  scale.  The  galvanometer 
contact,  which  corresponds  to  the  point  D  in  Fig.  468,  is  formed  by  a 
sliding  contact,  D,  which  can  be  moved  to  different  parts  of  the  wire,  and 
thus  the  ratio  of  r^  to  r^  can  be  altered  at  will.  Since  the  wire  is  uniform, 
the  ratio  of  r,  to  r^  is  the  same  as  the  ratio  of  the  lengths  of  the  wire  on 
the  two  sides  of  the  sliding  contact  D.  The  ends  of  the  wire  are  soldered  to 
two  thick  copper  strips  F  and  H.  The  battery  used  to  supply  the  current 
is  connected  to  two  binding-screws,  B,  and  Bj,  on  these  strips.  The  other 
terminal  of  the  galvanometer  is  attached  to  another  copper  strip,  l.  The 
resistance  to  be  measured  is  connected  between  the  two  binding-screws. 
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P,  and  Pj,  or  the  terminals,  if  it  is  of  the  fonn  shown  in  Fig-.  466,  dip  into 
small  mercury-cups  <it  these  points.     The  standard  resistance,  t\  in  the 

formula  *\  =  *\,  ',  is  connected  with  the  binding-screws  Qj  and  i^  by 

thick  copper  strips  or  dips  into  mercury-cups  attached  10  I  and  H.  In 
performing'  an  experiment,  the  rcsistanrcs  r^  and  r^  being"  arranged  as 
described,  the  slider  D  is  moved  along  the  wire  till  the  galvanometer  Is 
undeflected  on  pressing  the  key,  by  means  of  which  the  slider  is  put  into 
conducting  communication  with  the  wire.  If  the  length  of  the  wire  on 
the  side  next  the  unknown  resistance  be  rt,  and  th.it  on  the  side  next  the 


TO  GALVANOMETER 


TO  BATTERY 


Fig.  469, 

standard  be  b^  and  the  resistance  of  this  latter  be  A\lhen  the  resistance! 
of  the  unknown  resistance  will  be  given  by 

r^Ra'b, 

Another  form  of  \Vheatstone's  bridge,  known  as  the  Box  or  Post- 
Office  form  of  bridge,  has  no  stretched  wire.  In  this  form  the  ratio  of 
the  resistances /-^  and  p\  is  not  capable  of  being  given  any  value  we  please, 
but  the  bridge  is  supplied  with  a  number  of  coils  by  means  of  which 
certain  fixed  ratios  can  be  obtained,  the  usual  ratios  being  i:i,  1:10^ 
1: 100,  tiiooo^  tooori,  100:1,  10:1.  In  addition  to  these  ratio  coils, 
there  are  a  set  of  coils  by  means  of  which  the  resistance  in  the  ami  EC 
can  be  made  any  whole  number  of  ohms  between  I  and  10,000.  If  the 
ratio  of  tho  proportional  arms  is  t:i,  then  the  resistance  unplugged  in 
the  third  arm  will  be  equal  to  the  resistance  being  measured.     If  the 
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ratio  of  the  proportional  arms  is  1 :  10,  then  the  resistance  heing  measured 
is  ten  limes  the  resistance  unplugged  in  the  third  arm  ;  while  if  the  ratio 
is  10  :r,  ihen  the  resistance  is  one-tenth,  and  so  on. 

489.  The  Platinum  Thermometep. — For  measuring  temperatures 
much  above  300'  the  mercury  thermometer  is  quite  unsuited,  and  although 
the  air  thermometer  can  be  employed,  yet  its  use  is  accompanied  by  so 
many  experimental  dit>icuhies  as  to  render  it  only  suited  for  standardising 
other  more  handy  forms  of  thermometer.  The  fact  that  the  resistance 
of  a  rondtictor  can  with  comparative  ease  be  measured  wlih  a  vcr>'  high 
degree  of  accuracy,  renders  a  thcnnomcter  whii  ii  depends  on  the  change 
of  resistance  of  a  metal  wire  with  temperature  |>ar- 
ticularly  liandy  and  accurate  ;  the  only  requisite 
l3eing  to  find  a  material  which  the  resistance  at 
any  given  temperature  does  not  change  with  time. 
Further,  if  the  temperature  coefficient  is  fairly  large, 
and  the  material  wiU  stand  a  high  temperature  without 
change,  so  much  the  better.  Callendar  and  Griffiths 
have  found  that,  if  suitable  precautions  are  taken  as 
to  the  material  on  which  the  wire  is  wound,  and  it  is 
properly  protected  from  the  action  of  certain  gases, 
platinum  fulfils  these  conditions  thoroughly  well. 

The  fonn  of  platinum  thermometer  which  they 
have  devised  is  shown  in  Fig.  470.  It  consists  of  a 
wire  of  pure  platinum  wound  on  a  thin  mica  frame 
and  enclosed  in  a  glass,  or,  if  it  is  required  for 
measuring  high  temperatures,  in  a  porcelain  tube. 
The  ends  of  the  wire  are  connected  to  two  thick 
platinum  leads,  P|,  P^,  by  welding  the  platinum 
together.  Flexible  copper  wires  are  used  to  connect 
the  platinum  leads  to  a  Wheatstone's  bridge,  by 
means  of  which  the  resistance  of  the  wire  can  be 
measured. 

Since  any  change  of  temperature  would  atfecl  the 
resistance  of  the  platinum  and  copper  leads,  while 
what  we  require  to  measure  is  the  change  of  resistance 
of  the  coil  of  thin  wire  only,  Callendar  and  Cirlffiths  have  introduced  a 
compensating  device.  This  consists  of  a  second  pair  of  leads,  Ci,  Cj, 
of  exactly  the  same  resistance  as  the  others,  hut  which  arc  connected 
together  at  A.  These  dummy  leads  are  connected,  by  means  of  a  pair  of 
flexible  copper  leads  of  the  same  resistance  as  the  others,  with  the  adjacent 
arm  of  the  Wheatstone's  bridge  to  that  in  which  the  platinum  thermo- 
meter is  placed.  Hence,  as  lx)th  sets  of  leadsare  placed  close  together, 
their  temperature  will  always  be  the  same,  and  so  any  change  in  resist- 
ance produced  by  a  variation  of  the  temperature  of  the  room  will  affect 
1  small  increase  in  the  resistance  i 


Fig.  470. 


equally. 


I  equal  ; 


adjacent 
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arms  nf  the  bridge  will  not  affect  the  galvanometer,  and  so  the  arrange- 
menl  will  be  indepcaUcnl  of  any  change  in  the  lemperaiure  of  the  leads. 
It  has  been  found  that  a  platinum  thermometer  gives  consistent 
results  up  to  a  temperature  of  about  looo"  C,  and  it  has  been  used  with 
much  success  to  measure  the  melting-point  of  metals. 

490.  Fall  of  Potential  along  a  Wire  in  which  a  Current  Is 
Passing. — When  a  current  C  is  passed  through  a  uniform  wire  the  fall 
of  potential  along  the  wire  is  regular,  the  difference  in  the  potential  of 
any  two  points  on  the  wire  being  proportional  to  the  length  of  wire 
between  them-  This  follows  at  once  from  the  fact  that,  since  the  wire 
is  uniform,  the  resistance  per  centimetre  is  the  same  at  all  points,  and 
since  the  current  is  the  same  throughout,  it  follows  from  Ohm's  law  thai 
the  drop  of  potential  per  centimetre  is  the  same  throughout.     The  drrip 

of  potential  in  a  conductor,  or  system 
of  conductors,  conveying  a  current 
can  be  very  clearly  indicated  by  means 
of  a  diagram  in  which  the  distance 
measured  from  some  point  along  the 
conductor  is  taken  as  the  abscissa^ 
and  the  potential  at  the  point  is  the 
ordinate.  Thus  in  Fig.  471,  if  AO 
represents  the  potential,  measured 
from  some  arbitrary'  zero,  at  one  end 
of  a  uniform  wire  of  which  the  length 
is  represented  by  oM,  and  the  potential  at  the  other  end  is  represented 
by  liM,  then,  since  the  drop  of  potential  is  uniform,  the  potential  at  any 
point  I*  will  be  ctjual  to  the  length,  !*(',  of  the  ordinate  drawn  through  P  to 
meet  the  straiyht  line  joining  A  and  n.  The  wljole  fall  of  potential  along  the 
wire  is  represented  by  an,  where  N  is  the  point  in  which  the  line  drawn 
parallel  to  OX  through  is  meets  the  axis  of  Y.  If  Cis  the  current  passing 
through  the  wire,  and  /'  is  its  resistance,  then  the  fall  of  potential  or  the 

E.M.F,  between  the  ends  will  be 
CR^  and  hence  an  represents  CA*. 
Next  suppose  that  two  wires 
of  the  same  length,  but  one  of 
which  has  a  resistance  per  centi- 
metre twice  as  great  as  the  other, 
are  put  in  series  and  a  current  C 
is  passed  through  the  combina- 
tion. The  fall  of  potential  is 
shown  in  Fig.  472,  where  AB 
shows  the  fall  of  potential  in  ihc 
wire  of  smaller  resistance,  and  BC 
that  in  the  other  wire.  Since  the  wires  arc  of  equal  length,  ot.  is  equal 
to  LM  ;  and  since  the  resistance  of  the  one  is  twice  as  great  as  that  of 
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the  other,  KN  is  twice  AK,  for  the  fall  of  potential  in  the  wire  of  greater 
resistance  will  be  twice  as  great  as  in  the  other.  As  before,  the  fall  of 
potential  in  each  wire  separately  will  be  represented  by  a  straight  line. 
The  E.M.F.  between  two  points,  such  as  P  and  g,  will  be  represented 
by  nj. 

Returning  to  the  case  of  a  single  uniform  conductor,  if  two  wires  are 
connected  to  the  conductor  at  the  points  o  and  P  (Fig.  471),  but  are 
insulated  everywhere  else,  then,  since  there  is  no  current  passing  through 
either  of  these  wires,  the  potential  througliout  will  be  same,  and  hence 
the  difference  of  potential  between  the  free  ends  will  be  the  same  as  that 
between  the  points  o  and  P,  that  is,  will  be  represented  by  At).  Suppose. 
now  we  have  two  otht-r  wires  which  are  connected  to  the  two  poles  of 
some  arrangement  for  prmlucing  a  difference  of  potential,  say  a  battery, 
and  that  we  join  the  wire  connected  to  the  pole  at  the  higher  potential  to 
the  point  o.  Then  if  the  difference  in  potential  between  the  poles  of  the 
battery  is  less  than  the  difference  of  potential  between  o  and  M,  there 
will  be  some  point  on  the  wire  through  which  the  current  is  flowing 
which  will  be  at  the  same  potential  as  the  wire  connected  to  the  other 
pole  of  the  battery.  Since  when  two  points  at  the  same  potential  are 
connected  no  current  passes,  if  we  connect  the  wire  with  this  point  P, 
no  current  will  pass  through  the  branch  circuit  containing  the  battery, 
the  difference  of  potential  between  the  points  O  and  P  being  just  equal 
to  that  due  to  the  buttery  in  the  branch  circuit,  acting  in  the  opposite 
direction.  Hence  if  a  galvanometer  is  included  in  the  branch  circuit,  it 
will  indicate  no  current  when  the  difference  of  potential  between  O  and  P, 
due  to  the  passage  of  the  current  C,  is  exactly  equal  to  this  E.M.F. 
Hence  if  we  know  the  current  passing  in  the  wire  om^  and  the  resistance 
of  the  wire  between  the  points  O  and  P,  we  can  calculate  the  drop  of 
pr>iential,  for  it  is  equal  to  the  product  of  the  current  into  the  resistance, 
ami  hence  we  have  the  E.M.F.  of  the  battery  in  the  branch  circuit.  This 
method  of  measuring  an  E.M.F.  is  called  Poggendorff^s  r^iethod. 

If  we  only  wish  to  compare  two  E.M.F.*s  it  is  no  longer  necessar)*  to 
measure  the  current,  for  if  a  steady  current  is  passed  through  a  uniform 
wire,  or  a  set  of  resistance  coils  which  ran  be  altered  by  a  small  quantity 
at  a  time,  and  the  resistance  noted  which  has  to  be  intercepted  between 
the  terminals  of  a  secondar>'  circuit  in  which  the  E.M.F.^s  and  a  sensitive 
galvanometer  are  included  in  succession,  so  that  there  is  no  deflection  of 
the  galvanometer,  the  ratio  of  the  resistances  intercepted  in  the  two  cases 
will,  since  the  current  is  constant,  be  the  same  as  the  ratio  of  the 
E.M.F.'s  which  are  to  be  compared.  In  the  case  where  the  current  is 
passed  through  a  uniform  wire,  the  ratio  of  the  lengths  of  wire  intercepted 
will  give  the  ratio  of  the  E.M.F.'s. 

49U  Lines  of  Flow  In  a  Conducting  Sheet.— In  the  foregoing 
considerations  of  the  flow  of  currents  in  wires  we  have  tacitly  assumed 
tiiat  the  current  was  uniform  over  the  cross-section  of  the  conductor,  and 
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Fig.  473. 


since  \vc  have  been  dealing-  wiih  ihe  flow  in  wires,  where  the  Icngtli  of 
the  wire  was  great  compared  wiih  ils  cross-section,  ihis  was  jtislified.    Wc 

have  now  to  consider  the  flow  of  a 
current  in  a  conducting  sheets  such 
as  a  sheet  of  tinfoil.  Suppose  that 
by  means  of  wires  attached  to  the 
foil  a  current  is  caused  to  flow  into 
the  sheet  at  a  point  A  (Fijf.  473),  and 
lo  leave  the  sheet  at  the  point  Ii,  so 
that  there  is  a  diflerence  of  |>otentiaI 
of  /:."  between  A  ami  li.  The  potential 
win  fall  along  the  sheet  from  a  to  B, 
and  if  we  draw  a  scries  of  lines  on 
the  surface  joining  all  points  which 
are  at  the  same  potential  we  shall 
get  a  series  of  e<iuipotential  lines. 
The  form  of  these  equipotential  lines 
can  be  detcnnined  experimentally  by  using  two  needle-points  attached 
by  wires  to  the  terminals  of  a  galvanometer.  One  point  is  put  in  contact 
with  the  sheet  at  a  point  such  as  I*,  and  the  other  is  moved  about  till  a 
point  (>  is  found  such  that,  when  contact  is  made  there,  no  current  passes 
through  the  galvanometer.  The  fact  that  no  current  passes  through  the 
galvanometer  indicates  that  the  points  F'  and  q  are  at  the  same  potential, 
and  are  therefore  on  the  same  equipotential  line.  Proceeding  in  this 
way  a  number  of  points  can  be  found,  all  of  which  arc  on  the  same 
equipotential  line  as  p,  and  hence  this  line  can  be  drawn.  Then  by 
moving  the  conductor  from  P  to  some  other  point  at  which  the  potential 
is  diflfcrent,  a  new  ctiuipotential  line  can  be  drawn,  and  so  on. 

In  Fig.  473  the  equipotential  lines  are  shown  for  a  sheet  which  is 
large  in  length  and  breadth  compared  with  the  distance  between  the 
points  A  and  B,  at  which  the  current  enters  and  leaves  the  sheet. 

Since  no  current  will  flow  from  any  point  on  a  given  equipotential 
line  to  any  other  point  on  this  line,  it  is  evident  that  the  current  must 
flow  evcr>'where  at  right  angles  to  the  equipotential  lines,  the  reasoning 
being  exactly  the  same  as  that  adopted  in  S  447-  Hence  the  lines  shown 
dotted  in  the  figure,  which  everywhere  ml  the  equipotential  lines  at  right 
angles,  will  represent  the  directions  in  which  the  current  will  flow  in  the 
sheet. 

492'.  The  Hall  Phenomenon.— If,  in  the  case  of  strip  shown  in 
Fig.  474,  two  conducting  wires  which  are  attached  to  the  terminals  of  a 
sensitive  galvanometer  are  joined  to  two  points  P  and  (j,  which  are  on 
the  same  equipotential  line,  no  current  will  pass  through  the  galvano- 
meter. If,  however,  the  sheet  is  placed  between  the  poles  of  a  very 
powerful  magnet,  so  that  the  lines  of  force  of  the  magnetic  field  produced 
by  the  magnet  arc  at  right  angles  to  the  plane  of  the  sheet,  then  the 
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galvanometer  will  be  deflected,  showing  that  the  points  P  and  Q  are  no 
longer  equipotentiaL  The  efTect  of  the  magnetic  field  is  to  distort  the 
lines  of  flow  and  the  equipotential  lines  in  the  sheet  in  the  way  shown  in 
Fig.  475,  which  corresponds  to  the  case  of  a  sheet  of  bismuth  in  which 
the  lines  of  force  of  the  magnetic  field  are  passing  from  above  the  page 
to  below,  the  direction  of  the  main  current  in  the  sheet  being  as  shown 
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•     Fig.  474. 

by  the  arrows.  In  the  case  of  other  metals,  such  as  gold,  the  direction 
in  which  the  equipotential  lines  and  lines  of  flow  are  deflected,  and  hence 
the  direction  of  the  current  in  the  galvanometer,  is  the  opposite  to  that 
in  the  case  of  bismuth. 

This  phenomenon  is  referred  to  as  Hall's  phenomenon,  from  the 
name  of  the  discoverer.  We  shall  see  later  that  a  conductor  conveying  a 
current,  when  placed  in  a  magnetic  field,  experiences  a  mechanical  force 
tending  to  move  it  at  right  angles  to  the  lines  of  force  of  the  field-     But 
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this  effect  on  the  conductor  conveying  the  current  must  be  carefully 
distinguished  from  the  Hall  effect,  which  refers  to  the  current  in  the 
conductor. 

The  magnitude  of  the  Hall  effect  is  excessively  small,  and  it  is  only 
with  very  strong  magnetic  fields  and  a  very  delicate  galvanometer  that  it 
can  be  detected  at  all. 


CHAPTER   IX 


JOULES     LA  \y 

493.  Joule's  Law.— We  havedefinedlheK.M.F.  between  two  points, 
M  and  A',  on  a  conductor  through  which  a  current  is  flowing  as  being 
equal  to  ihe  work  done  in  it.insportlnj,'  tlie  unit  quantity  of  clecincily 
from  one  of  ihese  points  to  the  other.  \Vc  have  also  seen  ihat^  if  A*  is 
the  resistance  Ixrlwccii  ihc  points  and  C  is  the  current  passing,  the 
K.M.K.  hclween  the  pDinls  is  yivcn  by  K~Cf\.  Now  a  current  <"  will 
iriinsporl  C  units  of  electricity  past  each  point  of  the  conductor  in  ihc 
unit  of  time,  hence  the  work  done  in  a  second  in  driving  the  current  fn>m 
the  point  A  lo  the  point  /?  is  j*iven  by  EC  or  KCX\  that  is,  liC^.  If  il»c 
current  continues  for  a  liinc  /,  the  work  done  will  be  represented  by  tl)c 
equation  IV—  NC^/.  The  work  thus  done  appears  as  heat  developed  in 
Ihe  conductor  through  whicli  the  current  is  flowing. 

In  order  to  get  the  amount  of  heat  dcvehipcd  in  the  conductor  in 
thennal  units  we  have  to  divide  this  result  by  the  mechanical  equivalent 
of  heal,  that  is,  by  4. 19X  10"  (§  250).  Hence  the  quiuitiiy  of  heal,  //, 
developed  in  a  wire  of  which  the  resistance  is  R  c.g,s.  units  by  a  current 
of  Cc^.s.  units  in  /  seconds  is  given  by 


//= 


^-^,  calorics 


4.19x10^ 
=a2387  X  \o~''.ROi  calories. 

If  the  electrical  quantities  are  measured  in  the  practical  units,  since  a 
current  of  C  c.j^.s,  units  is  equal  to  10  C  amperes,  and  a  resistance  of  X 
f.,^.T.  units  is  equal  to  io~'A'  ohms»  the  heat  developed  in  a  conductor  of 
which  the  resistance  is  O  ohms,  by  a  current  of  A  amperes,  in  a  time/ 
seconds,  will  be  0.2387  OA^  caloiics.  The  work  done  in  one  second  by 
a  current  of  one  ampere  when  passing  through  a  resistance  of  one  ohm. 
that  is,  when  passing  between  two  points  between  which  there  exists  a 
difference  of  potential  of  one  volt,  is  10''  ergs,  or  in  thermal  units  0.2387 
calories,  and  is  called  a  joule. 

The  law  that  the  heat  developed  in  a  conductor  is  proportional  to  the 
square  of  the  current  and  to  the  resistance  was  discovered  expcrimcnully 
by  Joule  in  1841,  and  hence  is  known  as  Joule's  law. 

The  quantity  of  energy  which  becomes  converted  into  beat  when  a 
given  current  flows  through  a  given  conductor  is  independent  of  the  dircc- 
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tion  in  which  the  current  flows,  for,  as  the  current  always  flows  from  the 
point  at  the  hi^jher  potential  to  the  point  at  the  lower  potential,  if  we 
reverse  the  direction  in  which  the  current  is  flowing,  this  means  that  we 
have  reversed  the  direction  in  which  the  K.  M.K.  is  acting  ;  and  since  the 
resistance  of  a  conductor  is  independent  of  the  direction  in  which  the 
current  is  flowing,  the  conditions,  as  far  as  the  work  done  by  the  current 
and  hence  the  heat  develo]>ed,  are  exactly  the  same  when  the  current  is 
reversed  as  they  were  before.  Thus  tlie  passag^e  of  a  current  through  a 
conductor  of  finite  resistance  is  always  accompanied  by  the  conversion  of 
a  definite  t[uantity  of  electrical  energy  into  the  form  of  heat.  Since  when 
the  current  is  reversed  the  conversion  into  heat  continues  at  the  sanie 
nite  as  before  this  conversion  of  electrical  enerj^'y  into  heal,  when  a 
current  passes  ihrou^'li  a  conductor,  is  an  irreversible  process.  As  we 
shall  see  later,  there  arc  conditions  under  which  heal  developed  at  a 
given  point  due  to  the  passage  of  a  current  is  a  reversible  process,  so  that 
on  reversing  the  current  heat  is  now  absorlx'd  at  the  point ;  in  the  case  of 
heat  developed  according  to  Joule's  law,  however,  this  is  never  the  case. 
Since  in  many  cases  the  heat  produced  according  to  Joule's  law  is 
simply  a  waste  of  energy,  it  is  important  to  reduce  it  to  a  minimum. 
This  can  be  done,  if  we  suppose  that  a  given  current  has  to  be  trans- 
mitted, by  reducing  the  resistance  of  ilie  conducting  wires.  Since,  as  we 
have  seen,  the  resistance  of  a  pure  metal  at  the  absolute  zero  appears  to 
lie  zero,  a  current  could  be  passed  through  such  a  conductor  at  the 
absolute  zero  without  the  production  of  any  heat  and  the  consequent  loss 
of  electrical  energy. 

494v  The  Mechanical  Equivalent  of  Heat  derived  from  Electrical 

Experiments. — Since  the  heat  developed  by  a  current  of  ./  amperes  in 
a  wire  of  resistance  O  ohms,  in  a  time  /  seconds,  is  equal  to  OA'^iy.  xc? 
ergs  or  OA-ix  \Q' IJ  calories,  where /is  the  value  of  Joule's  equivalent, 
if  we  measure  the  heat  developed  by  means  of  a  calorimeter,  and  also  the 
current  A  and  the  resistance  O  of  the  wire,  or,  what  comes  to  the  same 
thing,  the  E.M.F.  between  the  ends  of  the  wire,  we  can  at  once  calculate 
the  value  of  J.  A  most  careful  determination  of  the  value  of  y  by  this 
method  has  been  carried  out  by  Griffiths.  His  apparatus  consisted  of  a 
coil  of  platinum  wire  through  which  the  current  could  be  passed,  and 
which  had  two  wires  attached,  so  that  the  difierence  of  potential  between 
the  ends  of  the  coil  could  be  compared  with  the  E.M.F.  of  a  standard 
Clark  cell(§  554),  by  the  method  given  in  §  49a  This  coil  was  contained 
inside  a  closed  calorimeter,  which  was  itself  placed  inside  a  large  steel 
chamber,  the  space  between  the  outside  of  the  calorimeter  and  the  walls 
of  this  vessel  being  exhausted  of  air  so  as  to  reduce  the  loss  of  heat  due 
to  convection.  The  calorimeter  contained,  in  addition  to  the  coil,  a  stirrer, 
which  was  rotated  at  a  high  speed,  so  as  to  insure  the  water  inside  being 
thoroughly  well  mixed.  The  temperature  of  the  water  in  tiie  calorimeter 
was  measured  with  a  platinum  thermometer,  and  the  resistance  of  the 
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coil  al  different  icmperalures  was  deiermined,  so  thai,  knowing  ihe  E.M.F. 
between  the  terminals  and  the  lennjierature,  the  resistance  of  the  coil 
and  the  rate  at  which  heat  was  being  developed  by  the  curreni  could  be 
calculated-  A  certain  amount  of  heat  was  also  developed  by  the  hiction 
of  the  stirrer  against  the  water.  The  amount  of  heat  thus  dex-eloped  at 
different  rates  of  stirrinif  was  determined  by  niakinjj  observations  of  ihc 
rise  in  temperature  of  the  calorimeter,  due  to  the  stirring  alone,  when  no 
current  was  passing  through  the  coil.  The  water  value  of  the  calorimeter 
and  of  the  stirrer  and  coil  was  determined  by  making  expenmeats  with 
various  quantities  of  water  in  the  calorimeter. 

As  has  been  given  already,  the  value  obtained  for  the  mechanical 
equivalent  of  heat  was  4. 1940 x  10^  ergs  per  calorie.  The  accuracy  of 
this  v,ilue  depends,  of  course,  on  the  accuracy  with  which  the  values  of  the 
electrical  quantities  are  known  in  terms  of  the  fundamental  units. 

496.  The  Incandescent  Electric  Lamp, —The  heat  developed  in  a 
conductor  by  the  passage  of  an  electric  current  is  made  use  of  in  the  electric 
incandescent  lamp.  The  modern  form  of  lamp  consists  of  a  fine  carbon 
filament  enclosed  in  a  glass  globe  from  which  the  air  has  been  exhausted. 
The  resistance  of  a  carbon  filament  being  fairly  great,  the  heat  developed 
is  sufiicient  to  raise  the  temperature  to  such  a  point  that  ihc  filament 
glows  with  a  bright  white  light. 

The  energy  which  becomes  converted  from  the  electrical  form  in  the 
filament  is  partly  given  out  from  the  lamp  in  the  form  of  light  and  pardy 
as  heat.  The  object  of  the  lamp-maker  is  to  produce  a  lamp  in  which 
the  pioporliou  of  tlie  energy  used  up  to  produce  heat,  and  which  as  far 
as  the  production  of  light  is  concerned  is  completely  wasted,  is  reduced  to 
a  i.iinimum.  It  is  found  that  the  energy  which  has  to  be  supplied  lo  a 
lamp  in  order  to  produce  a  light  of  one  candle-power  decreases  as  the 
temperature  of  the  filament  is  increased,  so  that  from  this  point  of  view  it 
is  an  advantage  to  run  the  lamps  as  bright  as  possible.  It  is,  however, 
found  that  when  the  temperature  is  raised  al>ove  a  certain  point  the 
filament  soon  gives  way,  so  that  the  life  of  the  lamp  is  short.  The 
resistance  of  the  tilaments  of  the  lamps  are  adjusted  so  that  when  the 
E.M.F.  between  the  ends  of  the  filament  has  certain  definite  values,  such 
as  100  volts  or  200  volts,  the  current  which  passes,  according  to  Ohm's 
law,  will  raise  the  temperature  of  the  filament  to  the  greatest  value  which 
will  not  endanger  its  life.  Willi  n^nst  of  the  incandescent  lamps  of  good 
make  the  energy  consumed  to  produce  a  light  of  one  candlc-i>owcr  is 
about  four  waits,  or,  since  one  watt  is  equal  lo  lo'  ergs  per  second,  is 
about  4  X  10"  ergs  per  second. 

The  number  of  watts  requiied  per  camlle-powcr  increases  very  rapidly 
as  the  E.M.K.  between  the  ends  of  the  filament  is  reduced  below  the  value 
for  which  the  lamp  is  intended,  so  that  it  is  very  wasteful  to  run  the  lamps 
at  a  low  voltage,  although  by  this  means  the  life  of  the  filament  may  be 
increased. 
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496,  The  Arc  Lamp. — Another  source  of  light  which  depends  on 
tlie  conversion  of  electric  energy  into  li>;hi  ii  the  arc  lamp.  When  two 
hkIs,  composed  of  the  carhon  which  is  deposited  inside  the  retorts  used 
in  the  manufacture  of  illuminating  gas^  connected  to  two  conductors 
which  arc  at  a  difference  of  potential  of  about  60  volts,  are  first  brought 
into  contact  and  are  then  gradually  separated  for  a  short  distance  the 
current  continues  to  pass,  and  where  it  crosses  the  air  space  between  ihe 
carbon  rods  an  intense  light  is  emitted.  This  arrangement  constitutes 
an  electric  arc,  and  it  is  found  that  the  carbon  rod  which  is  at  the  higher 
potential,  that  is,  from  which  the  current  goes,  is  eaten  away  more 
rapidly  than  the  other  carbon.  If  an  image  of  the  arc  is  projected  on  a 
screen,  it  is  seen  that  the  carbon  which  is  at  the  higher  potential,  ihe 
positive  carbon  as  it  is  usually  called,  is  worn  slightly  hollow,  and  that 
the  greater  proportion  of  the  light  is  emitted  from  this  hollow,  which  is 
called  the  crater  of  the  arc.  The  end  of  the  negative  carbon,  i.e.  that  at 
the  lower  poieniial,  becomes  worn  to  somewhat  of  a  point.  In  order  to 
allow  for  the  wearing  away  of  the  carbon  rods,  they  arc  held  in  an 
arrangement  by  ivhich  they  are  automatically  brought  nearer  loi;clher  as 
the  ends  wear  away,  so  that  the  length  of  the  arc  is  maintained  constant. 
If  by  chance  the  distance  between  the  carbons  becomes  too  great  the 
current  will  cease  to  pass,  and  the  arc  cannot  again  be  started  till  the 
carbons  are  brought  into  contact  and  then  separated.  Hence  the  lamp 
is  fitted  with  an  electrical  arrangement  by  which,  directly  the  current 
ceases,  the  rods  are  first  brought  together,  and  then,  when  the  current 
passes,  are  again  separated  to  the  correct  distance. 

An  ordinary  arc  requires  about  one  wait  for  each  candle-power 
produced,  so  thai  the  energy  consumed  in  order  to  produce  a  given 
quantity  of  light  by  means  of  an  arc  is  much  less  than  is  required  when 
incandescent  lamps  are  used. 

497.  The  Electric  Furnace.  —  The  temperature  of  the  arc  is 
extremely  high,  it  having  l>cen  estimated  to  be  about  8000"  C,  and  this 
high  temperature  has  been  utilised  for  melting  refractory  substances 
and  for  conducting  chemical  processes  which  require  a  very  high 
temperature. 

The  form  of  electric  furnace  used  by  Moissan  on  his  impwrtanl 
researches  at  high  temperatures  consists  of  a  block  of  lime  or  fireclay 
through  which  pass  iwo  thick  rods  of  carbon,  which  act  as  electrodes  for 
the  supply  of  the  current.  The  arc  is  formed  between  the  ends  of  these 
rods  just  above  the  substance  which  is  to  be  heated,  which  is  contained 
in  a  small  crucible  placed  in  a  cavity  cut  in  the  block  of  lime. 
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408.  Thermo  Electric  Junction.— In  1821,  while  making  cxpcri- 
menis  on  the  ilifferenrt  of  pf^lcnlial  which  appears  lo  exist  between  two 
diflfercnt  nictulb  wlicn  placed  in  conlatl  (see  §  545),  SecWck  noticed  llial 
if  a  circuit  is  formed  which  is  composed  of  two  wires  of  different  metals 
joined  together  at  their  ends,  and  if  the  junctions  are  at  different 
temperatures,  a  current  will  in  general  be  produced  in  the  circuit.  Thus 
if  two  copper  wires,  which  are  connected  to  the  tenninals  of  a  gal- 
vanometer, are  connected  at  their  other  ends  to  a  piece  of  iron  wire, 
and  one  of  the  junctions  of  the  copper  and  iron  is  heated,  a  current  will 
be  indicated  by  the  deflection  of  the  galvanometer.  The  direction  of 
the  current  will  be  froin  the  hoi  to  the  cold  junction  in  the  iron.  This 
current  is  said  to  be  a  thermo-electric  current. 

If,  while  the  coM  jimction  is  kept  at  a  constant  temperature,  the 
temperature  of  the  hot  junction  is  gradually  raised,  the  current  in  the 
circuit  will  gradually  increase  up  to  a  certain  point,  this  Icmpcratiire 
being  called  the  neutral  point  for  the  two  given  metals.  If  tlie  tem- 
perature of  the  hot  junction  is  raised  above  the  neutral  p<^>inl  the  current 
in  the  circuit  will  decrease,  till,  when  the  temperature  of  the  hoi  junction 
is  as  much  above  the  neutral  point  as  that  of  the  cold  junction  is  below, 
there  will  be  no  current  in  the  circuit;  while  if  the  temperature  of  the 
hot  junction  is  yet  further  raised,  the  direction  of  the  current  will  t>c 
reversed. 

It  is  possible  to  arrange  the  metals  in  a  series  such  th.it  if  wires  of 
any  two  of  them  are  joined  together  lo  form  a  circuit,  and  one  of  the 
junctions  is  heated,  the  ihcnno-electric  cuirent  will  in  the  first  metal  on 
the  list  go  from  the  hot  junction  to  the  cold,  it  being  supposed  that  the 
mean  temperature  of  the  hot  and  cold  junctions  has  some  given  value. 
The  following  is  such  a  thenno-elcctric  series  for  a  mean  temperature 
of  about  50"  C.  :  aniimony,  iron,  zinc,  silver,  tin,  copper,  bismuth.  Of 
course  the  order  of  the  metals  will  vary  with  the  temperature,  for  the 
neutral  temperature  for  some  of  the  combinations  is  quite  low,  and  the 
neutrat  poinis  for  the  different  couibinations  vary  very  much. 
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499.  Thermo-Eiectric  Power  and  Thermo- Electric  Diagrrams.— 
!f  we  lake  some  mcial  as  a  siandiud— lead  is  ihc  one  usually  taken — 
and  form  a  Iherino-uleciric  couple  bLlwecn  this  metal  and  another,  and 
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attach  a  lead  wire  to  the  other  end  of  this  second  metal,  then,  if  while 
the  temperature  of  one  of  the  lead-metal  junctions  is  kept  constant,  say 
at  0°  C,  the  temperature  of  the  other  junction  is  raised  to  different 
temperatures,  there  will  be  produced  a  difference  of  potential  between 
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the  free  ends  of  the  lead  wires.  This  difference  of  potential  is  ihe 
ihernio-elcciric  E.M.F.  due  to  the  temperature  difference  between  ihe 
Iioi  and  cold  junctions.  If  a  series  of  ineasurcmenls  of  this  thenno- 
electric  E.M.K  is  made  for  dilferent  temperatures  of  the  hot  junction, 
that  of  the  cold  junction  being  kept  constant  at  o"  C,  and  the  rcsuhs  arc 
plotted  on  a  curx-e,  the  temperatures  of  the  hot  junction  being  taken  as 
abscissae  and  the  correspondinjf  E.M.K.'s  as  ordinalcs,  a  curve  of  the 
fomi  of  those  shown  in  Fig.  476  will  be  obtained.  These  curves  repre- 
sent the  thermo-electric  E.M.F.'s  of  some  metals  taken  with  reference  to 
lead  in  terms  of  jiiicrovoUs,  i.e.  lo"*  volts,  and  degrees  Centigrade. 

Since  in  each  case  the  temperature  of  the  one  junction  is  kept 
constant  at  o^  C,  and  that  when  the  temperatures  of  the  two  junctions 
is  the  same  the  thernio-electric  E.M.F.  is  zero,  all  the  curves  must  pass 
through  the  origin  of  co-ordinaies.  The  temperatures  at  which  the 
cur\'es  have  a  horizontal  tangenij  that  is^  when  the  E.M.F'.  is  a  maximum 
in  one  direction  or  the  other,  is  the  neutral  temperature  for  the  given 
metal  taken  with  reference  lo  lead.  Thus  the  temperature  of  the  neutral 
point  for  a  platinum-lead  couple  is  -  150%  and  that  for  a  zinc-lead  couple 
is  -  200*. 

It  is  foiMid  that  the  curves  showing  the  relation  between  the  thermo- 
electric E.M.F,,  E^  and  the  temperature,  /,  of  the  hot  junction,  the  other 
junction  being  at  o",  is  approximately  a  parabola.  Hence,  since  the 
eqitallon  of  a  parabola  can  be  written  in  the  form 

where  a  and  b  are  constants,  the  relation  between  the  thermo-electnc 
E.M.F.  and  the  temperature  can  be  expressed  by  a  formula  of  the  form 

E^at^^t\ 

where  the  values  of  a  and  b  depend  on  the  nature  of  the  metal.  Those 
who  are  acquainted  with  analytical  geometry  will  sec  that  the  maximum 
value  of  E  occurs  when  /  is  equal  lo  -(i\b.  Hence  there  exists  the 
following  relations  between  the  constants  a  and  b^  the  neutral  tempera- 
ture /,  and  the  E.M.F.  J^  of  the  junction,  when  one  junction  is  at  o*  and 
the  other  is  at  the  neutral  temperature — 

In  the  following  table  the  values  of  the  coefficients  a  and  b  for  a  fiew 
metals  are  given.  The  sign  of  n  is  such  that  when  at  the  hot  junction 
the  current  passes  from  lead  to  the  given  metal  a  is  positive,  or,  in  other 
words,  when  a  is  positive  the  current  flows  in  the  metal  considered  from 
the  hot  junction  to  the  cold.     The  values  of  the  constants  are  so  chosen 
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that  if  /  is  measured  in  degrees  Centigrade  the  themio-electro-motive 
Icvce  is  given  in  microvolts,  that  is,  in  io~*  volts. 


a 

h 
0.0020 

Copper         .... 

3.86 

Zinc 

273 

0.0035 

Cadmium 

3-II 

0.0083 

Iron 

13.20 

-aoo7i 

Nickel  . 

-  19.16 

aoo72 

Cobalt  . 

-15.51 

0.0190 

Mercury 

-   3.21 

aoo42 

Platinum 

-  3- 10 

0.0051 

Suppose  that  the  thermo-electric  E.M.F.  between  a  given  metal,  A,  and 
lead  when  the  cold  junction  is  at  o"  and  the  hot  junction  is  at  a  tempera- 
ture /i  is  Ey  then  we  have  seen  that 

2 

Suppose  now  that  the  temperature  of  the  hot  junction  is  raised  through 
a  small  interval  8/,  so  that  it  becomes  /+  S/,  then,  if  the  new  value  of  E  is 
called  E-V^E^  we  have 

or,  since  by  supposition  8/  is  very  small,  we  may  neglect  the  term  which 
involves  the  product  of  the  square  of  this  very  small  quantity  into  ^,  which, 
as  will  be  seen  from  the  table,  is  itself  small.     Hence 

2 

If  now  we  subtract  the  value  of  the  E.M.F.  at  /from  that  at  /+<//,  we  get 

8£"=^8/+^/S/. 

That  is,  an  increase,  8/,  in  the  temperature  of  the  hot  junction  produces 
an  increase  of  ^E  or  adi+bi^t  in  the  E.M.F.  Now  the  ratio  of  the  increase 
in  the  E.M.F.  produced  by  a  small  rise  in  the  temperature  of  the  hot 
junction  to  this  increase  in  temperature,  or,  in  other  words,  the  rate  of 
increase  of  E.M.F.  with  temperature,  is  called  the  ihenno-eledric  power 
of  the  metal  A  with  respect  to  lead  at  the  temperature  /.  If  Q  is  the 
thermo-electric  power,  then 

This  expression  shows  that  the  thermo-electric  power  varies  as  the  first 
power  of  the  temperature,  so  that  if  a  curve  is  drawn  such  that  the 
abscissas  are  temperatures  and  the  ordinates  are  the  corresponding  values 
of  the  thermo-electric  power,  this  curve  will  be  a  straight  line.  This  is 
at  once  evident  if  the  constant  term  a  is  subtracted,  which  is  equivalent 
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to  decreasing  all  the  ordinatcs  by  the  same  amount,  when  the  new  ordi- 
nates  will  be  b  times  the  corresponding  absciss^:,  that  is,  the  ordinatcs 
are  directly  proportional  to  the  abscissa,  and  hence  the  curve  must  be  a 
straight  line. 

In  Fig.  477  the  lines  showing  the  connection  between  the  thermo- 
electric power  and  the  temperature  arc  given.  Such  a  series  of  curves 
is  called  a  thermo-electric  diagram^  and  from  ii  we  can  deduce  the 
different  thermo-electric  properties  of  various  combinations  of  metais. 

Before  considering  this  diagram  in  detail,  we  must  consider  two  laws 
which  have  been  found  by  experiment  to  hold  in  all  thermo-electric 
circuits.  The  first  of  these  is  that  if  E^  is  the  E.M.K.  acting  round  a 
circuit  composed  of  two  metals  when  the  temperature  <if  the  cold  junction 
is  /j  and  (hat  of  the  hot  junction  is  t.^  and  K^  is  the  E.M.K.  when  the 
temperature  of  the  cold  junction  is  /,  and  that  of  the  hot  junction  is  /,« 


Fig.  477- 

then  the  E.M.F,  when  the  temperature  of  the  cold  junction  is  t^  and  ihat 
of  the  hot  junction  is  t^  will  be  h\-»rE^  But  we  have  seen  that  if  the 
temperature  of  the  hot  junction  is  increased  by  ('J/the  E.M.F.  is  increased 
by  ^rt/,  where  Q  is  the  thtrmo-elertric  i>ower  at  the  temi)erature  /. 
Hence  the  E.M.F.,  when  the  temperature  of  the  hot  junction  is  /,  will  be 
the  sun;  of  the  quantities  obtained  by  multiplying  the  values  of  Q  for 
each  interval  fi/",  starting  at  the  temperature  of  the  cold  junction,  by  the 
interval  and  continuing  the  process  up  to  the  temperature  /. 

The  second  law  is  that  if  we  have  a  circuit  containing  three  metals,  A^ 
A,  and  (T,  and  keep  the  junctions  BC  and  CA  l)oth  at  the  same  tempera- 
ture, /^i  while  the  junction  Afi  is  kept  at  the  temperature  /j,  then  the 
E.M.F.  acting  in  the  circuit  will  be  the  same  as  that  which  would  eicisl 
in  a  circuit  composed  of  the  metals  A  and  B  alone,  in  which  one  junction 
was  Uept  .at   the  temperature  /,  and  the  other  at  /,.     Thus  the  inter- 
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position  of  one  or  more  intermediate  metals,  so  long  as  the  junctions  at 
each  end  of  each  of  these  additional  metals  arc  at  the  same  temperature, 
has  no  influence  on  the  thermo-electric  E.  M.F.  developed  by  the  other 
two  metals  when  their  Junction  is  at  a  given  temperature  above  or  below 
that  of  all  the  other  junctions. 

Returning  to  the  ihermo-diagram,  since  it  is  drawn  for  the  diflfcrenl 
metals  with  respect  to  lead,  the  axis  of  temperatures  will  represent  the 
thermo-electric  line  for  this  metal.  The  point  where  the  line  for  any 
metal  cuts  the  line  for  any  other  metal  corresponds  to  the  neutral  point 
for  these  two  metals  ;  thus  from  the  diagram  the  temperature  of  the 
neutral  point  can  immediately  be  read  off. 

In  order  to  find  from  the  diagram  the  thermo-electric  E,M.F.  de- 
veloped in  a  circuit,  say  of  copper  and  iron,  when  the  cold  junction  is  at 
a  temperature  of  20"  and  the  hot  junction  is  at  100",  we  draw  the  ordi- 
natcs  corresponding  to  the  temperatures  20"  and  100".  Then  the  thermo- 
electric power  of  the  junction  at  20"  is  given  by  the  difference  of  the 
ordinates  of  the 
iron  and  copper  § 
lines,  that  is,  by  the 
length  (/^(Fig.478). 
If  the  temperature 
of  the  hot  junc- 
tion were  20  +  5/, 
the  E.M.F.  acting 
would  be  QFif^  where 
Q  is  the  thenno- 
eleclric  power  of 
the  combination  at 

a  temperature  /.  But  QE/'is  the  area  of  the  small  strip  enclosed  between 
the  iron  and  copper  lines  and  the  ordinates  for  the  temperatures  /  and 
/+rt/,  that  is,  the  small  strip  shaded  in  the  figure.  Next,  if  the  tempera- 
ture of  the  cold  junction  were  /^^/,  and  that  of  the  hot /4-2fi/,  the  E.M.F., 
in  the  same  way,  would  be  represented  by  the  area  of  the  strip  between 
the  iron  and  copper  lines  and  the  ordinates  corresponding  to  the  tem- 
peratures /-»-(5/  and  /■f-20/,  and  so  on.  But  by  the  law  given  above  the 
E.M.F.,  when  the  temperatures  of  the  junctions  are  the  same  as  the 
extreme  temperatures  considered  in  these  small  steps,  will  be  the  same 
as  the  sum  of  the  E.M.F.'s  in  the  steps.  FIcncc  the  E.M.F.,  when  the 
junctions  are  at  the  temperatures  /j  and  /^  will  be  represented  by  the 
sum  of  all  the  small  strips  similar  to  a^,  that  is,  will  be  represented  by 
the  area  a^d  Since  this  figure  is  a  trapezium,  its  area  is  given  by 
jlM'(^/2  +  r///2)  ;  that  is,  the  E.M.F.  acting  will  be  equal  to 

(/,-/t)(Gi+e,)/2. 

where  Qi  and  Q^  are  the  thermo-electric  powers  of  the  two  metals  at 
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the  temperatures  /,  and  /y  In  the  example  taken,  we  get  in  this  way 
from  the  cu^^■e  /:'  =  (ioo-2o)  (9.24- 3.9)/2=  524  microvolts.  If  the  Iities 
of  the  metals  intersect  between  the  ordinatcs  corresponding  to  the  two 
temperatures,  that  is,  if  the  neutral  point  is  included  between  these 
temperatures,  the  areas  on  the  iwo  sides  of  the  intersection  must  be 
subtracted  one  from  the  other  to  give  the  E.M.F. 

600*.  The  Peltier  Effect— The  Thomson  Effect.— In  a  thermo- 
electric circuit  of  which  the  junctions  are  at  different  temperatures,  there 
is  a  current  flowing  ;  and  we  have  seen  in  §  493  that  the  passage  of  a 
current  through  a  conductor  involves  the  expenditure  of  some  energy, 
which  appears  as  heal,  according  to  Joule's  law.  The  question  now 
arises  in  what  manner  the  energy  necessary  for  the  maintenance  of 
the  current  in  the  thermo-electric  circuit  is  supplied.  Tliis  question  is 
answered  by  a  discovery  niade  in  1834  by  Peltier,  who  found  that  when 
an  electric  current  is  passed  throu},'h  a  thermo-electric  junction,  i.e.  a 
junction  of  two  different  metals,  there  will  be  either  a  development  of 
heat  at  the  junction  or  an  absorption,  according  to  the  direction  in  which 
the  current  is  passed. 

The  Peltier  effect  diflfers  from  the  Joule  heating  already  considered, 
in  that  while  the  Joule  heating  is  proportional  to  the  square  of  the 
current,  and  is  independent  of  the  direction  of  the  current,  the  heat 
developed  at  a  junction  of  two  metals  is  proportional  to  the  first  power 
of  the  current,  and  depends  on  the  direction  of  the  current. 

The  Peltier  cflTcct  can  be  shown,  and  its  magnitude  measured  by 
means  of  the  apparatus  shown  in  Fig.  479.     It   consists  of  two  glass 
^  bulbs,  M  and  N,  which  are  con- 

nected together  by  a  narrow  tube, 
in  which  a  small  drop  of  liquid 
is  placed  to  serve  as  an  index. 
A,  A,  and  H  are  rods  of  two  metals 
N  which  pass  through  corks  which 
fit  air-light  in  the  tubulures  of 
the  bull>s,  in  such  a  way  that  the 
junctions  m  and  n  are  at  the 
centres  of  the  bulbs.  The  portions 
of  the  rods  A  and  B  within  the 
two  bulbs  arc  of  the  same  size, 
resistance,  Ac,  and  the  bulbs  are 
also  of  the  same  size  ;  thus  the 
development  of  heat  according  to  Joule's  law  is  the  same  in  both, 
so  that,  as  far  as  this  source  of  heat  is  concerned,  the  air  in  the  two 
bulbs  becomes  equally  warmed,  and  hence  the  pressure  is  the  same  in 
both  of  them,  and  the  index  does  not  tend  to  move  in  either  direction. 
The  Peltier  effect  will,  however,  be  different  in  the  two  bulbs,  for  while 
in  one  the  current  will  be  passing  at  the  junction  from  the  metal  A  to  H) 


Fig.  479. 
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at  the  oiher  junction  it  will  be  passing  from  B  to  A.  Hence  while  heat 
will  be  developed  at  one  junction,  and  the  air  in  the  bulb  w  ill  he  heated 
and"  its  pressure  increased,  at  the  other  junction  heat  will  be  absorbed, 
and  therefore  the  air  will  on  this  account  be  cooled  and  its  pressure 
decreased,  causing  the  liquid  index  to  move  towards  the  junction  where 
the  heat  is  absorbed.  If  the  metal  A  is  copper  and  B  is  iron,  the  current 
being  passed  in  the  direction  from  copper  to  iron  at  ihe  junction  w/, 
then  heat  will  be  absorbed  at  ///  and  produced  at  n.  On  reversing  the 
direction  of  the  current,  the  direction  in  which  the  index  moves  will  also 
be  reversed. 

In  the  followinjj  table  the  magnitude  of  the  Peltier  effect  for  some 
metals  is  given.  The  current  is  supposed  to  pass  from  copper  lo  the 
metal  mentioned  in  the  first  column,  and  in  the  second  column  is  given 
the  qtianlity  of  heat  lilxrralcd  by  one  ampere  in  one  second  at  the 
junction,  expressed  in  calories. 


PEtTiER  Effect. 


Metal. 

Calories  per  Coulomb. 

Iron       .... 

Plaiinum 

Silver    .... 

Zinc       .... 

Nickel  .... 

-  1.7x10-* 
+   0.9X  10-^ 

-  I.IXIO'* 

-  1.6x10'* 
+  I2.I  X  10'* 

Now  let  us  consider  a  thermo-electric  circuit  composed  of  iron  and 
copper,  and  suppose  that  one  of  the  junctions  is  immersed  in  a  mixture 
of  ice  and  water,  while  the  other  junction  is  placed  in  a  beaker  of  water 
at  a  temperature  /.  Then  we  know  that  a  current  will  flow,  the  direction 
of  which  at  the  hot  junction  will  be  from  the  copper  to  the  iron,  while  at 
the  cold  junction  it  will  be  flowing  from  the  iron  to  the  copper.  Now 
when  a  current  flows  from  copper  lo  iron  there  is,  according  to  Peltier's 
observation,  an  absorption  of  heat,  while  when  a  current  flows  from  iron 
to  copper  there  is  a  liberation  of  heal.  Hence  in  our  example  there  will 
be  an  absorption  of  heat  at  the  hot  junction,  which  will  be  supplied  from 
the  heat  of  the  hot  water,  while  there  will  be  a  liberation  of  heat  at  the 
cold  junction,  which  will  melt  some  of  the  ice.  We  thus  see  that  the 
production  of  a  thermo-electric  current  is  accompanied  by  a  transfer  of 
heat  from  the  source  which  is  used  lo  maintain  the  temperature  of  the 
hot  junction  to  the  refrigerator  used  to  cool  the  cold  junction.  If  then 
the  heat  given  up  to  the  refrigerator,  or  the  condenser,  as  we  may  call  it 
from  the  analog)*  with  the  thermal  engines  considered  in  the  sections  on 
thermo-dynamics,  is  less  than  the  quantity  absorbed  from  the  source  by 
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the  amount  of  heal  developed  in  the  circuit  according  to  joule's  law,  the 
maintenance  of  the  current  is  at  once  accounted  for.  W'c  are  thus  led 
to  look  upon  a  themio-electric  circuit  as  an  ordinary  heat  engine  tn  which 
a  certain  quantity  of  heat  is  taken  in  at  a  given  temperature;  some  of 
this  heat  used  up  by  the  engine  in  this  case  is  first  converted  into 
electric  ener^^  and  then  reconverted  into  heat,  according  to  Joule's  law, 
but,  as  we  shall  sec  Jaier,  might  in  part  at  least  be  converted  into 
mechanical  work,  while  the  remainder  of  the  heat  taken  from  the  source 
is  given  out  to  a  condenser  which  must  be  at  a  lower  temperature  than 
the  source. 

In  ad(!ition,  a  certain  amount  of  heat  will  pass  from  the  sotirce  tu 
the  refrigerator  by  conduction  along  the  wires  which  form  the  circtnt 
Now  of  these  three  thermal  processes  two,  najnely,  the  heat  developed, 
according  to  Joule's  law,  and  the  heal  conducted  along  the  wiie,  are 
irreversible  (S  -64),  for  if  we  reverse  the  direction  of  the  current  in  the 
I'ircuit,  heat  will  still  be  tiei^^ehped  in  the  circuit,  and  heat  will  still  pass 
from  the  hot  end  of  the  circuit  to  the  cold  by  conduction.  The  heal 
transfer,  owing  to  conduction,  is  quite  independent  of  the  quantity  of 
electricity  which  pa*;ses  round  ihr  circuit,  and  hence  we  shall  neglect 
this  effect  when  treating  the  circuit  as  a  heat  engine.  \Vc  may,  of 
course,  if  we  like,  render  the  conduction  of  heat  quite  inappreciable,  by 
making  the  conducting  wires  forming  the  circuit  very  long-  As  to  the 
heat  developed  according  to  Joule's  law,  this  not  being  directly  pro- 
portional to  the  quantity  of  elertririiy  passing  round  the  circuit,  and 
further,  since  by  making  the  resistance  of  the  ciiruit  sufficiently  small, 
we  may  make  the  quantity  of  heat  produced  as  small  as  we  please,  we 
shall  also  nrglert  this  effect.  Thus  when  we  arc  considering  the  con- 
nertion  between  the  E.M.K.'s  which  act  at  the  junctions,  that  is,  the 
work  done  wlien  unit  quantity  of  electricity  passes  round  the  circuit,  and 
the  thermal  effects  which  accompany  the  passage  of  the  electricity,  we 
shall  only  consider  the  reversible  processes,  and  shall  treat  the  circuit  as 
a  reversible  engine  (§  261). 

Let  Px  he  the  heat  liberated  at  the  cold  junction  of  a  thermo-electric 
circuit,  of  which  the  temperature  on  the  absolute  scale  (§  261)  is  T^i,  when 
unit  quantity  of  elenririty  crosses  the  junction,  and  P^  be  the  heat 
absorbed  at  the  hot  junction  which  is  at  an  absolute  temperature  7'^ 
The  quantities  of  heat  /',  and  /\  being  expressed  in  mechanical  units, 
V,  will  represent  the  mechanical  equivalent  of  the  heat  liberated  at  the 
cold  junction,  and  P-i  that  of  the  heat  absorbed  at  the  hot  junction  when 
unit  quantity  of  electricity  flows  round  the  circuit  Now  if  W  is  the 
work  done  when  the  unit  quantity  of  electricity  flows  round  the  circuit, 
we  have  by  the  equations  found  in  §  261 — 

7i-7-,    7\    t; 
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But  the  work  done  when  unit  quantity  of  electricity  flows  round  ihc 
circuit  is  equal  lo  E.     Hence 

E        P,    P, 


T.-T,     T, 


Ti 


or 


E'(T^-T,)P,m 


Hence  if  the  temperature  T,  of  the  cold  junction  is  kept  constant,  this 
reasoning  would  lead  us  to  expect  that  the  E.  M.F,  in  the  circuit  would 
be  proportional  to  the  diffcrenre  between  the  temperatures  of  the  hot 
and  cold  junctions.  We  have,  however,  seen  that  if  the  temperature  of 
the  hot  junction  is  raised,  the  E.M.F.  will  increase  at  6rst,  but  will 
eventually  reach  a  maximum  value,  and  when  the  temperature  of  the 
hot  junction  is  as  much  alxne  the  neutml  temperature  as  ihnt  of  the 
cold  one  is  below,  the  E.M.K,  will  be  zero.  From  considerations  of 
this  nature  Lord  Kelvin  was  Ictl  tn  infer  that  in  a  thermo-electric  circuit 
there  must  be  other  reversible  thermal  effects  due  to  the  current  besides 
the  Peltier  effort,  and  these  effects  must  account  for  the  discrepancy 
between  the  expression  we  have  found  above  on  the  supposition  that 
the  Peltier  effects  were  llie  only  reversible  ones  in  the  circuit  and  ihe 
obser\cd  facts.  He  then  made  a  series  of  experiments  with  a  view  lo 
discover  such  effects,  antl  found  that  when  a  current  flows  alon]L;  a  wire 
of  which  the  temperature  varies  from  point  to  point,  heal  is  liberated  at 
a  given  point  of  the  wire  when  the  current  flows  in  one  direction,  and  is 
absorl)cd  at  this  point  when  the  direction  of  the  current  is  reversed.  Of 
course  the  liberation  of  heat  here  spoken  of  is  additional  to  the  heat 
liberated  according  to  Joule's  law.  The  relative  directions  of  the  current 
and  of  the  temperature  gradient,  in  order  that  there  may  be  absorption 
of  heal,  depend  on  the  metal.  Thus  in  the  case  of  copper  heat  is 
abs(»rlKr<l  when  the  current  is  flowing  from  the  rold  part  of  the  wire  to 
the  hot,  while  in  the  case  of  iron,  on  the  other  hand,  heat  is  absorbed 
when  the  current  is  flowing  from  the  hot  part  of  the  wire  to  the  cold  : 
that  is,  in  the  same  dircnion  as  the  flow  of  licat  due  to  conduction  in  the 
wire.  In  each  rase  reversing  the  direction  of  the  current  changes  the 
absorption  of  heat  into  a  liberation.  This  reversible  thermal  effect, 
produced  when  a  current  flows  along  an  unequally  heated  conductor,  is 
called  the  Thomson  effect. 
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501.  Intensity  of  Magnetisation.— We  have  already  referred,  ia 
§  417,  to  ihc  fact  that  a  piece  of  iron  when  placed  in  a  magnetic  field 
becomes  magnetised  by  induction,  and  we  now  have  to  investigate  this 
phenomenon  of  induced  magnetism  in  more  detail. 

We  have  defined  the  magnetic  force  at  a  given  point  in  air  as  the 
force  in  dynes  which  would  act  on  a  unit  pole  placed  at  the  point,  and 
we  have  seen  how  the  direction  of  the  force  which  would  act  on  a  north 
pole  when  placed  anywhere  in  the  air  surrounding  a  magnet  may  be 
mapped  out  by  means  of  magnetic  lines  offeree.  We  also  found  that  in 
the  air  surrounding  the  magnet  these  lines  of  force  ran  from  the  north 
pole  of  the  magnet  to  the  south  pole.  In  the  case  of  electro-static  hnes 
of  force,  since  there  is  no  force  exerted  within  a  closed  conductor,  we 
did  not  have  to  consider  the  forms  of  the  lines  of  force  within  a  conduct- 
ing body,  so  that  a  line  of  force  ori^pnaied  at  a  positively  electrified 
conductor  and  emUd  at  the  surface  of  a  negatively  electrified  body.  In 
the  case  of  the  magnetic  lines  of  force  due  to  an  electric  current  (§  472) 
we,  however,  found  that  they  consisted  of  closed  curves,  that  is,  e^ch  line 
offeree  is  continuous,  and  has  neither  beginning  nor  end.  Wc  are  thus 
led  to  consider  whether  the  lines  of  magnetic  force  due  to  magnets  are 
like  lines  of  electro-static  force,  originating  at  a  north  pole  and  ending  tip 
at  a  south  pole,  or  whether  they  arc  like  the  magnetic  lines  of  force  of  a 
current  and  are  continuous  curves.  Suppose  that  a  long  thin  steel  rod 
is  magnetised  uniformly,  then  there  will  be  a  pole  at  each  end  and 
magnetic  lines  of  force  will  run,  in  the  surrounding  air,  from  the  north 
]X)le  to  the  south  pole.  Now  suppose  that  the  magnet  is  bent  into  the 
form  of  a  circle,  the  two  poles  being  brought  into  contact  with  one 
another.  Before  the  poles  were  brought  into  contact  there  were  a 
number  of  lines  of  force  passing  through  the  air,  but  when  the  poles  arc 
in  contact  practically  no  lines  of  force  pass  through  the  air.  The  magnet, 
however,  is  still  magnetised,  for  if  the  poles  are  separated,  or  if  it  is  cut 
at  any  other  place  and  ihe  ends  are  separated,  lines  offeree  will  at  once 

pass  through  the  air.    We  are  thus  led  to  conclude  that  the  magnetic 
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lines  of  force  exist  even  when  they  do  noi  pass  through  the  air,  and  that 
when  the  poles  arc  in  contact  the  lines  run  round  the  steel  ring  thus 
formed.  When  the  poles  arc  separated  the  lines  of  force  still  form  con- 
tinuous lines,  the  direction  in  the  air  )>eing  from  the  north  pole  to  the 
south,  while  for  the  remainder  of  their  course  they  run  in  the  substance 
of  the  steel,  the  direction  here  being  from  the  south  pole  to  the  north. 

Just  as  in  the  case  of  electro-static  lines  of  force  we  were  able  by 
means  of  the  consideration  of  lubes  of  force  to  represent  the  strength  of 
the  electro-static  field  at  any  pi»int,  so  by  the  consideration  of  tubes  of 
magnetic  force  we  can  represent  the  strength  of  the  magnetic  field  at 
cvcr>'  point.  A  unit  magnetic  tube  of  force  is  bounded  by  lines  of  mag- 
netic force,  and  is  such  that  the  product  of  the  magnetic  force  at  any 
point  of  the  tube  into  the  cross-section  of  the  tube  at  that  point  is  equal 
to  unity. 

Attention  must  be  paid  to  the  difference  between  the  methods  in 
which  the  electro-static  and  the  magnetic  unit  tubes  arc  defined.  Since 
the  electro-static  tube  starts  and  ends  at  g^ivcn  points,  we  are  able  to 
define  the  tmit  lube  by  the  quantity  of  electrification  at  the  ends.  Thus 
defined,  we  have  seen  ihat  the  product  of  the  electric  force  at  a  point  in 
a  tube  into  the  cross-section  of  the  tube  at  that  point  is  equal  to  4Tr.  In 
the  magnetic  case,  on  the  other  hand,  the  tubes  being  endless,  we  have 
to  adopt  another  method  of  defining  the  unit  tube,  namely,  that  the 
product  of  the  magnetic  force  into  the  cross-section  should  be  constant. 
The  constant  usually  adopted  being,  however,  not  4jr,  but  unity.  Greater 
uniformity,  no  doubt,  would  be  secured  by  altering  the  definition  of  the 
eleciro-static  unit  tube  so  as  to  conform  to  the  definition  of  the  magnetic 
tube  in  the  manner  gi\-en  at  the  end  of  §  455.  Usage  having  decreed 
that  the  definitions  we  have  adopted  should  be  used,  it  seems  hopeless 
to  attempt  to  make  any  change.  The  difference  in  the  definitions  will 
account  for  the  frequent  occurrence  of  the  quantity  4jr  in  formula?  dealing 
with  one  kind  of  tube,  but  not  in  the  corresponding  formula  dealing^  with 
the  other  kind  of  tube. 

If  a  long  thin  magnet  is  taken  of  which  the  pole  strength  is  m  and  u 
sphere  of  radius  r,  where  r  is  small,  be  described  with  the  pole  as  centre, 
the  force  at  any  point  on  this  sphere  is  w/r*,  since  the  other  pole  is  at  a 
great  distance,  so  that  it  exerts  no  appreciable  force.  If  ti  is  the  cross- 
section  of  a  tube  of  force  at  the  surface  of  the  sphere,  then  by  the  defini- 
tion of  the  unit  tube  we  have 

or  rt=r*/w. 

Hence,  since  the  area  of  the  surface  of  a  sphere  of  radiun  r  is  4ir^,  the 

number  of  lubes  of  force  which  cross  the  surface  of  the  sphere  is  2 —    or 

a 

^trm  \  that  is,  there  are  \Km  tubes  of  force  which  leave  the  north  pole  of 
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501.  Intensity  of  Magnetisation.— We  have  already  referred,  in 

§  417^  to  [U^i  fact  that  a  piece  of  iron  when  placed  in  a  magnetic  field 
becomes  magnetised  by  induciion,  and  ue  now  have  to  investigate  this 
phenomenon  of  induced  magnetism  in  more  detail. 

We  have  defined  the  magnetic  force  at  a  given  point  in  air  as  the 
force  in  dynes  which  would  act  on  a  unit  pole  placed  at  the  point,  and 
we  have  seen  how  the  direction  of  the  force  which  would  act  on  a  north 
pole  when  placed  anywhere  in  the  air  surrounding  a  magnet  may  be 
mapped  out  by  means  of  magnetic  lines  of  force.  We  also  found  that  in 
the  air  surrounding  the  magnet  these  lines  of  force  ran  from  the  north 
pole  of  the  magnet  to  the  south  pole.  In  the  case  of  electro-static  lines 
of  force,  since  there  is  no  force  exerted  within  a  closed  conductor,  we 
did  not  have  to  consider  the  forms  of  the  lines  of  force  within  a  conduct- 
ing body,  so  that  a  line  of  force  oHi^naUd  at  a  positively  electrified 
conductor  and  ended  at  the  surface  of  a  negatively  electrified  body.  In 
the  case  of  the  magnetic  lines  of  force  due  to  an  electric  current  (§  472) 
we,  however,  found  that  they  consisted  of  closed  curves,  that  is,  each  line 
offeree  is  continuous,  and  has  neither  beginning  nor  end.  We  are  thus 
led  to  consider  whether  the  lines  of  magnetic  force  due  to  magnets  arc 
liVe  lines  of  electro-static  force,  originating  at  a  north  pole  and  ending  up 
at  a  south  pole,  or  whether  they  are  like  the  magnetic  lines  of  force  of  a 
current  and  are  continuous  curves.  Suppose  that  a  long  thin  steel  rod 
is  magnetised  uniformly,  then  there  will  be  a  pole  at  each  end  and 
magnetic  lines  of  force  will  run,  in  the  surrounding  air,  from  the  north 
pole  to  the  south  pole.  Now  suppose  that  the  magnet  is  bent  into  the 
form  of  a  circle,  the  two  poles  being  brought  into  contact  with  one 
another.  Before  the  poles  were  brought  into  contact  there  were  a 
number  of  lines  of  force  passing  through  the  air,  but  when  the  poles  are 
in  contact  practically  no  lines  of  force  pass  through  the  air.  The  magnet, 
however,  is  still  magnetised,  for  if  the  poles  are  separated,  or  if  it  is  cut 
at  any  other  place  and  the  ends  are  separated,  lines  of  force  will  at  once 

pass  through  the  air.     We  are  thus  led  to  conclude  that  the  magnetic 
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lines  of  force  exist  even  when  they  do  not  pass  through  the  air,  and  that 
when  the  poles  arc  in  contact  the  lines  run  round  the  steel  ring  thus 
formed.  When  the  poles  are  separated  the  lines  of  force  still  fomi  con- 
tinuous lines,  the  direction  in  the  air  being  from  the  north  pole  to  the 
south,  wliile  for  the  remainder  of  their  course  they  run  in  the  substance 
of  the  steel,  the  direction  here  being  from  the  south  pole  to  the  north. 

Just  as  in  the  case  of  electro-static  lines  of  force  we  were  able  by 
means  of  the  consideration  of  tubes  of  force  to  represent  the  stren|.;th  of 
the  electro-static  field  at  any  ptiint,  so  by  the  consideration  of  tubes  of 
magnetic  force  we  can  represent  the  strength  of  the  magnetic  field  at 
every  point.  A  unit  magnetic  tul>e  of  force  is  bounded  by  lines  of  inag- 
netic  force,  and  is  such  that  the  product  of  the  magnetic  force  at  any 
point  of  the  tube  into  the  cross-section  of  the  lube  at  that  point  is  equal 
to  unity. 

Attention  must  be  paid  to  the  diflTerencc  between  the  methods  in 
which  the  electro-static  and  the  magnetic  unit  tubes  arc  defined.  Since 
the  electro-static  tube  starts  and  ends  at  given  points,  we  are  able  to 
define  the  unit  tube  by  the  quantity  of  eleclrificalion  at  the  ends.  Thus 
defined,  we  have  seen  that  the  product  of  the  electric  force  at  a  point  in 
a  tube  into  the  cross-section  of  the  lube  at  that  point  is  equal  to  4)r.  In 
the  nuignetic  case,  on  the  other  hand,  the  tubes  being  endless,  we  have 
lo  adopt  another  method  of  defining  llie  unit  tulie,  namely,  that  the 
product  of  the  magnetic  force  into  the  cross-section  should  l>e  constant. 
The  constant  usually  ailopied  being,  however,  not  47r,  but  unity.  Greater 
uniforntity,  t\i\  doubt,  would  be  secured  by  altering  the  definition  of  the 
electro-static  unit  tube  so  as  to  conform  to  the  definition  of  the  magnetic 
tube  in  the  manner  given  at  the  end  of  §  455.  Usage  having  decreed 
that  the  definitions  we  have  adopted  should  be  used,  it  seems  hopeless 
to  attempt  lo  make  any  change.  The  difference  in  the  definitions  will 
account  for  the  frequent  occurrence  of  the  quantity  4^-  in  formulic  dealing 
with  one  kind  of  tube,  but  not  in  the  corresponding  formula  dealing  with 
the  other  kind  of  tube. 

If  a  long  ihtn  magnet  is  taken  of  which  the  pole  strength  is  //*  and  a 
sphere  of  radius  r,  where  r  is  small,  be  described  with  the  pole  as  centre, 
the  force  at  any  point  on  this  sphere  is  wrr',  since  the  other  pole  is  at  a 
great  distance,  so  that  it  exerts  no  appreciable  force.  If  */  is  the  cross- 
section  of  a  tube  of  force  at  the  surface  of  the  sphere,  then  by  the  defini- 
tion of  the  unit  tube  we  have 

or  a^r*jm» 

Hence,  since  the  area  of  the  surface  of  a  sphere  of  radius  r  is  4irr',  the 

number  of  tul>es  of  force  which  cross  the  surface  of  the  sphere  is^—^,  or 

il 

4nm  ;  that  is,  there  are  4ir//;  tubes  of  force  which  leave  the  north  pole  of 
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a  magnet,  of  which  ihe  pole  strength  is  m.     Since  all  these  tubes  of  force 
return  to  the  north  pole  through  the  substance  of  the  iron,  there  will  be 
4fr/«  tubes  of  force  passing  through  the  magnet,  these  tubes  cf  foTce  I 
being  all  due  to  the  magnetism  of  the  magnet  itself. 

If  we  accept  the  hypothesis  of  molecular  magnets  (§  420),  the  strength 
of  the  pole  m  either  measures  the  strength  of  the  molecular  magnets,  or,  if 
we  assume  that  they  are  of  constant  strength,  the  proportion  of  them  whicli 
are  turned  with  their  axes  in  one  direction.  Hence  for  a  given  magnet 
the  degree  to  which  the  steel  is  magnetised  will  depend  on  the  number  of 
tubes  offeree  which  pass  through  the  substance  of  the  magnet,  that  is,  on 
ihe  closeness  of  the  packing  of  the  tubes.  This  closeness  depends  on  the 
strength  of  the  poles  of  the  magnet  and  also  on  the  cross-section  of  the 
magnet.  If  then  s  is  the  cross-section  of  the  magnet,  and  m  is  the 
strength  of  cither  of  the  poles,  the  degree  to  which  the  steel  is  magnetised 
is  measured  by  ^-rmls.  Now  if  /  is  the  length  of  the  magnet,  and  its 
magnetic  moment  is  M^  we  have  m  =  dif/L  Hence  the  degree  of  magnetisa- 
lion  of  the  steel  is  measured  by  ^irMf/s^  or  since,  if  V  is  the  volume  of 

the  magnet,  K=  is  by  4t^.     Thus  ihe  degree  of  magnetisation  of  the 

steel  is  proportional  to  the  quotient  of  the  magnetic  moment  by  the 

volume,  and  this  quantity  is  called  the  intensity  0/  tnagnetisation  of  the 
stccl.  That  the  value  of  this  quantity  does  not  depend  on  the  form  of 
the  magnet  can  be  seen  by  the  following  considerations.  If  a  magnet 
were  taken  of  length  //2  and  cross-section  2J,  so  that  the  volume  was  the 
same  as  before,  and  were  magnetised  so  that  its  moment  was  J/,  the 
strength  of  each  pole  would  be  3iV//,  that  is,  2w,  and  the  numl>cr  of  tubes 
of  force  passing  through  the  magnet  would  be  47rwx2,  and  the  number 
of  tubes  of  force  passing  through  unit  area  of  the  cross-section  would  be 
8?rw/2j  or  47r////j,  which  is  the  same  number  as  obtained  before.  Since 
the  moment  and  the  volume  are  the  same  as  before,  the  intensity  of 
magnetisation  is  the  same  as  before,  and  we  have  just  seen  that  the 
closeness  of  the  tubes  of  force  is  the  same. 

TTic  number  of  tubes  of  force  which  pass  through  the  magnet  is  ^trm^ 
and  ihc  number  of  tubes  per  unit  area  of  cross-section  is  ATrm's^  but  the 
number  of  tubes  per  unit  area  of  the  cross-section  is  also  equal  to  4ir/ 
Hence  /=w/j.  The  quantity  w/r,  which  is  the  pole  strength  per  unit 
area,  is  called  the  surface  density  of  the  magnetisation,  and  from  the 
above  relation  it  is  seen  that  this  quantity  Is  numerically  equal  to  the 
intensity  of  magnetisation,  /  Thus  if  a  disc  of  iron,  of  which  the  area  of 
the  face  is  5,  is  magnetised  transversely,  the  intensity  of  magnetisation 
being  /,  then  the  pole  strength  of  either  side  will  be  AS". 

602.  Magrnetlc  Induction.— We  have  seen  that  when  a  piece  of  imn 
is  placed  in  a  magnetic  field  it  becomes  magnetised  owing  to  induction, 
and  we  have  now  to  consider  how  the  intensity  of  the  induced  magnetism 
depends  on  the  conditions  under  which  the  induction  takes  place. 
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In  any  portion  of  a  magnetic  field  which  is  filled  with  nnn-magnetic 
medium,  all  the  luljes  of  force  are  due  to  causes  (currents,  magnets,  &c.) 
which  are  external  to  the  portion  of  the  medium  considered.  If  we 
assume,  and  we  shall  see  later  to  what  extent  this  assumption  is  justified, 
that  in  a  majinetic  medium  the  molecules  of  the  medium  are  already 
maj^netised,  and  that  ihe  act  of  ma^etising  any  given  portion  of  the 
medium  consists  of  turning  these  molecular  magnets  in  a  given  direction, 
then  when  such  a  medium  is  unmagTuiised  x\\€i  molecular  magnets  will  be 
turned  in  all  directions.  Each  molecular  magnet  will  have  its  tubes  of 
force,  just  as  a  large  magnet,  but  in  the  unmagnetised  state  these  tubes  of 
force  will  be  turned  in  all  directions,  so  that  on  the  whole  there  will  be  as  i 
many  tubes  passing  through  any  element  of  area,  taken  in  the  medium, 
in  one  direction  as  in  the  opposite  direction.  Where,  however,  a  magnetic 
medium  is  placed  in  a  magnetic  field  a  certain  pro|>ortion  of  the  molecular 
magnets  will  be  turned  in  the  direction  of  the  lines  of  force  of  the  field, 
so  that  llieir  tubes  of  force  all  point  in  the  same  direction,  This  effect 
is  shown  in  Fig.  407,  which  represents  the  result  of  sprinkling  iron  filings 
over  a  sheet  of  glass  on  which  were  placed  a  number  of  small  magnets, 
the  axes  of  which  were  arranged  irregularly  in  all  directions.  In  Fig.  408 
the  corresponding  figure  is  shown  for  the  same  niagnets,  but  here  they 
have  been  all  arranged  with  their  axes  pointing  in  one  direction.  It  will 
be  observed  that  now  there  are  lines  of  force  extending  to  some  distance 
from  the  yroup  of  magnets. 

Thus  within  a  magnctisablc  medium,  which  is  placed  in  a  magnetic 
field,  we  have  to  do  with  two  sets  of  tubes  of  force — (1)  those  which  are 
due  to  the  magnetising  field,  and  which  would  exist  if  the  magnetic 
medium  were  replaced  by  a  non-magnetic  medium  ;  (2)  those  due  to  the 
magnetism  of  the  molecules  of  the  medium  itself. 

Suppose  that  a  long  unmagnetised  cylindrical  bar  of  soft  iron  of 
cross-section  s  is  placed  in  a  unifonn  magnetic  field  of  strength  //,  with 
its  length  pamllel  to  the  lines  of  force  of  the  field  Then  if  the  cylinder 
were  of  an  unmagnetisable  material,  the  numljer  of  tubes  oi  force  due 
10  ihe  field  which  would  cross  the  cross-section  of  the  cylinder  is  s/f. 
Owing,  however,  to  the  fact  that  the  cylinder  becomes  magnetised  by 
induction,  there  will  be  in  addition  a  certain  number  of  lubes  of  force 
both  within  the  cylinder  and  in  the  air  outside,  due  to  this  induced 
magnetism. 

Owing  to  the  induction,  poles  will  be  induced  at  the  ends  of  the  iron 
and  these  poles  will  in  general  produce  a  force  within  the  material  of  the 
iron  which  will  tend  to  diminish  the  strength  of  the  inducing  field. 
This  disturbing  action  of  the  induced  poles  causes  a  considerable  com- 
phcation  in  the  consideration  of  the  problem,  and  so  we  shall  at  first 
consider  the  case  of  a  very  long  cylinder  of  comparatively  small  cross- 
section.  In  this  case,  if  we  confine  ourselves  to  a  consideration  of  the 
state  of  the  iron  near  the  middle  of  the  cylinder,  the  influence  of  the 
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poles,  which   are   hy  supposition   at  a  considerable   distance^  may  be 
ncKlecteil. 

If;//  is  ihe  strength  of  the  poles  induced  in  the  iron,  then,  as  we  have 
seen  in  the  last  section,  there  will  be  47r/;/  lines  of  force  due  to  this 
induced  niajjnctism.  Since  that  end  of  the  cylinder  which  jtoints  in  the 
direction  in  which  the  Hnes  of  force  of  the  field  run  becomes  a  north 
pole,  the  induced  hnes  of  force  will  rvm  in  the  air  in  the  opposite 
direction  to  the  lines  of  force  of  the  field,  but  within  the  iron  they  will 
run  in  the  same  direction  as  the  lines  of  force  of  the  field.  The  number 
of  tubes  which  p;iss  through  the  iron  is  therefore  stl  lubes,  due  to  the 
inducing  field,  and  4irw  tubes,  due  to  the  induced  magnclisaiion,  or 
sll+^wm  in  all.  Hence  the  number  of  tubes  of  force  which  cross  unit 
area  of  the  cross-section  of  the  iron  is  //  +  47r////j.  But  the  intensity  of 
inagnetisatir>n  of  the  iron  is  eijijal  lo  /«;>,  for  the  lines  of  force  due  to  the 
field  alone  have  nothing  to  do  with  the  magnetism  of  the  material,  and 
in  fact  remain  the  same  whatever  the  nature  of  the  material  of  which  the 
cylinder  is  composed.  Hence  if  /  is  the  intensity  of  the  magncti&m 
induced  in  the  iron,  the  number  of  lines  of  force  which  cross  um't  area  of 
the  cross-section  of  the  cylinder  is  Jf-^^nL  This  quantity  is  called  the 
imiuction^  B,  in  ihe  iron,  so  that 

^  =  //+4ir/. 

We  have  in  the  above  spoken  of  the  tubes  of  force  due  to  the 
magnetising  field,  and  to  the  induced  magnetism  which  is  induced  in 
the  iron,  and  wc  have  defined  the  induction  as  llie  number  of  tubes  of 
force  which  cross  unit  area  at  right  angles  to  the  lube^  Now  although 
in  the  example  wc  have  taken  wc  have  for  simplicity  supposed  that  the 
cylinder  of  iron  was  placed  with  its  length  parallel  to  the  lines  of  force 
of  the  magnetising  field,  and  was  entirely  magnetised  by  induction,  so 
that  inside  the  iron  the  lines  of  force  due  to  the  field  and  those  due  lo 
the  induced  magnetism  were  parallel,  this  is  not  always  sa  Thus  if 
the  cylinder  had  been  placed  with  its  length  inclined  to  the  lines  of 
force  of  the  magnetising  field,  and  been  permanently  magnetised,  the 
lines  of  force  within  the  iron  due  to  the  permanent  magnetism  of  ihc 
iron  would  not  be  parallel  to  those  due  to  the  field. 

Since  in  the  iron  we  have  always  to  do  with  the  resultant  of  the  two 
sets  of  tubes,  that  is,  with  the  induction,  it  is  usual  to  speak  of  the  tubes 
of  induction  within  any  magnetisable  material  Thus  a  line  of  induction 
is  a  curve  drawn  so  that  it  everywhere  indicates  the  direction  of  the 
induction,  that  is,  of  the  resultant  of  the  field  causing  the  induced  mag- 
netisation and  that  of  the  magnetisation,  both  permanent  and  induced, 
of  the  material.  A  tube  of  induction  is  a  portion  of  space  bounded  by 
lines  of  induction,  and  such  that  the  induction  across  ever)*  cross-section 
of  the  tube  is  equal  to  unity. 

If  there  are  no  magnetisable  materials  in  the  field,  then  there  will  be 
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no  lines  of  force  due  to  induced  or  permanent  magnetism,  and  the  lines 
and  tubes  of  induction  will  be  the  same  as  the  lines  and  lubes  of  force. 
In  cases  where  we  wish  to  distinguish  between  the  two  sets  of  tubes 
within  a  magnetisable  material,  we  shall  take  the  terms  lines  and  luhcs 
of  force  as  referring  to  the  lines  or  tubes  which  would  occupy  the  space 
if  the  magnetisable  material  were  removed  and  were  replaced  by  a 
non-magnelisable  substance  such  as  air,  resening  the  lenns  lines  and 
tubes  of  induction  for  the  resultant  of  the  magnetising  and  induced 
Belds. 

In  the  case  of  a  magnet  placed  in  a  region  where  there  are  no 
external  magnetic  forces,  the  tubes  of  induction  within  the  magnet  will 
spread  out  into  the  air  from  the  north  pole,  curA'ing  round  and  entering 
the  magnet  at  the  south  pole,  then  travelling  through  the  substance  of 
the  magnet  to  the  north  pole. 

When  we  come  to  the  question  as  to  how  the  magnetic  induction 
within  a  mass  of  iron  is  to  be  measured,  we  are  met  with  the  difliculty 
that  we  are  not  able  to  bring  tlie  unit  pole  to  a  point  within  the 
substance  of  the  iron  without  making  a  cavity  in  the  iron,  and  the 
question  arises,  what  will  be  the  effect  of  sudi  a  cavity  on  the  induction  ? 
Suppose  that  we  return  to  the  case  of  the  cylinder  of  rross-section  jt, 
before  considered,  which  is  placed  in  a  field  of  sireagtii  //,  with  its 
length  parallel  to  the  lines  of  force  of  the  field,  and  that  we  cut  the 
cylinder  in  two  by  a  plane  at  right  angles  to  its  axis,  and  separate  the 
halves  by  a  very  small  amount.  Then,  if  the  gap  between  the  parts  \% 
sufficiently  small,  practically  the  whole  of  the  tubes  of  induction  which" 
leave  one  portion  will  enter  the  opposing  face  of  ilie  other  portion. 
Where  the  tubes  of  induction  leave  the  face  at  one  side  of  the  air  gap  a 
north  pole  will  be  produced,  while  on  the  other  side  of  the  gap,  where 
they  enter  the  iron  again,  there  will  be  a  south  pole.  These  poles  will, 
however,  be  so  very  near  that,  l^eing  of  the  same  strength,  they  will 
exactly  neutralise  each  other's  effect,  except  in  the  air  gap.  Let  /'"be 
the  value  of  the  field  in  the  gap,  that  is,  the  force  which  would  act  on 
the  unit  pole  if  placed  there,  then,  as  the  field  will  be  uniform,  the 
number  of  tubes  of  force  which  cross  the  gap  will  be  sl'\  for  the  cross- 
section  of  the  gap  is  s.  Now  the  nun^ber  of  tubes  of  induction  which 
enter  the  air  gap  from  the  iron  on  the  one  side  and  re-enter  the  iron  on 
the  other  side  is  j/^,  where  B  is  the  induction  within  the  iron.  Hence, 
since  each  of  the  tubes  of  force  in  the  air  gap  is  the  continuation  of  one 
of  the  lubes  of  induction  in  the  iron,  we  must  have  the  same  number  of 
each,  that  is,  sB^sF  ox  B=F.  The  magnetic  induction  is  therefore 
equal  to  the  strength  of  the  magnetic  field  in  a  small  crevasse  cut  in  the 
iron  at  right  angles  to  the  lines  of  induction  in  the  iron. 

503.  Magnetising  Force, — When  considering  the  case  of  the  cylinder 
of  iron  magnetised  inductively  in  the  last  section,  we  assumed  for  sim- 
plicity that  the  length  was  very  great,  and  were  thus  able  to  neglect  the 
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niaynclic  force  within  the  iron  due  to  the  poles  which  are  inducc»i  at  ihc 
ends,  and  we  liave  now  lo  consider  what  influence  these  will  have  on  the 
results  obtained. 

If  the  length  of  the  bar  is  6nite,  so  that  the  influence  of  the  poles 
induced  at  the  ends  has  to  be  taken  into  account,  the  magnetising  force 
at  any  given  point  of  the  bar  will  consist  of  two  parts,  that  due  to  the 
field  when  the  iron  is  not  present,  and  that  due  to  the  poles  which  are 
induced  at  the  ends.  If  it  were  possible  to  keep  the  induced  poles  in  the 
place  which  ihey  occupy  and  yet  remove  the  iron,  then  the  field  due  lo 
the  |>oI('s  would  be  opposite  in  direction  to  that  due  to  the  inducing  field, 
foriho  induced  north  pole  is  turned  towards  the  direction  in  which  the 
lines  of  force  of  the  field  run  and  the  lines  of  force  due  to  the  two  induced 
piile^  run  from  the  nonh  pole  to  the  soutli.  The  resultant  of  the  two 
fields  is  the  field  which  is  actually  cfBcacious  in  producing  the  induced 
magnetisation  of  the  iron,  and  is  called  the  magnetising  force.  Since 
ihc  operation  of  removing  the  iron  without  moving  the  poles  is  impossible, 
we  have  to  consider  some  other  mcthotl  of  measuring  the  magnetising 
force. 

SupiKJse  a  long  thin  cylindrical  cavity  to  be  made  in  the  iron  with  its 
Axis  parallel  to  the  direction  in  which  the  iron  is  magnetised.  Then, 
since  the  axis  of  the  cylinder  is  parallel  to  the  direction  of  maynetis-ition, 
nil  the  molecular  magnets  will  l>c  arranged  parallel  to  the  sides  of  the 
cavity,  so  that  there  will  be  no  free  poles  developed  on  the  sides  but  only 
on  the  ends.  Hence,  if  the  length  is  veo'  great  compared  to  the  dia- 
meter, the  force  due  to  these  free  poles,  produced  by  the  magnetisation  of 
the  iron  on  the  ends  of  the  cavity,  will  be  negligible,  and  a  unit  pole 
placed  in^iidc  the  cylindrical  cavity  will  experience  a  force  which  Is  due 
w»lcly  to  the  inducing  field  and  to  the  poles  induced  at  the  ends  of  the 
iron  cylinder.  In  other  words,  the  force  acting  on  the  unit  pole  will  be 
ctjual  to  the  magnetising  force  which  is  acting  inductively  on  the  iron 
and  which  produces  its  induced  magnetisation,  and  not  in  any  way  due 
to  the  influence  of  the  neighbouring  iron.  Hence  in  the  equation 
/>*='//+4'r/,  in  the  case  where  the  iron  is  of  such  a  IcngOi  that  the  pfiles 
induced  at  the  ends  exert  an  appreciable  magnetic  force  at  the  (x>int  in 
the  iron  considerctl,  //must  be  taken  to  be  the  force  which  would  act 
on  the  unit  pole  if  placed  inside  a  very  long  cylindrical  cavity  at  the 
given  point,  the  axis  of  the  cavity  being  parallel  to  the  dircaion  in  which 
the  iron  is  magnetised. 

We  have  seen  that  the  effects  of  the  poles  induced  at  the  ends  of  (he 
iron  is  to  reduce  the  magnitude  of  the  magnetising  force,  so  thai  if  the 
external  field  is  removed  the  force  due  to  these  induced  poles  will  tend  to 
[  llemagnetise  the  bar.  The  longer  the  bar,  the  smaller  will  be  their  de- 
magnetising force,  so  that  it  is  better,  when  making  permanent  magnets, 
to  use  long  thin  bars  of  steel  than  short  and  broad  ones.  In  most 
ents  on  the  strength  of  the  magnetism  induced  in  iron  rods  the 
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length  is  taken  so  great  that  the  demagnetising  force,  due  to  the  poles 
induced  at  the  ends,  is  negligible,  so  that  the  magnetising  force  will  be 
equal  to  the  strength  of  the  field  before  the  introduction  of  the  iron,  and 
the  argument  in  the  last  section  will  hold  good. 

504.  Susceptibility— Permeability.— If  the  magnetism  of  a  piece 
of  iron  is  entirely  induced,  the  magnetisation  and  tlic  induction  are 
panillel  to  the  direction  of  the  magnetising  force  ;  and  if  H  is  the  mag- 
netising force,  B  the  induction,  and  /  the  intensiiy  of  magnetisation, 
we  have 

^=-/y  +  4ir/. 

The  ratio  of  the  intensity  of  the  induced  magnetisation  to  the  magne- 
tising force,  or  ////,  is  called  the  magnetic  susctptihitity^  and  is  generally 
indicated  by  the  letter  k. 

The  ratio  of  the  induction  to  the  magnetising,  force,  or  />'///',  is  called 
the  magnttic  pcrnuability^  and  is  generally  indicated  by  the  letter  m.  , 
Hence 

I^kHnLXiiXB^i^H, 

Substituting  these  values  in  the  equation  for  B^  we  get 

The  penncabilily,  ^,  has  the  same  relation  to  magnetism  as  the 
specific  inductive  capacity  has  to  electro-statics.  There  is,  however,  this 
impottant  difference,  that  while  the  specific  inductive  capacity  of  a 
dielectric  is  independent  of  the  electro-static  force  acting  and  of  the 
values  of  the  force  which  have  previously  been  acting,  the  contrary  is  the 
case  with  the  penneability.  Thus  in  the  case  of  iron  the  value  of  the 
I>enneabllity,  at  any  rate  for  magnetising  forces  ab«3ve  about  0.02  (.g^, 
units,  deixinds  not  only  on  the  value  of  the  magnetising  force  actually 
acting,  but  also  on  what  magnetising  forces  have  previously  acted  on 
the  iron. 

In  Fig.  480  is  given  a  curve  showing  the  relation  between  the  mag- 
netising force  and  the  magnetic  induction  for  a  particular  sample  of  iron. 
It  will  l)e  seen  that  the  curve  for  small  magnetising  forces  is  nearly 
straight ;  after  this  it  bends  sharply  upwards,  and  then  gradually  becomes 
flatter  and  flatter  till,  for  large  values  of  the  magnetising  force,  it  is  again 
straight. 

In  the  figure  the  scale  adopted  for  B  is  very  much  smaller  than  that 
for  //,  since  the  changes  in  B  are  so  very  much  greater  than  are  those  in 
H.  If  the  same  scale  is  adopted  for  the  two,  the  cur\'e  for  large  values 
of  H  is  a  straight  line  inclined  at  45'  to  the  two  axes,  indicating  that  the 
change  in  B  is  equal  to  the  change  in  //. 

If  we  consider  any  point  P  on  the  curve,  then,  since  the  permeability 
is  the  ratio  of  the  induction  to  the  magnetising  force,  the  value  of  the 
permeability  for  the  magnetising  force  corresponding  to  P  is  given  by 
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the  ratio  of  the  ordinate  of  P  to  the  abscissa,  or,  what  comes  to  the  same 
thing,  by  the  tant'enl  of  the  angle  d  belween  the  line  joining  P  (o  the 
origin  and  the  axis  of//. 

Since  for  very  small  values  of//  the  curve  is  straight,  the  tangent  of 
the  angle  ^  is  constant,  that  is,  the  penneability  is  constant.  As  H 
increases  Q  increases,  and  hence  the  penneability  also  increases.  At  the 
point  Q  on  the  curve  the  value  of  6/  is  a  maximum  ;  thus  for  the  corre- 
sponding value  of//,  that  is,  4.8  c,g-s.  units,  in  the  case  of  the  sample  of 
iron  for  which  the  cur\*e  is  drawn,  the  permeability  is  a  maximum. 
For  greater  values  of  //,  0,  and  therefore  also  the  permeability,  decreases. 

Since  for  high  values  of  //  the  cur\'c  is  a  straight  line  inclined  at  45' 
to  the  axis  of//,  for  all  points  on  this  portion  the  cur\'e  we  have  ^"»//+d. 
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wliere  ^  is  a  constant.  Comparing  this  relation  with  that  between  B^  7/, 
and  /,  namely,  B  =  ilAr^irl^  we  see  that  It  indicates  that  4x/  has  become 
constant-  Hence  the  intensity  of  magnetisation  docs  not  increase  in- 
(lelinitcly  as  the  strength  of  the  magnetising  field  is  increased*  but 
eventually  reaches  a  constant  value.  Under  these  circumstances  the 
iron  is  said  to  be  saturated.  In  the  case  of  a  specimen  of  soft  iron 
examined  by  Ewing,  saturation  was  produced  by  a  magnetising  force  of 
less  than  2,000  r.^^.J.  units.  The  magnetising  force  required  to  saturate 
steel  is  very  much  greater  than  that  required  in  the  case  of  soft  iron- 
Thus  Ewing  found  that  a  magnetising  force  of  I5,cxx>  units  was  not 
sufficient  to  saturate  one  specimen  of  steel.  In  Fig.  48 1  tlic  curve 
showing  the  relation  between  the  magnetising  force  and  the  permeability 
is  given  for  the  sample  of  iron  for  which  the  curve  in  Fig.  480  is  drawiL 
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The  permeability  for  very  weak  fields  is  almost  constant,  then  increases 
rapidly  to  a  maximum,  then  decreases— at  first  rapidly,  then  more 
slowly.     The  curve  showing  the  connection   between  the  intensity  of 
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magnetisation  and  the  magnetising  force  is  similar  to  the  ^-// curve, 
since  the  intensity  of  magnetisation  is  practically  e(.]ual  to  ^,'4Jr,  the 
values  of  //  being  very  small  compared  to  /». 

605.  Effects  of  Temperature  on  the  Magmetic  Properties  of 
Magmetle  Metals.— When  a  piece 
of  iron  or  steel  is  heated  to  a  bright 
red  it  loses  its  power  of  becoming 
magnetised,  or,  if  permanently  mag- 
netised, all  this  permanent  magne- 
tism will  be  lost.  A  similar  change 
takes  place  in  the  case  of  nickel  and 
cobalt. 

The  temperature  at  which  a  par- 
ticular sample  of  a  magnetic  metal 
loses  its  magnetic  properties  is  called 
the  critical  temperature  for  that 
metal.  This  temperature  must  not 
be  confused  with  the  critical  tem- 
perature in  the  case  of  gases,  which 
has  reference  to  an  entirely  different 
property  (see  §  232). 

With  small  values  of  the  magne- 
tising force  the  loss  of  the  magnetic 
properties  of  soft  iron,  as  the  tem- 
perature reaches  the  critical  point, 
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is  much  more  sudden  than  with  strong  magnetising  forces.    In  Fig.  482  the 
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relation  between  the  permeability  of  soft  iron  and  the  temperature,  as      ^H 
obtained  by  Morris,  for  diflTerenl  magnetising  forces  is  shown.                          ^H 

For  low  magnetising  forces  it  will  be  seen  that  the  permeability  in-      ^H 
creases  slowly  with  rise  of  temperature  up  to  a  temperature  of  about  600* ;     ^H 
the  increase  then  becomes  very  much  more  rapid,  till  at  about  750"  the      ^H 
cur\'e  becomes  almost  vertical.     The  permeability  reaches  a  maximum      ^H 
value  for  a  temperature  of  775".   Above  this  temperature  there  is  a  sudden     ^^ 
decrease  of  the  permeability,  and  at  a  temperature  of  785'  the  pcrmca-     ^H 
bility  is  practically  unity,  that  is,  the  iron  has  lost  its  magnetic  properties.      ^H 
For  large  magnetising  forces  (of  4.0  c.j^.s.  units  and  over)  there  is  no     ^H 
increase  of  the  ponncability  as  the  temperature  increases,  and  the  decrease      ^H 
of  the  permeability  as  the  critical  temperature  is  approached  isvery">uch     ^H 
more  gradual  and  commences  at  a  temperature  of  about  670'.                           ^H 

Similar  results  are  obtained  in  the  case  of  steel,  although  the  loss  of     ^H 
magneiic  properties  is  not  so  sudden  as  in  the  case  of  wrought  iron.               ^H 

For   nickel   the  critical   point   is  at   about    500',   and    the    gcncrul      ^B 
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the  changes  which  go  on  with  rise  of  temp 
se  in  the  case  of  iron. 

y  remarkable    results  were  nhlalned   by   Hnpk 
steel  containing  25  per  cent,  of  nickel     Und 
3  this  alloy  is  unmagnctisabic  at  ordinary  tempc 

cooled  down  to  a  temperature  a  few  degrees  b( 
jnetisable.     If  now  the  temperature  is  raised,  \\ 
taincd  till  a  temperature  of  580*  is  reached,  wli 
-magnetic,  and  remains  in  this  state  till  it  has 

zero.     The  connection  between  the  induction  p 
^  force  of  6.7  c.g.s.  units  and  the  temperature 
will  be  seen  that  at  temperatures  between  0"  ai 
St  in  two  distinct  magnetic  conditions,  both  0 
jndition  changing  into  the  other  only  when  the  t 
asses  through  one  of  two  fixed  values. 
»e  of  iron  the  critical  point  is  marked  by  the  sud 
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of  several  other  of  its  physical  properties  in  addiiion  to  the  change  in  its 
magnetic  condition.  Thus  there  is  a  rapid  change  in  the  rate  at  which 
ihe  electrical  resistance  of  iron  changes  with  temperature  near  the 
critical  point,  as  well  as  a  change  in  the  themio-clcctric  properties  of  the 
substance.  That  some  sudden  change  takes  place  in  the  physical  state 
of  the  substance  at  this  temperature  is  shown  very  clearly  by  the  pheno- 
menon of  recalorescence.  If  a  piece  of  iron  or  steel  is  heated  to  a  bright 
redness  and  then  allowed  lo  cool  slowly,  it  is  found  iliat  the  temperature 
gradually  falls  till  the  critical  temperature  is  reached,  when  the  rale  of 
cooling  becomes  ver>'  much  less,  and  in  some  cases  the  lernperaturc,  at 
any  rale  of  the  surface  layers,  may  even  rise  allhougli  the  loss  of  heat  by 
radiation  is  going  on  all  the  time.  This  effect  may  be  compared  to  the 
check  in  the  rate  of  the  fall  of  the  temperature  of  a  body  whicli  is 
changing  its  state,  suih  as  when  a  mass  of  metal  solidllics,  ^o  thai  this 
evolution  of  heat  at  ilie  critical  point  indicates  that  some  ronsidcrable 
change  in  state  occurs  at  this  Itmperaturc.  The  evolution  of  boat  in  the 
case  of  hard  steel  is  so  great  that  it  produces  a  visible  increase  in  the 
brightness  of  the  cooling  mass  of  metal. 

606.  Hysteresis. — We  have  already  referred  to  the  fact  that  ilae 
permeability  of  a  given  sample  of  iron  depends  nut  only  on  the  magne- 
tising force  to  whicli  it  is  at  the  tinic  exposed,  but  also  depends  in  some 
measure  on  the  nature  of  the  magne- 
tising forces  to  winch  it  has  been 
previously  exposed.  In  order  to  avoid 
the  discussion  of  tliis  efTect  in  the  two 
previous  sections,  we  liave  always  as- 
sumed that  \vc  started  with  a  specimen 
of  iron  which  had  not  been  previously 
magnetised,  and  thai  ilic  magnetising 
force  was  then  gradually  inrrcased  to  the 
maximum  value,  the  intermediate  values 
of  the  induction,  &c.,  being  measured  as 
ihs  magnetising  force  was  l>eing  in- 
creased. 

Suppose  now  that,  starting  with  an 
unmagnetised  bar  of  iron,  we  gradually 
increase  the  magnetising  force  and  de- 
termine the  corresponding  values  of  the 
induction,  wc  shall  in  this  way  obtain  a 
curve  OAC  (Fig.  4S4)  simdar  to  the  curve 
given  in  Fig.  481.  If  now  when  the  point 
C  is  reached  the  magnetising  force  is 
gradually  decreased  and  the  value  of  the  induction  is  again  measured  as 
//  decreases,  it  will  be  found  that  the  curve  obtained  docs  not  coincide 
with  the  cur\'e  obtained  with  increasing  values  of  //,  but  has  the  fonn  CU 
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Thus  when  the  magnetising  force  is  zero,  the  induction,  instead  ot  being 
rcro,  has  a  value  OD.  This  is  of  course  due  to  the  coercive  force  of  ihc 
iron  referred  to  in  §  417. 

If  now  the  direction  of  the  magnetising  force  is  reversed,  the  cun'C 
DEC  will  be  obtained  ;  while  on  decreasing  the  magnetising  force  to  zero, 
and  then  starting  with  it  in  its  original  direction,  the  branch  CKBC  of  the 
curve  will  be  obtained.  It  will  be  seen,  by  a  study  of  this  curve,  thai  in 
all  cases  the  magnetisation  appears  to  lag  behind  the  magnetising  force, 
and  lo  this  phenomenon  the  name  hysteresis  has  been  applied.  If,  after 
the  value  of //has  again  reached  its  maximum  positive  value,  it  is  again 
decreased  lo  the  same  negative  value,  then  back  to  the  extreme  positive 
value,  the  curve  obtained  wit!  be  very  nearly,  if  not  exactly,  coincident  with 
the  cur\'e  CUEGKC.  The  magnetising  force  represented  by  OE  or  OIC 
represents  the  force  required  to  deprive  the  bar  of  its  residual  mag- 
netisation. It  must,  however,  be  remarked  that  the  condition  repre- 
sented by  the  points  r.  and  K,  at  which  the  induction  is  zero,  is  quite 
different  from  the  condition  at  o,  before  any  magnetising  force  had 
l>ccn  applied.  If  when  the  XolT  is  in  the  condition  represented  by  e 
the  force  is  reduced  to  zero,  the  induction  would  become  positive,  and 
the  condition  would  be  represented  by  the  point  Lj>%  Even  if  the  mag- 
netising field  is  reversed  at  M  and  then  decreased  to  zero,  so  thai  the 
condition  of  the  iron  is  represented  by  the  point  o,  where  both  the 
force  and  the  induction  are  zero,  the  condition  of  the  iron  is  different 
from  what  it  was  at  the  start,  for  if  the  magnetising  force  be  gradually 
applied,  the  B-H  curve,  as  these  curves  showing  the  relation  between 
B  and  H  may  be  called,  is  now  along  on  and  not  along  the  original 
curve  OAB. 

If,  after  the  iron  has  reached  a  condition  represented  by  the  point 
B,  the  magnetising  force  is  gradually  decreased  lo  zero,  the  curve  brs 
is  obtained,  OS  as  before  representing  the  residual  magnetism.  If  now 
the  magnetising  force  is  gradually  increased  in  the  same  direction  as 
before,  the  curve  stb  will  be  obtained.  Thus  :n  this  case  also  the  B-H 
cur\'e,  when  the  value  of  n  is  taken  through  a  cycle  of  values,  encloses 
a  loop.  Since  work  has  to  be  done  to  increase  the  induction  in  a  piece 
of  iron,  and  the  greater  the  existing  induction  the  greater  the  work  that 
has  to  be  done  to  increase  the  induction  by  a  given  amount,  and  that 
during  a  cycle*  a  greater  magnetising  force  has  lo  be  used  to  obtain  a 
given  induction  while  we  are  magnetising  the  iron  than  that  which 
corresponds  to  the  same  induction  when  the  magnetising  field  is  de- 
creasing, it  follows  that  more  work  is  done  during  the  time  that  the 
rod  is  being  taken  from  G  to  C  than  is  done  by  the  magnetism  of  the 
rod  while  it  is  passing  along  ceg.  Hence  a  certain  amount  of  work 
has  to  be  done  to  carry  the  rod  round  the  cycle  represented  by  the 
cun'e,  and  it  can  be  shown  that  this  amount  of  work  is  represented  by 
the  area  of  the  loop  included  by  the  cur\'e.     The  energy  expended  in 
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doing  this  work  appears  as  he.it,  which  is  developed  in  the  iron  as  a 
consequence  of  the  changes  in  ils  magnetisation. 

The  fact  that  work  has  to  be  done  to  take  a  piece  of  iron  through  a 
magnetic  circle  can  be  proved  as  follows  : — 

Suppose  we  have  a  lonj;  thin  rod  of  soft  iron,  NS  (Fig.  4^4«),  inclined 
at  an  angle  Q  to  the  lines  of  force  of  a  uniform  field  of  strength  H.  The 
component  of  the  field  parallel  to  the  length  of  the 
field  is  H  cos^.  Now  if  the  rod  is  sufficiently  long 
and  thin  we  may  neglect  the  effect  of  the  com- 
ponent of  the  field  at  right  angles  to  the  length 
of  the  rod  when  we  are  calculating  the  turning 
couple  acting  on  it  due  to  the  field  h.  Hence  if 
we  call  the  component  of  H  parallel  to  the  length 
of  the  rod  \\  so  that  F  =  Hcostf,  the  intensity  of 
magnetisation  of  the  rod  is  kF^  where  k  is  the  sus- 
ceptibility of  the  iron.  The  magnetic  moment  M 
of  the  rod  being  equal  to  the  product  of  the  volume 
into  the  intensity  of  magnetisation  (jj  501),  if  7'  is  the 
volume  of  the  rod,  we  have  Af  ~vkF=%^H cos  6. 

But  {%  4.25)  the  turning  couple  action  on  a 
magnet  of  moment  M  when  inclined  at  an  angle  B 
to  the  lines  of  force  of  a  field  H  is  MH  sin  i).  Hence  the  turning  couple  on 
the  rod  is  vkl£-  cos  ds\n  6,  tending  to  rotate  the  rod  in  a  clockwise  direc- 
tion. Suppose  that  we  now  turn  the  rod  in  an  anticlockwise  direction 
through  a  very  small  angle  W,  the  work  Aw  which  we  shall  have  to  do 
will  be  equal  to  hB  times  the  couple  acting  on  the  rod.  Hence  Suf=- 
vkH^  cos  e  sm  B.  SB. 

As  the  iron  turns  through  the  small  angle  SO,  the  component  of  the 
field  parallel  to  the  length  of  the  rod  changes ;  if  8F  is  this  change,  then 

/'■-3>^=//cos(^  +  5^ 

=  //Icos  B  cos  Stf-  sin  B  sin  Se\, 

Now  as  ?tB  is  very  small,  cos  <5^=  i  and  sin  8B  =  S0.     Hence 

F-8F^//\co%B-s\neM\ 
Therefore  since  F—  H  cos  By 

^F=Hs\T\em 

Thus  H  sin  B.tW  is  equal  to  the  decrease  in  F  while  the  rod  has  Iwen 
turned  through  the  angle  W,  thus  substituting  this  value  for  //sin^.Jltf, 
and  F ior  //cos,  B  we  get  diif  —  ikFiF^  or  since  the  intensity  of  magne- 
tisation /  IS  equal  to  kF,  ^io  =  v/iiF. 

In  obtaining  tliis  expression  we  have  supposed  that  while  the  rod  was 
turned  through  the  very  small  angle  tB  the  change  in  /",  that  is,  in  the 
component  of  the  field  parallel  to  the  lenglh  of  the  rod,  was  so  small  that 
wc  could  consider  the  susceptibility  k  as  being  constant  throughout  the 
change.     If,  however,  we  wish  to  calculate  the  work  done  while  the  rod 
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is  rotated  through  some  finite  angle,  say  from  ^  =  5,  to  d  =  ^j,  then  since  , 
F  will  vary  considerably  wc  can  no  longer  consider  /'  as  a  constant  ] 
(§  504).  To  obtain  the  total  work  done  in  turning  from  ^,  to  tfj  wc  sup- J 
pose  the  change  to  take  place  in  a  large  number  of  ver>'  small  steps, 
during  each  of  which  /"  changes  by  an  amount  ft/-',  and  for  each  of  these 
steps  wc  calculate  the  value  of  vkilF^  or  of  v2hF^  and  then  add  all  1 
these  together  to  obtain  the  tola!  quafHiiy  of  work. 

In  Kig.  484/'  let  P  represent  the  intensity  of  magnetisation  of  the  iron 
when  its  inclination  to  the  field  H  is  ^p  so 
that  OM  represents  F  or  H  cos  0„  and  let  Q  , 
^.^-TTr  represent    the   condition  of  the   iron   when  ' 

T  y  yCy  ''^^  ^^^  ^*^^  been  turned  so  that  it  makes  an 

■^     ^  angle  0,  with  the  direction  of  H.    Further, 

let  the  cur\'e  PSTQ  represent  the  connection 
which  holds  between  I  and  F  as  F  is  decreased 
from  OM  to  ON.  Now  if  NjNj  represents  one 
of  the  snirill  steps,  6f,  by  which  K  is  sup- 
posed to  l)e  d^reased,  the  corresponding  , 
value  of  I  is  N,S  or  NjS,  which  if  N,Nj  is 
sufficiently  small   may  be  taken  as  equal. 


I 


Hence    ^t"=v/SF-  v , 


■^lAi 


=7'.  X  area  TSN^N,^. 

Proceeding  in  this  way  it  is  evident  that  the  total  work  done  while 
the  iron  passes  from  p  to  (,>  will  be  represented  by  the  sum  of  all  the  strips 
such  as  TSN|N\  multiphcd  by  7-,  />.  by  7'  limes  the  area  I'ST^NM. 

Next  allow  the  iron  to  turn  Kick  to  its  original  position,  so  that  F 
increases  from  H  cos  B^  to  H  coi>  ^,.  As  the  rod  is  moving  in  the  diiec- 
tion  of  the  <ouplc,  it  is  able  to  do  external  work  ;  and  to  estimate  its 
amount  we  add  together  all  the  quantities  vldF,  where  the  values  of  1 
will  be  different  from  the  values  used  in  the  corresponding  steps  when  F 
was  decreasing,  since  the  intensity  of  magnetisation  depends  not  only 
on  the  strength  of  the  magnetising  field,  but  also  on  whether  this  field  is 
increasing  or  decreasing.  If  the  rod  has  been  turned  from  0^^  to  9,  and 
back  several  times,  the  curve  connecting  I  and  F  when  F  is  increasing 
will  be  somewhat  like  i}RP  (Fig.  484^^),  and  will  meet  the  cun'c  from 
decreasing  values  of  f  at  Q  and  p.  The  work  done  by  the  rod  when 
turning  from  the  inclination  <?vto  the  inclination  6^  will  then  be  repre- 
sented by  V  times  the  area  QRPMN. 

When  the  iron  is  back  in  the  condition  represented  by  V,  its  slate  is 
exactly  the  same  as  at  the  start,  so  that  we  have  taken  it  through  a  cycle 
of  operations.  We  have,  however,  done  more  work  on  it  while  turning 
from  Ox  to  6^  than  we  got  out  of  it  while  it  tunied  from  6^  to  <^,,  the 
amount  of  this  excess  work  per  unit  volume  of  the  iron  being  represented 
by  the  area  of  the  loop  i*S(JKP.     This  work  represents  the  loss  due  to 
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hysteresis  during  the  cycle,  and  the  corresponding  energy  is  represented 
by  the  heat  developed  in  the  iron. 

507,  Ewing*s  Molecular  Theory  or  Magnetism.— Since,  as  we 
have  seen  in  §  420,  if  we  break  up  a  magnet,  each  of  the  parls  into  which 
it  is  broken,  however  small  they  may  be,  is  nia^jnctised,  we  are  led  to 
look  upon  magnetism  as  some  condition  of  the  molecules,  and  that  the 
phenomenon  of  magnetism  consists  of  these  molecular  magnets  being 
placed  with  their  poles  pointing*  in  the  same  direction,  the  end  poles 
being  the  only  ones  which  arc  free  to  cause  any  external  effect.  Assum- 
ing that  in  a  magnet  the  individual  molecules  of  a  magnet  are  themselves 
magnets,  there  are  two  hypotheses  open  to  us  ;  either  we  may  suppose 
that  in  the  unmagnetiscd  state  of  the  bar  the  molecules  themselves  are 
unmagnetised,  and  assume  that  when  the  bar  is  magnetised  the  molecules 
in  some  way  or  other  becomes  magnetised,  a  supposition  which  does  not 
in  any  way  assist  us  in  explaining  any  of  the  phenoitiena  we  have  been 
considering  in  the  previous  sections  ;  or  we  may  assume  that  the  individual 
molecules  are  always  magnetised,  and  that  what  happens  when  the  bar  is 
magnetised  is  that  these  molecular  magnets  are  turned,  so  that  their  like 
poles  are  turned  in  the  same  direction.  On  this  hypothesis  an  unmag- 
netised bar  is  one  in  which  the  molecular  magnets  are  arranged  with 
their  axes  turned  in  all  directions,  there  being  as  many  with  their  axes  in 
any  one  direction  as  in  any  other,  and  that  the  action  of  magnetising 
the  bar  consists  of  turning  a  certain  proportion  of  the  molecules  so  that 
their  magnetic  axes  all  point  the  same  way  ;  the  greater  the  number  of 
molecules  in  the  unit  volume  which  are  in  ihis  way  turned  Into  line,  the 
greater  the  intensity  of  magnetisation  of  the  bar.  This  theory  of  mag- 
netism, which  was  first  due  to  Weber,  has  been  worked  out  by  Ewing, 
who  has  given  an  explanation  as  to  the  causes  of  the  forces  which  must  be 
assumed  to  exist  to  account  for  the  fact  that  all  the  molecular  magnets 
do  not  set  themselves  with  their  axes  in  the  direction  of  the  magnetising 
force,  however  small  this  force  may  be  ; 
and,  further,  is  capable  of  explaining  most 
of  the  phenomena  of  magnetism,  such  as 
saturation,  hysteresis,  &c. 

The  main  features  which  any  theory 
of  magnetism  has  to  explain  are  hystere- 
sis, saturation,  and  the  three  characteristic 
portions  into  which  the  curve  showing  the 
connection  between  the  magnetising  force 
and  the  intensity  of  the  induced  magne- 
tisation can  be  divided.  Such  a  cur\'e  for 
iron  is  shown  in  Fig.  485,  and  consists  of 
three  parts,  a,  b,  and  C,  which  mark  three  distinct  stages  in  the  process 
of  magnetisation.  In  the  first  stage,  A,  the  susceptibility  ////,  is  small, 
the  curve  starting  off  at  a  small  inclination  to  the  axis  of  //.     In  the 
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second  stage,  11,  the  susceptibility  increases  ver>'  rapidly,  that  is,  a  small 
increase  of  the  magnetising  force  produces  a  relatively  large  increase  in 
the  induced  niagneusation.  In  the  third  stage,  c,  the  increase  of  the 
intensity  of  magnetisation  with  increase  of  //  is  slow,  and  for  very  large 
values  of  H  practically  nil.  There  is  also  a  marked  difference  as  regards 
hysteresis  between  the  sections  of  the  curve.  In  the  first  section,  on  the 
removal  of  the  magnetising  force,  the  iron  loses  nearly  all  its  induced  mag- 
netism, there  being  hardly  any  hysteresis.  In  the  second  portion,  however, 
on  the  removal  of  the  magnetising  force  the  iron  is  able  to  retain  a  con- 
siderable proportion  of  its  magnetism,  while  in  the  third  stage  the  amount 
of  the  residual  magnetism  is  hardly  greater  than  in  the  second  stage. 

As  an  introduction  to  Ewing's  theory,  let  us  consider  the  case  of  two 
small  magnetic  needles,  which  are  supported  on  fixed  pivots  near  each 
other,  but  not  so  near  thai  the  poles  of  the  needles  can  rome  in  conlacL 
If  there  is  no  external  field  these  needles  will  lake  up  a  position  such  as 

that  shown  at  (a), 
Fig.  486,  in  which 
the  axes  of  the  mag- 
nets are  parallel  to 
_^^  the  lines  joining  the 
pivots.  Suppose 
now  that  an  exter- 
nal magnetic  force, 
which  is  at  first 
weak,  acts  in  the 
Fig,  486.  direction     of     the 

arrow  H.  As  a  re- 
sult of  tliis  weak  external  field  the  magnets  will  be  slightly  deflected, 
and  on  the  removal  of  the  field  they  will  return  to  their  original  positions. 
This  corresponds  to  the  stage  A  of  the  l-H  curve.  If,  however,  the  value 
of  H  is  increased  a  stage  will  at  length  be  reached  when  the  magnets  will 
suddenly  fly  round  into  the  positions  shown  at  (t).  On  further  increasing 
//,  the  magnets  will  set  themselves  more  and  more  nearly  with  their  axes 
parallel  to  the  direction  of  the  field.  If  now  the  value  of  7/  is  gradually 
decreased,  the  inclination  of  the  axes  of  the  magnets  to  the  direction  of  H 
will  gradually  increase,  until  for  some  value  of//,  which  will  be  less  than 
that  for  which  the  sudden  swing  round  occurred,  the  magnets  will  suddenly 
return  to  the  position  shown  at  (^).  We  have,  therefore,  in  this  excessively 
simple  arrangement,  three  distinct  stages;  the  first,  in  which  the  mag- 
netising field  only  produces  a  small  deflection,  which  is  such  that  on  the 
removal  of  the  magnetising  force  the  deflection  becomes  lero.  Secondly, 
a  stage  where  the  magnets  reach  an  unstable  position  and  then  suddenly 
swing  round  into  a  new  configuration,  and  where  this  configuration  does 
not  break  up  until  the  deflecting  force  reaches  a  value  smaller  than  that 
for  which  the  unstable  condition  was  reached  when  //  was  increasing ;  and, 
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thirdly,  a  stage  when  increase  of  //only  produces  a  small  increase  in  the 
alignment  of  the  magnets.  Thus  with  only  two  magnets  an  indication 
of  the  chief  peculiarities  of  the  magnetisation  curve  can  be  obtained. 

By  considering  much  larger  numbers  of  such  pivoted  magneis  a  much 
nearer  approach  to  the  phenomena  actually  found  in  the  case  of  the 
magnetisation  of  a  magnetic  metal  can  be  obtained.  We  have,  however, 
said  enough  to  indicate  the  line  of  argument  by  means  of  which  Ewing 
sup[>ons  his  iheory,  and  for  further  details  we  must  refer  the  reader  to  his 
original  papers  on  the  subject. 

In  order  to  account  for  the  heat  developed  in  iron,  due  to  hysteresis, 
when  it  is  taken  through  a  cycle  of  magnetisation,  Ewing  supposes  that, 
on  the  decrease  of  the  magnetising  force,  the  molecular  magnets  return 
towards  their  undisturbed  positions,  and  in  doing  so  acquire  kinetic 
cnerg}',  so  that  instead  of  immediately  coming  to  rest  they  will  execute 
oscillations  about  their  position  of  rest  til!  the  kinetic  energ>'  thus  acquired 
is  converted  into  heat  due  tn  the  currents  induced  in  neighbouring 
molecules  (see  §  516). 

In  the  above  molecular  theory  of  magnetism  no  supposition  has  been 
made  as  to  the  cause  of  the  molecules  being  magnets.  To  account  for  this 
Ampere  put  forward  the  hypothesis  that  the  magnetism  of  the  molecule 
was  really  the  held  of  an  electric  current  which  circulates  continuously 
within  it.  In  order  to  account  for  the  fact  that  these  molecular  currents 
must  continue  without  dimiinilion,  it  is  necessary  to  suppose  that  the 
molecule  offers  no  resistance  to  the  circulation  of  these  intra-molccular 
currents  such  as  occurs  when  a  current  passes  between  one  molecule  and 
another  in  the  phenomenon  of  conduction. 

The  direction  in  which  the  Amperian  molecular  currents  must  be 
supposed  to  circulate  can  at  once  be  obtained  from  either  of  the  rules 
given  in  §  471.  Since  if  we  face  a  north  pole  the  lines  of  force  run  from 
the  pole  towards  us,  and  in  a  circle  conveying  a  current  the  lines  of  force 
flow  towards  the  spectator  when  the  current  circulates  in  the  anticlock- 
wise direction,  it  follows  that  when  facing  the  north  pole  of  a  magnet  the 
molecular  currents  must  circulate  in  the  anticlockwise  direction. 

In  the  same  way»  if  we  suppose  that  tlie  earth's  magnetic  field  is  due 
to  currents  circulating  round  the  earth,  since  the  pole  near  the  geo- 
graphical north  pole  is  what  we  call  in  magnetism  a  south  pole,  it  follows 
that  the  currents  must  How  in  the  east  to  west  direction,  that  is,  in  the 
same  direction  as  the  apparent  nuition  of  the  sun. 

fiOS.  Paramagnetic  and  Dlamagnetlc  Bodies.— I mn,  nickel,  and 
cobalt,  the  so-called  magnetic  metals,  are  materials  in  which  the  permea- 
bility is  greater  than  unity,  that  is,  greater  than  the  pem\eabihty  of  air. 
In  addition  to  these  bodies  there  are  others  in  which  the  permeability  is 
only  ver)'  little  greater  than  that  of  air.  Alt  these  substances  are  classed 
together  as  paramagnetic  bodies.  The  great  majority  of  substances,  how- 
ever, have  permeabilities  less  than  tliat  of  air,  and  are  called  diamagnetic. 
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The  extent  to  which  bodies  exhibit  diamagnetism  is,  however,  very  much 
smaller  than  the  paramagnetism  of  iron,  nickel,  and  cobalt.  Thusbisnniih, 
the  most  strongly  diama^^netic  body  known,  has  a  permeability  of  a999$, 
while  the  permeability  of  iron  under  certain  conditions  is  as  high  as  200a 
If  a  rod  of  a  diamagnetic  material  is  introduced  into  a  niag^netic 
field,  it  will  become  magnetised  by  induction,  but  the  poles  will  be  in  the 
opposite  direction  to  what  they  would  be  in  the  case  of  a  paramagnetic 
body,  so  that  the  south  pole  is  turned  towards  the  direction  in  which  the 
lines  of  force  of  the  magnetising  field  are  running. 

TTie  fact  that  in  diamagnetic  bodies  the  permeability  is  less  than  il  is  in 
air  means  that  the  induction,  B^  through  the  body  is  less  than  the  value 
of  the  field  which  would  exist  if  the  body  were  removed.  This  can  only 
hold  if  the  tubes  of  force  due  to  the  magnetism  induced  in  the  body  run, 
within  the  body,  in  the  opposite  direction  to  the  tubes  of  force  of  the  field- 
In  order  that  the  tubes  of  force  due  to  the  induced  magneiibm  of  the 
body  iiiay,  in  the  body,  run  in  the  opposite  direction  to  the  tubes  of  force 
of  the  inducing  field,  a  north  pole,  that  is,  a  place  where  tubes  of  force 
leave  the  body,  must  be  fonned  at  the  end  of  the  body  which  is  turned 
towards  the  direction  from  which  the  tubes  of  force  of  the  field  enter  the 
body.     Hence,  when  a  diamagnetic  body  is  introduced  into  a  uniform 

magnetic  field,  the  lines  of  force 
within  the  space  occupied  by  the 
body  are  fewer  than  there  would  be 
in  tins  space  were  the  body  removed. 
On  the  other  hand,  outside  the  body 
the  lines  of  force  will  lie  more  closely 
packed  than  they  would  be  in  the 
absence  of  the  body,  for  outside  the 
body  the  tubes  of  force  due  to  the 
induced  magnetisation  of  the  dia- 
magnetic body  are,  on  the  whole,  in  the  same  direction  as  the  tubes 
of  force  in  the  field.  In  Fig.  487,  the  lines  of  force  of  a  uniform  field 
in   which    a    sphere    of   a    strongly    diamagnetic    material    has    been 

introduced  are  shown.  The  corre- 
sponding case,  where  the  sphere 
is  composed  of  a  paramagnetic 
material,  is  shown  in  Fig.  488.  It 
will  be  noticed  how  in  this  case  the 
lines  offeree  crowd  into  the  sphere, 
and  are  more  widely  spaced  in  the 
region  outside  the  equatorial  por- 
tion of  the  sphere. 

Suppose  that  a  bar  of  a  para- 
magnetic material  AB  (Fig.  489)  is  placed  in  a  magnetic  field  of  strength  H^ 
the  direction  of  which  makes  with  the  length  of  the  bar  an  angle  tf.     We 
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may  resolve  the  field  H  into  a  component  H  cos  Q  parallel  to  the  axis  of 
the  cyUnder,  and  a  component  H  sin  d  perpendicular  to  the  axis.  If  /|  is 
the  intensity  of  the  magnetisation  parallel 
to  the  axis  induced  by  the  component 
^cos  Q^  and  if  k  is  the  susceptibility  of 
t^e  iron,  and  the  length  of  the  cylinder 
is  so  great  that  the  demagnetising  force 
due  to  the  induced  poles  can  be  neglected, 
we  have  I^—kH  cos  $,  If  the  length  of 
the  cylinder  is  /and  its  cross-section  is  s, 
the  volume  is  si,  and  since  the  magnetic 
moment  of  a  magnet  is  equal  to  the 
product  of  its  volume  into  the  intensity 
of  magnetisation,  the  moment  of  the 
cylinder  due  to  the  magnetisation  in- 
duced by  the  component  of  the  field  parallel  to  the  axis  is  si.  kH  cos  Q, 
Now  in  §  425  it  was  shown  that  the  couple  acting  on  a  magnet,  of  which 
the  moment  is  My  tending  to  turn  it  into  parallelism  with  a  field  of 
strength  //,  when  its  axis  makes  an  angle  B  with  the  direction  of  the 
field,  is  MH  sin  B.  Hence  the  couple,  due  to  the  magnetism  induced 
by  the  component  parallel  to  the  axis,  tending  to  turn  the  cylinder  is 

The  component  of  the  magnetising  field  at  right  angles  to  the  axis 
will  also  induce  a  magnetisation  in  its  own  direction.  In  this  case  the 
magnetising  force  will  be  much  less  than  H  sin  ^,  on  account  of  the 
demagnetising  force  exerted  by  the  ends,  and  it  has  not  yet  been  found 
possible  to  calculate  exactly  what  this  effect  will  be  in  such  a  case  as  that 
we  are  considering.  If  we  consider  the  bar  as  a  spheroid,  of  which  the 
major  axis  is  very  much  greater  than  the  minor  axis,  the  intensity  of  the 
transverse  magnetisation  can  be  shown  to  be  given  by 

Hence  the  magnetic  moment  is 

and  the  turning  moment  exerted  by  the  field  is 

hk 
Y^^^^^' sine  cos  0, 

and  is  in  the  opposite  direction  to  the  moment  due  to  the  longitudinal 
naagnetisation.    The  total  turning  moment  is  therefore  given  by 


\^     r+2ir>tj 


IsH^  s\n  e  cos  0. 


\-\-2irk\ 
In  the  case  of  iron  in  a  magnetising  field  about  equal  to  that  of  the 
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k 
earth  in  these  latitudes  k  is  about  30,  so  that  the  term      .       ,  is  equal  to 

1.6,  and  so  is  small  compared  to  the  term  k.     The  cylinder  of  iron  thus 

tends  to  set  itself  parallel  to  the  direction  of  the  field. 

In  the  case  of  a  diamagnctic  body  the  value  of  i(  is  so  small  that 

k 
1  +2ir/'  is  practically  unity,  and  the  term   — —7  is  very  nearly  equal  to^, 

so  that  in  a  uniform  field  ihere  is  no  measurable  directive  force  exerted 
upon  even  a  cylinder  of  bismuth  (/•=  -0.6  lo**).  When  a  diamagnetic 
cylinder  is  placed  between  ihe  poles  of  a  strong  clcciro-magnet  it  is, 
however,  found  that  the  cylinder  tends  to  turn  so  as  to  set  itself  with  its 
length  at  right  angles  to  the  lines  of  force.  The  reason  is,  that  the 
field  between  the  poles  o(  such  a  magnet  is  not  uniform,  being  stronger 
near  the  centre  than  at  the  edge,  and  the  dian-iagnetic  body  turns  so 
that  as  much  of  itself  as  possible  is  in  the  weaker  part  of  the  field.  In  a 
diamagnetic  body  the  permeability  is  less  than  unity,  while  the  permea- 
bility of  air  is  unity  and  the  medium  with  the  higher  permeability  tends 
to  force  the  other  away  from  the  stronger  parts  of  the  field,  so  that  the 
greatest  number  of  tubes  of  induction  may  crowd  into  a  given  space. 

Solids  are  not  the  only  bodies  which  exhibit  magnetic  properties ;  thus 
oxygen  and  some  solutions  of  iron  salts  are  paramagnetic,  while  water 
and  alcohol  are  diamagnetic. 

By  means  of  these  liquids  it  can  be  shown  that  the  direction  in  which 
a  cylindrical  tube  filled  with,  say,  a  paramagnetic  liquid  tends  to  set  itself 
depends  on  the  susceptibility  of  the  surrounding  medium.  Thus  a  tube 
containing  a  weak  solution  of  ferric  chloride  will  in  air  or  water  set  itself 
parallel  to  the  direction  of  the  field,  since  its  susceptibility  is  greater  than 
that  of  either  air  or  water.  If,  however,  it  is  surrounded  by  a  stronger 
solution  of  ferric  chloride,  it  will  behave  like  a  diamagnetic  body  and  set 
itself  with  its  length  perpendicular  to  the  direction  of  the  lines  of  force  of 
the  field.  This  effect  is  at  once  explainable  if  we  consider  that  when  the 
tube  containing  the  weak  solution  is  placed  in  the  stronger  solution,  since 
the  permeability  of  the  contents  of  the  tube  is  less  than  that  of  the  sur- 
rounding medium,  the  induction  through  the  tube  will  be  less  than  that 
which  would  exist  if  the  tube  were  removed,  and  the  lube  is  practically 
diamagnetic  with  respect  to  the  surrounding  stronger  solution. 

It  is  therefore  evident  that  in  order  to  account  for  diamagnetism  it  is 
not  necessar)'  to  assume  that  these  bodies  have  a  negative  susceptibility, 
but  only  that  their  susceptibility  is  less  than  that  of  air,  or,  since  the 
susceptibility  of  air  and  of  a  vacuum  are  ver>'  nearly  the  same,  less  than 
that  of  a  vacuum.  Since  the  susceptibility  and  the  permeability  are 
related  by  the  equation 

and  that  for  the  most  diamagnetic  body  known  the  susceptibility  is  less 
than  i;'4ir,  the  permeubiUty  will  in  all  cases  be  greater  than  zero. 
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FORCES  ACTING  ON  CONDUCTORS  CONVEYING 
CURRENTS 

509.  Force  acting  on  a  Straight  Conductor  conveying  a 
Current  when  placed  In  a  Magnetic  Field. — If  a  straight  conductor, 
in  which  a  current  is  flowing-,  is  placed  in  a  magnetic  field,  so  that  it  is 
:it  riyht  angles  to  the  lines  of  force  of  the  field,  then,  owing  to  the 
magnetic  field  due  to  the  current,  the  distribution  of  the  lines  of  force  of 
the  field  will  be  altered.  In  Fig.  490  are  shown  (he  lines  of  force  due  to 
a  conductor  which  u  perpendicular  to  the  plane  of  the  paper  and  passes 
through  the  point  A  when  placed  Jn  a  uniform  magnetic  field  in  which 
the  lines  of  force  ran  parallel  to  the  line  CD.  Remembering  that  we 
have  every  reason  to  suppose  that  there  exists  a  tension  along  the  lines 
of  force,  and  a  pressure  at  right  angles,  while  the  lines  of  force  act  as  if  they 
were  connected  with  the  body  by  which  they  are  produced,  it  is  evident 
that,  as  a  result  of  the  crowding  of  the  lines  of  force  on  one  side  of  the 
conductor,  and  their  separation  on  the  other,  the  conductor  conveying 
the  current  will  be  acted  upon  by  a  force  in  the  direction  of  the  arrow. 

If  the  current  flows  downwards,  the  lines  of  force  are  circles  which 
nm  in  the  clockwise  direction,  and  at  ihe  upper  part  of  the  diagram  they 
strengthen  the  mat;netic  field,  since  they  run  in  the  same  direction  as 
the  lines  of  force  of  the  field.  In  the  lower  part  of  the  diagram  the  lines 
of  force  due  10  the  current  and  to  the  field  are  in  opposite  directions,  and 
therefore  the  resultant  magnetic  field  is  the  difference  of  the  fields  due 
to  the  two  causes.  The  direction  in  which  the  conductor  tends  lo  move 
is  therefore  at  right  angles  to  the  direction  of  the  lines  of  the  field,  and 
towards  the  part  of  the  field  where  the  lines  of  force  due  to  the  current 
arc  in  the  opposite  direction  to  the  lines  of  force  of  the  field.  Since  the 
direction  of  the  lines  of  force  of  the  current  can  at  once  be  remembered 
by  one  of  the  rules  given  in  §  472,  the  direction  of  the  force  acting  on  a 
conductor  in  a  magnetic  field  can  at  once  be  remembered.  Fleming  has 
given  a  convenient  rule  for  remembering  the  direction  in  which  a  con- 
ductor conveying  a  current  in  a  magnetic  field  will  tend  to  move.  If  the 
index  finger  of  the  U//  hand  is  held  pointing  in  the  direction  of  the  lines 
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offeree  of  the  field,  and  the  middle  finger  in  the  direction  of  the  current, 
the  conductor  will  tend  to  move  in  the  direction  of  the   outstretched 


Fig. 


490. 


or  romcM  or  rfKLO 


thumb,  and  at  right  angles  lo  the  lines  of  force  of  the  field.  A  study  of 
Fig-  491  will  make  the  matter  clear.  Thus  a  vertical  wire  in  which  a 
current  was  flowing  downwards  would,  on  account  of  the  earth's  hori- 
zontal component,  be  acted 
upon  by  a  force  tending  to 
move  it  in  an  easterly  direc- 
tion. In  this  case,  according 
to  our  rule,  the  left  hand 
must  be  held  with  the  index 
finger  pointing  towards  the 
north,  since  the  lines  of  forc« 
of  the  horizontal  component 
of  the  earth's  field  run  from  south  to  north,  and  with  the  middle  finger 
pointing  downwards.  The  outstretched  thumb  will  then  point  towards 
the  east. 


oi»MeT*oM  or  fomct 


Fig.  491, 
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Ampere,  who  made  a  lengthy  series  of  experiments  on  the  forces 
acting  on  conductors  in  which  currents  are  flowingt  showed  that  if  a 
conductor  of  length  /  is  traversed  by  a  current  of  C  c.g.s.  units,  and  is 
placed  at  right  angles  to  the  lines  of  force  of  a  uniform  magnetic  field  of 
strength  //,  the  force  acting  on  the  conductor  will  be  equal  to  /c  //.  If 
the  current  is  measured  in  amperes,  then,  since  the  ampere  is  one-tenth 
of  a  c.g.s.  unit,  the  force  will  be  one-tenth  of  the  above. 

If  the  conductor  is  not  at  right  angles  lo  the  direction  of  the  lines  of 
force  of  the  field,  in  calculating  the  force  we  must  resolve  the  field  into 
two  components,  one  perpendicular  to  the  direction  of  the  current,  and 
the  other  parallel.  Then  the  component  parallel  to  the  direction  of  the 
current  will  produce  no  force  on  the  conductor,  and  the  force  due  to  the 
other  component  is  calculated  by  the  formula  given  above. 

510.  Force  acting  on  a  Rectangular  Coil  conveying  a  Current 
when  In  a  Magnetic  Field.— As  an  example  of  the  application  of  the 
formula  given  in  the  last  section,  we  may  calculate  the  force  acting  on  a 
rectangular  coil  when  placed  in  a  uniform  magnetic  field.  Suppose  that 
the  field  is  of  strength  //,  and  tluit  the  lines  of  force  are  horizontal,  and 
run  from  south  to  north.  Let  the  coil,  AliCD  (Fig.  492),  consist  of  a  single 
turn  of  wire  in  the  form  of  a  rectangle 
of  length  /  and  breadth  ^,  and  let  it 

be  placed  with  its  plane  in  the  vertical  ^/^ .\      ..  ^^^^s.^' 

plane  parallel  to  the  direction  of  the 
field.  Since  the  top  and  bottom 
of  the  rectangle,  ah  and  CD,  are 
parallel  to  the  direction  of  the  lines 
of  force  of  the  field,  they  will  experi- 
ence no  force.  If  a  current  of  C  c.g.s. 
units  is  flowing  round  the  rectangle, 
so  that  its  direction  in  AB  is  from  A  to  i:,  the  vertical  side  AD  will  be 
acted  upon  by  a  force  ICIf  in  the  direction  of  EF.  In  the  same  way 
the  vertical  side  BC  will  be  acted  upon  by  an  equal  force  in  the  direction 
GK.  The  resultant  of  these  forces,  since  they  are  equal  and  opposite 
parallel  forces,  is  a  couple,  of  which  the  magnitude  is  bJCli^  tending  to 
turn  the  rectangle  round  in  the  anticlockwise  direction,  when  looked  at 
from  above. 

Next  suppose  that  the  rectangle  is  allowed  to  turn  round  under  the 
influence  of  this  couple  into  the  position  A'B'c'lV,  in  which  its  plane  is 
perpendicular  to  the  direction  of  the  lines  of  force  of  the  field.  In  this 
position  the  top  a'h'  is  now  perpendicular  to  the  !ines  of  force,  and 
therefore  experiences  a  force.  By  the  rule  we  sec  that  this  will  be  an 
upward  force  oi  bCIf.  Since  the  direction  of  the  current  in  the  bottom 
of  the  rectangle  is  opposite  to  that  in  a'b',  this  portion  of  the  circuit  will 
be  acted  upon  by  a  downward  force  bCH^  which  will  produce  equilibrium 
with  the  force  exerted  upon  a'b'.     Since  the  current  in  the  vertical  side 
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a'd'  is  upwards,  the  force  on  this  side  is  still  ICH  in  the  direction  EF, 
while  the  force  on  the  vertical  side  b'c'  is  ICH  in  the  direction  CK-  Since 
these  two  forces  are  now  not  only  equal  and  opposite,  but  act  in  the 
same  straight  line,  they  are  in  equilibrium.  Thus,  in  this  position,  the 
rectangle  is  in  a  stale  of  stable  equilibrium,  and  there  is  no  force,  due  to 
the  magnetic  field,  cither  tending  to  move  it  bodily  or  to  turn  it  about 
any  axis. 

From  the  above  investigations  wc  see  that  the  rectangle  tends  to  set 
itself  in  such  a  position  that  the  nuntber  of  tubes  of  force  which  pass 
through  it  is  a  maximum,  and  that  the  direction  of  the  lines  of  force 
due  to  the  circuit  is,  inside  the  coil,  the  same  as  that  of  the  lines  of  force 
of  the  field. 

If  from  analogy  with  a  magnet  wc  call  the  (ace  of  a  coil  at  which  the 
lines  of  force  leave  the  space  included  by  the  coil  the  north  surface  of  the 
coilj  then  we  may  express  the  results  to  which  we  have  been  led  as 
follows  :  A  circuit  in  which  a  current  is  flowing  tends  to  turn  so  that 
the  number  of  tubes  of  force  due  to  the  field  entering  its  south  face  is  a 
maximum.  Since  the  direction  of  the  lines  of  force  due  to  the  coil  in  the 
position  a'b'  run  inside  the  coll  in  the  same  direction  as  the  lines  of  force 
due  to  the  field,  we  may  also  summarise  the  result  as  follows  :  A  coil  in 
which  a  current  is  flowing  will  tend  to  set  itself  so  that  the  total  number 
of  lines  of  force  which  pass  through  it  are  a  maximum  ;  that  is,  so  that 
the  total  induction  through  the  coil  is  a  maximum. 

6II*.  MagTietlc  Shell,— A  thin  plate  of  magnetic  material  which  is 
magnetised  so  that  the  direction  of  magnetisation  is  everywhere  per- 
pendicular to  the  surfaces  of  the  sheet  is  called  a  magnetic  shell.  The 
product  of  the  thickness  of  the  shell  into  the  intensity  of  magnetisation 
is  called  the  strength  of  the  shell. 

It  can  be  shown  that  the  magnetic  force  exerted  by  a  closed  circuit 
in  which  a  current  C  is  flowing  is  the  same  as  that  which  would  be 
exerted  by  a  ma^^netic  shell  which  occupied  the  space  bounded  by  the 
circuit,  and  of  which  the  strength  was  equal  to  C.  The  side  of  the  shell 
which  is  a  north  pole  must,  of  course,  correspond  to  what  was  called  the 
north  side  of  the  circuit  in  the  last  section.  If  .S'  is  the  area  of  the  space 
enclosed  by  the  circuit,  so  that  .S"  is  the  area  of  the  pole  of  the  shell,  the 
strength  of  each  pole  will  be  IS^  for,  as  we  have  seen  in  S  501,  the  surface 
density  of  the  free  magnetism  on  the  pole  is  numerically  equal  to  ihc 
intensity  of  magnetisation.  Hence  the  number  of  tubes  of  force  which 
leave  the  north  face  of  the  shell  and  cnier  the  south  iacc,  completing 
their  course  through  the  substance  of  the  shell,  is 

4ir.S"/ 

The  number  of  tubes  of  force  which'  pass  through  any  given  area  is 
called  the  induction  through  that  area  ;  or,  to  distinguish  between  this 
use  of  the  term  and  that  in  Jj  502,  we  may  call  the  total  number  of  lines 
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of  force  passing  through  any  ifiven  area  the  total  induction  through 
the  area. 

The  reason  why  the  magnetic  effect  of  a  shell  is  the  same  as  that  of 
a  current  flowing  in  a  wire  which  has  the  fonn  of  the  perimeter  of  the 
shell  is  at  once  apparent  if  we  adopt  Ampere's  hypothesis  as  to  the 
magnetism  of  the  molecular  magnets  being  due  to  currents  circulating 
within  the  molecule.  If,  in  Fig.  493,  AliCD  represents  one  fare  of  the 
shell,  then  if  the  molecular  amperian  currents  are  reprc-  .  ^ 

scnted  by  the  small  rectangles,  the  direction  of  the  currents 
being  indicated  by  the  arrows,  it  will  be  seen  that  the 
molecular  currents  in  the  adjacent  sides  of  any  two  con- 
tiguous molecules  are  in  opposite  directions,  and  hence  they 
neutralise  each  other's  effects  as  far  as  producing  any  ex-  D  C 

ternal  field  is  concerned.     It  is  only  in  the  molecules  which     Fjo.  493. 
bound  the  area  AKCD  that  the  molecular  currents  are  able 
to  exert  any  external  force.     But  the  combined  effect  of  the  currents  in 
the  bounding  molecules  will  be  the  same  as  that  of  a  current  flowing 
round  a  wire  which  occupies  the  position  of  ihe  edge  of  the  shell 

512'.  Magnetic  Moment  of  a  Clpcult  conveying  a  Current,— 
Suppose  that  a  conductor  conveying  a  current  C  fonns  a  plane  closed 
circuit  which  encloses  an  area  ^\  Then  the  magnetic  effects  of  the 
circuit  can  be  represented  by  a  shell  of  which  the  strength  is  /",  and 
which  fills  the  space  enclosed  by  the  circuit.  If  the  thickness  of  the 
shell  is  f,  and  the  intensity  of  magnetisation  is  /,  then  cI^F.  The 
magnetic  moment  of  the  shell  is  equal  to  the  product  of  its  volume  into 
the  intensity  of  magnetisation,  that  is,  Af^eS^L    But  C^F^ely  hence 

That  is,  the  magnetic  moment  of  the  shell,  which  is  equivalent  to  the 
circuit,  is  equal  to  the  product  of  the  strength  of  the  current  into  the 
surface  included  by  the  circuit. 

We  may  apply  this  result  to  obtain  the  turning  moment  acting  on  the 
rectangle  ABCD  in  Fig.  492.  Here  the  area  of  the  circuit  is  ab,  and  hence 
the  magnetic  moment  of  the  equivaSent  shell  is  ahC,  The  axis  of  the 
magnet  being  at  right  angles  to  the  plane  of  the  coil,  it  is  at  right  angles 
to  the  hnes  of  force  of  the  field.  Hence  by  the  formula  obtained  in  §  425 
the  turning  moment  acting  on  the  magnet  is  MH  or  abC .  Hy  which 
agrees  with  the  result  already  obtained  from  the  consideration  of  the 
forces  which  act  on  the  different  portions  of  the  circuit. 

If,  instead  of  being  parallel  to  the  lines  of  force  of  the  field,  the  circuit 
makes  an  angle  B  with  the  lines  of  force,  then  the  axis  of  the  equivalent 
magnetic  shell  will  make  an  angle  90^  -  0  with  the  direction  of  the  field, 
and  the  turning  couple  will  be  equal  to  .\fM  sin  (90°- 0)  =  i1/^// cos  9 
^SCH  cos  0. 

If  the  cjrcuu  consists  of  a  circular  coil  of  //  turns  of  insulated  wire,  the 
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radius  of  each  turn  being  r,  the  moment  of  the  equivalent  shell  will  be 
irr^ftC\  for  the  area  included  by  each  turn  is  wr-,  and  so  the  area  included 
by  the  «  turns  is  Trr^fi. 

513*.  Magnetic  Field  inside  a  Solenoid.— A  cylinder  which  i& 
lapped  over  with  insulated  wire,  so  that  the  circuit  consists  of  a 
number  of  equal  circles  with  their  planes  at  right  an>;les  to  the  axis  of 
the  cylinder,  is  called  a  solenoid.  If,  as  is  generally  the  case  in  practice, 
the  wire  is  coiled  in  a  spiral,  then  it  is  equivalent  to  a  number  of  circles 
placed  in  planes  perpendicular  to  the  axis  and  to  a  straight  conductor 
which  p;isses  alonj(  the  axis,  for  in  the  helix  not  only  does  the  wire  go 
round  the  cylinder,  but  it  also  is  taken  along  parallel  to  the  axis.  If 
the  solenoid  consists  of  two  layers  of  wire  wound  one  on  the  top  of  the 
other^  the  direction  of  winding  being  the  same  in  the  two  layers^  and 
the  wire  all  in  one  length,  tlie  longitudinal  portion  of  the  wire  in  the  two 
layers  will  compensate  the  one  for  the  other. 

In  order  to  iialculate  the  strength  of  the  magnetic  field  within  a 
solenoid,  the  simplest  way  is  to  make  use  of  the  results  obtained  in 
§511.  Suppose  that  the  solenoid  consists  of  .V  turns,  the  radius 
of  each  turn  being  /-,  and  that  the  length  of  the  solenoid  is  Z.,  so  that 
there  rtre  NjL  turns  per  unit  of  length.  Calling  the  number  of  turns 
in  tlie  unit  of  length  //,  the  length  along  the  axis  of  the  solenoid  occupied 
by  e.uh  turn  is  i/«.  If  the  current  flowing  through  the  solenoid  is  C, 
ihcn  each  turn  can  be  replaced  by  a  magnetic  shell  of  which  the  peri- 
meter is  a  circle  of  radius  r,  and  the  strength  is  numerically  equal  to 
C\  If  the  thickness  of  each  shell  is  taken  as  equal  to  i'//,  the  intensity 
of  magnetisation  will  be  f  >/,  for  the  strength  of  the  shell  is  equal  to 
(he  product  of  the  thickness  into  the  intensity  of  magnetisation.  Since 
the  effect  of  each  turn  of  the  solenoid  can  be  represented  by  the  effect 
of  such  a  shell,  the  effect  of  the  whole  solenoid  will  be  represented 
by  the  combined  eflfeci  of  JV  such  shells  placed  end  to  end.  Since 
the  thickness  of  each  shell  has  been  chosen  as  equal  to  the  distance 
between  two  adjacent  turns  of  the  wire,  the  shells  when  placed  end  to 
end  will  just  occupy  the  space  within  the  solenoid.  The  north  and 
south  faces  of  adjacent  shells,  being  equally  magnetised,  will  exactly 
neutralise  each  other's  effect,  so  that  the  extern.-^l  effect  will  be  due  to 
the  extreme  faces  only.  Hence  the  magnetic  effect  of  the  solenoid  will 
be  the  same  as  that  of  a  cylindrical  magnet  of  length  /.,  and  of  which 
the  cross  section  is  ir/"^,  when  magnetised  to  the  intensity  /or  wC  The 
total  induction  through  such  a  magnet  will  be  equal  to  4r/.ri^  less 
the  demagnetising  field  produced  by  the  poles  at  the  ends.  If  the 
length  of  the  solenoid  is  ver>'  great  compared  to  its  diameter,  wc  may 
neglect  the  effects  due  Ui  the  ends,  and  the  total  induction  through  any 
cross-section  near  the  middle  will  be  ^w^r^/  or  4v'r'MC.  'I"ho  induction, 
that  is,  Uie  number  of  tubes  of  induction  per  unit  area  of  cross-section, 
is  ^rftC,     Hence  as  the  tubes  of  force,  &c.,  are  the  same  in  the  case 
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of  the  solenoid  as  in  the  case  of  the  magnet  we  have  been  considering, 
we  see  that  if  the  solenoid  is  very  long  compared  to  its  diameter,  the 
number  of  tubes  of  force  which  will  cross  any  cross-section  taken  near 
the  middle  will  be  4r//C  ir/^,  or  the  number  of  tubes  that  cross  unit 
area  will  be  \^nC.  But  the  number  of  tubes  of  force  which  cross  unit 
area  taken  at  right  angles  to  the  direction  of  ihc  tubes  is  numerically 
equal  to  the  strength  of  the  magnetic  field  at  the  point.  Hence  the 
strength  of  the  field  near  the  middle  of  such  a  long  solenoid  is  equal 
to  ^irnCy  and  so  long  as  we  are  only  considering  a  port'on  of  the  sole- 
noid at  some  distance  from  either  end  the  field  will  be  uniform. 

We  have  hitherto  supposed  that  the  interior  of  the  solenoid  is  filled 
with  a  non-magnetic  material,  such  as  aJr.  If  we  suppose  thai  the  sole- 
noid is  filled  with  a  magnetic  material  such  as  iron,  then  if,  as  before, 
we  suppose  that  the  length  is  so  great  that  the  effects  of  the  ends  can 
be  neglected,  the  magnetising  force  acting  on  the  iron  is  ^irnC.  Hence 
if  M  is  the  permeability  of  the  iron  for  a  magnetising  field  of  this  strength, 
the  induction,  /»',  through  the  iron  will  be  /i  =/i//=4TMwC  Thus  the 
effect  of  the  introduction  of  the  iron  is  to  increase  (he  total  induction 
through  the  solenoid  from  4T'r*//Cto  4"-*r*/iC.M. 

When  the  solenoid  was  filled  with  air,  we  saw  that  its  action  could 
be  represented  by  a  magnet  of  the  same  Ien;:lh,  of  which  the  strength 
of  each  pole  was  ^nnC.  This  expression  "ill  not  be  exactly  true,  for  J 
some  of  the  lubes  of  force  will  leave  the  solenoid  before  the  end,  passing 
through  the  sides  ;  it  is,  however,  sufficiently  near  the  trtith  for  the  con- 
sideration of  the  general  magnetic  effect  of  the  solenoid.  When  the 
solenoid  is  filled  with  iron,  the  number  of  tubes  of  induction  leaving  the 
iron  near  the  north  end  of  the  solenoid  will  be  irr^/*  or  4i^r*/iCM,  and  the 
strength  of  the  pole  at  each  end  will  be  wr^/tCfK  Thus  by  the  introduction 
of  the  iron  the  moment  of  tht  magnet  which  would  be  equivalent  to  the 
solenoid  is  increased  in  the  ratio  of  wf^nCfi  to  -wr^nC  or  as  /* :  I. 

Since  the  value  of  m  may  be  as  high  as  2000,  it  is  evident  to  what 
a  great  extent  the  magnetic  effects  of  the  solenoid  are  increased  by  the 
introduction  of  the  iron. 

Although  the  magnetic  effect  of  a  solenoid  can  be  represented  by  a 
magnet,  yet  there  is  an  important  difference  between  a  solenoid  and  a 
permanent  magnet,  in  that  in  the  case  of  a  solenoid  we  have  to  do  not 
only  with  the  magnetic  field  in  the  space  outside  the  magnet,  but  also 
with  the  space  inside,  the  direction  of  the  lines  of  force  being  opposite  in 
the  two  regions.  In  the  case  of  a  permanent  magnet,  on  the  other  hand, 
we  are  unable  to  utilise  the  magnetic  field  within  the  magnet.  It  might 
at  first  appear  that  the  fields  of  force  due  to  a  solenoid  and  to  a  hollow 
cylindrical  magnet  would  be  of  the  same  nature.  This  is  however  not 
the  rase,  for  inside  the  solenoid  the  lines  of  force  run  in  the  opposite 
direction  to  what  they  do  in  the  space  outside  :  while  in  the  case  of  the 
hollow  magnet  the  lines  offeree  in  the  hollow  run  from  the  north  pole  to 


Magnetism  atui  EUctridty 


llliM 


74« 


The  extent  to  wbick  bodies  etlubit  dttnagaeiiam  is*  lwc>ef«  very 
SDttflcrtliaatbepafaaaa^ncQsmofinH^BdKcifUidcolali.  Hmsbisaxith, 
tbe  most  strongly  diamagnetic  body  knows,  las  a  petmealitlity  0^0^9996^ 
while  the  penneabilitrof  iroci  nDdcr  cettaia  condit'iona  is  as  h^  as  30oa 
If  a  rod  of  a  dtamagnctic  otttcrial  is  ialrodiSGed  into  a  magnetic 
6eld,  it  will  become  magnetised  by  iodnctiaa,  but  the  poles  will  be  in  the 
opposite  direction  to  what  they  would  be  io  tbe  case  of  a  pafamagneric 
body,  so  that  the  south  pole  is  turned  towards  the  diiectioo  in  which  the 
lines  of  force  tX  tbe  magnetisiog  6eld  are  running. 

The  {act  that  in  diama^nctic  bodies  the  permeability  is  less  than  it  is  in 
air  means  that  the  induction,  B,  through  tbe  body  is  less  than  the  value 
of  the  field  which  would  exist  if  the  body  were  tenKn'cd.  This  can  only 
hold  if  the  tubes  of  force  due  to  the  magnetism  induced  in  the  body  ran, 
within  the  body,  in  the  opposite  direction  to  the  tubes  of  force  of  tbe  field. 
In  order  that  the  tubes  of  force  due  to  the  induced  magnetism  of  the 
body  ntay,  in  the  body,  run  in  the  opposite  direction  to  the  tubes  of  force 
of  the  inducing  field,  a  nonh  pole,  that  is,  a  place  where  tubes  of  force 
leave  the  body,  must  be  formed  at  the  end  of  the  body  which  is  turned 
Cowards  the  direction  frop  which  the  tubes  of  force  of  the  field  enter  the 
body.     HencCa  when  a  diamagnetic  body  is  introduced  into  a  unifomi 

magnetic   field,   the   lines   of  force 

within  the  space  occupied  by  the 
body  are  fewer  than  there  would  be 
in  this  space  were  the  body  remo\*ed. 
On  the  other  hand,  outside  the  body 
the  lines  of  force  will  be  more  closely 
packed  than  they  utsuld  be  in  the 
absence  of  the  body,  for  outside  the 
body  the  tubes  of  force  due  to  the 
induced  magnetisation  of  the  dia- 
magnetic body  are,  on  the  whole,  in  the  same  direction  as  the  tubes 
of  force  in  the  field.  In  Fig.  487.  the  lines  of  force  of  a  uniform  field 
in   which    a    sphere    of  a    strongly    diamagnetic    material    has    been 

introduced  are  shown.  The  corre- 
sponding case,  where  the  sphere 
i  s  com  posed  of  a  paramagnetic 
material,  is  shown  in  Fig.  4^  It 
will  be  noticed  how  in  this  case  the 
lines  of  force  crowd  into  the  sphere, 
and  are  more  widely  spaced  in  the 
region  outside  the  equatorial  por- 
tion of  the  sphere. 

Suppose  that  a  bar  of  a  para- 
magnetic material  AB  (Fig.  489)15  placed  in  a  magnetic  field  of  strength  //, 
the  direction  of  which  makes  with  the  length  of  the  bar  an  angle  ^.     We 
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may  resolve  the  field  H  into  a  component  H  cq&  $  parallel  to  the  axis  of 
the  cylinder,  and  a  component  /T  sin  6  perpendicular  to  the  axis.  If /j  is 
the  intensity  of  the  magnetisation  parallel 
to  the  axis  induced  by  the  component 
I/cos  $,  and  if  Jk  is  the  susceptibility  of 
Uie  iron,  and  the  length  of  the  cylinder 
is  so  great  that  the  demagnetising  force 
due  to  the  induced  poles  can  be  neglected, 
we  have  /i=^//cos  $,  If  the  length  of 
the  cylinder  is  /and  its  cross-section  is  j, 
the  volume  is  j/,  and  since  the  magnetic 
moment  of  a  magnet  is  equal  to  the 
product  of  its  volume  into  the  intensity 
of  magnetisation,  the  moment  of  the 
cylinder  due  to  the  magnetisation  in- 
duced by  the  component  of  the  field  parallel  to  the  axis  is  s/.  kH  cos  B. 
Now  in  §  425  it  was  shown  that  the  couple  acting  on  a  magnet,  of  which 
the  moment  is  ^f^  tending  to  turn  it  into  parallelism  with  a  field  of 
strength  //,  when  its  axis  makes  an  angle  B  with  the  direction  of  the 
field,  is  MH  sin  B.  Hence  the  couple,  due  to  the  magnetism  induced 
by  the  component  parallel  to  the  axis,  tending  to  turn  the  cylinder  is 
slkH^co%B^\nB, 

The  component  of  the  magnetising  field  at  right  angles  to  the  axis 
will  also  induce  a  magnetisation  in  its  own  direction.  In  this  case  the 
magnetising  force  will  be  much  less  than  H  sin  ^,  on  account  of  the 
demagnetising  force  exerted  by  the  ends,  and  it  has  not  yet  been  found 
possible  to  calculate  exactly  what  this  effect  will  be  in  such  a  case  as  that 
we  are  considering.  If  we  consider  the  bar  as  a  spheroid,  of  which  the 
major  axis  is  very  much  greater  than  the  minor  axis,  the  intensity  of  the 
transverse  magnetisation  can  be  shown  to  be  given  by 

Hence  the  magnetic  moment  is 

Isk      ,,  .     - 

and  the  turning  moment  exerted  by  the  field  is 

hk 
Y^^^IP^xneco%B, 

and  is  in  the  opposite  direction  to  the  moment  due  to  the  longitudinal 
magnetisation.    The  total  turning  moment  is  therefore  given  by 

In  the  case  of  iron  in  a  magnetising  field  about  equal  to  that  of  the 
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earth  in  these  latitudes  /'  is  about  30,  so  that  the  term  .  is  equal  to 

1.6,  and  so  is  small  compared  to  the  term  Ji:.     The  cylinder  of  iron  thus 

tends  to  set  itself  parallel  to  the  direction  of  the  field. 

In  the  case  of  a  diamagnetic  body  the  value  of  >&  is  so  small  that 

k 
I  4-27r/'  is  practically  unity,  and  the  lem»  ,  is  very  nearly  equal  toi*, 

so  that  in  a  uniform  field  there  is  no  measurable  direclivc  force  exerted 
upon  even  a  cylinder  of  bismuth  (>6=  —0.6  io~*).  When  a  diamagnetic 
cylinder  is  placed  between  the  poles  of  a  strong  electro-magnet  it  is, 
however,  found  that  the  cylinder  tends  to  turn  so  as  to  set  itself  with  its 
length  at  right  angles  to  the  lines  of  force.  The  reason  is,  that  the 
field  between  the  poles  of  such  a  magnet  is  not  uniform,  being  stronger 
near  the  centre  than  at  the  edge,  and  the  diamagnetic  body  turns  so 
that  as  much  of  itself  as  possible  is  in  the  weaker  part  of  the  field,  lo  a 
diamagnetic  body  the  permeability  is  less  than  unity,  while  the  permea- 
bility of  air  is  unity  and  the  medium  with  the  higher  permeability  tends 
to  force  the  other  away  froui  the  stronger  p;*ris  of  the  field,  so  that  the 
greatest  number  of  tubes  of  induction  may  crowd  into  a  given  space. 

Solids  are  not  the  only  bodies  which  exhibit  magnetic  properties ;  thus 
oxygen  and  some  solutions  of  iron  salts  are  paramagnetic,  while  water 
and  alcohol  are  diamagnetic. 

By  means  of  these  liquids  it  can  be  shown  that  the  direction  in  which 
a  cylindrical  lube  filled  with,  say,  a  paramagnetic  liquid  tends  to  set  itself 
depends  on  the  susceptibility  of  the  surrounding  medium.  Thus  a  tube 
containing  a  weak  solution  of  ferric  chloride  will  in  air  or  water  set  itself 
parallel  to  the  direction  of  the  field,  since  its  susceptibility  is  greater  than 
that  of  cither  air  or  water.  If,  however,  it  is  surrounded  by  a  stronger 
solution  of  ferric  chloride,  it  will  behave  like  a  diamagnetic  body  and  set 
itself  with  its  length  perpendicular  to  the  direction  of  the  lines  of  force  of 
the  field.  This  eflfect  is  at  once  explainable  if  we  consider  that  when  the 
tube  containing  the  weak  solution  is  placed  in  the  stronger  solution,  since 
the  pcnneability  of  the  contents  of  the  tube  is  less  than  that  of  the  sur- 
rounding medium,  the  induction  through  the  tube  will  be  less  than  that 
which  would  exist  if  the  tube  were  removed,  and  the  lube  is  practically 
diamagnetic  with  respect  lo  the  surrounding  stronger  solution. 

It  is  therefore  evident  that  in  order  lo  account  for  diamagnetism  it  is 
not  necessar)'  to  assume  that  these  bodies  have  a  negative  susceptibility, 
but  only  that  their  susceptibility  is  less  than  that  of  air,  or,  since  the 
susceptibility  of  air  and  of  a  vacuum  are  ver)'  nearly  the  same,  less  than 
that  of  a  vacuum.  Since  the  susceptibility  and  the  permeability  are 
related  by  the  equation 

/i  *  I  -I-  4r^, 

and  that  for  the  most  diamagnetic  body  known  the  susceptibility  is  less 
than  l/4ir,  the  permeability  will  in  all  cases  be  greater  than  zero. 
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FORCES  ACTING   ON   CONDUCTORS  CONVEYINQ 
CURRENTS 

609,  Force  acting  on  a  Straight  Conductor  conveying  a 
Current  when  placed  In  a  Magnetic  Field,— if  a  siraiyht  conductor, 
in  whicli  a  current  is  flowing-^  is  placed  m  a  magnetic  lield,  so  that  it  is 
iit  right  angles  to  the  lines  of  force  of  the  field,  then,  owing  to  the 
magnetic  field  due  to  the  current,  the  distribution  of  the  lines  of  force  of 
the  field  will  be  altered  In  Fig.  490  are  shown  the  lines  of  force  due  to 
a  conductor  which  ij  perpendicular  to  the  plane  of  the  paper  and  passes 
through  the  point  a  when  placed  in  a  uniform  magnetic  field  in  which 
the  lines  of  force  ran  parallel  to  the  line  CD.  Remembering  that  wc 
have  every  reason  to  suppose  that  there  exists  a  tension  along  the  lines 
of  force,  and  a  pressure  at  ri^^ht  angles,  while  the  lines  of  force  act  as  if  they 
were  connected  with  the  body  by  which  they  arc  produced,  it  is  evident 
that,  as  a  result  of  the  crowding  of  the  lines  of  force  on  one  side  of  the 
conductor,  and  their  separation  on  the  other,  the  conductor  conveying 
the  current  will  be  acted  upon  by  a  force  in  ihe  direction  of  the  arrow. 

If  the  current  flows  downwards,  the  lines  of  force  are  circles  which 
run  in  the  clockwise  direction,  and  at  the  upper  part  of  the  diagram  they 
strengthen  the  magnetic  field,  since  they  run  in  the  same  direction  as 
the  lines  of  force  of  the  field.  In  the  lower  part  of  the  diagram  the  lines 
of  force  due  to  the  current  and  to  the  field  arc  in  opposite  directions,  and 
therefore  the  resultant  magnetic  field  is  the  difference  of  the  fields  due 
to  the  two  causes.  The  direction  in  which  the  conductor  tends  to  move 
is  therefore  at  right  angles  to  the  direction  of  the  lines  of  the  field,  and 
towards  the  part  of  the  field  where  the  lines  of  force  due  to  the  current 
arc  in  the  opposite  direction  to  the  lines  of  force  of  the  field.  Since  the 
direction  of  the  lines  offeree  of  the  current  can  at  once  be  rememl_>ered 
by  one  of  the  rules  given  in  S  472,  the  direction  of  the  force  acting  on  a 
conductor  in  a  magnetic  field  can  at  once  be  remembered.  Fleming  has 
given  a  convenient  rule  for  remembering  the  direction  in  which  a  con- 
ductor conveying  a  current  in  a  magnetic  field  will  tend  to  move.  If  the 
index  finger  of  the  U//  hand  is  held  pointing  in  the  direction  of  the  lines 
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CHAPTER    XIII 
INDUCED  CURRENTS 

516,  Induced  Currents.— In  1831  Faraday  took  a  ring:  of  iron  and 
on  it  wound  two  coils  of  insulated  wire.  Having  connected  one  of  these 
coils  to  the  temMnals  of  a  jjalvanoineter,  he  passed  an  electric  current 
thruii>;h  the  other  roil,  and  then  found  that  at  the  moment  of  starting  the 
current  the  needle  of  the  galvanometer  was  deflected,  showing  thai  a 
current  was  passing,'  in  the  second  closed  circuit.  This  deflection  was 
only  momentaryi  and  the  galvanometer  immediately  came  back  to  its 
undcflccted  position,  although  the  current  in  the  niag^netising  coil  was 
still  flowing.  On  breaking  the  current,  however,  another  momentary 
deflection  of  the  galvanometer  took  place,  but  in  the  opposite  direction 
to  that  which  had  occurred  when  the  current  was  started. 

He  next  wound  tvso  coils  alongside  one  another  on  a  wooden  cylinder, 
and  again  found  that  when  an  electric  current  was  either  started  or 
stopped  in  the  one  coil,  a  galvanometer  connected  with  the  other  coil 
indicated  the  passage  of  a  momentary  current,  the  direction  of 
curient  when  the  main  current  was  started  being  in  the  opposite  directii 
to  that  obtained  when  the  current  was  stopped. 

Finally  he  found  that  if  a  magnet  is  inserted  into  n  coil,  at  the  instj 
when  the  magnet  is  inserted  a  current  is  produced  in  the  coil,  and  thfl^ 
when  the  ma)(nct  is  withdrawn  a  current  in  the  opposite  direction  is  also 
produced.  He  also  found  that  if  a  wire,  the  ends  of  which  are  connected 
to  the  terminals  of  a  galvanometer,  was  passed  between  the  poles  of  a 
powerful  horse-shoe  magnet,  so  that  the  direction  of  motion  of  the  wire 
was  such  that  it  cut  across  the  lines  of  force  of  the  magnet,  then  a  current 
was  produced  during  the  lime  that  the  wire  was  being  moved  across  the 
hnes  of  force. 

The  currents  which  are  produced  in  these  ways  in  a  closed  circuit 
when  a  current  in  a  neighbouring  circuit  is  started  or  stopped,  or  by  the 
relative  motion  of  the  circuit  and  a  magnet,  are  called  induced  currtHts. 

These  results  obtained  by  Faraday,  which,  as  we  shall  see,  are  the 
foundation  on  which  are  based  all  the  modern  methods  of  producing  1 
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currents  that  are  used  in  such  numberless  ways,  such  as  in  the  production 
of  light,  the  moving  of  vehicici,  drivin^f  machinery,  ;ind  perfonntng  many 
chemical  processes,  can  all  be  summed  up  in  the  following  short  law  : — 

Whenever,  from  any  cause  whatever,  the  number  of  tubes  of  force 
which  thread  through  any  conducting  circuit  is  altered,  an  electromotive 
force  will  be  produced  during  the  change  in  the  number  of  tubes  which 
will  produce  or  tend  lo  produce  a  current  in  the  circuit. 

617,  Lenz's  Law. — The  direction  in  which  the  induced  currents  flow 
has  been  put  into  a  concise  form  by  Lcnz,  in  what  is  known  as  Lenz's  law, 
and  is  as  follows  : — 

The  direction  of  the  induced  current  produced  in  a  conductor  due  to 
the  movement  of  a  magnet,  or  to  that  of  a  circuit  in  which  a  current  is 
flowing,  is  always  such  as,  by  the  action  of  the  induced  current  on  the 
magnet  or  current-conveying  conductor,  to  produce  a  force  tending  to 
oppose  the  motion. 

Thus  suppose  there  are  two  parallel  conductors,  in  one  of  which  a 
current  is  flowing,  and  that  the  distance  between  the  conductor  is  de- 
creased, then  the  direction  of  the  induced  current  will  be  such  as  to 
oppose  the  motion,  that  is,  will  be  such  as  to  cause  repulsion  between  the 
conductors.  Hence,  since  repulsion  takes  place  when  the  currents  are  in 
opposite  directions^  it  follows  from  I.enz's  law  that,  when  the  conductors 
are  moved  nearer,  the  induced  current  will  be  in  the  opposite  direction 
to  the  inducing  current. 

If,  instead  of  the  distance  between  the  conductors  being  altered,  the 
current  is  either  started  or  its  strength  is  increased,  then  we  may  look 
upon  this  as  being  the  same  thing  as  if  the  conductor  in  which  the 
current  is  started  were  moved  up  to  its  present  position  from  an  infinite 
distance.  While  if  the  current  is  stopped  or  its  strength  decreased,  then 
this  is  equivalent  to  the  conductor  in  which  it  flows  being  removed  from 
the  neighbourhood  of  the  conductor  in  which  the  tlectro-magnetic  induc- 
tion is  produced.  Hence  it  follows  from  Lenx's  law  that  the  direction  of 
the  induced  current  when  the  current  is  started  or  increased  in  strength 
is  the  same  as  when  the  conductors  arc  moved  nearer  together,  namely, 
in  the  opposite  direction  lo  that  in  the  inducing  current ;  while  when  the 
current  is  slopped  the  direction  of  the  induced  current  is  the  same  as 
that  of  the  inducing  cuiTcnt  before  it  was  slopped. 

618.  Electro-ma^netle  Induction.— We  will  now  proceed  to  examine 
different  cases  of  the  production  of  induced  currents  from  Faraday's 
point  of  view  as  lo  tubes  of  force. 

In   the   first   place,  the  phenomenon   of  the   production  of  induced  * 
currents  is  said  to  be  due  to  eltctro-magnetic  induction.     It  is  called 
electro-magnetic  induction  rather  than,  as  is  sometimes  done,  simply  in- 
duction, for  the  sake  of  preventing  confusion  with  the  use  of  the  term 
induction  given  in  §  502. 

The   conductor  in  which  the  inducing  current  flows  is  called   the 
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primar)'  conductor,  or  simply  the  primary,  while  ihe  conductor  in  which 
the  induced  current  is  produced,  or  at  any  rate  in  which  an  induced 
electromotive  force  is  developed,  is  called  the  secondary. 

First  let  us  consider  the  case  of  a  primary  which  consists  of  a  single 
circle  of  wire,  P  (Fig.  498),  in  which  a  current  is  caused  to  flow  by  a 
battery,  H,  and  in  which  there  is  a  key,  K,  by  means  of 
which  the  circuit  can  be  closed  or  opened,  and  thus 
the  rurrent  started  or  stopped.  Let  the  secondarj-,  s, 
consist  of  a  similar  circle  of  wire,  in  which,  if  we  like, 
wc  may  suppose  :i  galv;inometer,  O,  is  included.  If  a 
current  in  the  direction  of  the  arrow  is  flowing  In  the 
primary-  circuit,  lubes  of  magnetic  induction  will  thread 
through  the  primary  in  the  direction  shown,  and  some 
of  these  will  also  thread  through  the  neighbouring 
secondar>'.  Suppose  now  iJiat  the  current  in  the 
primar}'  is  slopped,  then  all  the  lubes  of  induction  due 
to  this  current  will  vanish.  Hence  the  number  of  tubes 
of  induction  which  thread  through  the  secondary  will  be  diminished, 
so  that  an  induced  current  will  be  protUiced.  From  Lenz's  law  it  follows 
that  the  direction  of  this  indurcd  current  will  be  the  bame  as  that  of  the 
current  in  the  primar)'.  Now  the  induced  current  in  the  secondary 
produce  tubes  of  inducnon,  and  since  the  direction  of  the  induced  currei 
is  the  same  as  that  of  the  primary  current,  the  direction  of  the  tubes  of 
induction  due  to  the  induced  current  will  l>e  the  same  as  those  due  to 
the  primary  current.  Some  of  these  tubes  will  thread  through  the 
primar>'  circuit,  so  that  the  effect  of  the  induced  current  is  to  lend  to 
keep  the  number  of  tubes  which  thread  througli  the  primary  circuit 
constant,  ahhough  on  account  of  the  stoppage  of  the  primary  current  the 
number  of  tubes  tends  to  bernmc  less.  The  same  effect  occurs  in  the 
secondar)'  circuit,  for  the  tubes  due  to  the  induced  current,  which 
introduced  when  the  primary*  current  is  broken,  are  such  as  to  lend 
keep  the  induction  through  the  secondar\'  constant. 

Next  lake  the  case  where  the  current  in  the  priniar>'  is  started.  The 
direction  of  the  induced  current  is  opposite  to  that  of  the  primar\'  current, 
hence  the  tubes  of  induction  which  thread  through  the  secondar)',  due  to 
the  induced  current,  are  in  the  opposite  direction  to  those  which  are  being 
threaded  through  the  i  inuit  due  to  the  starling  of  the  primary  current. 
Hence  the  totid  induction  ihrough  the  secondary  during  the  time  the 
induced  current  lasts  is  the  difference  of  the  induction  through  this  circuit- 
due  to  the  primar)'  and  tlie  induced  currents,  so  that  in  this  case  also  t! 
induced  current  is  such  that  it  tends  to  keep  the  total  induction  throu] 
the  secondary  circuit  the  same  as  it  was  before  the  starting  of  the  prim; 
current.  Also,  since  some  of  the  lul)es  due  to  the  induced  current  wil 
thread  through  the  primar)-,  the  effect  of  the  presence  of  the  seconds 
will  be  to  postpone  the  time  when  the  number  of  tubes  of  induction 
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through  the  primary  reaches  its  final  value,  since  their  presence  tends  to 
keep  ihe  induction  through  the  primary  the  same  as  it  was  before  the 
starting  of  the  current. 

In  the  case  when  the  current  in  the  primary  is  kept  constant,  but  the 
distance  between  tlie  primary  and  secondary-  circuits  is  varied,  the  same 
effect  takes  place,  namely,  the  induced  currents  are  in  such  a  direction  as, 
by  their  action,  to  keep  the  number  of  tubes  of  induction  which  pass 
through  the  secondar)'  circuit  the  same  as  it  was  before  the  motion.  Of 
course,  since  the  induced  current  only  lasts  while  the  number  of  tubes  of 
induction  is  varying,  the  final  induction  through  the  secondar>',  as  well 
as  that  through  the  primary  itself,  is  quite  unaltered  by  the  fact  that 
an  induced  current  is  produced. 

Although  when  the  secondary  conductor  does  not  form  a  closed 
circuit  no  induced  current  will  flow  in  the  secondary,  yet  in  this  case 
there  will  be  an  electromotive  force  produced  owing  to  the  electro-magnetic 
induction,  the  direction  of  the  E.M.K.  being  such  that  if  the  circuit  were 
closed  the  current  which  would  be  produced  by  this  EM.F.  would  be  that 
which  we  have  been  considering  in  the  case  of  a  closed  secondar)'. 

In  the  case  of  an  unclosed  secondan'  circuit,  since  there  will  be  no 
induced  current,  there  will  be  no  lubes  of  induction  due  to  the  induced 
current,  which,  by  being  threaded  through  the  primary-  circuit,  will  tend  to 
delay  the  induction  through  this  circuit  from  at  once  attaining  its  final 
value.  In  this  c.ise,  as  well  as  in  that  where  there  is  no  secondary  near 
a  circuit  in  which  a  current  is  started  or  stopped,  we  might  expect  that 
the  current  would  instantly  attain  its  final  value  when  the  circuit  is  closed. 
This,  however,  is  not  the  case,  for  the  ciraiit  itself  acts  in  such  a  way  as 
lo  tend  to  keep  the  induction  through  itself  constant.  Thus  before  the 
current  is  started  ihere  are  no  tubes  of  induction  passing  through  the 
circuit,  but  when  the  current  is  passing  there  are  a  certain  number  of 
these  tubes.  Hence  the  number  of  tubes  of  induction  threading  through 
the  circuit  has  been  increased,  and  during  the  time  that  they  were  being 
threaded  through  there  will  be  an  induced  current  produced  in  the  circuit 
itself,  just  .IS  in  the  rase  of  a  circuit  in  which  the  increase  of  Ihe  total 
induction  is  due  to  some  other  circuit.  As  we  have  seen,  the  direction  of 
the  induced  current  is  such  as  to  tend  to  keep  the  number  of  tubes  of 
induction  linked  through  it  constant.  Hence  when  the  current  is  started, 
so  that  the  number  of  tulles  is  increased,  the  induced  lulies  must  be  in 
the  opposite  direction  to  those  dtie  to  the  current  which  is  being  started, 
that  is,  the  direction  of  the  induced  current  must  be  the  opposite  to  that 
of  the  current  which  is  started.  The  effect  of  this  induced  current,  which 
is  said  to  be  due  to  self-induction^  is  to  delay  the  current  in  the  circuit 
attaining  its  full  value,  though  it  has  no  effect  on  the  final  value  which 
the  current  will  reach  ;  which  final  value  of  the  current,  in  a  simple 
metallic  circuit,  is  that  given  by  Ohm's  law. 

When  the  current  in  a  circuit  is  stopped,  the  induced  current,  m  order 
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that  it  may  tend  to  Veep  the  induciion  through  the  circuit  constant,  must 
l>e  in  the  same  direction  as  the  main  current.  The  presence  of  the 
induced  current  when  a  current  is  stopped  can  be  very  clearly  shown  by 
means  of  the  arrangement  shown  in  Fi|:.  499.  A 
coil,  C,  which  ought  to  have  a  large  number  of  tums» 
and  an  iron  core  (it  will  be  remembered  how  the 
presence  of  an  iron  core  increases  the  induction 
through  a  coil)  is  connected  up  with  a  make  and 
break  key,  K,  and  a  battery,  B.  An  incandescent 
electric  lamp,  L,  is  connected  in  parallel  with  the 
coil.  Although  the  batter>'  may  not  be  of  suffi- 
ciently high  electromotive  force  to  cause  the  lamp 
to  glow  when  the  current  is  passing  round  the 
circuit,  yet,  when  the  key  is  opened,  the  induced 
E.M.F.,  due  to  the  self-induction  of  the  coil,  will  be  so  great  that  sufficient 
current  will  flow  through  the  coil  and  the  lamp  circuit  to  cause  the  lamp 
to  glow  brightly  for  an  instant. 

619.  Hag-nltude  of  the  Induced  E.I1I.F.— We  have  hitherto  only 
considered  the  conditions  under  which  induced  currents  are  produced  and 
the  direction  in  which  they  flow,  and  we  now  have  to  consider  on  what 
conditions  the  magniiude  of  the  induced  current  depends. 

In  the  first  place,  the  magnitude  of  the  induced  current  depends  on 
the  resistance  of  the  secondar)-,  and  since,  other  things  remaining  the 
same,  the  current  is  inversely  proportional  to  the  resistance,  we  shall  in 
future  consider  the  electromotive  force  induced  in  the  circuit  considered 
on  account  of  induction  ;  and  where  the  value  of  the  induced  current  is 
required,  this  can  be  calculated  according  to  Ohm*s  law.  The  expression 
for  the  magnitude  of  the  induced  electromotive  force  was  first  given  by 
Newmann.  We  may  combine  Newmann*s  results  with  Faraday's  taw  as 
to  electro-magnetic  induction  as  follows  ; — 

Whenever  the  number  of  tubes  of  induction  which  thread  through  a 
circuit  is  altering,  an  E.M,F.  is  produced  in  the  circuit  numerically  equal 
to  the  rate  at  which  the  number  of  tulles  of  induction  is  diminishing. 

The  direction  of  the  E.M.F.  obtained  by  this  rule  is  positive  when  it 
tends  to  produce  a  current  in  the  circuit  which  is  related  to  the  direction 
of  the  lines  of  force,  as  the  direction  of  rotation  of  a  corkscrew  is  related  to 
the  direction  of  translation.  Or  if  we  are  looking  along  the  tubes  of 
induction  towards  the  circuit,  then,  if  the  number  of  tubes  is  decreasing, 
the  E.M.F.  will  act  in  the  clockwise  direction  round  the  circuit. 

The  directi"*n  of  ihe  induced  E.M.F.  in  a  straight  conductor,  which  is 
monng  in  a  direction  at  right  angles  to  the  lines  of  force  of  a  magnetic 
field,  can  be  remembered  by  the  following  rule  : — 

Hold  your  right  hand  with  the  fingers  pointing  towards  the  direction 
in  which  the  conductor  is  moving,  and  with  the  palm  turned  in  the  direc- 
tion in  which  a  north  pule  would  travel  in  the  field,  />.  so  that  the  tubes 
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of  force  enter  the  hand  at  ihe  back,  then  the  outstrelcheJ  ibumb  will  give 
the  direction  of  the  induced  E.M.F.  in  the  conductor. 

In  a  unifomi  field  of  strength  F  the  cross-section  of  the  tubes  of 
induction,  or,  what  is  the  same  thing,  the  tubes  of  force,  is  1  AJ  so  that 
/■'  tubes  cross  unit  area  at  ri^jht  angles  to  the  direction  of  the  tubes. 
If  then  a  straijfht  conductor  of  length  /,  is  moved  with  a  velocity  v  in  a 
direction  perpendicular  l>oih  to  the  tubes  of  induction  <if  the  field  and 
to  the  length  of  the  wire,  the  space  swept  out  by  the  wire  in  unit  time 
will  be  i*L,  Hence  the  number  of  lubes  of  force  cut  throu^jh  by  the 
wire  in  unit  lime  will  be  ?'/..  /•".  This  then  is  the  rale  at  which  a  circuit, 
of  which  the  conductor  forms  a  part,  is  increasing  the  num}>cr  of  tubes 
of  induction  which  it  embraces.  Hence  the  electromotive  force  induced 
in  the  conductor  due  to  the  cutting  of  the  tubes  of  induction  of  the  lield 
is  vLi'\ 

520.  The  Earth  Inductor.— Suppose  that  during  a  very  small  time 
hi  the  total  induction  through  a  circuit  is  changed  from  B  to  B-hB, 
Then  the  number  of  tubes  of  induction  which  thread  through  the  circuit 
hnve  in  the  time  decreased  by  the  amount  hB^  so  that  the  induced 
E.M.F.  acting  round  the  circuit,  which  is  equal  to  the  rate  at  which  the 
number  of  tubes  is  decreasing,  will  be  equal  to  d/V/d/,  Hence,  if  the 
resistance  of  the  circuit  is  A',  the  induced  current  will  be  hBjf^ht,  If  the ' 
rate  at  which  the  tubes  of  induction  Ie;ive  the  circuit  remains  constant 
during  the  time  J)/,  the  current  induced  will  also  be  consiam.  Hence 
the  quantity  of  electricity  which  will  flow  round  the  circuit  in  the  time 
5/  will  be  Cbt  or  hBffu  Thus  when  the  rate  at  which  the  tubes  of 
induction  arc  cut  by  the  circuit  is  constant,  the  quantity  of  electricity 
which  will  fluw  round  the  circuit  in  any  given  time  will  be  equal  to  the 
quotient  of  the  number  oF  tubes  cut  by  the  circuit  in  this  time  by  the 
resistance  of  the  circuit.  The  same  relation  must  also  hold  if  llie  rate 
at  which  the  tubes. are  cut  is  not  uniform,  for  we  can  divide  the  inter\'al 
considered  into  a  number  of  very  small  inter\'als  each  equal  to  5/,  in 
each  of  which  the  rale  at  which  the  tubes  are  being  cut  is  sensibly 
uniform,  and  the  quantity  of  electricity  which  traverses  the  circuit  during 
each  of  these  inter\'als  is  given  by  the  above  expression.  Hence,  adding 
together  all  the  intervals,  we  get  on  one  side  the  total  quantity  of 
electricity  which  passes  during  the  interval  considered,  and  on  the  other 
side  the  sum  of  the  decreases  of  the  number  of  tubes  of  induction,  that 
is,  the  total  decrease  in  the  number  of  tubes  divided  by  the  resistance  of 
the  circuit. 

If  a  circuit,  which  encloses  an  area  .^,  is  placed  in  a  uniform  magnetic 
field  of  strength  H  with  its  plane  at  right  angles  to  the  direction  of  the 
field,  the  total  number  of  tubes  of  induction  passing  through  the  circuit 
will  be  AN^  for  the  cross-section  of  a  lube  is  i///,  hence  //  tubes  cross 
unit  area  taken  perpendicular  to  the  direction  of  the  tubes,  and  A//  will 
cross  an  area  A,     If  the  circuit  is  now  turned  till  its  plane  is  parallel 
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to  the  direction  of  the  tubes  of  force  of  the  field,  none  of  thestf  tubes  will 
pass  through  the  circuit,  and  hence  the  total  induction  through  the 
circuit  will  be  zero.  Thus  by  rotating  the  circuit  in  this  way  the  number 
of  tubes  of  induction  passing  through  the  circuit  has  been  decreased  by 
AHy  and  hence,  if  A'  is  the  resibiance  of  the  circuit,  llic  quantity  of  elec- 
tricity which  passes  round  the  circuit  due  to  induction  will  be  A/JR, 
The  direction  in  which  this  electricity  will  be  displaced  round  the  circuit 
will  be  the  clockwise  direction  as  we  face  the  side  of  the  circuit  at  which 
the  tubes  of  induction  enter  the  space  enclosed  by  the  circuit. 

If  now  the  circuit  is  rotated  through  another  right  angle  in  the  same 
direction  as  before,  so  that  it  is  again  at  right  angles  to  the  direction  of 
the  field,  but  with  the  tubes  of  induction  threading  through  in  the 
opposite  direction  to  what  they  did  before,  the  number  of  tubes  which 
thread  through  will  during  the  rotation  increase  from  zero  to  AH.  The 
result  will  be  that  a  quantity  of  electricity  equal  to  AH'>R  will  again  be 
caused  to  circulate  round  the  circuit,  and  since  the  tubes  are  now  in- 
serted instead  of  being  withdrawn,  the  direction  in  which  the  current 
will  circulate  will  be  the  anticlockwise  one  if,  as  before,  wc  face  the  side 
where  the  tubes  enter  the  circuit.  Since,  however,  the  position  of  the 
circuit  is  reversed  from  what  it  was  in  the  former  case,  the  direction  of 
the  induced  current,  as  far  as  the  circuit  itself  is  concerned,  will  t>e  the 
same  as  before.  If,  then,  starting  with  the  circuit  perpendicular  to  the 
lines  of  force  of  the  field,  it  is  rotated 
through  180*,  the  quantity  of  electricity 
which  will  traverse  the  circuit  due  to  the 
electro-magnetic  induction  will  be  given  by 

Q^zAHlR. 

Hence,  if  wc  measure  Q  by  passing  the 
induced  current  through  a  galvanometer, 
in  which  case  the  quantity  A'  must  include 
the  resistance  of  the  coil  with  the  con- 
necting wires  and  the  galvanometer,  and 
we  know  the  quantity  A^  we  can  calculate 
the  strength  of  the  magnetic  field  in  which 
the  coil  is  rotated. 

An  instrument  for  measuring  the 
strength  of  magnetic  fields  on  this  prin- 
ciple is  shown  in  Fig.  500,  and  is  called 
an  earth  inductor,  from  the  fact  that  it  is  often  used  to  measure  the 
strength  of  the  canh's  field.  A  coil,  ab,  containing  a  number  of  turns  of 
insulated  wire,  and  for  which  the  area  included  by  each  turn  has  been 
measured  so  that  the  quantity  A,  which  is  the  sum  of  the  areas  included 
by  all  the  turns,  is  known,  is  supported  in  a  frame  in  such  a  way  that  it 
can  be  rotated  through  two  right  angles  about  an  axis  ss'.    The  ends  of 
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ihe  coil  arc  connected  to  a  galvanometer  by  means  of  which  the  quantity 
of  eleciriciiy  which  passes  round  llie  circuit  can  be  measured.  If  the 
axis  ss'  is  placed  vertical,  the  plane  of  the  coil  being  set  magnetic  east 
and  west,  and  the  coil  is  rotated  through  two  right  angles,  and  if  Q  is 
the  quantity  of  electricity  which  passes  through  the  galvanometer,  we 
liave  Q^jAH'iR  ;  for,  as  the  coil  has  been  turned  about  a  vertical  axis, 
it  has  not  intersected  any  of  the  tubes  of  induction  of  the  vertical  com- 
ponent of  the  earth's  fields  and  hence  the  only  part  of  the  field  with  which 
we  are  conceme<l  is  the  horizontal  component,  //■ 

Next  suppose  the  axis  of  rotation  of  the  coil  to  be  horizontal  and  in 
the  magnetic  meridian,  and  that,  starting  wiih  the  coil  in  a  horizoniaJ 
plane,  it  is  again  rotated  through  two  right  angles,  the  quantity  of  elec- 
tricity, Q\  induced  being  measured.  In  this  case,  since  the  axis  about 
which  the  coil  is  rotated  is  parallel  to  the  direction  of  the  horizontal 
component,  the  coil  will  not  cut  through  any  of  the  tubes  of  induction 
corresponding  to  the  horizontal  component.  Hence  we  have  Q'  =  2A  I'i/Cy 
where  /'is  the  vertical  component  of  the  earth's  field.  Dividing  one  of 
these  expressions  by  ibe  other,  we  gel 

But  \f$  is  the  dip,  then  tan  6=  Vj/f.  Hence,  from  the  result  of  two 
obsen'ations  with  the  earth  inductor,  one  with  the  axis  of  rotation  vertical, 
and  the  other  with  the  axis  horizontal,  we  can  calculate  the  value  of  the 
dip  at  the  place  where  the  obserAalions  are  made. 

521.  Detennlnatlon  of  the  Value  of  the  Ohm  by  the  B.A. 
Committee.— The  first  measurement  of  a  resistance  in  absolute  measure 
of  any  accur.icy  was  performed  by  a  committee  of  the  British  Association, 
by  a  method  involving  the  induced  E.M.F  produced  in  a  coil  when 
rotated  in  a  magnetic  field.  The  method  they  employed  consisted  in 
spinning  a  coil,  of  which  the  two  ends  of  the  wire  were  joined  together, 
about  a  vertical  axis  in  the  earth's  field,  and  noting  the  deflection  pro- 
duced by  the  currents  induced  in  the  coil  on  a  magnetic  needle  placed  at 
the  centre  of  the  coil.  If  the  dimensions  of  the  coil  arc  known,  and  they 
were  determined  during  the  windin;.',  and  the  speed  of  rotation  when  the 
deflection  is  measured  is  known,  it  is  possible  to  calculate  the  resistance 
of  the  coil  in  absolute  measure,  that  is,  in  <\c.^.  units.  For.  as  we  shall 
sec  in  Si  526,  when  a  coil  rotates  in  a  magnetic  field  an  induced  E.M.F. 
will  be  produced,  and  the  current  which  this  E.M.F.  will  send  round  the 
coil  will  be  inversely  proportional  to  the  resistance  of  the  coil,  while  the 
deflection  of  the  needle  will  be  proportional  to  the  current,  that  is,  inversely 
proportional  to  the  resistance. 

From  the  results  of  their  measurements  the  Committee  constructed  a 
number  of  coils  consisting  of  platinum  silver  alloy,  the  resistance  of  each 
of  which  was  etjual  to  what  from  their  measurements  appeared  to  be  the 
value  of  tlie  ohm  as  defined  in  §  480.     Tbese  coils  have  been  preserved, 
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and  are  known  as  the  B.A.  units.  More  recent  measurements  made  by 
the  same  method,  as  well  as  by  several  different  methods,  have  shown 
that  the  B.A.  units  are  not  exactly  i  ohm,  the  true  value  being,  1  U.A. 
unit  =  a9866  ohm. 

Experiment  has  also  shown  that  the  resistance  of  a  column  uf  pure 
mercury  106.3  cm.  long  and  one  square  millimetre  in  cross-section,  when 
at  a  temperature  of  o'  C,  is  equal  to  one  ohm.  As  the  resistance  of  a 
solid  is  dependent  on  the  physical  state,  such  as  the  hardness,  &c,  there 
is  some  doubt  whether  a  standard  resistance  composed  of  a  wire  may 
not  alter  in  time,  due  to  a  change  in  the  molecular  state  of  the  metal.  I  n 
the  case  of  a  liquid,  however,  such  a  molecular  change  is  1  M  to  be  feared, 
for  liquids  are  not  able  to  take  up  a  state  of  strain.  For  ti.  reason  the 
final  standards  of  resistance  are  composed  of  tubes  of  glass,  o»  vhich  the 
dimensions  can  be  accurately  measured,  filled  with  pure  mcrcui-y,  and 
the  wire  standards  used  in  ordinary  work  are  compared  with  these 
mercury  standards. 

522.  Determination  of  the  Value  of  the  Volt— If  the  absolute 
value  of  a  current  and  of  a  resistance  is  known  from  the  measurements 
made  by  the  methods  described  in  §§  5 1 5,  52 1 ,  then,  by  passing  the  current 
through  the  resistance,  the  absolute  value  of  the  K.M.F.  between  the 
terminals  of  the  resistance  will  be  known.  Hence  of  the  three  electrical 
quantities,  ampere,  ohm,  and  volt,  the  knowledge  of  the  absolute  value  of 
any  two  enables  us  to  obtain,  by  means  of  Ohm's  law,  the  value  of  the 
third. 

The  values  for  the  E.M.F.  of  the  Clark  and  cadmium  standard  cells, 
given  in  SS  554i  555.  have  been  detennmed  by  comparing  their  E,M.F. 
with  that  developed  between  the  terminals  of  a  wire  of  known  resistance 
when  a  current  is  passed,  thr*  value  of  the  current  being  obtained  from 
the  indications  of  a  current  balance. 

523.  Arago's  Experiment  —  Foucaolt  Currents Arago  dis- 
covered thai  if  a  copper  disc  is  rotated  about  a  vertical  axis  below  a 
pivoted  magnetic  needle,  the  needle  is  deflected  in  the  direction  in  which 
the  disc  is  rotating,  and  if  the  speed  of  rotation  is  fairly  great  the  needle 
is  dragged  completely  round,  so  that  it  is  set  in  rotation.  The  inverse 
experiment  can  also  be  performed,  that  is,  if  a  magnet  is  rotated  near  the 
face  of  a  copper  disc  which  is  free  to  turn,  the  disc  is  set  in  rotation,  the 
direction  of  rotation  being  the  same  as  that  in  which  the  magnet  is  being 
rotated.  The  explanation  of  this  experiment  was  given  by  Faraday,  who 
showed  that  it  was  due  to  the  reaction  between  the  electric  currents 
induced  in  the  copper  disc  and  the  magnet. 

Let  AB  (Fig,  501)  be  the  copper  disc  which  is  rotated  in  the  direction 
shown  by  the  arrow,  and  let  Ns  be  a  magnet  suspended  or  pivoted  above 
the  surface  of  the  disc.  The  tubes  of  induction  of  the  magnet  pass  from 
the  north  pole  N  to  the  south  pole  s,  spreading  out  in  the  air.  Some 
of  these  tubes  will  pass  down  below  the  copper  disc  near  the  pole  N, 
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and  will  come  up  through  the  disc  near  S.  Hence  when  the  disc  is  set 
in  rotation  we  have  the  portions  of  the  conducting  disc  near  N  and  S 
moving  so  as  to  cut  through  the  tubes  of  induction,  and  hence  an  E.M.F. 
will  be  set  up  which  will  cause  currents  to 
circulate  in  the  disc.  Now  by  Lenzs  law  the 
direction  of  the  induced  currents  must  be  such 
as  to  lend  to  check  the  motion,  that  is,  such 
that  the  force  which  will  be  called  into  play 
between  these  induced  currents  and  the  induc- 
ing magnet  will  be  so  directed  as  by  their  action 
to  check  the  motion  which  causes  the  induced 
currents.  Hence,  since  action  and  reaction 
must  always  Ix;  equal  and  opposite,  a  force  will 
act  on  the  magnet  tending  to  move  it  in  the 
same  direction  as  that  in  which  the  disc  is  routing.  The  direaion  in 
which  the  currents  must  flow,  so  as  to  tend  to  turn  the  magnet  in  the 
same  direction  as  that  in  which  the  disc  is  rotating,  can  be  obtained  by 
making  use  of  the  nilc  given  in  §  471.  If  we  imagine  a  man  in  the  disc 
near  N  facing  the  pole  so  that  he  must  be  on  his  back,  then,  in  order 
that  the  pole  N  may  be  urged  towards  his  left  hand,  he  must  lie  with  his 
head  towards  the  circumference  of  the  disc  and  his  feet  towards  the 
centre.  If  when  he  is  in  this  position  a  current  is  flowing  from  his  feet 
to  his  headf  the  magnet  pole  N  will  be  urged  towards  his  left  hand,  that 
is,  in  the  same  direction  as  that  in  which  the  disc  is  rotating.  In  the 
same  way  it  can  be  shown  that,  in  order  to  produce  a  force  between  the 
magnet  and  the  disc  tending  to  check  the  motion  of  the  disc,  the  currents 
in  the  portion  of  the  disc  near  s  must  flow  from  the  circumference  towards 
the  centre  of  the  disc  Hence  the  path  of  the  induced  currents  in  the  disc 
is  somewhat  as  shown  by  the  dotted  curves. 

Of  course,  we  could  have  arrived  directly  at  the  same  result  by 
making  use  of  the  rule  given  In  §  519  for  the  connection  between  the 
direction  in  which  a  conductor  is  moved  through  a  magnetic  field  and 
the  direction  of  the  induced  E.M.F.  Thus  the  portion  of  the  disc  under 
the  pole  N  is  moving  in  a  magnetic  fieUl  where  the  tubes  of  induction 
are  running  downwards,  and  hence,  if  the  right  hand  is  placed  palm 
downwards  with  the  fingers  pointing  in  the  direction  the  portion  of  the 
disc  below  N  is  moving,  the  outstretched  thumb  will  give  the  direction 
of  the  induced  E.M.F.,  and  this  will  act  from  the  centre  of  the  disc 
towards  the  circumference. 

The  effects  of  the  currents  induced  in  a  mass  of  metal  when  it  is 
moved  in  a  magnetic  field  was  very  strikingly  shown  by  Foucautt,  who 
arranged  a  copper  disc  so  that  it  could  be  rotated  by  means  of  a  handle 
and  a  train  of  wheels  between  the  poles  of  a  powerful  electro-magnet. 
Although  it  was  easy,  when  the  magnet  was  not  excited,  to  rotate  the 
disc  at   a   rapid   rate,  on   starting  the   current   in   the   electro-magnet 
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the  reaction  on  account  of  the  induced  currents  was  so  enormous  ihai 
the  disc  was  immediately  brought  almost  to  rest,  and  it  could  only  be 
rotated  at  a  comparatively  slow  speed.  These  currents,  which  are 
induced  within  a  mass  of  metal  when  it  is  in  a  changing  niagneiic 
field  or  is  in  motion  in  a  steady  field,  are  generally  called  Foucault 
currents.  The  circulation  of  the  currents  is  of  course  accompanied 
by  the  conversion  of  electrical  energy  into  heat  according  to  Joule's 
law,  so  that  the  mechanical  energy  which  has  to  be  spent  in  moving 
the  conductor  appears  as  heat  developed  in  it- 
Use  is  often  made  of  P'oucault  currents  to  check  the  oscillations  of 
a  suspended  nugnetic  needle,  such  as  a  galvanometer  needle,  which 
are  often  a  source  of  considerable  loss  of  time,  since  the  needle  takes 
some  time  in  coming  to  rest  after  it  has  been  deflected.  If  the  needle 
is  surrounded  by  a  thick  copper  box  made  to  fit  as  near  the  needle  as 
possible^  when  the  needle  is  in  oscillation  induced  currents  will  be 
produced  in  the  copper,  which  will  tend  to  check  the  motion  of  the 
needle.  Under  these  circumstances  the  motion  of  the  needle  is  said 
to  be  damped. 

524.  The  Induction  Coll.— By  means  of  electro-magnetic  induction* 
it  is  possible  to  produce  in  a  secondary*  circuit  an  induced  E.M.F. 
which  is  higher  than  the  E.M.F.  employed  to  produce  the  current  in 
the  primary  circuit.  If,  on  account  of  the  current  passing  in  a  primary 
circuit,  /;  tubes  of  induction  pass  through  a  secondary  which  consists 
of  a  single  turn,  the  induced  E.M.F,  produced  wheo  the  current  in 
the  primar)'  is  varied  is  equal  to  the  rate  of  change  of  n.  If,  how- 
ever, the  secondary  circuit  consists  of  two  turns,  so  that  the  n  tubes 
of  force  due  to  ihc  primary  thread  through  both  turns,  the  E.M.F, 
induced  in  e^ich  turn  will  be  equal  to  the  rate  of  change  of  w,  and 
hence  the  total  E.M.F.  produced  in  the  circuit  will  be  the  sum  of  the 
E.M.F.'s  produced  la  the  two  portions  of  the  circuit,  that  is,  will  be 
equal  to  twice  the  rate  of  change  of  the  number  of  tubes  of  inductioaJ 
which  pass  through  the  secondary'.  Thus,  by  increasing  the  number" 
of  turns  of  the  secondar\'  circuit,  the  induced  E.M.F.  produced  by  a 
given  rate  of  change  of  n  can  be  made  very  great  One  of  the  best 
known  arrangements  for  obtaining  a  very  high  E.M.F.  by  means  of 
electro-magnetic  induction  is  the  induction  coil  which,  since  it  was  first 
employed  by  Kuhmkorflf,  is  often  called  RuhmkorfPs  coil.  The  primary 
of  these  coils  consists  of  a  comparatively  few  number  of  turns  of  fairly 
thick  wire,  which  is  wound  on  a  core  composed  of  soft  iron  wires.  The 
object  of  the  iron  core  is  to  increase  the  induction  through  the  primary 
produced  by  any  given  current,  as  was  explained  in  §  513.  TTie  reason 
why  wires  are  used  instead  of  a  solid  rod  is  to  prevent,  as  much  as 
possible,  the  formation  of  Foucault  currents  in  the  mass  of  the  iron,  since 
these  currents  would  not  only  waste  the  electrical  energy  used  to  work 
the  coil,  but  would  also,  by  their  reaction  on  the  primary  current,  tend 
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to  keep  this  current  from  changing  rapidly.  For  they  would  produce 
lul^s  of  inductiun  in  such  a  direction  as  to  keep  the  total  induction 
through  the  primary  constant  when  the  strength  of  the  primary  current 
is  altered.  The  iron  used  must  be  of  a  very  soft  quality,  so  that  the 
hysteresis  and  residual  magnetism  which  it  possesses  may  be  as  small 
as  possible,  for  the  effect  of  hysteresis  is  to  convert  some  of  the  elec- 
trical energy  into  heat  as  well  as  to  make  the  changes  in  the  induction 
through  the  coil  slower.  Round  the  outside  of  the  primary  coil  is 
wound  a  s«condary  coil  consisting  of  a  very  large  number  of  turns 
of  tine  wire,  each  turn  being  very  well  insulated  by  means  of  a  covering 
of  silk  and  shellac  The  ends  of  the  secondar>'  are  generally  connected 
to  two  insulated  brass  rods,  the  ends  of  which  fonn  a  spark-gap  of 
adjustable  length.  The  current  in  the  primary  circuit  being  alternately 
made  and  broken,  the  induction  through  the  secondary  changes  and 
an  induced  E.M.F.  is  produced  in  the  secondary,  which  is  in  one  direc- 
tion when  the  current  is  made  and  in  the  opposite  direction  when  the 
current  is  broken.  Various  arrangements  are  employed  for  automati- 
cally making  and  breaking  the  primary  current.  In  some  of  these 
a  small  electric  motor  makes  and  breaks  the  current  by  dipping  a 
rod  of  platinum  into  a  mercury-cup.  The  more  usual  arrangement, 
at  any  rate  on  small  coils,  is  to  have  a  small  piece  of  iron  fixed  to  the 
end  of  a  spring,  so  that  when  the  current  passes  and  magnetises  the 
iron  core  the  piece  of  iron  is  attracted.  When  no  current  is  passing, 
the  spring  keeps  the  iron  away  from  the  end  of  the  core,  and  makes 
contact  between  a  piece  of  platinum  fixed  to  the  back  of  the  iron  and 
a  platinum  point  which  is  attached  to  a  pillar  carried  by  the  base  of 
the  coil.  The  primar>'  current  passes  between  the  platinum  point  and 
the  spring,  and  hence  when  the  iron  hammer  is  attracted  by  the  core] 
the  primary  current  is  interrupted.  The  interruption  of  the  current 
causes  the  core  to  lose  its  magnetism,  so  that  it  no  longer  attracts  the 
hammer,  and  hence  the  spring  forces  it  back  against  the  platinum 
point,  thus  again  completing  the  primary  circuit. 

Since  the  magnitude  of  the  induced  E.M.F.  depends  on  the  rate 
at  which  the  number  of  tubes  which  thread  through  the  secondary 
change,  it  is  of  importance  to  make  tlie  starting  and  stopping  of  the 
primary  current  as  sudden  as  |X)ssible.  Now  it  has  been  shown  in  §  518 
that,  on  account  of  the  self-induction  of  a  circuit  in  which  a  current  is 
stopped  or  started,  the  current  does  not  reach  its  full  value  at  once,  nor 
does  it  die  away  instantaneously.  The  effect  of  self-induction  is  shown 
very  markedly  by  the  spark  which  is  produced  every  time  the  primary 
current  is  broken.  It  has  been  found  that  the  intensity  of  the  spark 
formed  at  the  break  can  be  considerably  decreased,  and  hence  the 
rapidity  with  which  the  primary  current  stops  increased,  so  that  the 
induced  E.M.F.  is  also  increased,  by  using  a  condenser,  formed  by  a 
number  nf  sheets  of  tinfoil  separated  the  one  from  the  other  by  sheets  of 
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paraffined  paper,  one  armature  being  connected  with  the  spring  of  the 
interrupter  and  the  other  with  the  platinum  point.  In  this  way  the 
condenser  and  the  primary  coil  are  connected  in  parallel,  and  it  can  be 
shown  that  connecliny  a  condenser  in  this  way  has  the  same  effect  as 
if  the  self-induction  of  the  coil  were  reduced. 

By  means  of  such  a  coil  it  is  possible  to  produce  a  spark  between 
the  terminals  up  to  about  20  inches  in  length,  and  this  when  the  E.M.F. 
used  to  produce  the  primar>'  current  is  only  a  few  volts,  and  would  be 
quite  unable  to  produce  a  spark  of  a  hundredth  of  an  inch  in  length. 
Although  the  E.M.F.  of  the  induced  current  is  very  great,  the  quantity 
of  electricity  which  traverses  the  secondary  is  excessively  small,  for,  on 
account  of  the  great  length  of  the  secondary  wire  and  its  small  diameter, 
the  resistance  of  the  secondary  is  very  greaU 


CHAPTER   XIV 
ELECT^O-MAGSETIC    MACHINES 

626.  Barlow's  Wheel.— One  of  the  simplest  arrangements  for  con- 
vening clecirical  energy  into  meclianicil  energy  is  th.it  known  as  Barlow's 
wheel,  and  is  shown  in  section  in  Fig.  502.  A  copper  disc,  A,  is  mounted 
on  a  horizontal  axle,  the  bottom  edge  of  the  disc  just  dipping  into  some 
mercury  placed  in  a  small  dish  D.  The  disc  A  turns  between  the  poles  of 
a  magnet,  ns,  and  a  current  is  passed 
through  the  disc  between  the  mercury 
dish  D  and  the  axle.  Thus  in  the  portion 
of  the  disc  A  between  the  poles  of  the 
magnet  we  have  an  electric  current  flow- 
ing at  right  angles  to  the  lines  of  force  of 
the  field,  and  therefore  the  conductor 
conveying  the  current,  that  is,  the  disc,  is 
acted  upon  by  a  force  tending  to  move  it 
at  right  angles  to  the  lines  of  force  and 
to  the  direction  of  the  current,  />.  to 
rotate  the  disc  about  the  axle. 

If  the  wheel  is  rotated  by  mechanical 
means,  and  the  wires  e  and  f  are  joined  together,  a  current  will  be  pro- 
duced in  this  circuit,  for  the  portion  of  the  circuit  which  is  fonned  by  the 
radius  of  the  disc  between  the  axle  and  the  mercur>*-cup  will  be  moving 
at  right  angles  to  the  lines  of  force  of  a  magnetic  field,  and  hence  will 
be  the  seat  of  an  induced  E.M.F.  The  direction  of  the  rotation  of  the 
wheel  in  the  first  case,  and  that  of  the  induced  current  in  the  second,  can 
easily  be  obtained  by  means  of  the  rule  given  in  §  519. 

526.  Induced  Currents  produced  by  Rotating  a  Coil  in  a 
Magrnetic  Field.— Suppose  that  a  rectangular  circuit  of  length  a  and 
breadth^  is  rotated  about  an  axis  AB,  Fig.  So^{a),  which  is  at  right  angles  to 
the  lines  of  force  of  a  uniform  field  of  strength  //,  and  that  the  ends  of  the 
rectangle  are  connected  with  a  stationary  circuit,  the  resistance  of  this 
circuit  and  of  the  rectangle  being  /•.  Let  us  start  with  the  rectangle  in  the 
position  CD,  Fig.  503  (/>\  in  which  it  is  at  right  angles  to  the  lines  of  force 
of  the  field,  so  that  the  number  of  tubes  passing  through  the  rectangle  is 
ab,f{.  Suppose  now  that  the  rectangle  is  turned  into  the  position  c'd', 
making  an  angle   ^  with  CD.     The  number  of  tubes  which  now  pass 
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through  the  rectangle  is  evidently  equal  to  the  apparent  area  of  the 
rectangle,  as  seen  in  the  direction  of  the  tubes,  multiplied  by  H.  But  the 
area,  as  seen  in  the  direction  of  the  tubes,  is  equal  to  ti.V-.v  or  za.iLX.  But 
EA  =  AC  cos  0=/'J2.cos  0.  Hence  the  numbef  of  tubes  of  induction  pass- 
ing through  the  rectangle  in  its  new  position  is  n^H  cos  6.  If  the  angular 
velocity  of  the  coil  is  uniform  and  equal  to  ai^  and  if  /  is  the  time  since  the 
coil  started  from  the  position  en,  we  have  0-o>t.  Now  suppose  that  in 
the  small  lime  3/  the  coil  turns  through  the  ruigle  5^,  The  number  of 
tubes  now  passing  through  the  circuit  will  be  n^//  cos(^ii^).  Hence 
in  the  small  time  ^/  the  number  of  tubes  has  decreased  by  ad//{cos{6  +  M) 
-  cos  6\.  Now  cos  (^  +  5^)  =  cos  0  cos  ^-  sin  0  sin  60.  \i  hS  is  very 
small  cos  5^=  i  and  sin  50  =  S0^  so  that  the  decrexise  in  the  number  of 
tul>cs  in  the  time  ^(  is  a/ff/sm  O.SO.  Now  the  decrease  in  the  number  of 
tubes  divided  by  the  lime  during  which  this  decrease  takes  place  is,  if 
the  decrease  goes  on  at  a  constant  rate,  and  since  8/  is  ver>'  small,  we 
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may  consider  that  at  any  rate  during  this  time  that  this  is  so,  equal  to 
the  ratif  of  decrease  of  the  number  of  tulx;s,  and,  as  we  have  seen,  this  is 
equal  to  the  induced  K.M.F.  Hence  the  induced  E.M.K.  is  equal  to 
ti6//fiO  sin  fl  5/,  or  abUKu  sin  0.  Hence  the  induced  electromotive  force 
is  at  any  time  proportional  to  the  sine  of  the  angle  wluch  the  plane  of  the 
coil  makes  with  the  lines  of  force  of  the  field.  Thus  if  E  is  the  induced 
E.M  F.  at  a  time  /  after  the  instant  when  the  coil  passed  through  the 
position  CD,  we  have 

E~SHfA  sin  O^SHn  sin  w/, 

where  S  has  been  written  for  the  inductive  area  of  the  coil.  Since-the 
resistance  of  the  coil  and  its  connected  circuit  is  A',  an  electromotive  force 
£  will  produce  a  current  C  given  by  the  relation  C^EjJ^.  Hence  if  ihc 
current  in  the  coil  at  a  lime  /  is  C,  we  have 
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sin  ui. 


Thus,  as  the  coil  rotates,  a  periodic  current  and  E.M.F.  will  be  pro- 
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duced,  the  maximum  current  occurring"  when  ^=90",  so  that  sin  ^=1, 
the  maximum  value  of  the  E.M.F.  being  mSHy  and  that  of  the  current 
aSHjIi,  When  the  phme  of  the  coll  is  at  right  angles  to  the  lines  of 
force  of  the  field  ^=0  or  i8o%  and  sin  6-0^  so  that  the  induced  E.M.F. 
and  also  the  current  is  zero.  While  0  chanjjcs  from  180°  to  270",  the 
induced  E.M.F.  changes  from  zero  to  -oaS//^  and  the  current  increases 
from  o  to  -0)5/// A*.  The  minus  sign  shows  that  the  current  is  in  the 
opposite  direction  to  what  it  was  while  0  increased  from  o''  to  90".  For_ 
6^=270''  the  current  is  again  a  maximum,  but,  as  we  have  pointed  out,  in 
the  negative  direction.  As  0  chancres  from  270^  to  360",  the  current 
decreases  to  zero^  while  as  0  changes  from  o*"  to  90'  the  current  is  again 
in  the  positive  direction  and  increases  from  o  to  taS/Yj,  A\ 

Thus  in  the  circuit  attached  to  the  coil  a  current  will  be  produced 
which  changes  its  direction  twice  in  each  revolution  of  the  coil,  the 
maxiinum  current  in  each  direction  being  the  same.  Such  a  current  is 
called  an  alternating  current. 

Py  suitable  arrangements  this  alternating  current  in  the  circuit 
attached  to  the  coil  can  be  changed  into  a  current  which  always  flows 
in  the  same  direction.  Under  these  circumstances  the  alternating  current 
is  said  to  be  rectified.  A  method  nf  rectifying  the  current  consists  in 
fitting  a  copper  ring  on  the  axle  on  which  the  coil  turns,  which  is  insulated 
from  the  axle,  and  is  in  addition  split  along  two  generating  lines  which 
are  on  opposite  sides  of  the  ring  as  shown  at 
ii/ifi/f  Fig.  504.  Two  copper  springs,  Bj  and  B^, 
called  brushes,  rest  against  the  copper  ring, 
and  arc  connected  to  the  two  ends  of  the  external 
circuit.  One  end  of  the  coil  is  connected  to  ii/r 
and  the  other  to  i</.  The  p<-isition5  of  the  two 
brushes,  H„  B„  are  so  arranged  that  as  the  coil 
revolves  the  brushes  cross  the  gaps  u^  and  /w 
in  the  ring,  just  as  the  coil  is  passing  through 
ihe  position  in  which  its  plane  is  perpendicular 
to  the  lines  of  force  of  the  field,  and  hence  the 
induced  current  is  zero.  .Suppose  that  when  the 
coil  is  in  the  position  c'd'  (Fig.  503)  the  end  of 
the  coil  connected  with  ttS  is  at  the  higher  potential,  so  that  the  current 
in  (he  external  circuit  is  going  from  B,  to  B^.  When  the  coil  has  passed 
through  the  position  in  which  its  plane  is  at  right  angles  to  the  lines  of 
force  of  ihe  titltl,  the  direction  of  the  induced  E.M.F.  will  be  reversed  ; 
thus  r/t*  will  now  be  at  the  higher  potential.  The  copper  conductor  /iV  will 
now  be  in  contact  with  the  brush  B,,  and  hence  the  current  in  the  external 
circuit  will  still  flow  from  B|  to  li...  Although  the  current  in  the  external 
circuit  is  now  always  in  the  same  direction,  it  is  not  a  constant  current, 
but  twice  in  every  revolution  it  is  zero,  and  twice  reaches  a  maximum 
value  of  oiSJ-flR,    The  difference  between  this  rectified  current  and  the 
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alternating  current  can  most  clearly  be   seen  from   Fig;.  505,  where  A 
represents  the  manner  in  which  the  alternating  current  varies  with  thr 

time,  which  is  taken  as  abscissa, 
♦  /     \  /^    \  while    at    B    the   corresponding 

cun^e  in  the  case  of  the  rectified 
current  is  shown. 

If  a  second  coil  of  the  same 
dimensions  as  llie  6rst  were  fixed 
to  the  same  axle,  so  that  its  plane 
was  at  right  angles  to  that  of  the 
first,  and  it  were  supplied  with 
its  own  commutator,  the  brushes 
being  connected  to  the  same 
circuit  as  the  first  in  such  a  way 
that  the  currents  produced  by 
the  two  coils  in  the  external  cir- 
cuit were  in  the  same  direction. 
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ihen  the  actual  current  in  the  circuit  would  be  obtained  by  combining  two 
such  cur\'es  as  that  in  Fig.  505  B.  From  the  fact  that  one  coil  is  placed 
a  quarter  of  a  revolution  in  advance  of  the  other,  the  two  cun-es  must 
be  displaced  by  a  time  equal  to  a  quarter  of  a  rc\t)lution,  the  one  with 
respect  to  the  other.  In  Fig.  505  c  the  dotted  curves  represent  the 
currents  due  to  the  two  coils  separately,  and  the  full-line  curve  the  actual 
current  due  to  the  combined, action  of  tlie  two.  It  will  be  noticed  how 
much  more  nearly  uniform  is  the  current  than  in  the  case  where  only 
one  coil  is  used,  and  hence  it  will  be  understood  how,  by  increasing  the 
number  of  colls,  what  is  practically  a  uniform  current  can  l>c  obtained. 

527.  Machines  for  the  Conversion  of  Mechanical  Energy  into 
Electricity.— The  arrangement  described  in  the  last  section,  although 
from  its  extreme  simplicity  it  was  useful  as  a  means  of  explaining  the 
production  of  the  currents  induced  in  a  coil  when  rotated  in  a  magnetic 
field,  yet,  on  accojut  of  the  weakness  of  any  uniform  field  of  the  extent 
we  there  supposed  and  one  produced  in  a  space  which  was  quite  free 
from  iron,  the  currents  induced  would  only  be  verj-  weak.  In  order  to 
obtain  stronger  currents,  it  is  necessary  to  have  recourse  to  the  use 
of  iron  in  order  to  increase  the  induction  through  the  rotating  coiU 
Although  the  systematic  description  of  even  one  or  two  of  the  different 
forms  of  machine  which  are  used  in  practice  for  obtaining  the  strong 
currents  which  arc  now  used  is  quite  beyond  the  scope  of  this  book,  yet 
it  may  be  of  use  to  devote  a  few  pages  to  considering  the  more  genenU 
features  which  are  more  or  less  common  to  all. 

In  the  first  place,  from  a  historical  point  of  view  rather  than  a 
practical  one,  such  machines  can  be  divided  into  two  classes  according 
to  the  means  adopted  for  the  production  of  the  magnetic  field  in  which 
the  conductor  in  which  the  currents  are  induced  is  moved.     Machines 
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in  which  the  field  is  produced  by  means  of  permanent  sleel  magnets  are 
called  magneto  machines,  while  those  in  which  the  field  is  produced  by 
clettro-majirncts  are  called  dynamos. 

The  small  machines  which  are  used  for  ihe  production  of  the  currents 
of  electricity  used  in  medicine  arc  examples  of  magneto  machines.  The 
field  is  produced  by  a  horse-shoe  magnet,  while  the  coils  in  which  the 
induced  currents  are  generated  are  wound  on  soft  iron  cores.  The  coils 
and  their  cores  are  rotated  near  the  poles  of  the  magnet  in  such  a  way 
that  the  ends  of  the  cores  are  brought  allematcly  near  the  north  pole 
and  the  south  pole  of  the  maynet.  The  result  is  that  the  cores  become 
magnetised  altemalely  in  one  direciion  and  the  opposite,  and  hence  the 
induction  through  the  coils  which  are  wound  over  the  cores  is  changed, 
being  in  one  direction  wlien  the  core  is  opposite  the  north  pole,  and  in 
the  opposite  direction  when  the  core  is  opposite  the  south  pole.  If 
required,  the  aliemating  currents  thus  produced  are  rectified  by  means 
of  a  commutator,  such  as  was  described  in  the  las!  section. 

628.  Dynamo  Electrical  Machines.  -In  dynamoelcctrical machines 
the  magnetic  field  is  produced  by  means  of  cicctro-magncts  which  arc 
magnetised  by  sending  either  the  whole  or  part  of  the  current  pro- 
duced by  the  machine  round  the  coils  of  these  magnets.     The  coil  in 
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which  the  current  is  induced  is  called  the  armature,  while  the  electro- 
magnets are  called  the  field  magnets.  There  are  a  great  number  of 
diflcrent  forms  of  armatures  in  use,  and  we  shall  only  describe  the 
principles  on  which  the  action  of  three  of  these  fonns  depend. 

The  Siemens  armature  consists  of  a  coil  of  insulated  wire  wound 
longitudinally  nn  a  cylinder  of  soft  iron  as  shown  in  Fig.  506.  This 
annature  is  rotatetl  between  the  poles  of  the  field  magnet  NS,  and  as 
it  rotates  the  induction  through  the  coil  changes  in  very  much  the 
same  way  as  occurs  in  the  simple  coil  considered  in  §  526,  only  the 
presence  of  the  soft  iron  core  on  which  the  coil  is  wound  very  much 
increases  the  induction  through  the  coil  when  it  is  placed  in  a  given 
magnetic  field.  If  a  continuous  current  is  required,  a  commutator  is  used 
to  rectify  the  alternating  current 

The  Gramme  annature  is  shown  diagrammatically  in  Fig.  508,  and 
the  construction  of  an  actual  armature  is  shown  in  Fig.  507.  This  arma- 
ture consists  of  a  soft  iron  ring  aa'  (Fig.  50S)  on  which  is  wound  a 
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continuous  coil  of  wire.     The  comnuiiator  used  consists  of  a  number  of 
copper  bars,  m  (Kig.  507),  which  are  separ;itc'd  from  one  another  by  some 

insulating  material,  usually  mica. 
Each  of  these  bars  is  connected  with 
a  point  on  the  wire  which  is  wound 
on  the  iron  ring.  The  armature  is 
capable  of  being  rotated  about  an 
axis  perpendicular  to  its  plane  l>c- 
twcen  the  poles,  NS,  of  an  electro- 
magnet. On  account  of  the  greater 
permeability  of  the  iron  of  the  ring 
than  that  of  the  air  or  other  non- 
magnetic materials  between  the 
poles,  the  lines  of  induction  crowd 
through  the  iron  in  the  manner 
shown  in  Kig.  509.  Suppose  now  that 
the  armature  is  rotated  in  the  direc- 
tion indicated  by  the  arrow  in  Kig. 
508,  and  consider  one  turn  of  the 
wire  ai>c  which  is  wound  on  the  ring.  In  the  position  in  which  the  turn 
n^c  is  sliown  there  are  no  tubes  of  induction  pass  through  it.  As,  bow- 
ever,  the  amiature  rotates  the  number  of  tubes  of  induction  passing 
through  the  coil  increases  till  it  reaches  the  position  ti^f.     The  result  of 

the  increase  of  the  number  of 
~  tubes     of     induction      passing 

through  the  coil  is  to  cause  the 
production  of  an  inducetl  E.M,F, 
tending  to  send  a  current  in  the 
direction  shown  by  the  arrow. 
As  the  coil  passes  from  tie/  to 
,*,'///  tlie  number  of  tubes  of  in- 
duction which  pass  through  it 
decreases,  and  an  induced  cur- 
rent in  the  reverse  direction  is 
produced.  As  the  coil  passes 
from  gfii  to  kirn  the  number  of 
tubes  which  thread  through  it 
increases,  but  since  they  now 
pass  through  in  the  opposite 
direction,  the  induced  E.M.F.  is 
in  the  same  direction  as  it  i^-as 
between  //<y"and  ^^ht\  Between 
klm  and  nlfc  the  number  of  tubes 
which  pass  through  in  this  new  direction  decreases,  and  since  this  is 
the  same  thing  as  an  increase  in  llie  number  of  tubes  passing  in  the 
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opposite  direction,  the  induced  E.M.F.  will  be  in  the  same  direction 
as  it  was  while  the  rinj^  was  passing  frnn\  abc  to  tie/.  During  the 
rotation  of  the  armaiurt;  each  coil  in  siuxession  goes  through  the  same 
series  of  conditions  as  the  one  we  have  been  considering,  and  the 
result  is  that  the  induced  E.M.K.  in  the  half  AD\'of  the  coils  are  all 
in  the  same  direction,  and  so  the  actual  induced  E.M.F.  between  the 
points /and  m  is  the  sum  of  the  E.M.F.'s  induced  in  the  separate  coils 
between  these  points,  while  an  equal  and  opposite  E.M.F.  is  induced 
in  the  coils  in  the  half  a'ca.  Since  the  induced  E.M.F.'s  in  the  two 
halves  of  the  armature  are  equal  and  opposite,  there  is  no  E.M.F. 
tending  to  cause  a  current  to  circulate  round  the  annaturc,  although  tliis 
consists  of  a  closed  circuit,  but  an  E.M.F.  is  produced  between  the  bars 
X  and  y  of  the  commutator.  Hence  if  two  brushes,  B,  b',  make  contact 
with  the  commutator  at  x  and  y  respectively,  and  these  brushes  arc 
connected  to  an  external  circuit,  a  current  will  be  protluced  in  this  circuit. 
If  the  strength  of  the  current  produced  by  the  machine  is  C,  then  each 
half  of  the  annature  is  traversed  by  a  current  C/2. 

The  figure  also  shows  the  manner  in  which  the  current  produced  is 
used  to  magnetise  the  field  magnets.  When  the  machine  is  started,  on 
account  of  the  residual  magnetism  retained  by  the  cast  iron  of  which  the 
cores  of  the  field  magnets  are  composed,  there  exists  a  weak  field  between 
the  poles.  The  rotation  of  the  armature  in  this  field  produces  a  small 
current,  which  traverses  the  coils  of  the  field  magnets  and  increases  their 
magnetism,  and  this  increase  in  the  field  increases  the  induced  E.M.F., 
and  hence  also  the  current  passing  through  the  field  magnets.  This 
action  of  the  induced  current  in  increasing  the  strength  of  the  field 
goes  on,  till,  on  account  of  saturation,  the  magnetisation  of  the  magnets 
does  not  increase  as  the  magnetising  current  increases. 

In  the  description  given  above  we  have  supposed  that  the  lines  of 
induction  of  the  magnet  which  pass  through  the  ring  remain  unaffected 
when  the  anr»ature  rotates  and  the  machine  produces  a  current.  This, 
however,  is  not  the  case,  for  the  current  pas?.ing  through  the  armature 
causes  lines  of  induction  to  pass  through  the  ring.  Hence  the  form  of 
the  actual  tubes  of  induction  in  ihc  ring  is  obtained  by  compounding  the 
field  due  to  the  field  magnets  with  that  due  to  the  current  in  the  armature. 
The  result  is  that  the  tubes  of  induction  have  the  form  shown  in  Fig.  310, 
and  as  a  result  the  points  of  the  armature  where  the  induction  through 
the  coil  is  a  maximum,  instead  of  being  along  the  line  AB,  as  we  have 
supposed  in  our  description,  are  along  the  line  a'u*,  lx?ing  displaced  in 
the  direction  in  which  the  armature  is  rotating.  The  magnitude  of  this 
displacement  of  the  points  of  maximum  induction,  and  hence  also  of  the 
positions  where  the  brushes  must  touch  the  commutator,  depends  on  the 
strength  of  the  current  the  machine  is  sending,  so  that  mechanism  is 
usually  pro\ided  to  allow  of  the  position  of  the  brushes  being  adjusted. 

Since  in  the  Gramme  armature  tlie  inside  portion  of  each  turn  of  the 
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wire  on  ihe  armnturc  moves  in  such  a  way,  Ihat,  as  shown  in  Fig.  508,  n 
docs  not  cut  any  lines  of  induction,  or  at  any  rate  veiy  few,  this  portion  of 
the  wire  has  ver)'litilc  beneficial  effect  as  far  as  the  production  of  an  induced 
E.M.F.  is  concerned,  while,  since  the  induced  current  has  to  pass  through 
this  wire,  electrical  energy  is  wasted  in  heating  the  wire,  according  to 
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Joule's  law.  Hence  the  Gramme  armature  is  better  fitted  for  the  pro- 
duction nf  small  currents  at  a  high  potential  than  of  xcry  strong  currents. 
On  this  account  a  different  form  of  winding,  called  the  drum  winding,  is 
adopted.  In  one  fonii  of  amiaturc  a  cylindrical  core  of  soft  iron  is 
mounted  so  as  to  be  capal)le  of  rotation  about  its  axil  between  the  poles 
of  the  field  magnets,  and  is  wound  with  wire  in  the  manner  shown  dia- 
grammatically  in  Fig.  511,  in  which,  for  simplicity,  only  four  coils  are 

shown,  and  each  coil  is  supposed  to  consist 
of  only  one  turn.     In  this  arrangement, 
each  turn,  or  set  of  turns,  which  builds  up 
each   section  of  the  armature,  is  wound 
round  the  cylinder  in  vcr)*  much  the  same 
way    as    the   single    coil    in    the    Siemens 
annaturc.     The  ends  of  each  turn  or  coil 
are   brought   to   consecutive   bars  of  the 
commutator,  and  the  end  of  one  turn  or 
coil  is  connected  to  the  same  bar  as  the  tx^ginning  of  the  next   turn 
or  coil.     Taking  any  turn,  it  will  be  seen  that  the  opposite  sides  are 
cutting  through  the  tubes  of  induction  in  opposite  directions,  so  that, 
as  in  the  case  of  the  simple  coil  considered  in  §  526,  there  is  an  E.M-F, 
acting  round  the  coil,  and  both  sides  of  the  turn  cut  through  tubes  of 
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induction,  and  hence  contribute  to  the  induced  E.M.F.  The  current  is 
taken  from  the  armature  by  means  of  two  brushes  making  contact  with 
the  commutator. 

In  the  case  of  each  of  the  forms  of  dynamo  considered,  if  a  continuous 
current  is  sent  through  the  field  magnets  and  armature,  this  latter  will  be 
set  in  rotation,  so  that  they  will  also  function  as  electric  motors  for  con- 
verting electrical  cnerj,^'  into  mechanical  work.  A  considenilion  of  the 
force  which  acts  on  a  conductor  conveying  a  current,  when  it  is  placed  at 
ri^'ht  angles  to  the  lines  of  force  of  a  magnetic  Beld,  will  at  once  show 
how  it  is  these  machines  will  act  as  motors. 

529.  Series,  Shunt,  and  Compound  Machines.— In  the  preceding 

section  we  liave  supposed  that  the  armature  and  the  coils  of  the  field 
magnets  were  arranged  in  series,  so  that  the  whole  of  the  current  pro- 
duced by  the  machine  passes  round  the  magnets.  This  arrangement  is 
called  a  series  machine.  Since  the  E.M.K.  induced  in  the  aniiaturc  is 
proportional  to  the  strength  of  the  magnetic  field  in  which  the  annaiure 
turns,  it  follows  that  in  a  series  machine  the  E.M.F.,  or  vohage  as  it  is 
called,  increases  as  the  current  which  the  machine  is  furnishing  increases, 
the  speed  of  rotation  being  supposed  constant.  Since,  as  we  have  pointed 
out,  the  constancy  of  the  voltage  supplied  to  incandescent  lamps  is  of 
great  importance,  this  dependence  of  the  voltage  given  by  a  series  machine 
on  the  current  being  taken  from  it  is  an  objection. 

Another  arrangement  used  is  not  to  send  the  whole  of  the  current 
which  traverses  the  annaiure  through  the  field  magnets,  but  to  let  the 
field  magnets  form  a  shunt  on  the  external  circuit.  This  arrangement  is 
called  a  shunt-wound  machine,  and  in  it  part  of  the  current  supplied  by 
the  armature  goes  through  the  field  magnets,  and  the  rest  through  the 
external  circuit.  If  now  the  resistance  of  the  external  circuit  is  reduced, 
so  that  the  current  sent  by  the  machine  increases,  the  proportion  of  the 
current  which  goes  through  tlje  field  magnet  is  reduced,  for  these  are 
now  shunted  by  a  less  resistance  than  before.  Hence  in  this  arrange- 
ment there  is  no  tendency  for  the  voltage  to  rise  when  the  resistance  of 
the  external  circuit  is  reduced,  so  that  the  machine  is  called  upon  to 
furnish  a  greater  current.  On  the  other  hand,  if  the  external  resistance 
is  ver)'  much  reduced,  the  proportion  of  the  current  which  traverses  the 
field  magnets  is  so  small  that  the  voltage  will  fall.  For  this  reason  a 
combination  of  the  two  kinds  of  winding  is  sometimes  used,  in  which 
some  of  the  magnetising  current  of  the  field  magnets  is  supplied  by  a 
few  turns  of  wire  in  which  the  whole  current  passes,  these  coils  being  in 
series  with  the  armature,  and  the  rest  of  the  magnetising  field  is  supplied 
by  a  number  of  turns  of  wire  which  are  arranged  in  parallel  with  the 
external  circuit.  A  machine  wound  on  this  principle  is  called  a  compound 
machine. 

530.  Back  E.M.F.  In  Motors.— Suppose  that  the  resistance  of  the 
armature  and  field  magnets  of  a  motor  is  A*,  and  that  it  is  connected  to 
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a  source  of  electromotive  force,  say  a  battery,  which  will  produce  a 
constant  dilTcrencc  of  potential  of  K  volts  at  the  terminals  of  ihc 
machine  Then  if  ihc  armature  is  at  rest,  a  current  L\  given  Wy  the 
equation  C=  f'//?,  will  pxss  through  the  armature.  If  now  the  armature 
is  set  free,  so  that  it  is  allowed  to  revolve,  then,  since  if  the  armature 
were  driven  round  in  the  snme  direction  as  that  in  whicli  it  turns  an 
E.M.I',  would  be  developed  at  its  terminals  in  the  opposite  directioni 
to  that  which  is  used  to  drive  it,  it  follows  that  the  armature  by  it5 
motion  will  create  an  induced  E.M.F.  which  will  oppose  the  E.M.F.  V 
whicli  is  sendinj^^  a  current  ihrnu>,'h  the  motor.  This  counter  E.M.F., 
as  it  is  called,  will  increase  as  the  speed  of  the  motor  increases,  since 
the  induced  E.M.F.  depends  on  the  speed  with  which  the  conductors 
on  the  armature  cut  through  the  lubes  of  induction  of  the  field.  Let 
V  be  the  counter  K.M.F.  developed  at  any  given  speed,  then  the  eflTcctive 
E.M.F.  sending  a  current  through  the  machine  is  P'~v^  and  hence  the 
current  which  traverses  the  armature  is  given  by 

If  the  machine  is  supposed  to  turn  without  friction  and  to  do  no  extei 
work,  the  speed  will  j;oon  increasing  til!  the  counter  E.M.F.  is  equal  to  l\ 
Under  these  conditions  there  will  now  be  no  force  acting  on  the  arma- 
ture tending  to  make  it  rotate,  and  hence,  since  we  have  postulated 
the  absence  of  friction,  the  machine  will  continue  to  turn  at  a  constant 
speed.  If  now  the  machine  is  caused  to  do  cxtcmal  work,  say  to  wind 
up  a  weight,  thea  the  speed  will  decrease,  and  the  back  E.M.F,  will 
decrease,  so  that  a  cun-ent  will  pass  through  the  machine. 

Suppose  that  the  power  developed  by  the  machine,  that  is,  the  rate 
at  which  it  does  work,  is  /*,  and  that  either  the  friction  in  the  different 
parts  of  the  machine  is  so  small  as  to  be  negligablc,  or,  what  comes 
to  the  same  thing,  that  the  power  /'  includes  the  work  done  against 
friction.  If  then  the  back  E.M.F.  is  ?',  the  current  passing  through 
the  machine  will  be  (S'-7'),'A\  The  energy  corresponding  to  iliis 
current  will  be  spent  partly  in  heating  the  wire  forming  the  armature, 
and  partly  in  doing  the  work  P.  The  part  of  the  energy  spent  in  pro- 
ducing heat  is,  by  Joule's  law,  C*A*  or  {V-vYjR.  Since  the  E.M.F, 
between  the  terminals  of  the  machine  is  /',  the  ene^g^'  supplied  by  tha 
current  C  in  one  second  when  flowing  through  this  drop  of  potcnti: 
is  CV,     Hence  the  energy  available  for  doing  external  work  is 

R  A'      • 

or  P^v{V'^v)IR, 

From  this  expression  it  will   be  seen  that  P  is  zero,  that  is,  ibe 
machine  docs  no  external  work,  lx)th  when  V=v  and  when  r'=a.     The 
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first  case  is  that  which  wc  have  already  consi<lcrcd,  when  the  motor 
revolves  at  such  a  speed  that  the  back  E.M.K.  is  equal  to  the  appUe<l 
E.M.K.  The  other  case,  when  7/=o,  is  when  the  annature  is  at  rest, 
and  when  the  current  is  F/A*,  and  hence  the  heat  devclo[>ed  according 
to  Joule's  law  is  C^R  ov  rc\  that  is,  is  equal  to  the  cnerjjy  supplied  by 
the  external  source,  so  l?uit  there  is  none  available  for  doing  external 
work.  If  the  speed  of  the  motor  is  by  some  external  means  increased, 
so  that  V  is  j^reater  than  the  applied  E.M.F.,  the  motor  will  operate 
as  a  generator  and  will  send  a  current  in  the  reverse  direction  round 
the  circuit,  and  in  this  way  will  supply  energy  to  the  cirruit. 

The  power  developed  by  the  mtitor  will  be  a  maximum  when  J '=27'. 
Then  the  power  given  by  the  motor  is  K*/4A*,  and  the  eneryy  supplied 
will  be  K*/3jV  ;  so  that  the  power  developed  will  be  a  maximum,  when 
the  speed  is  such  that  the  back  E.M.K.  is  half  the  applied  E.M.K., 
and  half  the  energy  supplied  will  be  converted  into  useful  work  and 
half  wasted  in  heat.  It  must,  however,  be  noted  that  although  this 
is  ihc  speed  for  which,  having  given  the  external  E.M.K.,  most  work 
can  be  done  by  the  motor,  it  is  by  no  means  the  most  economical 
speed  at  which  to  run  the  motor.  The  energy  supplied  is  l\V~v)IIi^ 
while  the  energy  conx'ertcd  into  work  is  7/{V-rf)jR.  Hence  the  ratio 
of  the  energy  converted  into  useful  work  to  the  energy  supplied  is 
i'{V-v)IV{l'~v)oT'iflV\  Thus  the  proportion  of  the  energy  supplied 
which  is  converted  into  useful  work  increases  as  v  is  made  more  nearly 
equal  to  V,  As  we  have  seen,  however,  as  the  speed  is  increased,  so 
that  7/  may  become  more  nearly  equal  to  K,  although  the  proportion 
of  the  energy  supplied  which  is  converted  into  usefid  work  is  large,  yet, 
since  the  amount  of  energy  which  the  motor  is  then  capable  of  taking 
from  the  external  circuit  is  very  small,  the  power  developed  must 
also  be  small.  In  practice  it  is  usual  to  run  motors  at  speeds  so 
much  alx>vc  that  for  which  J '=27%  that  nearly  90  per  cent,  of  the  energy 
supplied  is  converted  into  useful  work. 

531.  Alternatingr  Currents  -Transformers.— The  cmploNTnent 
of  electricity  for  the  transmission  of  the  energy  developed,  say,  at  a 
waterfall,  to  the  neighbouring  towns,  over  distances  of  many  miles,  makes 
the  question  of  the  cost  of  the  conductors  employed  to  convey  the 
current  from  the  generating  point  to  the  place  where  it  is  used  of  con- 
siderable importance.  Suppose  that  it  is  required  to  transmit  power 
from  ./  to  /i,  so  that  the  energy  available  at  B  is  li'' watts.  \(  R  is  the 
resistance  of  the  conductor  extending  from  A  to  B  and  back,  by  means 
of  which  the  current  is  conveyed,  and  C  is  the  current  transmitted,  while 
K  is  the  E.M.K.  between  the  wires  at  the  generating  end.  Then  by 
Ohm's  law  the  fall  of  potential  along  the  wires  will  be  equal  to  RC^ 
and  hence  the  E.M.K.  available  at  B  will  be  V—RC,  Thus  the  energy 
available  at  B  will  be  C{V- RC)^  and  this  is  to  be  equal  to  W,  The 
watts  wasted  in  heat  in  the  conducting  wires   is  by  Joule's  law  C^A'. 
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Hence  ihe  object  is  to  make  C^H  as  small  as  possible,  while  keeping-] 
(X}'-i^C)  constant.     One  way  of  doing'  this  is  to  reduce  the  value  of] 
R^  that   is,  to   increase   the  diameter  of  the  wire  used   to   convey  the] 
current.    This,  however,  involves  a  great  outlay  on  copper.    Another  way  I 
of  reducing  the  loss  of  energ"y  in  the  conducting  wires  is  to  reduce  the 
current  C,  but  under  these  circumstances,  if  W  is  to  remain  constant,  I 
Kmust  Ije  made  large  ;  that  is,  a  great  potential  difference  between  the  I 
wires  must  be  employed.     Since,  however,  an  accidental  contact  with 
the  wires  conveying  currents  at  high  potentials  is   fatal  to  life,  such 
currents  arc  not  suitable  for  use  in  houses  for  lighting  purposes,  or  for 
driving  machiner\'  in  workshops.     There  is  a  further  difficulty,  that  to 
produce  directly  suck  high  pocentini   currents  involves  very  complete 
insulation  between  the  separate  turns  of  the  armature  of  the  dynamo 
employed.      It  is  thus  ''vident  that  if  by  any  means  the  low-tension j 
current  produced  by  the  generator  were  convened  into  a  high-tension  ' 
current,  and  this  current  were  transmitted  to  the  distant  station  where 
it  was  again  converted  into  a  low-tension  current,  the  advantage  of  the 
small  loss  of  energy  during  the  transmission  with  the  absence  of  the 
danger  attached  to  the  use  of  high-tension  currents  would  be  attained. 
In  the  case   of  continuous  currents,  this   transformation    from    low   to| 
high  tension  and  vice  7'ersa  is  not  possible,  except  by 
virtually  using  a  motor  driven  by  the  one  current  to 
drive  a  dynamo  to  produce  the  other,  but  with  altera 
naiing  currents  the  case  is  quite  different. 

Suppose  that  an  iron  rjng  (Fig.  512)  is  lapped 
over  with  a  layer  of  insulated  wire,  there  being  *V 
turns,  the  cross-section  of  the  iron  being  s  and  the 
axial  length  of  the  ring  /.  Then  if  a  current  C  \% 
sent  through  this  coil,  we  shall  have  an  induction^ 
in  the  iron  equal  to  ^wAfiC//,  Kor  suppose  tliat  the 
iron  were  removed,  then  by  §  475  the  work  which  would 
be  done  in  carrying  a  unit  pole  once  round  the  inside  of  the  annular 
space  which  was  occupied  by  the  iron  will  be  4irA'(r,  for  it  will  have 
been  carried  once  round  A'  conductors,  in  each  of  which  a  current  C 
is  flowing.  If//  is  the  strength  of  the  field  within  the  coil  produced 
by  the  current,  then  the  work  done  in  carrying  a  unit  pole  once  round 
will  be  /J/.  Hence,  equating  these  two  values,  we  get  the  value  of  the 
magnetising  field  when  no  iron  is  placed  within  the  coil  as 

//=4»Ar,7. 
But  if  ^  is  the  permeability  of  the  iron  for  the  magnetising  field  //,  then 
the   induction  B  is   given  by  H~^H^  or,  substituting  for  //  the  value 
just  obtained,  n^^JEll^ 

i      ' 
The  total  number  of  tuljcs  of  induction  which  pass  through  the  cros»« 
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section  of  the  iron  is  sB^  so  that  the  number  of  tubes  of  induction  which 
pass  round  the  ring  of  iron  is  given  by 

If  in  addilion  a  second  coil  containing  n  turns  of  wire  is  lapped  round 
the  ring,  then  each  turn  of  this  coil  will  be  traversed  by  iB  tubes  of 
induction,  or  the  whole  coil  will  be  traversed  by  nsli  tubes.  If  now, 
instead  of  tlie  current  being  constant  it  is  an  alternating  current,  and 
if  C  is  the  maximum  value  of  the  current,  the  induction  through  the 
secondary  coil  will  vary  from  +  nsB  \o  -/ijA,  and  an  induced  E  M.F. 
I  will  be  produced.  If  A"  is  the  resistance  of  the  primary  coll,  then  by 
making  J^  small,  that  is,  having  a  few  turns  of  thick  wire,  the  applied 
E.M.K.  required  to  send  the  current  C'  through  the  pnmar>'  coil  may  be 
made  small.  On  the  other  hand,  since  the  induction  sB  takes  place 
through  each  of  the  Uirns  of  the  secondary,  and  that  the  induced  K.M.K. 
ill  the  whole  coil  is  the  sum  of  the  induced  E.M.F.'s  in  the  separate  turns, 
by  making  the  ntimber  of  turns,  n,  in  the  secondary  large  the  induced 
E.M.F.  njay  be  made  large.  Hence  by  sending  an  alternating  current 
through  one  of  the  coils  an  alternating  induced  current  will  be  produced 
in  the  other  coil,  and  by  suitably  varying  the  ratio  of  the  number  of  turns 
in  the  two  coils  the  induced  E.M.K,  may  be  nxade  to  bear  any  required 
relation  to  the  E.M.K.  used  to  send  the  current  in  the  pnn>ary  circuit. 
The  exact  relation  between  the  primary  and  the  secondary  E.M.F.'s  is 
complicated  by  the  effects  of  self  and  mutual  intUiction  as  well  as  by  the 
hysteresis  of  the  iron.  The  above  will,  however,  explain  the  general 
principles  on  which  transformers,  as  such  arrangements  are  called,  work. 
It  will  be  noticed  that  an  induction  coil  is  simply  a  transformer  in  which 
the  secondary  has  a  relatively  great  number  of  turns,  so  that  the  E.M.F. 
induced  in  ii  is  very  great. 

In  the  employment  of  transformers  for  the  transmission  of  power  the 
generating  dyn;uiio  gives  a  relatively  low  voltage,  and  by  means  of  a 
transformer  the  current  produced  is  iransfonned  into  a  high-pressure 
current,  which  is  transmitted  to  the  place  where  the  electrical  energy  is 
to  be  used.  Herc^  by  means  of  a  second  transformer,  the  current  is 
again  converted  into  a  low-pressure  current. 

632\  The  Magnetle  Circuit—In  the  last  section  we  showed  that  il 
we  have  a  soft  iron  annulus  of  cross-section  s,  which  is  lapped  round 
unifomily  with  N  turns  of  wire,  the  length  of  the  iron  core  measured 
along  the  axis  being  /,  the  total  induction  through  the  iron  is  given  by 

where  C  is  the  current  flowing  in  the  wire.     If  we  call  the  total  induction 
through  any  cross-section  of  the  iron  C?,  we  may  write — 
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Now  if  the  iron  were  removed,  the  work  which  would  ha\'c*to  be  done 
to  carry  the  unit  pole  once  round  the  annular  space  which  was  occupied 
by  the  iron  would  be  4^^y^'C  for  we  should  have  carried  the  unit  pole 
once  round  iV  circuits,  in  each  of  which  a  current  Cwas  flowing.  Hence, 
if  we  call  this  quantity  of  work  My  we  have 

Thus  the  total  induction  through  the  iron  is  obtained  by  multiplying'  M 
by  a  factor,  m,  which  depends  on  the  naiuro  of  the  material  (iron)  forming 
the  annulus,  and  by  a  factor,  j//,  which  depends  on  the  geometrical 
dimensions  of  the  portion  of  the  substance  considered.  Now  if  an 
E.M.F.,  yr,  acts  between  the  ends  of  a  uniform  conductor,  of  which  the 
cross-section  is  s  and  the  loagth  /,  and  of  whi<h  the  specific  conductivity 
is  ky  the  current  C  flowing  in  the  conductor  is  given  by 

The  E.M.F.,  E^  acting  between  the  ends  of  the  conductor  is  measured 
by  the  work  which  is  done  on  unit  quantity  of  electricity  as  it  flows  from 
one  end  of  ihc  conductor  to  the  other,  so  that  the  current  is  equal  to  the 
product  of  this  cjuantity  of  work  into  a  factor,  k^  which  depends  on  the 
nature  of  the  conductor,  and  into  a  factor,  j/,  depending  on  the  geo- 
metrical dimensions  of  the  conductor.  Slated  in  this  way  there  will  be 
seen  to  be  a  certain  paralleiis:u  between  the  magnetic  equation  and  the 
electrical  equation,  and  this  parallelism  has  led  to  the  adoption  in  the 
magnetic  case  of  a  terminology*  suggested  by  the  electrical  problem. 
Thus  the  quantity  J/,  which  plays  the  same  part  in  the  magnetic 
equation  as  does  the  E.M.K.  in  the  electrical  problem,  is  called  the 
magneto-motive  Jorce^  and  m  has  been  called  the  specific  magnetic  con- 
ductivity. In  the  same  way,  since  the  factor  llsk  represents  the  resistance 
of  the  conductor,  the  factor  //ja^  has  been  called  the  magnetic  resistance 
or  reluctance.  Using  this  terminology,  we  have  that  the  total  magnetic 
induction  through  a  magnetic  circuit'  is  equal  to  the  magneto-motive 
force  divided  by  the  reluctance. 

Although  this  manner  of  viewing  magnetic  problems  is  of  considerable 
use,  particul.irly  when  dealing  with  practical  problems,  such  as  the  design 
of  dynamos  and  transformers,  and  has  proved  suggestive  in  indicating 
new  paths  for  experimental  research,  it  must  be  remembered  that  ihc 
whole  analogy  is  a  tnaihemalical  one,  built  up  on  the  similarity  of  the 
two  equations  considered  above,  there  being  no  physical  analogy  between 
the  two  cases.     Thus  there  is  no  known  magnetic  phenomenon  which  is 

>  Wc  have  already  seen  ihai  every  iuIjc  of  induction  is  an  endle&s  lube;  thus  ibe 
portion  of  space  through  which  any  tube,  nr  set  of  lulies,  passes  in  their  whole  length 
forms  a  closed  circuit,  and  it  is  therefore  known  as  a  magnetic  circuit.  A  magnetic 
circuit  may  be  formed  by  one  or  more  difTcrcnt  mcdi.i.  and  may  Xx  single  or  bnuicbed* 
Just  u  an  eleetrical  circuit  may  \xl  formed  l^  dlffeient  substances,  and  may  have 
branches  forming  loopi. 
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physical)/  analogous  to  the  conduction  current,  while  physically  the 
analogue  of  permeability  is  not  specific  conductivity  but  specific  inductive 
capacity.  Again,  while  the  resistance  of  a  conductor  is  independent  of 
the  strength  of  the  current,  the  reluctance  depends  on  the  magnetic 
induction,  for,  as  we  have  seen  in  §  504,  the  permeability  of  iron  varies 
enormously  with  the  induction. 

In  the  case  of  the  annulus  considered  above,  the  tubes  of  induction 
are  confined  to  the  iron,  and  the  mag^netic  circuit  therefore  consists  of 
one  medium  only.  \Vc  may,  however,  apply  the  idea  of  the  magnetic 
circuit  to  cases  where  the  tubes  of  induction  pass  through  media  of 
different  permeability. 

In  the  first  place,  let  us  take  the  case  of  the  iron  ring  already  con- 
sidered, but  suppose  that  the  magnetising  coil,  instead  of  being  wound 
imifornily  all  round  the  ring,  is  confined  to  a  small  portion  of  the  cir- 
cumference. Under  these  circumstances,  some  of  the  tulles  of  induction 
will  leave  the  iron  in  the  part  of  the  ring  which  is  not  covered  by  the 
magnetising  coil,  and  will  travel  through  the  air.  Since,  however,  the 
permeability  of  soft  iron  is  several  hundred  times  greater  than  that  of 
the  air,  at  any  rate  when  the  magnetising  field  is  not  very  great,  snrh  a 
large  proportion  of  the  tubes  of  induction  will  continue  all  the  way  through 
the  iron  ring,  that  we  may,  without  making  any  appreciable  error,  neglect 
the  ones  that  do  not.  If  the  iron  were  removed^  and  a  unit  pole  were 
carried  once  round  the  space  previously  occupied  by  the  iron  ring,  it 
would  pass  once  round  each  of  the  turns  of  the  magnetising  coil.  Hence 
if  there  are  N  turns  in  this  coil,  and  the  current  is  C,  the  work  done 
is  4rrA''C,  and  therefore  the  magneto-motive  force  is  4irA'C  Also  the 
reluctance  of  the  iron  ring  is  //jm.  Thus  the  total  induction  through  the 
iron  is  given  by 

^     MagnetO'motii'e  force 
'  ~  Hductame 


G^- 
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This  result  is  slightly  greater  than  that  in  the  iron  which  is  furthest 
from  the  magnetising  coil,  on  account  of  the  tubes  of  induction  which 
thread  through  the  coil,  but  instead  of  passing  through  tlie  iron,  5)ass 
through  the  surrounding  air.  Still  the  result  obtained  is  a  very  near 
approximation  to  the  truth.  The  advantage  of  the  magnetic-circuit  point 
of  view  is  apparent  if  we  consider  how  ver\'  diflicult  it  would  l>e  to  cal- 
culate the  value  uf  the  nuignetising  force  at  each  point  of  the  iron  ring, 
in  order  to  deduce  the  induction.  The  analogue  of  this  problem  in 
electricity  would  he  the  case  of  a  ring  of  copper  imnjersed  in  a  feebly 
conducting  medium,  such  as  water,  for  in  such  a  case  most  of  the  current 
would  traverse  the  copper,  hut  some  would  traverse  the  water,  and  so  the 
resistance  of  the  circuit  would  be  somewhat  less  than  the  resistance  of 
the  copper  alone,  although  a  very  near  approximation  to  the  current 
would  l>c  obtained  if  we  neglected  the  portion  of  the  current  which  flows 
ihrou^h  the  water. 
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As  another  example  of  the  utility  of  the  idea  of  the  magnetic  circuity 
we  may  take  the  case  of  the  iron  rini^f  which  is  lapped  over  with 
uniformly  wound  magnetisinjj  coil,  but  which  at  one  place  has  been  cuf 
so  that  the  continuity  of  the  iron  is  broken  by  a  narrow  air*gap.     Aa 
before,  the  magneto-motive  force  will  be  4«rA*C     The  magnetic  circuit  isl 
no  longer  confined  to  a  single  medium,  but  at  the  gap  passes  from  iron! 
to  air.     ilence  in  calculating  the  reluctance,  we  have  to  consider  the  twoj 
portions  of  the  circuit,  in  one  of  which  the  permeability  is  >i,  and  in  th« 
other  poilion  it  is  unity.     If  .r  is  the  width  of  the  gap,  the  length  of  the 
iron  circuit  is  /-.n     Hence  the  reluctance  of  the  iron  part  of  the  circuit] 
is  (/--r)//w.    If  the  air-gap  is  at  all  wide,  the  tubes  of  induction  will  spread! 
out  at  the  gap,  and  hence  the  cross-section  of  the  magnetic  circuit  in  the  ' 
gap  will  be  greater  than  s.     If,  however,  the  gap  is  very  nanow,  the 
spreading  nf  the  tubes  will  be  inappreciable,  and  we  may  take  ilie  cross- j 
section  of  the  circuit  at  the  gap  as  equal  to  s.    The  length  of  the  air  part] 
of  the  circuit  being  x,  the  reluctance  is  xjs.     Hence  the  reluctance  of  the| 
combined  iron  and  air  circuit  is 

(/-jr)/^+j-//. 

Thus  the  total  induction  through  the  circuit  is  given  by 

=  4TiVCujr/{/+.r(/i-i)|. 

If  the  length  of  the  ring  had  been  /-|-a-(>i-  i),  and  supposing  no  gS^ 
were  present,  the  induction  would  have  been 

Hence  the  effect  of  a  gap  of  length  x  in  reducing  the  induction  is  the 
same  as  would  be  produced  by  a  length  x{y^-  i)  of  iron.  If  the  mag- 
netising field  (4rA'C)  is  5  c.g.s,  units,  the  permeability  for  the  soft  iron, 
for  which  the  cur\'e  in  Fig.  481  is  drawn,  is  2400.  Hence  if  the  length  of 
the  ring  is  30  cm.,  and  its  cross-section  4  sq.  cm.,  the  induction  with  a 
gap  a  millimetre  wide  is 

5x2400  X4  48000 

3o-ha  1(2400 - 1  )"^  36919 

If  no  gap  were  present  the  induction  would  be 


=  177.8  unit  tubes* 


*- ^?- — ^»i6oo  unit  lubes. 

30 


b 


It  will  thus  be  seen  how 
reduces  the  total  induction. 


enormously  the  presence  of  the  air-gap 
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588.  The  EleetriO  Telegraph.— Since  the  direction  in  which  a 
galvanometer  needle  is  deflected  depends  on  the  direction  of  the  current 
which  is  sent  through  it,  by  having  an  arrangement  at  one  station  by 
which  the  current  sent  by  an  electric  battery  can  be  reversed  in  direction, 
and  connecting  the  commutator  with  a  gah'anometer  placed  at  the  other 
station  by  an  insulated  conducting  wire,  signals  can  be  transmitted  from 
the  battery  station  to  the  other.  Only  one  conducting  wire  is  in  general 
used,  the  earth  being  used  for  completing  the  circuit.  By  having  a 
battery  and  a  galvanometer  at  each  station,  which  by  means  of  keys  can 
be  connected  to  the  circuit  and  the  current  reversed,  messages  can  be 
sent  in  both  directions.  The  older  forms  of  electric  telegraph  were  on 
this  principle,  the  receiving  instruments  being,  in  fact,  somewhat  unsen- 
sitive  galvanometers  in  which  the  deflection  of  the  needle  to  right  and 
left  was  observed.  At  the  present  time  nearly  all  telegraphy  is  don^  by 
means  of  the  Morse  sounder.  This  instrument  consists  of  a  small  electro- 
magnet, through  the  coils  of  which  the  current  sent  from  the  sending 
station  is  passed.  This  current  causes  the  electro-magnet  to  attract  a 
light  soft  iron  armature,  which  is  held  away  from  the  pole  of  the  electro- 
magnet by  means  of  a  spring.  The  armature,  when  it  strikes  the  pole, 
makes  a  distinct  click,  and  from  the  number  of  clicks  and  the  interval 
between  them,  the  operator  reads  the  signal  The  current  is  sent  by 
means  of  a  key,  on  the  depression  of  which  the  circuit  of  the  battery  is 
completed.  In  the  following  table  the  code  ordinarily  employed,  and 
called  the  Morse  code,  is  given.  A  long  stroke  means  that  the  interval 
between  that  click  and  the  next  has  to  be  longer  than  that  between  a 
short  stroke  and  the  next 


The  Morse  Alphabet. 


A 

J 

B 

c 

D - 

K 
L 
M 

E  - 

N 

K 

O 

G —  - 

P 

H 

Q 

I    -  - 

R 

s 

T 

U 
V 

w 

X 

Y 
Z 


When  the  distance  between  the  sending  and  the  receiving  stations  is 
considerable,  on  account  of  the  resistance  of  the  connecting  wire,  the 
current  which  can  be  sent  is  not  sufficiently  strong  to  attract  the  arma- 
ture of  the  receiving  instrument  and  make  it  give  an  audible  sound. 
In  these  circumstances  what  is  called  a  relay  is  employed.  This  con- 
sists of  an  electro- magnet,  round  the  coils  of  which  the  current  which 

3D 
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is  sent  from  the  distant  station  is  sent.  When  the  current  passes 
throii^jh  this  electro- majinet  it  aliracis  a  very  light  and  delicately  poised 
armature.  This  armature  works  between  two  stops,  and  when  it  is 
attracted  by  the  ma^incl  aj^ainst  the  one  stop,  it  completes  the  circuit  of 
a  local  battery  which  has  the  sounder  in  its  circuit.  Hence  the  sounder 
is  worked  by  a  battery  at  the  station  at  which  the  signal  is  received,  and 
the  current  transmitted  from  the  distant  station  is  only  used  to  complete 
the  circuit  of  the  local  battery. 

In  the  case  of  submarine  telegraphy,  where  the  distances  between 
the  stations  arc  often  very  great,  the  receiving  instrument  is  practically 
a  very  sensitive  mirror  galvanometer,  and  the  message  signals  are  fonned 
by  deflections  of  the  spot  of  light  reflected  from  the  mirror  to  right  and 
left,  a  deflection  to  the  right  corresponding  to  a  dash  in  the  Morse 
alphabet,  and  a  deflection  to  the  left  to  a  dot. 

In  duplex  telegraphy  two  messages  are  sent  simultaneously  through 
the  same  wire,  one  in  each  direction.  This  is  accomplished  by  winding 
the  receiving  instrument  G  (Fig.  513)  with  l»*o  coils, 
which  are  so  arranged  that  when  the  battery  ii  is 
connected  to  the  circuit  by  pressing  the  key  K  so 
as  to  rest  on  the  stud  //,  the  current  which  passes 
from  the  batter)*  divides  at  the  instrument,  part 
going  through  one  coil  and  part  through  the 
other,  and  in  such  a  direction  that  the  eflfects  of 
the  currents  in  the  two  coils  on  the  needle  of  the 
instrument  are  in  opposite  directions.  One  coil 
of  the  instrument  is  connected  to  the  line  which 
goes  to  the  other  station,  while  the  second  coil  is 
connected  throuj^h  a  variable  resistance  R  with 
the  other  jwile  of  the  battery  and  the  plate  E, 
which  is  buried  in  the  earth.  If  then  the  resist* 
ance  of  the  one  coil,  the  line,  the  receiving  instru* 
mcnt  at  the  other  station,  and  of  the  return  circuit 
through  the  earth,  is  the  same  as  that  of  the 
second  coil  of  the  instrument  at  the  sending 
station,  together  with  the  resistance  R,  the  current  which  passes  from  B 
will  divide  into  two  equal  parts  ;  and  since  these  parts  traverse  the  coils 
of  G  in  opposite  directions,  they  will  exactly  neutralise  each  other^s  cflect 
on  the  instmmcnt  G,  so  that  the  working  of  the  key  K  will  not  aflfect  th«^ 
instrument  i;.  The  current  sent  through  the  line  will,  however,  onl 
traverse  one  of  the  coils  of  the  instrument  at  the  other  station,  and  hem 
it  will  aflTccl  this  instrument. 

Tlierc  are  other  systems  of  duplex  telegraphy,  as  well  as  methotl 
by  means  of  which  more  than  two  simultaneous  messages  rnay  b 
sent  through  the  same  line,  but  space  will  not  allow  of  these  beini 
considered- 
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534.  The  Telephone. — The  telephone  was  Invented  by  Graham 
Bell,  and  a  section  of  a  Bell  telephone  receiver  is  shown  in  Fig,  514. 
It  consists  of  a  steel  bar-iuagiiel,  M,  fitted  inside  a  case,  L.  A  coil,  B,  of 
a  large  number  of  turns  of  line  wire  fits  over  one  pole  of  the  magnet,  the 
ends  of  the  coil  being  connected  with  the  terminals  c.  At  a  distance 
of  about  a  millimetre  from  the  pole  of  the  magnet  on  which  the  coil  is 
wound  is  fixed  a  diaphragm,  \\  composed  of  a  sheet  of  thin  soft  iron. 
This  diaphragm  is  held  in  position  by  lacing  clamped  between  the 
niiouih-piece  li  and  the  case  L. 

'I  he  diaphraiim  becomes  magnetised  by  induction,  and  this  induced 
magnetisation  reacts  on  the  permanent  mngnetisation  of  the  magnet  M, 
the  amount  of  the  reaction  being  dependent  on  the  distance  of  the  centre 
of  the  diaphragm  from  the  surface  of  the  pole.  When  the  instrument 
is  spoken  into,  the  vibrations  of  the  air  cause  the  diaphragm  to  vibrate 
in  unison,   and   by   its   to*and-fro  motion   the  diaphragm    causes    the 


FIG.  514. 

magnetisation  of  the  magnet  to  vary  also  in  unison  with  the  incident 

air-vibrations.  The  changes  of  ihe  strength  of  the  magnet  mean  that 
the  ntimljer  of  tubes  of  induction  passing  through  the  coil  B  must  also 
varj',  and  hence  a  series  of  induced  currents  are  produced  in  a  circuit 
of  which  this  coil  forms  a  part.  If  the  terminals  c  are  connected  by 
wires  to  a  second  instrument,  the  induced  currents  which  arc  produced 
by  the  motion  of  the  diaphragm  1)  will  traverse  the  coil  of  the  second 
instrument,  and  will  produce  a  change  in  the  magnetisaiion  of  the 
magnet  in  this  instrument.  These  changes  in  the  strcnglh  of  the 
magnet  in  the  second  instrument  will  cause  changes  in  the  force  with 
which  the  magnet  attracts  its  diaphragm,  and  hence  this  diaphragm  will 
be  set  in  vibration  in  such  a  way  as  to  reproduce  the  vibrations  M'hich  were 
produced  in  the  diaphragm  of  the  first  instrument ;  and  in  this  way  the  air 
in  the  neighbourhood  of  the  diaphragm  will  be  set  in  vibration,  and  the 
sounds  protiuct'd  near  the  transmitting  instnmicnt  will  be  reproduced. 
The  amplitude  of  the  excursions  of  the  telephone  diaphragm  arc 
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Pic.  515. 


excessively  small.  Thus  lianis  hAS  measured  it  and  found  it  to  be  about 
lO"*  cm.  when  the  insinimcnt  is  cmiltin^  a  sound  which  is  just  audible. 
The  currents  which  are  produced  are  also  very  small,  being  about  2  x  io~* 
ampere  in  the  case  of  the  ordinary  ininsmission  of  speech. 

635.  The  Microphone. — The  microphone,  an  instrument  invented 
by  Professor  Hughes,  consists  essentially  of  an  arrangement  by  which 
one  part  of  a  circuit,  in  which  is  included  a  telephone 
and  an  electric  battery,  is  completed  by  two  con- 
ductors which  rest  lightly  the  one  on  the  other. 
One  form  of  the  microphone  is  shown  in  Fig.  515, 
A  piece  of  gas  carbon,  D,  pointed  at  each  end,  rests 
lightly  in  two  small  cup-shaped  hollows  made  in 
two  pieces  of  the  same  kind  of  carbon,  C,  c'.  The 
rod  I)  is  not  clamped  between  the  other  rods,  but 
rests  on  the  lower  one,  and  is  prevented  from  falling 
by  the  upper  end  resting  against  the  side  of  the  cup 
made  in  the  upper  rod.  The  terminals  of  ihe  circuit  containing  the 
battery  and  telephone  are  attached  to  the  rods  C,  C*,  by  the  wires  A  and 
B,  When  a  disturbance  is  produced,  such  as  by  the  ticking  of  a  watch 
placed  on  the  base  of  the  instrument,  the  rod  O  is  set  in  motion,  so  that 
the  pressure  with  which  it  rests  against  the  upper  rod  varies.  Since  the 
resistance  of  carbon  changes  with  the  pressure  to  which  it  is  subjected, 
the  movements  of  i)  cause  variations  in  the  resistance  of  the  circuit  in 
which  the  microphone  is  included,  and  these  changes  in  resistance  cause 
corresponding  changes  in  the  current  which  traverses  the  circuit,  these 
variations  in  the  current  causing  the  telephone  to  sound.  The  sensitive- 
ness of  the  instrument  is  very  great,  so  that  even  a  very  minute  disturb- 
ance produced  near  the  base  of  the  instrument,  such  as  die  noise  made 
by  a  fly  M'alking  on  the  wood,  is  enough  to  cause  the  telephone  to 
reproduce  the  noise  in  quite  an  audible  form. 

The  principle  of  the  microphone  has  been  ap- 
plied to  replace  the  telephone  as  a  means  of  pro- 
ducing the  changing  currents  required  to  transmit 
speech,  an  ordinary  telephone  being  used  to  reproduce 
the  sounds.  The  lUake  form  of  microphone  trans- 
mitter consists  of  a  sheet-iron  diaphragm,  D  (Fig. 
516),  held  in  position  behind  a  mouthpiece  by  being 
clip|>e<l  l>etwcen  two  rubber  bands.  A  stnall  piece  of 
platinum  wire,  P,  is  attached  to  a  slender  spring,  and 
bears  at  one  end  on  the  centre  of  Ihe  diaphragm,  and 
at  the  other  end  against  a  piece  of  gas  carbon.  C,  which 
is  Itself  carried  by  a  spring,  B.  The  springs  a  and  It 
are  connected  to  a  circuit  in  which  are  included  a 
batter)'  and  ihc  telephone  at  the  receiving  station.  When  the  mouthpiece 
is  spoken  into  the  diaphragm  is  set  in  vibration,  and  so  causes  the  platinum 
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P  to  press  on  tlie  carbon  block  with  a  variable  pressure,  and  iti  this  way 
the  resistance,  and  hence  also  the  current  which  traverses  the  instrument, 
varies  in  unison  with  the  motion  of  the  diaphrajjm.  In  this  form  of 
transmitter  the  energy  necessary  to  produce  the  motion  of  the  diaphragm 
at  the  distant  station  is  supplied  by  the  batter)',  and  is  not,  as  is  the  case 
when  a  telephone  is  used  as  transmitter,  derived  from  the  ener^  of 
mnlian  of  the  rcccivinj,'  dia[)liraj;m.  Hence  in  the  carbon  transmitter 
the  receiving  diaphragm  only  h;is  to  control  the  supply  of  energy  of 
the  batter)',  and  so  plays  the  part  of  the  relay  used  in  long"-dislance 
tele;^'rapliy. 

536.  Dimensions  of  Electrical  and  Magnetic  Quantities.— In 
the  precedinj,'  pages  nothing  has  been  said  as  to  tlie  dimensions  of  the 
dilTerenc  electrical  and  magnetic  quantities  with  which  we  have  been 
dealing.  Two  systems  of  unijs  have  been  employed,  the  one,  the  electro- 
static system,  in  which  the  fundamental  quantity  was  the  quantity  of 
electricity,  and  was  defined  by  means  of  the  repulsion  exerted  between 
two  charges  when  in  air ;  and  the  other,  the  electro-magnetic  system,  in 
which  the  fundamental  quantity  was  the  unit  pole.  Taking  first  the  case 
of  the  electro-static  system  of  units.  If  two  charges  of  Qi^  units  arc 
placed  at  a  distance  //  apart  in  air,  the  force  Fwith  which  they  act  the 
<me  on  the  other  is,  by  the  definition  which  we  have  adopted  for  Q^  given 
by  the  equation  F~Q^l{{^,  If,  however,  instead  of  being  placed  in 
air  the  charged  bodies  arc  placed  in  a  medium  of  which  the  specific 
inductive  capacity  is  A",  the  force  exerted  between  the  ciiarged  bodies  is 
given  by  F—(2^]Kti^.  Now,  just  as  in  the  case  of  temperature  con- 
sidered in  8  265  we  were  not  able  to  determine  the  dimensions  of  tem- 
perature in  terms  of  the  fundamental  units  of  length,  mass,  and  time,  and 
hence  were  obliged  to  keep  in  our  dimensional  equations  a  sytnbo!  to 
represent  the  unknown  dimensions  of  temi>craiure,  so  in  the  electrical 
case  we  do  not  know  the  physical  nature  of  specific  inductive  capacity, 
and  cannot  therefore  determine  its  dimensions  in  terms  of  the  funda- 
mental units,  and  have  to  indicate  in  the  dimensional  formula:  the 
tmknnwn  dimensions  of  specific  inductive  capacity  by  a  symbol.  A'.  The 
reason  the  quantity  A' does  not  come  into  the  ordinary  expression  given 
for  the  definition  of  the  unit  quantity  of  electricity  on  the  electro-static 
system,  is  that  we  make  the  perfectly  arbitrary  assumption  that  the 
specific  inductive  capacity  of  air  is  unity.  Of  course,  if  the  specific 
inductive  capacity  were  independent  of  the  units  of  mass,  length,  and 
time,  and  not  simply  apparently  independent  on  account  of  our  want  of 
knowledge  of  the  true  nature  of  specific  inductive  capacity,  then  the 
dimensions  of  K  would  be  zero,  and  would  not  appear  in  the  dimensional 
equations.     Many  writers  on  this  subject  assume,  although  there  is  no 

1  We  shall  use  a  subscript  i  to  indicate  that  the  quantity  is  measured  in  electro 
static  unit!s.     Similarly  a  subscript  m  will  be  used  to  indicate  that  the  quantity  ii 
,  measured  in  electro-magnetic  units. 
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particle  of  justification  for  such  an  assumption,  that  the  dimensions  of  A* 
are  zero,  and  then  prorecd  lo  develop  the  dimensional  equations  for  the  j 
different  elccirical  quantities.     The  resuh  of  such  an  assumption  is  that  | 
we  are   led   to   equations   between   different    electrical    and    magnetic  ' 
quantities,  the  two  sides  of  which  appear  as  if  they  were  of  diflTerent 
dimensions,  a  result  which  is  on  the  face  of  it  ahsurd. 

Taking  the  symhol  A' to  repTesenl  the  imlcnown  dimensions  of  specific  | 
inductive  capacity,  since  <2?  —  d^f''^y  we  have  the  dimensional  equation 
{Q\  =  iLF^K^\     Since  y^  is  a  force.  [i^]  =  [/..»/7-«].     Hence 

Since  the  potential,  Ki,  at  a  point  is  equal  to  the  work  which  has  lo  be 
done  in  moving;  the  unit  charge  from  a  point  where  the  potential  is  xcro  > 
to  the  given  point,  or  is  the  work  /f 'done  in  moving  a  charge  Qx  divided  J 
by  (^,  wc  have  the  equation 

Hence  the  dimensional  equation  is 

{KJ  =  [(K"G,-'J, 
or,  substituting  the  dimensions  of  (J^  and  of  W i\IJM^T  -J),  we  have 

The  capacity,  .1/,  of  a  conductor  being  equal  to  the  charge  divided  by  ihM 
potential  which  this  charge  pro<lures,  or 

we  get  ti>e  dimensional  equation 

or  [Ml=[i:'^/*r^A'*]/[/.M/i7-»/r*]= 

Thus  the  capacity  of  a  conductor  depends  on  the  units  of  length  an^ 
specific  inductive  capacity  only.  This  agrees  with  the  result  which  wc 
obtained  in  §  464,  for  we  there  found  that  the  capacity  of  a  sphere  at  a 
great  distance  from  all  other  conductors  is,  in  air,  numerically  equal  to 
the  radius,  which  of  course  only  involves  the  unit  of  length. 

The  current,  Ci,  passing?  along  a  conductor  is  measured  in  the  electro- 
static system  by  the  quantity  of  electricity,  (2«i_which  passes  through  the 
conductor  in  the  unit  of  lime,  hence 


\LK\ 


or 


In  the  clcciro-magnetic  system  the  fundamental  quantity  is  the 
magnetic  pole,  which  is  defined  in  such  a  way  that  if  two  poles,  each  of 
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strength  iw,  are  placed  at  a  distance  d  apart  in  air,  the  force,  F,  which 
they  will  exert  one  on  the  other  is  given  by  the  equation  F^nt'ldK  If, 
instead  of  being  in  air,  the  poles  are  separated  by  a  medium  of  which 
the  permeability  is  m,  the  force  exerted  between  them  is  given  by 

In  this  case  we  are  unable  to  express  the  permeability  ix  in  terms  of  the 
fundamental  units,  and  hence  in  the  dimensional  equations  we  have  to 
keep  in  a  symbol  to  represent  the  dimensions  of /t.  Hence  if  we  indicate 
the  unknown  dimensions  of  ti  by  [ji\  we  get  the  dimensional  equation 

The  magnetic  force  Hm  at  a  point,  or  the  strength  of  the  magnetic  field 
at  the  point,  is  the  force  which  acts  on  the  unit  pole  when  placed  at  the 
point.  Hence  if  /^  is  the  force  acting  on  a  pole  of  strength  m  when  placed 
at  the  point,  we  have 

F=  ynHm' 

Thus  [//«] = \Fm-^\ = [Z'U/J  r- V*]. 

Since  the  magnetic  induction,  B^  is  connected  with  the  strength  of  the 
magnetising  field  by  the  relation  B—fiHy  the  dimensions  of  B  are 
given  by 

The  magnetic  moment,  M\  of  a  magnet  being  the  product  of  the  strength 
of  the  pole  into  the  length,  /,  the  dimensions  are  given  by 

[^«]=[wZ]=[zij/»r-V*]x[^]=zM/ir-Vi]. 

Intensity  of  magnetisation,  /»  being  the  magnetic  moment  per  unit  of 
volume,  we  have 

[/«]=[iTr«]/[z»]=[zt^47-V]/[i:']=[i:"^i»/*7-V*]. 

The  susceptibility,  k^  is  equal  to  the  quotient  of  the  intensity  of  mag- 
netisation by  the  magnetising  force.     Hence 

M-[/«]/[^«]=[/rW»7-V^]/[z-*j/«7'-V"*]=M. 

The  force,  Fy  exerted  upon  a  pole  of  strength  m  when  placed  at  the 
centre  of  a  circle  of  radius  r,  when  a  current  C  flows  along  a  length  /  of 
the  circumference  of  this  circle,  is  given  by 

F=mCl!r^. 
Hence  the  dimensions  of  current  are  given  by 

[C^]  =  [AZw" »]  =  [L*MT-\r''] = [Z*  J/*  7^  V"*]. 
If  ^  is  the  electromotive  force  between  two  points  on  a  conductor. 
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then  the  power,  P^  which  has  to  be  used  to  cause  a  current  C  to  Sow 
against  this  E.M.F.,  is  jfiven  by 

P^EC. 

Hence 

The  resistance  of  a  conductor  is  the  ratio  of  the  differenceof  potential 
between  the  ends,  when  traversed  by  a  current  C',to  that  current.    Hence 

[>?«]=[^«]/[c'„,]=[A5j/i7-V]/[A»j/i7-V"*]=[^r-V]. 

Since  quantity  of  electricity  is  equal  to  the  product  of  the  current 
passing  into  the  lime,  we  have  on  the  electro-magnetic  system 

Proceeding  in  this  way,  wc  may  find  the  dimensions  of  any  of  the  otlier 
electrical  or  magnetic  quantities  on  cither  the  electro-static  or  electro- 
magnetic system. 

We  have  seen  in  §  502  that  the  induction,  magnetising  force,  and 
the  intensity  of  magnetisation  are  connected  together  by  the  equation 
j9^//+4ir/.  Now,  since  each  term  of  any  physical  equation  must  be 
of  the  same  dimensions  as  the  other  terms,  this  equation  indicates  that 
5,  //,  and  /  are  all  of  the  same  dimensions.  But  by  dchniiion  B  =  }kH^ 
so  that  the  dimensions  of  H  and  H  must  be  dilTerent  if  m  is  not  a  simple 
number  having  no  dimensions.  The  reason  for  this  apparent  anomaly 
is  that  the  equation  between  B^  if^  and  /  given  above  is  not  a  general 
equation,  but  only  holds  when  the  magnetic  body  is  surrounded  by  a 
medium,  such  as  air,  of  which  the  penneability  is  taken  arbitrarily  as 
unity.  The  permeability  of  air  is  taken  as  unity  simply  because  our 
knowledge  as  to  the  nature  of  permeability  is  not  sufficient  to  tell  how 
to  measure  it  in  a  way  independent  of  the  properties  of  any  one  kind 
of  matter. 

If,  instead  of  taking  the  penneability  of  air  as  unity,  we  call  it  m^ 
that  is,  we  use  the  symbol  Mo  to  indicate  the  permeability  measured  in 
absolute  units,  although,  on  account  of  our  ignorance  of  the  true  nature 
of  magnetism,  we  are  unable  at  present  to  say  how  it  is  to  be  measured, 
then  the  equation  connecting  D^  //,  and  /  can  be  shown  to  be 

In  this  equation  B  and  /  refer  to  a  medium  of  absolute  permeability 
^  and  ^,  is  the  absolute  permeability  of  the  medium  in  which  //  is 
measured.  In  this  equation  all  the  terms  arc  of  the  same  dimensions, 
so  that  while  the  dimensions  of  B  and  /  are  the  same,  the  dimen- 
sions of  B  and  //  differ  by  the  dimensions  of  ft.  If  in  this  equation  we 
assume  arbitrarily  that  the  permeability  of  the  medium  (air)  in  which 
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//is  measured  is  unity,  wc  get  B—IZ-^^rsI.  When  treating  of  dimen- 
sions, however,  it  is  not  allowable  to  assume  that  the  dimensions  of 
permeability  is  zero,  so  that  the  corresponding  dimensional  equation 
must  always  include  a  symljol  to  represent  the  unknown  dimensions  of 
the  absolute  permeability  of  air. 

637.  Connection  between  the  Two  Sets  of  Units.— In  the  pre- 
ceding section  we  have  obtained  the  dimensions  of  quantity  of  elec- 
tricity in  both  the  electro-static  and  the  electro-magnetic  systems.  Since 
the  dimensions  of  any  physical  quantity  must  be  independent  of  the 
particular  system  of  units  adopted,  we  may  equate  the  two  values  for 
the  dimensions  of  electrical  quantity,  and  we  thus  obtain  the  following 
equation  :  ^ 

[AT- I^i- !]  =  [/:  7 -I]. 
This    shows    that  ~~f\^    is  of  the   dimensions   of   a   velocity.      If   we 

arc  using  the  dimensional  equations  simply  to  deduce  the  dimensions 
of  any  quantity  expressed  in  the  one  system  from  its  dimensions 
expressed  in  the  other  system,  then  the  above  relation  is  sufficient. 
If,  however,  we  require  to  find  the  numencal  equivalent  for  an  elec- 
trical or  magnetic  quantity  expressed  in  the  one  system  as  expressed 
in  the  other,  we  require  to  know  the  numerical  value  of  the  ratio 
A'-i/i-l/Z.y-^  The  value  of  this  ratio  can  be  olitained  experimen- 
tally by  comparing  the  value  of,  say,  the  same  quantity  of  electricity 
as  measured  on  the  two  systems.  Suppose  that  a  certain  quantity  of 
electricity  is  equal  to  n,  eleciro-siatic  units,  that  is,  can  be  represented 
in  this  system  by  /f,[cm.?  gram.i  sec.-*  A'*],  where  A'  is  supposed  to  be 
measured  in  the  c.g.s,  system.  Next  suppose  that  this  same  quantity 
of  electricity,  when  measured  in  the  electro-magnetic  system,  is  equal 
to  nm  units,  or  can  be  represented  by  w^[cm.4  gram.l  >*"1],  where  as 
before  ^  is  measured  in  c.j^.s.  units.  Equating  these  two  expressions 
for  the  same  quantity  of  electricity,  which  we  may  do  since  they  arc 
both  expressed  in  €.g,5,  units,  wc  get — 


Hence 


«^cm.i  gram.1  sec.-^  Ar*]=«jw[cm.i  gram.i  M"*]- 

f'[zr-']»[M-i  A'-ij 


The  quantity  ~7^  tlius    represents   a  velocity  of  nt\nm  centimetres 

per  second.     Experiment  has  shown  that  this  velocity  is  equal  to  the 
velocity  of  light,  so  that,  indicating  this  velocity  by  ?',  we  have — 

an  expression  which  allows  of  our  convening  electrical  quantities  ex- 


9^ 


Magnetism  and  EUctricity 


fSs^^ 


pressed  in  one  systeni  into  the  other,  it  being-  remembered  that  in  each 
case  the  units  of  length,  mass,  and  time  employed  in  the  two  systems 
must  be  the  same.  W^ien  these  units  are  the  centimetre,  the  second  and 
the  pram  ir  is  equal  to  3  x  to'*  cm.  sec.  As  an  example  of  the  applica- 
tion of  this  method  of  convening  from  one  system  of  units  into  the 
other,  wc  may  take  the  following  problem.  A  conducting  sphere  is 
placed  on  an  insulating  stand  at  a  great  distance  from  all  other  con- 
ductors, and  has  a  radius  of  10  cm.,  what  is  its  capacity  expressed  in 
elect ro-magneiic  units?  In  §  464  it  was  shown  that  the  capacity  of 
such  a  sphere  in  elcctro-staiic  units  was  numerically  equal  10  ilie 
radius.  Hence  the  capacity  of  the  sphere  in  elcciro-static  units  is 
io[cm.  A^.  If  nmt  is  the  value  of  the  capacity  in  electro -magnetic 
units,  then,  since  the  dimensions  of  capacity  in  this  systeni  are 
[^"^7^/1"'],  we  have  the  following  relation  :— 

to[/:V]  =  if«{A-'7^M-a 
or,  i»„-io[Z.»7'-VA'] 

=  io[M-4A'-t]-«/[A2'-»]" 


=  iox:^- 


IP 
9x  10** 


=  1. 


X  10 


.» 


*  electro-magnetic  units 
10-**  electro-magnetic 
s  equal   to   i.it  x  lo-* 


Hence  the  capacity  of  the  sphere  is  i.ii  x  io~ 
of  capacity.  Since  a  microfarad  is  equal  to 
units  of  capacity,  the  capacity  of  the  sphere 
microfarads. 

538.  The  Practical  System  of  Electro -raa^rnetio  Units.— It  will 
be  convenient  for  the  sake  of  reference  to  gather  tngtiher  the  relations 
between  the  c.\^.s.  electro-magneiic  units  and  those  on  the  practical 
system,  and  the  following  table  exhibits  these  relations  : — 


Quanlily. 

Name  of  I^ractical 
Unit. 

Equivalent  in  r.^.i. 
Units. 

Current 
Quantity 

KIcctromolive  force 
Resistance   . 
Capacity 

Energy  or  work  . 
Power  . 

Ampere  . 
Coulomb 
Volt 
Ohm 
Farad      . 
Microfarad      . 
Joule       , 
Watt      . 

10'*  cg^,  units. 

io-»   „         „ 

10^  ergs. 

10^  ergs  per  second 

These  practical  units,  with  the  exception  of  the  microfarad,  arc  those 
which  would  be  obtained  if  10^  cm.  were  taken  as  the  unit  of  length  and 
10  "  gram  as  the  unit  of  mass,  the  unit  of  lime  remaining  the  second 
Thus  the  dimensions  of  resistance  being  [ZT^Vl  *^  ^''^  increase  the  unit 


t 
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of  length  lo"  times,  keeping  the  unit  of  time  the  same,  we  shall  increase 
the  unit  of  resistance  lo*  times ;  that  is,  the  ohm  is  16*  c.g.s.  units.  The 
dimensions  of  current  being  [l}M^T~^p.~^\  the  increase  of  the  unit  of 
length  to  10^  cm.  will  increase  the  unit  of  current  lot  times,  while  the 
change  in  the  unit  of  mass  to  io~*>  grams  will  reduce  the  unit  of  current 
loV  times,  so  that  the  net  result  is  that  the  unit  of  current  on  the  prac- 
tical system  is  io^>"  V)  times,  or  i/io  of  the  <:.jf.j.  unit. 

When  considering  the  thermal  effects  of  currents,  it  is  often  con- 
venient to  express  the  results  in  terms  of  calories.  Since  one  joule  is 
10^  ergs  and  one  calorie  is  equal  to  4.189  x  io7  ergs,  we  get  that  a  joule 
is  equal  to  10^/4.189x10'  calories  or  0.2387  calories.  The  calorie 
employed  in  this  reduction  is  the  quantity  of  heat  required  to  raise  the 
temperature  of  one  gram  of  water  through  one  degree  Centigrade  at  a 
temperature  of  1 5'  C.  Since  a  watt  is  equal  to  one  joule  per  second,  it 
is  equal  to  0.2387  calories  per  second. 

In  order  to  obviate  the  use  of  very  large  or  very  small  numberSi  units 
arc  sometimes  used  which  are  a  million  times  (10^)  as  great  or  one 
millionth  (10  ")  of  the  practical  units.  These  units  are  indicated  by  the 
prefixes  mega-  and  micro-  respectively.  Thus  a  megohm  is  equal  to  a 
million  ohms  or  to  10'*  c.g.s.  units  of  resistance.  A  microfarad  is  equal 
to  one-millionth  of  a  farad ;  that  is,  io~*  farad  or  io~'*  c.g.s,  units  of 
capacity. 

The  term  milliampere  is  sometimes  used  to  indicate  a  current  of  a 
thbusandth  (lo"')  of  an  ampere. 

In  electrical  engineering  it  is  usual  to  measure  activity  or  power  in 
kilowatts,  a  kilowatt  being  1000  watts,  or  lo"*  ergs  per  second.  Since  a 
horse-power  is  equal  to  7.46  x  16*  ergs  per  second,  it  follows  that  a  kilo- 
watt is  equal  to  1.341  horse-power. 
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ELECTROLYSIS 

639,  Faraday's  Law.— We  have  in  the  preccdinj;  pages  seen  thai 
when  nn  cleciric  current  passes  throui^'h  a  metallic  conductor  a  certain 
quantity  of  heat  will  lie  developed  in  ihe  conductor ;  but  after  ihc 
passaye  of  the  current,  except  fur  changes  caused  by  the  rise  of  tentpe* 
raiure  produced  by  the  heat  developed  in  this  way,  there  will  be  no 
change  either  in  its  chemical  composition  or  physical  state.  In  addition 
to  metals,  some  liquids  conduct  electricity,  and  are  called  electrolytes, 
and  we  now  proceed  to  consider  M'hat  phenomena  accompany  the  pas- 
sage of  a  current  through  these  bodies.  The  magnetic  properties  of  a 
circuit  which  consists  wholly  or  in  part  of  electrolytes  differ  in  no  way 
from  those  of  a  circuit  composed  of  metals  only,  and  hence  do  not 
require  any  further  consideration.  The  passage  of  a  current  through  an 
electrolyte  is  accompanied,  however,  not  only  by  the  production  of  heat 
as  in  a  metallic  conductor,  but  also  by  certain  chemical  changes  which 
take  place  in  the  electrolyte,  and  we  now  proceed  to  consider  these  in 
detail. 

When  a  current  is  passed  through  an  electrolyte,  such  as  a  solution 
of  sulphuric  acid  in  water,  by  dipping  two  platinum  plates  into  the  solu- 
tion, and  connecting  one  of  these,  called  the  anoiky  with  the  positive 
pole  of  a  battery,  and  the  other,  called  the  kathoiie,  with  the  negative 
pole,  decomposition  of  the  electrolyte  will  accompany  the  passage  of 
the  current.  The  two  products  of  the  decomposition  of  the  electrolyte, 
whether  they  arc  either  or  both  elements  or  compounds,  will  be  lil>eraied 
one  at  the  cathode  and  the  other  at  the  anode,  and  not  at  all  at  any 
point  of  the  liquid  between.  That  part  of  the  electrolyte  which  is 
liberated  at  the  anode  is  called  the  anion^  and  that  part  liberated  at  the 
kathode  the  kation.  It  does  not  necessarily  follow  that  the  anion  and 
kation  are  actually  given  off  as  such  at  the  anode  and  kathode  respec- 
tively, for  secondary  chemical  changes  often  take  place  between  the  ions 
and  the  electrodes,  as  the  plates  used  to  form  the  anode  and  kathode 
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are  called,  or  witli  the  undecomposed  portion  of  the  electrolyte.  Thus 
in  the  case  of  the  electrolysis  of  a  solution  of  sulphuric  acid  (HjSO,),  the 
kation  is  H,  while  the  anion  is  SO^.  But  while  hydrogen  is  jjiven  offal 
the  kathode,  at  the  anode  a  secondary  reaction  takes  place,  the  SO, 
reacting  with  the  water  of  the  solution  so  as  to  produce  sulphuric  acid 
and  free  oxygen  according  to  the  equation 

S04+Il,0  =  HjS04+0. 

The  laws  which  govern  electrolysis  were  discovered  by  Faraday,  and 
are  hence  known  as  Farada>'*s  laws.     These  are  : — 

1.  The  quantity  of  an  electrolyte  decomposed  is  proportional  to  the 
quantity  of  electricity  which  passes, 

2.  The  mass  of  any  ion  liberated  by  a  given  quantity  of  electricity  is 
proportional  to  the  chemical  equivalent  weight  of  the  ion. 

In  the  case  of  elementary  ions  the  chemical  equivalent  weight  is  the 
atomic  weight  divided  by  the  valency,  while  in  that  of  a  compound  ion  il 
is  the  molecular  weight  divided  by  ihe  valency.  If  the  weight  of  an  ion 
liberated  by  the  passage  of  the  unit  quantity  of  electricity  is  called  the 
clcctro-chrmical  equivalent  of  the  ion,  then  P'araday's  laws  can  be  put 
into  the  form  :^ 

The  m.iss  of  an  ion  liberated  is  equal  to  the  product  of  the  quantity  of 
electricity  which  passes  into  the  clcclro-chemical  equivalent  of  the  ion  ; 
the  elcctro-chemical  equivalents  of  the  ions  being  to  one  another  as  the 
chemical  combining  weights  of  these  ions. 

Since,  if  the  electro-chemical  equivalent  of  anyone  ion  is  known,  that 
of  any  other  can  be  calculated  from  the  chemical  equivalent  weights,  it  is 
of  importance  to  determine  the  value  of  the  electro-chemical  equivalent 
in  the  case  of  one  ion.  Accurate  experiments  have  shown  that  when  one 
coulomb  of  electricity  passes,  that  is,  when  a  current  of  one  ampere 
passes  for  one  second,  the  weight  of  silver  deposited  from  a  solution  of  a 
silver  salt  is  o.ooi  1 18  grams.  Since  the  atomic  weight  of  silver  is  107.94, 
and  the  valency  is  i,  while  the  atomic  weight  of  hydrogen  is  I,  and  its 
valency  is  also  I,  the  electro-chemical  equivalent  of  hydrogen  is  equal  to 
0.001118/107,94,  or  ,000010357.  Hence  a  current  of -•^/  amperes  flowing 
for  /  seconds  will  liberate  1-0357  ^  lo^M/  grams  of  hydrogen,  or,  if  g  is 
the  chemical  equivalent  weight  of  any  ion,  will  liberate  ///  grams  of  this 
ion  where  m  is  given  by 

///  =  1.0357  X  xo'^gAf, 

As  an  example,  in  the  case  of  copper  as  a  cupric  salt,  the  atomic  weight 
is  63,  while  the  valency  is  2  ;  hence  the  chemical  equivalent  is  63  2,  and 
the  electro-chemical  equivalent  of  copper  is  1.0357  x  10*^  x  31.5. 

Since  ihe  passage  of  t  coulomb  will  deposit  .001 1 18  grams  of  silver,  it 
will  require  the  passage  of  107.94/.001  nS  coulombs,  or  96,550  coulombs, 
to  deposit  I  gram  equivalent,  that  is,  the  chemical  equivalent  tn  grams,  of 
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silver.  By  Faraday's  second  law  it  follows  that  the  passage  of  96.590 
coulombs  will  cause  the  separation  of  one  gram  equivalent  of  any  kind  of 
ion.  In  the  case  of  ions  which  can  have  more  than  one  chemical  valency 
there  will  be  more  than  one  chemical  equivalent.  TI»us  iron  can  exist  in 
a  compound  either  in  the  ferric  condition,  when  it  has  a  valency  3,  and 
consctjuently  a  chemical  equivalent  of  56/3  or  18.7,  or  as  a  ferrous  salt, 
when  it  has  a  valency  of  2,  and  hence  the  chemical  equivalent  is  56i'2,  or 
28.  Thus  when  a  ferric  salt  is  electrolysed  the  eleotro-chemical  equi- 
valent of  iron  is  1.0357  x  10  "x  18.7  ;  while  when  a  ferrous  salt  is  clearo- 
lysed  the  electro-chemical  equivalent  is  1.0357  x  10*  x  28. 

Since  the  passage  of  96,5  50  coulombs  of  electricity  through  an  electro- 
lyte alwa)-^  liberates  one  grain  cquivaJeiU  of  each  ion,  if  we  suppose  the 
electricity  to  pass  by  a  kind  of  convection,  being  carried  by  the  ions,  a 
positive  charge  being  carried  by  the  kations  in  the  direction  of  the  current, 
and  a  negative  charge  by  the  anions  in  the  opposite  direction,  it  follows 
that  the  charge  carried  by  the  chemical  equivalent  of  each  ion  must  be 
the  same.  In  the  case  of  univalent  ions  the  electro-chemical  equivalents 
are  proportional  lo  the  atomic  or  molecular  weights  according  as  the  ion 
is  an  clement  or  a  compound.  Hence,  if  we  extend  the  lem\  ion  to  mean 
the  smallest  portion  of  the  substance  producing  the  ion  which  can  take 
part  in  a  chemical  reaction^  the  charge  carried  by  each  ion  must,  in  the 
case  of  all  univalent  ions,  l^e  the  same.  Let  €  be  the  charge  carried  by  a 
univalent  ion,  then  if  to  is  the  weight  of  the  ion  of  hydrogen,  one  gram  of 
hydrogen  will  correspond  to  \lw  ions,  and  since  the  quantity  of  electricity 
transported  by  one  gram  of  hydrogen  ions  is  96, 5 50  coulombs,  the  quantity 
transported  by  each  ion  is  given  by 

f=9655oX7<', 

or,  if  we  suppose  that  an  ion  of  hydrogen  is  the  same  as  the  atom,  and 
that  an  atom  of  hydrogen  weighs  8.3X  10  -'*  grams, 

r=s9655ox8.3X  to-^'—Sx  to"'"  coulomb. 

Thus  the  quantity  of  electricity  transported  by  a  univalent  ion  is  8x  io~* 
coulomb.  If  the  ion  is  a  kation  t  is  positive,  that  is,  each  ion  carries  a 
positive  charjie.  If,  however,  the  ion  is  an  anion,  the  charge  is  negative, 
and  is  transported  in  the  opposite  direction  to  that  in  which  the  current 
flows. 

In  the  case  of  a  divalent  ion,  such  as  copper  or  SOj,  the  char^jc 
carried  by  each  ion  must  be  equal  to  ±  2c,  for  each  atom  of  copper  weighs 
63  times  as  much  as  an  atom  of  hydrogen,  while  the  weight  of  copper 
deposited  by  the  passage  of  a  given  quantity  of  electricity  13  only  63/3 
times  as  much  as  the  xvcight  of  hydrogen  liberated  by  the  same  quantity 
of  electricity.  Thus  the  numl>cr  of  ions  of  copper  deposited  by  one 
coulomb  is  half  the  numlx:r  of  hydrogen  ions  liberated  by  the  saroe 
quantity  of  electricity,  and  hence  each  copper  ion  must  carr>'  twice  as 
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great  a  charge  as  each  hydrogen  ion.    In  the  same  way  the  charge 

carric*!  by  trivaleiU  ions,  such  as  ahiminitirn,  must  be  +3f. 

540.  Electrolytic  Dissociation.— Careful  experiments  have  sho^vn 
that  in  the  case  of  electrolytes  Ohm*s  law  holds,  that  is,  an  electromotive 
force  acting  in  the  electrolyte  produces  a  current  which  is  proportional  to 
the  E.M.K.  As  we  shall  see  later  (§  544),  when  considering  the  E.M.F, 
which  ia  acting  to  produce  a  current  through  an  electrolyte,  it  does  not 
do  to  measure  the  E.M.P'.  between  the  electrodes  by  means  of  which  the 
current  is  conveyed  to  and  from  the  electrolyte,  for  it  requires  in  general 
a  definite  E.M.F.  to  cause  a  current  tii  pass  from  a  metal  to  an  electro- 
lyte, so  that,  when  considering  the  connection  Ijctwccn  the  E.M.F".  and 
the  current  which  it  produces,  that  is,  the  question  of  the  lesistance  of 
electrolytes,  the  difference  of  potential  must  be  measured  between  two 
f>oints  ivithin  the  electrolyte  itself. 

Ohm's  law  being  true  for  electrolytes,  it  follows  that  Joule's  law  must 
also  be  true,  and  hence  all  the  energy  of  the  current  spent  when  traversing 
an  electrolyte  must  be  used  simply  in  the  production  of  heat,  and  none  of 
it  can  be  employed  in  doing  chemical  work  in  splitting  up  the  electrolyte 
into  ions.  Within  the  mass  of  the  electrolyte,  therefore,  the  action  of  the 
current  in  electrolysis  must  simply  consist  in  the  exertion  of  a  directive 
influence  on  the  charged  ions,  causing  them  to  move  towards  the  elec- 
trodes, where,  as  we  shall  see,  the  work  corresponding  to  the  splitting  up  of 
the  chemical  compound  is  performed.  When  seeking  the  explanation  of 
how,  at  any  rate,  a  part  of  the  clectrnKte  can  be  in  such  a  condition  as  to 
allow  the  anions  and  kations  to  be  moved  in  opposite  directions,  we  are 
at  once  met  with  the  curious  fact  that  it  has  been  proved  experimentally 
that  perfectly  pure  water  is  practically  a  non-conductor,  as  is  also  gaseous 
hydrochloric  acid,  while  a  solution  of  hydrochloric  acid  in  water  conducts 
freely.  In  the  same  way  pure  sulphuric  acid  is  a  non-conductor,  or  at 
any  rate  a  very  bad  conductor,  while  a  dilute  solution  of  sulphuric  acid  is 
a  comparatively  good  conductor.  If  we  suppose  that  the  ionisation,  as 
the  prrtcess  which  consists  in  so  changing  the  relations  of  the  constituents 
of  a  compound  that  they  are  able  to  conduct  electricity  is  called,  is  due 
to  the  shaking  apart  of  the  ions  in  the  compound  molecule  during  the 
collisions  between  two  molecules,  then  we  should  expect  that  the  more 
frequent  the  collisions  the  greater  the  proportion  of  the  molecules  which 
are  ionised,  and  hence  the  greater  the  electrical  conductivity.  As  we 
have  mentioned,  however,  this  is  not  the  case,  for  pure  sulphuric  acid 
does  not  conduct. 

It  is  therefore  evident  that  the  hydrochloric  acid  and  the  sulphuric 
acid  when  they  arc  dissolved  in  water  are  in  a  different  condition  from 
that  in  which  ihey  were  before  solution.  In  fact,  in  the  siilution  a 
greater  or  less  proportion  of  the  molecules  arc  either  permanently  split 
up  into  their  ions,  so  that  in  the  place  of  a  molecule,  say,  of  HCI  wc 
have  a  hydrogen  ion  with  its  positive  charge  +«,  and  a  chlorine  ion  with 
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its  negative  charge  -  f ,  or  the  forces  which  bind  the  H  and  CI  ions  in 
the  molecule  of  HCl  arc  so  reduced  that  during  the  collisions  whicli 
occur  tliesti  ions  become  separated,  so  that  at  any  instant  a  finite  pro- 
portion of  ions  are  separated  one  from  the  other.  It  does  not  follow 
that  the  same  ions  arc  always  thus  separated,  as  ihc-y  may  rccombinc, 
but  that  taken  as  a  whole  there  arc  always  a  considerable  number  in  the 
separate  conditions-  In  either  case  the  HCl  is  said  to  be  dissociated  or  1 
ionised  by  its  solution  in  the  water.  In  very  weak  solutions  the  electriciil 
resistance  is  such  that  it  would  appear  that  all  the  molecules  of  the  HCl 
arc  dissociated,  while  in  stronger  solutions  only  a  fraction  of  the  HCl 
molecules  are  dissociated^  and  that  the  undissociated  molecules  play  no 
part  ill  the  conduction  of  tlie  electricity  in  the  solution. 

In  order  to  account  Uyr  the  dissociating  influence  of  water,  the  theory 
has  been  put  forward  that  the  forces  which  hold  the  ions  together  to 
form  a  molecule  arc  due  to  the  electrical  attractions  between  the 
oppositely  charged  ions,  so  that  as  the  specific  inductive  capacity  of 
water  is  very  great,  this  force  is  very  much  reduced  when  the  molecule 
is  dissolved  in  water.  F^or,  as  we  have  already  seen  (§  462X  if  two 
charged  bodies  are  transferred  from  air  into  a  medium  of  which  the 
specific  inductive  capacity  is  A',  the  force  exerted  lietween  them  is 
reduced  in  the  proportion  of  A'to  I.  Hence,  since  the  ions  are  supposed 
to  have  a  constant  charge,  the  force  exerted  between  the  ions  in  a 
molecule,  tending  to  prevent  the  splitting  up  of  the  molecule,  will  be 
less  in  a  medium  of  high  specific  inductive  capacity  such  as  water,  for 
which  A'=7y,  than  in  one  of  small  specific  inductive  capacity. 

The  dissociation  or  ionisaiit)n  here  considered  is  of  a  different  nature 
from  that  which  may  be  produced  by  increasing  the  temperature  to 
which  a  pure  substance  is  subjected,  and  must  not  be  confused  with 
it-  Thus  ammonium  chloride  (NH4CI)  when  heated  dissociates  into 
ammonia  (NHj)  and  hydrocliloric  acid  (HCl),  while  in  a  solution  of 
NH|CI  in  water  dissociation  takes  place  into  the  ions  NH^  and  CI. 

The  hypothesis  that  in  an  electrolyte  the  ions  exist  in  the  uncombined 
condition  receives  further  support  from  the  other  properties  of  such 
solutions  considered  in  SS  J^5i  225,  227.  As  has  been  pointed  out,  in  the 
case  of  solutions  of  acids  and  alkalies,  the  osmotic  pressure,  the  lowerinjf 
of  the  freezing-point,  and  the  lowering  of  the  vapour  pressure  are  in  all 
cases  much  greater  than  in  the  case  of  non-clectrolytcs.  If  we  remember 
that  on  Van't  Hoff's  hypothesis  these  effects  are  proportional  to  the 
number  of  molecules  present,  then,  in  order  lo  extend  this  hypothesis  to 
electrolytes,  we  are  led  to  postulate  the  presence  of  a  greater  number 
of  molecules  than  appears  to  l>c  present,  if  we  suppose  that  the  \iody  is 
not  dissociated.  Thus,  as  shown  on  page  268,  the  molecular  depression 
of  the  freezing-point  produced  in  dilute  aqueous  solutions  of  such  non- 
clectrolytes  as  sugar,  glycerine,  acetic  acid,  and  ethyl  alcohol,  is  a1>out 
19.    In  the  case  of  hydrochloric  acid,  sulphuric  acid,  and  sodium  chloride. 
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the  molecular  depression  is  about  36.  Now  if  in  the  dilute  solutions  the 
molecule  of  hydrochloric  acid  is  dissociated  into  H  and  CI  ions,  and  if 
each  iun  {iroduccs  the  same  effect  as  an  undissociated  molecule,  tlic 
solution  will  contain  twice  as  many  active  molecules  as  would  be  the 
case  if  no  such  dissociation  occurred,  and  hence  we  should  expect  the 
depression  of  the  freezing-point  to  be  twice  as  great  as  that  in  the  case 
where  no  dissociation  lakes  place.  In  the  case  of  a  substance  like 
barium  cliloride  (l*nCl^),  which  can  dissociate  into  a  barium  ion  and  two 
chlorine  ions,  we  should,  on  the  dissociation  hypothesis,  expect  the 
molecular  depression  of  the  freezing-point  to  be  three  times  as  great  as 
in  the  case  of  an  undissociated  body.  As  a  matter  of  fact,  the  value 
obtained  in  the  case  of  barium  chloride  is  48.6,  and  although  this  is  not 
quite  equal  to  three  limes  19,  yet  the  difference  can  be  satisfactorily 
explained  by  supposing  that  the  whole  of  the  barium  chloride  in  the 
solution  employed  in  determining  the  depression  of  the  freezing-point 
was  not  dissociated,  so  that  there  were  some  molecules  of  BaClu  present 
which  \vould  only  produce  a  third  of  the  depression  that  they  would  have 
produced  had  they  been  dissociated. 

While  some  supporters  of  the  dissociation  theory  maintain  Ihat  in  a 
dilute  solution  the  ions  are  almost,  if  not  quite,  separate  and  remain  so 
all  the  lime,  others  only  consider  that  in  an  electrolyte  the  ions  arc  so 
loosely  joined  together  that  they  are  continually  exchanging  partners, 
and  that  the  influence  of  the  electromotive  force  used  to  send  a  current 
is  to  direct  those  ions  which  at  the  moment  happen  to  be  in  the  process 
of  changing  partners.  Several  attempts  have  been  made  to  devise 
experiments  to  show  that  the  ions  are  separate,  but  they  are  none  of 
them  conclusive.  It  does  not,  however,  much  matter  which  hypo- 
thesis we  adopt,  since  cither  is  capable  of  explaining  the  observed 
phenomena. 

641.  Migration  of  the  Ions. — If  a  solution  of  copper  sulphate  is 
electrolysed  between  copper  electrodes,  the  copper  kalion  will  be  sepa- 
rated from  the  solution  and  be  deposited  on  the  kathode.  The  anion 
SO,  will  notj  however,  be  liberated  in  the  free  state  at  the  anode,  but 
will  attack  the  anode  fomiing  copper  sulphate.  The  result  is  that  for 
every  copper  ion  that  goes  out  of  solution  at  the  kathode,  another  copper 
ion  comes  into  solution  .it  the  anode,  while  the  SO,  ions  remain  in  a 
constant  numljcr  in  the  solution.  Thus  the  total  quantity  of  copper 
sulphate  in  the  solution  is  unaltered  by  the  process  of  electrolysis.  Tlie 
concentration  of  the  solution,  however,  becomes  greater  near  the  anode, 
while  it  iH'comcs  less  near  the  kathode.  In  the  case  of  a  solution  of 
ropjier  sulphate  this  can  be  easily  seen,  if  the  electrodes  are  arranged 
one  above  the  other,  the  anode  being  below,  so  that  the  strength  of  the 
solution  does  not  tend  to  be  equalised  by  convcrtion  c-urrents  set  up  by 
the  differences  in  density  of  the  solution  near  the  electrodes.  After  the 
current  has  been  passed  for  some  time,  it  will  bcobsened  that  the  colour 
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of  the  solution  is  darker  near  the  anode  and  lighter  near  the  kathode 
than  it  was  before  ilic  passa^'C  of  the  current. 

In  this  case  the  reaction  between  the  anion,  SOj,  and  the  anode  to 
produce  CuSO^  will  account  for  the  strengthening'  of  the  solution  near  the 
anode.  This  explanation  will  not,  however,  hold  in  all  cases,  for  Hittorf, 
who  made  many  accurate  obser\'aiions  of  the  changes  in  the  strength  of 
electrolytes  produced  by  the  passage  of  the  current,  found,  in  the  case 
of  many  electrolytes  where  no  secondary  reaction  between  the  liberated 
ions  and  either  the  electrodes  or  the  solvent  look  place,  that  the  solution 
became  weaker  near  one  electrode  than  near  the  other.  In  such  cases 
as  tliat  of  the  electrolysis  of  copper  sulphate,  where  secondary  reactions 
lake  place,  it  is  found  that,  when  due  allowance  is  made  for  the  effects  of 
such  secondary  reactions  on  the  concentration  of  the  solution  near  the 
electrode  at  which  the  secondary  reaction  occurs,  still,  the  concentration 
varies  more  near  one  electrode  than  near  the  other.  In  order  to  account 
for  these  facts,  Hittorf  has  put  forward  the  hypothesis  that  the  ions,  when 
they  travel  through  the  liquid  under  the  influence  of  the  potential  diflTcr- 
ence  which  forces  the  current  through  the  snluiion,do  not  travel  with  the 
same  velocity,  but  that  for  a  given  concentration  of  the  solution,  and  a 
given  potential  gradient,  each  kind  of  ion  moves  with  a  constant  velocity, 
and  that  the  velocities  corresponding  to  different  ions  are  not  the  same. 
Hittorf  also  found  that  the  weakening  of  the  solution  look  place  exclusively 
in  the  immediate  neighbourhood  of  the  electrodes. 

Let  n  be  the  weight  of  salt  lost  by  the  solution  near  the  anode  during 
the  passage  of  a  given  quantity  of  electricit)',  and  ^  the  corresp>onding 
quantity  near  the  kathode.  Then  Hittorf  found  that  the  ratio  ajk  has  a 
fixed  value  for  every  electrolyte,  if  only  the  solution  is  ver>'  dilute.  Tlic 
total  quantity  of  salt  lost  from  the  solution  is  «+/•,  and  the  ratio  n  of  the 
loss  of  salt  near  the  kathode  to  the  total  loss,  or  kl{a-¥k\  is  called  the 
migration  constant  or  transport  number  of  the  anion.  In  the  same  way, 
al(a  +  Jt)  or  I  - ;«  is  called  the  migration  constant  or  transport  number  of 
the  kafion. 

Assuming  that  the  differences  in  the  concentration  arc  due  to  the  &ct 
that  the  ions  move  or  migrate  with  different  velocities,  we  can  deduce 
the  relative  velocities  of  the  ions  in  llic  case  of  any  electrolyte  if  we  know 
the  value  of  «.  Thus  suppose  that  a  dilute  solution  of  hydrochloric  add 
is  electrolysed,  the  process  being  continued  till  96,550  coulombs  of  elec- 
tricity have  passed,  so  that  36,4  grams  of  the  acid  are  decomposed,  then 
one  gram  of  hydrogen  will  be  liberated  at  the  kathode,  and  35.4  grams  of 
chlorine  at  the  anode. 

In  the  first  place,  let  us  suppose  that  the  current  is  carried  from  the 
anode,  A  (Fig.  517),  to  the  kathode,  K,  exclusively  by  the  motion  of  the 
hydrogen  ions,  each  carrying  its  charge  +c.  If  then  the  hydrogen  ions 
are  represented  by  the  sign  +,  and  the  chlorine  ions  by  — ,  the  arrange- 
ment of  the  ions,  or,  if  we  like,  the  molecules  of  salt,  in  their  loosely 
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combined  condition  can  be  represented  diagrammatically  by  (a),  Fig.  517. 
During  the  passage  of  the  current,  all  the  H  ions  will  move  to  the  left,  so 
that  1  gram  of  hydrogen  ions  will  be  evolved  at  K,  and  the  solution  near  A 
will  therefore  lose  i  gram  of  H 


K  .—  A 

+  +  +  +  +  +  +  +  +  +  + +H- 


(a) 


+++++++++++ 


Fig.  5*7. 


ions.  The  solution  will  also  lose 
35.4  grams  of  CI  ions  near  A,  for 
the  CI  ions  which  are  left  on 
account  of  the  migration  of  the 
H  ions  will  be  liberated  at  the 
anode.  Thus  the  solution  near 
A  will  lose  36.4  grams  of  HCl,  so 
that  the  arrangement  of  the  ions 
or  molecules  after  the  passage 
of  the  current  can  be  represented 
by  {b).  Hence  the  supposition 
that  the  H  ions  are  the  only  ones 
which  migrate,  necessitates  the  whole  loss  of  concentration  of  the  electro- 
lyte occurring  at  the  anode.  In  the  same  way,  if  we  suppose  that  the  CI 
ions  are  the  only  ones  which  convey  the  current,  each  moving  towards 
the  anode  with  the  charge  -  «,  the  H  ions  remaining  distributed  unifonnly 
throughout  the  solution,  and  not  moving  when  the  current  passes,  then 
the  solution  near  the  kathode  will  lose  the  whole  36.4  grams  of  HCl. 

Next  suppose  that  the  H  ions  move  with  a  velocity  1/,  and  the  CI  ions 
with  a  velocity  v,  then  part  of  the  current  will  be  due  to  the  movement  of 
the  positively  charged  H  ions  in  the  same  direction  as  the  current,  and 
the  remainder  will  be  due  to  the  movement  of  the  negatively  charged  CI 
ions  in  the  opposite  direction.  In  unit  time  the  number  of  H  ions 
which  reach  the  kathode  will  be  to  the  number  of  CI  ions  which  reach 
the  anode  as  uxv.  Hence  the  fraction  of  the  quantity  of  electricity 
which  passes,  which  is  due  to  the  movement  of  the  H  ions,  is  «/(«+«'), 
while  the  fraction  due  to  the  movement  of  the  CI  ions  is  vj{u-\-v). 
In  order  to  obtain  the  changes  in  concentration  of  the  solution  at 
the  two  electrodes,  we  have  therefore  to  calculate  what  quantity  of 
the  electrolyte  will  be  lost  near  the  kathode  due  to  the  passage  of 

V 

X  96550  coulombs  carried  by  the  CI  ions,  and  the  loss  near  the 

anode  due  to  the  carrying  of  x  96550  coulombs  by  the  H  ions. 

From   the  considerations  of  what  happened  when  the  whole  of  the 
electricity  was  supposed  to  be  carried  by  the  H  ions,  we  see  that  if 


X  96550  coulombs  is  carried  by  the  H  ions,  the  loss  («)  of  HCl  near 


the  anode  will  be  36.4  x  — -  grams.    In  the  same  way,  the  loss  (A)  near 


the  kathode  will  be  36.4  x   -  —  grams. 
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Hence  7=  .  = 1  where  «  is  the  migration  constant  for  the  anion, 

as  deiermineci  by  Hittorf.  It  will  be  noted  that  in  unit  time  u  hydroj^en 
ions  move  away  from  tJie  anode,  and  hence  11  chlorine  ions  will  be  left 
alone  near  the  anode,  and  will  be  evolved.  In  the  same  way,  when  v  CI 
ions  move  away  from  the  kathode,  ^f  H  ions  will  be  left,  and  these  also 
will  be  Uberated,  so  that  at  both  anode  and  kathode  u-^v  ions  will  be 
liberated. 

642.  The  Molecular  Conductivity  of  Electrolytes— Ionic  Velo- 
cities.— Let  t'l>e  the  number  of  y  ram  equivalents  (§  539)  of  an  electrolyte 
contained  in  a  litre  of  solution,  then  the  actual  number  of  molecules  in  a 
cuIjc  of  which  each  edge  is  one  centimetre  will  be  proportional  to  r. 
Hence,  if  the  whole  number  of  molecules  of  the  salt  are  dissociated,  the 
number  of  ions  contained  in  the  unit  cube  of  the  solution  will  be  propor- 
tional to  f.  If  now  an  E. M.F,  e  acts  between  the  opposite  faces  of  the 
unit  cube,  and  a  current  C  passes,  and  if  A'  is  the  conductivity  (^  481)  of 
the  solution,  we  have  h'^Cjc,  if  furtiier  we  assume  that  the  current  is 
conveyed  exclusively  by  the  ions,  and  that,  as  long^  as  the  rate  of  fall  of 
potential  along  the  solution  is  constant,  that  is,  in  the  case  before  us  if  / 
is  constant,  the  velocity  of  the  ions  is  constant  whatever  the  concentta- 
lion  of  the  solution,  it  follows  that  the  current  must  be  proportional  lo 
tiic  number  of  ions  between  the  opposite  faces  of  our  unit  cube.  Henrc 
the  eonduLlivity  must  l>e  proportional  to  the  number  of  ions  cuntained  in 
the  unit  cube,  so  that  if  A'  is  the  specific  conductivity  of  the  solution,  that 
is,  the  conductivity  between  the  opposite  faces  of  the  imit  cube,  we  have 

A'«wr, 

where  m  is  a  constant,  and  is  called  the  molecular  conductivity  of  the  salt 
which  forms  the  electrolyte. 

Kohlrausch,  who  has  made  a  number  of  measurements  of  the  con- 
ductivity of  solutions  of  electrolytes  of  diflfcreni  concentrations,  found 
that  for  fairly  strong  solutions  the  molecular  conductivity  was  not  con- 
stant, but  that  it  increased  as  the  dilution  increased.  As  the  solution 
became  very  dilute,  however,  the  value  obtained  for  the  molecular  con- 
ductivity for  any  given  salt,  in  general,  became  constant.  Thus  in  ihc 
case  of  solutions  of  potassium  chloride  the  following  table  exhibits  the 
values  which  he  obtained. 

The  first  column  contains  the  value  of  the  concentration,  that  is,  the 
number  of  pram  equivalents  of  the  salt  contamed  in  a  litre  of  the  solu- 
tion (1  gram  equivalent  of  KC1  =  74.4  grams).  The  second  column 
contains  the  specific  conductivity  of  the  solution  at  18'  C,  measured  in 
ohms  '  cm.'',  while  the  third  column  contains  the  values  of  the 
molecular  conductivity  deduced  from  the  values  given  in  the  hril  two 
coltmms. 
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Conductivity  of  Solutions  of  KCI. 


Concentration  in 

Gram  Etjuivalents  of 

KCI  per  Litre. 


3.0 
I.O 

•5 
.1 

.01 
.001 
.0001 
.00001 


specific  Conductivity  in 
Ohins"*  cm. -1 

Molecular  Con- 
ductivity. 

.2637 
.0977 
.0509 
■Oil  13 

.0879 
.0977 
.1018 

.1113 

.001219 
.0001268 

.1219 
.12O8 

.00001295 
.<xxxx>i293 

.1285 
.1293 

This  table  very  clearly  shows  the  increase  of  the  molecular  conductivity 
as  the  dilution  is  increased,  and  it  will  be  noticed  that,  while  the  conduc- 
tivity of  a  solution  containing  one  gram  equivalent  in  the  litre  is  0.0977, 
if  a  solution  of  one-tenth  of  a  gram  equivalent  per  litre  is  taken,  the 
conductivity  is  0.01 11 3.  Hence,  while  in  the  second  case  there  is  only 
a  tenth  of  the  number  of  molecules  in  the  solution  to  conduct  the  current, 
the  conductivity,  instead  of  being  a  tenth  of  that  at  the  greater  concentra- 
tion, is  0.1 14.  It  would  thus  appear  that  as  the  concentration  decreases 
the  salt  conducts  better.  This  change  is  explained  on  the  ionic  hypothesis 
by  supposing  that,  at  the  greater  concentration,  only  part  of  the  total 
numlx:r  of  molecules  of  the  salt  present  in  the  solution  is  dissociated 
into  ions,  and  so  the  number  of  ions  capable  of  conveying  the  current  is 
less  than  the  number  calculated  on  the  supposition  that  all  the  salt  is 
dissociated,  and  further  that  the  proportion  of  salt  dissociated  increases 
as  the  dilution  is  increased.  As  the  dilution  is  increased,  the  molecular 
conductivity  increases,  and  for  very  great  dilution  becomes  practically 
constant,  owing  to  the  fact  that  at  great  dilutions  the  whole  of  the  salt 
present  is  dissociated.  Under  these  circumstances,  when  calculating  the 
molecular  conductivity  we  do  not,  as  is  the  case  at  greater  concentrations, 
include  the  undissociated  molecules,  which,  although  they  are  reckoned 
in  the  value  taken  for  the  concentration,  r,  are  not  effective  in  the  current 
conduction. 

!5y  a  study  of  the  molecular  conductivity  of  very  dilute  solutions  of 
different  salts  containing  a  common  anion,  such  as  potassium  chloride 
and  sodium  chloride,  and  of  similar  solutions  of  salts  containing  the 
same  kation,  such  as  sodium  chloride  and  sodium  nitrate,  Kohlrausch 
was  led  to  the  conclusion  that  the  maximum  molecular  conductivity  of 
an  electrolyte  can  be  calculated  by  adding  together  two  constants,  the 
values  of  which  depend  on  the  nature  of  the  anion  and  kation  respec- 
tively.    Further,  that  these  two  constants  for  the  ions  of  any  given 
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electrolyte  must  be  proportional  to  tlie  mi^fration  velocities  u  and  ■c* 
ihe  ions. 

To  see  how  this  consequence  follows  from  the  ionic  ihcorj',  we  may! 
consider  a  column  of  the  electrolyte  of  which  the  cross-section  is  one  j 
square  centimetre,  and  suppose  that  the  difTcrcncc  of  potential  between 
the  ends  of  a  length  of  this  cylinder  of  one  centimetre  is  e  volts,  ihc 
specific  conductivity  beinp   K.     The  current   C  flowing  through   the 
liquid  will  by  Ohm's  law  be  given  by  C-cK,     Now  if  we  consider  a  1 
partition  across  the  column  of  electrolyte,  and  if  u  is  the  mi>;ration  j 
velocity  of  the  kalion  and  1'  that  of  the  anion,  and  if  N  is  the  number  of 
anions  and  of  kations,  respectively,  contained  in  the  unit  of  volume,  the  j 
number  of  anions  which  cross  this  partition  in  unit  time  is  A't',  while  the 
number  of  kations  which  cross  in  the  opposite  direction  is  Ktt,     Since  j 
each  kation  carries  a  charge  of  +r,  and  each  anion  one  of  -  f,  the  total 
quantity  of  electricity  carried  across   the  partition   in   one  second   is 
{u-k-vYNfy  for  a  charge  —t^'v  carried  in  the  opposite  direction  to  that 
in  which  the  current  is  flowing  is  the  same  as  the  passage  of  +*Ai'  in 
the  opposite  direction.    But  the  total  quantity  of  electricity  which  crosses  I 
the  partition  in  one  second  is  the  same  thing  as  the  current  C  which  is  j 
passing  through  the  liquid     Hence 

Now  AV  IS  the  total  charge  on  all  the  ions  of  one  sign  within  one  cubic 
centimetre  of  the  solution,  and  we  have  seen  on  p.  787  that  the  lolal 
charge  on  all  the  ions  corresponding  to  one  gram  equivalent  is  96,553! 
coulombs  or  9655  c.g.s,  units.     Hence,  if  the  solution  we  arc  considering  \ 
contains  c  gram  equivalents  per  litre,  that  is,  rx  10*'  gram  equivalents 
fjer  cubic  centimetre,  the  total  charge  on  the  ions  of  one  sign  in  i  cc  \ 
will  be  96s5Xt-x  10"^,  so  that  A'i=9655  y  t-x  io~^     Hence 

965  5t- 

If  the  potential  gradient  is  one  voli  per  centimetre,  so  that  e  is  one  ^ 
or  lo**  c.g.s.  units,  we  get — 

tf+v«l/>357xitf 


But  AV^is  the  molecular  conductivity  ///.     Hence 

where  m  is  measured  in  c^a.  units.     If  m*  is  the  molecular  conductivity] 
measured  in  ohms"'  cm,'',  since  i  ohm  =  10''  c.g.s,  units— 

tt  +  v— 1.0357  X  io~W, 
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Now  we  have  already  seen  that  the  migration  constant  of  the  anion  was 
connected  with  the  migration  velocities  by  the  equation 


«=- 


V 

u-Vv* 


Hence,  knowing  from  migration  data  the  value  of  the  ratio  of  the  velocity 
of  the  anion  to  the  sum  of  the  velocities  of  the  two  ions,  and  from  the 
conductivity  data  the  value  of  the  sum  of  the  two  velocities,  the  absolute 
value  of  each  of  these  quantities  can  be  calculated  In  the  following 
table  a  few  of  the  values  of  the  migration  velocities  obtained  in  this  way 
are  given,  as  well  as  the  data  from  which  they  are  calculated.  The 
temperature  is  18*  C.  and  the  potential  gradient  i  volt  per  cm.  The  first 
column  contains  the  name  of  the  electrolyte,  the  second  the  molecular 
conductivity  for  an  infinitely  dilute  solution,  in  which  all  ihe  salt  may  be 
considered  to  be  dissociated,  the  third  column  contains  the  sum  of  the 
ionic  velocities  obtained  by  multiplying  the  numbers  in  the  second 
column  by  1.0357  xio~^  The  fourth  column  contains  the  numbers 
obtained  by  Hittorf  for  the  ratio  of  the  loss  of  salt  at  the  kathode  to  the 
total  loss,  that  is,  the  values  of  «,  while  in  the  last  two  columns  the  values 
of  the  velocities  of  the  kations  and  anions  are  given  as  derived  from  the 
numbers  in  the  third  and  fourth  columns. 


Migration  Velocity  of  theMons. 


Substance. 

ff<m. 

»+v 

V 

u 

V 

'     OD 

cm.  per  sec. 

u  +  v 

cm.  per  sec 
66x10-6' 

cm.  per  sec. 
69  X io~6 

KCl  .     .     . 

1307X  IO~^ 

135x10-  = 

•51 

NaCl     .     . 

1095        » 

113       » 

.62 

43      » 

70  „ 

LiCl .    .     . 

lOIO       „ 

105       » 

.68 

34     » 

71   „ 

NH^Cl  .     . 

1297    » 

134       ,, 

.51 

71      » 

63  „ 

HCl.    .     . 

3752    „ 

389       » 

.21 

311      « 

78  „ 

KNO3  .     . 

1254   » 

130      » 

.50 

65      „ 

65  « 

NaNOs     . 

1042    „ 

108       „ 

.61 

42      „ 

66    „ 

AgNOj.     . 

'I59    » 

120      „ 

•53 

56     „ 

64    „ 

KOH    .    . 

2360    „ 

244       „ 

.74 

63     » 

181     „ 

^aOH.    . 

2137    » 

221        „ 

.84 

35      » 

186    „ 

It  will  be  seen  that  the  numbers  obtained  for  the  same  ion  from 
different  salts  agree  fairly  well  together,  the  differences  being  probably 
due  to  inaccuracies  in  the  values  for  the  migration  data.  This  is  rendered 
extremely  probable  on  account  of  the  difficulty  of  accurately  measuring 
the  loss  of  salt  near  the  electrodes.  Further,  it  is  to  be  noted  that  the 
migration  data  have  only  been  determined  for  comparatively  concentrated 
solutions,  and  that  the  values  of  the  migration  constants  seem  to  change 
slightly  with  the  concentration,  so  that,  instead  of  using  the  values  given 
in  the  table,  we  ought  to  use  those  for  a  very  dilute  solution,  such  as  is 
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employed  in  deriving  the  molecular  conductivity.  Kohlrausch  has  al- 
itjmptcd  to  allow  for  this  effect  of  concentration  on  the  mig^ralion  constant, 
and  the  values  for  the  ionic  velocities  whicli  he  considers  to  be  the  ntost 
accurate  are  given  in  the  following  table  : — 

Veuxtity  or  THE  Ions. 


Rations. 

Anions. 

K     .    ,     . 

66  X  io-»  cm.  per  sec 

CI    .     .     . 

69  X  io~*cni.  per  sec 

Na  .    .    . 

45      t> 

NO;, 

64      » 

Li    .    .    . 

3*^      )»           »i 

OH.     . 

182      „ 

H    .     .    . 

320        „ 

Ak  .    .     . 

57         n 

Direct  experimental  measurements  have  been  made  of  the  velocities 

of  some  ions,  and  the  results  obtained  agree  with  those  given  in  the 
alxjve  table,  a?;  calculated  from  migration  and  conductivity  data. 

643.  The  lonisation  Coeffleient.— On  the  dissociation  theory,  the 
explanation  of  the  increase  of  the  molecular  conductivity  with  the  dilution 
is  that  more  of  the  molecules  of  the  salt  become  dissociated  into  ions  as 
the  dilution  increases.  If  a  ib  the  fraction  of  the  total  number  of  molc^' 
rules  of  the  salt  present  which  have  become  dissociated  at  the  given 
concentration,  dien,  sftice  it  is  only  the  dissociated  molecules  which  can 
conduct,  it  follows  (h.il  the  molecular  conductivity  at  any  given  concen- 
tration must  be  to  the  molecular  conductivity  at  infinite  dilution,  when 
all  the  moU'CuIes  arc  dissociated,  as  the  numljcr  of  molecules  actually 
dissociated  in  the  solution  considered  is  to  the  total  number  of  molecules 
in  llie  solution.  Hence,  if  ntf  is  the  molecular  conductivity  when  the 
concentration  is  c  and  //r^,  the  molecular  conductivity  for  an  infinitely 
dilute  solution, 

The  quantity  a,  which  expresses  on  the  dissociation  theory  the  fraction  of 
the  number  of  molecules  present  which  exist  in  the  solution  in  the  ionic 
condition,  is  called  the  ionisaiion  coefficient  or  the  dissociation  roeflficient 
Now  according  to  Van't  I  biff's  theory  of  solutions  the  osmotic  pres- 
sure (§  165)  of  a  jfiven  solution  is  proportional  to  the  number  of  molecules 
present  in  the  solution.  Suppose  that  y  molecules  of  potassium  chloride 
arc  dissolved  in  i  c.c.  of  water,  then,  if  none  of  the  molecules  become 
dissociated,  the  osmotic  picssurc  ought  to  be  pro|x»rtional  to  N,  If,  how- 
ever, //  of  the  molecules  of  KCI  l^ecome  dissociated  into  the  ions  K  and 
CI,  the  number  of  molecules  present  will  Ije  (A*-«)  undissociaied  mole- 
cules of  KCI  together  with  in  ions.  Hence,  if  we  suppose  that  the  eflfcct 
of  each  of  the  ions,  into  which  the  molecule  is  split,  in  producing  the 
osmotic  pressure  is  llic  same  as  that  protluccd  by  one  of  the  undissodated 
molecules,  the  osmotic  pressure  will  be  proportional  to  A'+«.     Tl»us» 
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by  determining  first  the  osmotic  pressure,/,  produced  when  A^  molecules 
of  some  body,  such  as  sugar,  which  is  not  an  electrolyte  and  hence  is 
not  dissociated,  is  dissolved  in  unit  volimie  of  water,  and,  secondly,  the 
osmotic  pressure,  pi  produced  when  the  same  number  of  molecules  of 
an  electrolyte  is  dissolved,  we  can  calculate  the  ratio  of  the  number  of 
molecules,  «,  which  are  dissociated  to  the  total  number  of  molecules 
present,  that  is,  calculate  the  ionisatlon  coefficient  a.    Thus 

•—^  -  as  I  + =  I  +a. 

/         N  N  ' 


or 


In  the  same  way,  from  the  comparison  of  the  depression  of  the  freezing- 
point  (§  235)  produced  by  N  molecules  of  a  non-electrolyte  with  that 
produced  by  the  same  number  of  molecules  of  an  electrolyte  we  can, 
making  the  same  supposition  as  to  each  of  the  ions  of  a  dissociated 
molecule  producing  the  same  depression  as  an  undissociatcd  molecule, 
calculate  from  such  observations  the  value  of  the  ionisation  coefficient 

In  the  following  table  the  values  of  the  ionisation  coefficients  as 
obtained  from  these  entirely  different  data  are  given,  and  it  will  be 
noticed  that  the  agreement  of  the  numbers  obtained  in  the  various  ways 
is  on  the  whole  very  fair.  Whether  we  accept  the  dissociation  hypothesis 
or  not,  at  any  rate  these  numbers  show  that  there  must  be  some  intimate 
relation  between  the  cause  of  the  conductivity  of  electrolytes,  the  depres- 
sion of  the  freezing-point  and  the  osmotic  pressure. 


Ionisation  Coefficients. 


Concenlrution 

CoefTicicnt  of  Ionisation  Deduced 

Substance. 

in 
Gram -Molecules 

from 

from  Depression 

per  Litre. 

Conductivity. 

of  Freezing- Point 

0.002 

1. 00 

a98 

HCl 

0.0 1 

0.99 

a96 

o.l 

0.94 

0.89    . 

0.003 

0.90 

0.86 

H^SO^     . 

0.005 

0.85 

a84 

0.05 

0.62 

0.61 

0.002 

1. 00 

0.98 

KOH       . 

•{ 

0.0 1 

0.99 

0.94 

I 

0.1 

0-93 

0.83 

f 

0002 

0.99 

0.98 

NaOH     . 

•\ 

0.0 1 

0-99 

0.94 

I 

0.05 

0.90 

a88 

f 

0.003 

0.91 

0.96 

Na^COa  . 

. 

0.005 

0.86 

a96 

I 

ao5 

0.65 

0.73 
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544.  Polarisation.— If  an  electrolytic  cell  is  prepared  cotitalning  a 
solution  of  sulplmric  acid,  iJie  electrodes  beinj;  composed  of  platinum 
plates,  and  this  cell  and  a  galvanometer  are  included  in  a  circuit  together 
with  a  source  of  E.M.F.,  the  following  phenomena  will  occur.  If  the 
E.M.F,  of  the  battery  is  less  than  about  1.7  volts,  on  dosing  the  circuit 
the  galvanometer  will  indicate  that  a  current  passes  in  the  drcuil.  Tlie 
strength  of  the  current  will,  however,  rapidly  decline,  till  after  a  short 
time  only  a  very  minute  current  will  continue  to  pass.  If  the  E.M.F.  of 
the  battery  is  greater  than  1.7  volts  the  current  will  decrease  in  strength 
for  some  lime  after  the  closing  of  the  circuit,  but  it  will  never  become 
evanescent,  as  was  the  case  when  the  E.M.K.  was  below  1,7  volts.  H 
after  the  passage  of  a  current  through  the  elecuolytic  cell,  the  battery  is 
removed  and  the  circuit  completed  by  joining  together  the  ends  of  the 
wires  which  were  connected  to  the  poles  of  the  batter)-,  a  current  will 
pass  round  the  circuit  for  some  lime  in  the  opposite  direction  to  that  in 
which  the  current  sent  from  the  battery  passed.  Thus  the  plates  of 
platinum  immersed  in  the  electrolyte  possess  the  poWer  not  only  of 
practically  stopping  the  passage  of  a  current  in  a  circuit  in  which  the 
E.M.F.  is  less  than  x,"]  volts,  that  is,  are  capable  of  exerting  an  E.M.F, 
in  the  opposite  direction  to  that  which  is  due  to  the  battery,  and  so 
of  preventing  the  passage  of  a  current;  but  also  this  opposing  E.M.F- 
continues  for  some  time  after  the  removal  of  the  external  E.M.F.,  so  that 
the  electrodes  are  able  to  send  a  current  through  the  circuit-  Tliis  pheno- 
menon is  called  polarisation,  and  the  electrodes  are  said  to  be  polarised. 
If  a  current  is  passed  through  an  electrolytic  cell  containing  dilute  sul- 
phuric acid,  and  in  which  the  electrodes  are  of  platinum,  and  the  E.M.F. 
between  the  electrodes  is  measured  immediately  after  the  removal  of  the 
external  E.M.F.,  it  will  be  found  to  be  1.07  volts,  the  anode  being  at  the 
higher  potential. 

Ic  must  be  noticed  that,  although  according  to  the  ionic  hypothesis 
the  ions  exist  in  the  electrolyte  in  the  dissociated  condition,  it  does  not 
follow  that  no  work  has  to  be  done  to  liberate  the  ions  from  the  solution. 
In  the  solution  each  ion  has  its  appropriate  charge;  when  the  ion  is 
liberated  at  the  electrode,  however,  this  charge  has  been  removed,  so  that 
the  condition  of  the  liberated  ions  is  quite  different  from  that  when  ihcy 
were  in  the  solution.  If  we  assume  that  the  hydrogen,  say,  as  it  is  given 
off,  consists  of  molecules  each  containing  two  atoms,  these  atoms  being 
held  together  by  chemical  forces  so  as  to  form  a  compound,  containing, 
however,  only  one  kind  of  element  ;  then  if,  as  seems  probable,  chemical 
combination  really  consists  in  the  holding  together  of  the  atoms  by  the 
electrical  forces  in  play  between  their  charges,  we  are  led  to  the  necessity 
for  supposing  that  the  molecule  of  hydrogen  given  off  at  the  kathode 
must  consist  of  a  positively  charged  atom  and  a  negatively  charged  atom. 
Hence  in  the  process  of  electrolysis,  while  one  hydrogen  atom  retains  its 
positive  charge  the  other  loses  its  positive  charge,  and  t^es  up  frtam 
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the  kathode  an  equal  negative  charge,  and  the  two  combine  to  fomi  a 
molecule  of  neutral  hydrogen.  As  far  as  the  passage  of  electricity  through 
the  electrolytic  cell  is  concerned,  the  giving  up  of  its  positive  charge  to  the 
kathode  by  a  hydrogen  ion  is  exactly  the  same  thing  as  taking  an  equal 
negative  charge  from  the  kathode,  so  that  although  all  the  hydrogen  ions 
do  not  lose  their  charge  when  they  are  liberated,  as  we  have  tacitly  assumed 
in  the  preceding  pages,  the  quantity  of  electricity  which  passes  through 
the  cell,  while  a  given  number  of  H  ions  are  liberated,  is  the  same  as  it 
would  be  if  all  the  H  ions  gave  up  all  their  charges  to  the  kathode. 

The  explanation  of  the  fact  that  the  polarised  electrodes  are  able, 
when  the  E.M.F.  sending  a  current  through  the  cell  is  removed,  to  send  a 
current  through  the  circuit  in  the  reverse  direction,  is  that  the  gases  pro- 
duced at  the  electrodes  are  not  entirely  liberated  and  given  off,  but  that 
the  platinum  absorbs  a  certain  quantity  of  the  gas.  On  the  removal  of 
the  E.M.F.this  absorbed  gas  tends  to  return  into  the  solution,  and  each 
ion  of  the  kation,  when  it  leaves  the  kathode,  becomes  charged  positively, 
while  each  anion  as  it  leaves  the  anode  is  negatively  charged.  Thus 
positive  electricity  is  taken  away  from  the  kathode  and  negative  from  the 
anode,  and  hence  in  the  external  circuit  connecting  the  electrodes  a  current 
will  flow  from  the  anode  to  the  kathode,  that  is,  in  the  reverse  direction 
to  the  original  current. 

There  are  two  distinct  effects  which  are  in  general  included  under  the 
term  polarisation.  One  of  these  is  the  back  E.M.F.,  which  must  exist 
when  chemical  decomposition  is  being  performed  by  the  current,  in  order 
that  the  requisite  amount  of  energy  may  be  supplied  by  the  current.  The 
other  is  an  effect  due  to  the  accumulation  of  the  products  of  the  decom- 
position on  or  near  the  electrodes.  Thus  in  the  case  of  the  electrolysis 
of  dilute  sulphuric  acid  between  unplatinised  platinum  electrodes,  the 
polarisation  E.M.F.  amounts  to  about  1.7  volts.  Le  Blanc  has,  however, 
shown  that  if  platinised  electrodes  are  employed,  water  may  be  decom- 
posed with  an  E.M.F.  of  only  1.07  volts.  When  unplatinised  electrodes 
are  used  the  gases  are  evolved  in  the  form  of  bubbles  which  form  on  the 
plates,  and  it  would  appear  that  a  certain  amount  of  work  has  to  be  done 
in  producing  these  bubbles.  With  platinised  electrxxies,  on  the  other 
hand,  a  much  larger  quantity  of  the  gases  separated  by  the  passage  of  the 
current  will  not  be  liberated  in  the  gaseous  form,  but  will  be  absorbed  by 
the  platinum,  and,  in  addition,  the  numerous  small  points  which  are 
present  on  the  platinised  surface  seem  to  facilitate  the  evolution  of  the 
bubbles.  Hence  we  are  led  to  the  conclusion  that  1.07  volts  represents 
the  E.M.F.,  which  corresponds  to  the  chemical  work,^  that  is,  the  splitting 
up  of  the  chemical  compound  that  forms  the  electrolyte,  which  is  done  in 
the  cell,  while  the  greater  value,  1.7  volts,  which  is  necessary  to  produce 
decomposition  when  unplatinised  platinum  electrodes  are  employed,  is 

J  We  shall  return  to  the  subject  of  the  connection  between  the  E.M.F.  and  the 
energy  required  to  perform  the  chemical  work  in  §  558. 
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due  to  the  additional  work  u'hicli  lias  to  be  done  at  the  electrodes  in 
pcrfoniiinjj  the  mechanical  work  of  separating*  the  llbcralcd  gases  fioan 
the  electrodes. 

The  tenn  polarisation  is  also  used  in  yet  another  sense,  when  the 
increase  of  the  resistance  of  an  electrolytic  cell,  due  to  the  fact  that  the 
bubbles  of  gas  which  adhere  to  the  electrodes  virtually  diminish  the  crxiss- 
section  of  the  liquid  conductor,  and  hence  increase  the  resistance,  is  spoken 
of  as  being  due  to  polarisation. 

It  is  better,  hovvever»  to  call  such  an  effect  as  this  a  transition  orsecon* 
dary  resistance.  The  magnitude  of  these  mechanical  effects  depends  on  the 
current  density,  that  is,  the  quotient  of  the  current  passing  by  the  area  of 
the  electrode,  on  the  solubility  of  the  y^ases  ]il>erated  in  the  electrolyte, 
and  on  the  occlusion  of  the  gases  by  the  electrodes.  So  that  if  the  tcnii 
Ijolarisation  is  taken  to  include  all  these  effects  its  value  is  most  indefinite. 

In  the  case  of  the  electrolysis  of  a  solution  of  copper  sulphate  between 
electrodes  of  copper  we  have  copper  deposited  on  the  kathode,  and  the 
SO^  ion  attacks  the  anode  producing  copper  sulphate.  Hence  in  such  a 
case  the  energy  which  is  required  to  split  up  the  salt  is  regained  by  the 
funnation  of  an  equal  mass  of  the  salt  at  the  anode,  so  that  no  work  ha^ 
to  be  done  by  the  current  in  producing  chemical  energy  of  sepaiaiion. 
We  should  therefore  expect  that  in  this  case  there  would  be  no  counter 
E.M.K.  of  polarisation,  which  as  a  matter  of  fact  is  found  to  be  the  case. 
Similarly,  when  a  solution  of  zinc  sulphate  is  electrolysed  Ijetween  clectro<!c* 
of /inc  there  is  no  polarisation.  When  there  is  no  polaris-ilion,  thcdJlTer* 
encc  ofiKitcntial  between  the  electrodes  during  the  passage  of  a  lurrcnl 
is  equal  to  the  product  of  the  current  into  the  resistance  between  the 
electrodes  according  to  Ohm's  law,  If,  however,  there  is  an  opposing 
E.M.F.  of  polarisation  c  developed  when  a  current  C  is  passed,  the 
resistance  of  the  electrolyte  between  llie  electrodes  being  K^  then  by 
Ohm's  law  there  will  be  a  difference  of  potential  between  the  portions  of 
the  electrolyte  near  the  anode  and  kathode  reapcctivcly  given  by  /t't". 
Hence  in  this  case  the  dififercnce  of  potential  between  the  tUctrodts  will 
be  given  by  E^/\C-\-€y  so  that  C~{E~e)IK.  Hence,  when  we  arc  con- 
sidering the  passage  of  a  current  between  the  electrodes  in  a  cell  when; 
polarisation  occurs,  the  applied  E.M.K.  must  be  reduced  by  the  E.M.K 
of  ]>olarisation  in  order  to  calculate  the  current,  according  to  Ohin*s  Liw» 
from  the  resistance  of  the  cell 

Tlie  measurement  of  the  polarisation  produced  by  a  given  current 
must  be  made  very  quickly  after  the  remtn-al  of  the  external  E.M.K, 
which  was  sending  the  current,  for  the  magnitude  of  the  polarisation 
E.M.F.  falls  rapidly.  The  experiment  may  be  performed  by  means  of 
the  arrangement  shown  in  Kig.  51S.  The  electrodes  i»f  the  electrolytic 
cell  c  are  connected,  one  with  the  stem  of  an  insulatc<i  tuning-fork  P, 
and  the  other  with  one  pole  of  a  battcr>',  and  with  one  of  the  p;iirs  ofj 
quadrants  of  a  quadrant  electrometer.    TTie  other  pole  of  the  battery  and 
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the  other  quadrants  of  the  electrometer  are  connected  to  two  small 
mercury-cups,  a  and  b.  Two  platinum  wires  are  attached  to  the 
prongs  of  the  fork  in  such  a  way 
that  when  the  prongs  move  towards 
one  another  one  wire  dips  into  the 
mercury-cup  b^  and  connects  the 
electrolytic  cell  with  the  battery, 
while  when  the  prongs  move  away 
from  each  other  the  wire  attached  to 
one  prong  is  withdrawnfrom  the  cup 
b^  while  that  attached  to  the  other 
is  dipped  into  the  cup  a,  and  hence 
connects  the  electrolytic  cell  with 
the  electrometer.  Thus  as  the  fork  vibrates  the  electrolytic  cell  is  alter- 
nately connected  with  the  battery  and  with  the  electrometer,  and  from  tne 
deflection  of  the  electrometer  the  E.M.F.  of  polarisation  can  be  obtained. 

As  the  E.M.F.  of  the  battery  is  increased  it  is  found  that  at  first  the 
polarisation  E.M.F.  increases,  and  is  almost  exactly  equal  to  the  E.M.F. 
of  the  battery.  As  the  primary  E.M.F.,  however,  gets  larger  the  polarisa- 
tion E.M.F.  increases  more  slowly,  but  recent  experiments  seem  to  show 
that  it  goes  on  increasing  very  slightly  even  after  the  primary  E.M.F.  has 
reached  such  a  value  that  an  appreciable  current  will  pass  through  the 
cell,  so  that  no  definite  maximum  of  polarisation  can  be  said  to  exist. 

A  phenomenon  which  is  intimately  related  with  that  of  polarisation, 
and  which  has  already  been  referred  to,  is  the  minimum  E.M.F.  required 
to  produce  continuous  decomposition.  This  E.M.F.  must  of  course  be 
greater  than  the  polarisation  E.M.F.  for  the  corresponding  current,  for 
otherwise  no  current  would  pass  through  the  cell,  and  hence  no  continuous 
decomposition  would  take  place. 

Numerous  experiments  on  the  minimum  E.M.F.  required  to  produce 
continuous  decomposition  have  been  made  by  Le  Blanc,  and  some  of  the 
values  he  has  obtained  for  solutions  containing  i  gram  equivalent  per 
litre  are  given  in  the  following  table  : — 


Solution  of 


ZnS04  . 
ZnHr.  . 
Pb(NO,>.. 

AgNO;    . 

Ccl(NO..).. 
CdSO^  ." 
CdCla     . 


.  Minimum  E.M.F. 

for  Continuous 
\    Decomposition. 


2.35  volts. 

1.80  „ 

1.52  ,, 

0.70  „ 

1.98  „ 

2.03  „ 

1.78  „ 


Minimum  E.M.F. 

for  Continuous 

Solution  of 

I  Vcom  position 

(Unplatinised 

I'-lcctrodes). 

H.,SO.    .     . 

1.67 

HNO3    .     . 

1.69 

H^PO,   .     . 

1.70 

HCl  .     .     . 

I.31 
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It  will  be  noticed  tbat,  in  the  case  of  acids  which  on  electrolysis  evolve 
hydrogen  at  the  kathode  and,  owing  to  secondary  reactions,  oxygen  at 
the  anode,  decomposition  starts  with  a  potential  diflerence  of  1.7  volts* 
Experiments  on  the  influence  ofihe  concentration  of  the  solutions  on  ibc 
minimum  E.M.K.  required  to  produce  continuous  decomposition  ba^-e  I 
shown  that,*in  the  case  of  solutions  t)f  acids  where  the  value  is  about  1.7, 
this  value  is  practically  independent  of  the  concentration.  In  the  case  of  ( 
such  acids  as  hydrochloric  acid,  however,  where  the  value  is  considerably 
below  1.7,  the  minimum  E.M.F.  increases  as  the  dilution  is  increased,  and 
approaches  the  value  1.7  for  very  great  dilutions.  It  is  of  interest  lo  note 
that  in  a  very  dilute  soUuion  of  HCI  the  gas  liberated  at  the  ano<lc  is  no 
longer  chlorine,  but  that  a  secondary  reaction  lakes  place  and  oxygen  is 
evolved  :  so  that  at  these  great  dilutions  the  electrolysis  of  HCI,  as  of  the 
other  acids,  involves  the  evolution  of  H  and  O,  and  under  these  circum- 
stances the  minimum  E.M.F.  is  the  same  for  all 

544a.  Heasupement  of  the  Resistance  of  Electrolytes.  —  As 
has  already  been  pointed  out,  when  measuring  the  rcsibiance  of  an 
electrolyte  it  is  in  general  not  sufficient  to  measure  the  diflference  of  j 
potential  E  between  the  elortroilcs  when  the  electrolyte  is  traversed  by  a 
given  current  C,  and  then  deduce  the  value,  of  the  resistance  from  the 
relative  R=CjEy  the  reason  being  that  part  of  the  E.M.F.  £  is  em- 
ployed in  overcoming  the  polarisation  at  the  electrodes.  The  most 
usual  manner  of  overcoming  this  difficulty  is  to  include  the  elecirolyiic 
cell  in  one  arm  of  a  Whealstonc's  bridj,'c,  the  electrodes  being  so  chosen 
as  to  reduce  the  polarisation  to  a  minimum,  and  to  use  an  alternating 
current  on  the  bridge.  In  order  lo  supply  this  alternating  current  a 
siTiall  induction  coil  (§  524)  is  employed,  the  secondary  of  the  coil  being 
to  the  terminals  of  the  bridge  to  which  the  battery  is  usually  connected. 
Since,  when  an  alternating  current  is  employed,  the  current  which 
traverses  the  gaU-anometer  branch  when  the  bridge  is  not  balanced  is 
also  alternating,  an  ordinary  galvanometer  cannot  be  employed  ;  the 
reason  being  that  although  the  bridge  may  not  be  balanced,  yet  the 
galvanometer  would  be  undeflected,  for  it  would  be  traversed  by  a 
current  first  in  one  direction  and  then  in  the  other.  Hence,  since  the 
period  of  the  galvanometer  needle  has  lo  be  much  greater  than  the 
period  of  the  alternations,  before  the  needle  has  time  to  move  appreciably, 
under  the  influence  of  the  current  in  one  direction,  the  direction  of  the 
current  is  reversed,  and  thus  the  motion  is  checked.  The  usual  arrange- 
ment is  to  replace  the  galvanometer  by  a  telephone,  and  to  move  the 
point  of  contact  on  the  slide  wire  of  the  bridge  till  the  telephone  is 
silent.  When  this  adjustment  is  made,  no  alternating  current  is  passing 
through  the  telephone,  and  the  ordinary  relation  between  the  resistances 
of  the  bridge  holds.  In  order  that  complete  silence  may  be  secured,  It 
is  important  that  none  of  the  resistances  forming  the  bridge  should  ha\'e 
jifhcr  self  or  mutual  Induction.  This  method  of  measuring  the  resistance 
ctrolytes  is  known  as  Kohlrausch's  method. 
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CONTACT  E.M.P.AND  THE    VOLTAIC  CELL 

545.  Contact  Electrification.  —  If  a  metal  needle,  a  (Fig.  519), 
having  llie  shape  of  half  a  quadrant  electrometer  needle,  is  suspended 
by  a  fmc  wire  so  as  to  be  able  to  turn  about  a  vertical  axis  through 
R,  just  above  two  metal  semicircles,  one  of  which,  z,  is  of  zinc,  and  the 
other,  c,  of  copper,  then  on  electrifying  the  needle,  if  it  is  s\'mmetrically 
arranj(ed,  no  deflection  will  occur  if  the  zinc  and  copper  are  insulated 
the  one  from  the  other.  If,  however,  the  zinc  and 
copper  arc  put  in  contact,  either  directly  or  through 
a  conducting  wire,  the  needle  will  be  dcficctcd.  If 
the  needle  is  charged  with  positive  electricity,  the  de- 
flection will  be  away  from  the  zinc  and  towards  the 
copper,  thus  indicating  that  the  zinc  is  at  a  higher 
potential  than  the  copper.  This  difference  of  poten- 
tial between  the  zinc  and  copper,  as  indicated  by  the 
charged  needle  suspended  over  the  metals,  is  said  to 
be  due  to  contact  electrification-  The  magnitude  of 
the  contact  difference  of  potential  docs  not  depend 
on  the  time  the  metals  are  in  contact,  nor  on  the 
area  of  the  surface  of  contact ;  it  docs  however 
depend  on  the  nature  of  the  metals,  both  chemical  and  physical,  and 
on  the  temperature.  The  nature  of  the  surfaces  of  the  metals  which 
are  exposed  to  the  air  also  has  an  important  bearing  on  the  magni- 
tude of  the  contact  difference  of  potential.  A  list  of  the  metals  can 
be  'Irawn  up  such  thai  any  metal  in  the  list  when  put  in  contact  with 
any  of  the  following  metals  is  at  the  higher  potential,  but  is  at  tlic  lower 
potential  when  put  in  contact  with  any  of  the  metals  before  it  in  the 
list.  The  following  is  sucli  a  list :  Zinc,  lead,  tin,  iron,  copper,  silver, 
gold.  This  list,  which  was  first  given  by  Volta,  who  discovered  the 
contact  effect,  is  called  Volta*s  series. 

If  three  metals,  ^,  ^,  and  C,  arc  put  into  contact  in  pairs,  the  differ- 
ence in  potential  between  any  two  is  equal  to  the  algebraic  sum  of  the 
difference  in  potential  produced  by  the  contact  of  each  of  the  metals 
with  the  third.  Thus  suppose  the  difference  in  potential  produced  by 
the  contact  of  A  and  B  is  /|,  while  that  between  ^  and  C  is  /j,  then  the 
difference  of  potential  produced  by  the  contact  of  ^  and  C  is/j+Z^* 
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This  law  can  be  very  clearly  exhibited  by  means  of  do^rvos  in 
which  the  putcntial  of  a  mctat  is  leprcscotcd  by  the  height  of  a  net* 
on^'Ic.     Thus  in  the  case  of  the  three  metals,  tin,  copper,  and  iron,  ih 
di^crence  in  potential  Ijctwcen  tin  and  copper  is  a;  >^lts^  the  tin  bcinj; 
at  the  higher  potential  ;  hence,  if  uc  take  i  cm.  to  represent  a  v6iu  wcl 
draw  the-  rectangles  (tf),  ^i^-  S^o*  ^uch  that  the  height  of  the  tin  rect-^ 
angle  is  a5  cm.  greater  than  ihat  of  the  copper  rectangle.      Tbe  dif-l 
ference  in  potential  between  tin  and  iron  is  a3  volts,  so  that,  the  tinl 
rectangle  being  drawn  the  sanie  height  as  before,  the  iron  rectangle] 
will   be   0.3   cm.  lower,  as  shown  at  (^).      The  difference    in   potential-1 
between  the  copper  and  the  iron   will  be  two-tenths  of  a  volt,  and  ifl 
the  rectangle  for  the  copper  is  drawn  of  the  same  height  as  in  (a),  the! 
rectangle  representing  the  iron  will  be  0.2  cm.  higher,  that  is,  it  will| 
be  of  the  same  height  as  in  ib). 

If  wc  imagine  the  copper  and  the  iron  both  put  into  contact  with 
the  same  piece  of  tin,  then  it  is  at  once  evident,  from  a  considerutit 
of  Fig.  520  {if)y  that  the  difference  in  potential  between  the  copper  aj 
ihe  iron  is  the  same  as  it  is  when  they  are  put  in  direct  contact.     Thu 
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the  difference  in  ihe  potential  of  any  two  metals  is  the  same,  whether. 
they  arc  put  in  direct  rontari  or  whether  they  are  joined  by  means 
n  wire  composed  of  another  ineta!. 

tt  follows  from  the  above  law  that  if  wc  arrange  a  circuit  of  whichl 
the  parts  are  of  different  metals,  hut  the  first  and  last  metals  ar*  tfc 
same,  then  there  will  be  no  difference  in  potential  between  these 
portions. 

If,  however,  the  first  and  last  metals  arc  different,  say  A  and  nA 
the  difference  in  potential  between  these  metals  being  /,  then  the  dif-1 
fcrenrc  in  potential  between  the  end  metals  will  be  cqu.il  lo/,  although  I 
they  arc  connected  together  by  other  metals. 

It  might  at  first  sight  appear,  since  we  have  two  metals  --f  and  B  at 
n  difference  of  i>oienlial/,  and  that  owin^:  to  the  contact  difference  of 
potential  they  are  kept  at  this  constant  difference,  that  on  connecting  ^1 
and  /*  by  means  of  a  wire,  a  current  would  be  set  up  in  this  wire.      This, 
however,  is  not  the  case,  for  suppose  wc  attempt  to  connect  --f  and  H- 
by  a  wire  of  the  metal  //,  then  the  difference  of  potential  between  tbol 
end  of  this  wire  and  the  metal  7/  is  /,  but  when  the  wire  touches  /}J 
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owing  to  the  contact,  a  difference  in  potential  of/  will  be  developed  at 
ihc  point  of  contact,  and  this  difference  of  potential  will  prevent  the 
difforence  uf  p<itcnlial  which  exists  l)ctween  the  metals yf  and  /»\  fonniny 
lilt!  ciitl  uf  ihc  Lhiiiii,  foriin^  electricity  throu;;h  the  wire.  Tlic  same 
ran  l>e  shown  to  l>c  true  whatever  the  nature  of  the  wiie  by  which  A 
and  Ji  arc  joined,  so  tliat  by  no  arrangement  of  metals,  all  at  the  same 
lempcratuit:,  can  we  obtain  a  current  in  a  circuit  which  is  composed 
exclusively  of  metals. 

The  case  when  we  are  dealing  with  the  contact  difiercnccs  of  poten- 
tial between  liquids,  or  between  metals  and  liquids,  is  however  quite 
different  Thus  when  copper  is  in  contact  with  a  solution  of  sulphuric 
acid,  ihc  copper  is  at  the  hij^her  potential,  while  linc,  which  is  at  the 
higher  potential  when  in  contact  with  copper,  ought,  if  the  liquid 
behaved  as  a  metal  would,  according  to  the  above  law,  to  be  at  a 
higher  potential  than  the  sulphuric  acid  solution,  instead  of  which  it 
is  at  a  lower  potential.  Hence  it  is  possible  to  arrange  a  circuit  com- 
posed partly  of  solid  and  partly  of  liquid  conductors,  such  thai  a  dif- 
ference of  potential  exists  between  two  parts  of  the  circuit,  even  when 
these  parts  are  connected  by  a  conducting  wire.  Thus  suppose  we 
have  a  circuit  composed  of  a  plate  of  copper  dipping  in  a  solution  of 
sulphuric  acid,  a  piatc  of  zinc  also  dipping  in  this  solution,  and  a  copper 
wire  touching  the  zinc.  The  diagram  of  the  poten-  _ 
tials  is  shown  in  Fig.  531.  The  copper,  Cu,  is  at  a 
higher  potential  than  the  solution,  HjSO^,  while  the 
solution  is  at  a  higher  potential  than  the  zinc,  Zn. 
The  zinc  is  at  a  higher  potential  than  the  copper 
wire,  Cu',  so  that  the  wire  is  at  a  lower  potent iai 
than  the  copper  plate.  Hence  by  this  arrange- 
ment we  have  got  two  portions  of  the  same  metixl 
(copper),  which,  owing  to  contact  differences  of 
potential,  are  at  different  potentials,  and,  since  when  the  copper  wire 
is  put  in  contact  with  the  copper  plate  we  are  dealing  with  the  contact 
of  the  same  n»etal,  and  ihcrcfnrc  no  contact  difference  of  potential  is 
produced  which  would  annul  the  tendency  of  the  existing  difference 
of  potential  to  cause  electricity  to  move  in  the  circuit,  we  have  here  an 
arrjingcmcnt  suitable  for  producing  an  electric  current. 

It  is  not  even  neccssar)*  that  the  contact  of  dissimilar  metaJs  occurs 
in  the  circuit,  or  even  that  two  metals  be  employed,  for  a  galvanic 
element  can  l>e  produced  in  which  no  such  contact  of  dis*;imilar  metals 
occurs,  or  in  which  only  a  single  metal  is  employed.  Thus,  when  immersed 
in  dilute  sulphuric  acid,  ropper  is  at  a  higher  potential  than  lead,  while 
\ilicn  imnifrsed  in  a  solution  of  sodium  sulphide  (Na^S),  copper  is  at  a 
lowrr  poteniini  tlian  the  lead.  Hence  if  we  have  two  glass  vessels,  one 
containing  dilute  arid  and  the  other  a  sohninn  of  sodium  sulphide,  and 
place  a  strip  of  lead  so  thaf  one  end  dips  in  the  acid  and  the  other  end 
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dips  in  the  solution  of  the  sulphide,  while  one  plale  of  copper  is  placed  J 
in  the  acid  and  another  in  the  sulphide  solution,  then,  as  shown  b)' 


the  di; 


522,  the 


Fig.  52 


copper  IS 

at  a  higher  potential  than  the  lead  in 
the  acid  in  the  vessel  A,  while  the 
copper  in  the  vessel,  B,  containing  the 
sodium  sulphide  solution  is  at  a  lower 
potential  tlian  the  lead.  Hence  the 
copper  plate  c  is  at  a  higher  potential 
than  tlic  copper  plate  D,  and  if  they  are 
joined  by  a  copper  wire,  a  current  of 
electricity  will  flow  through  the  wire, 
although  there  is  no  contact  of  dis- 
sinillar  metals. 

546.  Magnitude  of  the  Contact 

Difference  of  Potential.— In  avoluic 
consisting,  say,  of  a  plate  of  zinc 


and  a  plate  of  copper  in  dilute  sul- 
phuric acid  solution,  there  arc  three  different  contacts  between  dissimilAr 
materials,  namely  zinc;'copper,  copper/acid,  and  acid/zinc,  and  hence  we 
have  to  deal  with  three  contact  diifcrences  of  potential.  The  question 
as  to  the  relative  magnitude  of  these  three  contact  differences  is  one 
which  has  occasioned  an  immense  amount  of  discussion.  The  question 
docs  not  lend  itself  to  experimental  decision,  for  no  method  has  as  ^Tt 
been  devised,  which  is  free  from  all  objection,  for  measuring  the  contact 
difference  of  potential  between  two  bodies  without  the  inter\'ention 
of  one  or  more  other  media,  although,  as  we  shall  see  in  §  549,  this 
can  be  got  over  if  we  accept  the  ionic  theory.  Thus,  in  the  experiment 
of  the  charged  clcctrometer-needlc  suspended  over  the  zinc  and  copper 
quadrants  described  in  §  545,  what  is  measured  is  not  the  potential 
difference  l)etween  the  :r/w<rand  the  copperhMX  the  difTercnce  in  potential 
between  the  air  in  the  neighbourhood  of  the  zinc  and  that  of  the  air  in 
the  neighbourhood  of  the  copper.  Hence  if  we  indicate  the  true  contact 
difference  of  potential  between  zinc  and  copper  by  Zn/Cu  and  so  on,  then 
what  is  actually  measured  is  the  sum  of  the  three  contact  differences  of 
potential,  air/Zn  +  Zn/Cu  +  Cu/air.  Thus  if  the  two  quantities  air;Zn 
and  Cu/air  arc  not  both  zero  or  equal  and  opposite,  it  does  not  follow 
that  the  quantity  Zn/Cu  is  not  zero,  or  at  any  rate  ver>'  small,  so  that  the 
two  metal  quadrants  may  be  really  at  the  same  potential,  and  we  need 
not  necessarily  have  two  parts  of  a  conductor  at  different  potentials  when 
the  electricity  is  at  rest. 

Although  it  is  impossible  to  obtain  an  experiment  showing  that  the 
difference  of  potential  of  about  0.7  volts,  wliich  is  obscr\cd  between  the 
air  in  the  neighbourhood  of  a  piece  of  zinc  and  a  piece  of  copper  which 
arc  in  contact,  is  really  due  to  tltc  fact  that  the  metals  themselves  are  at 
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this  difference  of  potential,  yet  the  following  considerations  indicate  that 
such  a  difference  almost  certainly  cannot  exist.  Suppose  that  a  copper 
and  a  zinc  wire  when  joined  tog^ellier  were  actually  at  a  difference  of 
potential  of  0.7  volts,  and  that  a  current  c  were  passed  through  these  - 
wires  in  the  direction  from  the  copper  to  the  zinc.  The  fall  of  potential 
alonjf  the  combined  wire  can  then  be  shown  diagram  mat  ically  as  in 
Fig.  523.  The  current  passing  in  the  direction  OPQ,  there  is  a  continuous 
fall  of  potential  along-  the  copper  wire 
OP  according  to  Ohm's  law,  which  is 
represented  by  the  line  Aa  At  P, 
however,  where  the  copper  and  linc 
meet,  there  will  be  a  contact  difference 
nf  potential  which  will  raise  the  poten- 
tial of  the  end  of  the  rinc  wire  0.7  volts 
above  that  of  the  copper,  so  that  while 
the  potential  of  the  point  P  on  the 
copper  is  represented  by  the  point  n  on 
the  curve,  that  of  the  point  P  on  the 
zinc  wire  will  be  represented  by  c.     In 

the  zinc  wiro»  from  P  to  Q,  the  fall  of  potential  will  be  regfular  and  accord- 
ing to  Ohm  s  law.  Now  as  the  current  passes  from  the  copper  to  the 
zinc  it  has  to  move  against  an  E.  M.F.  represented  by  en,  that  is,  0.7  volts, 
and  the  result  is  that  an  amount  of  work  must  be  done  represented  by 
a7  C.  joules  in  each  second,  for  the  electricity  has  at  the  junction  been 
raised  to  a  higher  "  level,"  and  so  its  potential  energy  is  increased.  This 
increase  in  the  electrical  energy  will  lake  place  at  the  expense  of  the 
heat  of  the  junction,  so  that  there  will  be  an  absorption  of  heat  at  the 
junction  equal  in  electrical  units  to  0.7  C.  watts.  Or  since  a  watt  is 
equal  to  0.2387  calories  per  second,  there  will  be,  if  the  current  is  one 
ampere,  ai67  calories  absorbed  per  second.  This  absorption  of  heat 
will  be  reversible,  so  that  on  rcvei-sing  the  direction  of  the  current  the 
same  quantity  of  heal  would  appear  at  the  junction.  Now  in  §  500  we 
have  in  fact  considered  this  ver>'  problem  when  dealing  with  the  Peltier 
effect,  and  it  was  there  mentioned  that  the  quantity  of  heat  absorbed 
under  the  circumstances  we  have  been  considering  is  really  only 
1.6  X  io~*  calories  per  second.  We  are  therefore  led  to  the  conclusion 
that  no  such  difference  of  potential  as  0,7  volts  can  really  exist  between 
a  piece  of  copper  and  a  piece  of  zinc  when  in  contact,  and  that  the 
difference  of  potential  which  has  been  called  the  contact  difference  of 
potential  is  mainly,  at  any  rale,  a  difference  of  pptential  between  the  air 
in  the  neighbourhood  of  the  two  metals. 

If  wc  conclude  that  the  actual  difference  of  potential  between  two 
metals  in  contact  is  that  which  is  deducible  from  the  value  of  the  Peltier 
effect,  that  is,  of  the  order  of  0.0007  volts,  then,  in  most  of  ihe  considera- 
tions as  to  the  electromotive  forces  in  circuits  containing  metals  and 
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electrolytes,  the  contact  difference  of  potential  between  metals  may  )>c| 
ncglerleil.  We  shfill  now  proceed  to  consider  more  in  detail  the  qtiestionf 
of  the  contact  di  (Terence  of  potential  between  metals  and  electrolytes,  «ti 
Ix'twcen  two  cl<'<  troiytf^s- 

647.  Electrolytic  Solution  Pressure. — The  existence  of  a  contac 
difference  of  potential  between  a  mctaJ    and   an    electrolyte    has   l>ecn' 
explained  by  Nernst  on  the  ionic  hypothesis  in  the  followinjf  manner. 
Suppose  a  plate  of  a  metal,  say  zinc,  is  dipped  into  a  dilute  solution  oCj 
sulpluiric  acid,  then  Nernst  supposes  that  there  exists  a  lendenc)-  for  thQi 
zinc  in  coniacl  with  the  solution  to  enter  into  the  ionic  condition.     Now! 
each  zinc  ion  must  carr)' a  charge  of  +  2c,  and  as  whenever  a  posilivcj 
charf(c  is  produced  we  always  find  an  equal  and  opposite  ncjrative  chargol 
formed  at  the  same  time,  for  each  zinc  ion  that  goes  into  solution  in  fhci 
water  a  ne},'ative  charge  —  2f  will  be  develojxrd  on  !he  plate  ;  so  that  the 
zinc  will  become  negatively  electrified  and  the  water  positively,  due  to  the 
presence  of  the  positively  cliarged  zinc  ions.      If  we  further  suppose  that 
the  tendency  of  the  zinc  to  fomi  ions  is  not  indefinitely  great,  that  is;,  that . 
for  a  giixn  metal  and  liquid  there  exists  a  definite  pressure  tending  toj 
make  the  metal  assume  the  ionic  condition,  then  the  ions  will  be  produced 
till  the  positive  charge  of  the  water  and  the  negative  charge  on  the  plate 
exert  such  an  electro-static  force  on  each  positively  charged  ion  that  is  on^ 
the  point  of  moving  off  into  the  water  as  to  exactly  balance  the  diflTercncttJ 
between  the  electrolytic  solution  pressure  tending  to  cause  the  zinc  lol 
become  ionised  and  the  pressure  of  the  /inc  ions  which  have  already  gonel 
into  solution.     This  hypothesis  of  a  solution  pressure  is  analogous  to  the  I 
vapour  pressure  of  a  liquid,  for  evaporation  goes  on  till  the  pressure  of] 
the  vapour  is  equal  and  opposite  to  the  pressure  which  tends  to  make  ih«  J 
liquid  particles  assume  the  gaseous  fomi.     Since  the  charge  on  each  iorij 
is  ver>'  great  (Ji  539),  for  i/iooo  of  a  milligram  of  zinc  ions  carry  a  charge] 
of  about  3  coulombs,  It  is  not  necessary  to  assume  that  a  weighable 
quantity  of  the  zinc  passes  into  the  water  in  the  ionic  condition  to  account 
for  the  observed  difference  of  potential. 

If  the  metal  is  in  a  solution  which  already  contains  its  own  ions,  as  fofi 
instance  a  plaie  of  rinc  in  a  solution  of  zinc  sulphate,  then  the  ions  already  T 
present  in  the  solution  will  oflferan  opposition  to  ihc  entrance  of  any  more  j 
of  the  same  ions,  or  we  may  suppose  that  they  exert  a  pressure  lending  to ) 
drive  them  out  of  the  solution,  so  that  the  difference  of  potential  neccisary  to  I 
pnKluce  equilibrium  is  less  than  when  no  zinc  ions  are  in  the  solution.  If  1 
the  electrolyte  is  such  lliat  the  tendency  of  the  ions  it  already  contains  lol 
leave  the  solution  is  greater  than  the  solution  pressure  of  the  metal,  then  [ 
a  certain  number  of  the  ions  will  leave  the  solution  and  l>ecome  electrically 
neutral  on  the  metal.  In  this  way  the  metal  will  acquire  a  positive  charge  I 
and  the  solution  a  negative  one.  As  before,  the  positive  charge  on  the} 
plate  will  exert  a  repulsive  force  on  the  positively  charged  ions  remain- 
ing in  the  solution,  while  the  negatively  charged  solution  will  exert  an 
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attraction,  so  that  both  of  these  forces  wil]  oppose  the  passage  of  the  ions 
on  to  the  metal,  and  a  state  of  cijuilibrium  will  be  set  u)3  in  which  the 
electro-static  force  and  the  solution  pressure  of  the  metul  are  together 
equal  and  opposite  to  the  force  with  which  the  ions  in  the  liquid  tend  to 
leave  the  solution  and  attach  themselves  to  the  metal 

Contact  differences  of  potential  not  only  exist  between  two  different 
electrolytes  in  contact^  but  also  between  two  solutions  of  the  same 
electrolyte  if  the  concentration  is  different.  Nernst  has  explained  the 
difference  of  potential  existing  between  two  solutions  of  the  same  sail, 
when  the  concentrations  differ,  in  the  following  way.  Suppose  that  a 
strong  solution  of,  say,  hydrochloric  acid  is  in  contact  with  pure  water, 
then  the  acid  will  diffuse  into  the  water.  Since,  on  the  ionic  theory,  the 
hydrogen  ions  and  the  chlorine  ions  are  regarded  as  t>cin^  capable  of 
independent  motion,  and  since  their  velocities  of  mig^ration  are  regarded 
as  different,  thai  of  the  hydroj^'en  beinjj  ihe  j^reater,  the  H  ions  will  travel 
faster  into  the  water  than  the  CI  ions.  Hence,  as  the  H  jons  carrj*  a 
positive  charge,  the  water  will  become  positively  charged,  owing  to  the 
presence  of  an  excess  of  H  ions,  and  the  solution  negatively,  owing  to  (he 
excess  of  CI  ions.  The  process  will  not  go  on  indefinitely,  for  as  the 
water  becomes  positively  charged  an  electro-static  repulsion  will  I>e  pro- 
duced, tending  to  check  the  advent  of  the  positively  charged  H  ions,  and 
to  accelerate  the  negatively  charged  CI  ions.  Thus  the  H  ions  will 
diffu*.c  mure  quickly  at  first,  till  the  difference  of  potential  prwluccd 
between  the  water  and  the  solution  is  so  great  that  the  electro-static 
forces  on  the  charged  ions  cause  the  H  and  CI  ions  to  diffuse  at  the  same 
rate.  As  the  diffusion  continues,  the  number  of  ions  in  the  weaker 
solution  will  increase,  and  hence  the  tendency 
of  tlie  ions  from  the  stronger  solution  to  move 
into  the  weaker  solution  will  also  decrease, 
and  the  difference  of  potential  necessary  to 
prevent  ihc  H  ions  diffusing  more  quickly 
than  the  CI  ions  will  lie  less.  In  other  words, 
the  contact  difference  of  ixuential  will  de- 
crease when,  owing  to  diffusion,  the  concen- 
trations of  the  two  solut»*ns  l>ecome  more 
nearly  equal. 

In  the  case  of  electrolytes  it  is  impossible 
to  make  a  list  such  as  V'olta's  list  for  the 
metals,  so  that  it  is  possible  to  arrange  a 
series  of  electrolytes  to  form  a  circuit  which  can  |>ro<lnce  a  current  through 
the  circuit.  Such  a  circuit  (Kig.  524)  consists  of  a  fairly  strong  solution 
of  potassium  chloride  (KCI),  a  weak  solution  of  KCl,  a  weak  solution  of 
hydrochloric  acid  (HCl),  a  fairly  strong  solution  of  HCI,  this  solution 
being  in  contact  with  the  strong  solution  of  KCI,  when  a  current  will 
circulate  through  the  solutions  as  shown  diagrammatically  in  Fig.  534. 
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A  current-producing  circuit  cannot,  however,  be  formed  by  a  series  of 
differently  concentrated  solutions  of  the  same  electrolyte. 

548.  The  Capillary  Electrometer. —The  measurement  of  the 
contact  diflfercnce  of  potential  between  a  metal  and  a  liquid  has  been 
rendered  possible  owing  to  a  discovery  of  Lippmann's,  who  found  ihai' 
when  a  current  is  passed  across  the  surface  separating  mercury  andl 
dilute  sulphuric  acid,  in  the  direction  from  the  acid  to  tlie  mercury^ 
the  area  of  the  surface  of  separation  tends  to  decrease,  as  if  the  surface 
tension  (§  157)  had  increased.  Conversely,  if  by  any  means  the  area 
of  the  surface  of  separation  is  varied,  a  current  will  be  produced  in  a 
wire  connecting  the  mercury  and  the  solution.  The  effect  of  theapphca- 
tion  of  an  E.M.F*  across  the  surface  of  separation  of  mercurj'  and  dilute 
sulphuric  acid  on  the  surface  tension  has  been  applied  by  Lippmann  to 
the  construciion  of  an  electrometer.  A  simple  fomi  of  capillary  electro- 
meter is  shown  in  Fig.  525.  A  glass  tube,  AB, 
is  drawn  off  at  the  bottom  into  a  fine  capillar)*,, 
c.  To  the  side  of  this  tube  is  connected  a 
reservoir,  D,  by  means  of  a  flexible  indiarubbcr 
lube.  AH  and  D  are  filled  with  mercury,  so  thai 
by  raising  !>  the  height  to  which  the  mercury 
rises  in  ab  can  be  varied,  and  hence  also  the 
pressure  which  acts  tending  to  drive  the  mercury 
out  through  the  capillary.  The  end  of  the 
capillary  dips  in  a  vessel,  E,  containing  a  dilute 
bolulion  of  sulphuric  acid  above  and  some  mer- 
CUI7  below.  Platinum  wires  are  fused  through 
the  tube  ab  at  X,  and  through  the  vessel  E  at  Y, 
so  that  an  E-M.F.  may  be  applied  between  the 
mercury  in  ab  and  that  in  K.  Since  the  angle 
of  contact  between  mercury  and  sulphuric  add; 
solution  and  glass  is  greater  than  90*,  the  sun* 
face  tension  lends  to  drive  the  mercury  up  the 
capillary  tube,  and  a  condition  of  equilibrium  will  be  reached  when  the 
capillary  force  is  just  balanced  by  the  head  of  mercur>'  in  AB,  The  posi- 
tion of  the  meniscus  separating  the  mercury  and  the  solution  in  the 
capillary  is  observed  by  means  of  a  microscope,  T.  Since,  as  we  have 
seen  in  g  160,  the  pressure  which  the  capillary  forces  will  sustain  depends 
on  the  diameter  of  the  capillar^*,  and  as  the  capillary  is  never  cylindrical, 
but  is  slightly  conical,  the  meniscus  will  move  till  it  reaches  a  point  in 
the  capillary  where  the  dianicler  of  the  bore  is  such  that  the  capillaryi 
forces  just  balance  the  head  of  mercury.  If  the  head  of  mercury  \% 
increased  the  meniscus  will  move  down  into  a  narrower  part  of  th 
capillar)',  and  vice  versa.  If  after  equilibrium  has  been  attained  the 
surface  tension  is  in  any  way  reduced,  the  meniscus  will  move  down  to  z 
narrower  part  of  the  capillary  till  the  increase  of  the  capillary  forces  due ' 
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to  the  reduced  diameter  just  makes  up  for  the  reduction  in  the  surface 
tension,  and  to  brin^'  the  meniscus  back  to  its  original  position,  as 
indicated  by  the  cross  wires  of  the  microscope,  the  head  of  mercury  will 
have  to  be  reduced  by  lowering  the  reservoir,  n  ;  and  the  decrease  in  the 
head  as  measured  by  a  scale  fixed  alongside  AB  will  be  a  measure  of  the 
decrease  in  the  surface  tension.  In  the  same  way,  if  the  surface  tension 
increases  the  meniscus  will  move  up  to  a  wider  part  of  the  capillary-,  and 
to  bring  it  back  to  the  li\ed  position  the  head  of  mercui7  will  have  to  be 
increased.  \{  the  head  of  mercury  is  so  adjusted  that  the  meniscus  is  in 
the  sighted  position  when  the  wires  x  and  V  arc  connected  together,  so 
that  no  external  E.M.K.  is  acting  across  the  meniscus,  it  is  found,  on 
applying  such  an  E.M.F.,  that  the  meniscus  moves,  and  that  to  bring  it 
back  to  its  sighted  position  the  head  of  mercur)-  in  AB  has  to  be  altered. 
For  small  differences  of  potential  the  alteration  which  has  to  be  made  in 
the  pressure  applied  to  the  mercury  to  bring  the  meniscus  back  to  its 
sighted  position  is  proportional  to  the  applied  E,M.F.  The  working  of 
the  capillary  electrometer  has  been  explained  by  von  Helmholtz  in  the 
following  manner.  At  the  surface  of  separation  between  the  mercury 
and  the  solution  there  will  exist  a  contact  difference  of  potential,  and 
since  both  the  mercury  and  the  solution  are  conductors,  and  at  iheir  sur- 
face of  separation  they  are  very  near  together,  the  difference  of  potential 
will  cause  an  accumulation  of  electricity  on  the  two  sides  of  the  bounding 
surface.  For  instance,  if  we  have  two  plates  of  conducting  material 
separated  by  a  thin  sheet  of  a  dielectric,  say  ebonite,  then  if  a  difference 
of  potential  is  produced  between  the  conductors  we  know  that  the 
arrangement  will  act  as  a  condenser,  and  the  charge  on  the  two  con- 
ductors will  accumulate  on  the  surfaces  which  are  in  contact  with  the 
ebonite.  The  same  thing  occurs  in  the  case  of  tlie  mercury  and  the 
solution.  Since  a  difference  of  potential  is  maintained,  how  it  is  main- 
tained is  immaterial,  and  we  do  not  know  for  certain,  although  in  §  547  an 
explanation  has  been  given,  and  the  effect  is  just  as  if  a  non-conducting 
sheet  had  been  interposed  between  the  mercury  and  the  solution,  and 
then  the  two  had  been  charged  to  a  difference  of  potential  equal  to  the 
contact  difference  of  potential. 

Since  the  mercury  is  positive  to  the  solution,  w^e  must  suppose  that 
this  double  layer  of  electricity  on  the  surface  of  separation  consists  of 
positive  electrification  on  the  mercury  side,  and  negative  on  the  solu- 
tion side. 

We  have  now  to  consider  the  influence  of  this  double  layer  on  the 
surface  tension  of  the  surface  of  separation.  In  §  157  it  was  shown  that 
if  T  is  tile  observed  surface  tension  of  the  surface  separating  two  media, 
and  the  area  of  this  surface  is  increased  by  an  amount  jr,  the  work  which 
has  to  be  done  is  s  T.  Now  the  surface  of  separation  between  the  mercury 
and  acid  solution  with  its  double  layer  may  be  regarded  as  a  condenser, 
of  which  the  two  armatures  are  charged  to  a  potential  difference  e^  where 
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€  is  the  contact  difference  of  potential  between  the  mercury  and  the  solu- 
tion. Now,  in  any  condenser  of  which  the  plates  are  kept  at  a  constant 
difference  of  pjotcntial,  the  electrical  forces  lend  to  incratse  the  capadly 
of  the  condenser.  Hence,  in  the  case  of  the  double  layer,  there  is  a 
tendency  for  the  capacity  to  increase^  that  is,  for  the  area  of  the  double 
layer  tt)  increase.  The  result  is  that,  on  account  of  the  electrical  fbrce^ 
theareaof  the  surface  of  separation  between  the  mercury  and  the  solution 
tends  to  increase,  and  so  the  electrical  forces  will  reduce  the  amount  of 
work  which  has  to  be  done  against  the  purely  surface  tension  efTect> 
when  the  area  of  the  surface  of  separation  is  increased.  Thus  if  7"  is  the 
value  the  surface  tension  would  have,  suppose  no  electrical  double  layer 
were  present,  the  worlt  done  in  increasing  the  area  of  the  surface  of 
separation  by  an  amount  s  would  be  sT\  Therefore  j/,  the  actual 
amount  of  work  done  in  increasing  the  surface,  is  less  than  ^7^,  the 
amount  of  work  which  would  have  to  be  done  if  no  electrical  double  layer 
existed,  by  the  amount  of  work  done  by  the  elecfricai  forces  owing  to  the 
increase  in  the  capacity  of  the  double  layer.  Thus  1\  the  actual  surface 
tension,  is  less  than  T\  the  surface  tension  supposing  no  double  layer 
existed,  the  presence  of  the  double  layer  causing  a  diminution  in  the 
obser\'cd  surface  tension. 

Suppose  the  contact  difference  of  potential  between  the  mercury  and 
the  solution  be  <•,  the  mercury  being  at  the  higher  potential.  Then,  if  an 
external  E.M.K.  be  applied,  so  that  the  wire  X  is  positive,  the  difl'ercncc  ' 
of  potential  between  the  mercury  and  solution  will  be  greater  than  c  by 
the  amount  of  the  applied  E.M.F.,  and  hence  the  charges  on  the  double 
layer  will  be  increased,  so  that  the  surface  tension  will  l)c  decreased,  and 
to  keep  the  meniscus  in  its  sighted  position  the  head  of  mercury  in  AH 
must  Ijc  reduced-  If,  however,  the  applied  E.M.F".  is  in  such  a  direction 
that  it  acts  in  the  opposite  direction  to  the  contact  difference  of  potential 
at  the  meniscus,  then  the  strength  of  the  double  layer  will  decrease,  and 
hence  the  surface  tension  will  increase.  This  increase  will  go  on  till  the 
applied  E.M.K.  is  exactly  equal  and  opposite  to  the  contact  difTcrcntc  of 
potential,  for  when  this  occurs  there  will  l)e  no  double  layer,  and  hence 
the  surface  tension  will  possess  the  value  which  it  would  have  if  no  clrc- 
tried  charges  were  present.  If  the  applied  E.M.K.  is  further  increased, 
but  still  in  the  opfwisite  tlircction  to  the  coniairt  dilferfuuc  of  potential, 
then  a  double  layer  v\  ill  again  be  formed,  but  with  the  negative  charge  on 
the  mcrt'ury  side.  This  inverted  double  layer  will  cause  a  decrease  in 
the  surface  tension,  since  the  presence  of  such  a  double  layer  nmst 
decrease  the  surface  tension  whichever  side  is  positive.  Hence,  by  apply- 
ing an  external  E.M.K.  so  as  to  make  the  mercury  negative,  and  increasin]^  1 
it  till  the  surface  tension,  as  indicated  by  the  pressure  which  has  to  be 
applied  to  bring  the  meniscus  to  its  sighted  position,  is  a  maximum,  we  ^ 
shall  have  that  the  applied  E.M.R,  when  this  maximum  is  reached,  will  , 
be  exactly  equal  and  opposite  lo  the  contact  difference  of  potential  between  | 
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the  mercury  and  the  sulphuric  acid  solution.  In  this  way,  Lippmann 
fotmd  that  the  contact  difference  of  potential  between  mercury  and 
sulphuric  acid  solution  was  about  i.o  volt 

The  value  of  the  surface  tension  when  the  applied  E.M.F.  is  exactly 
equal  and  opposite  to  the  contact  difference  of  potential  will  be  the  value 
of  the  surface  tension  unaffected  by  electrical  disturbances,  and  Ostwald 
has  found  that  this  maximum  surface  tension  is  frequently  independent  of 
the  nature  of  the  electrolyte,  although  the  values  obtained  in  the  ordinary 
way  differ  considerably  with  different  electrolytes. 

549.  Values  of  the  Contact  Differences  of  Potential  between 
Metals  and  Liquids. — Having,  by  means  of  the  capillary  electrometer, 
determined  the  contact  difference  of  potential  between  mercury  and 
any  given  electrolyte  (other  electrolytes  besides  sulphuric  acid  may  be 
employed),  the  value  of  the  contact  difference  of  potential  between  any 
other  metal  and  the  electrolyte  can  be  obtained.  For,  suppose  we  have 
a  metal  My  and  we  require  to  find  the  contact  difference  of  potential 
between  this  metal  and  sulphuric  acid.  If  a  plate  of  the  metal  3/  is 
dipped  in  a  vessel  containing  a  solution  of  sulphuric  acid  and  also  some 
mercury,  and  M  e^  is  the  contact  difference  of  potential  between  mercury 
and  the  solution,  and  c^  that  between  M  and  the  solution,  the  difference 
of  potential  between  the  mercury  and  the  metal  will  be  e<iual  to  c^  —  e^ 
Hence,  since  we  can  measure  this  difference  of  i>otentia1  between  the 
metal  and  the  mercury,*  and  we  know  e^y  we  can  calculate  e-i.  The  fol- 
lowing values  for  the  contact  differences  of  potential  have  been  obtained 
in  this  way,  the  potential  of  the  electrolyte  being  taken  in  all  cases  as 
zero,  and  the  solution  containing  one  gram  equivalent  per  litre  : — 


Contact  Diffkrkncks  ok  Potential. 


Metal. 

H.J.SO,. 

SuIpli:U«. 

Zinc  . 

-0.62 

!  -0-52 

Cadmium  . 

-0.23 

■     -o.i6 

Copper 

+  0.46 

-}-a52 

Silver 

+  0.73 

'     +0.97 

Mercury    . 

+  0.86 

•1  0.98 

Electrolyte. 

IIll. 

Chloritlf. 
-0.50 

Nitralf. 

-0.54 

-0.47 

-0.24 

-0.17 

-ai2 

*  0-35 

+0.62 

+  0.57 

... 

+  1.06 

+  0.57 

... 

+  1.03 

650.  The  Voltaic  Cell,— If  a  plate  of  copper  and  one  of  zinc  arc 
dipped  in  a  vessel  containing  a  dilute  solution  of  sulphuric  acid,  then, 
from  the  table  given  above,  it  will  be  seen  that  if  the  potential  of  the 
solution  is  taken  as  zero,  the  potential  of  the  copper  will  be   +0.46 


^  Supposing  that  the  contact  difference  of  potential  between  the  metal  M  and 
mercury  is  so  small  as  to  be  negligable. 
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volts,  and  that  of  the  zinc  will  be  -0,62  volts.  Hence  the  copper  will  be 
at  a  potential  of  1.08  volts  higher  than  that  of  the  zinc,  so  that  if  the 
copper  and  zinc  plates  are  joined  by  a  conducting  wire,  this  wire  will  be 
traversed  by  an  electric  current  This  arrangement  is  called  a  simple 
galvanic  or  voltaic  cell  or  batter>'. 

When  Ihc  copper  plate  is  connected  to  the  zinc  by  the  conducting 
wire,  positive  electricity  will  flow  from  the  copper  to  the  zinc,  and  so  the 
potential  of  the  copper  with  reference  to  the  solution  will  decrease.  The 
result  will  be  that  the  electrostatic  force  which  opf>osed  the  precipitation 
of  the  hydrogen  ions  of  the  electrolyte  on  the  copper  electrode  will  be 
reduced,  and  so  more  of  these  ions  will  be  able  to  discharge  themselves 
on  the  copper.  In  the  same  way,  the  increase  of  the  potential  of  the  zinc 
due  to  the  passage  of  electricity  round  the  conducting  wire  will  decrease 
the  electro-static  force  which  opposes  the  solution  pressure  of  the  zinc, 
and  so  more  zinc  ions  will  be  able  to  go  into  solution^  carrxing  their  posi- 
tive charge  with  them.  Thus  the  passage  of  a  current  in  the  wire  from 
the  copper  pole  to  the  zinc  pole  is  accompanied  by  the  solution  of  the 
zinc  at  one  electrode  and  the  liberation  of  hydrogen  at  the  other.  For 
every  equivalent  of  the  zinc  dissolved  an  equivaleni  of  hydrogen  will  be 
liberated,  and  the  passage  of  9'i,53o  coulombs  of  electricity  in  the  wire 
will  be  accompanied  by  the  solution  of  the  electro-chemical  equivalent  of 
zinc,  and  the  liberation  of  the  electro-chemical  equivalent  of  hydrogen. 
Thus  the  cell  behaves,  as  far  as  the  chemical  changes  which  take  place 
within  it  arc  concerned,  exactly  as  if  it  were  an  electrolytic  cell  through 
which  a  current  is  sent  by  some  external  agency. 

The  potentials  of  the  different  portions  of  the  simple  cell,  considered 
before  the  external  circuit  was  closed,  may  be  represented  by  the  curve 
(rt).  Fig.  526,  in  which  the  ordinates  represent  the  potentials  of  the  dif- 
ferent portions  of  the  circuit.  It  will  be  seen  that  the  copper,  the  »inc, 
and  the  solution  are  each  at  the  same  potential  throughout.  Wbcn 
the  externaf  circuit  is  closed,  so  that  a  current  flows  in  the  external  wire, 
the  end  A  of  the  copper  wire  being  in  contact  with  the  end  F  of  the 
zinc,  these  two  points  will  be  at  the  same  potential.  We  are  here 
neglecting  the  contact  difference  of  potential  between  the  copper  and 
the  zinc,  since  this  is  so  very  small  compared  with  the  contact  diflcr- 
cnces  be!  ween  the  metals  and  the  solution.  Since  there  is  a  current 
flowing  in  the  copper  wire  in  the  direction  BA,  there  will,  by  Ohm's 
law,  be  a  fall  of  potential  along  the  wire  as  indicated  by  the  line  AB, 
Fig.  526  {b).  In  the  same  way,  as  a  current  is  passing  through  the  zinc 
in  the  direction  FK,  there  will  be  a  fall  of  potential  along  this  wire 
as  shown  by  ff_  Similarly,  since  Ohm's  law  applies  to  the  electrolyte, 
there  will  be  a  fidl  of  potential  in  the  liquid  between  D  and  C.  Study 
of  the  figure  will  show  that,  although  the  copper  plate  is  still  at  a 
potential  of  0.46  x-olts  above  that  of  the  solution  in  its  immediate 
[hbourhood,  as  represented  by  lie,  and  that  of  the  zinc  plate  is  at 
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0.62  volis  below  ihat  of  tJie  electrolyte  in  its  immediate  neighbourhood, 
as  represented  by  l»^;,  yet,  owing  to  the  fall  of  potential  alonjf  the 
electrolyte  so  that  the  end  D  is  at  a  higher  potential  than  the  end  c, 
the  difference  of  potential  between  the  copper  and  zinc  plates,  that 
is,  between  the  poles  of  the  cell,  is  less  when  a  current  is  passing  than 
when  the  cell  is  on  open  circuit  The  change  produced  on  this  account 
can  immediately  be  calculated,  for  if  r  is  the  resistance  of  the  electro- 
lyte between  the  copper  and  zinc  plates,  that  is,  the  resistance  of  the 
cell,  ihen,  when  a  current  C  is  passing,  the  fall  of  potential  will  by  Ohm's 
faw  l>e  equal  to  rC,  Hence  the  potential  between  the  poles  of  the  cell, 
when  it  is  producing  a  current  C,  will  be  1.08 -rC 

The  above  discussion,  in  the  case  of  such  a  cell  as  the  one  described, 
only  applies  to  the  first  moment  of  closing  the  circuit,  for  after  an  appre- 
ciable current  has  passed,  polarisation  effects  will  occur  which  will 
decrease  the  available   E.M.F.     The  polarisation  with  which  we  are 
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here  concerned  is  of  the  second  kind  considered  in  §  544,  that  is,  it  is 
due  to  the  effect  of  the  hydrogen  liberated  at  the  copper  plate  and  to 
a  less  extent  due  to  the  dissolved  rmc  ions  not  diffusing  away  from  the 
zinc,  so  that  the  effect  of  the  solution  pressure  of  the  zinc  will  be  dimi- 
nished owing  to  the  presence  of  an  increased  number  of  zinc  ions  in  the 
solution  near  the  plate.  The  polarisation  due  to  the  hydrogen  is  pro- 
duced, in  the  first  place,  by  the  copper  becoming  coated  with  a  layer 
of  fine  gas-bubbles  which  increases  the  resistance  of  the  cell,  owing  to 
the  diminished  surface  of  the  copper  available  for  the  passage  of  the 
current ;  and,  in  the  second  place,  by  the  copper  becoming  coated  with 
hydrogen,  the  positive  plate  becomes  practically  a  plate  of  hydrogen, 
and,  since  hydrogen  has  a  smaller  contact  difference  of  potential  with 
the  solution  than  copper,  the  E.M.F.  of  the  cell  is  decreased  A  cell 
such  as  the  above,  in  which,  owing  to  polarisation,  the  E.M.F.  decreases 
rapidly  when  a  current  is  allowed  to  pass,  is  called  an  inconstant  cell  In 
order  to  obviate  the  polarisation,  we  must  so  choose  our  electrolyte  that 
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the  chemical  processes  which  lake  place  when  a  current  passes  do  no! 
cause  ihe  accumulation  of  the  ions  on  the  electrodes  in  such  a  way  as 
to  increase  the  resistance  or  dccrc.isc  the  contact  differences  of  potential 
between  the  electrodes  and  the  electrolyte.  Cells  which  fulfil  this  con- 
dition more  or  less  completely  and  are,  at  any  rate  at  first,  free  from 
polarisation,  and  of  constant  E.M.F.  even  after  sending-  a  currcni,  ara 
called  constant  cells,  and  we  shall  now  proceed  to  describe  some  of 
the  commoner  forms  of  such  ceils.  It  must  be»remembercd  that  there 
must  always  be  a  decrease  in  the  difference  of  potential  between  the 
poles  numerically  equal  to  rC,  where  r  is  the  resistance  of  the  cell  and 
C  the  current  which  is  passing.  This  apparent  reduction  in  the  E.M.K. 
is  due  to  the  iact  that  the  liquid  of  the  cell  has  appreciable  resistance, 
and  hence,  by  Ohm's  law,  a  certain  proportion  of  the  available  E.M.F. 
has  to  be  employed  in  driving  the  current  through  the  liquid,  that  is, 
ia  moving  the  H  ions,  in  the  simple  cell  previously  considered,  to  the 
copp-.T  pole,  and  the  SO^  ions  to  the  zinc  pole.  This  effect  being  quite 
independent  of  the  polarisation,  will  not  be  effected  by  any  change 
calculated  to  diminish  the  polarisation,  and  can  only  be  reduced  to  a 
minimum  by  making  the  resistance  of  the  liquid,  that  is,  r,  as  small  as 
possible. 

651.  The  Daniell  Cell.— This  fonii  of  cell  consists  of  a  linc  plate 
dipping  in  a  solution  of  sulphuric  acid  or  zinc  sulphate  and  a  copper 
plate  in  a  solution  of  copper  sulphate,  the  two  solutions  being  prevented 
from  mixing  by  the  interposition  of  a  partition  composed  of  |^ruus 
earthenware.  In  some  forms  of  the  cell,  called  gravity  Daniells,  the 
porous  partition  is  done  away  with,  the  copper 
plate  Cu  (Fig.  527)  lacing  placed  at  the  bottom 
nf  a  glass  vessel  and  covered  w  ith  a  saturated 
solution  of  copper  sulphate.  The  zinc  sulphate, 
which  has  a  less  density  than  the  copper  sul- 
phate solution,  floats  on  the  top  of  the  latter 
and,  since  convention  currents  cannot  be 
fonncd  and  the  process  of  diffusion  is  very 
slow,  the  solutions  do  not  mix  for  some  timc*^ 
The  negative  plate  is  formed  by  a  Imrizontal 
disc  of  zinc,  Zn.  The  conncctitin  with  the 
copper  plate  is  made  by  means  of  a  wire,  A,  which  passes  down  to  the 
cop|>or  and  is  enclosed  in  an  insulating  tube,  generally  of  glass, 

Ihe  E.M.F.  of  the  Daniell  cell  is  due  to  the  sum  of  the  contact 
differences  of  potential,  Cu/CuSO,,  CuSO.'ZnSO,.  ZnSO,./Zn,  Zn/Cti, 
and  is  al>out  1.096  volts.  Since  it  is  very  prolxible  that  the  contact 
differences  of  potential  Zn/Cu  and  CuSO^/ZnSO,  are  very  small,  we 
may  calculate  the  E.M.F.  of  the  cell  by  means  of  the  table  given  on 
page  815.  Thus  Cu/CuSO,^  4-0.52  and  ZnSO^/Zn^  +0.52,  so  that  the 
E.M.F.  is  1.04  volts,  a  number  agreeing  approximately  with  the  value 
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1.096  obtained  by  direct  measurement.  The  E.M.F.  of  a  Daniell  cell  is 
increased  by  increasing  iIil'  slrcnj^th  of  the  topper  sulphate  soUitiou  and 
by  dilutiu)^'  the  zinc  sulphate  soUition. 

When  the  external  circuit  of  a  UanicII  cell  is  closed,  so  thai  a  mrreni 
|)a:>iiics,  the  zinc  ^'ncs  into  solution  as  zinc  sut|}|ialc,  while  the  kation  of 
the  copper  sulphate  solution,  that  is,  the  copper,  is  deposited  as  inelallic 
copper  on  the  copper  plate  of  the  cell.  It  will  thus  be  seen,  since  the 
deposition  of  copper  on  the  copper  kathode  will  in  no  way  affect  cither 
the  resistance  of  the  cell  or  the  contact  difl'erence  of  potential  between 
the  copi>cr  sulphate  solution  and  the  copper,  that  the  E.M.F.  of  this 
f<»rm  of  cell  will  not  be  decreased  on  account  of  polarisation.  WTien 
the  cell  sends  a  current  the  SO^  ions,  each  carrying  a  charge  of  -  2*» 
move  from  the  neighbourhood  of  the  copper  pole  to  the  zinc  pole,  and 
the  copper  ions  which  are  left  at  the  coppe*-  pole  are  deposited,  K*^*'"g" 
up  their  positive  charge.  At  the  same  time  the  zinc  ions  enter  the 
solution  from  the  zinc  pole,  each  carrying  a  positive  charge,  and  these 
p*>siiivc  ions,  together  with  the  negative  .SO4  ions  which  have  migrated 
from  near  the  copper  pole,  being  in  equivalent  proportions  in  the  solution, 
prevent  the  solution  becoming  charged. 

552.  The  Grove  Cell.— The  positive  pole  of  this  cell  consists  of  a 
plate  of  platinum  in  .1  strong  solution  of  nitric  acid,  and  the  negative 
pole  is  a  zinc  plate  in  a  fairly  strong  solution  of  sulphuric  acid  (i  of  acid 
to  10  of  water),  the  Ii(|uids  being  separated  by  a  porous  earthenware 
partition.  The  E.M.F.  of  this  cell  is  alx>ut  1.97  volts.  When  a  cunent 
passes,  the  zinc  goes  into  solution,  fomiing  zinc  sulphate  with  the  SO4 
itms  of  the  sulphuric  acid  solution  ;  while  the  H  ions  migrate,  each  carrj'- 
ing  its  positive  charge,  to  the  platinum  plate,  where  they  give  up  their 
charge  and  thus  transport  the  current  through  the  cell.  The  hydrogen 
is  not,  however,  given  tiflf  at  the  platinum,  but  a  secondary  reaction  takes 
place  between  it  and  the  nitric  acid,  which  resuUs  in  the  combination  of 
the  hydrogen  with  part  of  the  oxygen  of  the  acid  to  form  water,  and  leaves 
an  oxide  of  nitrogen  in  the  solution.  The  E.M.F.  of  the  cell  gradually 
falls  off*,  owing  to  the  exhaustion  of  the  nitric  acid  aliowing  polarisation  to 
take  place,  as  well  as  the  gradually  increasing  concentration  of  the  line  ions 
in  the  solution  diminishing  the  jiotential  fall  from  the  acid  to  the  zinc. 

The  llunscn  cell  is  the  same  as  the  drove  cell,  except  that  the  posi- 
tive pole  consists  of  a  plate  of  gas  carbon,  A  solution  of  chromic  acid 
is  soinetiuics  used  in  place  of  the  nitric  acid,  the  action  being  of  a 
similar  nature.  Since  the  presence  of  chromic  acid  near  the  r.inc  docs 
not  ninierially  alter  the  solution  pressure  of  the  zinc  ions,  and  does  not 
produce  any  sccondar)*  chemical  action  with  the  zinc,  the  porous  cell 
separating  the  chromic  acid  and  the  sulphuric  acid  solution  may  be 
omitted.  This  form  of  cell  is  called  the  chromic  acid  cell  or,  since 
bichromate  of  potash  is  sometimes  used  in  place  of  the  chromic  acid, 
the  liirhromatc  cell. 
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when  two  electrolytes  are  employed,  does  not  occur. 

664.  The  Clark  CeiL— This  ceU  b  not  used  ibr  sendm^:  any  bet 
<lie  very  imalleM  corrents,  but  is  employed  as  a  standard  of  E.M.F.,  aad 
consists  of  aa  amalgamated  rioc  anode  in  a  saturated  sohnain  of  xsac 
Milphate  and  a  mercury  kathode  covered  with  a  paste  fonned  by  mixia^ 
ii^rcurouv  sulphate  with  saturated  zinc  sulphate  solution. 

The  form  of  the  Clark  cell  recommended  by  the  Dntish  Board  of 
Trade  is  »hown  in  Fig.  $28.  The  mercury  is  placed  at  the  bottom  of  a 
fimail  ^^!is^  tube,  contact  being  made  by  means  of  a 
platinum  wire,  which  cither  passes  doH'n  a  glass  tube  or 
is  fused  through  the  bottom  of  the  glass.  The  mercuroos 
sulphate  paste  forms  a  layer,  B,  on  the  surface  of  the 
mrrcury,  while  the  saturated  ZnSOf  solution  C  floats  00 
the  top  of  this  paste.  The  zinc  rod  passes  through  a 
disc  of  cork,  D,  and  the  remainder  of  the  tube  above  the 
cork  i^  filled  with  marine  glue,  which  ser\'es  10  seal  the 
cell  and  thus  prevent  the  evaporation  of  the  solution. 
Since  the  constancy  of  the  E.M.K.  of  the  cell  depends 
on  the  zinc  sulphate  solution  remaining  saturated.  e*-en 
when  the  temperature  rises  so  that  the  solubility  of  the 
salt  increases,  it  is  usual  to  pack  the  space  above  the 
paste  with  small  crystals  of  zinc  sulphate. 

The  E.M.K.  of  this  form  of  cell,  at  a  temperature  of 
o*  C,  is  1.4488  volts,  while  the  E.M.F.  at  a  temperature  t  C.  is  given  by 
the  expression 

A'/-f.4333-  116 X  io-^(/-i5)-io-V-  >S)' 

The  somewhat  large  change  in  the  E.M.F.  with  temperature  is  no  doubt 
partly  <tuc  to  the  change  in  the  solubility  of  the  zinc  sulphate  with  tnn- 
I»crftlurc,  and  since  xvlirn  the  temperature  rises,  in  order  that  the  formula, 
given  above  may  liold^  it  is  necessary  that  the  solution  should  remain 
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saturated  at  this  new  temperature  by  some  of  the  crystals  dissoh'ingf,  it 
is  important  that  this  solution  should  be  assisted  in  every  way,  and  that 
the  zinc  anode  at  any  rate  should  always  be  in  a  portion  of  the  solution 
which  is  saturated.  In  the  form  of  cell  shown  in  Y\^.  528  there  is  a 
tendency  for  the  denser  saturated  solution  to 
accumulate  on  the  surface  of  the  paste  when 
the  temperature  is  raised,  so  that  the  sohilion 
surrounding  the  zinc  may  not  be  saturated.  With 
a  view  of  remedying  this  defect,  the  form  of  cell 
shown  in  Kig.  529  has  been  devised.  The  cell  is 
contained  Jn  an  H-shaped  glass  lube,  the  mer- 
cury A  being  placed  at  the  bottom  of  one  of  the 
limbs.  An  amalgam  containing  about  10  per 
cent,  of  zinc  is  used  for  the  anode,  and  ii  placed 
at  the  bottom  of  the  other  limb,  Zn.  The  use  of 
an  amalgam  in  the  place  of  pure  zinc  does  not 
affect  the  E.M.F.  of  the  cell,  for  it  has  been 
found  that  when  an  alloy  of  two  metals,  such  as 

zinc  and  mercury,  is  placed  in  contact  with  an  electrolyte  it  takes  up  a 
difference  of  potential  from  the  liquid  which  corresponds  to  that  which 
would  occur  if  the  metal  of  which  the  solution  pressure  is  the  greater 
(Zn)  were  alone  present,  so  long  as  the  other  metal  is  not  in  gr^at  excess. 
Communication  is  made  with  the  mercury  and  the  amalgam  by  means 
of  platinum  wires,  which  are  fused  through  the  bottoms  of  the  limbs  of 
the  glass  containing  vessel.  The  mercurous  sulphate  paste  H  is  placed  on- 
the  top  of  the  mercury,  and  a  layer  of  zinc  sulphate  crystals,  C,  is  placed 
above  the  amalgam,  so  that  when  the  temperature  alters  the  solution  may 
remain  saturated.  In  this  form  of  cell  it  will  be  noticed  that,  as  the  zinc 
is  IkjIow  the  solution,  the  denser  saturated  solution  will  fall  and  cover  the 
zinc,  so  that  the  solution  near  the  zinc  surface  will  always  be  saturated. 

555.  The  Cadmium  Cell. — This  is  another  form  of  cell  used  as  a 
standard  of  electromotive  force,  and  not  to  furnish  a  current,  and  it  pos- 
sesses the  advantage  over  the  Clark  cell  that  the  E.M.F,  changes  much 
less  with  temperature.  It  consists  of  a  mercury  kathode  covered  with  a 
paste  formed  of  mercurous  sulphate  and  a  saturated  solution  of  cadmium 
sulphate.  The  anode  consists  either  of  a  rod  of  cadmium  or  of  an 
amalgam  of  cadmium,  while  the  electrolyte  in  which  the  cadmium  is 
placed  is  a  saturated  solution  rif  cadmium  sulphate. 

The  arrangement  of  the  materials  to  form  the  cell  is  exactly  the  same 
as  that  adopted  in  the  case  of  the  Clark  cell.  The  E.M.F.  of  the  cadmium 
cellp  at  a  temperature  f  C,  is  given  by  the  expression 

^/=  1.0184- 3.8  X  io~*(/- 30) -0.065  X  io-*(/ - 2o)l 

556.  Reversibility  of  Cells. — If  a  current  is  passed  through  a 
Danicll  cell  by  means  of  an  external  source,  so  as  to  enter  the  cell  at  the 
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copper  pole  and  leave  by  the  zinc  pole,  the  chemical  reactions  which  will  ' 
take  place  will  be  cxarily  the  reverse  of  those  that  ocrur  when  the  cell  i 
itself  sentis  a  current,  for  ihc  copper  will  be  dissolvetl  to  fomi  cop|>er  | 
sulphate,  and  the  ^inc  drptisiled  from  the  zinc  sulphate  solution.     Hence,  ' 
piissinj;  an  electric  current  in  the  reverse  direction  throu^di  a  Daniell  cell  i 
of  the  type  Zn,  /^nSO^,  CuS()„  Cu,  is  accompanied  by  chemical  changes  1 
such  that,  when  the  cell  is  itself  allowed  to  send  a  current,  the  inverse  J 
chemical  changes  take  place.    Thus  part  at  any  rale  of  the  energy  spent 
in  sending  the  oripinal  current  through  the  cell  is  stored  up  In  such  a  way 
that  it  may  at  a  future  lime  he  reconverted  into  electrical  energy.     Any  1 
other  fonn  of  cell  may  be  used  in  the  same  way,  provided  the  products  of  J 
the  chemical  actions  which  lake  place  during  the  working  of  the  cell  arc  ] 
retained  either  on  the  electrodes  or  in  the  electrolyte,  and  arc  not  given  I 
off.     The  simple  voltaic  cell,  consisting  of  a  plate  of  copper  and  one  of  J 
line  in  diliiie  sulphuric  acid,  is  not  reversible,  since  the  hydrogen  whichf 
is  evolved  at  the  kathode  when  the  cell  is  sending  a  current  escapes  in] 
the  gaseous  fonn.     A  form  of  cell  which  is  specially  designed  to  store  up 
electrical  energy,  so  that  it  can  be  recovered  at  a  subsequent  lime  in  the 
form  of  a  current,  is  called  a  storage  cell. 

557.  The  Storage  Cell.  — The  commonest  form  of  storage  or 
secondary  cell  consists  of  two  lead  grids,  the  interstices  being  filled  with  J 
lead  sulphate  formed  by  making  a  paste  with  one  of  the  oxides  of  lead,] 
litharge  or  red  lead,  and  dilute  sulphuric  acid.  Tlicsc  plates  are  mimcrsed  I 
in  a  dilute  solution  of  sulphuric  acid,  and  then  a  current  is  |)asscd  through] 
the  rcU  froin  one  plate  to  the  other.  During  the  passage  of  the  current,J 
the  hydrogen  ions  of  the  sulphuric  acid  travel  to  the  kathode,  where  theyl 
react  on  the  lead  sulphate,  forming  sulphuric  acid  and  metallic  lead,! 
which  remains  in  ihe  interstices  nf  ihc  plate  in  a  very  spongy  condition. 
The  SOj  ions  travel  to  the  anode,  where  they  also  react  on  the  IradI 
sulphate,  forming  peroxide  of  lead  and  suljihuric  acid  according  to  ihej 
C4[uaiion 

PhSOj  +  SO^  +  2 n^O  =.  PbOj  +  z H jSO^, 

The  peroxide  of  lead  is  left  in  the  interstices  of  the  grid. 

When  nearly,  if  not  quite  all,  the  lead  sulphate  on  the  grids  has  bee 
clianged  in  this  way,  the  hydrogen  ions  will  be  lilicrated  at  the  kathoile] 
in  the  fonn  of  gas,  while  at  the  anode,  owing  to  the  secondary*  reaction] 
between  the  S(),  ions  and  the  water  of  the  solution,  which  has  alrc.tdyl 
been  referred  to  when  considering  the  electrolysis  of  dilute  sulphuric  ncid] 
between  platinum  electrodes,  oxygen  is  liberated.  When  this  evolut»oa| 
of  gases  occurs,  the  cell  is  no  longer  working  in  a  reversible  manner,  and 
it  has  received  the  maximum  charge  of  which  u  is  capable. 

If,  after  being  charged  in  this  way,  the  plates  arc  connected  by  a  cun 
ducting  wire,  a  current  will  be  obtained  in  the  reverse  direction  to  th.it 
ployed  to  charge  the  cell,  the  chemical  changes  taking  place  ia  the' 
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reverse  direction,  the  spongy  metallic  lead  becoming  converted  into  the 
sulphate,  and  the  peroxide  also  forming  the  same  compound. 

The  E.M.F.  of  a  freshly  charged  accumulator  is  about  3.1  volts,  which 
gradually  falls  to  about  1.8  volts  as  the  discharge  goes  on.  The  lead 
accumulator  is  a  wonderfully  efficient  means  of  storing  energy,  since 
about  80  per  cent,  of  the  energy  spent  in  charging  the  cell  is  recover- 
able if  the  discharge  takes  place  within  a  fairly  short  interval  after  the 
charge.  The  disadvantage  of  the  lead  storage  cell  lies  in  the  fact  that, 
owing  to  the  considerable  changes  in  volume  which  take  place  in  the 
active  material  during  charge  and  discharge,  the  grids  disintegrate  pretty 
rapidly,  and  hence  the  expense  of  the  renewals  of  these  plates  has  to  be 
taken  into  account  when  considering  the  efficiency  of  the  cells  from  a 
practical  standpoint 
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ENERGETICS  OP  THE  VOLTAIC  CELL 


558*.  Source  of  the  Energy  of  the  Current  given  by  a  Voltaic 

Cell. — Wc  have  considered  the  f[Licstion  as  to  how  the  E,M.F.  of  a 
vohaic  cell  is  prcxluccd,  and  now  wc  have  to  consider  more  in  detail  from 
whence  the  enei^'y  necessary  for  the  maintenance  of  a  current  is  derived. 
This  enerjiy  is  evidently,  in  part  at  any  rate,  derived  from  the  energ>'  of^H 
the  chemical  processes  which  take  place  in  the  cell  during  the  time  wheo^f 
it  is  sending  a  current.     In  §  228  we  have  considered  the  energy  which    • 
is  liberated  or  absorbed  during  certain  chemical  changes,  and  the  question    = 
arises  as  to  the  connection  between  the  total  quantity  of  energy  which  isl 
evolved  as  lieat,  when  the  reaction  takes  place  without  the  production 
an  electric  current,  and  the  energy  represented  by  the  current  when  thi 
is  produced.     1 1  was  thought  for  some  time  that  the  whole  of  the  ener 
corresponding  to  any  chemical   change  was  converted   into  electric 
energy  when  llie  change  took  place  in  a  voltaic  cell,  and  the  fact  thi 
the  K.M.F.  of  the  Danicll  cell,  when  calculated  on  this  hypothesis  froi 
llie  thenno-chcmical  data  for  the  chemical  changes  which  lake  place  i 
this  cell,  agreed  very  well  with  the  value  as  obtained  by  direct  measu 
mem,  sup|x>ried  this  view. 

Thus  in  §  228  we  have  seen  that  when  65  grams  (one  gram  atom) 
zinc  are  dissolved  in  dilute  sulphuric  acid  according  to  the  equatioi 
7m  i  lli^SOj^ZiiSOj  H  Hj,  38,066  calorics  arc  evolved,     E>f>criment  hi 
shown  ihat  when  63  grams  of  cnp|ier  arc  rnnverted  into  copper  sulphas 
in  solution  in  water  according  to  the  equation  Cu  +  H;|.S04  =  CuS04  4  H„ 
12,500  calories  are  absorbed,  so  that   12,500  calories  are  evolved  when 
CUSO4  is  split  up  into  Cu  and   HjSO,.     Hence  when  one  equivalent, 
that  is,  since  zinc  is  a  diad,  65/2  grams  of  zinc  are  converted  into  t 
sulphate,  while  at  the  same  time  one  equivalent  of  copper  (63/2  grams] 
is  deposited  from  the  sulphate,  19033  +  6250=^25283  calories  are  on  i 
whole  evolved. 

Now  the  reactions  considered  above  are  those  which  go  on  in  the 
Daniell  cell  when  it  is  sending  a  current,  and  we  have  seen   that  the 
quantities  of  zinc  and  copper  considered  above,  arc  dissolved  and  pre- 
cipitated respectively  when  9^050  coulombs  of  electricity  pass  throuj; 
the  cell.     If  the  H.M.F.  of  the  cell  is  Ji  volts,  then  the  passage  of  9^551 
coulombs  of  electricity  will  correspond  to  96550  x  lo'^xiS'  ergs,  for  01 
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volt  is  equal  to  lo*  c.i^ s.  units,  and  one  coulomb  is  10*'  c>g.s.  uniis.  If, 
then,  the  whole  of  the  energy  corresponding  to  ihe  chemical  reaction  is 
converted  into  electrical,  we  shall  have,  since  25,283  calories  is  equal  to 
35283  X  4.2  X  10^  ergs,  or  1068  x  lo*  ergs, 

963 50X  xdE^  1068  X  lo*  ergs 
]  06800 


£■- 


96550 
I.106  volts* 


Now  direct  measurement  has  given  the  value  1.096  volts  for  the  E.M.F. 
of  a  Daniell  cell,  so  tliat  tn  this  case  it  would  seem  that  the  electrical 
energy'  of  the  cell  is  equal  to  the  rhcmiral  energy  corresponding  to  the 
rearilons  which  go  on  in  the  cell  during  the  passage  of  the  current. 

Whenjiowever,  the  same  method  of  calculation  came  to  be  applied  to 
other  forms  of  cells  it  was  found  that  the  E.M.F.'s  calculated  on  this 
hypothesis  diflered  from  the  observed  values  by  more  than  could  be 
accounted  for  by  errors  of  experiment.  The  reason  for  these  differences 
was  shown  by  HelmhoUz  to  Ijc  due  to  the  fact  that  the  hypothesis  that 
the  electrical  and  chemical  energies  were  in  all  cases  exactly  equal  was 
not  tnie.  He  showed  that  this  was  only  true  in  the  case  of  cells  in  which 
the  E.M.K.  does  not  vary  with  the  temperature,  the  Daniell  being  a  cell 
of  this  kind. 

In  order  to  see  the  reason  for  this,  we  may  consider  the  case  of  a 
reversible  cell  in  which  all  the  chemical  changes  that  take  place  when 
the  cell  is  allowed  to  send  a  current  can  Im?  reversed  when  a  current  is 
sent  through  the  cell  in  the  reverse  direction. 

Suppose  that  when  the  lemperaiure  of  the  cell  is  7",  fon  the  absolute 
scale)  the  E.M.F.  is  £"j,  and  that  when  the  temperature  is  reduced  to  7"j 
the  E.M.F.  falls  to  Ay  If  now,  when  the  temperature  of  the  cell  is  7",,  it 
be  allowed  to  send  a  current  till  Q  units  of  electricity  have  passed,  the 
work  done  is  QE^,  and  is  represented  by  the 
area  of  the  rectangle  abmo  (Fig.  530).  Now 
let  the  temperature  of  the  cell  be  reduced  to 
1\,  so  that  the  E.M.F.  is  /tV  and  let  a  quantity 
of  electricity  {2  l>e  passed  through  iht-  cell  in 
the  reverse  direction.  The  wnrk  which  will 
have  to  be  done  will  l^e  QE.^^  and  is  represented 
by  the  rectangle  CDOM.  During  the  passage 
of  this  electricity  in  the  reverse  direction,  the 
chemical  changes  which  look  place  in  the  cell 
during  the  time  when  it  was  sending  a  current 
will  be  exactly  reversed,  so  that  if  the  cell  be 
now  healed  up  to  the  temperature    7',  it  will 

be  in  exactly  the  same  condition  as  (hat  in  which  it  was  at  the  start, 
that  is,  it  will  have  been  carried  throuj^h  a  cycle  of  operations  (§  260)1 
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Since,  as  the  cell  is  a  reversible  cell,  none  of  the  products  of  the  cheiutoil 
chanj^es  which  %q  on  during  the  passajje  of  a  current  escape  fmm  ihe 
cell,  and  also  since  the  clcmenls  carr\'  their  atomic  heats  into  iheir  com- 
pounds, it  will  require  the  same  quantity  of  heat  to  raise  the  icmpcmture 
of  the  cell  from  T^\.q  7",  as  it  did  to  cool  it  from  T'jto  7*-,  and  hence  these 
operations  exactly  balance  one  another  and  need  not  be  considered.  Also 
any  external  work  done  on  account  of  change  of  volume  will  be  negligible: 
A  consideration  of  the  diagram  shows  that  an  amount  of  external  work 
represented  by  the  rectangle  ABCD  has  been  done  during  the  cycle,  and 
since  the  chemical  state  of  the  cell  is  the  same  at  the  end  as  at  the 
start,  it  foUows  that  this  work  cannot  have  been  done  at  the  expense  of 
chemical  energy,  but  must  have  been  derived  from  some  other  source. 
In  other  words,  the  electrical  encrg)'  of  the  cell  when  it  was  sending  a 
current  must  have  been  greater  than  the  chemical  energy  corresponding 
to  the  chemical  changes  which  took  place  during  the  passage  of  this 
current. 

Next  suppose  that  the  E.M.F.  of  the  cell  decreases  as  the  temperature 
increases,  so  that  when  the  temperature  is  7',  the  E.M.F.  is  represented 
by  oi>,  while  when  the  temperature  is  7",  the  E.M.F.  is  OA.  Tlicn,  if  when 
the  cell  is  at  a  temperature  7,,  it  is  allowed  to  send  a  current  till  (?  units 
of  electricity  have  passed,  the  work  done  will  be  represented  by  i>CMO, 
while  the  work  which  must  be  done  to  drive  Q  units  in  the  reverse  direc- 
tion when  the  temperature  is  lowered  to  7",  is  represented  by  ahmcx 
Hence  in  this  case  more  work  has  to  l>e  done  by  the  external  source 
than  is  done  by  the  cell  when  such  a  cycle  is  traversed,  that  is,  the 
electrical  energy  which  the  cell  supplies  is  not  as  great  as  would  be 
expected  from  thermo-chemical  data. 

Since  energy  can  neither  be  created  nor  destroyed,  it  follows  that  in 
the  first  case  considered,  namely,  when  the  E.M.F.  of  the  cell  decreased 
with  decrease  of  temperature,  since  more  work  is  done  by  the  cell  when 
sending  the  current  than  is  supplied  by  the  rhcmical  changes  which  take 
place,  the  extra  energy  will  have  to  be  supplied  at  the  expense  of  the 
hciit  of  the  cell,  so  that  if  no  outside  heat  is  supplied  the  cell  will  get 
cooler  as  the  current  passes,  or  to  keep  it  at  a  constant  icnqieratuir  heal 
must  be  supplied.  In  the  second  case,  wheic  incre^ise  of  tcm(>craiuTe 
causes  decrease  of  E.M.F.,  llie  opposite  is  tlie  rase,  and  the  cell  will  get 
hotter  when  sending  a  currcnti  and  to  keep  its  temperature  constant 
heal  must  be  abstracted. 

Hy  means  of  the  second  law  of  thrnno-dynamics  it  is  possible  lo 
calculate  the  (juaniity  of  heat  which  musi  t>e  supplied  or  abstracted  in 
this  way.  Consider  the  first  case,  where  the  tcm|icralurc  coeflfirient  of 
the  cell  is  positive,  that  is.  where  increase  of  tcn)pcratuie  is  ai:compMnied 
by  iorrcasc  in  the  E.M.F.  Here  heat  has  to  be  supplied  while  the  cell 
i*  piisjting  from  the  condition  represented  by  the  pomi  A  to  that  repre* 
senied  by  it,  and  abstracted,  since  we  are  now  sending  the  current  in 


5  SSs]  CalcultUion  of  E,M.F,  of  Celt 


the  reverse  <lircclion,  while  passing,'  from  c  to  r>.  I.ct  7/,  be  the  heal 
(measured  in  er^s)  supplied  at  the  temperature  7',,  and  ff.^  the  heal 
abstracted  at  the  temperature  7'^  then,  by  the  second  law  of  Ihcnno- 
dynamics  (§  261), 

But  Hy  -  //^  is  the  heal  used  during  the  cycle,  and  is  equal  to  the 
rectangle  ABCt*,  which  we  have  seen  is  cciua!  to  Q{E\  --^1).     Hence 

//,        "  r.  • 

But  j}^~^  is  the  rale  of  change  of  the  E.M.K.  of  the  cell  with  tempera- 

ture,  that  is,  the  temperature  cocflficicnt,  so  that  if  we  represent  this  by 

&E 

.  and  if,  further,  wc  take  (J  as  one  unit,  we  have  thai  the  quantity  of 

heat  h  converted  into  electrical  energy  during  the  passage  of  the  unit 
quantity  of  electricity  is 

If  the  E.M.F.  decreases  with  increase  of  temperature^  so  that  the 
temperature  coefficient  is  negative,  we  have  simply  to  change  the  sign 

of^y. 

Hence  if  h'  is  the  total  quantity  of  heal  produced  by  the  chemical 
chaiigcs  which  go  on  in  a  cell  during  the  passage  of  unit  quantity  of 
electricity,  and  £  is  the  E.M.F.  of  the  celli  the  following  equation 
will  hold : — 

Thus,  in  order  to  he  able  to  calculate  the  E.M.F.  of  a  cell  frotn  ihemio- 
chemica!  data,  it  is  necessary  to  know  the  temperature  coefficient  of 
the  cell. 

Since  in  the  case  of  the  Daniell  cell  the  E.M.F.  calculated  without 
taking  account  of  the  effect  of  the  temperature  coefficient  agrees  with 
the  observed  value,  it  is  evident  that  in  the  case  of  this  cell  the  E.M.F. 
can  only  vary  very  little  with  temperature,  and  experiment  has  shown 
that  this  is  the  case,  the  temperature  coefficient  being  +0.000034. 

559*.  Experimental  Verlflcation  of  the  Helmholtz  Foi*xnula.— 

T*he  direct  experimental  verification,  by  moans  of  thermal  measure- 
ments, of  the  correctness  of  Helmholu's  expression  for  the  difference 
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beiween  ihc  electrical  energy  available  in  a  cell  anil  the  chemical 
energy  correspontiing  to  the  processes  which  go  on  in  the  cell  during 
the  lime  it  is  sending  a  current,  has  been  undertaken  by  Jahn.  The 
cell  to  be  examined  was  placed  within  a  Uunscn's  ice -calorimeter 
(§  212),  while  there  were  two  external  circuits  each 
containing  a  galvanometer.  One  of  these  circuits 
Atijli  (Kig.  531),  was  of  low  resistance,  and  the  other, 
AUjB,  of  very  high  resistance.  This  l>cing  so,  prac- 
tically the  whole  of  the  current  sent  by  the  cell  passes 
through  the  galvanometer  O,,  and  this  reading  of  the  gal- 
vanometer ser%'es  to  measure  the  current  passing.  The 
very  small  current  wliich  pasici  through  the  high  resist- 
ance galvanometer,  r.^  is  proportional  to  the  dJtfer«ncc 
in  potential  between  the  points  A  and  B,  so  that  the 
deflection  of  this  galvanometer  serves  to  measure  the 
diflference  of  potential  between  A  and  B. 

Let  C  be  the  current  sent  by  the  cell  and  f  the  dif- 
ference in  potential  between  the  points  A  and  B  when  this  current  is 
passing.  Of  course  e  will  be  less  than  the  E.M.F.  E  of  the  cell  oo 
open  circuit,  since  the  cell  itself  has  resistance  as  well  as  the  wires  con- 
necting the  poles  to  the  points  A  and  ii,  and  therefore,  according  to 
Ohm's  law,  there  will  be  a  fall  of  potential  when  a  current  Is  passing. 
The  heat  developed  in  the  branch  AC.,n  in  the  lime  /  will  be  equal  to 
tCt  in  electrical  units  or  aeLt  in  cah)rics,  where  a  ii  the  value  of  one 
joule  in  calories,  that  is,  0.2387.  If  r^  is  the  resistance  of  the  wires  con- 
necting tlie  terminals  of  the  cell  with  the  points  A  and  H.  between  which 
t  is  measured,  the  energy  spent  in  these  wires  during  a  lime  /  wilt  be 
by  Joule's  law  r^C'i  joules,  or  ar^C^i  calories.  Hence  the  total  energy 
expended  by  the  cell  on  the  portions  of  the  circuit  outside  the  calori- 
meter is  aC"(^+  Cr^t. 

In  addition  lo  the  heat  developed  in  the  external  circuit  of  the  cell, 
there  will  be  heat  developed  within  the  cell  itself,  owing  lo  the  passage 
of  the  current  tlirougli  the  electrolyte,  and  if  /..  is  the  resistance  of  the 
cell,  the  quantity  of  heat  developed  in  this  way  will  be  ar^'U  calories. 
The  total  heat  developed  in  the  circuit  will  thus  be 

aC(tf  +  Cr,)/  +  or5C*/,  i 

and  this  represents  the  total  quantity  of  energy  transformed  during  the 
passage  of  Ci  units  of  electricity  through  the  cell.  Wc  have  seen  in 
§  550  that  if  /C  is  the  E.M.F.  on  open  circuit  of  a  cell  of  which  the 
internal  resistance  is  r^,  then  the  E.M.F.  beiween  the  terminals,  when 
it  is  sending  a  current  C,  is  E-r^C,  so  that  the  difference  of  potential 
between  the  points  I'N  (Fig.  531)  is  E-r^Cy  where  E  is  the  E.M.F.  of 
the  cell  measured  on  opin  circuit.  Since  the  resistance  of  the  two 
wires  pa  and  bn  \%  r^  there  will  be  a  further  decrease  in  the  diflference 
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of  potential,  eqxial  to  f\C,  so  that  the  difference  of  potential  between  the 
points  A  and  B  will  be  given  b/ 

Hence  £'=^+  C(ri  +  rj), 

anil  therefore  aC(<f+  Cr{)t-\-ar^C^t=aCEt      .     .     .     (i). 

Each  side  of  this  equation  represents  the  total  quantity  of  energy  directly 
or  ultimately  iransformcd  into  heat  when  Ct  units  of  electricity  pass 
through  ihc  cell.  The  total  quantity  of  energy  Iransfnrmpcl  into  heat 
outside  the  calorimeter  is  n.C(e  ■¥  Cr^)f.  Now  we  can  observe  the  quan- 
tity of  heat  actually  evolved  in  the  calorimeter,  but  this  heat  will  not 
be  equal  to  ar.^C^ty  because,  according  to  Helmholtz's  theory,  there  is  a 

quantity  of  heat  aCT^../ absorbed  from  the  environment  when  a  quan- 

tity  of  electricity  Ct  passes  at  constant  lenip*^ralure  T  throti^;h  a  rever- 

sible  cell  of  E.M.F.  E^  if  — ^  represents  the  rate  at  which  the  E.M.F. 

of  the  cell  increases  with  increase  of  temperature.  Thus  /f,  the  actually 
observed  quantity  of  heat  evolved  in  the  calorimeter,  is  given  by 

W^arj::^t-nCT^L 

o  / 

and  therefore  by  substitution  in  equation  (t)  wc  get 

Since  aC(**+  Cr^t  represents  the  quantity  of  cnerj?y,  expressed  in  thermal 
units,  converted  into  heat  in  the  portion  of  the  circuit  outside  the  calori- 
meter, if  Q  is  taken  to  represent  the  tDtal  quantity  of  cncr^'v,  in  thermal 
units,  which  passes  from  the  cell  and  circuit  to  its  surroundings  during 
the  passage  of  Ct  units  of  electricity,  wc  have 


or 


(2). 


Hence,  by  measuring  the  current  strenRih  C,  the  difference  of  potential 

between  A  and  B  and  the  heat,  \V\  developed  in  the  calorimeter,  Q  can 

be  calculated,  and  then,  knowing  the  E.M.F.  E  of  the  cell   on  open 

hE 
circuit,  by  means  of  equation  (2),  the  value  of  the  tenn  aT^-Cr  can 

be  calculated.  Since  the  cell  is  placed  In  an  ice-calorimeter,  its  tem- 
perature will  be  o"  C.  or  xjf  on  the  absolute  scale,  so  that  T  is  273. 
The  quantities  a,  T,  and  /  being  known,  the  vaJue  of  the  temperature 

hE 
coefficient  77-^,  can  be  calculated,  and   the   value   thus   obtained   from 
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llKmal  mtaaHPtawMS  can  be  otMnpskrcd  widi  the  ralae 
rlectncal  im  f  hi— .iits,  and  tbe  a|crec>iM»t  or  otherwise 
vahics  will  be  evidence  a&  to  tlie  accuracj  of  HelaaWokzV  ilKory. 

la  aa  cxpcfifDcni,  using  a  DanJell  ceU  n  wli*^  tbe  rnmrmut'ii^ 
of  tbe  electrolytes  was  m  each  case  i  gram  mnlccBlr  of  tbe  salt  to 
icio  gram  molecules  of  water.  Jakn  Hoood  that  f,  tbe  E.M.F.  %tm  opca 
circuit,  was  IJ096  volts  at  o'  C.  Hence,  if  tbe  yiamily  of  ^ectricstj 
Ct  which  psMcs  Yi  one  oonlocib,  tbe  tcnn 

=.261;'  calories. 

Id  the  calonmctric  experiment  the  current  was  allow^  to  pass  for  7 
hcMir,  and  ihc  mean  value  of  the  current  was  ao66573  ampere.  Tbe 
mean  valtic  of  ihe  product  of  the  current  into  tbe  difference  of  potential, 
^,  between  the  points  A  and  B  was  aoii222.  During  the  course  of  tbe 
ricpcrimcnt  the  motion  of  the  mercury  thread  of  the  calorimeter  irwli- 
catcd  that  52.394  calories  had  been  de\'clopcd^  so  that  is  tbe  value  of 
li\  llcncc,  noting  that  the  resistance  r,  of  the  wires  AF  and  KM 
o.i  ohm,  the  following  quantities  of  heat  were  developed  : — 

aC//-  9.659  calories^ 

Hence  1^=52.394      „ 

0=62.434. 

Since  the  mean  value  of  the  current  was  ao66573  ampere,  and  it  fl< 
for  I  hour  or  3600  seconds,  the  tot;d  quantity  of  electricity  which 
through  the  cell  was  0.066573  x  3600  or  239.66  coulombs. 

If  one  coulomb  Ikad  passed  through  the  cell  the  beat  developed  m 
the  whole  of  the  circuit  would  have  been 

^■^=5,2604  calories. 
239/^ 

Ilcncc,  when  the  quantity  of  electricity,  C/,  which  passes  through  tlic 
circuit  it  one  coulomb,  wc  have 


^aCEt-  gco.2617 -02604 
=  0.0013  calorics. 
Therefore,  since  T  is  273  and  a  is  0.2387,  we  get 

2^« — '^^^ —  =  0.00002  volts  per  degree. 
3r    .2387x273 

The  value  of  the  temperature  coefficient  of  the  Daniell  got  from  dir 
cicnrical    measurements    is    0.000347,   a    number   which    agrees 
well  with  that  obtained  above  from  the  calorimetric  mnasuremcnts, 
the  supposition  that    Hclmholtz's  theory  is  correct.     Although  20  and 
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47  may  seem  very  clifTercni,  it  must  be  rcmcmbcrctl  thai  the  cocflficicni 
obtained  is  practically  zero,  and  such  differences  as  appear  are  quite 
wiiliin  ihc  limits  of  expcrimenul  error. 

As  another  example,  we  may  lake  the  cell  consisting  of  a  plaie  of 
silver  surnmnded  with  silver  chloride  and  a  plate  nf  zinc  in  a  solution 
of  zinc  chloride.  The  zinc  chloride  solution  contained  one  i,'r.in»  mole- 
cule of  ZnClj  in  50  gram  molecules  of  water. 

The  E.NI.K.  K  on  open  circuit  of  this  cell  is  1.0171  voli*i.  Hence, 
when  one  coulomb  passes  through  the  cell,  we  have 

tt/:'C/— .2387  X  1.0171  =0.2428  calories. 

The  experiment    lasted   an   hour,  the  mean  current  bein^   0.093041 

amperes,  and  the  mean  value  of  the  product  rC  being  0.0233669  joules. 

The  heat  liberated  in  the  calorimeter  during  the  experiment  was  64.192 

calories.     Hence  ^ 

ttO/ =  20.339 

=     .744 
_;-K=64.i9? 
(2=85.275 

The  total  quantity  of  electricity  which  passed  through  the  cell  was 
0.093041  X  3600=33494  coulombs.  Hence  if  one  coulomb  had  passed, 
the  total  quantity  of  heat  developed  in  the  circuit  would  have  been 

85^75. 
334-94 

Hence  ur^—;C/=a2428- 0.2546=  -0.0118  calories. 


ttr,CV= 


sa2546  caJones. 


0.0118 
".2387x273 


=  -.00018  volt  per  degree 


The  temperature  coeflficient  of  this  cell  obtained  by  direct  measurement 

is  0.00021  volt  per  degree,  so  that  the  agreement  is  very  satisfactory. 

When  a  lead  acctunulator  sends  a  current  the  sulphuric  acid  solution 

iselectrolysetl,  the  hydrogen  ions  go  to  the  positive  plate  (the  lead  peroxide 

plate),  and  the  SO4  ions  to  the  negative  plate,  that  is  the  metallic  lead 

plate.     The  hydrogen  ions  act  on  the  lead  peroxide  accordmg  to  the 

equation 

PbOg  +  H,  =  PbO  +  H  jO  +  58300  calories. 

That  is  during  this  reaction,  in  which  one  gram  molecule  of  the  com- 
pounds take  part,  there  is  an  evolution  of  heat  of  58300  calories.  Next 
the  sulphuric  acid  acts  on  the  lead  oxide  to  fonn  lead  sulphate  according 
to  the  equation 

M)0  +  WfiO^  =  PbS04  +  H.;0  +  23400  calories. 

Thus  the  total  thermal  value  of  the  changes  of  the  positive  plate  is  81700 

calorics. 
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At  the  negative  plate  the  ^O,  ions  react  with  the  water  to  form  H^O, 
and  O.  Now  the  passage  of  ihc  current  has  split  sulphuric  acid  into  Hj 
and  SOj,  and  then  this  SO,  has  by  combination  wiih  water  reformed 
sulphuric  acid  so  that  the  whole  reaction  amouius  to  the  splitiin>f  up 
water  into  hydro^-cn  and  oxygen,  for  just  as  much  heat  will  be  given  out 
when  the  acid  is  reformed  as  was  absorbed  when  it  was  splil  up.  Henc« 
we  have  lo  inLludc  in  our  ibcnnal  cquiitions  the  bpliuing  up  of  water  into 
hydrogen  and  oxygen,  that  is, 

I IjO  ==  H-j  +  O  -t-  68400  calories. 

The  oxygen  combines  with  the  lead  to  form  lead  oxide,  and 

Pb+0=rbO-f  50300  calories. 

This  lead  oxide  is  then  converted  into  lead  sulphate,  and 

rbO+  II.SOj-  PbSO,  +  H.O  +  23400  calories. 

Thus  the  total  ihcmial  value  of  these  changes  is  5300  calories,     Hf 
for  the  whole  cell  we  have  that  the  thermal  value  of  the  chemical  cha 
which  take  place  is 

81700+  5300  or  87000  calories. 

This  is  the  quantity  of  heat  which  corresponds  lo  the  electrolysis  ( 
one  gram  molecule  of  sulphuric  acid,  or  the   liberation  of  two  gram' 
equikalcnis  of  hydrogen.     This  corresponds  to  the  passage  of  96550x3 
coulombs.     Also  since  one  joule  is  eLjua!  to  0.2387  calories  the  mechanic 
cal  value  of  the  thermo-chemical  changes  which  go  on  in  the  cell  Uj 
870C0/0. 2  387  joules. 

If  Vvs  the  E.M.F.  of  ihc  rrlJ,  ihen  the  passage  of  96550x2  coulombs] 

corresponds  to  the  performance  of  965 50X  2  K  joules  of  work.      Thu%l 

assuming  that  the  temperature  coefficient  of  the  cell  is  zero,  we  have  the 

equation  ,  ,,    „         ,       « 

96547  X  2  ^  =  87oco/a2387, 

87000 


1 

re  ^^ 


t%. r 

96547  X  2  X  a2387 

-1.888 

Hence  the  E.M.F.  corresponding  to  the  chemical  changes  is  1.8S8 
volts.  Experiments  have  shown  that  the  temperature  coefficient  of  a  ccU^^ 
made  with  solution  of  the  concentration  of  that  used  in  the  thermal^l 
measurements  is  +0.0C014.     Hence  at  a  temperature  of  15*  C,  or  sfiS* 

absolute,  ^ 

7jy=288  xo.oooi4  = 

Thus  the  E.M.F.  of  such  a  cell  at  15"  C.is  i.888  +  ao40  volts,  or  t.Qsfl 
volts.  An  experimental  measurement  of  the  E.M.F.  gave  i.«:oo,  »| 
number  which  is  in  very  fair  agreement  with  that  deduced    from 
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tlicrmal  data.  The  agreement  between  the  number  calculated  and  the 
obscned  value  is  also  a  strong  argument  in  favour  of  the  accuracy  of  the 
account  which  lias  l>een  given  above  of  the  chemical  changes  which  take 
place  In  the  accumulator. 

560.  Heat  developed  in  a  Circuit  when  the  Current  performs 

Heohanical  Work. — Wc  have  hitherto  considered  that  the  whole  of  the 
energy  of  the  current  has  been  sjient  either  in  the  production  of  heat  in 
the  circuit,  or  in  the  perfonnance  of  chemical  work.  The  current  n»ay, 
however^  do  mechanical  w()rk  ;  for  instance,  it  may  drive  an  electric 
motor,  and  this  motor  may  be  employed  in  raising  a  weight  against 
gravity,  or  pumping  water  frotn  a  lower  lo  a  higher  level.  In  such  a 
case,  some  of  the  energy  being  converted  into  potential  energy  in  the 
raised  weight  or  water,  the  amount  of  heat  developed  in  the  circuit  during 
a  given  amount  of  chemical  change  in  the  cell,  will  not  Ijc  so  great  as 
when  no  external  work  is  done. 

Let  us  consider  the  case  of  a  celt,  say  an  accumulator,  for  in  this  case 
the  internal  resistance  of  the  cell  is  so  small  that  it  may  be  neglected, 
connected  to  an  electric  motor.  Let  the  resistance  of  the  circuit,  includ- 
ing the  motor  and  the  leads,  be  A',  and  the  E.M.F.  of  the  cell,  E.  In  the 
first  place,  let  the  armature  of  the  motor  be  fixed  so  that  it  cannot  rotate, 
and  therefore  none  of  the  electrical  energy  will  be  converted  into  energy  of 
motion  of  the  motor.  If  C*  is  the  current  which  flows  through  the  circuit 
under  these  circumstances,  then  by  Ohm's  law  C-EjR^  and  the  heat 
developed  in  the  circuit  in  a  time  /  is  eijual  lo  /C^R.  Now  Cf  is  the 
cjuaniity  of  electricity  Q  which  passes  round  the  circuit,  so  that  the  heal 
developed  is  ^C(2  or  E<2-  Next  bup|>ose  ihdl  the  annature  is  released, 
but  that  it  is  allowed  to  turn  freely,  so  that  all  the  energy  supplied  to  the 
motor  is  employed  in  overcoming  the  friction  of  the  different  pans  of  the 
motor,  and  in  the  production  of  heat  in  the  armature  and  field  magnet 
coils.  Let  £  be  the  back  E.M.F.  produced  in  ihe  armature  (§  53*);  when 
the  moto|^  has  reached  a  steady  stale,  so  that  it  is  rotating  at  a  uniform 
speed.  Then  the  effective  E.M.F.  in  the  circuit  is  E-e,  Hence  the 
current  which  passes  is  now  (E-e)IE*  The  heat  developed  in  the  wire 
constituting  the  leads,  the  armature^  and  the  field-magnet  coils  during 
the  passage  of  Q  coulombs  will  now  be  Q(E  —  f),  In  additicm,  since  a 
quantity  of  electricity  Q  is  forced  against  an  E.M.F.,  *•,  an  amount  of 
work  will  have  to  be  done  represented  by  Q^.  Since  the  motor  is  doing 
ro  work,  the  energy  represented  by  (J/ will  simply  be  frittered  away  as  heat 
due  to  friction  of  the  diflTcrent  moving  parts,  so  that  the  total  amount  of 
heat  produced  in  the  circuit  during  the  passage  of  Q  coulombs  will  be 
Q{E~^)i-Q^  or  QE.  Hence,  as  before,  the  whole  of  the  electrical  energy 
derived  from  the  cell  is  converted  into  heat. 

Next  suppose  that  the  motor  is  cmphiyed  in  the  performance  of 
external  work,  say  the  raising  of  a  weight,  and  that  during  the  passage  of 
Q  coulombs  of  electricity  the  work  done  is  li\     If**  is  the  back  E.M.F 


m    Jjcoi 


MagnetUm 


Eltctriatjr 


m  dbift  cue.  tte  dfecme  EIM.F.  for 
f -4;  mad  hemot  Ibe  iMat  dercioped  ia  tbe 
tB««  i»  (^-')0.     Ia  addkam  to  tbc  wock  <kne  ia 
ill  be  Morad  op  as  pmnitMl  caa^,  a 
e  lo  be  doae  10  ovcpoaaic  ibr  ftksna  at  tbe 


aad  tbe  ivecbaaiMn  vbicb  it  ascd  to  raae  tbe  vcigbt:  tbts 
wiB  appear  a«  btat  «lcTefci|icd  «nnqg  to  tbc  frictiaa,  and  i£  i  is  tbcanaoM 
of  aacb  worlc  wbicb  oorrespoads  to  tbe  paat^ge  of  (|  ccilambt  of  dec- 
iricity  throui^h  tbe  drcail,  we  bavc,  voce  the  local  work  doac  br  tbe  ccfl 
taail  be  eqaal  to  tbe  produa  of  tbe  E-M.F^  fiaio  tbc  qoanticy  of  dec- 
tiidtjr  vbacb  i«  scot  tbrough  the  circuit  by  ibe  cell,  ibai  is^  QE^ 

Here  (/'S-r}Q  +  A  rcprcsenu  tbe  quantity  of  eoer^  whkb  ts  convened 
info  heat,  auifl  tf  it  the  energy  which  is  stored  op  as  potential  energy  doe 
to  il)c  wcij^ht  which  has  been  raised. 

661*.  Heat  of  lonisatloa.— We  have  seen  that  tbe  rdatioci  betw^ea 
the  K.M.K.  of  a  reversible  cell,  the  chemical  energy  of  separatioa  iranv 
foniicd,  and  the  heat  taken  from  the  surroundin>;s  of  tbe  ceil  while  wockinif 
at  constant  temperature,  is  expressed  by  an  equation  of  tbe  form 

in  which  A  i»  the  loss  in  intrinsic  "chemical"  energy  of  the  system  when 

unit  quantity  of  electricity  passes,  and  Tjy.  is  the  corresponding  qoantit; 

of  heal  absorljcd  from  the  environment,  according  to  Heimholtr's  theory, 
Kccenily  a  ver>'  interesting  attempt  has  been  made  to  analyse  still  fiirtber 
the  processes  which  ^n  on  in  ihe  rcll.  We  shall  briefly  indicate  the 
nature  of  this  analysis,  talcing  for  the  purpose  of  illustration  the  case  ot 
the  reversible  iJaniell  cell. 

When  this  cell  is  allowed  to  produce  2  x  96550  coulombs  of  electricity 
by  clofting  the  circuit,  65  grams  of  Zn  are  dissolved  from  the  Zn  electrode, 
and  fi}  grams  of  Cu  are  deposited  on  the  Cu  electrode.  The  change  in 
intrinsic  energy  which  here  occurs  is  obviously  the  same  as  that  which 
takes  place,  when,  by  the  introduction  of  a  zinc  plate  into  a  solution  of 
cop|>cr  sulphate,  63  grams  nf  copper  are  precipitated.  The  heal  evol\-ed 
during'  this  hitter  process  has  been  observed  to  be  about  501,000  calorics. 

If  we  represent  by  2/'(,  the  quantity  of  electricity  passing  when  65 
grams  of  Zn  are  dissolved,  and  63  grams  of  copper  precipitated,  then 


I 


4 

^1 


Tf^E^/i^Ui 


'•2^ 


Jr* 


where  //represents  an  amount  of  energy  equal  to  §01,000  calories. 
<|uantity,  //,  is  usually  tnUcn  to  represent  the  loss  of  '*  chemical  "  energy  by 
the  system,  but  no  attempt  is  made  to  analyse  it  further.    On  the  ioni 
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hypothesis,  the  following  is  what  has  occurred  :  65  grains  of  Zn  have 
passf-d  from  the  neutral  slate  into  the  solution,  where  they  cxi^t  as  ions, 
and  63  ^nuns  of  Cu.  originally  existing  in  the  sohition  as  ions,  have 
passed  into  the  stale  of  ordinar>',  electrically  neutral  copper.  We  may 
represent  the  change  as 

Zn  +  Cu-  •  SO/'Aq  =  Zn"  •  SO/Aq  +  Cu  +  //, 

where  Zn  and  Cu  signify  electrically  neutral  equivalent  weights  of  ihe 
respective  metals,  possessing  the  amounts  of  energy'  corresponding  to 
these  stales,  and  Cu"  and  Zn"  signify  the  same  weights  of  Cu  and  Zn, 
with  the  amounts  of  energy  which  they  possess  when  ionised.  The 
symbol  SO^"  refers  to  the  ionised  acid  radicle,  and  the  equation  assumes 
that  the  degree  of  dissociation  of  the  ZnS(~)j  solution  is  the  san»e  as  that 
of  the  CuSO^  solution. 

It  is  clear  that  wc  may  regard  the  change  as  consisting  in  the  ionisa- 
tion of  an  equivalent  weight  of  Zn,  and  the  passage  from  the  ionic  to  the 
neutral  stale  of  an  equivalent  weight  of  Cu.  Now,  we  may  suppose  that 
there  is  some  definite  relation  between  the  energy  of  a  given  mass  of  an 
clement  in  the  neutral  state  and  the  energy  of  the  same  mass  when  in 
the  ionic  state.  If  the  energy  in  the  ionic  stale  is  the  smaller,  then 
ionisation  wiH  be  accompanied  by  development  of  heal,  which  wc  may 
call  the  **hcat  of  ionisation."  It  ts  evident  thai  //  in  the  above  ccjuation 
signifies,  following  this  idea,  the  difference  between  the  respective  heats 
of  ionisation  of  Zn  and  Cu.     Thus  wc  may  write 

Zn  =  Zn'".Aq  +  ^, 
and  Cu  =  Cu" .  Aq  +  h^ 

where  h^  and  h^  represent  ilie  heats  of  ionisation  of  Zn  and  Cu  respec- 
tively, and  arc  connected  by  the  relation 

Tl\c  question  now  arises  whclhcr  there  is  any  means  by  which  we 
may  obtain  the  separate  heats  of  ionisation,  rmd  not  their  difference 
merely.     The  expression 

is  a  particular  case  of  a  general  theorem  which  can  be  applied  to  ihc 
changes  that  occur  at  each  electrode-ek-clrolytc  surface.  Thus,  if  K, 
represents  the  amount  by  whirh  the  p(tlenl>;il  of  ;he  solution  exceeds  that 
of  the  Zn  electrode,  and  H.^  that  by  which  ihe  ci>pper  exceeds  that  of  ihe 
solution  in  its  neighbourhood,  wc  have 


2^oA'|=^l 


-IK. 

+  2^0^^, 


and 


2^^,=.-^,+2/,r||?. 
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On  addition  these  equations  give 


[5  56i 


A 


and  are  ihus  seen  to  be  equivalent  lo  tlie  original  HetmhoUz  equation 

5?  r-  *  zp 

(§  55^)'     ^^c  quantities  ^f^T^j-  and  ze^T-^  represent  the  respecti\*eJ 

quantities  of  heat   absorbed  at  the  electrode-electrolyte  surface  whcnl 
65  grams  of  Zn  pass  into  solution  and  when  63  grams  of  Cu  pass  outl 
of  solution.     Tlie  values  of  these  quantities  can  be  estimated  from  obser- 
vations upon  the  thennal  etTccls  at  the  electrodes,  when  a  salt  of  each 
metal  is  electrolysed  between  electrodes  of  the  same  metal.     In  crdcr  toj 
detemiinc  //,  and  h.^  it  is  further  necessar)'  to  know  the  values  of  £",  and 
/ij.     If  we  suppose  these  lo  be  known  from  capillary  clectroiTieter  data, 
we  can  finally  determine  h^  and  h^ 
Thus  for  copper  we  get 

h-i  ~  - 17700  calories, 
and  for  zinc  ^1=33100  calories. 

And  hence  h^  —  h^^  5C»8oo  calories, 

which  result  agrees  sufficiently  nearly  with  the  obscr\'ed  value, 

//=5oioo  calorics. 

The  results  may  also  be  expressed 

Zn«Zn'*  +  33ioo 

Cu  =  Cu*'-  I77oot 

It  would  thus  appear  that  the  intrinsic  energj*  of  ionised  Zn  is  less 
than  that  of  an  equal  nvass  of  electrically  neutral  Zn,  while  the  opposite 
is  irac  in  iSe  i.iist  of  ropper.     The  tendency  of  the  Zn  to  ionise  and 
the  Cu  to  become  nnutral,  as  evhibiled  during  the  working  of  the  Daniell 
cell,  follows  naturally  from  these  results, 

Consklcrations  of  this  kind  appear  to  mark  a  distinct  advance  towattls 
a  more  complete  physical  iheor>*  of  chemical  change. 

Recently  (190:))  Prof.  J.  J.  Thomson  has  advanced  the  ihcor)'  thai 
the  atom  of  matter  has  associated  with  it  a  large  number  (of  the  order 
a  thousand)  of  charged   particles,  which  particles  are  called  electron! 
In  the  ordinary  unionised  condition  there  are  an  equal  number  of  positive 
and  negative  electrons  associated  with  each  atom,  but  when  a  salt  becomes 
ionised  some  of  the  negative  electrons  are  supposed  to  leave  the  positivej 
ion  and  attach  themselves  to  the  negative  ion.     Thus,  owing  to  the  lo! 
of  negative  electrons,  tlie  positive  ion  will  possess  a  positive  charge,  while 
the  negative  ion  will  possess  a  negative  charge,  for  it  now  has  an  excess 
of  negative  electrons. 
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CHAPTER  XVIII 


PASSAGE  OF  ELECTRICITY  THROUGH  GASES 


562.  Passage  of  Electricity  through  Gases.— \Vc  have  considered 

the  cliief  phenomena  which  accompany  ihc  passage  of  electricity  through 
meiallic  conductors  and  electrolytes,  and  wc  have  now  to  consider  the 
passage  of  electricity  through  gases. 

In  the  case  of  gases  it  will  be  necessary  to  consider  the  pressure 
lo  which  the  gas  is  subjected  when  the  passage  of  the  electricity 
takes  place,  for  the  phenomena  vary  enormously  as  the  pressure  is 
altered 

Suppose  we  have  two  conductors  which  are  separated  by  a  gas,  say 
air,  at  atmospheric  pressure,  and  the  difference  of  potential  between  the 
conductors  is  gradually  increased.  Then  owing  to  this  diflference  of 
potential,  the  air  between  the  conductors  will  be  put  into  a  condition  of 
electrical  strain. 

As  the  potential  difference  is  increased  the  strain  on  the  air  will 
increase  till  a  condition  will  Ixr  reached  when  the  air  is  no  longer  able 
to  support  the  strain,  and  it  breaks  down  and  allows  a  current  to  pass. 
This  forms  what  is  called  the  spark  discharge.  Before  the  passage  of 
the  spark  there  will  be  a  fall  of  potential  in  the  air  between  the  con- 
ductors, and  the  fall  of  potential  per  unit  length  is  a  measure  of  the 
electrical  stress  tending  to  break  down  the  gas,  or  as  it  is  called,  the 
electromotive  intensity  acting  on  the  gas.  The  maximum  electromotive 
intensity  which  a  gas  can  support  before  a  spark  passes  has  been  called 
by  MaKwell  the  electric  strength  of  the  gas.  Kvperiment  has,  however, 
shown  that  the  electric  strength  thus  defined  depends  on  a  numlxir  of 
conditions  besides  the  nature  of  the  gas  and  the  pressure  to  which  it  is 
subjected.  Thus  the  electromotive  intensity  is  found  to  depend  to  n 
small  degree  on  the  nature  of  the  conductors  between  which  the 
spark  is  passed,  anti  to  a  greater  degree  on  the  shape  of  the  surfaces 
of  these  conductors  l>ciwcen  which  the  spark  passes.  The  electro- 
motive intensity  also  depends  very  much  on  the  distance  between  the 
conductors. 

This  effect  is  ver)"  clearly  shown  by  the  numbers  given  in  the  follow- 
ing table,  whirh  shows  the  potential  difference  (measured  in  electro- 
Static  units)  reijuired  to  cause  a   spaik  l>etween  two  spheres  of  9.76 
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cm.  radius  when  they  arc  separated  by  diflcrenC  distances  in  air  at  a 
pressure  of  76  ciii,  of  mercur)* : — 


Spark  Length 
ui  cnu 

Potential  Differrrtte 
(Electrofftatic  Unhs^ 

Intensity. 

.0066 
.011 
.1 
.56 
1.01 

15.00 
63.70 
iia78 

399 
320 
150 
114 
104 

It  will  be  observed  that  the  electromotive  intensity  necessary  to  pnw 
ducc  a  spark,  when  the  distance  between  the  spheres  is  small,  is  very 
much  greater  than  when  this  distance  is  comparatively  greaL  Sue  ~ 
results  as  these  sliow  that  the  electrical  strength  of  a  gas  is  not  a  pr 
perty  of  the  gas  alone,  but  is  a  complex  quantity  depending  on  a  numl: 
of  considerations  besides  the  properties  of  the  gas. 

If  tlie  pressure  of  the  gas  is  altered,  the  difference  of  potential  necca 
sary  to  produce  a  spark  varies  ve^^'  greatly.  As  the  pressure  is  reduc 
from  the  atmospheric  pressure  the  difference  of  potential  required  la 
produce  a  spark  of  a  given  length  decreases  at  first  ;  but  this  decrcasel 


does  not  go  on   indefinitely,  for  a  critical  pressure  will  eventually  be 
reached,  and  when  the  pressure  is  further  decreased  the  potential  nece* 
sary  to  produce  a  spaik  will  increase,  and  this  increase  will  go  on 
long  as  the  pressure  is  decreased,  so  that  at  the  hij^hest  vacua  aitainabli 
the  gas  Hill  be  a  perfect  insulator,  and  it  will  be  iin^Ktssible  to  pass  j 
spark.     The  critical  pressure^  at  which  the  electromotive  intensity  is 
minimum,  varies  with  the  distance  between  the  electrodes.     Thus  wliiU 
for  a  spark  length  of  I'loo  mm.  the  critical  pressure  in  air  is  equal 
the  pressure  of  25  cm.  of  mercurj',  for  a  s|iark  length  of  several  miUi-' 
metres  in  length  the  critical  pressure  is  less  than  that  due  to  s  millimetre 
of  mercury. 
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The  appearance  of  the  disclmr^e  changes  in  a  ver\'  marlced  manner 
as  ihe  pressure  of  the  ijjas  is  reduced.  Thus  ai  atmospheric  pressure  the 
spark  consists  of  a  brilliant  line  of  li^hl  whirh  is  sharply  defined,  and  is 
either  straijfht  if  the  spark  ten^^th  is  small  or  is  bent  in  a  very  charac- 
teristic manner,  beinj;^  sometimes  of  a  forked  nature. 

Suppose  that  a  jflass  tul>e,  surh  as  is  shown  in  KIr:-  532,  "ith  platinum 
wires  fused  throuj^lt  the  ends,  these  wires  Ix-ing  connected  with  a  small 
aluminium  plate  K  and  a  wii^e  A,  is  gradually  exhausied,  and  that  a  dis- 
charge is  passed  ihrouyh  the  ^as  in  the  lube,  the  plate  A  toeing  the 
positive,  or,  as  we  may  ca))  it,  the  anode,  and  K  ilie  kaihode.  When  the 
pressure  is  equal  to  about  8  cm.  of  mercury  there  will  l>e  a  line  of  li^ht 
sirelrhintj  down  the  axis  of  the  tube  somewhat  as  shiiwn  in  the  figure. 
If  ihc  pressure  is  redured  to  about  half  a  inillhiietrc  of  mercury,  then  the 
general  appearance  when  the  discharge  passes  is  that  shown  in  Fig.  533. 
At  the  kathode  K  there  will  be  seen  a  soft  glow  which  moves  alxiut  over 
the  surface  of  (he  electrode.     Next  to  the  kathode  there  is  a  space,  B, 


F*f"'.  533- 

which  is  romparatively  free  from  Itiminosity,  and  which  is  called  Cronkes'a 
space,  or  the  first  dark  space-  The  distance  from  the  kathode  through 
which  this  dark  space  stretches  increases  as  the  exhaustion  of  the  gas 
increases.  The  termination  of  the  dark  space  nearest  the  anode  is  quite 
sharp,  and  is  very  approximately  ihc  surface  on  which  would  He  the  ends 
nf  equal  nonnals  drawn  from  the  surface  of  the  kathode.  Beyond  the 
dark  space  is  a  luminous  space  c;  called  the  negative  column.  The 
position  of  the  negative  column  does  not  depend  on  that  of  the  anode, 
so  that  if  the  anode  is  placed  in  a  side  tube  the  negative  column  does 
not  )>cnd  round  into  the  side  lube,  but  goes  straight  on  and  fills  the 
portion  of  the  tn]>c  beyond  the  point  where  the  side  tube  containing  the 
anode  leaves  ihe  main  tube. 

Beyond  the  negative  column  there  is  a  second  comparatively  dark 
space  n,  called  the  second  ne^jative  dark  space.  This  dark  space  varies 
very  much  in  size,  antl  may  sometimes  l>e  entirely  absent.  Ueyond  this 
dark  sp;ice  there  is  another  luminous  rolunm.  K,  which  extends  up  to  the 
anode,  and  is  called  the  positive  column.  The  luminosity  of  the  positive 
column  is  often  not  continuous,  but  consists  of  alternate  bands  of  bright 
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li^ht  and  comparatively  dark  spaces.     These  bright  bands  are   call 
siriac,  and  often  present  a  very  striking,'  appearance.     The  colour  of  lli 
striu!  depends  on  the  nature  of  the  gas  within  the  lube,  and,  according 
Crookcs,  when  a  niixlurc  of  g^ases  exists  within  the  lube  each  gas 
duces  a  separate  series  of  striie. 

While  the  negative  column  and  the  dark  space  arc  coniined  to  t 
neighbourhood  of  the  kathode,  and  do  not  increase  in  siic  if  the  disian* 
between  the  anode  and  kathode  is  increased,  the  positive  column  atway 
stretches  up  lo  the  aoode,  passinjf  along  the  shortest  path  from  the  kalhi 
to  the  anode-     Professor  J.  J.  Thomson  has  passed  a  discharge  throu^ 
an  exhausted  tube  56  feet  in  length,  and  with  the  exception  of  a  few  inches' 
near  the  kathode  the  positive  column  fiUeil  the  wliole  of  the  lube  am 
exhibited   very   well   marked   striations   throughout   its   length.      It 
probable  thai  the  discharge  is  actually  carried  by  the  positive  columi 
and  that  the  other  phenomena  observed  near  the  kathode  arc  simply  due 
to  some  ijeruUarities  which  seem  always  lo  accompany  the  passage  of 
cleclricity  from  a  gas  to  a  conductor. 

When  the  exhaustion  of  the  tube  is  carried  considerably  below  that 
for  which  the  discharge  has  the  appearance  just  described,  the  character, 
of  the  discharge  is  quite  altered,  and  a  series  of  subsidiary  phenomena 
occur  which,  especially  of  late  years,  have  aitracte<l  much  attention.  It 
will  l>e  convenient  to  consider  these  phenomena  at  very  hi^h  vacua  in  a 
separate  section. 

563.  Kathode  Rays.— When  the  exhaustion  within  n  tube,  such  as 
is  shown  in  Kig.  534,  is  carried  to  below  a  thousandth  of  a  millimetre  dk, 
morcur)',  the  pf>siiive  column  gradually  vanishes,  and  the  sides  of  the 
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tube  exhibit  a  brilliant  phosphorescent  glow.     The  colour  of  this  glo^ 
depends  on  the  nature  of  the  glass,  thus  with  lead,  or  English   glas 
the  glow  is  blue,  while  with  (jcnnanf  or  soda  glass,  the  phosphorcsixnc 
is  of  a    beautiful   cmcraM   green.     The  appearance   presented   is  as 
something  were  projected  by  the  kathode  in  a  direction  nortnal  to  it! 
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surface   vvhirh,  when   it   strikes  ihc  glass  J>f^s   ihc   power  of  exciting 

phospJioresccncc 

The  phenomena  in  these  high  vacua  have  hecn  studied  at  great  length 
by  Crookes,  who  supposes  that  tho  mmparalively  few  molecules  of  the 
gas  which  are  left  in  the  tube  become  elertritied  by  contact  with  the 
kathode,  and  that  these  nejjalively  electrified  gas  molecules  are  then 
shot  out  by  electro-static  repulsion  from  the  kathode.  He  further  sup- 
|x>ses  that  at  these  high  degrees  of  exhaustion  the  number  of  molecules 
is  so  small  that  the  molecules  will  travel  for  considerable  distances  with- 
out encounters  one  with  the  other,  so  that  the  molecules  which  are  shot 
out  from  the  kathode  do  not  lose  their  energy  of  translation  by  siiaring  it 
with  other  molecules,  with  which  they  would  collide  if  the  density  of  the 
gas  were  greater,  but  reach  the  walls  of  the  tul>e  while  slill  moving  with 
a  high  velocity,  and  there  by  their  impact  develop  phosphorescence  in 
the  glass. 

Whatever  the  nature  of  the  emanation  from  the  kathode,  or  the 
kathode  rays  as  they  are  called,  they  under  ordinary  circumstances 
proceed  in  straight  lines,  so  tliat  if  a  screen,  such  as  is  shown  in  Fig,  535, 


FIG.  535. 


is  placed  between  the  katliodc  and  the  sides  of  the  tube  a  clear  shadow 
of  the  screen  will  lie  produced  <m  ihe  walls  of  the  tube,  no  phosphores- 
cence taking  place  within  the  portion  of  the  wall  in  the  geomeiricjil 
shadow.  It  is  immaterial  in  this  experiineni  whether  the  screen  be 
composed  of  a  conductor  or  a  dielectric.  If,  msiead  of  a  plane  plate, 
a  concave  plate  is  used  for  the  kiilhodc,  llie  k.itlnKle  rays  are  brought 
to  a  focus  at  the  centre  of  curvature  of  the  katho<le,  and  if  a  body  is 
placed  at  this  focus  it  will  be  raised  to  a  briyhl  incandescence,  or,  if  the 
discharge  is  sufficiently  strong,  even  niched  owing  to  the  impact  of  the 
rays.  In  this  way  ]»I.'iiinum  tan  be  melted.  Other  sulwtances  liesides 
glass  plmsphorcscc  when  the  kathode  niys  arc  allowed  to  fall  on  them. 
Thus  if  some  rubies  arc  enclosed  in  a  vacuum  tube  and  the  discharge 
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Fig.  536. 


is  passed,  the  kalhode  rays  falling  on  the  rubies  wilt  cause  ihctn  to  gi«« 
out  a  brilliant  ruby-red  lijjbt. 

riic   kath<Klc  rays  are  deflected   when  a  inajjnet   is  brought   nea 
in  the  direciinn  which  would  occur  if  tlicy  formed  a  flexible  inetcilli^ 
conductor  conveyinj>  the  current  from  the  anode  to  the  kathode.     Tliuj 
if  a  screen  pierced  \i»lh  a  slit  is  placed  Ixrfon 
the  katliLHlc  ab  shown  in  Ftp.  536,  so  ihat 
narrow  beam  of  the  kathcxle  rays  is  obtnincd 
wlicn  no  magnet  is  near  these  rays  will  travi 
J^v'-i'  — *i-^^vr  '     ]c     straight  on  and  strike  the  glass  at  c,  where  tl)c 
"  will  cause  phosphorescence.     When  a  ma>;;ne 

is  br*)ught  near  the  lube  so  that  the  lines  > 
fort-c  are  at  rij^ht  angles  to  the  paper,  the 
are  deflected  and  the  phosphorescent  patch  ( 
the  glass  is  moved  down  into  the  position  !►.  Not  only  will  the  pho 
phoresccnt  patch  be  deflected,  but  while  when  undeflettcil  it  was 
continuous  patch,  when  deflected  it  will  consist  of  a  number  of  brinh 
Ixinds  separated  by  more  or  less  dark  spaces.  Thus  under  the  influenc 
of  the  deflecting  magnetic  field  not  only  do  the  rays  get  deflec  led,  hui  it 
would  appear  that  a  species  of  dispersion  is  also  produceil,  so  that  all  tlu 
rays  do  not  get  deflected  to  the  same  extent,  and,  just  as  the  spcnn 
an  incandescent  gas  consists  of  a  certain  number  of  bright  lines,  so  do 
this  kathode  ray  '*  spectrum,"  produced  by  the  action  of  a  magnetic 
also  consist  of  bright  bands. 

Crookes*  theory  that  the  kathode  rays  consist  of  negatively  charge 
particles  shot  out  from  the  neighl»ourhood  of  the  kathode  is  noi  accepte 
by  some  observers  who  suppose  that  the  kathode  rays  are  really  et^ 
waves  of  the  same  general  nature  as  light  wav&s  but  of  diflorent  wav< 
length,  so  that  their  effects  cannot  lie  observed  by  the  urdinar>'  nirjti 
used  To  study  light  waves.  The  fact  that  the  kathode  rays  arr  dt-floic 
by  a  magnet  is,  however,  a  strong  argument  against  this  view,  since 
one  has  been  ever  able  to  detect  that  a  magnetic  field  has  any  derlectii 
effect  on  light  waves.  In  addition  it  can  l>c  shown  experimentally  iha 
along  the  path  of  the  kalhode  rays  there  is  a  transport  of  ncgativ 
electricity.  The  experiment  was  originally  devised  by  Pcrrin,  and  ha 
been  modifled  by  J.  J.  Thomson.  A  tube  is  taken  of  the  form  shown 
section  in  Kig.  537,  in  which  K  is  the  kathode  and  A  is  the  anode.  In  1 
side  branch  a  metal  tube,  C,  with  a  slit  nt  the  end  is  placed  and  con 
nectcd  10  earth.  Inside  this  lube,  but  insulated  from  it,  is  anothe 
metal  tube,  l>,  which  also  has  a  slit  which  is  opposite  the  ilii  in  \Y 
outer  tube.  This  tul>c  is  connected  with  an  electrometer.  When  lli 
discharge  is  passed  the  kalhode  rays  tra\'cl  straight  across  the  tube  an 
strike  the  glass  at  the  point  n  and  the  electrometer  is  undcflrcied.  I( 
hnwcvcr,  by  means  of  n  iii.ignct  the  kathotir  rays  arc  made  to  enter  IN 
»lit  in  the  lubes  C  and  D  the  electrometer  will  tx*  deftecivd,  sliowing  th 
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the  tube  P  has  acquired  a  negative  cliar^e.  The  outer  tube  C  which  is 
conntctt'd  with  the  carih  will  screen  oflT  from  tlie  inner  tube  all  clc<  tricid 
disturbances  other  than  such  as  enter  by  the  slit.  When  the  noj^alivcly 
charged  particles  enter  the  inner  tube,  since  they  arc  at  the  inside  of  a 
conductor,  they  will  either  j;ive  up  their  charj^es  to  the  conductor  or  will 
induce  a  positive  charjje  on  the  inside  of  the  conductor,  and  the  corru- 
sptjndinj:  negative  charge  will  cause  ihc  electrometer  lo  be  dcrtected. 
Hence  the  deflection  of  the  electrometer  seems  clearly  lo  indicate  that 
the  kathode  rays  are  at  any  rale  always  accompanied  by  the  projection 
of  ncfiatively  charjjed  particles, 
and  hence  it  is  only  natural  lo 
suppose  that  they  really  consist  of 
such  negatively  charged  particles. 
We  have  hitherto  only  con- 
sidered  the  behaviour  of  kathode 
raya  within  the  highly  exhausted 
lube  where  tliey  are  produced. 
Lcnard  has,  however,  found  that 
the  kathode  rays  can  be  obtained 
in  the  space  outside  the  tube. 
Thus  if  a  small  window  in  the 
tube  is  covered  with  ver>'  thin  alu- 
minium, and  the  kathode  rays  are 
directed  on  to  this  window,  rays 
are  found  to  proceed  from  this 
window  which  are  deflected  by  a 
magnet  and  are  capable  of  pro- 
ducing phosphorescence  in  the 
same  way  as  do  the  kathode  rays 
within  the  tube.  These  rays  are 
also  found  lo  carry  a  negative  charge.  At  first  this  possibility  of  passing 
the  rays  through  a  sheet  of  aluminium  seems  a  \'ery  strong  argument 
against  tlie  theory  that  they  consist  of  negatively  electrified  particles. 
It  has,  however,  been  found  that  if  a  piece  of  metal  inside  a  CrookcV 
tube  is  placed  in  the  path  of  the  kathode  rays  it  acquires  ihe  property 
of  itself  Riving  off  kathode  rays,  as  if  the  shock  due  to  the  impact  of  the 
kathode  rays  were  capable  of  driving  off  the  gas'  particles  which  are  in 
contact  with  the  metal.  Thus  the  kathode  rays  outside  the  lube  in 
Lcnard's  experiment  arc  not  due  to  the  motion  of  the  same  particles 
which  struck  the  inside  of  the  aluminium  plate,  but  consist  of  a  new 
set  of  electritied  particles  which  are  shot  out  from  the  outside  surface 

>  It  must  be  noted  tliat.  according  to  J.  j.  Tliom&on,  the  moss  of  the  pitriicles 
which  cany  the  negative  charges  are  considtT.ihly  Irss  ihan  tlie  mass  of  the  molecules 
of  the  %n&,  so  that  we  seem  here  to  Ijc  dealing  with  something  aniallcr  than  the 
molecule. 


To  Mt€etr9mf^^ 


Fig.  537. 


sap 

at  45*  to  t^  «u5 
oi  the  hthndr      Tte  tafae  kadf  Is 
luiiBul  of  soda  glass«  siace  it  is  I 
that  kad  flass  is  wr^  opoqae  lo  the 
rmjs.    The  kantwutr  tM!f%  ane  1 
OQ  the  |ilili— ■!  asode  and  the  Rdol- 
fBfi  (ifrx^r^  Ai  if  tlrcy  caifi«  in  stia^^  Itfie$  Irom  ibe  point  of  the 
vfie-rn  the  k^ih'«r]c  r^y  &  strike  it. 
TtM  prcseace  of  R6fU^cn  rays  can  be  detected  difaer  by  their  actios 
on  a  plKHO|fr»phjc  plate  or  l>y  the  floorcfcencc  whicb  ihcf  csdic  when 
tbcr  nil  on  tawt  •ohttancn,  %uch  a«  tlic  double  cyanide  of  potassitDii 
tUM  pittlinum     The  niott  MrikinK'  iMrculiarity  of  these  rays  is  that  tbry 
urn  <4i\M\t\f  uf  prnclratin);  many  substances  which  arc  opaque  to  ordinary  | 
ligllL     'i  hiJ«  bl;M  k  p;il»cr,  wood,  and  aluminium  are  transparent,  white' 
tlM  more  dcn*c  nictaU,  »uch  as  lead,  arc  opaque  to  the  rays^     The  most 
(mportnni  practical  application  of  the  differences   between  the  trans- 
P4rvn<:y  of  different  bodies  lo  these  rays  is  owin^  to  the  fact  thai  while  | 
flesh  i»  fairly  transparent  ihc  bones  are  \cry  much  more  opaque     Thus 
if  a  lul)C  producing  Kdntgcn  rays  is  placed  above  the  hand  while  a  photo- 
Kiaphir:  plalc  ii  placed  Iwlow  the  liard,  ll)e  rays  will  pass  through  the 
rtc»li  of  ilic  hand  and  will  act  on  ihc  plate.     The  bones,  however,  will 
•lop  the  riiys,  tiiu\  hrnrc  those  parts  of  the  plate  within  the  shadow  of  j 
lite  Iwnrn  will  <»nly  l»c  slightly  aflcctcd,  and  on  developing  the  plate  a 
•Imildw  of  ilic  lH)ncH  of  the  Imnd  will  l>e  obtained.     Such  a  photograph 
i»  shown  ill  Kig.  539.  ;*"d  it  will  \iq  observed  that  the  l>ones  arc  much  , 
rnorr  opaqdo  lliuii  the  ftc^li.      Instead  of  using  a  photographic  plate,  a 
\hi\wt  b(  nrc-ii  wtm  li  l^  toait-d  with  one  of  the  salts  which  Huoresceb  < 


ihe  Rontgcn  rays  fall  cm  it  may  be  usctl,  when  the  sail  "ill  lluorrscc 
wlicre  the  rays  arc  iransinitietl  by  llie  llcsli,  but  utti  wbi  ru  ihe  i.iys  Ij;i\c 
I  been  absorbed  by  ilic  bones, 
aiul  so  a  dark  shadow  of  the 
bones  will  appear  on  the 
screen. 

No  conclusive  experimental 
evidence  as  to  the  nature  of 
the  Uonlgcn  rays  his  yet  been 
obtained.  It  is,  however, 
probable  that  they  are  of  the 
nature  of  a  wave  distuHwnce 
in  the  elhcr,  the  wave-lenylli 
being  very  small  compared 
wilh  that  of  blue  liglil.  J.  J. 
Thomson  has  shown  that 
waves  which  wotild  have  the 
same  proi)erlies  as  the  Kontucn 
rays,  in  that  they  would  not  l>c 
refracted  or  show  interference, 
would  l>e  produced  in  the 
ether  if  we  suppose  that  the 
kathode  rays  are  really  ncj,'a- 
tivcly  charjiied  particles  which 
strike  the  body  which  is  pro- 
ducinj^  the  rays.  The  disturb- 
ance prwluccd  would  not  be  so  much  a  wave  motion  as  a  single  wave 
or  impulse  which  would  travel  uut  thrnuj^h  the  medium. 

565.  Mechanical  Effects  produced  by  the  Kathode  Rays.  - 

Cruokcs  has  shown  that  when  the  kalliodc  ravs  fall  uii  a  small  wheel 


FiO.  53^ 


Fig.  540. 

with  vanes,  such  as  is  shown  in  F\^.  $40,  in  such  a  way  that  the  rays 
■only  strike  the  vanes  on  one  side  of  the  axis  of  the  wheel  this  latter  will 
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rotate.  By  deflecting  the  rays  with  a  magnet  so  ns  to  strike  the  var>cs 
rtrst  below  ilic  axis  and  iheii  above,  the  wheel  can  be  taused  lo  mtaie 
in  cither  direction.  Il  is  not  certain  that  this  mlation  is  really  due  to 
the  momentum  of  the  charged  panicles  of  gas  shot  out  from  the  kathrxle, 
and  il  has  been  suggested  that  it  is  due  to  :>econdary  tlicniial  effects 
pro<iuccd  by  heat  developed  in  the  vanes  due  to  the  impact  of  the 
kathode  rays. 

666.  Distribution  of  Potential  along  an  Exhausted  Tube 
during  the  Passage  of  a  Current.— When  a  current  is  passed  through 

a  metallic  conductor  liic  fall  o("  pjieniial  between  any  two  points  on  the 
wire  is  proportional  to  the  current  passing  and  if  the  wire  is  uniform 
the  fall  of  potential  al*)ng  the  wire  will  also  be  uniform.  In  the  case 
of  an  electrolyte,  while  the  fall  of  potential  along  the  electrolyte  is  uni- 
fonu,  yet  in  the  cases  wlicre  there  is  polarisation  at  the  electrodes  an 
abrupt  change  of  potential  takes  place  at  the  surface  of  separation  of 
tlie  lujuid  and  the  electrodes.  In  the  case  of  the  passage  of  electricity 
through  a  gas  in  a  rarefied  condition  in  a  tulx:,  such  as  that  shown  in 
Fig.  533,  the  potential  gradient,  that  is,  the  dilTcrencc  of  potential  wliieh 
is  shown  between  two  auxiliary  electrodes  fixed  between  the  kathode 
and  anode  divided  by  the  distance  between  these  electrodes;,  varies 
grcaily  from  one  part  of  the  tube  to  another.  Furtlier,  in  the  positive 
column  the  potential  gradient  is  almost  independent  of  the  strength  of 
the  current  passing  tnrougli  the  gas.  The  greater  part  of  the  fall  «if 
potential  which  occurs  between  the  anode  and  the  kathode  occurs  in 
the  immediate  neighbourhood  of  the  kathode.  Although  experiments 
on  this  point  arc  subject  lo  cun^itlcrablc  question  as  to  what  they 
really  represent,  ilicy  seem  lo  indicaie  that  a  considerable  poteniLil 
difTerence  is  necessary  lo  cause  the  char^jed  particles  *if  a  gas  to  give 
up  their  charges  10  a  cold  metal  electrode.  If,  however,  the  electrodes 
are  raised  lo  a  white  licat  the  passage  of  electricity  from  the  gas  !o 
the  electrodes  seems  to  be  very  much  facilitated.  Thus  in  the  arc  dis- 
charge, where  the  carbons  are  in  air  at  a  very  high  temperature,  the 
potential  diflTcrcnce  necessary  to  continue  the  discharge  througii  ihc 
air  is  comparatively  small  compared  with  what  would  be  necessary  to 
cause  a  discharge  between  cold  electrodes  which  are  separated  by  the 
same  distance. 

667.  Gaseous  Dissociation. ~ It  is  found  that  when  a  spark  is  passed 
l)ctwecn  two  electrodes  in  air  at  atmospheric  pressure  the  potcntiiU  vt- 
quired  to  start  a  spark  between  the  elertroiles  is  very  much  greater  than 
that  necessary  lo  continue  to  force  a  discharge  between  the  cledrwlrs. 
This  can  very  clearly  Ik;  shown  by  means  of  the  arrangement  shown  in 
F'tf-  54''  A  large  Lcydcn  jar,  A,  is  connected  with  a  circuit,  in  which 
are  placed  two  spark  gaps,  C  and  i>.  A  small  jar,  11,  is  connected  with 
a  circuit,  which  includes  one  of  these  spark  gaps,  r».  If  now  the  jar  A  •« 
charged  up  to  such  a  potential  tliat  the  discharge  is  not  able  to  pass  ovcr< 
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tlie  two  sfxirk  gaps  in  its  circuit,  then  on  passinjkf  a  small  spark  across  the 
ijap  l.«.  llie  resistance  of  this  y;ip  will  be  so  much  reduced  by  the  passage 
of  this  spark  that  its  resistance,  together  with  ihal  of  the  yap  C,  is  no 
longer  able  to  support  tlie  difference  of  p<^iential  with  which  the  jar  A  is 
charged,  and  so  a  spark  will  occur 
at  c  and  at  n  due  to  A. 

This  efTect  has  l>een  accounted 
for  by  supposing  that  Ixrforc  an 
electric  discharjjccan  pass  through 
a  gas  some  of  the  molecules  of  iIjc 
gas  must  be  broken  up  into  ions, 
that  is,  dissociated.  The  yrcat 
initial  difference  of  jxHcnlial  re- 
quired 10  cause  the  passage  of  the 
discharge  is  supposed  to  Ix:  due 
to  llie  fact  that  a  considerable  electromotive  intensity  U  necessary  to 
produce  the  dissociation  of  the  gas.  The  dissociation  being  once  pro- 
duced it  is  supposed  that  an  appreciable  lime  is  required  for  the  dis- 
sociated ions  either  to  recombine  or  to  diffuse  away  from  the  spark  gap, 
and  so  the  electromotive  force  necessary  to  p;iss  a  discharge  is  reduced, 
since  it  has  not  to  do  tlie  work  of  dissociation.  That  there  is  at  any  rale 
some  truth  in  this  view  is  probable  from  the  experimental  fact  that  it  is 
possible  to  blow  out  an  arc,  that  is,  if  fresh  undissociated  air  is  blown 
between  the  elcctro<Ies,  the  ptXcniial  difference  which  was  sufficient  to 
maiutiuti  a  discharge  when  the  dissociated  air  was  allowed  to  remain 
between  the  electrodes  will  no  longer  \yc  sufficient  to  dissociate  the  fresh 
air.  This  view  is  further  supported  by  some  photographs  of  a  spark 
taken  by  Feddersen  with  a  rotating  mirror,  when  a  current  of  air  was 
passed  between  the  electrodes. 

The  first  sparks  are  straight,  and  stretch  straight  from  one  electrode 
to  the  other,  while  the  later  sparks  are  blown  away  in  the  middle  in  the 
direction  of  the  current  of  air  as  shown  in  Fig.  542.  It 
would  thus  seem  that  the  air  first  becomes  dissociated 
along  the  line  of  maximum  electromotive  intensity,  and 
this  dissociated  air  being  carried  away^  with  the  air 
current,  the  spark  prefers  to  pass  along  the  path  of  this 
already  dissociated  air,  although  it  is  longer,  than  to 
dissociate  a  fresh  quantity  of  air.  This  fact  that  the 
air  requires  a  considerable  electromotive  intensity  to  cause  dissociation, 
but  that  once  dissociation  is  produced  only  a  comparatively  small  dif- 
ference of  potential  is  required  tti  keep  up  the  discharge,  has  received  a 
very  interesting  application  at  the  hands  of  Hertz,  who,  as  we  shall  see 
later,  has  by  this  means  been  able  lo  show  exjxirinicntally  that  light 
really  consists  of  an  electro-magnetic  disturbance  in  the  ether,  as  had 
been  predicted  by  MaxwclL 
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A  S4ib^(  which  seems  to  have  coosiderahle  beArin^  oo  this  paint  is, 
the  passage  of  elcctririty  thn>iJ>;h  hot  ifa&es.  When  the  tempera  lore  of 
a  }(»»  is  raisetl  to  that  which  coTrespomls  to  a  red  beat  in  a  solid,  t}ic 
cicctiomolive  intensity  necessary  to  produce  the  passage  of  a  discharge 
is  very  much  rcduccA  The  dcjjrcc  with  which  hot  gases  conduct  elec- 
tricity is,  however,  very  difTerent  for  different  gases.  Thus,  such  gases 
as  air,  nitrogen,  and  hydrogen  only  condtict  very  feebly  even  at  a  high 
teniperalure,  so  t>tat  a  charged  body  when  surrounded  by  these  gases 
l(»ftes  its  cl.argc  only  very  slowly,  and  this  loss  seems  to  be  due  solely  lo 
a  convedive  ai^tion.  These  gases  are  Tho«>c  which  are  known  not  to 
be  easily  dissociated  when  healed.  Gases,  on  the  other  hand,  such  as 
iodine  and  hydriodic  acid,  which  are  known  from  experiments  on  their 
density  at  high  temperatures  to  dissociate  into  utoms,  conduct,  when 
hcateil  to  such  temperatures,  with  compar;itive  facility.  In  the  case  of 
other  gases  such  as  ammonium  chloride,  which,  although  ihey  dissoc'taie 
when  heated,  do  not  split  up  into  atoms  but  into  simpler  molecules  (in 
ihc  case  of  N  H|C1  into  a  molecule  of  ammonia,  N  H,,  and  a  molecule  of 
hydrochloric  acid,  HCI),  the  conductivity  when  hot  is  only  very  slight. 
It  would  appear  from  this  consideration  that  the  passage  of  electricity 
through  a  gas  can  only  occur  when  tliere  are  free  atoms  present  to  carry 
the  charge. 

The  passage  of  electricity  through  a  gas,  even  at  a  low  temperature^ 
is  very  much  facilitated  if  the  kathode  is  exposed  tu  ultra-violet  light 
This  cflTect  seems  to  be  due  lo  the  production  of  dust  in  the  surrounding 
gas  by  the  disintegration  of  the  negatively  electrified  electrode  under  th« 
influence  of  the  ultra-violet  light. 

The  passage  of  elcctririty  through  a  gas  is  also  very  much  facilitated 
if  the  air  between  the  electrodes  is  traversed  by  the  Riintgcn  rays.  A 
gas  which  has  been  exposed  to  the  action  (tf  the  rays  retains  its  property 
of  conducting  electricity  for  a  considerable  time  after  the  rays  have 
crase<l  to  pass.  T!)c  k^s  may  also  be  passed  through  a  considerable 
length  of  glass-tube  without  losing  its  proj)erty  of  conducting.  It  ap- 
pears, therefore,  that  the  Rontgen  rays  have  the  power  of  ionising  the 
molecules  of  the  gas. 

668.  Differences  between  Positive  and  Neg-atlve  ElectriDca- 
llon.  —There  arc  a  number  of  differences  Ijelwccn  the  appearances  pre- 
sented by  the  two  electrodes  when  a  discharge  passes  through  a  gas,  to 
»ornc  of  which  we  have  already  alluded.  Thus  in  air  at  atmospheric 
pressure  the  sparks  generally  start  from  one  point  on  the  negati>'e 
electrode,  while  they  spread  over  a  considerable  surface  of  the  positive 
clectrtHlc,  and  in  the  branched  spark  all  the  branches  always  point 
towards  the  negative  electrode.  In  an  exhausted  lul>e,  as  we  have  seen, 
the  appearances  at  the  two  electrodes  differ  in  a  most  marked  manner. 
There  are  other  differences  between  positive  and  negative  electrifica- 
tion.    Thus  a  piece  of  bright  linc,  when  illuminated  by  ultra-violet  light, 
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loses  u  ncKalivc  charge,  while  it  i^  able    to   reiaixi   u   pobitivc  i.hurge 

umlcr      these      conditions. 

When    a   brusli    discharge 

is   fonncd   at   a    point   tlic 

potential  will  bo  greater  if 

the  ptiint  is  positivi-Iy  elec- 
trified than  if  it  is  nega- 
tively clectrifietL 

'ITic  most  striking  differ- 
ence is  obtair.ed  if  a  dis- 
charge is  produced  Ix-lween 

a  charged  conductor  and  the 

surface  of  a  nt»n-conductor 

(in  the  surface  uf  which  some 

badly   conducting    fnjwder, 

such    as    lycopodium,    has 

been  strewn,  or  on  to  the 

surface   of  a  photographic 

dry-plutc.    The  appearance 

when  l)m  conductor  is  posi- 
tively electrified  is  shown  in 

Kig.  543,whiIcinKig.  544ihe 

appearance  when  the  conductor  is 

negatively  electrified  is  given,  and 

il  will  be  seen  ihal  ihe  diflfereiice 

is  most  marked.     The  explanation 

of  these   difTcrenccs  has    not    yet 

been    given,   and    although    there 

arc  many  other  facts  which  seem 

to  have  a  bearing  on   this   most 

fascinating     branch     of     physics, 

space    will     not     permit     of    our 

de;iling  with  them  in  th»se  pages. 

The  reader  who  wishes  t4>  pursue 

the    subjcci    further   will    find    a 

very    complete     account     of    the 

work    which    has   been    done    in 

this  subjcci  in  Professor  J.  J. 
.  TTiomson's  '*  Recent  Researches 
I        in    Electricity    and    Magnetism," 

I        and  also  in  a  volume  by  him  on  "The  Passage  of  Electricity  through 
I       Gases." 
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PART    IX.— MAXWELL'S    ELECTRO- 
MAGNETIC  THEORY 


CHAPTER  XIX 

TRANSFERENCE    OF    ELECTRO-MAGNETIC    ENERGY    ANP 
MAX\VELL*S  ELECTRO-MAGNETIC   THEORY  OF  LIGHT 

569.  Poynting"'s  Theory. — We  have  seen  how,  according  to  the  views 
of  Faraday  and  Maxwell,  if  /•"  is  the  strenjjtli  of  the  electrostatic  field  at  a 
jfiven  point,  and  A'  the  specific  inductive  capacity  of  the  medium,  th« 
energy  stored  up  in  each  unit  of  volume  of  the  dielectric  at  the  giv-cji 
point  is  eiiua!  to  AY*'\8ir.  It  can  also  be  shown  that  in  the  same  way  the 
eneryy  stared  up  in  each  unit  of  vohune  of  a  medium  of  which  the  per- 
meability isMHl  a  point  of  a  magnetic  field  where  the  strength  of  the  field 
is  //",  is  e<|ual  to/i/Z'^Sn-.  Hence  the  electric  and  magnetic  cnerjjy  per 
unit  volume  of  a  medium,  which  is  the  scat  of  both  electro-static  and 
magnetic  forces,  is  A'/''^/8jr+/i//V8»r. 

Suppose  a  coitdcnser,  ah,  Fig.  545,  is  charged  so  that  the  plate  A  is  I 
positive,  then  tubes  of  force  will  stretch  from  the  plate  A  lo  the  plate  a 

The  greater  propor- 
tion of  these  tubers 
will  stretch  across 
the  space  between 
the  two  plates,  so 
that  most  of  the 
energy  due  to  the 
charge  will  be  stored 
up  in  the  dielectric 
between  the  plates. 
The  whole  energy 
is  in  this  case  in 
the  fonu  of  electro- 
static strain  in  the 
medium,  since  there  is  no  clcctro-magnctic  force  prtHluccd  in  the  ntedium. 
If  the  plates  of  the  condenser  are  connected  by  a  conducting  wire,  which 
we  may  suppose  of  very  great  resistance,  so  that  the  condenser  takes  an 

prcciablc  time  lo  discharge,  this  wire  will  be  tiavcrscd  by  an  electric 
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current,  and  .11  ilic  same  liinc  ihc  dJlTcrencc  of  potential  l>etween  the 
platen  of  the  condenser  will  diminish.  During  the  passage  of  the  elec- 
tricity ihroiiKh  the  wire,  lltcre  will  be  produced  an  eleclro-ma>,'netic  field 
in  its  neighlx>urho<Ki,  that  is,  the  surroundinjif  medium  will  possess  energy 
due  tn  the  majpietic  strain  set  up.  Also  the  passajjc  of  the  electricity 
will  be  accomj^wnied  by  the  prwluction  of  heat  in  the  wire,  according  10 
Joule's  law.  When  the  discharge  is  complete,  the  whole  of  the  energj* 
which  was  originally  stored  up  as  electro-static  strain  of  the  medium 
between  the  plates  of  the  condenser  will  have  l>een  converted  into  heat 
in  the  connecting  wire.  During  the  process,  however,  a  certain  pro- 
portion will  have  existed  in  the  medium  surrounding  the  wire  in  the  fonn 
of  cnerg)'  of  the  magnetic  field,  although  it  also  finally  becomes  changed 
into  heat  in  the  wire.  An  interesting  tiuesiion  now  arises  as  to  the  way 
in  which  the  energy  travels  from  the  medium  between  the  plates  to  the 
wire.  I'oynting  has  shown  thai  the  energ>'  travels  through  the  medium 
separating  the  plates  and  surrounding  the  wire,  and  that  the  paths  along 
which  the  energy  moves  are  the  intersection  of  the  equii>otential  surfaces 
of  the  electro-static  and  the  electro-magnetic  fields.  Thus  in  the  case 
of  the  condenser  discharging  through  the  wire,  the  tubes  of  force  are 
sup|)oscd  to  spread  out  from  the  space  V>etween  the  plates,  the  ends  of 
the  tubes  reiTiaining  on  the  plates.  These  tul>es  will  meet  the  wire,  and 
when  they  do  this,  they  will  be  broken  up  and  the  energy  which  each 
contained  will  be  delivered  to  the  wire,  whnrc  it  will  appear  as  heat. 
The  breaking  up,  or  rather  absorption,  of  each  tulie  by  the  wire  will 
allow  another  lube  to  expand  from  the  spa<:c  between  llie  plates.  For 
each  lul>c,  since  it  exerts  a  lateral  compression  on  the  inside  ttibes,  will 
tend  to  prevent  their  leaving  the  space  between  the  plates.  The 
absorption  of  a  lube  by  the  wire  will  reduce  this  lateral  pressure 
exerted  on  the  inside  tubes,  and  hence  more  tubes  will  be  able  to  swell 
out  from  the  space  between  the  plates. 

On  l^oyniing's  theory  the  energy  which  is  transmitted,  say,  along  a 
telegraph  cable  is  not  transmitted  along  the  conducting  wire  but  througli 
the  insulating  sheath,  the  object  of  the  wire  lieing  10  direct  the  path  along 
whi(  h  the  energy  travels. 

The  telegraph  cable  may  be  regarded  as  a  wire  surrounded  by  a  con- 
centric conductor,  the  sheath,  the  interspace  being  filled  with  a  dielectric. 
When  the  wire  is  positively  electrified  and  the  sheath  negatively  by 
connecting  the  wire,  say,  to  the  positive  plate  of  a  charged  condenser, 
the  negative  plate  being  put  to  earth,  that  is,  connected  to  the  sheath, 
lubes  of  force  will  stretch  across  from  the  wire  to  the  sheath.  These 
tubes  will  travel  forward,  each  carrj'ing  its  share  of  electrical  energy.  If 
we  suppose  the  thickness  of  the  insulating  covering  to  remain  the  same 
throughout,  then  the  length  of  the  tubes  of  force  will  remain  the  same  as 
they  travel  onward.  The  difference  of  potential  between  the  ends  of 
each   tul>e  will,  however,  diminish  as  the  lube  advances,  acct>rding  to 
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Ohm's  law.  Since  the  difference  of  poieniial  between  the  wirt  and  the 
sheath  decreases,  the  work  which  would  have  to  be  done  to  carry  iiuii 
chaise  from  the  neighbourhood  of  the  wire  to  that  of  the  sheath  will  de- 
crcasct  and  since  the  distance  lictwccn  the  twn  is  suppijsed  to  rcmAiD 
the  same,  it  must  follow  that  the  force  actinia  gn  the  unit  char^  will 
also  diminish,  that  is,  the  strength  of  the  field,  /',  beiwcen  the  wire 
am!  the  sheath  will  decrease  as  we  go  from  the  sending^  end  of  the  cable. 
Now  we  have  seen  that  the  energy  contained  in  unit  length  of  each 
tube  of  force  is  equal  to  Flz.  Hence,  since  the  length  of  the  tubes 
remains  constant  and  /•'  decreases,  the  quantity  of  energy  contained  in 
each  lube  will  drcre;isc  as  the  lube  travels  away  from  its  starting-point. 
The  iwssage  of  the  current  through  the  wire  and  sheath  is,  we  know, 
acr«n>panird  by  the  conversion  of  a  certain  proportion  of  electrical 
energy  into  heat,  and  this  decrease  in  the  electrical  energy  of  each  tube 
as  it  ir.kveU  alon^  represents  the  loss  of  energy  in  the  conductor,  accord- 
ing to  joule's  law. 

Sinc-c  the  electro-static  lines  of  force  are  radial,  the  clectTD-static 
cqtiipotcntial  surfaces  will  be  cylinders  which  arc  concentric  wth  the 
wire  and  the  sheath.  The  magnetic  lines  of  force  are  circles  with  the 
wire  as  centre  and  in  planes  at  right  angles  to  the  length  of  the  wire,  so 
that  the  magnetic  equipotential  surfaces  are  planes  which  pass  ihmufrh 
the  wire.  The  intersection  of  the  two  sets  of  equipotential  surfaces  will 
>>c  hnrs  which  are  parallel  to  the  axis  of  the  wire,  and  it  is  along  these 
lines  that  the  energy  travels  out  from  the  batteiy  at  the  sending  station 
to  the  distant  end  of  the  telegraph  cable. 

The  supposition  that  the  electro-static  equipotential  tubes  are  cylinders 
of  which  the  axis  of  the  wire  is  the  axis  is  not  quite  injc,  for  as  we  go 
away  from  the  scndmg-(>oini  the  difference  of  potential  between  the 
wire  and  ihc  sheath  will  decrease  by  <>hm's  law,  so  that  the  numlier  of 
equipotential  surfaces  included  between  the  wire  and  the  sheath  must 
decrease,  the  surfaces  being  supposed  to  l>c  drawn  for  a  given  difTermre 
of  potential  lK.'twccn  consecutive  surfaces.  The  result  is  that  the  equi- 
potential surfaces  are  really  fmstra  of  rone*.  These  cones  will  interseri 
the  wire  and  the  sheath  at  intervals  along  the  cable,  and  it  is  along  the 
lino  of  intersection  of  such  a  cone  with  the  magnetic  equipotential  sur- 
faces that  the  electrical  energy  travels  which  enters  the  wire  or  sheath 
and  is  converted  into  heat.  If  the  wire  and  sheath  were  comprised  of 
conductors  of  zrro  rrsistanre  there  would  l>c  no  fall  of  potential  along 
the  wire,  an<l  in  this  rase  the  elcctm-staiic  equipotential  surfaces  would 
nowhere  intersect  either  the  wire  or  the  sheath,  so  that  no  elf^clrical 
energy  would  travel  into  the  wire  or  sheath,  and  hence  no  heat  would 
be  generated. 

When  a  current  is  flowing  in  a  circuit,  say  a  coil,  the  space  surround- 
ing the  roil  will  l>e  a  magnetic  field,  and  hence  there  will  Iw  a  certain 
amotmt  of  energy  stored  up  in  this  magnetic  field.     If  now  the  cnrrenc 
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is  Slopped  the  magnetic  field  will  cease  to  exist,  and  the  question  arises, 
wliat  becomes  of  the  energy  which  was  stored  up  in  the  field?  This 
ener^'^y,  if  the  circuit  is  at  a  distance  from  other  circuits,  returns  to  the 
circuit  and  gives  rise  to  the  in<lut:cd  current  within  the  circuit  which 
is  produced  when  the  current  is  stopped.  Thus  the  phenomenon  of  self- 
induction  (§  518)  is  due  to  the  return  to  the  circuit  of  the  energy 
which  during  the  passage  of  the  current  is  stored  up  in  the  magnetic 
field  produced  by  the  current.  When  a  current  is  started  in  a  circuit, 
some  of  the  energy  of  the  battery  employed  to  send  the  current  is  used 
up  in  providing  the  energy  of  the  magnetic  field.  When  a  second 
circuit  is  near  the  circuit  in  which  the  current  is  flowing,  on  stopping 
ihii  current  some  of  the  energy  of  the  magnetic  field  will  soak  into  this 
neighbouring  circuit  and  will  produce  in  it  an  induced  current, 

570.  Magnetic  Force  caused  by  the  Motion  of  Electro  static 
Tubes  of  Force.— We  have  seen  that  when  electricity  m<»ves  from  one 
part  of  a  conductor  to  another,  that  is,  when  a  current  passes  through  a 
conductor,  that  a  magnetic  field  is  produced  in  the  neighbourhood  of  the 
conductor  in  which  the  electricity  is  moving.  It  might  be  conceived  tliat 
the  magnetic  field  produced  in  this  way  by  the  movement  of  electricity 
was  due  to  some  special  property  of  the  electricity  when  it  is  moving 
from  one  part  of  a  conductor  to  another.  When  a  conductor  is  charged 
with  electricity,  the  electricity  being  at  rest,  the  space  surrounding  the 
charged  body  is  in  such  a  condition  that  electro-static  forces  arc  set  up, 
that  is,  it  is  an  electro-slalic  field.  In  the  last  section  wc  have  seen  how 
the  passcigc  of  an  electric  current  through  a  wire,  which  for  siniphcity  we 
took  double  so  that  the  outgoing  nnd  return  were  close  together  (it  must 
be  remembered  that  there  must  always  be  a  return  ;  it  may  be  at  a 
considerable  distance  from  the  portion  of  the  circuit  we  are  immediately 
considering,  but  it  is  there  nevertheless),  is  accompanied  by  the  motion 
of  the  electro-static  tubes  of  force  through  the  medium  between  the  wires. 
Since  by  the  motion  of  electricity  in  a  conductor  which  is  .iccompanied 
by  the  motion  of  the  tubes  of  cleriro-static  force,  or,  r»s  we  may  call  them, 
the  Faraday  iul)cs,  to  distinguish  them  from  the  lubes  of  magnetic  force, 
magnetic  forces  are  set  up  in  I  he  dielectric  surrounding  the  conductor, 
the  question  arises,  would  maynclic  forces  be  set  up  in  the  same  way  in 
the  surrounding  dielect/ic  if  we  were  to  cause  the  motion  of  Faraday 
tubes  ihrouuli  the  dielectric  by  moving  the  bo<ly  on  which  a  charge 
exists  ?  Tl»us  suppose  we  consider  two  metal  plater,  placed  parallel  10 
one  another  in  air,  one  rh.irged  positively  and  the  other  negatively. 
The  Faraday  tultes  will  then  stretch  across  from  the  positive  plate  to 
the  negative  platf,  and  in  the  space  between  the  plates  we  have  ;in 
clectro-slatir  field  ;  but  as  long  as  the  charges  on  the  plates  are  at  rest 
there  will  be  no  magnetic  field.  Stippose  now  the  two  plale^i  are  moved 
parallel  to  their  own  plane  and  at  llie  same  speed,  then  the  tiil>es  will 
^L  not  move  with  reference   to  the  charged    plates   but   they  will   sweep 
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ihruugh  the  air  whicli,  owint;  to  ihc  moiion  of  the  plates,   wil!  jwiss  ] 
through  the  space  between  the  plates.     In  this  case,  then,  wc  have  prtv- , 
duccd  a  motion  of  the  Faraday  tubes  with  reference  to  the  diclcciric  (air)  J 
without  any  motion  of  electricity  on  conductors,  and  ific  question  arises,  I 
will  the  air  lietwecn  llic  plates  in  which  the  Faraday  tubes  are  moving  ] 
be  the  seat  of  a  majjnetic  field,  as  it  certainly  would  be  if  the  motion 
of  the  lulics  were  going  on  owing  to  the  motion  of  electricity?     This  j 
question  was  answered  by  Rowland,  who  found  by  experiment  that  a 
magnetic  field  was  produced  by  the  motion  of  the  tulies  caused  by  the 
motion  of  tlie  charged  body  with  reference  to  the  dielectric.     Sini.c  ihi*'] 
experiment  shows  that  magnetic  force  can  be  protluced  by  the  motion  of  J 
Karaday  lul>cs  through  a  medium,  it  seems  only  legitimate  to  suppose] 
that  in  every  rase  the  production  of  a  magnetic  field  by  a  current  is  due 
to  the  moiion  of  the  Faraday  lubes,  which  is  always  going  on  when  such 
a   magnetic   field   exists.     If  we   adopt   Ampere's   hypothesis   thai  the 
magnetism  of  permanent  magnets  is  due  to  currents  which  circulate  in 
the  molecules  of  the  iron,  then,  since  these  currents  must  be  accompanied  i 
by  the   moiion   of  Faraday  tulx^s,  in  this  case  also  the  magnetic   field] 
produced  can  be  considered  as  due  to  the  moiion  of  these  lubes. 

Although  to  gfi  into  this  subject  any  further  would  lead  us  boyonctl 
the  scope  of  this  work,  we  may  mention  that  Professor  J.  J.  Thomson  h.!*] 
shown  how  the  various  [ihcnomena  of  the  magnetic  field  can  be  expl.iined,  I 
if  we  suppose  that  the  motion  of  the  Faraday  tubes  produces  a  majfnetic] 
field  tlie  direction  of  which  is  perpendicular  l>oth  to  the  length  of  ihe| 
tube  and  to  the  direction  in  \\hi*  h  the  lube  is  moving, 

671.   Displaeetnent  Currents.— When  an  electromotive  force    orJ 
difference  of  potential  acts  Ijctween  two  points  of  a  conductor,  then  al 
motion  of  electricity  is  produced   in   the  conductor,  that   is  to  say,  a  I 
current  is  produced.     If  the  conductor  is  an  electrolyte,  then  a  current  I 
is  prmluced,  but  while  there  will  be  a  certain  amount  of  energy  converted 
into  heat,  at  the  same  time  the  passage  of  the  current  will  be  accom- 
panied by  certain  chemical  changes.     In  both  of  these  cases  the  passage  J 
of  the  current  will,  if  wc  leave  out  of  consideration  opposing  E.M.F.^sI 
produced  by  polarisation,  continue  as  long  as  the  difference  of  potrntiat 
is  maintained.      In  the  case  of  a  difference  of  potential  being  producril 
between  two  points  in  a  dielectric  the  circumstances  are  quite  different, 
for  in  this  case  no  current  passes  through  the  dielectric,  neither  does  any 
chemical  change  take  place. 

As  we  have  seen,  however,  the  dielectric  is  evidently  in  a  state  off 
Strain,  for  it  has  become  doubly  refracting,  while  the  fact  that  if  the  f 
difference  of  potential  exceeds  a  certain  value  a  spark  passes,  shows  that 
the  medium  cannot  support  an  indefinitely  g^rcat  electric  slrvss. 

In  order  to  account  for  the  different  properties  of  dielectrics.  Maxwell 
supposed  that  when  a  dielectric  is  subjcctetl  to  an  electromotive  force, 
that  is,  to  an  electrical  stress,  a  displacement  of  electricity  takes  place  in  I 
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the  dielectric  in  tlic  direction  of  the  electrical  sircss»  but  that,  unlike  what 
is  the  case  with  rnmlticlors,  a  dielcrdic  is  able  to  continuously  support 
the  stress,  llu*  rorrespomlinj^  strain  In^inj^  tlic  dii.pl;iceu)i*nl  of  pcl^itive 
rlccliiriiy  in  ihc  ilirrt(i»>n  of  the  t-lei  Iroinolive  forte  and  iie^jativc  elc<- 
iricity  in  the  opposite  direction  ;  the  differcnte  between  a  conductor 
and  a  dielectric  with  lefercncc  to  the  electric  stress  bein^f  similar  to  that 
between  a  liquid  and  a  solid  with  reference  to  a  sheering-  stress.  In  ihe 
solid  a  sheering  strain  is  accompanied  by  a  stress  which  opposes  the 
strain,  and  is  equal  and  opposite  to  the  strain.  In  the  case  of  a  liquid, 
however,  as  long  as  the  strain  is  changing'  there  will  be  a  certain  stress 
culled  inti)  play,  as  we  saw  when  considering  the  viscosity  of  li(|uids,  but  no 
pennancnt  strain  can  l>e  kepi  up,  so  thai  this  case  corresponds  to  that  of  a 
conductor  in  which  no  pemianeni  electrical  displacement  can  Ijc  kept  up. 

Let  A  and  B  be  two  parallel  metal  plates  forming  a  condenser. 
Consider  any  one  of  the  tubes  of  force  stretching  between  the  plates, 
then  this  lube  will  start  from  a  portion  of  the  plate  A,  containing  a  unit 
positive  charge,  and  will  end  on  a  portion  of  the  plate  B,  containing  a  unit 
negative  charge.  Now  Maxwell  supposes  that  the  charges  which  appear 
on  the  mei;d  plates  are  simply  the  manifestations  of  the  stale  of  strain 
existing  in  the  dielectric  contained  within  the  tube  of  force. 

Suppose  that  A  and  li  (Fig.  546)  are  the  two  plates  of  a  condenser, 
and  that  these  are  connected  by  a  wire,  w,  in  which  is  placed  a  source  of 
E.M.F.,  say  an  electric  batter>',  E.  Owing 
to  the  action  of  the  E.M.F.,  supi>osc  that 
a  quantity  of  electricity,  Q^  is  displaced 
along  the  wire,  so  that  A  becomes  posi- 
tively electrified  and  n  negatively  electri- 
fied. The  effect  of  these  electrifications  of 
A  and  B  will  be  to  produce  an  electro-static 
force  acting  from  A  to  It  in  the  dielectric 
between  the  plates.  Now  Maxwell  sup- 
poses that  this  force  will  produce  an  electric  displacement  within  the 
dielectric,  the  positive  electricity  bring  moved  from  A  towards  II,  and 
further,  that  if  we  consider  any  plane,  t:i>,  drawn  so  as  to  separate  the 
dielectric  between  the  plates  into  two  strata,  then  the  total  quantity  of 
rlcclricily  which  will  cross  this  plane  owing  to  the  displacement  will  be 
cqiml  lo  (2-  Hence  at  the  same  lime  that,  owing  to  the  E.M.I",  i:',  a 
quantity  nf  electricity,  Q^  is  forced  acaiss  every  cniss  section  of  the  wire,  W, 
an  et|T]al  quat;tity  of  eleciriciiy  will  be  forced  across  evciy  cross-section 
of  the  dielectric  If  the  E.M.V.  in  the  wire  is  removed  the  condenser 
will  discharge  through  the  wire  w,  and  while  (?  units  of  electricity  will  flow 
through  the  wire  from  A  to  Ii.  (2  units  will  also  cross  every  plane,  such  as 
en,  drawn  across  the  dielectric  in  the  direction  from  II  to  A.  Hence  the 
charge  and  the  discharge  of  a  condenser  niay  l>c  regartktl  as  the  motion  of 
electricity  in  a  dosed  circuity  just  as  is  the  case  when  we  have  to  do  with 
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circuits  wliich  are  romposcd  exclusivply  of  conductors.  The  iliffcreno 
of  the  two  cases  lies  in  the  fact  ihai  when  the  circuit  consists  of  con 
duclors  only,  the  resistance  \^ich  opposes  tlie  displacement  is  ind« 
pendent  of  the  quantity  of  electricity  which  has  been  displaced  througti 
the  circuit,  while,  when  a  portion  of  the  circuit  consists  of  a  dielectric,  iJ 
displacement  of  electricity  through  the  dielectric  is  accompanied  by  tlU 
manifestation  of  a  force  which  opposes  the  displacement,  and  which 
proportional  to  the  displacement  and  opposes  it.  The  movement 
electricity  will  therefore  go  on  in  the  circuit  till  the  opposing^  force  pn 
duccd  in  the  dielectric,  due  to  the  displacement,  will  Ijc  exactly  equa 
and  opposite  to  the  E.M.F,  which  tends  to  produce  a  current  in  ih 
circuit.  On  the  removal  of  this  E.M.F.,  then,  just  as  a  deformed  sprin 
on  the  removal  of  the  deforming  force  will  spring'  back  to  its  origina 
shape,  so  the  dielectric  elastic  force,  lieing  no  longer  opposed  by  tlu 
external  applied  defonning  force,  will  cause  the  springing  back  of  \\ 
electrical  displacement,  that  is,  will  cause  the  passage  of  a  current  in  lb 
circuit  in  the  opposite  direction  to  the  charging  current.  According  1 
Maxwell's  theory  of  electricity,  in  considering  the  magnetic  actions  whic 
accompany  the  charge  and  discharge  of  the  condenser,  we  must  includ 
not  only  the  actions  of  the  currents  which  flow  in  the  wire  W,  but  als 
the  niagnetic  effects  of  the  displacements  which  take  place  in  the  dielectric 
In  other  words,  magnetic  eficcis  may  be  produced  b(»lh  by  conducting 
currents,  such  as  wc  have  exclusively  considered  hitherto,  and  also 
displacement  currents  in  the  dielectric 

Let  us  now  consider  more  in  detail  the  effects  of  regarding  a  dielcctrd 
as  an  elastic  medium  in  which  a  stress,  due  to  the  action  of  electro-stalM 
force,  or  rather  induction,  produces  electrical  displacement.  Let  us  con 
sider  the  case  of  two  infinite  plane  conducting  plates  placed  parallel  t<i 
one  another  at  a  distance  d  apart.  If  u  is  the  charge  on  each  unit  of  area 
of  the  positively  charged  plate,  then  there  will  be  cr  lubes  of  force  starts 
ing  from  each  unit  of  area  of  this  plate.  Since  the  plates  are  infinite,  ih^ 
tubes  of  force  are  of  uniform  cross-section,  and  are  everywhere  at  rigJi 
angles  to  the  plates.  If  wc  consider  a  single  tube  of  force,  its  cros 
section  will  be  i/ir.  The  total  displacement  across  any  plane  drawfl 
between  the  plates  will  be  equal  to  the  charge  on  the  plates,  and  sincfl 
the  plates  are  so  large  that  the  effects  of  the  edge  may  be  neglected,  tb« 
displacement  through  each  unit  of  area  of  a  plane  drawn  parallel  to  th| 
plates  will,  at  any  rate  near  the  centre,  W  rqual  to  <r.  Now,  if  ihfl 
specific  inductive  capacity  of  the  dielectric  is  A',  the  force  acting  at  anj 
point  between  the  plates  will  be  ^najK.  Hence  the  stress  acting  to 
produce  clcctncal  displacement  is  4ff-o-/A*,  and  the  strain  produced  acrt>s4. 
unit  area,  that  is,  the  displacement  across  unit  area,  is  a.  Now,  whcd 
cornsidering  the  effects  of  a  stress  on  an  elastic  material  (§  122),  the  ratM 
of  the  stress  to  the  strain  was  called  the  elasticity  of  the  materiaL  Hear 
by  analogy  wc  may  call  tlie  ratio  of  the  electric  force  to  the  displaccmen 
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it  produces  the  cnefficient  of  elasticity  of  the  metlium.  Thus  the  electrical 
coefficient  of  elasticity  of  a  dielectric  is  equal  10  4Tr/A',  where  A'  is  the 
specific  inductive  capacity  of  the  mcdiuvi. 

The  reason  why,  although  displacement  takes  place  throughout  the 
mass  of  the  dielectric,  it  is  only  on  the  bounding  surface  between  the 
dielectric  and  a  conductor  that  an  electrical  charge  is  manifest,  is  similar 
to  the  reason  that  although  a  magnetised  bar  is  magnetised  throughout 
Its  mass,  it  is  only  at  the  ends  that  this  magnetism  is  evident.  Within 
the  mass  of  the  magnetic  material  the  opposite  magnetisation  of  adjacent 
portions  of  the  material  neutralise  each  other's  external  effect.  In  the 
same  way,  in  the  case  of  the  dielectric,  although  there  is  displacement 
throughout  the  mass,  yet,  since  the  displacement  in  any  small  portion  of 
the  medium  will  cause  it  to  become  electrified  positively  on  one  side  and 
negatively  on  the  other,  these  charges  will  not  produce  any  external 
effect,  since  the  neighbouring  portions  of  the  medium  will  also  be  electri- 
fied in  such  a  way  that  their  sides  turned  towards  the  first  portion  will 
exhibit  an  equal  and  opposite  elprtrifiralion. 

672.  Maxwell's  Eleclro-mag-netlc  Theory  of  Light.— Although 
Maxwell's  theory  ol  electrical  displacement  docs  not  in  any  way  attempt 
to  tell  us  what  electricity  is,  yet,  by  showing  how  the  ohsen'ed  facts  can 
l)e  accounted  for  by  ascribing  certain  cHstic  properties  to  the  medium,  it 
is  of  very  grexit  importance,  and  it  led  Mnxwcll  himself  to  the  impt)rtanl 
conclusion  that  it  must  be  possible  to  produce  waves  in  a  dielectric,  the 
periodic  disturbance  by  which  they  are  constituted  being  electric  dis- 
p  acement  currents  in  the  dielectric.  Further,  an  examination  of  the 
properties  of  such  waves  showed  that  tljcy  will  be  propagated  with  a 
definite  velocity,  this  velocity  liwing  that  with  which  light  is  propagated 
in  the  given  medium.  The  medium  in  which  the  waves  are  propagated 
is  not  matter,  for  electrical  forces  can  be  transmitted  through  a  vacuum, 
so  that  we  are  led  to  postulate  on  this  account  the  existence  of  an  ether 
which  pervades  all  space. 

Although  the  matter  is  not  the  medium  in  which  the  waves  are  pro- 
duced, there  is  no  doubt  that  the  presence  of  matter  does  influence  the 
velocity  with  which  the  electrical  waves  arc  propagated.  Now  when 
considering  the  propagation  of  light  we  have  been  led  to  similar  con- 
clusions, for  the  velocity  of  light  depends  on  the  nature  of  the  matter 
occupying  the  space  through  which  the  light  is  travelling,  and  since  light 
can  travel  through  space  where,  as  far  as  we  can  tell,  no  matter  exists, 
some  other  medium  besides  ordinary  matter  has  to  be  postulated.  I  lence 
what,  till  Maxwell's  time,  were  regarded  as  two  entirely  distinct  sciences, 
namely,  lij^ht  and  electricity,  lead  to  the  postulation  of  the  existence  of 
an  ether,  and  since  the  velocity  with  which  waves  of  electrical  disturbance 
travel  through  the  ether  was  found  by  Maxwell,  according  to  his  way  of 
regarding  the  plicnomcna,  to  l>e  the  same  as  the  velocity  of  light,  he 
naturally  concluded  that  the  two  phenomena  were  identical,  and  that 
that  which  we  call  light  js  really  due  to  the  passage  of  electrical  waves. 
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In  some  surh  way  was  Nfaxwelt  led  to  his  eleciro-m;ij^netic  iheon> 
whu  h,  wljcn  it  was  first  prn|Mjsefl,  received  hardly  any  siipp«tri,  !• 
r»ow  is  acrrptcd  hy  every  i>ne,  and  we  shall  now  proceed  i<j  review  vrrj 
briefly  somr  of  llie  evperitnenlal  evi<lcnce  in  siifiport  of  this  l]tri»ry. 

If  wf  consider  the  vibrations  M-t  up  in  a  sprinjj  which  i>cI;tinpcdM 
one  end,  it  is  evident  that  two  tonditiotis  have  to  l»e  fulfilled  iv^t  thc»c  li> 
lake  place.     In  the  first  place,  there  must  be  an  elastic  force  oUled  into 
play  when  the  sprinK*  is  l}ent,  tending  to  move  the  spring  back  into  its 
undeflectcd  position.     This  alone  is  not,  however,  sufficient,  for  unless 
the  sprinjT  possessed  inertia  it  would  not  possess  any  kinetic  cncry> 
when   it   reached   its    position   of  equilibrium,  and   therefore   would   D"I 
swin^f  past    this  position   against    the   elastic  forces   which    oppose   its 
motion.     In  the  electrical  case  wc  have  just  seen  how  a  consideration 
of  the  electrical  properties  of  dielectrics  has  letl  us  to  endow  them  with  i 
electrical  elasticity,  and  we  have  now  to  consider  what  evidence  there  is 
for  supposing;  that  electricity  possesses  snmething  of  the  nature  of  inertia,  j 
for  if  electriad  waves  are  to  occur  it  must  possess  such  inertia.     In  %  51$  j 
wc  saw  how,  when  wc  attempt  to  start  or  stop  a  current  in  a  circtjii,  orj 
more  generally,  if  by  any  means  we  attempt  to  alter  the  number  c/1 
mafnctic  lulx-s  of  induction  passing  through  a  circuit,  electrical  forces  j 
arc  called  into  play  which  lend  to  oppose  such  an  alteration.     Thus  thoj 
phenomena  of  self  and  mutual   induction  both  indicate  that  electricity  ] 
possesses  something  of  the  nature  of  momentum. 

I  n  the  case  of  a  moving  body  the  momentum  is  equal  to  the  produce  < 
the  mass  into  the  velocity,  that  is,  into  the  rate  of  change  of  the  posiiiofkl 
of  the  Ixxly,     1  he  force  which  produces  the  momentum  is  e<{ual  to  {liel 
rate  of  cliange  of  the  momentum,  that  is,  the  product  ai  the  mass  tntd 
the  acceleration  or  the  change  of  position  per  second  per  second. 

In  the  clcrirical  case  the  electromotive  force  necessary  to  chan^i^c  al 
current  flowing  in  a  circuit  is  equal  to  the  rate  of  change  of  the  induction," 
A,  through  the  circuit.     The  induction  through  a  circuit  is  equal  to  tl>r 
product  of  the  magnetising  force   into   the  permeability,  as  while   thcj 
magnetising  force  is  proportional  to  the  rate  of  change  of  the  clcclriralJ 
displ.icemcnt   in   the  circuit.      Hence  the  electrical   force   nrcessary  |« 
change  the  induction  ihrouj^h  a  given  circuit  is  proportional  to  the  pro-l 
duct  of  the  penncability  into  the  change  of  displacement   per  second! 
per  second.     Comparing  this  case  with  the  mechanical  case  cunsiderrdl 
atM>ve,  wc  see  that  permeability  in  the  electrical  case  plays  the  sjtme 
part  as  m;iss  does  in  the  mechanical  one. 

The  velocity  with  whtcli  an  undulator>'  (UsturKince  will  he  pro|-iagate<tl 
through  a  tnedium  being  equal  to  the  square  root  of  the  quotient  of  \Y0t\ 
elasticity  of  the  medium  by  the  density,  it  will  l>e  undeistn«»d,  fron*  wha 
has  l>een  said  above,  how  Maxwell's  expression  for  the  velocity,  v,  of 

electrical  waves,  v=^  \l  k-  '  '^  o*>taincd,  for  the  clasiiciiy  it>  proporiionalj 

4oi/A'(§57i). 
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We  have  seen  that  the  value  of  .  /   *  ,  as  obtained  from  a  comparison 

of  the  values  of  the  eleclro-slatic  units  with  the  correb[>omliiih'  elcciro- 
ma^'netic  ones,  was  equal  to  the  velocity  of  li^hi,  so  thai  this  formula  of 
Maxwell's  shows  thai  electrical  waves  will  travel  with  the  velocity  of  light. 

When  clcclrical  waves  are  passing  through  a  dielectric,  then,  at  any 
point  we  shall  have  an  elecincnl  displacement  produced  which  will  be  in 
a  direction  at  riyht  angles  to  the  direction  of  motion  of  the  waves.  The 
disj)lacenienl  will  occur  first  in  one  direction,  reach  a  maximum  value, 
gradually  decrease  to  zero,  and  tlien  become  ne^^ative,  and  so  on.  Tluia 
the  electrical  displacement  will  play  the  same  part  in  electrical  waves  as 
does  the  displacement  in  a  veitical  direction  of  llic  water  particles  in  a 
water  wave.  As  we  have  seen,  the  displacement  wiihin  a  dielectric  is 
accompanied  by  a  stress  which  opp«tses  the  displacement,  and  this  stress 
ptays  the  same  part  as  the  action  of  gravity  in  the  case  of  water  waves. 

SupjKJSC  we  consider  a  cylindrical  portion,  ab  (Fig.  547),  of  a  medium 
through  which  electrical  waves  are  passing,  the  direction  in  which  the 
waves  are  moving  being  at  right  angles  to  the  axis  of  the  cylinder  and 
as  shown  by  the  arrow.  As  the  waves  (jabs,  the  elurtrical  displacumcuis 
in  the  cylinder  Alt  will  Uike  place  parallel  to  the  axis, 
that  is,  at  right  angles  to  the  direction  of  motion  i»f  the 
waves.  The  sense  of  the  displacement  will  l>c  iiller- 
nately  in  the  direction  \\\  and  in  the  direction  UA.  Now 
a  displaiemeut  in  ihc  direction  Ai:  will  proikice  tlie 
same  magnetic  field  as  a  current  in  the  cylinder  froni 
A  to  u,  and  will  therefore  produce  a  system  of  magnetic 
lines  of  force  which  will  be  a  scries  of  circles  having 
their  centres  on  aii  and  lying  in  planes  at  right  angles 
to  AB.  Hence  the  wave  of  elcctro-staiic  displacement 
will  be  accompanied  by  a  wave  ^yi  n»ag"netic  force,  for 
when  the  displacement  changes  sign  the  direction  of 
the  magnetic  force  will  also  change  sign.  From  considerations  similar 
to  those  adopted  in  J5  273,  when  ronsidering  Huyghons's  construction  for 
the  wave-front,  it  will  he  evident  that  the  only  portion  of  the  line  of 
force  due  to  the  cylinder  Alt  that  will  produce  a  magnetic  field  will  t>c 
that  fwrtion  which  is  perpendicular  to  the  direction  of  motion  of  the 
wave,  thai  is,  the  portion  in  the  wave-front.  For  if  we  imag^ine  a  second 
cylinder  in  the  dielectric  alongside  ABj  then,  if  these  are  both  in  the 
wave-front,  the  displacement  currents  in  them  will  be  in  the  same  phase, 
and  hence  the  lines  of  magnetic  force  in  the  space  Ijctween  them  will  be 
in  the  opjMJsile  direction,  and  will  therefore  interfere  with  one  another. 
Hence  every  electrical  wave  will  be  accompanied  by  a  magnetic  wave, 
the  directions  of  the  electrical  displacement  and  the  magnetic  force  being 
at  right  angles,  but  both  being"  in  the  wave-front.  Since  it  is  impossible 
to  obtain  one  wave  without  the  other,  we  shall  often  speak  of  the  one 
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only  when  discussing  tlic  phenomena  ofelectro-mugnetic  waves;  it  must 
be  remembered  tliat  the  oilier  always  exists. 

A  somewhat  more  concrete  picture  of  the  condition  of  a  dielectric 
through  whith  eiectiic  waves  are  passing  may  be  formed  by  considering 
the  motion  of  Karaday  tubes. 

Along  each  Karaday  tul>e  there  exists  an  electrical  displacement,  and 
hence,  when  a  tube  moves  through  a  dielectric,  the  portion  of  the 
dielectric  which  at  any  given  instant  is  included  within  the  tube  is  the 
seat  of  an  electrical  displacement.  The  displacement  takes  place  in  the 
direction  of  the  lcn;;th  of  the  tube  and  towards  the  positive  end.*  Thus 
if  we  have  a  series  of  tubes,  such  as  those  shown  in  Fig.  548,  moving 

in    the    direction    of    the 
XX         %   %  arrow,    the    displacement 

produced  at  any  point 
within  the  dielectric  will 
-^  be  upwards  when  any  of 
the  tubes  which  have  their 
positive  ends  upwards  arc 
passing  the  point,  and 
downwards  whenever  one 
Fig.  548.  of   the    tubes    having    its 

negative  end  upwards  arc 
passing.  In  this  manner  of  picturing  the  passage  of  electrical  waves, 
the  accompanying  magnetic  field  is  that  which  wc  have  already  seen 
occurs  whenever  wc  have  motion  of  Faraday  tubes,  the  direction  of  the 
magnetic  field  l^ing  ai  right  angles  both  to  the  length  of  the  tubes  and 
to  the  direction  of  their  motion,  that  is,  at  right  angles  to  the  plane  of 
the  paper. 

Since  each  Faraday  lube  is  the  seat  of  a  certain  amount  of  energy 
stored  up  in  the  form  of  electrical  strain,  this  energy  will  be  carried 
forward  by  the  motion  of  the  lubes,  and  so  we  have  here  a  picture  of 
how  the  energy  corresponding  to  the  waves  travels.  Each  lube  behaves 
very  much  like  a  stretched  rod  of  mdia-rubbcr,  for  such  a  rod  would 
possess  energy  owing  to  its  strained  condition,  and  would  be  made  to 
do  work  while  regaining  its  unstrained  condition.  There  is,  however, 
this  important  difference,  that  in  ihe  case  of  the  rubber  the  ponion  of 
matter  which  is  in  the  state  of  strain  is  carried  f^[>^^v'ard.  In  the  elec- 
trical rase  it  is  otherwise,  for  the  strain  in  the  ether  is  handed  on  from 
one  portion  Ui  the  next,  and  at  present  the  nu'thanisni  by  which  this 
handing  on  is  performed,  as  well  as  the  nature  of  the  electrical  strain 

>  Of  toiirsc,  by  llu-  term  tlirtrction  of  the  ilisplacriiieiil.  we  nrfcr  to  itie  direction  of 
the  displacement  uf  positive  electricity,  'I'hcre  will  tic  a  displacement  of  negative 
eteclricity  in  the  opposite  direction,  but  as  the  displacrment  cA  positive  electricity  in 
one  direction  is  equivnlent  to  the  displacement  nf  negative  electricity  in  the  opfiosjle 
direction,  we  need  only  speak  of  the  displacemeal  uf  the  positive  dcctricily» 
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itself,  is  unknown,  and  till  tliesc  are  known  uc  are  unable  to  answer  the 
question,  •'What  is  eleririciiy  ?''  Since  the  nioiion  of  tin;  energy  takes 
place  at  right  angles  to  the  lubes  of  force,  that  is,  to  the  tlirection  of  the 
electro-static  field,  and  also  at  right  angles  to  the  magnetic  field,  we  have 
here  a  confimialion  of  foyniing^s  theory-  on  this  subject  <!5  56*;). 

573.  Connection  between  Refraetive  Index  and  Specific  In- 
ductive Capacity.— If  z/  is  the  velocity  of  electro-magnetic  waves  in  air, 

then,  according  to  Maxwell's  theory,  we  have  v  =■  ^       ,  where  ^  and 

A'  are  the  permeability  and  specific  inductive  capacity  of  air.  Similarly. 
\iv  is  the  velocity  in  a  medium  for  whicli  the  permeability  and  specific 

inductive  capacity  arc  ^'  and  A",  then  '^' —  */ ttt-/* 

Thus  v/t/^  JiK^jKiL). 

Now  In  the  case  of  all  transparent  bodies  /i  is  very  nearly  unity,  so  that 

in  this  case  we  have  ,  ,        /i>i,^>- 

vjv  =  »jK  \K. 

but  the  ratio  of  the  velocity  of  light  in  air  to  the  velocity  in  a  given 
medium  is  called  the  refractive  index  of  the  medium,  while  the  ratio 
A'VA*  is  the  specific  inductive  capacity  of  the  medium  taken  with  refer- 
ence to  air.  Thus  if  n  is  the  rcTraclive  index,  and  K  the  specific  in- 
ductive capacity,  both  taken  with  reference  to  air,  we  have 

That  is,  the  refractive  index  is  equal  to  the  square  root  of  the  speciiic 
inductive  capacity. 

When  we  attempt  to  lest  the  accuracy  of  this  conclusion  by  experi- 
ment, we  are  met  with  the  difficulty  that  since  the  refractive  index 
changes  with  the  wave-length,  ihal  is,  ihc  velocity  changes  with  the 
wave-length  of  the  light,  the  question  arises,  what  wave-Ienglh  are  we 
to  employ  ?  It  is  evident  that  the  correct  wave-length  will  be  that  which 
corresponds  to  experiments  made  when  detennining  A'.  Now  measure- 
ments made  of  the  specific  inductive  capacity  by  means  of  the  ordinary 
methods  with  condensers,  are  made  with  alternating  currents  to  avoid 
the  eflfect  of  absorption,  but  the  alternations  have  a  frequency  of,  at 
most,  a  few  thousands  per  second.  Hence  the  refractive  index  which 
has  to  be  used  in  testing  Maxwell's  foriTiula  is  that  which  corresponds 
to  a  very  small  frequency,  that  is,  to  a  veiy  Inng  wave-length  ;  in  fact,  the 
wave-length  of  a  light  wave  of  which  the  frequency  is  a  thousand  would 
l>e  3  X  lo*"  cm.  Niiw  meaburemenls  of  refractive  index  can  only  1^  made 
for  comparatively  short  wave-lengths,  and  it  is  only  by  exteipolation 
that  we  can  calculate  what  the  refractive  index  would  be  for  vcrj^  great 
wave-lengths,  and  most  of  the  differences  in  the  annexed  (able  are  pro- 
bably due  to  this  cause,  for  wc  have  no  evidence  that  the  laws  of  the 
change   of  refractive   index  with  wave-length  derived   from   the  small 
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mngc  of  wave-Ienj,ths  over  which  we  are  able  lo  make  experiments  will 
hold  over  very  much  greater  ran^^cs. 


Substance. 


ParaHin 

Petroleum 

7\iri)cminc 

Ozokerite. 

Olive  oil    . 

Benzine 

Toluene    . 

Carlx)n  bisulphide 

Water 

Alcohol 


Specific  iDductive 
Capacity. 

SqiMiv  of 
Kefructivc  tiicScx. 

2-3 

2.07 

2.08 

2.23 

3.16 

2.22 

2.13 

2.13 
2.24* 

2.30 
2.67 

76 

26.5 

2.25* 

2.67* 
1.78* 
1,83* 

*  Ttiese  values  of  ibe  square  uf  the  refractive  index  arc  for  />-light 

It  will  be  been  ihiit  in  }<cncral  the  agreement  is  satiafaciory-.  In 
some  caces,  such  as  water  and  alcohol,  however,  the  values  obtained 
for  the  specirlc  inductive  capacity  are  very  much  greater  than  MaxwclKb 
thct)ry  woitkl  intlicate.  In  the  case  of  water,  it  has  l)een  found  that 
the  relrjiclive  index  for  electrical  waves  having  a  frequency  of  aljout 
50X  io'*is8.9.  Hence  for  waves  of  this  frequency  the  st^uarc  of  the  refrac- 
tive index,  79.2.  is  approximately  equal  to  the  spccifir  inductive  capacity. 

574,  Transmission  of  LlKht  and  Conductivity.— Electrical  waves 
can  only  be  ttan^nutted  through  a  medium  in  which  an  electrical  displace- 
ment aUls  fortli  an  t-Iasiic  re^^istance,  for  otherM'ise  a  vibrator)-  motion  is 
impossible.  In  a  conductor  of  electricity,  however,  electrical  displacement 
can  take  place,  and  no  force  will  be  called  into  play  tending  to  oppose 
the  displacement.  Electrical  waves  cannot,  therefore,  be  transmitted 
through  a  conducting  medium,  and  since  light  waves  are  also  electro- 
magnetic waves,  they  also  will  not  be  transmitted  through  a  conducting 
medium.  MaxwelPs  theory  thus  explains  why  the  metals  are,  wiihi»ui 
exception,  opaque  to  liyht.  Insulators  or  dielectrics,  on  the  other  band, 
since  they  can  transmit  electrical  waves,  will  also  transmit  light.  It  d<ie* 
not  follow  that  if  a  body  will  not  transmit  lij;ht  that  it  must  be  a  conductor, 
for  a  n»edium  may  be  opaque  because  its  structure  is  not  hoinogene<»us. 
Thus  glass  in  a  block  is  transparent,  but  pounded  glass  is  opaque,  the 
opacity  being  due  to  the  scattering  of  the  light  by  the  small  particles 
of  glass,  since  there  will  be  a  certain  amount  of  reflection  at  every 
surface. 

575.  The  Faraday  Effect. -Tn  1R45  Kamdny  discovered  that  wben 
a  beam  of  plane  ])olariscd  liyht  (S  4C»)  is  passed  through  a  magnetic  field 
in  the  direction  of  the  lines  of  force,  the  plane  of  polarisation  of  the  light 
is  rotated  owing  to  its  passage  through  the  field.  Tims  if  the  light  from 
the  source  L  (Fig.  549)  is  passed  through  a  polarising  Nicol,  p,  cbc&| 
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through  a  lul)c  T  containing'  walcr,  orb<-itcr,  carbon  l>isulphi(lc,and  finally 

through  :in  analysinj,'  Nicol  A,  then,  011  relating  this  analyser  so  thai  its 

principiil  plane  is  perpendicular  to  that  of  the  polarisiii^f  Nicol,  no  light 

will  be  transmitted.       If,  however,  a  current  is  passed  throu^jh  a  coil  C 

which  surrounds  the  tube  T, 

so  as  to  produce  a  inag^nctic 

field  with  tlie  lines  of  force    ^  P 

parallel  to  the  direction  in   A     y\y 

which  the  li^du  is  travelling, 

the  light   will  1)e  found  to 

ptiss  througli  the  analyser  A. 

\\y  turning  the  analyser  it  j?ic.  549. 

is,     however,     possible    to 

again  cut  off  all  the  light.     This  cxperinunt,  therefore,  shows  not  only 

that  the  plane  f>f  polarisation  of  the  light  h:is  been  rotated,  but  also,  since 

by  rotating  the  analyser  it  is  possible  to  cut  oflTall  the  light,  that  the  Iteam 

must  remain  plane  polarised.      If  the  direction  of  tlie  current  is  reversed, 

the  direction  of  the  rotation  is  also  reversed. 

There  is  an  important  difTerence  between  the  rotation  of  the  plane  of 
polarisation  thus  produced  by  matter  when  placed  in  a  magnetic  field 
and  that  produced  when  a  ray  of  light  is  transmitted  through  a  plate  of 
an  a'lotroplc  body  such  as  quarts  {§  41 1).  .Sup|>i»se  a  ray  of  plane  jxdar- 
iswl  light  is  transmitted  through  a  tul»c  containing  water,  T  (Kig.  549),  in 
the  same  direciirm  as  iliat  in  which  the  lines  of  fitrce  of  the  field  proceed. 
Then^  looking  in  the  direction  in  vshich  the  lines  of  force  run,  the  [)hmc 
of  polarisation  will  be  rotated  in  the  clockwise  direction.  If  the  direction 
of  the  light  is  reversed,  the  rotation  will  still  take  place  in  the  clockwise 
direction,  as  seen  by  an  observer  hmking  along 
the  direction  of  the  lines  of  force,  but  will  appear 
in  the  opposite  direction  to  an  observer  looking 
in  the  direction  in  which  the  light  is  travelling. 
Hence,  if  the  ray  of  light,  after  having  once 
passed  through  the  tube  of  water  in  the  mag- 
netic field,  is  reflected  back  along  its  course,  il 
will  be  again  rotale<l  in  the  same  direction,  as 
far  as  the  coil  is  concerned,  as  during  its  first 
passage,  and  the  plane  of  polarisation  will  therefore  be  turned  through 
twice  the  angle  through  which  it  was  turned  owing  to  the  single  passage. 
In  the  case,  however,  of  a  ray  of  plane  polarised  light  transmitted  through 
a  plate  of  quartz,  q  (Fig-.  550),  in  a  direction  parallel  to  the  axis  of  the 
crystal,  the  rotation  will  lake  place  in  one  direction  when  the  light  passes 
one  way,  but  will  lake  place  in  the  opposite  direction,  as  far  as  the  crystal 
is  concerned,  if  the  direction  of  the  light  is  reversed.  Hence,  if  a  ray  of 
plane  polarised  light  is  transmitted  through  such  a  plate  of  quartz,  and  is 
then  reflected  so  as  to  again  traverse  the  crystal  in  the  reverse  direction, 
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tlic  rotation  duiiti^  the  second  passaj^'c  will  be  opposite  to  that  during 
the  first,  and  on  the  whole  the  phme  of  polarisation  will  not  Ix;  rotated. 

676.  Verdet's  Constant.— A'erdci.  who  made  a  lar^je  numlier  of 
measurements  on  the  magnetic  rotation  of  the  plane  of  polarisation  in 
different  media,  found  that  the  rctlation  for  any  one  medium  obeyed  th« 
following,'  law.  If  the  lenj^th  of  the  medium  traversed  by  the  light  in  the 
direciion  of  ihe  lines  of  force  of  a  uniform  ma^jnetic  field  of  strength  // 
is  /^  the  rotation  ^  produced  is  given  by 

where  y  is  a  constant  dependent  on  the  nature  of  the  medium  and  the 
wave-length  i)f  the  light  employed*  and  is  called  Verdel's  constant.  The 
value  of -y  is  taken  to  be  positive  when  ihc  direction  of  rotation  is  the 
same  as  that  of  tiie  current  in  the  coil  produting  the  magnetic  field.  If 
/,  and  //are  each  unity,  ihen  the  rotation  produced  is  ecjual  to  the  value 
of  V'crdcl^s  constant,  so  that  wc  may  define  y  as  the  rotation  produced  by 
unit  length  of  the  given  substance  when  placed  in  a  magnetic  field  of  unit 
strength.  U  is  usual  lo  measure  the  rotation  in  minutes  of  arc,  so  that  in 
the  following  table  the  values  given  represent  the  rotations  in  minutes 
produced  by  i  cm.  of  the  substance  in  a  field  of  which  the  sirenglh  is 
I  c.g,s.  unit.  The  light  for  which  the  values  of  y  are  given  is  yellow 
sodium  light. 

Verdet's  Constant  for  ZJ-Licht. 


< 


Sub&Unoe. 

Temperature. 

Verdet's  ConsUut. 

Water        .... 
Carbon  bisulphide 
Benzine      .... 
Glass  (dense  flint) 

o'C 

20' C 
15- C 

0.0131 

0.0435 
0.0297 
0.06 

The  value  of  Verdel's  constant  decreases  with  increase  of  temperature. 
The  change  in  most  cases  is  proportional  10  the  change  in  temperature,  i 
wateri  however,  being  an  e.xccpiion. 

In   the  case  of  water  and  carbon   bisulphide,  the  value   of  Verdet's 
constant  at  a  temperature  /  is  given  by  the  following  expressions  : — 

Carbon  bisulphide  .     .     ■y/=ao4347  (i  -0.001696/) 

Water y/=aoi3ii  (i -0.0000305/-CXO0000305/*). 

In  the  case  of  solutions  of  ferric  chloride  in  water,  the  rniation  is  in  the  \ 
negative  direction. 

When  polarised  light  is  transmitlcd  through  vcr\*  thin  films  of  the  ' 
magnetic  metals,  iron,  (lickel,  and  colmlt,  placed  in  a  magnetic  field,  ihe 
plane  of  polarisation   is  rotated.      In   this  case,  however,  the  quoiirni 
i/*/Z.//  is  not  constant,  but  depends  on  the  value  of  the  magnetic  6eld. 
H.  du  Bois  has  shown  that  although  in  the  case  of  magnetic  metals  I 
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Vcrdet's  constant  varies  ivuh  the  magnetic  field,  if  the  value  is  divided 
by  the  suscepiibility,  then  the  quotient  is  constant. 

577,  The  Kerr  Phenomenon.  —  Another  cficct  of  magnetism  on 

light  has  been  discovered  by  Kerr,  who  found  th:it  if  plane  p(»Iarised 
light  is  reflected  from  the  pohshed  pole  of  a  strong  magnet  ihe  plane 
of  polarisation  is  rotated.  The  direction  of  rotation  when  the  light  is 
reflected  from  a  north  pole  is  in  the  clockwise  direction,  that  is,  in  the 
opposite  direction  to  that  in  which  a  current  would  have  to  flow  round 
a  coil  so  as  to  produce  the  magnetisation  of  the  magnet. 

678.  The  Zeeman  Effect,  — In  1897  Zeeman  discovered  another 
connection  between  magnetism  and  light.  He  found  that  if  a  flame 
coloured  with  common  salt  is  placed  between  the  poles  of  a  powerful 
elcclio-inagnet,  and  the  light  given  by  ihe  flame  is  examined  with  a 
spectroscope  of  great  dispersive  power,  the  appearance  of  the  />-lines 
is  greatly  altered.  If  the  source  of  light  is  viewed  at  right  angles  to  the 
lines  of  force  of  the  lield,  then  recent  examination  with  very  powerful  mag- 
netic fields  and  great  dispersion  has  shown  that  /?,  becomes  converted 
into  four  lines,  while  /^^  txrcoines  a  sextet.  In  each  case  the  two  central 
lines  are  plane  polarised,  the  vibrations  taking  pl.ice  at  right  angles  to 
the  length  of  the  line.  The  outer  lines  are  also  plane  polarised,  but  the 
vibrations  are  in  a  direction  parallel  to  the  length  of  the  lines.  A  more 
usual  type  of  line  is  one  in  which  a  single  line  becomes,  when  viewed  at 
right  angles  to  the  magnetic  field,  transformed  into  a  triplet,  in  which 
the  vibrations  in  the  central  line  take  jilace  at  right  angles  to  the  length, 
and  in  the  side  lines  parallel  to  the  length  of  the  line. 

If  the  source  of  light  is  viewed  in  the  direction  of  the  lines  of  forces 
ilie  outer  components  of  the  triplet  c^btaincd  are  circularly  polarised  in 
opposite  directions,  while  the  central  line  is  plane  polarised. 

Lorentz  and  Larmor  have  shown  that  the  Zeeman  effect  can  )5C 
accounted  for  if  we  assume  that  in  all  bodies  there  are  present  small 
electrically  charged  particles  which  have  a  definite  mass,  and  that  all 
elcrtriral  phenomena  are  due  to  the  configuration  and  motion  of  these 
charged  particles  or  electrons,  while  li^ht  is  produced  by  the  vibration 
of  these  electrons.  When  these  electrons  move  in  a  magnetic  field 
their  natural  periods  will  be  subjected  to  perturbations,  owing  to  the 
action  of  the  field,  and  these  perturbations  will  be  such  as  would 
account  for  the  differences  in  period  indicated  by  the  duplicated  lines 
obtained.  From  the  amount  of  the  change  in  perio<l  produced  by  a 
given  field,  it  is  possible  to  calculate  the  ratio  of  the  charge  on  each 
electron  to  itN  mass.  In  §  561  we  have  mentioned  that  Professor 
J.  J.  Thomson  had  calculated  ihe  mass  of  the  electric  carriers  in  the 
kathode  rays,  and  it  is  intercbting  to  note  that,  if  we  suppose  that  thet>c 
carriers  are  simply  electrons,  then  the  masses,  as  calculated  from  the 
Zeeman  effect  and  the  kathode  rays,  agree.  On  this  hypothesis  the 
molecule  of  a  gas  would  consist  of  about  1000  electrons. 
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579.  Oscillatory  Discharge  of  a  Leyden  Jar. —  When  a  con- 
denser, bucli  as  a  Leydea  jar,  is  charged,  &ay  tlie  inbide  coatini^  bcin^l 
at  the  higher  polenti.al,  there  will  l>c  a  displacement  in  the  dielectriiil 
scparaiinj,'  the  coatings.  When  the  jar  is  discharged  by  connecting  it; 
coatings  by  a  conducting  wire^  the  disphicemcnt  decreases  till  it  becomesl 
zero,  but  when  this  point  is  reached  under  certain  circumstances,  whichj 
^\c  sliall  ct»nsider  later,  the  inurlia  of  the  electrical  displacement  carries! 
ii  throiigli  its  position  of  ctfuilibrium,  and  a  displacement  in  the  op{Mi»it6l 
direction  to  the  original  one  occurs.  This  displacement  corrcspomlsi 
tu  the  charj^ing  of  the  jar  in  the  opposite  ilirection,  that  is,  the  inside! 
coating  Ijccumes  negatively  charged.  As  this  charging  in  the  reversal 
direction  proceeds,  that  is,  as  the  negative  dibplacemmt  incrvascs,  aal 
opposing  elastic  force  will  he  called  into  play  which  will  diminish  ihtf] 
electrical  kinetic  energy  till,  when  the  whole  of  this  energy  is  convertcdi 
into  poteulial  energy  in  ihc  form  of  dielectric  strain,  the  jar  will  sturt 
discharging  in  the  opposite  direction.  The  negative  displacement  will. 
then  dccrciise,  becoming  zero,  and  then  a  displacement  will  occur  in  thel 
positive  direction,  the  inside  coating"  again  becoming  positively  charged. f 
Thus  the  discharge  of  the  jar  docs  not  consist  of  a  simple  passage  of  a] 
current  in  one  direction,  but  the  charge  surges  backwards  and  for\«*!irdj^1 
each  coating  becoming  charged  allernately  positively  and  negatively.  so| 
that  an  alternating  or  oscillating  current  is  set  up  lx>th  in  the  wire  con^* 
nccting  the  coatings,  where  the  current  is  a  conduction  current,  and  als>oi 
in  the  dielectric,  where  it  is  a  displacement  current.  TIic  magnitude  oil 
the  charge  decreases  with  each  oscillation,  for  jhe  passage  of  the  current] 
through  the  wire  is  accompanied  by  the  development  of  heat,  acLorditij^l 
to  Joule's  law,  and  this  energy  has  to  be  supplied  by  the  elecihcali 
energy  which  was  originally  stored  up  liy  the  strain  of  the  dielectric*! 
The  phenomenon  of  the  oscillatory  discharge  of  a  condenser  is  exactly! 
ihe  same  as  that  of  the  vibration  of  a  flexible  roil  clamped  at  one  end.] 
When  the  free  end  of  the  roti  is  at  the  extremity  of  its  swing  its  encfgyl 
is  entirely  potential,  due  to  the  strain  set  up.  The  condition  of  the  rodl 
now  corresponds  to  that  of  the  jar  when  it  has  its  maximum  charge,  and! 
possesses  energy  due  to  the  strain  of  the  dielectric.     As  the  rod  swingsj 

towards  its  position  of  rest,  the  potential  energy  becomes  gradually  con 
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verted  into  kinetic  energy  ;  while  in  the  electrical  case,  as  the  discharge 
proceeds,  the  (Hitential  energy  becomes  converted  into  kinetic  enerj^y, 
that  is,  into  the  cnrrKy  «»f  the  inaxnrlit:  ticltl  |»mdiucd  hy  the  current 
which  flows  in  the  wire  and  in  the  dielectri( .  Tlii^  kiiielir  rncr^'y  carries 
the  rod  in  the  one  case,  and  the  clectriral  system  in  the  other,  Iteyond 
the  position  of  rest,  but  now,  since  the  clastic  forcc-s  oppose  the  motion, 
the  kinetic  eneryy  will  j^radually  l>e  convened  into  potential  cnerj^^y. 
When  the  whole  of  die  kinetic  energy  is  thus  converted,  the  rod  will 
have  reached  its  maximum  displacement  in  the  new  dirtrction,  while 
the  jar  will  in  the  same  way  have  its  inaxitnum  charge-  in  the  new 
direction. 

On  account  of  the  viscosity  of  the  metal  and  of  the  resistance  of  the 
air,  sonic  of  the  ener^  of  the  vibrating  bar  will  lie  converted  into  Iieat, 
and  the  amplitude  of  the  oscillations  will  decrease.  In  the  same  way,  in 
the  case  of  the  jar,  owing  to  the  resistance  of  the  wire  connecting  the 
coatings,  electrical  energy  will  be  converted  into  heat,  and  the  amplitude 
of  the  electrical  oscillations  will  decrease.  The  greater  the  resistance  of 
the  wire,  the  more  rapid  will  be  the  rale  at  which  the  electrical  energy 
will  be  converted  into  heat,  and  the  greater  will  be  the  rate  of  decay  of 
the  oscillations.  If  the  resistance  of  the  wire  is  gradually  increased, 
then,  just  as  when  a  pendulum  when  displaced  in  a  very  viscous  material, 
such  as  treacle,  will  not  vibrate  but  will  simply  slowly  move  back  to  its 
position  of  rest,  so  in  the  electrical  case,  if  the  resistance  of  the  con- 
necting wire  is  ver>'  great,  no  electrical  oscillations  will  Ix;  set  up,  but  the 
charge  of  the  jar  will  slowly  decrease  to  zero,  and  will  not  overehoot 
this  position. 

The  first  to  show  from  mathematical  principles  that  the  discharge 
of  a  Leyden  jar  must,  so  long  as  the  resistance  of  the  discharge  wire  is 
not  too  great,  be  of  an  oscillatory  character  was  Lord  Kelvin,  who  also 
showed  that  the  period  of  the  oscillations  (  7"),  that  is,  the  interval  l)clwcen 
when  the  jar  has  its  maximum  charge  in  one  direction,  must  be  given  by 
the  ecpialinn 
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where  C  is  the  capacity  of  the  condenser,  and  L  is  the  coefficient  of  self- 
iiuUiction  of  the  wire  connpcting  the  coatings. 

The  truth  of  this  formula  has  Ix^en  tested  experimentally  by  examining 
the  spark  which  passes  between  two  knobs  placed  in  the  discharge  circuit 
of  a  K«ydcn  jar  by  means  of  a  rotating  mirror.  If  the  discharge  consisted 
of  the  passage  of  electricity  in  one  direction  only,  then  when  examined 
with  the  rotating  mirror  the  spark  would  apprar  as  a  continuous  band 
of  light,  the  length  to  which  it  was  drawn  out  depending  on  the  lime  the 
spark  lasted  and  on  the  speed  of  rotation  of  the  mirror.  As  a  matter  of 
fact,  when  the  resistance  of  the  discharge  rircuil  is  not  very  great,  the 
spark  is  seen  to  consist  of  a  number  of  bright  patches  separated  by  dark 
intervals.     Each  of  the  bright  patches  corresponds  to  the  passage  of  an 
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electrir  nirrent  between  llie  knobs,  and  the  fact  that  tbo  current  is  not 
continuous,  but  consists  of  a  numl>er  of  separate  currents,  shows  Ihai  tlio 
discbarge  must  be  oscillator)'.  Further,  fmm  the  speed  of  rot4ition  of 
the  nvirr(>r  and  the  distance  between  the  images  of  the  separate  sparks 
between  ihc  knobs,  it  is  possible  to  obtain  the  time  of  oscillation  of  the 
discharge,  and  the  number  thus  obtained  agrees  with  that  calculated 
from  the  capacity  of  the  jar  and  the  ^elf-induction  of  the  discharge 
circuit. 

In  Fig.  551  a  copy  of  a  photograph  taken  by  Boy&,  of  the  sparic 
produced  between  two  knobs  included  in  the  circuit  of  a  condenser  by 
means  of  what  was  the  equivalent  of  a  rotating  mirror,  ver\'  clearly 
indicates  the  oscillatory  nature  of  the  discharge.  It  will  be  noticed  that 
the  brilliancy  of  the  spark  decreases  with  each  oscillation,  this  being  dtic 
to  the  cner^jy  spent  in  the  wire  and  also  in  the  spark  gap.  where  the  light 
produced  is  evidence  of  the  dissipation  of  electrical  energy.  It  is  ratber 
interesting  to  remember  lh.1t,  according  to  the  electro-magnetic  theory 
of  lit:hi,  light  consists  of  electrical  oscillations  ;  thus  at  the  spark  gap 
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we  have  the  comparatively  slow  electrical  oscillations  which  arc  takin^c 
place  in  the  jar  circuit  partly  converted  into  the  much  more  rapid  elcc- 
iricaJ  oscillations  which  are  capable  of  affecting  our  eyes,  and  which  we 
call  light.  Much  the  same  thing  occurs  in  the  wire,  for  the  heal  which 
is  there  developed  raises  (he  temperature  of  the  wire,  and  hence  it  com- 
mences sending  out  radiant  heat,  which  is  simply  electro-magnetic  waves 
of  which  the  wave-length,  while  being  much  smaller  than  that  of  the 
electrical  waves  in  the  jar  circuit,  are  yet  loo  long  to  affect  our  eyes 
as  light. 

580.  Resonance  in  Leyden  Jar  Circuits.— When  dealing  with 
sound,  we  found  that  when  a  tuning-fork  is  in  the  neighbourhood  of  j 
another  fork  which  is  in  vibration,  this  latter  will  send  out  sound-waves 
which  will  strike  the  other  fork,  and  if  the  pilch  of  the  forks  is  the  same, 
these  waves,  which  are  incident  on  the  second  fork,  will  set  it  in  vibration. 
It  is,  however,  only  when  the  two  forks  are  in  unison  that  sounding  the 
one  will  set  the  other  in  vibration.  Suppose  now  we  have  a  Leyden 
jar  in  which  an  oscillatory  discharge  is  taking  place ;  then,  according  to 
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Maxwell's  theory^  clectro-ma^'netic  waves  will  lie  procured  in  the  medium 
surrounding  the  jar  which  will  he  of  the  same  frequency  as  ihe  oscilla- 
tions in  the  jar.  Hence,  if  a  socond  jar  is  placed  in  ihe  neighbourhood 
of  the  first,  and  ils  capacity  and  the  self-induction  of  its  discharge  circuit 
are  so  chosen  that  the  frequency  of  the  electrical  oscillations  which  would 
occur  in  it  when  it  is  charged  and  then  discharged  is  the  same  as  that 
of  the  oiicillalions  in  the  other  jar,  then  we  should  expect  that  the  second 
jar  would  respond  to  the  first,  and  that  electrical  oscillations  would  be 
set  up  in  it  by  resonance. 

The  correctness  of  the  above  view  has  been  very  clearly  demonstrated 
by  Lodge,  who  employed  the  arrangement  shown  in  Fig.  552.  A  Lcyden 
jar  A  has  its  inside  and  out- 
side coatings  connected  by 
a  wire  circuit  ccn,  in  which 
a  spark  gap  G  is  included. 
The  tcnninals  of  an  electri- 
cal machine  arc  connected 
to  tlie  outside  and  inside 
coatings  of  this  jar,  so  that 
when  the  macliinc  is  worked 
the  jar  will  l>ecome  charged 
till  the  dirfcrence  of  potential 
between  the  knobs  of  the 
spark  gap  is  sufficiently 
great  to  force  a  spark 
across.  Now,  as  we  have 
seen  in  §  567,  when  a  spark 
passes  in  a  gas,  the  resistance  of  the  gas  in  the  path  of  the  spark 
becomes  very  much  re<luced.  vThe  result  is  that  the  passage  of  a 
spark  at  C,  since  it  makes  the  air  between  the  knobs  a  conductor,  has 
the  effect  of  converting  the  broken  circuit  of  the  jar  A  into  what  is 
practically  a  complete  conducting  circuit.  Hence  the  jar  discharges, 
and  electrical  oscillations  are  set  up.  A  second  jar  n,  of  the  same 
capacity  as  the  first,  is  placed  in  the  neighbourhood,  and  is  fitted  with  a 
conducting  circuit  EF  connecting  its  inside  and  outside  coatings.  A  strip 
of  tinfoil  connected  with  the  inside  coaling  of  the  jar  R  is  brought  over 
the  edge  of  the  glass  to  within  about  a  millimetre  of  the  top  of  the  outside 
coating.  The  spark  gap  H  thus  formed  serves  as  an  indicator  to  show 
when  oscillations  are  set  up  in  the  jar  H,  for  when  these  occur  the  inside 
and  outside  coatings  will,  at  the  extreniiiy,  so  to  speak,  of  each  oscillation, 
be  at  different  potentials,  and  so  a  spark  will  tend  to  pass  at  H.  The 
length  of  the  discharge  circuit  of  b,  and  hence  the  self-induction  of  this 
circuit,  can  be  altered  by  sliding  the  wire  EK  through  a  ring  at  F.  Now 
altering  the  self-induction  of  the  discharge  circuit  will  alter  the  frequency 
of  the  oscillations  in  the  jar,  for  the  periodic  time  is  equal  to  27r^AC, 
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where  L  is  the  self-induction  of  the  cirLuit.     Hence,  by  dmu-in^  the  1 
wire  YM,   through  ihc  rinf:,  we  can  alter  the  frequency  of  the  clrrinaU 
oscillations  ioiTf>pi>nt-lin>|  to  ilu*  jar  ii,  or  in  utlirr  words  we  lan  tuiicj 
Ihc  jar.     Now  ii  i>  fuimti  that  the  jar  it  rei|>ontls,  thai  is,  inducc^i  oscilU- ] 
lioiH  iib  imlicalftl  by  the  sparks  at  II  only  occur,  when  the  length  of  lh»: 
(lischarjic  cirruil  h.-is  a  particular  value.     If  ihc  circuit  is  tonxi-r,  so  iJwt 
ihc  natural   period  of  the  jar  i:  is  jjreater  than  ihai  of  A.  ihcnc  is  no  , 
response  ;  while  if  it  is  shoncr,  so  thai  the  period  is  less,  there  is  also  no  | 
response.     We  have  here  then  a  case  which  is  connplctely  analogous  lo  , 
the  case  of  the  response  of  two  tuning-forks. 

581.  ElectrlcalOsGlllationsof  Small  Wave- Lengrth.— The  periodic 
time  nf  the  electrical  osi  illations  set  up  when  an  ordinary  Ley^lcn  jar 
is  discharj^'ed   throuj^h    such  a  circuit  as  shown  in   Fig.   552  is  about 
l.5XI0"^  and  i.ince  elecirical  waves  travel  with  the  velocity  of  lijjhl, 
the  wave-length,  which  is  the  distance  through  which  the  disturbance 
travels  during   the  periodic  time,  will  be  about  3X  io'*'x  1,5  x  lo'^,  or 
4.5  X  to-''  cm.      Thus  the  waves  ^wtw   out   by  such  a  jar  arc  of  quite  i 
unmanageable  length.     Now  the  experiment  of  two  jars  luncd  to  unison  J 
considered  in  the  last  section,  although  it  shows  that  energy  is  com-  , 
municatcd  from  one  jar  across  the  intervening  air  to  the  other,  does  not 
indicate  whether  or  not  the  disturbance  travels  through  the  intervening  1 
air  instantaneously,  or  whether  it  lakes  lime  to  travel  from  the  oncj 
to   the   other,   as  Maxwell's   theorj*  indicates.      In   order   fully  lo   tcstj 
the  question  of  the  propagation  of  electro-magnetic  waves  through  a| 
dielectric,  we   require   therefore   10   make  some  other  experiment,  and  I 
this  involves  the  production  of  electrical  waves  of  smaller  wave-length  | 
than  those  given  by  the  jar.     Before  f)roccoding  to  describe  how  this  j 
was  accomplished,  it  will  be  worth  while  to  consider  for  a  monicnt  ihcj 
rnndiiions  which  have  to  be  fulfilled  in  order  to  produce  waves  of  cnm-l 
paraiivcly  small  wave-length.     Taking  first  the  case  of  a  pendulum  ;  in  { 
order  lo  set  it  swinging,  we  not  only  have  to  pull  it  to  one  side,  but  wej 
most  let  the  bob  go  in  a  lime  which  is  short  compared  lo  ihc  periodic! 
lime  of  the  pendulum.     Su|)posc  that  the  bt>b  is  pulled  aside  by  means 
of  a  siring,  then  if,  instead  of  either  breaking  the  string  or  letting  it  go, 
we  allow  it  10  run  through  our  fingers,  the  bob  will  simply  slowly  return 
to  its  position  of  rest,  and  will   not  be  set  in  vibration.     The  same  con- i 
sideralions  apply  in  the  case  of  attempting  to  obtain  electrical  oscillations  I 
of  small  wave-length,  only  in  tliis  case  the  time  of  a  complete  vibration, 
when  the  wave-length  is  a  metre,  is  only  3,3  x  10^  second.    The  problem, 
ihcfffote,  is  to  charge  .up  a  condenser,  the  term  condenser  being  here 
used    in    a   general    sense    for   any  two   conductors  which   arc  rhargcd 
sjrnuhanoously  to  opposite  electrifications,  and  of  course  for  this  purpose 
there  must  l)e  a  break  in  the  discharge  circuit  lo  allow  of  the  difference 
of  potential  beiwecn  the  plairs  b^in^i  pr*Mhired.  and-then  \rf  ^nme  mCAns  j 
to  suddenly  close  the  break  in  the  circuit.     Any  attempt  to  pcrfom^  thi^ 
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closing  by  means  of  any  mechanical  device,  such  as  n  key,  would  be 
fuiilc,  for  llie  time  durinj,'  which  the  closing'  was  tnkin);  pl;ire  would  Ijc 
much  yreater  th;in  lo  "second.  To  Hertz  l>cIonys  the  hominr  of  h.iving 
discovered  a  method  of  overcoming  tins  diflicully,  and  iluis  renderinjf 
the  production  of  clcctro-nia^jnctic  wavc-^  of  small  wave-lcngtli  possible. 
He  found  that  the  electrir  spark,  when  it  passes  in  air  between  two  knobs 
which  are  bii^htly  polished,  has  the  remarkable  property  of  not  only 
making  the  air  between  the  knobs  for  the  time  being  a  conductor,  but 
it  perfonns  the  change  from  the  condition  of  a  comparatively  perfect 
insulator,  which  exists  before  the  passage  of  the  spark,  to  the  com- 
paratively conducting  condition,  which  holds  after  the  passage  of  the 
spark,  in  a  time  which  is  small  compared  even  with  ic*  second.  Thus 
the  spark  gap  in  the  discharge  circuit  performs  a  twofold  duty.  It  first 
acts  as  an  insulator,  and  so  allows  the  conductor?  on  the  opposite  sides 
to  be  charged  to  an  appreciable  difference  of  prnential,  ihat  is,  it  allows 
an  appreciable  amount  of  energy  to  be  stored  np  in  the  condenser,  and 
then,  when  the  difference  of  potential  has  reached  a  certain  value,  it 
suddenly  releases  the  electrical  strain,  by  converting  the  air  between 
the  knol)s  into  a  conductor,  and  so  allows  the  strained  dielectric  in  the 
remainder  of  the  field  to  recover,  and  in  doing  50  to  set  up  a  current  in 
the  riri.iiit. 

682.  Hertz's  Experiments.— The  arrangement  employetl  for  pro- 
ducing the  electrical  oscillations  used  !>y  Hertz,  and  called  an  oscillator, 
is  shown  in  Fig.  553.  The  terminals  of  an  induction  coil,  C,  arc  connected 
with  two  metal  rods,  on  each  of  which  a  metal 
sphere,  A  and  n,  is  threaded.  The  ends  of  these 
rods  are  supplied  with  wrll-polished  brass  knobs 
which  fonu  the  spark  gap  (;.  When  the  coil  works, 
each  time  that  the  primar>'  circuit  is  broken  the 
induced  E.M.F.  produced  in  the  secondar>'  cirrnit 
charges  the  conductors  A  and  n  till  ihe  [nncniial 
dirTf  rence  Iwtween  the  knobs  of  the  spark  gap  is 
sufficiently  great  to  cause  the  passage  of  a  spark. 
When  the  spark  passes,  oscillations  are  set  up 
between  the  spheres  which  gmduatly  die  out  on 
account  of  the  energy  lieing  partly  converted  into 
heat  in  the  rwls  connecting  the  spheres  and  in  the  spark  l»ctwcen  the 
knobs,  and  partly  radiated  into  the  surrounding  space  as  electro-magnetic 
waves,  each  wave  representing  of  course  a  certain  amount  of  energy' 
whirh  has  been  lost  by  the  oscillator. 

In  Hertz's  orij-inal  oscillator,  in  which  the  diameter  of  the  spheres 
was  30  cm.  and  the  distance  between  the  centres  was  100  cm.,  the 
period,  as  calculated  by  Lord  Kelvin's  formula,  was  1.85x10"*  second, 
so  that  the  wave-length  was  3  x  10'**  x  1.85  x  10-*  or  S-SS^'io"  cm. 
In  order  to  obtain  waves  of  still  smaller  uave-Jength,  Right  devisetl  the 
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arrangement  shown  in  Fig.  554.  The  oscillator  in  this  form  consists  0/ 
two  spheres,  A  and  B,  which  are  placed  in  a  glass  or  ebonite  vesseJ  which 
is  tilled  with  mineral  oil,  so  that  a  spark  gapof  about  a  millimetre  separates 
ihem.  Two  other  spheres,  l»  and  E,  are  placed  in  the  position  shown,  and  j 
are  connected  with  the  tenninalsofan  induction  coil  I 
or  of  a  Molu  electrical  machine.  When  the  coit 
or  machine  is  in  action  a  spark  passes  between  the 
knobs  \>  and  K  through  the  spheres  A  and  ft.  The 
passage  of  this  spark  causes  electrical  oscillation^ 
to  be  set  up  between  \  and  «  through  the  oil, 
which,  owing  to  the  passage  of  tlie  spark,  has 
become  for  the  time  being  a  conductor.  The  j 
presence  of  the  oil,  since  it  requires  a  greater  dif- 
ference of  poiential  to  start  a  discharge  through 
oil  than  through  air,  allows  of  the  spheres  A  and  H  attaining  a  greater 
difference  of  potential  I^efore  a  spark  passes  than  would  be  possible  were 
air  the  dielectric  between  the  spheres.  Hence,  since  the  quantity  of  ^i 
energy  that  is  stored  up  in  the  spheres  before  the  passage  of  the  spark  ^| 
is  proportional  to  ihc  charge,  that  is,  ti»  the  difference  of  poteniial  in  ^^ 
which  they  are  raised,  the  electrical  oscillations  will  be  more  energetic, 
that  is,  of  greater  amplitude.  In  this  way  Righi  was  able  to  obtain 
electrical  waves  of  which  the  wave- length  was  not  more  than  7.5  cm., 
while  more  recently,  using  the  same  disposition,  but  with  the  spheres 
replaced  by  small  cylinders  about  4  mm.  long,  Lel>cdew  has  obtained 
wave-lengths  of  less  than  a  centimetre. 

Experiment  has  shown  that  the  electrical  oscillations  which  are 
produced  by  any  of  the  above  arrangements  very  rapidly  die  out, 
so  that  the  damping  is  very  great.     Thus  in  Fig.  555  the  amplitudes 

of  successive  oscilla- 
tions of  an  oscillator 
of  the  Hertz  form  is 
shown,  the  absciss:^ 
representing  time 
and  the  ordinates 
the  difference  of 
p0ienti.1l  between 
the  spheres.  It  will 
be  noticed  that  after 
ten  complete  oscilla- 
tions the  amplitude 
is  reduced  to  about  0,07  of  its  original  value.  Hence,  since  the  oscillator 
for  which  this  cur\'e  was  drawn  had  a  periodic  lime  of  about  3.3  x  10  • 
second,  the  oscillations  in  the  osrijlator  practically  completely  die  om 
after  an  interval  of  about  lo  *  second  after  they  commenre  at  the  passa^^e 
of  the  spark  at  the  gap. 
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Since  in  this  form  of  oscillator  most  of  the  energy  is  radiated  in  the 
form  of  waves,  the  power  g^iven  out  by  an  oscillator  while  it  is  acting  is 
very  considerable,  mnouniing  as  it  docs  in  the  case  of  an  oscillator  of 
the  dimensions  given  on  pay e  871  to  about  1 50  horse-power  during,'  the 
first  few  vibrations.  The  total  quantity  of  energy  radiated  is,  however, 
small,  for  the  time  during  which  the  oscillations  are  occurring  is  small 
compared  to  the  interval  between  the  passage  of  the  sparks  in  the  spark 
gap,  so  that  for  by  far  the  greater  proportion  of  lime  the  oscillator  is 
not  acting.  If  we  require  to  produce  oscillations  which  shall  last  for 
a  considerable  lime,  it  is  necessary  to  adopt  some  arrnngement  such  that 
while  the  orij^inal  electrical  energy  stored  up  before  (he  spark  passes  is 
great,  the  rate  at  which  this  energy  is  radiated  during  the  occurrence  of 
the  oscillations  shall  be  small.  This  ran  be  arcoinplished  by  having  two 
metal  plates  placed  facing  each  other,  and  connected  by  a  metal  wire 
in  which  a  spark  gap  is  jjlaced.  The  capacity  of  such  an  arrangement 
can  lie  made  large,  so  that  the  energy  stored  up  in  it  is  ccmsiderable, 
and  much  greater  than  with  Hertz's  oscillator,  but  owing  to  the  in- 
creased capacity,  the  periodic  time,  and  hence  also  the  wave-length, 
is  greater. 

583.  The  Resonator.— In  the  preceding  section  we  have  considered 
the  methods  which  have  been  adopted  for  producing  electro-magnetic 
waves,  and  we  must  now  consider  some  of  the  methods  whi<  h  have  been 
employed  for  the  detection  of  such  waves  in  the  space  through  which 
they  may  be  passing.  Instruments  for  detecting  the  presence  of  electrical 
waves  are  called  resonators  or  receivers.  The 
form  of  resonator  used  by  Hertz  is  shown  in 
Fig.  556.  It  consisted  of  a  capper  circle,  the 
continuity  of  the  copper  being  broken  at  A  by 
a  small  spark  gap,  the  length  of  which  could 
be  altered  by  means  of  a  micrometer  screw. 
The  diameter  of  the  circle  was  so  chosen  that 
the  natural  period  of  the  oscillations  in  it  was 
the  same  as  the  period  of  the  oscillator. 

When  electro-magnetic  waves  strike  such  a 
resonator  they  will  induce  electrical  oscillations 
in  the  cop]>er  circle,  and  the  amplitude  of  the  oscillations  set  up  can  be 
measured  by  the  length  of  the  sparks  which  can  be  obtained  at  the 
micrometer  spark  gap. 

Another  fonn  of  resonator  consists  of  two  metal  cylinders  placed  end 
to  end  with  a  spark  gap  between.  .Since  the  length  of  the  sparks  ob- 
tained in  the  resonator  spark  gap  is  very  small,  there  is  considerable 
difficulty  even  in  observing  them,  so  that  to  measure  the  maximum  spark 
length,  in  order  to  define  the  amplitude  of  the  oscillations,  is  almost  im- 
possible. On  this  account  various  other  arrangements  have  been  adopted 
for  measuring  the  amplitude  of  the  oscillations  set  up  in  the  resonator. 
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Most  of  these  methods  depend  on  the  measurement  of  the  heat  developed | 
in  a  thin  wire  which  replaces  the  spark  gap.  One  such  armngemeni  is  J 
shown  in  Fiy.  357.  The  resonator  consists  of  two  metal  ryhndcrs,  All,  oM 
such  a  lengtli  that  they  are  in  electrical  unison  with  the  osrillator.     Thej 

ends  of  these  cylinders  arc  connected 
together  by  a  very  thin  wire,  half  Win^  j 
of  iron  and  the  other  half  of  nickel.   The  1 
portion  aob  is  of  iron,  and  the  portion 
L'Oti  of  nickel.     When  electrical  oscilla 
lions  are  set  up  in  the  cylinders  a  cur- 
rent will  pass  backwards  and  fonvards  . 
through  the  wire  aoc\,  and  it   will   thus 
become  healed.    In  this  way  the  junction 
at  o  between  the  iron  and  nickel  wires, 
which    is    shown    enlar^'ed    at    D,    will 
become  heated,  and  a  thermo-electric  ^ 
current  will   be   produced  in  a   circuit 
connected   to   the  ends   b  and   «/,  and  \ 
this   current   may   be   measured    by  a 
jjalvanometer  (;  included  in  the  circuit 
584.  Stationary  Electro-mag-netic  Waves.— Since  a  conductor  is 

incapable  of  supporting.'  an  cleclro-siatir  strain,  when  a  Faraday  tube 
meets  a  conductor,  the  strain  which  existed  within  the  dielectric  is 
rmnieiliately  relieved,  a  conduction  current  being  produced  within  the 
conductor.  Owini^s  however,  to  electrical  inertia  the  dielectric  in  the 
neighbourhood  of  the  conducting  surface  overshoots  its  equilibrium  posi- 
tion and  so  becomes  the  scit  of  an  electro- static  strain  in  the  opposite 
sense  to  ihnl  in  the  incident  tul^e.  In  this  way  a  reflected  tube  will  be 
produce*!  at  the  surface  of  a  conductor,  which  will  move  back  through 
the  dielectric.  The  sense  of  the  tube  will  l>e  reversed  by  reflection,  so  , 
that  here  we  have  a  case  of  a  change  of  phase  of  half  a  wavc-lengih 
by  reflection. 

Let  Alt.  ?1g.  $58  {a\  be  an  oscillator,  and  CD  the  section  of  a  metal 
plaie  which  is  acting  as  a  i-cfleclor  of  the  waves  sent  out  by  the  oscillator. 
Except  in  the  immediate  neighbourhood  of  the  oscillator,  the  waves  will 
lie  plane  and  the  electrical  displacement  in  the  air  will  be  parallel  to  the 
length  of  the  oscillator.     Let  ah^  cd,  and  if/"  represent  the  positions  of 
the  points  where  the  electrical  displacement  is,  at  a  given  instant,  a  \ 
inaxiinuuij  at  ab  and  ^  in  one  direction  and  at  cd  in  the  opposite,  as  i 
indicated  by  the  signs  4-  and  -.     When  the  tul>e  <?/ strikes  the  reflector  1 
CD  a  reflected  tube  f'f  will  be  produced  in  which  the  displacement  is  in 
the  opposite  direction  to  that  in   the  incident  tube  ef.      Hence  if  wc 
indicate  the  reflected  tubes  by  dotted  lines  we  shall  have  near  the  pUte 
a  full  and  a  doited  line  in  which  the  displacements  are  in  opposite  dircc* 
tinna.     If  7"  is  the  periodic  time  of  the  oscillations,  then  at  a  lime  7;4  1 
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later  tlie  mjixiiuitfn  dUpIaceineiiU  will  li:ive  travelled  through  a  distance 
c<[UiiI  to  :i  quaricr  of  tlie  wavc-Ienytlu  Hence  the  present  condition  of 
affairs  is  indicated  in  Y\^.  558  (/■),  where  *•/  is  the  position  of  the  re- 
flected maximum  of  displacement  correspondiajf  to  the  incident  one  ef. 
It  will  now  be  seen  that  at  the  point  l-j  the  incident  and  reilccied  dis- 
placements are  in  the  same  direction,  and  will,  therefore,  produce  a 
greater  displ;*cement  than  the  incident  wave  woidd  alone  produce.  A 
quarter  of  a  period  later  the  position  of  the  maxima  will  be  as  indic;ited  in 
Fig.  558  (r).    Here  at  the  puints  N  and  Nj  the  direct  and  reflected  displace- 
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menis  are  in  opposite  directions,  and  hence  oppose  each  other,  so  that 
the  resultant  displarcment  is  less  than  would  occur  if  the  incident  waves 
acted  alone.  At  the  end  of  the  next  quarter  period  the  displacements 
due  to  the  incident  and  reflected  waves  will  be  in  the  same  direction  at 
the  points  L,  and  i,^  as  shown  in  Fif:-  558  (</),  while  a  quarter  of  a  period 
later  ihey  will  be  opposed  at  the  points  N.  x„  and  N.^.  and  so  on.  It  will 
thus  be  seen  that  owing  to  the  interference  of  the  direct  and  the  reflected 
waves  a  series  of  stationary  nodes  and  loops  will  be  produced,  the  nodes 
occurring  at  the  points  N,  N,,  N,.  and  the  loops  at  the  points  L|,  L^  for 
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at  ihe  fwinia  n,  n„  n..  the  incident  and  reflecietl  displacenieuis  are 
always  in  opposite  directions,  while  at  the  points  Lp  1-,  they  are  aJ»-a)'s 
in  the  same  direction.  If  then  a  resonator,  such  as  that  shown  in  Fit;- 
556,  is  moved  alonj^  between  the  oscillator  and  the  reflecting  surface, 
it  will  respond  at  the  points  L,  and  !„  and  the  galvanometer  will  be 
deflected  owinji  to  the  heat  developed  by  the  oscillations  in  the  ihin 
connecting  wire.  .\t  the  points  N,  N,,  and  K^,  however,  it  will  not 
respond,  since  at  these  points  the  displacements  due  to  the  direct  and 
reflected  waves  are  in  oppoiitc  directions  and  the  galvanontetcr  will 
be  undeflected.  Hence  by  moving  the  resonator  along  and  mitinj;  the 
points  where  the  galvanometer  deflection  is  a  maximum,  the  position  of 
the  loops  can  be  found,  and  by  noting  the  positions  where  the  defleciioa 
is  a  minmium  the  nodes  can  in  the  same  way  be  found.  From  these 
positions  the  wave-length  of  the  electro-magnetic  waves  can  at  once  be 
deduced,  for  it  is  twice  the  distance  between  two  consecutive  loops  or 
nodes.  Knowing  ihe  wave-length,  then,  if  the  periodic  time  of  the 
oscillator  is  calculated  from  Lord  Kelvin's  formula,  we  can  at  once 
calculate  the  velocity  with  which  the  electro-magnetic  waves  travel  in 
air.  This  is  what  Hertz  was  the  first  to  do,  and  the  value  obtained  from 
his  experiments  is  the  same  as  the  velocity  of  light,  if  we  consider  the 
errors  to  which  such  a  measurement  is  liable.  Thus  a  result  which 
Maxwell  had  predicted  from  a  consideration  of  the  manner  in  which  one 
electrified  body  affects  another  through  an  intervening  layer  of  dielectric, 
and  which  at  the  time  was  eniircly  at  variance  with  all  the  accepted 
ideas,  was,  after  his  death,  proved  by  Hertz  to  be  true,  and  in  this  way 
has  Maxwell's  theory  been  vindicated. 

It  may  be  worth  while  to  insist  on  what  is  actually  proved  by  the 
existence  of  stationary  waves.  Their  formation  shows  in  the  first  place 
that  electrical  energy  can  be  propagated  through  the  air,  a  result  which 
many  other  experiments  also  prove.  Secondly,  it  shows  that  this  energy 
takes  an  appreciable  time  to  travel  from  the  one  body  to  the  other,  and 
that  during  the  time  between  the  energy  leaving  the  oscillator  and  its 
arrival  at  the  resonator  it  must  exist  in  the  inter\'ening  air. 

686.  The  Coherer.  —  A  very  sensitive  method  of  detecting  ihc 
presence  of  electro-magnetic  waves  has  been  discovered  by  Bninlcy, 
He  found  that  a  glass  tube  filled  with  loosely  p.icked  metallic  filings, 
when  included  in  the  circuit  of  an  electric  batter)*  and  a  galvanometer, 
was  practically  an  insulator,  so  that  the  current  could  not  pass,  and  the 
galvanometer  was  hardly,  if  at  all,  deflected.  On  producing  electric 
oscillations  in  the  neighlx)urhood  of  the  circuit,  however,  the  tube  con- 
taining the  filings  becomes  a  conductor  and  the  b;Utery  is  able  to  drive 
a  current  through  the  circuit,  so  that  the  galvanometer  is  strongly  de- 
flected. Tliis  tube  of  filings  forms  so  delicate  a  dcteclcr  of  electrical 
oscillations  that,  as  will  be  described  later,  even  when  the  oscillator  ts 
at  a  distance  of  ten  miles  it  will  respond. 
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When  the  Branley  tube  of  filings,  or  the  coherer  as  it  has  been 
called,  h  employcil  to  make  measurements,  the  chief  dilficuUy  is  to 
arrange  the  circuit  so  that  stray  electrical  osciltatiqns  reflected  from  the 
wails  of  the  room  and  the  person  of  the  obsener  do  not  mask  the  effects 
to  \)c  observed.  For  this  reason  it  is  found  necessary  not  only  to  enclose 
the  battery,  galvanometer,  and  the  connecting  wires  within  a  metallic 
box  so  as  to  cut  off  the  electrical  waves  from  these  parts  of  the  circuit, 
but  it  is  necessary  to  pack  very  carefully  all  the  joints  in  the  box  with 
tinfoil,  or  the  waves  will  creep  in  in  sufficient  quantity  to  upset  the 
Indications.  The  only  part  of  the  circuit  which  is  left  outside  the  metallic 
box  is  the  tube  containing  the  filings,  so  that  it  is  only  when  the  waves 
fall  on  this  lube  that  the  circuit  becomes  conducting  and  the  galvano- 
meter is  deHected.  The  precise  way  in  which  the  electrical  waves  act 
to  cause  the  filings  to  become  conducting  is  not  known,  although  it  has 
been  supposed  that  minute  sparks  are  formed  by  the  electrical  waves 
between  the  adjacent  filings,  and  these  break  down  the  film  of  condensed  1 
gas  which  always  forms  on  the  surface  of  a  solid.  In  order  to  convert 
the  tube  of  filings  from  the  conducting  to  the  non-conducting  condition  it 
is  only  necessary  to  give  the  tube  a  very  slight  mechanical  shock,  such 
as  gently  tapping  with  the  finger. 

586.  Reflection,  Refraction,  and  Polarisation  of  Electro*maff- 
netic  Waves. — The  properties  of  electrical  waves  can  be  very  clearly 
shown  by  means  of  the  apparatus  shown  in  Fig.  559.  The  oscillator, 
which  is  on  Kighi's  principle,  is  placed 
along  the  focal  line  of  a  parabolic 
mirror,  c,  made  of  zinc.  This  mir- 
ror reflects  the  electrical  waves  in  the 
same  manner  as  does  the  reflector 
behind  a  searchlight,  so  that,  instead 
of  spreading  out  in  all  directions,  the 
waves  arc  sent  in  a  parallel  beam. 
The  outside  knobs  of  the  oscillator 
are  connected  10  the  temiinais  of  an 
induction  coil  or  a  Holti  electrical 
machine.  The  receiver,  which  con- 
sists of  a  coherer,  is  also  placed  along 
the  focal  line  of  a  parabolic  mirror,  i>, 
the  terminals  being  connected  with  a 
circuit  which  includes  a  cell,  E,  and  a 
galvanometer  or  electric  bell,  O,  which 
will  serve  to  indicate  when  the  coherer  Kir..  559. 

becomes  conducting.     The  whole  of 

this  circuit  is  enclosed  in  a  metallic  box  to  screen  off  stray  waves.  The 
mirror  n  serves  to  concentrate  the  incident  waves  on  the  receiver  R,  and 
in  this  way  increases  the  sensitiveness  of  the  apparatus. 
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The  oblique  rcflcciion  of  clecirica!  w;ivcb  from  a  mrtaUic  surface 
c:in  be  sliown  by  arranyin^'  tijc  oscillator  and  receiver  as  shown  in 
V\%.  560,  and  it  will  be  found  that  the  receiver  is  only  aflTeclcd  when  the 
metal  plate,  \\  is  placed  so  that  the  angles  of  incidence  and  rcdcclioo 
are  equal. 

The  waves  produced  by  the  oscillator  are  plane  polarisetl.  for  ihc  dis- 
placement is  always  parallel  to  the  axis  of  the  uscillator.     On  the  oilier 
hand  the  receiver,  willi  its  paralK)lic  redector,  only  responds  to  waves  in 
which  the  ilisplacemcni  !.•»  parallel  to  its  aJtis.   Thus 
the  oscillator  is  a  polar)>^r  as  well  as  a  source  of 
the  waves,  while  the  receiver  is  an  analyser.     Xi, 
instead  of  using  a   plane  sheet  of  metal  as  re- 
\  /  Mecior,  a  j^'ralin)^'  is  used  made  of  a  numlicr  of 

'\     /  wires  stretched  parallel  to  one  amuheron  aframe, 

'i*  or  of  a  number  of  parallel  strips  of  tinfoil  pasted 

■^  on  a   wooden   board,  reflection   will   lake   pUce 

Ku..  5t».  when    the   wires    or    strips    arc    parallel   to  Uic 

axis  of  the  oscillator,  while  in  this  case  none 
of  the  waves  will  be  transmitted.  In  fact  the  arrangement  acts  just 
as  if  ii  were  a  continuous  sheet  of  metal.  If,  however,  the  wires  are 
(ilaced  at  rig^hl  angles  to  the  axis  of  the  oscillator,  there  will  be  no  re- 
flection, while  the  waves  will  be  transmitted  just  its  if  the  wires  were  a 
dielectric.  The  reason  for  this  difference  is  at  once  apparent  if  wc 
rememhcr  in  what  way  the  reflected  waves  are  produced.  Tlicy  arc  due 
to  the  induced  charge  on  the  surface  of  the  metal  caused  by  the  incident 
waves.  Now  when  the  wires  arc  parallel  to  the  direction  of  the  electrical 
displacement  in  the  incident  waves,  the  induced  charges  can  be  produced 
just  as  in  a  continuous  sheet  of  metal,  and  the  charges  which  are  induced 
on  the  wires,  so  long  as  these  are  fairly  close  together,  are  suOicient  to 
completely  screen  the  portion  of  space  behind  the  wires.  When,  howe\'eT, 
the  wires  arc  at  right  angles  to  the  direction  of  the  displacement  in  the 
incident  waves  there  cannot  be  a  corresponding  charge  induc"cd  on  ihc 
wires,  for  each  wire  being  insulated  from  the  adjacent  wires,  no  move- 
ment of  electricity  can  take  place  from  one  wire  to  the  next,  so  thai  ihc 
only  possible  induced  charge  which  am  be  produced  is  one  on  the  oppo- 
side  sides  of  each  wire,  and  the  positive  induced  charge  on  the  one  side 
of  any  wire  will  be  practically  neutralised  by  the  negative  charge  which 
will  be  simultaneously  induced  on  the  side  of  the  adjacent  wire.  A 
framework  of  conducting  wires  will  thus  art  in  exactly  the  same  manner 
as  docs  a  plate  of  tourmaline  in  optics,  reflecting  waves  in  which  the 
displacement  is  parallel  to  the  length  of  the  wires,  but  transmitting  all 
waves  in  which  the  displacement  is  perpendicular  to  the  length  of  ihc 
wires.  The  polarising  efl'ect  of  such  a  wire  frame  can  l>c  very  clenrly 
shown  by  placing  the  oscillator  and  receiver  with  their  axes  crossed  at 
shown  in  Fig.  361.     In  this  position  the  receiver  wUI  not  lie  afTcctcd  by 


4 


U&6] 


Refliciion  of  EUctro-magnetic   Waves 


8S9 


tlie  oscillator.  Neither  will  the  receiver  be  influenced  if  ilic  mic  Iramc 
is  introduced  between  it  and  the  oscillator,  if  the  Icnyth  of  the  wires  is 
|>;irallel  to  the  a\is  of  either  the  oscillator  or  the  receiver  ;  the  reason 
bciny  that  when  the  wires  arc  parallel  to  the  axis  of  tlic  oscillator  they 
will  not  allow  any  of  the  waves  to  pass,  and  when  the  wires  are  parallel 
to  the  axis  of  the  re- 
ceiver, alihou^'h  the 
wa\es  will  now  be 
transmitted,  yet  since 
the  direction  of  dis- 
placement in  these 
waves  is  at  right  angles 
to  the  axis  of  the  re- 
ceiver, ihcy  will  not 
cause  it  to  respond.    If, 

however,  the  wires  arc  arranged  so  that  they  are  inclined  ;tt  45  to  the 
axis  of  both  the  oscillator  and  the  receiver,  this  latter  will  respontl.  The 
reason  for  this  is  thai  when  the  waves  strike  the  wire  frame,  which  is  at  45" 
to  llie  direction  of  di^plareinent,  they  arc  resolved  into  two  compomtnts, 
in  which  the  displacements  are  at  right  angles  to  one  another.  The 
com(.MMient  in  which  the  displacement  is  parallel  to  the  wires  is  rellecied, 
while  that  in  which  the  displacement  is  at  right  angles  to  the  length  <»f 
the  wires  is  transmitted.  Tljese  transmitted  waves,  falling  on  the 
receiver,  are  again  resolved  into  two  comptmcnis,  in  one  of  which  the  dis- 
placement is  perpendicular  to  the  axis  of  the  receiver,  and  in  the  other 
the  displacement  is  parallel  to  lite  axis  of  ihc  receiver,  and  this  latter 
will  aiTect  the  receiver.  The  experiment  corresponds  to  die  optical  ex- 
[xrriment  of  introducing  a  doubly  refracting  plate  between  crossed  Nicols. 
When  the  principal  section  of  the  crystal  is  parallel  lo  the  principal  plane 
of  the  analyser  or  the  pi^lariser,  no  light  is  Iraobmitted  through  the 
system.  If,  however,  the  principal  section  of  the  crystal  is  inclined  at 
45**  to  the  principal  planes  of  the 
Nicols,  then  light  is  transmitted 
through  the  analyser. 

The  refraction  of  electro- 
magnetic waves  can  be  shown  by 
means  of  a  prism  of  paraffin  or 
pitch.  The  prism  is  arranged  as 
shown  in  Fig.  562,  with  metal 
screens,  E  and  K,  arranged  so  as 
to  cut  off  any  waves  which  do 
not  pass  through  the  prism.  By 
measuring  the  angle  of  deviation 
through  which  the  waves  have  heen  turned  and  the  refracting  angle  of 
the  prism,  we  can  calculate,  just  as  in  the  corresponding  optical  expert- 
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ment  (§  346},  the  refractive  index  of  the  material  of  the  prism  for  these 
waves. 

Experimentintj  in  this  way,  the  values  for  the  refractive  index  of 
some  bodies  for  electro-magnetic  waves  given  in  the  following  table 
have  been  obtained  :  — 


Refractive  Index  for  Electro-magnetic  Waves. 


Sutntancc 

Refractive  Index  for  Wave-lengths  of        1 

8  mm. 

6  mm. 

4  mm. 

Paraffin 

Sulphur 
Ebonite     . 

1.52 
1.80 
174 

1.41 

2.01 
J. 72 

1.39 

2.00 

1.56 

587.  Reflection  of  Electro -mafirnetic  Waves  at  the  Surface  of 
a  Dielectric. — We  have  hitherto  only  considered  the  reflection  of  elec- 
trical waves  at  the  surface  of  a  conductor.  When  electrical  waves  p00 
from  one  dieleccric  to  another,  althoiij^h  part  of  the  waves  will  be 
transmitted,  yet  a  portion  will  be  reflected.  A  similar  phenomenon  is 
exhibited  when  light  passes  from  one  transparent  medium  to  another, 
and  it  will  be  well  to  recall  briefly  what  peculiarities  accompany  such 
reflection.  In  §  407  we  saw  that  when  the  incident  beam  was  incident 
at  a  certain  angle  the  reflected  beam  was  plane  polarised.  Further,  that 
if  the  incident  light  was  plane  polarised  in  the  plane  of  incidence,  then 
for  a  certain  angle  of  incidence  the  whole  of  the  light  was  reflected,  while 
if  the  incident  beam  was  polarised  in  a  plane  at  right  angles  10  the 
plane  of  incidence,  none  of  the  light  was  reflected.  It  has  also  been 
mentioned  that  there  are  two  rival  theories  as  lo  whether  the  vibrations 
of  the  ether  which  constitute  light  take  place  hi  or  perpendicular  to  xhc 
plane  of  polarisation. 

In  the  electrical  case,  if  the  axis  of  the  oscillator,  as  shown  in 
Fig.  563  {a\  is  at  right  angles  to  the  plane  of  incidence,  and  if  the  angle 
of  incidence,  CON,  at  the  surface  of  a  plate  of  sulphur,  EK,  is  about  6o', 
there  will  be  a  reflected  beam,  and  the  receiver  placed  at  D,  so  that  the 
angle  DON  is  equal  to  the  angle  CON,  will  be  affected.  In  this  case  the 
electrical  displacement  is  perpendicular  to  the  plane  of  incidence.  If, 
however,  the  oscillator  is  arr.mged  as  in  Fig.  563  (f>\  with  its  axis  in  the 
plane  of  incidence,  there  will  he  no  reflected  beam,  and  the  receiver  will 
have  to  be  placed  at  D*  to  be  affected.  Hence  when  the  electrical  dis- 
placement in  the  incident  waves  is  at  right  angles  to  the  plane  of  inci- 
dence there  is  reflection,  but  when  the  displacement  is  in  the  plane  of 
incidence  there  is  no  reflected  beam.     Now  in  the  case  of  light  then 
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ii  no  reflected  beam  when  the  lij^'lit  is  pularised  at  right  angles  to  the 
plane  of  incidence,  that  is,  when,  according  lo  Kresnel's  view,  the  dis- 
placement is  in  Ihe  plane  of  incidence.  Since,  then,  on  the  clcctro- 
niajfnetic  theory,  light  waves  and  electro-magnetic  waves  are  tlic  same, 
and  only  diflfer  in  wave-lrngih,  it  follows  that,  in  the  case  shown  in 
Fig,  563  (^),  the  electrical  waves  are  polarised  in  the  plane  of  inci- 
dence, while  in  Kig.  563  {a)  the  waves  are  polarised  perpendicular  to 
the  plane  of  incidence.  Thus  the  electrical  displacement  lakes  place 
pcrpcntlicular  to  the  plane  of  polarisation,  and  thus  corresponds  to  the 
displacement  considered  by  Fresnel,  Since,  as  we  have  seen,  the  elec- 
triciil  displacement  is  always  accompanied  by  ma^,'netic  forces  which 
occur  at  ri^iht  angles  to  the  direction  of  the  electrical  displacement,  it 
follows  that  the  magnetic  force  is  in  the  plane  of  jwlarisation.  The 
electro-magnetic  theory  therefore  shows  that  both  Fresnel  and  Mac- 
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Cullagh  were  riyht  as  far  as  they  went,  but  that  neither  were  complete, 
in  that  in  addition  to  the  displacements  they  considered  there  is  always 
something  taking  place  in  a  perpendicular  direction,  both  displacements 
however  being  in  the  wave-front,  that  is*  at  right  angles  lo  the  direction 
in  which  the  wave  is  travelling.  The  experiments  on  the  reflection  of 
electro-magnetic  waves  at  the  surface  of  the  sulphur  further  show  that 
the  displacement  which  Fresnel  considered  is  the  electrical  displace- 
ment, and  that  considered  by  MacCullagh  is  the  magnetic. 

688.  Electro -magTietlc  Waves  along  Wires.  — In  addition  to  the 
electro-magnetic  waves  which  art."  prr>pagated  in  free  air  or  other  dielec- 
tric, waves  can  be  produced  in  such  a  way  that  their  direction  of  pro- 
pagation is  along  conducting  wires.  The  usual  arrangement  employed 
for  producing  these  waves  is  shown  in  Fig.  564.  The  primary  oscillator 
consists  of  two  metal  plates,  A  and  B,  which  are  connected  by  wires  in- 
cluding a  spark  gap,  o,  and  are  also  connected  with  the  terminals  of  an 
induction  coil,  c.     Two  other  metal  plates,  n  and  E,  are  placed  opposite 
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the  plaics  of  the  oscillaior.  These  pl.iies  are  connected  wiih  two  wires, 
Df'll  and  t<iK,  which  are  stretched  <»n  insulating  supports  nc  a  distance 
from  one  another  of  abntit  7  cm.  When  electrical  oscillations  are  pro* 
duccd  in  \\\  owin}^  to  induction,  oscillations  will  also  be  produced  in  the 
plates  D  and  W.  Thus  waves  of  the  same  period  as  those  in  the  primary 
oscillator  will  Ijc  propajL^atcd  along  t!ic  two  wires,  or  raiher  in  the  dielec- 
tric between  ihc  wires.     Since  whenever  A  is  positively  dcctrilicd  U  will 


+ 

A 

O' 

c 

B 

be  negatively  electrified,  and  the  sign  of  the  electrifications  on  i>  and  B 
is  always  the  opposite  to  that  on  the  corresponding  plate  of  the  oscit* 
later,  the  phase  of  the  vibrations  sent  along  the  two  wires  will  be 
opposite,  that  is,  whenever  a  given  point  on  the  one  wire  is  at  its 
maximum  positive  potential,  the  corresponding  point  on  the  otlicr  wire 
will  l)c  at  its  maximum  negative  potential.  If  the  ends  of  the  wires  arc 
free  the  waves  will   l>e  reflected,  and  if  the  lengths  of  the  wires  are 
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adjusted  suitably,  slalionary  waves  will  be  set  up  owin^  to  the  inter- 
fercntc  of  ilic  dirc<  t  waves  with  Those  refiecied  from  the  ends.  Since 
it  would  )ie  inconvc^nieiU  to  adjust  the  Icnyth  of  the  wire  to  secure  the 
forinalion  of  st.iliftnary  waves,  il  is  usual,  instead  of  havinj^  the  wires 
insulated  from  one  another  at  the  ends,  to  join  them  by  a  metallic 
bridge,  HK.  the  position  of  which,  and  hence  the  lenjflh  of  the  wires,  can 
be  altered. 

It  is  instructive  to  consider  how  this  arrangement  works  from  the 
point  of  view  of  Faraday  tubes  of  force.  When  the  plates  A  and  W  are 
charged  by  the  coil  before  the  passage  of  a  spark,  the  Faraday  tubes  will 
stretch  somewhat  as  indicated  in  Fig.  564  {a).  When  the  spark  passes, 
due  to  the  number  of  tubes  stretching  from  one  knob  of  the  spark  gap  to 
the  other  being  so  great  that  rhe  eleclrical  stress,  of  which  the  tubes  are 
simply  live  graphic  representation,  overcomes  the  dielectric  strength  of 
the  air,  the  tubes  which  stretch  across  in  the  path  of  the  spark,  since 
along  this  path  the  air  becomes  a  conductor,  will  be  able  to  shrink  to 
nothing.  The  disappearance  ol  these  lul>cs  will  allow  some  of  the  tubes 
which  were  crowded  nut  into  the  intervening  space,  owing  to  the  trans- 
verse repulsion  between  the  tubes,  to  move  towards  the  gap  as  shown  at 
{b).  The  two  tulies  marked  i  and  2  will,  since  they  are  turned  in  o|)posite 
senses,  attract  one  another,  and  they  will  first  fuse  together  and  then 
separate  into  two  tubes,  3  and  4,  as  shown  at  u).  Tul>e  4  will  rush  into 
the  conducting  spark  gap  to  keep  up  the  discharge^  while  lul>e  3  will 
move  through  the  dielectric  separating  the  wires,  with  its  positive  end  on 
the  wire  IXK,  and  its  negative  end  on  the  wire  DFH.  As  these  tubes 
move  away,  another  pair  ot  tubes  will  move  out  from  the  space  between 
the  plates,  and  will  go  through  the  same  operation.  The  process  will 
not,  however,  stop  when  the  plates  have  lost  all  their  tubes,  that  is,  when 
all  the  Faraday  tubes  have  moved  out  from  between  the  plates,  but,  owing 
to  Inertia,  a  dielectric  displacement  will  be  produced  in  the  opposite 
direction,  that  is,  tubes  will  appear  which  stretch  in  the  opposite  sense  to 
the  original  tubes.  The  crowding  in  of  these  tubes  between  the  plates 
may  l>e  regarded  as  simply  the  passing  out  from  between  the  plates  of 
more  tubes  in  the  original  sense  than  there  were  originally  there.  Then 
these  tubes  will  go  through  the  same  series  of  operations  as  the  others 
liid,  and  lubes  will  be  propagated  along  the  wires  which  have  their  posi- 
tive ends  on  the  wire  nKH,  and  their  negative  ends  on  Er.K.  Thus  there 
will  be  a  number  of  sets  of  lubes,  such  as  are  shown  at  {d)^  travelling 
along  the  wires.  When  a  lube  reaches  the  bridge  hk,  owing  to  inertia 
it  will  not  simply  shrink  to  nothing,  but  will  stretch  out  again  and  travel 
back  ;  but  if,  when  it  approached  the  bridge,  its  positive  end  was  on  the 
wire  KH,  when  travelling  back  its  negative  end  will  be  on  this  wire.  We 
shall  thus  have  a  train  of  reflected  tubes,  and  these,  together  with  the 
dir(*rt  tubes  which  are  travelling  towards  the  bridge,  will  produce  a  system 
of  nodes  and  loops,  for  at  certain  points  on  the  wires  the  tubes  which 
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reach  there  on  their  way  to  the  bridge  will  always  be  of  ihe  opposite  sign 
to  those  wliich  reach  this  point  after  reflection,  and  hence  the  two  sets  o( 
tubes  will  neutralise  eac!i  other.  At  other  points  the  two  sets  of  tubes 
will  always  be  in  the  same  sense,  and  will  therefore  produce  a  loop.  The 
experiment  is  exactly  analogous  to  Kundt's  method  of  determining  ihc 
velocity  of  sound  in  gases,  as  described  in  §  3M;  the  oscillator  here 
corresponding  to  the  vibrating  rod  which  in  the  acoustical  experiment 
produces  the  vibrations  of  ihe  gas  in  the  tube.  The  bridge  here  corre- 
sponds to  the  closed  end  of  the  luhf,  for  in  btjth  cases  they  correspond  to 
a  nfKlc,  that  is,  in  ilie  one  case  lo  a  point  where  the  movement  of  the  air  is 
a  minimum,  .ind  in  the  other  to  a  puint  where  the  electrical  displacement 
is  a  minimum.  The  electrical  displacement  at  the  bridge  is  a  mintmuin* 
for  there  the  poiential  of  the  iwi»  wires  is  always  the  same,  so  that 
there  cannot  be  any  electro-static  force,  and  hence  no  displacemenL 
Also,  just  as  in  Kundt's  experiment,  t)>e  stationary  waves  set  up  in  the 
tube  arc  very  much  more  inlen^^e  if  the  length  is  adjusted  so  that  it  is  a 
multiple  of  the  half  wave-length  of  the  note  yivcn  by  the  rod  in  Ihe  gas, 
so  in  the  electrical  case  the  ampliimie  of  the  stationarj*  waves  set  up  in 
the  wires  is  much  increased  if  the  p<isi[ion  of  the  bridge  is  altered  till  the 
length  of  each  wire  is  some  multiple  of  the  half  wave-length  of  the  elec- 
trical waves  in  the  wires  produced  by  the  oscillator. 

The  position  of  the  loops  on  the  wires  can  be  determined  by  placing  a 
deissler  tube,  L  (S  3^1))  iicross  the  wires  as  a  bridge.  If  the  lube  is  moved 
along  it  will  ylow  brightly  at  the  loops,  but  will  be  dark  at  the  nodes.  In 
this  w;iy  the  wave-length  of  the  osciilatious  in  the  wires  can  be  measured. 
Then,  if  tlic  periodic  time  of  the  primary  oscillations  is  known,  the  velocity 
with  which  the  oscillations  travel,  when  conducted  in  this  way  along  wirvs, 
can  be  calculated.  By  this  inethod,  as  well  as  by  a  direct  comparison 
between  the  velocity  in  free  air  with  that  along  a  wire,  it  has  been  proved 
that  the  velocity  is  the  same  when  the  waves  are  propagated  in  a  ^tt^ 
dielectric  as  when  they  are  conducted  along  a  wire.  Also,  it  is  found 
that  the  velocity,  while  it  is  independent  of  the  material  of  the  wires, 
depends  on  the  specific  inductive  capacity  of  the  dielectric  which  sur- 
rounds the  wires.  This  result  is  a  conclusive  proof  that  the  energy- 
travels,  not  along  the  wires,  hut  through  the  dielectric  which  surrounds 
them,  as  is  indicated  by  Maxwell's  theory. 

689.  Telegraphy  without  Connecting  Wires.— Within  the  last 
year  or  two  much  attention  has  been  devoted  lo  the  employment  of  elec- 
tro-magnetic waves  as  a  means  of  transmitting  signals  from  one  place  to 
another  without  the  necessity  for  a  metallic  wire  connecting  the  two. 
There  are  a  number  of  arrangements  which  have  been  tried,  and  ihe  whole 
subject  is  still  (1899)  in  a  very  experimental  stage.  Some  of  the  n>osi 
successful  attempts  have  been  made  by  Marconi,  who  has  transmitted 
signals  from  Alun>  Hay  to  Hournemouih,  a  distance  of  eighteen  miles. 
As  transmitter  he  uses  an  oscillator  of  Righi's  form,  giving  waves  of 
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about  120  cm.  wave-length.  As  a  receiver  he  uses  a  coherer,  which  is 
placed  in  series  with  a  relay ;  this  relay  working  a  sounder  on  which 
the  Morse  signals  are  received.  In  order  to  make  the  coherer  lose  its 
conductivity  when  the  waves  stop,  an  electro-magnet  works  a  small 
hammer  which  is  continually  tapping  the  tube.  In  the  case  of  trans- 
mission over  distances  greater  than  a  mile  or  two,  a  collector,  consisting 
of  a  vertical  wire  attached  to  a  pole,  is  used  to.  conduct  the  waves  to 
the  coherer. 


QUESTIONS    AND    EXAMPLES 


Questions  which  have  been  set  at  the  Examinations  of  ths  University  of\ 
London  are  ituiicated  by  the  letters  B.Sc.^  Int,  Sd.t  or  Pretim.  Sci,  , 
respectively  J  while  questions  set  at  the  advanced  stage  of  the  Exami- 
nations held  by  the  Science  and  Art  Department  are  indicated  by 
S.  &-  A,  D.  (A.). 

BOOK    I 


CHAPTERS  II  AND  III 

lerwise  mentioned  j*-  may  be  taken  as  980  cm./sec,^  or  3a  ft./sec,*) 

:  by  the  circular  measure  of  an  angle  ?    Calculate  the  value  of  ibe 

^uilatcral  triangle  in  circular  measure.  .4»j.  1.0472.* 

values  of  sin  30",  cos  60°,  Ian  45'.      Draw  a  curve  showing  the 
values  of  sin  O,  cos  6,  and  tan  0,  as  9  increases  from  o^  lo  90*. 

Ahs,  sin  30*  =  . 5  ;  cos  60**=. 5  ;  un  45*=  i. 

i  square  on  the  hypotenuse  of  a  right-angled  triangle  is  equal  to  the 

'.ares  on  tlie  other  scales,  prove  that 

tended  by  the  diameter  of  the  moon  at  the  sur^e  of  the  earth  being 
:Je  the  distance  of  the  moon  is  234,800  miles,  calculate  the  diameter 

AftJ.  31'  37''.6  — .009199  radians.     Dianictcr= 2160  miles, 
o  place  a  scale  so  that  each  millimetre  shall  subtend  an  angle  of  a 
at  a  certain  spot      At  what  distance  must  the  scale  be  placed? 
idians).  Am.  343.8  cm. 

ied  into  thirds  of  a  degree,  how  must  a  vernier  be  divided  so  that 
minutes?         .■4ns,  20  dixnsions  of  vert!rtcr=  19  divisions  of  circle. 


CHAPTERS  IV,  V,  AND  VI 

ncnsions  of  speed  ?      Express  a  speed  of  60  miles  an  hour  in 
^         ,1,  and  in  kilometres  per  hour. 
^  .'hts.  26rS2  m./sec.  ;  96.56  kilometres/hour. 

*  In  most  cases  the  last  significant  figure  given  in  the  answers  Is  only  correct  lo 
within  one  or  two  units  in  this  place. 
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2.  In  iin  account  of  a  yacht  race  a  newspaper  said,  "  The  rate  nf  %pecd  of  ihr 
was  I o  knots  wr^tnwf."     Criticise  ihis  sutemcnt,  pointing  out  whAt  the  nio(i< 
would  be   if  the  stittement  were  interpreted  literally,  and  restate  in  tcieol 
lanjjuage  what  the  reporter  prolably  intended  to  i«y. 

A  particle  starts  from  rest  and  travels  for  5  seconds  with  a  unifnmi  acceleration 
Scm./scc.^  it  then  continues  nnovingat  the  uniform  speed  acquired  from  10  second 
and  is  finally  brought  to  rest  with  a  unifurm  acceleration  equal  to  -  0.5  cm, /sec* 
Calculate  the  total  space  passed  over,  and  the  total  time  taken.     Draw  a  cun*e 
represent  the  motion  of  the  particle,  and  show  how  ihe  space  pa*ic<l  over  can  be 
c)biaine<l  from  this  curve.  Anj,  21  metres  ;  95  sec  *' 

4.  A  particle  moves  from  rest  with  a  uniform  acceleration  of  2  cin./sec'  in  a 
direction  parallel  to  one  side  of  an  equilateral  triangle,  and  with  a  uniform  speed 
of  5  cm./sec.  parallel  to  on  adjacent  side.  Draw  a  curve  showing  the  nctu44  path 
of  the  particle  for  the  first  five  seconds  of  its  motion. 

5.  A  particle  moves  round  a  regular  hexagon  at  uniform  speed.  Draw  the  hodognph 
of  its  motion. 

6.  Draw  the  hodc^rapb  of  a  particle  which,  starting  from  rest,  moves  aloog  the 
circumference  of  a  circle  with  an  accelerated  speed,  such  that  the  speed  increAsea 
2  cm.  per  second  for  each  radian  swept  out  by  the  line  joining  the  particle  to  the 
centre  of  the  circle.  h 

7.  Taking  the  mcxin's  orbit  round  the  earth  to  be  a  circle  of  radius  240,000  mileS|i^| 
calculate  the  acceleration  with  which  the  satellite  is  moving  with  reference  to  the  1 
earth.  Ans.  See  $  ic8. 

6.   What  is  meant  by  saying  that  the  angular  velocity  of  a  Imdy  is  ir?     How  mai 
revolutions  per  second  would  such  a  body  make?  Am,  .5. 

9.  Why  is  it  that  a  four-l^ged  sIlhiI  ts  often  tmsleaHy  while  a  three^l^god  stoof 
always  stands  firm  ? 

10.  A  particle  is  moving  in  a  circle  of  radius  8  cm.  with  n  5pecd  of  15  cm./sec,  what 
is  its  angular  velocity  ?  Am,  1. 875. 

11.  Show  that  if  the  points  of  ihc  three  legs  of  un  iniitrument  rest  in  three  grooves 
which  meet  at  a  point,  and  are  equally  inclined  to  each  other,  then  the  ]v«ition  t\f 
the  inatniment  is  fixed. 


CHAPTER  VII 


1-  Explain  what  is  meant  by  the  period,  Amplitude,  and  phase  of  a  S.  H.  ^f.  If  (hr 
period  is  12  seconds,  and  the  ampUtude  tocm..  what  aie  the  pliase  and  the  displace- 
ment  at  a  lime  t4  seconds  after  a  passage  of  the  particle  ihrot^h  its  extrrnie 
positive  elongation.  Anu  wj^  ;  5  cm. 

2.  What  is  the  speed  and  acceleration  of  the  |MrticIe  in  the  previous  question  at  tlie 
instant  considered,  and  also  when  the  displacement  is  8  cm. 

A'ts.  T  ^75/6  cm.'sec;  5^^/36  cm.; see''';  w  cm./sec;  2t'/9  cm./»ec.'. 

3.  Draw  the  harmonic  curve  to  represent  the  b.H.M.  considered  in  the  last  t" 
questions,  and  apply  it  tn  fmd  the  displacement  at  the  time  14  seconds  and  the  tfi 
at  which  the  displacement  is  8  cm. 

4.  Show  how  to  find  the  rrsullAnt  motion  obtained  by  compounding  together  two  eqi 
uniform  circular  m'>tinns  of  the  »Jime  pi*r»*i|,  U\  ihr  s-imc  pUne  :  (rt)  whrti  the  11 
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motions  are  m  the  same  sense  ;  {b)  when  they  aie  in  opposite  sense*.  What  will 
he  the  resultant  motion  tf  the  two  circular  motions  arc  in  opposite  senses*  and 
difTei  very  slighily  from  one  another  in  period?  B.Sc.  1899. 
Find  the  resultant  curve  produced  by  the  composition  of  two  S.  H.M/s.  at  right 
antics,  ihc  amplitude  and  period  of  the  one  being  double  those  of  the  otheri  and 
they  start  so  that  the  extreme  positive  elongations  occur  simultaneously. 


CHAPTERS   VIII    AND    IX  ' 

1.  A  force  acLs  upon  a  body  of  mass  150  grams  for  10  seconds  and  during  this  time 
the  body,  starting  from  rest,  moves  over  aoo  cm.  What  is  the  mnf^nitude  of  the 
force  ?  Atts.  Goo  d)'ncs. 

2.  A  force  of  100  dynes  acts  on  a  body  of  which  the  mass  is  60  grams.  What  will  be 
the  speed  and  morntfnium  of  the  body  15  seconds  after  it  starts  from  rest  ? 

Ans,  25  cm. /sec.  ;   1500  grms.  cm./sec. 
8.  State  clearly  the  second  law  of  motion,  and  show  how  the  parallelogram  of  forces 
may  1>e  deduced  by  ihe  aid  of  it  from  the  parallelogram  of  velocities.     Int.  Sci. 
1S89. 

4.  Enunciate  the  laws  of  motion,  and  give  illustrations  of  ench.  Apply  the  second  to 
the  case  of  a  stone  steadily  whirling  in  q  circle,  and  attached  to  the  centre  of  the 
drcle  hy  n  piece  of  elastic.     Int.  Sci.  1892. 

5.  A  lx)dy  of  mass  50  grams  is  allowed  lo  fiaill  freely  under  the  action  of  gravity. 
Calculate  the  momcnium  it  possesses  after  5  seconds.  What  force  acting  would 
cause  it  to  move  as  it  does  under  the  action  of  gravity  (^=980  cm./^c.^}. 

Ans.  245,000 grms.  cm./sec;  49,000 dynes. 

6.  Two  oppositely  directed  parallel  forces  act  on  a  body  so  thai  the  distance  between 
their  lines  of  action  is  20  cm.  The  magnitudes  of  the  forces  being  30  dynes  and 
20  dynes,  find  the  position  and  magnitude  of  the  resultant. 

.-//u.  40  cm.  froiii  larger  force  and  on  side  remote  from  smaller ;  10  dynes. 

7.  Show  that  the  moment  of  a  force  alxful  a  point  can  be  represented  by  the  area 
of  a  certain  figure,  and  apply  this  result  lo  find  the  pi_tsilion  of  the  resultant  of  two 
parallel  forces. 

8.  A  body  is  in  equilibrium  under  the  infltience  of  three  forces.  Two  of  these  forces 
act  in  directions  inclined  at  60"  to  one  another,  and  their  magnitudes  are  40  dynes 
and  30  dynes  resperlivoly.     Find  ihe  magnitude  and  direction  of  the  third  force. 

.-ffif.  60.83  dynes. 

CHAPTER    X 

1.  Define  the  tenns  cnerg>'  and  wnrk,  and  explain  how,  first,  the  kinetic,  secondly, 
the  pf>lential,  energy  of  a  falling  Ixjdy  is  measured.     S.  &  A.  D.  (A.)  1893. 

Z.  What  dn  you  understand  by  energy?  and  how  would  you  measure  (a)  the  energy 
of  a  bullet  due  to  its  m..tion  as  it  leaves  the  muzzle  of  a  gun  ;  {h)  the  energy  of  a 
clock  pendulum  at  the  highest  and  lowest  points  of  its  swing?     I'rclim.  Sci.  18S9. 

3.  Explain  how  work  is  measxired.     A  train,  weighing  120  tons,  goes  for  2  miles  up 
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txi  incline  of  1  in  lOO :  ncf^lecting  frictiuni  calcuUte  in  fciuUpounds  Uic 
done.     Int.  Sd.  1889,  Am.  2.838  >c  itf  ft.-lU. 

4.  Define  work  and  energy.  CftlcuUtc  the  energy,  in  foot-pounds,  of  %  mass  of 
180  His.  ninving  at  ihc  rule  uf  10  feet  a  second.  How  high  would  such  a  mas 
move  under  gravity  if  projected  (ipwurds  with  ihis  vHixrily.     Prclira.  Sci.  (891. 

Am.  9000/^  ft.-ll».  ;  50/f  fcct. 

6,   Wh&t  do  you  undenUnd  by  the  dimensions  of  ft  ph^incal  quantity  in  terms  of  I 
mass«  length,  and  time?    Kind  the  number  of  dyne<  in  the  force  which,  actiae 
on   I  cwt.  for  one  minute,  pmduces  a  velocity  of  one  mile  fKT  hour.     (l  ft.= 
3as  cm.,  and  I  lb.=453  grams).     Int.  Sci.  (H.)  1889. 

Am.  27.38  X  4.214  X  10^  dynes. 

6.  A  bullet  weighing  t  at.  is  fired  from  a  smooth-bore  gun  0.4  inch  in  internal 
diamcler,  and  30  in.  long.  The  mu/jrlf-velocily  of  the  bullet  is  ItiOO  feet  per 
second.  P'ind  the  energy  of  the  bullet  in  fo<jt-puunds  and  the  pressure  per 
square  inch  in  ibe  Ijariel,  suppojied  uniform  \g-yi\     Int.  Sci.  (H.)  1893, 

Am.  ^^xoQlg  ft.-lbs. ;  7955  11«.  per  sq.  in. 

7,  When  a  wheel  is  being  turned  round  on  an  axle,  show  that  the  work  done  in 
turning  it  can  be  determined  by  measuring  the  moment  J/ of  ihe  turning  effort 
required  lo  prevent  the  axle  from  rotating,  and  then  calculate  the  work  /Kdonc 
in  n  revolutions  by  the  formula  W—iTttAf.  How  would  yoti  ntcasture  Af  ex- 
pcrimenlally  ?  In  what  units  must  Af  Iw  expressed  if  W  is  to  be  cxprcstsed  in 
foot-pounds?  B.Sc.  i8i>9.  Am.Sct%^^t» 
A  hoop,  weighing  2  lbs.,  and  2  feet  in  diameter,  is  rolling  at  the  rate  of  30 
revolutions  per  minute  along  a  horizontal  r*iad.  Find  the  kinetic  energy  of  the 
hoop  in  foot-pounds.  The  pUne  of  the  hoop  is  vertical,  and  the  point  of  it  in  con- 
tact with  the  ground  is  momentarily  at  rest.  B.Sc  1895.  Am.  2ir*/^fooi-1hi 
A  kilogram  weight  sliding  down  an  inclined  plane  9  an.  high  reaches  the  bottom 
with  a  velocity  of  5  cm.  per  second.  How  much  energy  has  been  rubbed  out  of  it 
during  the  descent  {^'=980).                                                           Am.  8S07500  ergs. 

10.  Describe  the  series  of  events  that  lake  place  during  the  short  time  of  impact  of  I 
an  elastic  ball  u|»n  an  unyielding  plxme.  ^V^lat  varii:>us  cautics  prevent  a  real  [ 
1«11  falling  on  a  hard  slab  from  rel>ounding  to  the  height  from  which  it  (ell  ?  \i\ 
such  a  Ixill,  after  being  dropped  on  the  slab,  is  allowed  to  rebound  a^^ain  and  ( 
again,  what  sort  of  law  can  be  observed  in  the  successive  heights  to  which  it  | 
rises?    B.Sc  1891. 
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CHAPTERS   XI   AND  XII 

Prove^  by  resolving  all  the  forces  parallel  to  the  plane,  the  ft>rmu1ae  for  th«  eqtu- 
lilmum  of  a  body  on  a  sniofjth  inclined  plane. 

A  weight  of  1000  kilos  has  to  be  dragged  up  a  smooth  inclined  plane  which  rises 
3  in  every  5  (measured  along  the  inclined  surbcc).     Kind  the  smallest  force  which  i 
is  capable  of  doing  this  (i)  when  it  acts  parallel  to  the  base;  [3)  when  it  acts 
parnltel  to  the  inclined  f.urface.  Am.  75oooqf  dynes;  6ooooc^ <|yne«. 

Prove  that  in  the  case  of  a  balance,  of  which  the  arms  are  of  uneqtia]  length,  if  J 
the  apparent  weights  oi  a  body  when  it  is  weighed  first  in  one  pan  and  lh«n  in  J 
the  other  are  wi  and  i»i,  then  the  true  weight  is  %/w,«v 


Quesii 

4.  A  balance,  the  beam  of  which  is  30  cm  lung  and  weighs  40  grams,  is  deflected 
through  1°  (sec  p.  14)  by  an  excess  uf  une  milUgruin  in  uiic  c^if  the  pitns,  what  i» 
he  distance  uf  the  centre  of  gravity  of  the  t>eam  below  the  central  Lnifc-etlge? 

Atu,  0.0215  ^'°*' 

6.  If  the  plane  considered  in  question  2  is  rough,  and  the  coeflficifnt  of  friction  be- 
tween the  body  and  the  plane  is  0.2,  lind  (he  force,  in  the  two  cases  considered, 
which  will  just  start  the  body  moving.      Atts.  1 1  iSooqf  dynes  ;  760000^'-  dynes. 

6.  A  paiticle  slides  down  a  rough  inclined  plane  whose  anyle  is  6o^  If  the  co- 
cBicierit  of  friction  Ik  j^*  find  ihc  ratio,  ju^i  Iwfore  the  particle  reaches  ihc  bottmn, 
uf  the  cnerg)'  dissipnted  tu  the  whole  energy  at  starting.     li.Sc  1899. 

7.  If  500  cm.  per  second  is  the  linear  speed  of  a  point  on  the  circumference  of  the 
pulley  of  a  friction  dynamometer,  and  the  weight  at  the  end  of  the  strap  is 
10  kilott,  tind  the  reading  in  the  spring  balance  when  the  engine  is  doing  10*  ergs 
per  second.  The  strap  of  the  dynamometer  may  be  taken  to  bear  directly  on  the 
surfrkcc  of  the  ]jullcy  (^=980}.  Ans.  7.959  kilos. 


CHAPTERS   XIII   AND  XIV 


1,  A  pofticle  moves  unilbmily  ronnd  a  circle  with  angular  velocity  w.  Show  that 
its  acceleration  is  towards  the  centre,  and  equal  to  w'r.  Assuming  the  law  of 
gravitation,  and  taking  the  orbits  of  the  earth  rmmd  the  sun,  and  the  mrKin  round 
the  earth,  as  circular,  compare  the  masses  of  the  sun  and  the  earth,  given  that  the 
moon  makes  thirteen  revolutions  per  year,  and  thnt  the  sun  is  J90  times  as  distant 
astheinnon.     B.Sc.  1S94.  ,'/«j.  35100a 

2,  (jivcn  that  the  attraction  between  two  small  spheres,  each  having  a  mass  of  1 
gram,  when  placed  with  their  centres  at  a  distance  of  I  cm.,  is  6.66  x  10  "  dynes, 
and  that  the  value  of  ^  at  the  surface  of  ihc  carlh  is  980  cni./scc,'^.  Find  the 
weight  of  a  small  leaden  sphere  of  mass  lo  grains  when  placed  vertically  ove( 
the  centre  of  a  sphere  uf  moss  100  kilos,  the  distance  Ixrlween  the  centres  Iteing 
10  cm.  j4ms.  (9800  +  6.66X  10*)  dynes. 

3.  Find  the  centre  of  gravity  of  three  eqiul  masses  placed  at  the  comers  of  a  given 
triangle. 

Mm.  A  third  of  the  way  up  the  line  joining  mid-point  of  bftsc  to  ilie  vertex. 

4.  Find  the  centre  of  gravity  of  a  triangular  lamina. 

Am,  As  in  previous  question. 
A  sijuarc,  of  side  a,  cut  out  of  thin  metal  has  one  of  the  Ixianglcs  formed  by  the 
intersection  of  the  diagunftis  cut  out.     Find  the  centre  of  gravity  of  (he  remainder. 

Ans.  At  a  distance  ofay9  from  the  centre  of  square. 
Find  an  expression  for  the  lime  of  oscillation  of  a  simple  pendulum.     Point  out 
any  assumptions  or  ap^>ruximalion  you  make,  and   show   how  these   limit   the 
applications  of  the  formula  yiiii  obtain. 

Mow  con  it  \tc  shown  that  the  weight  of  a  body  is  proportional  to  its  moss? 
The  IXAS&  uf  the  bob  of  a  ballistic  pendulum  is  5  kilos,  and  when  struck  by  a 
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bullet,  of  which  th^  muss  is  120  grains,  the  |>endulum  is  driven  bftcW  so  that  1 
txtb  is  raised  throu^rh  1.5  cm.     Find  the  speed  of  the  ballet. 

Ahs,  2313.4  cni.,scc 
A  simple  pendulum,  of  length  60  cm.,  the  1x>b  of  which  has  a  mass  of  490  graou 
is  palled  a:iidc  by  means  uf  a  horizontal  thread  attached  50  cm.  below  the  point  of! 
support,  so  that  the  Ixtb  is  pulled  aside  through  a  horizontal  dtstance  of  3  v'  1 1  cm. 
Kind  the  tension  in  (he  hori£ontai  thread,  and  also  that  in  the  ^'arious  portions 
the  thread  supporting  the  bob. 

A  us.  jpyj  II  grams  weight ;  50Q  grains  weight  ;  490  grams  weight. 
A  certain  pendulum,  when  allowed  to  oscillate  at  a  station  A,  makes  looo  vibr 
tions  in  8  min.  10  sec  ;  while,  when  removed  to  B,  it  nukes  1000  vibrations  in 
8  min.  20  see.     Kind  the  ratio  of  the  accelerations  of  gravity  at  A  and  B. 

Ant,  1.04  tx 


CHAPTERS  XV  and  XVI 


1.  What  is  the  fundamental  difTcrcncc  between  a  solid  and  a  liquid  ?     Paraffin  wa 
said  to  be  a  soft  solid,,  sealing  wax  a  viscous  fluid  ;  in  what  does  the  distinction 
lielwcen  the  two  consist?     Prelim.  Sci.  1S89. 

2.  What  do  you  understand  by  the  terms  stress,  strain,  and  coefficient  of  elasticity? 
How  winild  you  measure  the  coefficient  of  elasticity  of  a  gas  kept  at  coostAOt ' 
temperature? 

3.  Mercury  is  poured  int«j  a  tube  cIosf<l  at  one  end  until  it  reaches  a  point  2.5  cm*  . 
from  the  <ipcn  end.  The  lube  is  then  invcrtcl  iind  placed  in  a  vertical  po^itidtil 
with  the  lower  end  in  a  trough  nf  mercury.  It  is  then  found  that  the  air  dlls  3Ui 
cm.  uf  the  lu1>e,  wliilc  a  culumn  *»(  mercury  70  cm.  lon^  is  sustained  bcluw  il.  [ 
Find  the  height  of  iJic  Kiromcter.  Ans.  74.9  cm. 

4.  You  arc  given  200  c.  c.  of  air  at  a  pressure  due  to  760  mm.  of  mercury.  On  in- 
creasing  the  pressure  i)y  that  due  tu  i  mm.  of  mercury  without  change  of  tempera- 
ture the  volume  is  observed  to  decrease  by  .263  c.  c.  Kind  the  coefficient  of  volume 
elasticity  of  the  gas.     (Density  of  mercury  13.6.)  Ans.  1013500. 

5.  How  has  the  relation  between  the  volume  and  pressure  at  constant  temperature 
from  different  ga^.s  l>een  determined  accurately?  Ciive  a  brief  account  of  the  | 
results.  A  narrow  tut>c  with  uniform  bore  is  closed  at  one  end,  and  near  the  other 
end  is  a  thread  of  mercury  of  known  length.  The  tuln:  is  held  vertical  with  ihc 
closed  end  { \)  up^  (2) down.  Show  how  the  barometric  height  may  be  determined 
from  the  positions  of  the  thread,  assuming  that  Boylc*s  law  holds.     B.Sc.  1896. 

6.  The  volume  of  the  Kurt^l  of  an  air-pump  is  200  c  c,  and  the  volume  of  the  re- 
ceiver 3  litres.  What  fraction  of  the  original  pressure  will  be  the  presare  in  the 
receiver  after  two  strokes?  Am.  loo/isi. 

7.  Describe  the  cxpcrinienis  you  would  make  to  prove  that  for  a  gas  at  constant] 
temperature/^  is  constant, /being  the  pressure  and  v  the  volume  of  the  gas.     Tn 
a  certain  gas/;/  is  observed  to  decrease  slightly  as  the  pressure  rises.     Show  that 
the  resistance  to  compression  is  less  than  it  would  be  if  D4iylc's  law  held.     S.  aralj 
A.  D.  (A.)  1897. 

S.  What  is  meant  by  the  diffusion  of  a  gas  ?    Describe  an  experiment  to  show  ttuit  a  ' 
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light  gas  diffuses  through  a  given  membrane  more  rapidly  than  a  heavier  one. 
I'reHm.  Sci.  1889. 

A  small  sphere  of  mass  one  miUigram  travels  backwards  and  forwards  between 
two  parallel  planes  with  a  constant  speed  of  looo  cm./sec.  If  the  distance  be- 
tween the  planes  is  5  cm.,  find  the  force  which  must  be  applied  to  the  planes  to 
keep  them  from  moving  under  the  influence  of  the  impacts.  Obtain  this  force 
(l)  suppobiiijj  ihc  diameter  of  the  sphere  to  be  negligible;  and  (2)  when  the 
diameter  of  the  sphere  is  2  mm.  Ans.  200  dynes  ;  308.3  dynes. 

Prove  Groliam's  law  for  the  rate  of  etl'usion  of  a  gas. 


I 


CHAPTER  XVXT 

point  in  a  fluid,  and  show  dearly  how  it  is  that  the  force 
*a  vessel  containing  liquid  does  not  depend  on  the  shape 

Int.  Sci.  1889. 

-t  a  pi»int  in  a  fluid  vary  with  the  depth  of  the  point  below 

A  btMile,  whoM;  volume  is  jcncc,  is  sunk  mouth  down- 

xe  of  a  pond.      How  far  must  it  be  sunk  for  too  c  c.  of 

the  bottle?    The  height  of  the  barometer  at  the  surface  of 

(Speci6c  gravity  of  mercury  13.6.)     Int.  Sci.  1893. 

Ans,  258.5  cm. 
city  'if  A  li<juid  be  measured?    Compare  the  density  of  water 
It  the  bottom  of  a  lake  100  metres  deep,  given  that  the  com- 
XX3  per   atmosphere  of  760  mm.   of  mercury,  and   that  the 
is  13.6.     B.Sc.  1894.  Ans.  0.99956. 

13.6)  tmd  a  liquid  which  does  not  mix  with  water  are  placed  in 
J -tube,  and  the  surfaces  of  the  mercury  and  liquid  nre  at  3  cm. 
.pectivcly  al)ove  their  common  surface.     Find  the  density  of  the 
cliange,  if  any,    would  be  produced  if  the   U-'^he  were  wholly 
■vater?  Ans.  1. 457. 

rciiry  surface  would  stand  at  12.8/12.6  cm.  above  the  common  surfiure 
o  containing  the  unknown  liquid. 
^hts  required  to  sinlc  a  Nicholson's  hydrometer  to  Ws  mark  in  water  is 
iS.  The  weights  refpiired  when  a  certain  solid  is  placed  first  in  the  upper 
n  in  the  lower  pan  are  10  grams  and  14  grams  respectively.  Kind  the 
and  density  of  the  butly.  Am.  4  c.  c,  25. 


CHAPTER   XVIII 

how  to  calculate  the  height  to  which  a  liquid  can  rise  in  a  capillary  tube, 
llhat  the  excess  of  pressure   inside  a  soap-bubble  of  radius  A'  is  given  by 

\  —  ;  where  h  is  the  height  to  which  the  soap  solution,  of  density  p,  could 

in  a  tube  of  radius  r.     Calculate  the  excess  of  pressure  numerically  for  a 
I  whu&e  density  is  that  of  water,  and  in  a  bubble  whose  diameter  is  equal  tu 
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the  height  the  liquid  ascends  in  a  tube  a  quarter  of  a  millimetre  in  bore. 
caxefiil  to  state  the  pressure  completely.     U.Sc  1891. 

Am.  49  dynes  per  sq.  cm. 

2.  Find  an  exprcsi^ioQ  for  the  difference  between  the  prepare  iii&tdc  and  outside  a 
soap-bubble  whose  surface  lension  is  7'  and  radius  r.  What  will  be  the  pressure 
in  a  spherical  cavity  within  a  mass  of  water  if  the  cavity  is  .001  cm.  in  radius,  and 
at  the  depth  of  10  cnri.  below  the  surface  of  the  water ;  the  suriace  tensioa  of 
water  is  78  cg.s,  units.  The  pressure  of  the  air  on  the  siir&ce  of  the  water  b 
that  due  to  760  mm.  of  mercury.     RSc.  1895.     [Density  of  mercury  13.6.] 

Ans,  (156000+  1022700)  dynes  per  sq.  cm. 

8.  A  drop  of  water  is  pliiced  between  two  plane  pieces  of  ^luss,  which  arc  pushed 
close  together  until  the  film  is  everywhere  x  cm.  thick,  and  A  sq.  cm.  in  area. 
SIiow  that  the  plates  arc  urged  together  with  a  force  etiual  to  2  7W/x,  where  7*» 
the  ftiir&ce  tension  t^etween  water  and  air.  The  angle  of  contact  between  glass 
and  water  is  to  be  assumed  to  be  zero.  B.Sc  1893.  [Ouf/im  of  soiMitirrt. — Con- 
aider  a  small  portiun  of  the  edge  of  the  film  of  length  flc.  The  pull  due  to  sar&ccs 
tension  at  right  angles  to  this  portion  of  the  edge  will  be  T6c  for  each  line  of 
contact  between  the  water  and  glass.  These  pulls  will  be  at  right  angles  to  the 
edge  and  parallel  to  the  glass  surfaces,  and  will  together  amount  to  aT'te.  If/ 
is  the  amount  by  which  the  pressure  in»de  the  film  is  less  than  the  atmospheric 
pressure,  the  inward  directed  force  due  to  the  excess  of  the  external  pressure  over 
the  internal  pressure  along  a  length  8c  of  the  edge  will  be  /  times  the  area  dc  x  x, 
that  is,  will  be/-rSc.  Now  this  force  must  be  equal  to  the  outward  directeil  force 
due  to  surbce  tension  acting  along  the  lines  of  contact  of  the  liquid  and  glass. 
Hence  2T^c-pxhc 

Hence,  since  the  area  of  the  film  in  conlnct  with   the  glass  is  A,  and  /  is  the 
amount  by  which  the  external  pressure  exceeds  the  internal,  the  force  tending  to 

press  the  glass  plates  together  is      pA  or  ?-— .  | 

4.  Kxplain  the  relation  between  the  sur&ce  tension  and  energy  per  unit  are«  of  a 
liquid  film.     B.Sc.  1S89. 

5,  What  is  meant  by  osmosis  ?  Write  a  short  account  of  the  relation  1>ctween  the 
mmotic  pressure  and  the  concentration,  drawing  attention  to  any  similarities 
which  have  been  observed  between  this  phenomenon  and  the  properties  of 
gases. 


CHAPTER   XIX 


1.  What  U  meant  by  an  isotropic  body  ? 

2.  Define  the  rigidity  of  an  clastic  solid,  and  show  how  to  measure  it  expcrimentmlly. 
aSc  1889. 

8.  A  wire,  of  length  250  cm.  and  radius  .  3  mm. ,  is  stretched  by  hanging  on  a  weight 
of  12  kilos,  and  the  elongation  produced  is  8  mm.  Calculate  the  value  of  Young^ 
modulus  from  this  wire.  Ans.   1.30  x  10"  dynes  per  srj.  cm. 
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A  body,  of  which  the  moment  of  inertia  is  A',  is  suspended  by  a  wire  such  that 
the  restoring  couple  due  to  the  rigidity  of  the  wire  produced  when  the  body  is 
twiittcd  through  one  radian  is  //.  If  the  period  is  /,  find  ihe  kinetic  energy  uf 
the  l>ody  when  passing  through  its  position  of  rest«  when  it  is  vibrating  so  that  at 
its  point  of  maximum  elongation  it  is  twistetl  through  an  angle  9  from  its  position 
of  rest  Also  find  an  expression  for  its  potential  energy  when  at  its  point  of 
maximum  elongation,  and  hence  deduce  an  expression  for  t  in  terms  of  A"  and  ». 

Ahs,  See  f  427. 
[In  thw  problem  u^  represents  the  restoring  couple  for  a  displacement  tf,  while 
in  the  cose  of  the  magnet  ihc  couple  is  it///.tf.] 


BOOK     II 

CHAPTER    I 

1»  Describe  (he  principal  errors  of  the  mercurial  thermometer,  and  the  means  used  to 
reduce  ihcni.     S,  h  A.  D.  (A.)  1897. 

2.  A  glass  bulb  with  a  uniform  fme  stem  weighs  lO  grams  when  empty,  II7.3  grams 
when  the  Imlb  only  is  full  of  nicrcurj',  and  1 19. 7  granw  when  a  length  of  10.4 
cms.  of  the  stem  is  alw  filled  with  mercury.  Calculate  the  relative  coefficient  of 
expansion  for  tempcraiurc  of  a  liquid  which,  when  placed  in  the  same  bulb. 
expands  through  the  length  from  ia4  to  12.9  cm.  of  the  stem  when  warmed  from 
o"  Q  to  28°  C.     The  density  of  mercury  is  1 3.6  grams  per  cc.     Inu  Sci.  1889. 

Am.  aoooiSS. 

3.  A  glass  bulb  of  20  c  c.  capacity  at  o"  C,  containing  dry  hydrogen  at  the  atmos- 
pheric pressure  of  760  mm.  of  mercury,  is  heated  to  ic»'  C  at  constant  pressure. 
Find  the  volume  of  the  gns  expelled,  measured  at  o**  C.  and  760  mm.,  if  tlte  co* 
efficient  of  cxi.)nn<iion  of  hydrogen  is  1/273,  and  that  of  glass  1/40,000  per  i*  C. 
S.  &  A.  D.  (A.)  1900,  Am,   5.32  c.  c 

4.  Explain  carefully  how  the  definition  of  a  degree  centigrade  is  connected  with  that 
of  the  standard  atmosphere.  What  would  be  the  change  in  the  value  of  a  degree 
if  the  standard  atmosphere  were  defined  at  one  mcgadyne  per  square  centimetre  ? 
[Specific  gravity  of  mercury  at  o"  C.  13.596.  Value  of  ^=:  980.60  cg.s.  units 
Change  of  boiling-point  per  millimetre  increase  for  pressure  0.0366'  C]  S.  &  A, 
D.  (A.)  1899.  Am,  The  degree  would  Le 0.00364"  C  less. 

5.  (live  an  account  of  an  accurate  method  of  determining  the  coefficient  of  linear 
cx|iansion  of  a  solid-     S.  &  A.  D.  (A.)  1897. 

6.  Oiscuss  the  efTccls  of  varying  temperature  on  the  rate  of  a  clock  or  watch. 
Explain  how  chronometers  are  constructed  so  as  to  keep  accurate  lime  in  spite  of 
change  of  temperature.     Int.  Sci.  1892. 

7*  Describe  a  form  of  air  thermometer,  and  explain  what  measurements  you  would 
make  to  determine  Ijy  it  the  temperature  of  a  vessel  of  hot  water.  Give  a  brief 
account  of  the  corrections  to  be  applied.  Why  is  it  better  lo  define  equal  degrees 
of  temperature  by  the  air  thermometer  than  by  the  mercury  in  glass  thermometer? 
B.Sc.  1894. 
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8.  Expliun  how  to  make  a  weight  thermometer.  If  the  cocfHcient  of  relative  t<- 
paasion  of  mercury  in  glass  he  vi'n*  what  mass  of  mercury  will  overflow  from  a 
weight  thermometer  which  contains  400  grains  of  mercury  at  o"  C  whctt  its 
temperature  is  raised  to  100"  C?     S.  6c  A.  D.  (A.)  1896.  Ami.  6.15  gram& 

9.  If  the  coefficients  of  cubical  expansion  of  glass  and  mercury  are  0.000025  ^^ 
0.00018  respectively,  what  fraction  of  the  whule  volume  of  a  glass  vessel  should 
be  filled  with  mercury  in  order  tliat  the  volume  of  the  empty  part  slto^M  remain 
constant  when  the  glass  and  mercury  are  heated  to  the  same  icniper;ilure? 
S.  &  A.  D.  (A-)  189a.  Afts,  ai39. 

10.  How  may  the  absolute  cxpao^on  of  any  tion-volatile  liquid  be  directly  detet- 
mined?  Explain  why  the  balancing  of  a  hot  against  a  cold  column  eliminates  the 
expansion  of  the  vessel.  If  the  cold  culumn  at  4'  C  were  60  cm*,  high,  and  the 
hot  column  at  95°  C.  were  (  cm.  higher,  what  would  be  the  absolute  coefficictit  of 
cubical  expansion  of  the  liquid?     S.  &  A.  D.  (A.)  1S9I.  Jiu.  0.000061. 

11.  Describe  an  experiment  which  proves  that  the  density  of  water  is  greatest  at  about 
4'C. 

CHAPTER    II 

1.  In  measuring  the  specific  heat  of  a  substance  by  the  method  of  mixture  the  rise  in 
lempcraiure  of  the  water  in  ihc  calorimeter  has  to  be  determined.  Show  bow  the 
<iljser%-ations  are  corrected  for  the  lus^  of  lieat  by  radiation  during  the  time  the 
tcinperulure  is  rising.     S.  A  A.  D.  (\.)  1897. 

2.  When  1 20  grams  of  a  given  liquid  cnclubcd  in  a  copper  vessel  whose  mass  is  JO 
grains  are  healed  to  a  100*  and  immersed  in  300  grams  of  water  at  13*  contained 
in  a  copper  calorimeter  whf^ic  mass  is  80  gmms,  the  temperature  risics  to  27*,5  C. 
A^isuming  the  specific  heat  of  copper  to  be  o.  I .  find  that  of  the  liquid.  S.  &  A.  D. 
(A)  1895.  Atis.  a.497. 

3.  A  mass  uf  200  grams  of  copper,  whose  specific  hcut  is  .095,  is  healed  to  too*  C„  and 
[ilaccd  in  too  gnmis  of  alcohol  at  8"  C.  cutitained  in  a  copper  calorimeter,  whose 
iiuus  is  23  grams,  and  the  temperature  rises  to  28*.5  C  Fir^  the  specific  heat  ofj 
alcohol.     Inl.  Sci.  1889.  Am,  ojSy^ 

4.  Describe  carefully  tlie  experiments  you  would  make  in  order  to  show  that  the  heal 
given  out  by  a  mass  of  water  in  cooling  from  too*  C  to  Jo'  C  is  approximately 
ihe  same  as  that  needed  to  raise  the  mass  from  o'  C  to  50*  C.    S.  &  A»  D.  (A4  \ 

1899. 

5.  Write  a  short  essay  on  the  specific  heat  of  the  diamond.    S.  &  A.  D.  (A-l  1892. 

6.  Describe   carefully  how  to   Ci>nduct   a  scries  of  experiments  to  determirte   the 
specific  heat  ofagxsat  constant  pressure,  giving  particular  attention  to  the  pre-  | 
cautions  and  corrections  required.     B.Sc  (11.)  1893. 

7.  What  is  the  relation  V>etween  the  specific  heat  ofa  compound  and  that  of  its  con- 
stituenis?  What  is  meant  by  the  plirase  "atomic  heat"?  S.  &  A.  D.  (A.) 
1900. 


Ik 


CHAPTER   III 

1.  Twcnly-ftve  gnuns  of  water  at  1 5*  C  are  put  into  the  tube  of  a  Bunscn  Ice  calori- 
meter, and  it  is  obacr^cd  thai  the  merair>'  moves  through  29  centimetres.     KUtrvn  ' 
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grams  of  »  metal  at  100'  C  arc  then  placed  in  the  water  anU  the  mercury  moves 
through  12  centimetres.  Find  the  specific  heat  of  the  metal.  S.  &  A.  I).  (A.) 
1893.  Ahu  .1034. 

2.  Define  latent  heftt.  How  much  ice  at  o*  C.  would  a  kilogram  nf  steam  at  lOO*  C. 
melt  if  the  resulting  water  was  at  o°?    S.  &  A.  I).  (A.)  1^94-      Am,  7.95  kilos. 

3.  Describe  and  explain  thejncihod  of  using  Joly's  steam  calorimeter.    S.  &  A.  D.  ( H  ■) 

1895. 

4.  Exptoifi  the  adhesion  of  two  pieces  of  melting  ice  when  pressed  together  and  let 
gix  Why  is  it  not  readily  possible  to  nuikc  snowballs  during  frost  ?  S.  &  A.  D.  (A.) 
1890. 

5.  Describe  fully  how  to  measure  the  heat  of  vaporisation  of  a  liquid.  Explain  the 
precautions  that  should  Ijc  tnkcn,  and  what  corrections  should  be  applied,  in  urdei 
In  iibuiin  an  accurate  result.      H,Sc.  1899, 

6  Water  contained  in  a  closed  calorimeter  is  healed  and  tlic  heat  supplied  is  measured. 
The  vapour  formed  is  removed  at  such  a  nte  that  the  temperature  of  ihe  liquid 
remains  constant.  Hence  show  how  to  find  Lhe  latent  heat  of  evaporation  of  the 
liquid.     S.  &  A.  D.  (A.)  1S9S. 

7.  What  is  meant  b)'  the  vapour  pressure  of  a  liquid  at  any  temperature  ?  A  and  B 
arc  two  barometers.  A  has  a  little  air  above  the  mercury,  while  B  has  a  little  air 
and  a  drop  of  water.  The  readings  of  ifie  two  barometers  happen  to  be  ei{ual  at 
the  tcmpcniturc  of  the  rcx>m.  Will  they  still  t)c  equal  when  the  temperature  ia 
raised  or  lowered,  and  if  not,  which  will  give  the  higher  reading?    Int.  Sd.  1893* 

Ams.  When  ihe  temperature  b  rai.sed  A  will  give  the  higher  reading. 

8.  Dcscnlie  Renault's  methixl  of  measuring  the  vapour  pressure  of  water  at  tempera* 
tures  higher  than  the  )x>iling- point  of  water  under  atmospheric  pressore.      B.Sc. 

9.  Distinguish  carefully  between  a  gas  and  a  vapour.  A  mass  of  air  is  saturated  with 
water  vapour  at  a  temperature  of  too  C. ;  on  raising  the  temperature  of  the  whole 
to  200°  C.  without  chun^je  of  volume,  the  pressure  is  found  to  be  two  atmospheres. 
Kind  the  pressure  at  o"  C.  of  this  volume  of  the  dry  air  alone.     Int.  Sci.  (FI.)  18S9. 

Ahi.  0.432  atmospheres.  Between  100^  and  200"  the  vapijur  is  unsaturated,  and 
hence  the  mixture  of  air  and  vapour  ut>cys  Charles's  law.  Thus,  since  the  pressure 
of  the  mixture  at  300"  C.  is  two  atmospheres,  the  pressure  at  lOO"  C.  is  equal  to 
2,|fS  or  \W  utmusptieres.  Since  at  lOO''  the  vapour  is  saturated  and  that  the 
vapour  pressure  of  water  at  100*  C.  is  one  ntmosphcre,  the  pressure  due  to  the 
air  alone  at  100*  is  ff]  -  i  or  j^f  ).  If  the  pressure  at  100"  of  acertain  mass  of  dry 
air  is  \}\ ,  then  the  pressure  at  o\  the  volume  being  kept  constant ,  will  be  ]|  f}  x  |f  g , 
or  0.422  atmospheres. 

10.  Define  the  dew  point,  and  explain  how  to  iind  the  moss  of  aqueous  vapour  present 
in  a  given  volume  of  air.     S.  &  A.  D.  (A.)  1895. 

U.  State  Dalton*s  law  as  to  the  pressure  of  a  mixture  of  gases  or  vapours.  By  what 
experiments  would  you  verify  it  for  air  and  water  vapour  at  a  temperature  of  about 
50"  C.     B.Sc   1889. 

12.  Describe  an  experiment  to  show  that  water  can  be  frozen  by  its  own  evaporation. 
Under  what  circumstances  may  the  freezing-point  of  water  and  its  boiling-point 
coincide?  Discuss  the  consequences  of  such  an  arrangement  S.  &  A.  D.  (A.) 
18991 
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13.    Describe  the  process  of  freezing  a  lo  per  cent,  soluliun  of  ceminion  salt     Give  a 

diagram  explaining  the  changes  of  strength  of  solution  in  relation  to  tempentore 

as  solidification  proceeds.     S.  &  A.  D.  (A.)  189a 
11.  Wlmt  do  you  understand  by  an  isoihemial  curve?    Indicate  the  form  of  the  carve 

(d)  for  a  gas,  {h)  for  a  vapour,  which   becomes  saturated  as  ibe  presntre  xoka. 

S.  &  A.  D.  (A.)  1889. 

15.  A  body  expands  on  solidifying.  Draw  itiid  explain  the  isothermal  curve  Ibr  a 
temperature  at  which  !he  ttody  can  exist  (under  proper  conditions  of  pmsmv}  in 
the  solid,  liquid,  and  gaseous  states.     S.  &  A.  D.  (A.)  189^ 

16.  Write  a  short  essay  on  the  form  of  the  isothermal  of  &  body  between  the  potnis 
which  represent  the  beginning  and  the  end  of  vaporuiation.     S.  ^^  A.  D.  (A.)  189CX 

17.  Give  a  description  of  the  methods  employed  in  lique^ng  air  or  some  other  of  tbt 
more  permanent  gases.     S.  &  A.  D.  (A.)  1895. 

18.  DeBne  the  critical  temperature,  pressure,  and  volume  of  a  vapour,  and  give  somr 
account  of  the  behaviour  of  a  substance  near  its  critical  point.    S.iV  A.  D.  (A.)  1899. 
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CHAPTER  IV 

Describe  the  various  means  hy  which  heat  can  be  transmitted  from  one  pUce'1 
anotheri  giving  examples  of  t-ach  method.     Int  Sci.  1893, 

How  can  the  conductivity  of  a  sul»slancc  for  heat  be  ascertained  from  cxperi* 
incnts  on  the  steady  curve  of  temperature  down  a  long  uniform  bar?  Describe 
the  method  and  mode  of  arriving  at  the  resuJt,  illustrating  with  diagrams.  Int 
Sci.  Ul.)  1892. 

A  steady  stream  of  water  flowing  at  the  rate  of  500  grams  |)er  minute  throagh  a 
glass  lube  30  cm.  long,  1  cm.  in  external  diameter,  and  8  ram.  in  bore*  the  outside 
of  which  is  surrounded  by  steam  at  a  pressure  of  760  mm.,  is  raised  in  tempera- 
ture from  20^  to  30'  C.  as  it  passes  through  the  tube.  Kind  approximately  the 
thermal  conductivity  of  the  glass  in  calories  per  square  centimetre  per  second  fior 
a  temperature  gradient  of  T  C.  per  centimetre.     S.  &  A.  D.  (A.)  190a 

Am,  aooiji. 
[Take  as  the  area  of  the  slab  through  which  the  heat  is  transmitted  the  area  of 
a  cylinder  of  9  mm.  in  diameter,  also  take  the  mean  temperature  of  the  water  aa 
the  temperature  or.  the  cold  side  of  the  sl.*vb.] 

Give  an  cxpcriiiient  wliich  shows  that  metals  are  good  conductors  and  that  wood 
is  a  l»d  conductor  uf  heat.  How  many  grara*dcgrees  of  heal  will  he  conducted 
in  an  hour  through  each  square  centimetre  of  an  iron  plate  3  cm.  thick,  its  two 
sides  being  kept  at  the  respective  temperatures  of  50"  C.  and  200'  C,  the  memo 
specific  thermal  conductivity  of  iron  between  these  temperatures  being  0.12? 
S.  &  A.  D.  (A.)  i8g6.  Ans.  21600 calories. 

Explain  how  to  measure  the  coefficient  of  conductivity  for  heat  of  a  bodljr  con* 
ducting  substance,  such  as  rock  or  sand.     B.Sc.  1889. 

DefiDe  conductivity  of  heat,  and  show  how  the  fundamental  units  of  length,  mass, 
and  time  enter  into  its  numerical  specification.  Taking  the  conductivity  of  iron 
as  .17  in  eg.*,  units,  what  difference  of  temperature  would  exist  between  the 
■ur&uxs  of  an  iron  wall  3  cm.  thick,  through  every  square  metre  of  which  heit  b 
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Questions  and  Examples 
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streaming  from  si  furnace  on  one  side  into  boiling  water  on  the  other  bI  the  mic  (if 
30,000  c.g.s.  units  per  minute?     Inl,  Sci.  1891.  Ans,  See  %  265  ;  o*.882. 

7.  Describe  some   method   of  delermining  the   thermal   conductivity  of  a   liquitl, 
indicating  the  chief  diffiailtics  which  have  to  l>c  overcome.     S.  hi.  A.  IX  (A.)  1899. 

8.  Describe  and  explain  the  spheroidal  state  of  a  liquid.     S.  &  A.  D.  (A.)  1895. 

9.  Describe  how  the  conductivity  of  a  gas  is  measured. 


CHAPTER  V 

1,  Write  a  short  essay  on  the  relations  between  the  alKorptive  and  emissive  powers 
of  the  same  body  for  different  kinds  of  radiation.     S.  &  A.  D.  (A.)  1897. 

2.  What  experiments  would  you  perform  to  sbow  that  a  blackened  surface  absorbs 
heat  well  and  radiates  it  freely,  while  a  polished  surface  al)sorbs  tiadlyand  radiates 
badly.     Prelim.  Sci.  1889. 

8.  Dcscrilie  ex[)eriments  by  which  the  laws  of  cooling  may  l>e  founds  and  give  an 
account  of  the  results  obtained.     B.Sc.  18S9. 

4.  Stale  Trevost's  theory  of  exchanges,  and  show  how  it  follows  from  the  theory  thai 
the  radiating  and  absorbing  powers  of  a  surface  at  a  given  temperature  are  the 
same.     S.  &  A.  D.  (A.)  1894. 

5.  Explain  how,  by  the  measurement  i>f  ihe  rate  of  cooling,  the  specific  heat  of  a 
liquid  can  be  determined.  A  copper  calorimeter  weighing  15  grams  is  fillrd  first 
with  water,  then  with  a  liquid,  and  the  times  taken  in  the  two  cases  to  cool  from 
65"  to  60"  are  170  seconds  and  1 50  seconds  respectively.  The  weight  of  the  water 
is  [I  grams  and  that  of  the  liquid  13  grams,  calculate  the  specific  heat  of  the 
liquid.     Spedlic  beat  of  copper  a  J.  Ans.  a733. 


CHAPTER  VI 


1,  Give  an  outline  nf  the  arguments  which  lead  to  the  conclusion  that  heat  is  a  mode 
of  motion.     S.  &  A.  D.  (A-)  iSg8. 

2.  State  and  comment  on  the  First  Law  of  Thermo-dynamics.  What  connection  has 
it  with  the  law  of  the  Conservation  of  Energy?  From  what  height  must  a  lump  of 
ice  at  o  C.  C1II  in  order  to  melt  itself,  supposing  it  possible  to  concentrate  all  the 
energy  of  the  fall  in  the  lump?    RSc.  1891.  Ans,  34204  metres. 

8.  In  one  form  of  apparatus  for  finding  the  mechanical  equivalent  of  heat  a  bollow 
cone  is  made  to  rotate  about  a  vertical  axis.  A  second  hollow  cone  filled  with 
water  fits  inside  this,  and  is  kept  fruni  rotating  by  a  known  couple  alxjut  the  axis. 
Show  how  to  calculate  the  work  done  against  the  friction  between  the  cones. 
Int.  Sci.  (H.)  1889. 

4.  Wliat  do  you  understand  by  the  mechanical  equivalent  of  heat  ?  Taking  the 
mechanical  equivalent  as  1400  foot-pounds  ^wr  degree  centigrade,  determine  the 
heat  produced  in  stopping  Ijy  friction  a  fly* wheel  1 12  lbs.  in  mass,  and  2  ft.  in 
radius,  rotating  at  the  rate  of  f  turn  per  second,  assuming  the  whole  moss  concen- 
trated in  the  rim.     S.  &  A.  D.  (A.)  1894. 

Am,  Enoagh  to  heat  o.  i<>8  lbs.  of  water  1°  C. 
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Questions  and  Examples 

5.  Explain  carefully  the  observations  necessary  to  determine  the  mechanical  eoui^-a* 
lent  of  heat  by  Joule's  method,  and  show  how  the  value  nf  J  li  to  be  found  from 
the  observations.     S.  &  A.  D.  (H.)  1897. 

6.  A  cannon  ball,  the  mass  of  which  is  100  kilograms,  is  projected  with  a  velocity  of 
500  metres  per  second.  Find  in  cg.K.  units  the  amount  of  heal  which  wuuld  be 
produced  if  the  ball  were  suddenly  stopped.     S.  &  A.  D.  (A.)  1S9S. 

Ans.  2.9S4  X  10^  calorics 

7.  If  an  engine  working  at  622.4  horse-power  keeps  a  train  at  constant  speed  00  the 
level  for  5  minutes,  how  much  heat  is  produced,  assuming  that  alt  the  missing 
energy  is  converted  into  heat?  Take  the  mechanical  equivalent  =  778  ;  ooc  horse- 
power=33,ooo  foot-pounds  pei  minute.     S.  &  A.  D.  (A-).  1897. 

Ans.  Knough  to  heat  132,000  lbs.  of  water  through  l'  F. 

8.  Explain  why  the  specific  heat  of  a  gas  at  constant  pressure  is  greater  than  the 
specific  heat  at  constant  volume.     S.  &  A.  D.  (A.)  1 894. 

9.  Show  how  to  calculate  the  mechanical  equix-alents  of  heat  from  a  knowledge  of  the 
specific  heats  of  air  at  constant  pressure  and  volume  respectively,  expliuning  care- 
fully any  assumptions  made  in  the  process.     B.Sc  1S89. 

10.  Describe  and  give  a  general  explanation  of  the  thermal  effects  of  compressing 
suddenly  (l)  a  gas,  (a)  water  at  a  temperature  between  0°  and  4"  C  S.  &  A.  D,  (A,) 
1898. 

11.  Explain  the  principle  of  the  continuous  process  now  generally  adopted  in  the 
liquefaction  of  air.  Why  does  not  the  same  method  succeed  in  the  oue  of 
hydrogen  without  preliminary  cooling  to  a  very  low  temperature?  S.  &  A.  D. 
(A.)  1900. 

12.  Describe  a  method  by  which  the  ratio  of  the  specific  heats  at  constajit  pressufe 
and  constant  volume  has  been  measured  for  air. 

IS.  A  quantity  of  ordinary  damp  air  under  pressure  is  suddenly  allowed  to  expand. 
Describe  what  happens,  and  show  what  has  become  of  the  energy  of  the  compressed 
air.     Int.  Sci.  1891. 

14.  What  is  the  thermal  evidence  thai  the  attraction  between  the  molecules  of  the 
ordinary  gases  under  standard  conditions  is  small?    S,  &  A.  D.  (A.)  1897. 

15,  Prove  that  the  product  of  the  density  of  a  gas  into  the  difference  l»ctwecn  it* 
specific  heats  at  constant  pressure  and  at  constant  volume  is  (he  same  for  all  per- 
fect gases.     S.  &  A.  D.  (A.)  1895.  ' 

16,  The  latent  heat  of  steam  at  lOO*  C.  is  536.  If  a  kilogram  of  water,  when  coo- 
verted  into  sflturated  steam  at  atmospheric  pressure,  ocaipies  1.651  cubic  mcireSv 
calculate  the  amount  of  heat  spent  in  internal  work  during  the  conversion  of  m-ater 
at  too"  C.  into  steam  at  the  same  temperature.     .S.  &  A.  D.  (A.)  1S93. 

Ahs.  496.09  calories  per  gram. 

17,  Enunciate  the  second  law  of  thernio-dynamics.  A  heat  engine  working  between 
two  temperatures  could  theoretically  convert  one-sixth  of  the  heat  5Upplic<I  into 
useful  work,  hut  if  the  lower  temperature  were  reduced  hy  65"  C.  »he  theoretical 
efficiency  would  be  doubled.     Find  the  temperatures.     S.  &  A.  D.  (A)  1897. 

Mm.  ff7'Cand  5a' C 

18.  Assuming  the  pntpcrties  of  an  etigine  working  in  a  simple  reversible  cycle,  explain 
the  construction  of  the  scale  of  absolute  temperature.     S.  &  A,  D.  {K.\  1900. 

19.  A  heat  engine  works  between  the  temperatures  127*  and  5a*  C.    It  is  (n«nd  that 
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20. 


21. 


22. 


only  4  of  the  largent  amount  of  hffiil  that  could  po5&ibly  be  utilised  is  actually  con- 
verted into  useful  wofV.  What  fraction  of  the  total  amount  of  heat  supplied  is 
usefully  employed?     S.  &  A.  D.  (A.)  1895.  -^"^'  I'f 

Give  the  thcrmo-dynamic  reasoning  from  which  it  follows  that  the  freezing- point  of 
ice  is  lowered  by  pre!»ure.     B.Sc  (H.)  1S89. 

Show  that  the  efficiency  of  all  reversible  thermal  engines  is  the  same.  What 
proportion  of  heat  energy  could  be  transformed  into  mechanical  work  by  a 
reversible  thermal  engine  working  between  o'  and  100*  C.  ?    B.Sc.  1S93. 

Am,  100/375. 
Explain  clearly  what  is  meant  by  the  reverse  action  of  a  heat  engine,  and  describe 
fully  the  various  actions  that  would  occur  if  an  ordinary  .steam  engine  were  to  be, 
in  this  sense,  reversed.     I>cfine  the  efficiency  of  an  engine,  and  sliow  that  for  a 
reversible  engine  the  efficiency  is  a  maximum.     B.Sc.  1891. 


BOOK   III 

CHAPTER    I 

1  Define  wave-length  frequency,  wave-velocity,  and  illuslrate  by  reference  hoih  to 
longitudinal  and  transverse  waves.  Given  that,  if  ?'  is  the  velocity  of  a  water 
wave,  and  X  is  the  wave-length,  t^=^X/2T,  calculate  the  velocity  and  frequency 
of  a  wave  when  the  distance  from  one  crest  to  ihc  next  b  observed  to  l)e  55  ft. 

Am.  16.74  ft./scc. ;  0.304. 

2.  What  is  meant  by  the  interference  of  waves?  Lxplain  the  p.ntern  seen  (l)  by 
instantaneous  (2)  by  steady  illumination  on  the  surface  nf  a  liquid,  into  which  dip 
two  glass  styles  attached  to  the  \'ibrating  prong  of  a  tuning-fork. 

3.  Give  a  general  explanation  of  the  reflexion  of  waves.  It  is  noticed  that  when 
waves  in  water  are  running  in  obliquely  to  the  shore,  ihcy  tend  to  become  more 
nearly  parallel  to  the  shore  as  they  advance  ;  explain  this. 

4.  Prove  that  according  to  Muyghcn's  theory  of  wave  propagation  the  angles  of 
incidence  and  reflection  of  a  plane  wave  front  arc  equal.     S.  &  A.  D.  (A.)  1893. 

5.  Show  that  two  trains  of  et^ual  simple  waves  moving  with  equal  vclociiics  in 
o(5po5ite  dircctit/ns  pnxluce  a  series  of  stationar)-  waves.  If  the  velocity  of  the 
waves  is  v  and  the  distance  between  the  nodes  is  /.  show  that  the  frequency  is 
vfzl. 

6.  Calculate  the  velocity  with  which  a  lateral  disturbance  nms  along  a  stretched 
string. 

7.  Give  an  outline  of  the  method  by  which  Newton's  expression  for  the  velocity  of 
propagation  oi  a  wave  in  an  elastic  fluid  can  be  obtaincfl.  If  the  velocity  with 
which  a  wave  travels  through  a  mass  of  water  is  1425  metres  per  second,  calcu- 
late the  amount  liy  which  the  volume  of  a  niltic  metre  would  he  decrea,sefl  if  the 
pressure  acting  on  it  were  increased  b}*  one  megad}'ne  fio^  dynes)  per  square 
centimetre.  Am.  49.2  c  c. 


Qiustions  and  Examples 


CHAPTER   n 

Define  the  term  cocflicient  of  elaslidty.  Show  that  the  coefficient  of  volume 
elasticity  of  a  gas  when  compressed,  subject  to  the  condition  that  there  is  no 
change  of  tempernturc,  is  equal  to  the  pressure.  S.  &  A.  D.  (A)  1897. 
Calculate  the  velocity  of  sound  at  O*  C.  having  given  the  following  data  : — 
Height  of  baroraetcfi  7^  mm. ;  density  of  mercury,  13,6  grams  per  c,  cm.  ;  ratio 
of  specific  heals,  1.41  ;  mass  of  I  litre  of  dry  air  at  o'  C.,  1.39  grams;  accelera- 
tion due  to  gravity,  9S1  cm.  per  sec     S.  $i.  A.  D.  (A)  1894. 

Am.  333  metres  per  sec 
Prove  that  the  velocitjr  of  sound  in  a  gas  at  given  temperature  is  independent  of 
its  stale  of  compn.*S!Uon  or  rarefaction.     Calculate  the  velocity  of  F^^iund  in  hydrogen 
at  -  100"  C,  given  that  at  o'  and  75  cm.  of  mercury,  11.4  litres  weigh   1  gram. 
Int.  Sci.  (U.)  1892.  Am,  1035.6  metres  per  sec. 

What  are  the  properties  which  determine  the  velocity  of  sound  in  a  solid,  a  liquid, 
or  a  gas?  Explain  why  Newton's  value  of  the  velocity  of  sound  in  air  diflTcrs 
fn.tm  the  true  value.  Calculate  the  Newtonian  velocity  of  sound  in  a  gas  wh«jsc 
density  at  standard  pressure  andtempernturc  is  I  kilogram  per  cubic  metre.  What 
would  you  expect  the  true  velocity  to  be?     S.  &  A  D.  (H.)  1891. 

Am.  319  m./sec. ;  378  m./scc. 
Explain  how  it  is  that  the  velocity  of  sound  in  air  is  affected  by  the  temperature. 
A  cannon  is  fired  from  a  position  A  a:  the  top  of  a  mountain,  and  observers  are 
stationed  at  two  points  13  and  C  equi-distant  from  A.  B  i«  at  the  top  of  another 
mountain,  and  C  in  the  valley  between  the  twa  Assuming  the  temperature  of 
the  air  to  &I1  as  we  ascend,  explain  which  of  the  observers  will  hear  the  cannon 
first.     S.  &  A.  D.  (A)  1898.  Am.  C  first. 

CHAPTER    III 


2. 
3. 
4. 


Distinguish  between  the  intensity,  pitch,  and  quality  of  a  sound.    How  does  a 

noise  differ  from  a  musical  note?     Prelim.  Sci.  1S90L 

Dc5nc  a  musical  interval,  and  explain  clearly  why  keyed  instruments  are  Dcrer 

tuned  to  the  correct  intervals  of  the  theoretical  M:ale.     H.Sc.  1889. 

Explain  the  necessity  for  a  system  of  temperament  and  the  principles  on  which 

the  method  of  equal  temperament  is  Ijascd.     S.  <!!£  A.  D.  (A.)  1894. 

Taking  the  fr«|ucncy  of  C  as  unity,  compare  the  frequencies  of  the  note  K  sharp 

on  the  equally  tempered  scale  and  llwl  of  a  semitone  above  F  on  the  natural  scale. 

.S.  &  A.  D.  (A)  190a  Am.  1.414  ;    1. 389. 

If  the  middle  C  corresponds  to  256  vibrations  per  second,  how  many  beats  would 

be  heard   per  second  if  ihe  note  F  sharp  were  simultaneously  sounded  in  the 

natural  scale  and  in  the  scale  of  equal  temperament?    S.  &  .V  D.  (A)  189X 

.Ahs»  6.4. 
Between  what  pair  of  notes  on  the  diatonic  scale  are  the  intervals  (t)  a  perfeci 
fourth,  and  (2)  a  perfect  fifth?     To  what  intervals  do  the  sum  and  difference  of  a 
perfect  fourth  and  fifth  correspond  respectively?     S.  &  A.  D.  (A.)  1898. 

AHi.  C-F  ;  C-G  ;  octave ;  major  tor»e. 


iufsttons  ann 
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7.  Show  tKat  m  a  pUno  which  is  tuned  tu  the  equally  tempered  <Kfl)e  it  is  pouible  tn 
tune  all  the  notc*^  of  the  diatonic  scale  if  we  arc  able  lo  tune  the  two  intervals  of 
an  octave  and  Bfih. 

CHAPTER   IV 

1.  A  note  of  high  pilch  is  \te\ng  sounded  in  front  of  a  vertical  wall,  and  at  a  distance 
of  a  few  feet  from  it.  On  moving  a  sensitive  flame  about  between  the  source  of 
sound  and  the  wall  a  series  of  points  are  found  at  which  the  flame  is  nut  affected. 
Explain  this,  and  show  how  to  determine  from  a  knowledge  of  their  position  the 
pitch  of  the  note.     Int.  Sci.  (H.)  18S9. 

2.  Investigate  the  effect  on  the  pitch  of  a  sound  of  motion  (l)  of  the  sovirce,  (2)  of 
the  receiver.  An  engine,  in  a  cutting  between  two  bridges,  is  whistling  when  its 
vcIfKity  is  1/20  that  of  sound  in  air.  Compare  the  frequencies  of  the  echoes  from 
the  two  bridges  loan  observer  between  them.      B.Sc.  1896.  .-trts.  1.1053. 

8.  A  locomotive  whistle  emitting  2000  waves  per  second  is  moving  towards  you  al 
the  rate  of  60  miles  an  h<<ur,  on  a  day  when  the  thermometer  stands  at  15*  C. 
Calculate  the  apparent  pitch  uf  the  whistle,  and  explain  precisely  why  tl  is  not  the 
true  pitch  [velocity  of  ;HHind  at  0"=  109J  ft.,  sec.].     S.  &  A.  D,  (A.)  l8'n. 

.•ins,  3157. 
i.  Describe  an  experiment  to  illustrate  the  interference  of  sound. 


CHAPTER  V 

1.  Four  strings  of  the  same  weight  and  material,  and  stretched  with  the  same  force, 
give  the  notes  of  the  common  chord.  Find  the  ratios  of  their  lengths  to  that  of 
the  shortest  of  them.     S.  i*i:  A.  D.  (A.)  1899.  .4«j.  I  :  J  :  | :  2. 

2.  A  string  is  attached  to  a  weight  which,  when  the  length  of  the  siring  is  altered,  is 
adjusted  so  as  to  be  always  equal  to  400  times  the  weight  of  the  string;  show  that 
the  numl>er  of  vibrations  per  second  is  inversely  ns  the  square  root  of  the  length. 
Find  the  number  of  vibrations  for  a  length  of  2  feet  of  string.  S,  &  A.  D.  (A.) 
1894.  .-/«j.  40. 

8.  A  series  nf  pulses  is  iransniltted  along  a  string  which  is  fixed  at  one  end.  If  the 
pulses  follow  one  another  at  a  certain  rate,  the  string  vibrates  with  a  number  of 
points  of  no  motion.     Why  is  this?    S.  &  A,  D.  (A)  1897. 

4.  Explain  why  the  pitch  of  a  string  vibniting  transversely  depends  on  the  tension, 
while  that  of  a  string  vibrating  longitudinally  is  not  greatly  affected  by  changes  of 
tension.     S.  &  A.  D.  (A)  1897. 

5.  Two  weights,  A  and  B,  arc  attached  to  two  strings,  the  lengths  of  which  are  in 
the  proportion  of  9  to  10,  Imt  which  are  otherwise  similar.  When  the  weights 
are  exchanged,  the  number  of  beats  heard  when  the  two  strings  give  their  funda- 
mental notes  is  three  times  as  great  as  before.  Find  the  ratio  of  the  weights. 
S.  &  A.  D.  (A.)  1897.  Jns,  A/B=5476/6o84  or  f  Jf. 

6.  Describe  some  acairaie  method  of  determining  the  frequency  nf  the  note  emitted 
from  a  given  source.     Two  forks,  when  sounded  together,  give  4  beats  per  second. 

3  M 
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Questions  and  Exantples 


One  is  in  unison  with  a  length  of  96  era.  of  a  monochord  string  under  crmsi 
tension,  and  the  oihcr  with  97  cm.  of  the  same  string.     Find  ihc  frnjuencic*^ 
the  forks.     Int.  Scl  (H.)  1S93.  •-''"•  3^8,  5&4. 

7.  Describe  ilie  principal  modes  of  vibmiion  possible  to  a  free  solid  bar,  I  metre  Iro^ 
10  cm.  broad,  and  5  cm.  thick.  How  would  you  exhibit  them?  If  the  Imf  wc«c 
eight  times  as  heavy  as  its  own  volume  of  water,  and  if,  when  vibrating  longitudi- 
nally, its  lowest  note  was  three  octaves  above  middle  C  (256  vib.  per  scc)»  what 
should  be  the  \'alue  of  its  Voung's  modulus  (or  longitudinal  elasticity)?  B.Sc 
1891.  Am.   13.4*  K  10*'. 

8.  One  end  of  a  stretched  string  is  fiLslened  to  one  of  the  prongs  of  a  vibrating  tuning 
fork;  compare  the  vibrations  excited  in  the  string  when  the  prong  is  moring 
parallel  to  the  string  with  those  excited  when  the  prong  is  ino\-ing  transversely. 
S.  &  A.  D.  (A.)  1900. 

9.  Dcscriljc  some  form  of  apparatus  for  showing  the  combination  of  two  rectilinear 
simple  harmonic  vibrations  taking  place  at  right  angles  to  each  other.  If  ont 
vibration  be  the  octave  of  the  other^  trace  the  form  of  the  resultant  curve 
aSc  1889. 

10.  Qivc  a  general  explanation  of  the  nodal  lines  produced  on  a  square  plate  when  icC 
in  vibnitioii,     S.  &  A.  D.  (A.)  1893. 

11.  The  top  of  an  ojjen  organ  pipe  is  suddenly  closed.  What  effect  Is  produced  *¥» 
the  pilch  and  character  uf  the  note?  If  the  vibration  freipicncics  of  the  putialt 
next  alxjve  the  fundflmental  notes  in  the  two  cases  respectively  differ  by  256,  what 
was  the  pitch  of  the  open  pipe?     S.  &.  A.  D.  (A.)  1895.  Ans,   512. 

12.  An  open  organ  pipe  prixiuces  8  beats  per  second  when  sounded  with  a  tuning 
fork  of  256  vibrations  per  second,  the  fork  giving  the  lower  note.  How  much 
must  the  length  of  the  pipe  !«  altered  to  bring  it  into  accord  with  the  fork  ?  Take 
the  velocity  of  sound  as  1 100  feet  per  second.     S.  &.  A.  D.  (.\.)  1894. 

Anx.   Lengthened  01783  ind. 

13.  Explain  the  effect  of  changes  of  temperature  on  the  note  of  a  metallic  organ  pipe. 
Prove  that  if  a  solid  could  he  found  such  that  the  note  given  by  a  pipe  formed  uf 
it  was  I  he  same  ui  all  temperatures,  the  coefficient  of  cubical  expansion  of  the 
solid  would  he  about  one  and  a  half  lime*  greater  than  that  of  a  gas.  S.  &  A-  D. 
(A.)  1893. 


CHAPTERS  VI   AND   VIl 


Give  a  general  description  of  the  conditions  which  have  to  be  fiilfilled  thai  the 

vibrations  of  a  column  of  gas  nwy  be  maintained  by  a  periodic  supply  of  heat. 

Cvive  instances  of  free  and  forced  osollations,  and  explain  the  principaJ  phenocneiM 

of  resonance.    S.  &  K.  O.  (A.)  igoo. 

Give  some  explnnalion  of  resonance.     One  t\ming  fork  is  placed  near  a  resonator, 

which  rcspijnds  to  i(.     A  second  similar  fork  is  placed  at  n  dislance,  and  the  two 

arc  bowed  c<)ually.     What  difference  will  there  be  in  the  nilc  at  which  the  vibim* 

tions  decay,  and  why  is  there  this  difference?    S.  iV  A.  D.  i.V.)  1893. 

How  would  you  prove  expenmenially  that  the  velocity  of  sound  in  hydrocen  gM 

was  about  four  times  as  great  a^  in  air?     Prelim.  Sci.  189]. 
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5.  Describe  some  method  of  measuring  the  velocity  of  sound  in  a  rod  of  glass.     Int. 
Sou  1S89, 

Explain  ihc  production  of  V>cats  by  the  interference  of  two  miles,  and  how  Iwo 
notes,  themselves  iuaudilile,  may  pnxiiice  an  audible  note.     H.Sc.  1892. 
Wbat  is  meant  by  overtones?    What  is  their  importance  in  ihe  theory  of  concords? 
S.  &  A.  D.  (A.)  1900. 

Having  given  Ihtii  ihe  cube  root  of  2  is  1.26,  find  how  nmny  beats  per  second 
there  would  be  between  the  two  notes  which  represent  the  major  third  above  the 
C  of  256  vibrations  per  second  (1)  on  the  natural,  (a)  on  the  equally  tempered 
scale.     S.  &  A.  D.  (A.)  1895.  Atts.  2.56. 

Discuss  the  reKitions  between  the  frequencies  of  Iwo  notes  which  cause  them  to  be 
discordant  when  sounded  simultancuusly.     S,  &■  A.  D.  (A.)  1894. 
Kxplnin  the  cmndiiions  under  which  difference  and  summation  tones  are  produced. 
S.  &  A.  D.  (A)  1898. 

Define  a  vowel-sound.  Describe  the  apparatus  used  by  IlelnihoUz  to  imitate  the 
various  vowels.     .S.  &  A.  D.  (A.)  1 898. 

Explain  why  the  qualities  of  the  notes  produced  by  open  and  closed  organ  pipes 
respectively  are  differenl.     S.  A  A.  D.  (A.)  1897. 

13.  Why  are  ihe  octave  anrl  the  iwelflh  absolutely  perfect  consonances?    Explain  why 
the  fifth  is  less  perfect  than  they  are.     S.  vS;  \.  D.  (A)  1897. 

14.  What  is  a  conip<3iind  niu:>ical  tone?     Describe  a  method  of  determining  the  con- 
stituent nole^  of  which  it  is  composed.     S.  \  A.  D.  (A.)  1897. 

15.  Write  a  short  esfiay  on  harmunics  and  their  effect  on  the  quality  of  sound. 


10. 


11 
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BOOK     IV 


CHAPTER   I 


Given  the  law  of  reneclion,  prove  that  the  image  of  an  object  in  a  plane  mirror  is 
on  the  perpendicular  to  the  mirror  and  as  for  behiiul  as  the  uliject  n  in  front. 
S.  &  A.  n.  (A.)  1891. 

Describe  a  sextant^  and  explain  how  it  enables  une  to  measure  the  angle  sub- 
tended at  the  i>bscr\-er's  eye,  by  two  objects,      H.Sc,  1899, 

Two  mirrors  arc  placed  parallel  to  one  another  at  opposite  ends  of  a  room.  Ex- 
plain, with  a  diagram,  the  formation  of  the  long  series  of  images  of  an  object 
between  them  seen  on  looking  into  either  mirror.  Prelim.  Sci.  1889. 
State  the  laws  of  reflection  of  light,  and  explain  with  the  aid  of  a  diagram  the 
formation  images  by  concave  mirrors.  An  object  is  placed  28  cm.  from  a  concave 
mirror  whose  fixral  length  is  10  cm.,  find  where  the  image  is.  Is  it  real  or  virtual? 
And  what  is  its  size  if  the  object  l*e  4.2  mm.  broad  by  14  mm.  long?  Int.  Sci. 
1891.  Ans.  15.5  cm.  from  mirror ;  real  ;  2.  J  mm.  broad,  7.7  mm.  long. 

Light  diverging  from  the  foois  of  a  hemispherical  reflector  is  reflected  from  the 
surface.  Give  a  diagram  explaining  the  graphic  constniction  ffir  finding  the  true 
form  of  the  wave  front  after  reflection  at  the  moment  when  il  is  passing  through 
the  centre  of  the  sphere.     S.  &  A.  D.  (A.)  1890. 
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Qm€sHans  and  ExuuHfks 


pote  at  a  ifajngf  «  froM  llie  ■■nor.  thai  an 

aIo^c  dkc  ftsb  of  a  ociucatc  Bynor  towwds  tfar  ouitdv. 
Ok  sDooKCncBl  fooB,  Md  (be  foffv  of  tbe  cMMic  for 
&  &  A.  D.  (A.)  1897. 


CHAPTER   II 

L   Dnw  (he  p*ih»  of  ■  mnabcr  oTca^rs  procecdfog&oai  asf  oaej 
o)ii«ct  under  wmfcr,  and  indicate  ihe  apfsrent  piwitkws  of  three  ( 
toe  ol^jcct  to  an  eye  above  iSc  water.     S.  &  A.  D.  (A.)  1891. 

2.   Prove  that  when  light  from  a  fimall  sooroe  b  directJjr  refracted  at  a  {rfbnc  1 
ihe  ratio  of  the  di^ancc*  of  the  image  and  the  oliject  fitan  the  1 
&  A  A.  D.  (A.)  1899^ 

8,   /*  ia  A  laminnoft  point  in  air  and  Q  a  point  in  a  medimn  whose  lefeKXne  i 

/»  ;  !be  imr£irc  Mpar&ting  ihb  mediom  from  the  air  being  plane  Sbov  that  tW 
pUh  taken  \ty  light  in  pasur^  from  y  to  ^  will  be  such  as  10  wakt  the  tn^  wi 
paaaage  from  Pto  Qm*  small  as  poanble.     InL  Sd.  (H.)  189^ 

4.  V<ju  arc  given  a  drawing-board,  paper,  and  drawing  ntatcriab*  wiao  aotmc  paaa  aad 
a  rectangular  Uuck  of  glass  with  poltahcd  frcea  How  woold  you  pruojud  mi 
verify  the  law  of  refraction  and  to  determine  the  refractive  index  of  ibe  glas? 
S.&A.  D.  (A.)  18961 

5.  Obtain  the  relation  between  the  critical  angle  and  the  refractive  nd^  of  a 
rabaiaiure.  Calculate  ihc  lowest  refractive  index  Ibr  the  glass  of  a  ng^tt-asflvd 
prism  nsed  as  a  reflector  to  turn  a  ray  of  light  ihroogh  90*  [sin.  45*=-7o7]. 

-^K/.    1-414. 

6.  Taking  the  refractive  index  from  air  tu  glass  as  | ;  draw  an  accurate  ptctnve  of 
ihe  path  of  a  ray  of  mt>nochromatic  light,  whidi  falls  at  an  incidence  of  60*  oo  iW 
face  ofa  prism,  whose  vertical  angle  is  30*.     S.  &  A.  D.  (A.)  1894. 

7.  A  ray  of  light  is  refracted  through  a  prism  in  a  plane  perpendicnlai  to  its  edge: 
Pro^c  that  if  the  angle  of  incidence  h  constant,  the  deviation  uicresses  with 
the  angle  of  the  priMn.  What  is  the  limiting  angle  of  the  prism,  «ach  iIhI 
the  incident  ray  dttcs  nut  emerge  witcn  ic  meets  the  second  hce  of  ilie  prion? 
S.  &  A.  O.  (.V.)  i«95. 

/fff/.  The  he%t  way  of  Sftlving  this  question  is  graphically  by  means  of  Um 
oonatruction  ahown  in  Fig.  303.  Let  oab,  Figure  565,  represent  the  priMa 
of  which  the  refractive  index  is  fu  With  centre  o  and  radii  unity  and  ft 
respectively  describe  two  circles.  I^cl  Dto  be  the  incident  ray  cutting  the  inner 
circle  al  f.  From  r  draw  CE  perpendicular  to  AO,  cutting  the  outer  circle  at  L 
Join  Ko  and  pn'Mlucc  to  k.  Ti  en  or  i»  the  refracted  ray  within  Ihe  prism.  Fmnt 
R  draw  RfiK  perpendtnilar  to  OB,  cutting  the  inner  circle  at  f:,  and  join  oc.  Then 
Cx;r'  is  the  direction  of  the  ray  when  it  leaves  the  prism.  Now  suppose  that  the 
face  AO  of  the  prism  is  kept  fixed  and  also  the  incident  ray  IX),  while  the  angle  of 
the  priam,  aoh,  is  increased.     The  result  is  that  the  point  r  remains  frtcd,  boC 


hieshms  an 
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thai  rhTperpeiMTicuiar  KtiK  changes.  Ii  is  evident  llmt  as  the  angle  AO«  increase*; 
the  point  wheic  the  perpendicular  rgk  cuts  the  inner  circle  approaches  the  p<nnt 
H,  and  hence  the  deviated  ray  ap- 
protches  the  direciion  or",  that  is, 
the  deviation  increiises.  Also  it  is 
evident  that  when  the  face  BO  reaches 
the  position  or",  which  is  such  that 
it  cuts  the  inner  circle  at  a  point 
K  so  that  KK  is  a  tangent,  the  de- 
viated ray  emerges  ^nrallel  to  the 
surface  of  the  prisin.  If  the  angle 
of  the  prism  is  increased  beyond 
this  the  ray  will  not  emerge,  but 
lie  internully  reflected.  This  con- 
dition win  be  indicated  in  the  con- 
struction by  the  fact  thai  the  line 
drawn  thruvrgh  R  perpendicular  Lu 
the  priiiin  face  no  longer  cuts  the 
inner  circle,  and  so  the  construction 
breaks  down. 

A  ray  of  homogeneous  light  is  in- 
cident at  an  angle  ^  on  a  prism  of  angle  i  and  the  deviation  D  is  obscr\'cd. 
Prove  that  V',  the  angle  of  emergence,  may  be  found  from  the  funnula  ^  —  Z>  +  /  -  ^. 
S.  &  A.  I).  {A.)  1898. 


Fig.  565. 


CHAPTER    111 


1.  Light  from  a  small  luminous  object  traverses  a  convex  lens  directly,  and  after 
reflection  at  a  plane  mirror  again  posses  through  the  lens  and  forms  an  image 
coincident  with  the  object.  Show  that  the  image  formed  may  be  eiiher  erect  or 
inverted,  and  trace  the  pallu>  of  the  rays  in  the  two  cases*.     S.  A;  A.  D.  (A.)  1899. 

2.  Show  that  the  least  distance  between  an  object  and  its  iiiiagc  formed  by  a  convex 
lens  is  equal  lu  four  times  the  focal  length  of  the  lens.     S.  ^:  A.  D.  (A.)  1S90. 

3.  A  pair  of  thin  lenses  of  focal  lengths/'  and  /"  arc  mounted  coaxifllly  at  a  dis- 
tance b  apart.  Find  a  formula  foe  the  equivalent  focal  *ength  /'of  the  combina- 
tion, assuming  that  h  is  less  than  the  focal  length  of  either  lens.  S.  ^:  A.  D.  (A.) 
189a 

4.  Give  an  account  of  how  the  eye  adapts  itself  to  vision  at  diflcrcnt  distances.  Draw 
a  section  of  the  eye,  lat)elling  its  principal  parts.     B.Sc.  1892. 

5.  State  the  laws  of  refraclion  of  light,  and  how  to  find  the  apparent  position  of  an 
object  under  water  to  an  eye  outside.  A  small  otijecl  is  enclo^^ed  in  a  sphere  of 
solid  glass  uf  7  cm.  radius.  It  is  situated  I  cm.  from  the  centre,  and  is  viewed 
from  the  side  to  which  it  i«  nearest.  \\*hcre  will  it  appear  to  l»c  if  the  refractive 
index  of  the  glass  be  I.4?  (Small  angles  may  W  t.iken  as  proportional  to  their 
sines.)     Int.  Sc.  1891. 

Ans*  It  will  appear  W  cm.  nearer   the  surface   tluin    it   really   is.      If  in 


Questiopi's  and  Exaviplcs 

Figure  566  o  L5  the  centre  of  the  spticre,  r  the  object,  Q  the  image-,  and  TAC 
a  ray  leaving  the  object  and  refracted  at  A;    then  if  the  angle  ran  or  oaq 


called  a,  and  the  angle  oai'  ^,  we  have  m  = 


Now  the  area  of  the  triangle 


OAQ  is  equal  to  half  tfie  product  of  Oa  into  1 
the  perpendiculAr  distance  of  ij  Iroin  UA. 
Hence  the  area  of  the  triangle  oaq  is  ^  OA.  | 
Ml  !^in  OAQ.  In  the  same  way  the  area  t»r 
the  triangle  OAC  U  ^  OA  .  KV  sin  Cap.  Ni>w 
the  areas  of  the  triangles  *^»aq  and  gap  are 
to  one  another  as  nij  is  to  or,  since  they 
liavc  a  common  vertex  at  a»  i.e.  thdr  heights 
are  equal.     Hence 


area  of  0A<,»  _  0«^ 

A(}  lan  a 
Ar  sin  ^ 

aq 

area  of  Aor      qf 

AP 

But  if  A  is  taken  near  B— that  is,  if  we  deal 
with  a  small  pencil  ttf  rays  near  u — the  ratio  of  aq  to  AP  is  very  nearly  the  : 
as  the  ratio  of  i^b  to  J'H.     Hence 

ov  QB 


Q,   If  the  refractive  index  from  air  to  glass  is  |,  and  that  from  air  to  water  i&  }, 

the  ratio  uf  the  focal  lengths  of  a  gla«is  lens  in  water  and  in  air.     S.  &  A,  D,  (A.)  I 

1896.  Am.  4. 

7.  A  tiiinplc  iislronomical  telescope  of  known  magnifying  power  m  is  >bcussed  on  a 

very  distant  object,  and  the  distance  between  the  lenses  is  found  to  be  a  cm.     On 

turning  it  to  a  nearer  object  the  eye-lens  has  to  be  racked  out  a  distance  k  cm. 

Obtain  hence  an  expression  for  the  distance  nf  the  object.    S.  &  A.  D.  (A.)  1899- 

.            am      f  am  .\ 

Am. -; +  AL 

8.  N'ou  arc  given  two  convex  lenses  of  33  inches  and  1  inch  focal  length  respectively. 
Explain  how  to  arrange  them  to  fonn  a  telescope.     Draw  a  diagram  shtnving  the  j 
passage  of  a  pencil  <if  rays  from  a  distant  point  through  the  instrument,  and  1 
calculate  its  magnifying  power  when  viewing  a  distant  object.     S.  &  A.  Ix  (A.)  I 

1897.  Afts,  Magnifying  power  =  23. 

9.  Explain  the  principle  of  the  opera-glass,  drawing  carefully  the  conrse  of  rays  from 
a  star  ihroiiijh  it,  and  inU)  an  eye.     S.  &  A.  D.  {X)  1891. 

10.  Explain  the  principle  nf  the  compound  microscope,  with  the  aid  of  a  diagram. 
From  what  data  and  how  would  you  calculate  its  magnifying  power?  S.  &  A.  D. 
(A.)  1890. 

11.  A  convex  and  a  concave  lens  each  to  inches  in  focal  length  are  held  cnaxially  at  a  I 
distance  of  3  inches  aport ;  find  the  position  of  the  image  if  the  object  is  at  a  di*. 
tsmce  of  15  inches  beyond  (a)  the  convex,  {h)  the  concave  lens.     S.  &  .\,  D.  (A.)  j 
189S. 

Afts.  {a)  2.1  inches  nearer  tbe  lenses  than  the  object;  {h)  72  inches  oa.  Ihaj 
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skte  of  I  he  object  remote  from  the  lenses.  This  question  can  be  at  once  lolved 
l>y  an  application  of  ihe  formula  deduced  in  §  ^50;  it  15.  however,  in^lructive 
to  solve  the  qiicMiun  by  construction,  usinj;  the  meihr»d  given  in  §  349,  The 
annexed  figure  gives  such  a  geometrical  solution  fur  the  case  when  the  convex 


Fig.  567. 


lens  is  nearer  the  object  itj*  ^"  ^^  figure  a  is  the  convex  lens,  and  yi,y'j  are  its 
principal  focit  while  B  is  Ihe  concave  lens,  and  f-x  is  its  principal  focus.  V\nX 
suppose  B  removed,  then  an  image  p't^'  U  found  by  drawing  the  lines  vabv' 
and  I'tHl''.  Now  suppose  the  lens  11  placed  in  position,  the  rays  Vnh  and 
FOt-  are  now  refraclwl  at  b  and  c  respectively.  To  find  the  image  now  we 
require  to  find  the  directions  of  any  two  rays  which  leave  some  one  point  of  ihc 
object  and  pass  through  the  two  leiu^es.  In  order  to  prevent  confiision,  let  us 
consider  two  rays  leaving  the  point  (j.  We  have  to  choose  these  rays  such  that 
one  passes  through  the  centre  o'  of  the  lens  b,  and  the  other  strikes  the  lens  B 
paraUcI  to  the  axis.  If  we  draw  the  line  q'o'^'-,  the  part  o'^  will  represent  the 
path  of  the  my  <i^  after  it  has  passed  through  a  and  before  il  reaches  H.  Since 
iMs  ray  passes  through  o',  it  is  uiirefractcd  by  it?,  piissage  through  B,  and  ij^'rV 
represents  the  course  t»f  this  ray  through  the  combination.  Next,  a  ray  ^i/'id, 
which  passes  through  the  princifnl  focus  y^i  of  the  lens  A,  will  strike  the  lens  B  in 
a  direction  parallel  to  ilie  axis  of  lens  »,  and  hence  its  direction  rR(/  after  refrac- 
tion will,  if  pniduced  Ijackwards,  pass  through  the  principal  focus  ft  of  B.  Thus, 
<ifid€».<f  represents  the  path  of  a  second  ray  leaving  Q  and  passing  through  Ihe 
combination.  If  we  produce  B'yn'  and  Ryr  backwards,  their  point  of  inler?cclion 
q"  will  be  the  image  of  q  formed  by  the  combination.  A  similar  construction  can 
be  made  in  the  case  where  the  concave  lens  is  nearer  ihc  object. 
12.  Explain  (without  proving  the  necessary  formula)  how  to  use  a  giwinmeler  to  de- 
termine the  an^le  and  the  refractive  index  of  a  glass  prism.     S.  &  A.  D.  (A.)  1899. 
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Questions  and  Examples 


13.  Given  a  prism  of  a  substance  of  known  index  of  refruction,  show  how  to  calculate  ] 
the  deviaLion  prociuced  by  it  under  any  given  circumstances,  especially  when  the 
ray  goes  through  the  prism  symmetrically.  Given  that  tliean^le  of  a  prum  ks6o\ 
and  thAt  the  minimum  deviation  it  produces  with  sodium  light  is  jo*.  whal  is 
the  index  of  refraction  of  its  substance  for  this  kind  of  light?  [sin  45"*  — •707^ 
S.  &  A.  U.  (A  )  1891.  -Jim.  1.414. 

14.  Dcscrilie  and  explain  the  method  of  finding  the  thickness  and  refractive  index  of 
a  thin  plate  of  gloss  by  means  of  the  microscope.  Prove  the  formula  you  use. 
S.  &  A.  D.  (A.)  1895. 

15.  Show  how   to  use  the  phenomenon  of  total   internal  reflexion,  in  a  praclicaJ 
manner,  to  measure  the  refractive  index  of  a  liquid.     S.  &  A.  D.  (A.)  1896. 
Why  does  a  short-sighted  person  use  a  concave  lens?    The  focal  length  of  such  a  \ 
lens  is  6  inches,  and  a  small  object  is  placed  18  inches  from  the  lens;  draw  a  ' 
figure  showing  the  path  of  the  rays  by  which  the  image  is  formed,  and  determine 
its  position.     F'relim.  Sci.  iSga     Ans,  4.5  in.  from  lens  on  same  side  as  objccL 
Kxplain  the  action  of  a  lens  when  used  as  an  eyeglass.     A  man  who  can  see  must 
distinctly  at  a  distance  of  5  in.  from  his  eye  wishes  to  read  a  notice  at  a  distance 
of  15  ft.  off.     What  sort  of  spectacles  must  he  use,  and  what  must  be  their  focal 
length?     Int.  Sci.  1889.  Ans.  A  concave  lens  of  5f  in.  focal  lenj^h. 

18.   The  object  glass  and  the  eye  lens  of  a  compound  microscope  are  each  i  inch  in 
focal  length,  and  the  distance  between  them  is  9  inches.     Draw  a  careful  diagram  I 
showing  the  fiassage  of  a  pencil  of  rays  through  the  instrument,  and  calculate 
where  the  object  must  be  to  give  distinct  vision  to  a  person  with  normal  eyesight 
S.  &  A.  D.  (A.)  1898.^ 

Ans,  If  the  microscope  is  so  focussed  that  parallel  rays  enter  the  eye,  the 
object  must  be  if  in.  from  the  objective.  If  the  image  isfonnedat  the  distance 
of  distinct  vision  (loin.),  the  answer  is  if^  in. 
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CHAPTER    IV 

1.  W^at  i&  meant  by  the  candle-power  of  a  gas  flame,  and  what  experiments  wonJd^ 
you  make  to  determine  it  ?     Prelim.  Sd.  189a 

2,  What  do  you  understand   by  the  intensity  of  illumination  at  a  point,  and  how  1 
would  you  show  that  the  intensity  of  illumination  at  a  point,  due  to  a  given  j 
source,  is  inversely  proportional  to  the  square  of  the  distance  of  the  point  from 
the  source?     Int.  Sci.  1889, 

8,  In  a  Rumford*5  photometer  the  two  lights  lo  be  compared  have  to  be  placed  at 
too  cm.  and  42  cm.  respectively  from  the  rod  in  order  lo  secure  ccjualiiy  in  the 
darkness  of  the  shadows.  The  distance  lictween  the  rod  and  the  screen  being 
8  cm.,  find  the  relative  illuminating  powers  of  the  two  lights.         Ant.  4.67  :   I. 


CHArTER   V 

L   Deschl>e  and  explain  the  method  of  determining  the  velocity  of  light  from  ufaser- 

vntions  on  Jupiter's  salcllitcs.     S.  &  A.  D.  (A)  1897. 
Z   Describe  the  revohnn^  mirror  method  of  finding  the  velocity  of  light     Calculate] 


Questions  and  Examples 

tbe  velocity  of  light,  being  given  ttmt  the  displacement  of  the  slit  iii  a.  certati 
experiment  was  22  metres,  the  tli&lance  between  tbe  mirrors  605  metres  the  dis 
tance  of  the  ol>sen'ing  telescope  from  the  revolving  mirror  17  metres,  and 
frequency  of  rotation  256  per  second.      Int.  Sci.  {H*}  1^9* 

Anu  The  principle  involved  in  the  rotalirig  mirror  'method  of  measuring  iS 
velocity  of  light  can  be  illustrated  if  we  suppose  the  lens  A  (Fig,  336)  placed 
between  the  roialing  mirror  and  the  fixed  mirror  as  in  the  annexed  figure.  If  the 
mirror  B  is  at  rest,  the  image  will  be  formed  at  or  vertically  above  the  slit.  Sup- 
pcse  that  when  the  mirror  makes  N  rotations  per  second,  the  image  is  deflected 
through  a  distance  a  to  the  position  d'.  Then  if  the  distance  BC  is  called  /,  and 
the  distance  bs  or  bd'  is  called  r,  we  have  that  the  velocity  of  light  is  given  by 

^,    Si-AV/ 
a 
The  proof  of  this  formula  is  left  as  an  exercise  to  the  reader. 

0( 


Fig.  s6a 

Although  the  above  arrangement  is  \^vf  simple  from  the  point  of  view  of 
exposition,  it  i.v  not  practically  a  good  one ;  the  reason  being  that  the  light  from 
the  slit  s  spreads  out  in  all  directions,  and  only  a  very  small  projxirtion  falls  on 
the  mirror  b.  In  the  arrangement  shown  in  Fig,  336,  however,  the  lens  A  acis  as 
a  collimator,  so  that  the  rays  after  leaving  it  are  parallel,  and  hence  the  wliole  of 
the  rays  fall  on  B. 

In  the  qucslion  abuve,  the  data  arc  not  suBtcicnt  to  calculate  /'  supjxjsing  the 
practical  arrangement  were  employed,  and  hence  we  must  suppose  that  the  nuni 
bers  given  refer  tu  ihc  arrangement  just  described.  Substituting  the  values  of  the 
distances  given  in  the  question,  the  velocity  of  light  comes  out  as  3.008  x  10* 
metres  per  second. 

8.  Describe  Fixeau^s  method  of  measuring  the  velocity  of  light.  How  would  the 
appearances  seen  durinj;  the  experiment  be  changed  if  light  of  different  colours 
travelled  through  £ur  with  different  velodlies?    S.  &  A.  D,  (A.)  1894. 

4.  Explain  the  refraction  of  light  in  the  wave  theory,  deducing  the  law,  and  show 
how  total  reflection  may  occur.     Int.  Sci.  (H.)  1S92. 

6.   Apply  the  nndulatnry  theory  to  determine  the  path  of  a  ray  of  light  through  a 
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Questions  apid  Examples 

prism,  and  show  from  your  construction  ihal  the  deviation  is  least  when  ih* 
anglc:>  of  incidence  and  emergence  arc  et|uul.  S.  tS:  A.  D.  (A.)  1S98. 
A  railway  train  is  travelling  at  60  nules  an  hour  when  a  rifle  bullet  fired  rn  a 
direction  at  right  angles  to  the  line  passes  through  one  of  the  carriages.  The 
hole  made  in  the  window  by  which  the  bullet  enters  is  one  inch  nearer  tlie 
engine  than  that  in  the  window  on  the  opposite  side.  If  the  distance  between 
the  windows  is  10  feeti  Bnd  the  speed  of  the  bullet  Ans,  10,560  ft./9cc. 


CHAPTER  VI 


1,  Define  "dispersive  power.**  Kxptain  how  to  combine  prisms  so  as  to  produce 
(a)  deviation  without  dispersion ;  (1^)  dispersion  without  deviation  of  a  given  ray. 
Int.  Sci.  1891. 

2.  A  prism  of  one  kind  of  gla^s  (A)  deviates  a  red  ray  10",  and  a  blue  ray  16*,  while 
another  prism  (of  glass  B)  deviates  the  red  ray  12°  and  the  blue  ray  18"  ;  which 
glass  has  the  greater  dispersive  power  ?     Prelim.  Set  1893,  Ans.  X. 

8.  Describe  the  construction  of  a  direct  vision  spectroscope,  and  draw  a  section  of 
a  five  prism  system  consisting  of  crown  and  flint  glass,  assuming  that  the  dispersive 
powers  arc  in  ihe  proportion  of  2  to  3,  and  the  refractive  indices  3/2  and  5/3 
respectively,  so  that  the  combination  may  be  equivalent  in  dispersive  power  to  a 
single  6o'  prism  of  flint  glass.     S.  iS:  A.  D.  (A.)  189a 

Ams.  Tlie  sum  of  (he  refracting  angles  of  the  crown  prisms  must  be  240",  aiul 
of  the  llinl  prisms  180°. 

4,  A  beam  of  sunlight  is  converged  by  a  large  double  convex  simple  glass  lens,  and 
a  paper  screen  is  held  in  the  cone  uf  rays.  Dcscrilx*  and  explain  the  appearance 
of  colour  on  the  screen  and  the  changes  as  the  screen  is  placed  at  different  distances 
from  the  lens.     Prelim.  Sci.  1892. 

5.  A  thin  convex  lens  of  crown  glass  and  a  thin  concave  lens  of  flint  glass  form  an 
achromatic  combinntion  when  placed  in  contact.  A  beam  of  white  light  which  is 
in  each  case  pftrallcl  to  the  axis  falls  in  different  experiments  (I)  upfjn  the  cimvex 
lens  alone,  (2)  u\x>n  the  concave  lens  alone,  (3)  upon  both  lenses  in  contact. 
Draw  diagr<ims  in{lic:iting  ihe  paths  of  the  blue  and  red  constituents  of  the  white 
light  in  each  case.     S.  &  A.  D.  (A.)  1892. 

6.  A  convex  lens  of  focal  length  40  cm.  is  placed  in  contact  with  a  concave  lens  o( 
focal  length  66  cm.  Trace  the  path  of  a  pencil  of  rays  through  the  combination 
from  an  object  at  a  distance  of  204  cm.,  and  state  for  what  purpose  such  a  00a- 
bination  is  used.     S.  vS:  A.  D.  (A.)  1897. 

7,  How  may  a  colourless  image  of  an  object  be  obtained  by  means  of  a  combination 
of  lenses?    Given  two  sulwtances  of  refractive  indices  1.5  and  1. 7,  of  dispersive 
powers  in  the  ratio  of  3  to  4,  wlw.t  should  l>e  the  focal  lengths  of  each  simple  Icoa'J 
in  an  achromatic  combination  of  5  feet  foais?     S.  &  A.  D.  {A.)  189a 

Am,  Suppose  that  the  focal  length  of  the  convex  lens  for  ycUow  light  is/,  azul 
that  of  the  concave  lens  is/*,  further,  let  ^r,  Hv,  and  md  ^  the  refractive  index  o. 
the  convex  lens  for  red,  violet,  and  yellow  light  respectively,  and  m'ri  m'v.  *nd  m'd 
the  corresponding  quantities  for  the  concave  lens. 
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Questtopts.  and  Examples  923 

Suppose  we  have  a  point  at  a  distance  »  from  the  convex  lens,  then  the 
distance  of  the  image  r,  if  red  rays  are  used,  is  given  by 


-  -  -  =  (Mr 


-a-y 


wjiere  n  and  ra  are  the  radii  of  the  sur&ces  of  this  tens. 

If  the  concave  lens  is  now  placed  so  that  it  is  in  contact  with  the  first,  and  the 
-  distance  of  the  image  fonned  by  the  combination  is  z/,  we  have 


.-;.„■.-.,  (^.-^.) 


Hence 


1/ 

where  t^\  and  t*%  are  the  radii  of  the  sur^u:es  of  the  concave  lens.    Adding  these 
equations  together  we  get 

If  in  place  of  red  light  we  use  violet,  and  the  image  is  now  formed  at  a  distance 
t/\  we  have  in  the  same  way 

Now  if  the  combination  is  to  be  achromatic,  the  images  formed  by  the  red  and 

the  violet  rays  must  be  at  the  same  distance,  i>.  »"=»',  that  is,  z^t~~»  "»ust  be 

zero.     Hence  the  condition  for  achromatism  is  that  the  right-hand  side  of  eqiuUion 
(i.)  must  be  zero. 

Now  for  yellow  light  we  have 

or  —  -^, ,  ana-> -r  —  :Ff7~t —  \* 

n    r%   /(Mi>-I)        ^i     ^9   /Vo-i) 

Hence  the  condition  for  achromatism  is 

/(Md-I)VVd-i)     ^ 
but  if  S  and  ^  are  the  dispersion  powers  of  the  glass  of  which  the  lenses  are  made, 

Md-I  Md-I 

Hence  for  achromatism  we  must  have 

9     S' 

/'=-f .  .  .  .  (il) 


QuesHons  and  Examples 


If/*  is  the  focal  length  of  Ihe  ajiiiliinalinn,  ihen  (g  350) 


(Hi.) 
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From  c<]uauoiu  ii.  and  iii.  wc  can  deduce  the  values  o(/aind/\ 

In  the  example  given  we  gel  that  /=  -  15  inches,  and  /'  =  20  inches,  which 
shows  that /"is  a  convex  lens,  andy^  a  concave. 

What  h*  meant  by  the  chromatic  alierralion  of  a  lens,  and  how  is  it  corrrcrted  in 
the  object-jjlass  of  a  telescope?  The  mean  refractive  indices  of  two  specimens 
of  glass  are  1. 52  and  1.66  respectively;  the  difi'erences  in  the  indices  for  the 
same  two  lines  of  the  spectrum  are  .013  for  ilie  first  and  .022  for  the  second  ;  find 
the  focal  length  of  a  lens  of  the  second  i^la-ss,  which,  when  combinetl  with  a 
convex  lens  of  50  cm.  focal  length  of  the  first,  will  make  an  object-glass  achro- 
matic for  these  two  lines.     RSc.  1889. 

.'4hj.  a  concave  lens  of  66.67  c'"-  focsi\  length. 
9.    Explain  with  carefully  drawn  figures  how  ihc  priniar)'  and  sccondarj'  rainbows  arc 
farmed.     B.Sc  1895. 

CHAPTER  VII 

1.  Dcscril>e  experiments  to  show  thut  two  lights  may  interfere  and  produce  darknesis. 
Why  arc  the  lights  from  two  candles  never  seen  to  interfere?    B.Sc.  18S9. 

2.  Describe  some  method  by  which  interference  fringes  may  be  produced,  and  ex- 
plain how  the  meth<x]  may  \k  used  to  measure  the  wave-length  of  monochrooialic 
light.     B.Sc.  1894. 

3.  Descrilie  and  explain  the  method  of  producing  a  spectrum  1>y  means  of  a  pliuie 
diffraction  grating.  H<iw  dues  a  spectrum  produced  in  this  way  differ  fruni  one 
produced  by  a  pri*;m  ?  Under  what  circumstances  would  you  think  it  ad\*i5able 
to  use  a  prism  railier  than  a  grating?    B.Sc.  1896. 

4.  What  do  you  understand  by  the  interference  uf  light  ?  Why  is  the  principal  focus 
of  a  convex  lens,  when  placed  in  a  pencil  of  parallel  rays,  a  point  of  maximum 
brightness?     S.  .S:  A.  D.  (A.)  1897. 

5  Explain  the  colours  seen  when  a  thin  film  of  oil  is  spread  over  the  surface  of  watcr^ 
S.  &  A.  \).  (A.)  1893. 

Dcscril>e  and  explain  the  appearance  when  a  convex  lens  is  pressed  into  contact 
with  a  piece  of  plate  glass,  and  a  beam  nf  light  rcHectcd  from  their  surfaces  itcai 
the  p<iint  of  contact  is  focussed  on  a  screen.     .S.  &:  A.  D.  (A.)  1S90. 

7.  Newton's  lings  are  formeil  by  reflection  between  a  plane  surface  of  glass  and  a 
lens.  The  diameter  of  the  third  black  ring  is  1  cm.  when  «xla  light  (wavelength 
=  589  X  lO'^  cm.)  i-s  used  at  such  an  angle  that  ihc  light  passes  through  the  air 
film  at  an  angle  of  60**  to  the  nomml.     Find  the  radius  of  the  glass  lens. 

/Ins,  707.4  cm. 
State  and  explain  the  conditions  under  which  Newton's  rings  when  formed  Ly 
reflection  may  have  a  while  centre.     S.  &  A.  D.  (A.)  189a 

A  plane  s(jap  film  illuminated  by  white  light  gradually  becomes  thinner  as  the 
liquid  drains  away-  It  is  viewed  through  a  spectrosco|>e  the  ilit  of  which  i» 
hurixonlal.  and  which  til  ways  Ls  directed  to  the  same  part  of  the  film.  Descriltc 
and  explain  the  phenomena  which  are  observed.     S.  &  A.  D.  (A.)  1898. 
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Questions  attd  Examples 
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Ans.   If  \  is  the  wavelength  of  the  light  such  that  the  thickness  T  of  the 

2«  + 1     X 


film  opposite  the  slit  of  the  spectroscope  is  given  by  T- 


2fl 


ihen  owing  In 


interference  {§  376)  there  will  be  no  light  of  this  wnvc-leogth  entering  the  spectro- 
scope, (ind  hence  the  S[3cctnim  will  be  crossed  by  a  cUrk  band  corresponding  to  a 
wave-length  \.  As  the  film  thins,  i.e.  7' gets  smaller,  in  orrier  that  the  above 
equation  may  hold  X  must  also  get  smaller,  llcncc,  as  the  Aim  thins  the  dark 
band  in  the  spectrum  will  move  towards  the  \*iolet  end  of  the  spectrum.  It  can 
be  shown,  but  this  is  lefl  as  an  exercise,  that  there  can  be  more  than  one  bond 
seen  in  the  spectrum  at  one  time  as  long  as  T  is  within  certain  limits. 
Show  that  the  portion  of  a  plane  wave  of  light  which  is  effective  in  illuminating  a 
given  pcnnt  is  limitctl  to  a  certain  small  area  of  the  wave. 

Liyht   rrom  a  luminous  point  casts  a  shadow  of  a  straight  edge.     Describe  and 
explain  the  fringes  seen  near  the  edge  of  the  shadow.     S.  &  A.  D.  (A.)  1894. 


CHAPTER  VIII 

1.  Describe  fully  experiments  to  show  under  what  circumstances  an  incandescent  body 
gives  (a)  a  continuous  spectrum,  {b)  a  spectrum  of  bright  lines,  {c)  a  luminous 
spectrum  with  dark  lines.     B.Sc.  1889. 

2.  Describe  and  explain — (l)  the  difference  between  the  spectra  produced  by  glowing 
solids  and  gases  respectively  ;  (2)  the  effect  of  gradually  increasing  the  ihicknesff 
of  a  medium,  a  thin   layer  of  which   gives  an  ab»'>rption   spectrum  consisting 
of  several  distinct  narrow  bands  placed  near  to  each   other  in   the  spectrum 
S.  &  A.  D.  (A.)  189S. 

3.  Give  a  general  explanation  of  Fraunhofer's  lines  in  the  solar  spectrum,  and 
descrilje  an  experiment  to  verify  the  explanation.     S,  &  A.  D.  (A.)  1893. 

4.  If  the  earth  were  moving  very  rapidly  through  space,  what  would  f>c  the  gencrol 
effect  on  the  spectra  of  stars  which  it  was  (i)  approaching.  (2)  receding  from? 
Give  full  reasons  for  your  anawer.     S.  &  A.  D.  (A.)  1897. 

5.  Discuss  the  principal  phenomena  and  ihc  explanation  of  selective  absorption. 
S.  &  A.  D.  {\.)  1890. 

6.  Descrilie  a  method  of  investigating  the  infra-red  part  of  the  spectrum,  and  give  the 
principal  rcsvUis  arrived  at.     S.  &  A.  D,  (A.)  1S94. 

7.  How  would  you  prove  ihal  the  thermal,  chemical,  and  luminous  effects  of  the 
same  part  of  the  visible  spectrum  are  not  due  to  three  different  causes,  such,  for 
instance,  as  three  different  kinds  of  coincident  rays?    S.  &  A.  D.  (A.)  1897. 

8.  Descril»e  the  principal  characteristics  of  the  phenomenon  of  fluorescence,  and 
describe  experiments  by  which  its  relation  to  phosphorescence  has  been  deter- 
mined.    S.  &  A.  D.  (A.)  1896. 

9.  Describe  a  method  of  rendering  the  ultra-violet  portion  of  the  spectrum  visible, 
S.  &  A.  n.  (A.)  JS92. 

10.  A  prism  containing  a  solution  of  fitchsine  is  placed  with  its  refracting  angle  at 
right  angles  to  a  glass  prism  and  a  .small  source  of  while  light  is  viewed  through 
the  combination.     Describe  and  explain  the  appearance  presented. 
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CHAPTER  IX 

1.  What  cxperimenis  would  you  make  to  show  tlial  a  given  colour  can  be  matched 
hy  a  proper  cunibinalion  of  ihree  standard  colours?     S.  &:  A.  I>.  (A.)  1897. 

2.  Describe  an  experiment  to  show  thai  the  sentialion  uf  yellow  light  may  be  pro- 
duced by  suitably  mixing  red  and  green.      S.  &  A.  D.  (A.)  1S93, 

3.  (five  some  account  of  the  trichromaiic  theory  of  coloor  vision.     S.  &  A.  D.  (A.) 
(898. 

4.  Write  a  short  essay  on  colour-blindness.     S.  &  A.  D.  (A.)  1899, 

5.  What  is  a   complementary  colour?     Explain   the   existence   of  complementaiy 
colours  on  the  trichromatic  theory  of  colour  vision. 


CHAPTER  X 


What  do  you  understand  by  plane  pulari.'icd  light  ?  Dcscriljc  some  form  tif  appA- 
mtus  fur  determining  the  plane  of  }K>iari£ation  of  a  beam  of  plane  polarised  light. 
S.  &  A.  D.  (A.)  1897. 

A  horizontal  beam  of  sunlight  enters  a  dark  room  through  a  small  hole,  and 
passing  through  a  properly  placed  cr)*stal  of  tourmaline  becomes  polarised.  If  the 
tourmaline  were  made  to  rotate  rapidly  nlK>nt  an  axis  coincident  with  ilic  niy» 
state  and  explain  the  appearance  you  would  see  if  you  looked  at  it  through  a 
Nicors  prism.     S.  &  A.  D.  {K.)  1S97. 

DesoriLje  two  experiments  by  which  you  would  distinguish  between  plane  polarised 
and  ordinary  light.  If  arrangements  are  wade  whereby  the  two  interfering  bcants 
in  any  interference  experiment  are  polarised  in  perpendicular  planes  interference 
ceases.  What  inferences  do  you  draw  frt>m  this?  S.  \  A.  D.  (A.)  1899. 
Explain  the  action  of  Nicol's  prism.  You  ore  given  two  such  prisms  ;  show  how 
to  place  the  second  so  that  the  light  which  emerges  from  it  may  be  half  as  intense 
as  that  which  falls  on  it.     RSc  1889. 

Ans.  The  principal  planes  of  the  Nicol's  must  make  an  angle  a,  such  tliat 
cos^  o  =  4t  therefore  0  =  45". 

Dcscrilw  the  form  of  the  wave  surface  in  a  imiaxial  crystal.  S.  t^  A.  D.  (A)  189a 
(live  a  construction  for  the  paths  uf  the  refracted  rays  derived  from  a  ray  incident 
on  a  plane  fiicc  of  a  uniaxiul  crystal,  with  its  axis  in  some  one  *>r  more  definite 
directions.     B.Sc.  1891. 

Explain  what  is  meant  by  the  ordinary  and  extraordinary  rays  in  a  crystal,  defining 
any  technical  terms  you  employ,  and  describing  simple  experiments  hy  which 
your  description  of  the  iw.i  kintU  i»f  ray  i<i  justified.  S.  &  A.  D.  (.\.)  1S96. 
Kays  of  light  polarise*!  in  and  perpendicular  to  the  plane  of  incidence  respectively 
are,  in  turn,  reflected  at  different  angles  from  glass.  Descritic  the  phenomena 
olvterved,  and  apply  ihem  10  the  explanation  of  polarisation  by  reflection. 
S.  \-  .\.  I).  (A.)  1895. 

Given  a  candle  and  s^mie  plane  glass  plates,  how  would  you  obtain  plane  polarised 
Hght ;  how  would  you  show  that  it  was  polarised  ;  and  what  conclusions  would 
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you  draw  from  your  exprnmcnts  as  to  the  n&ture  of  the  disturbance  oomtituting 
plane  fJt^llIi^ed  light?     B.Sc.  1893. 
10.   Mow  wouUi  you  determine  from  its  optical  properties  the  quaneity  of  sugur  in  a 
solution  of  tluit  substance  ?    S.  &  A.  D.  (A. )  1894. 


BOOK     V 


CHAPTER    I 

1.  Describe  a  method  of  proving  that  the  force  exerted  by  a  magnetic  pole  varies 
inversely  as  the  st^iiare  of  the  distance.     S.  &  A.  D.  (A.)  1S97. 

2.  Two  magnets,  the  moment  of  one  of  which  is  double  that  of  the  other,  are  rigidly 
connected  with  the  centre  and  axis  of  the  one  vertically  alxwc  the  centre  and  axis 
of  the  other,  and  the  whole  is  suspended  by  a  fme  metallic  wire.  Wlicn  the 
mat^nels  are  oppositely  directe<l  the  top  end  of  the  wire  has  to  he  twisted  through 
75**  in  order  to  deflect  the  combination  thruugh  30°  from  the  magnetic  meiidian. 
By  how  much  must  the  top  end  of  the  wire  be  twisted  when  the  magnets  are 
similarly  directed  in  order  that  the  combination  may  take  up  a  position  perpen- 
dicular to  the  magnetic  meridian?    S.  &  A.  D.  (A.)  1897.  Ans,  360*. 

3.  Investigate  the  intensity  due  to  a  straight  bar  magnet  (1}  ^t  any  [mint  in  its  axis, 
(2)  at  any  point  in  the  line  through  its  centre  perpendicular  to  its  axis,  the  distance 
&om  the  magnet  being  great  compared  wiih  its  length.  Describe  how  you  would 
carry  out  an  experiment  to  test  the  inverse  square  law  of  magnetic  action,  using 
the  results  of  this  investigation.     B.Sc.  1895. 

4.  Two  thin  short  bar  magnets,  whose  magnetic  moments  are  as  I  to  a,  ore  placed 
horixonlally  with  their  centres  together  and  their  axes  perpendicular.  Show  that 
a  compass  needle,  placed  with  its  centre  at  any  fairly  lar^c  distance  along  the 
axis  of  the  former  magnet^  would  take  up  a  position  c<iually  inclined  to  both 
magnets  if  the  earth's  influence  upon  it  were  compensated.    S.  lV  A.  V>.  (A.)  1S99. 

5.  A  horizontally  suspended  magnetic  needle  makes  13  viljnitions  per  minute  when 
no  magnets  arc  near.  When  a  liar  magnet  is  placed  north  of  the  needle  with  its 
axis  in  the  magnetic  meridian  and  its  N.  ymXt  towards  the  needle,  the  latter  makes 
7  vibrations  per  minute.  How  many  will  it  make  when  the  bar  is  similarly  placed 
at  the  same  distance  south  of  the  needle,  its  N.  pole  lieing  again  directed  towards 
the  needle?     S.  &  A.  I).  (A.)  1899.  Jm.   17. 

8,  A  l)ar  magnet  is  supported  horizimtally  hy  a  fine  vertical  wire.  The  magnet  lies 
in  the  magnetic  meridian  when  there  v>  no  torsion  in  the  wire,  and  the  lop  of  the 
wire  must  be  turned  through  100'  in  order  to  deflect  the  magnet  15°  from  the 
meridian.  The  magnet  is  removed,  remagnelised  and  replaced,  and  now  tbe 
upper  end  of  the  wire  has  to  be  twisted  through  150°  to  produce  the  same 
deflection  of  the  bar.  Compare  the  moments  of  the  bar  in  the  two  cases. 
S.  &  A.  D.  (A.)  1891.  Am.  17/27. 

7_  A  magnet  is  placed  horizontally  in  the  magnetic  meridian  due  south  of  a  compass 
needle.  How  will  its  action  on  the  latter  \x  affected  if  (i)  a  plate  of  soft  iron  is 
interposed  Ijctween  the  two,  (a)  a  rod  of  soft  iron  is  placed  along  the  line  which 
joins  their  centres?    Give  reasons.     S.  &  A.  D.  (A.)  1891, 
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8.  Describe  some  method  of  cinnparing  ihc  magnetic  moments  of  two  mugnrltc 
needles.     S.  ^:  A.  D.  (A.)  1893. 

9.  Two  short  bar  magnets,  the  moments  of  which  arc  loS  and  192  respectively,  arc 
placed  along  two  lines  drawn  on  (he  tabic  at  right  angles  to  each  other.  Find 
the  intensity  of  the  magnetic  field  due  to  the  Iwo  magnets  at  the  point  of  inter- 
section of  the  lines,  the  centres  of  the  magnets  being  respectively  30  and  40  cm. 
from  this  point.     S.  &  A.  P.  (A.)  1900.  Ahs.  o.oi. 

KX  A  small  compass  needle  is  placed  at  the  centre  of  a  large  circle  drawn  oq  Uic 
table,  and  a  small  tiar-magnct  is  moved  round  the  circle  in  such  a  way  that  ii-^ 
centre  is  always  on  the  circumference  and  its  axis  at  right  angles  lu  the  nu^netic 
meridian.  Trace  the  effect  on  the  needle  as  the  magnet  is  carried  round  the 
circle.     S.  &  A.  D.  (A.)  1899. 


CHAPTER   II 

1,  The  magnetic  declination  near  London  i*  18"  44' W.  ^^^^at  escactlyis  meant  by 
this,  and  how  has  it  l^ecn  determined  ?     Prelim.  Sci.  1S89. 

2.  Wliat  are  the  magnetic  elements  usually  observed  in  order  to  detcmiine  completely 
ihe  terrestrial  magnetic  field  at  any  place,  and  how  are  they  measured?  Int.  Sd, 
1891. 

8.  What  is  meant  by  the  horizontal  intensity  of  the  earth's  magnetic  field?  A 
horizontally  suspended  magnet  vibrates  twelve  times  per  minute  at  a  place  whcr« 
the  horizontal  intensity  is  o.iSa  How  many  times  a  minute  will  it  vibrate  at  a 
place  where  Ihc  horironial  intensity  is  0.245  ?     Int.  Sri.  1893,  jins.  14, 

4.  A  small  weight  is  attached  to  the  upper  end  of  a  dip  needle,  whereby  ihc  inclina- 
tion of  the  needle  to  the  horizontal  plane  is  <linunishcd  by  one-half.  Draw  a 
picture  showing  the  directions  of  the  forces  which  act  upon  tlic  needle,  and  stale 
the  conditions  of  equilibrium.     S.  &  A.  D.  (A.)  1898. 

6.  A  small  compass  needle  is  pivoletl  on  a  puinl  fixed  to  a  horironial  tabic  which  is 
movahle  about  n  vertical  axis.  A  liar  magnet  is  now  laid  on  the  table  with  ii& 
centre  in,  and  its  length  perpendicular  1(h.»,  the  magnetic  axis  of  the  needle  in  it* 
undcflected  position,  and  the  needle  is  thereljy  deflected.  It  is  then  found  that 
the  table  must  be  turned  though  30"  for  the  needle  to  point  to  the  centre  of  the 
bar.  Show  that  the  magnetic  moment  of  the  magnet  i:^  ^  //j^,  where  //  is  the 
horizontal  component  of  the  earth's  magnetic  intensity  and  D  is  the  distance  of  a 
pole  of  ibe  magnet  from  the  needle's  centre.     S.  &  A.  D.  (.V)  1898. 

Am,  See  §§  426,  479. 

6.  Give  a  general  account  K^i  the  distrilnition  of  i^sc^onic  lines  on  the  earth*&  sur&ce. 
describing  particularly  the  lines  of  no  declination.     S.  &  A.  D.  (A.)  1892. 

7.  Explain  carefully  the  method  of  finding  the  magnetic  dip  at  any  point  on  the  earth. 
Thccentreof  gravity  of  a  dipping  needle  is  not  accurately  in  iheaxisof  suspeiuinn; 
how  is  the  error  which  would  arise  from  this  allowed  for?     B.Sc.  1889. 

8.  Explain  what  observations  are  necessary  for  the  determination  of  the  total  intcnnty 
of  the  earth's  magnetic  field  at  any  given  place.     S.  &  A.  U.  (A.)  1S93. 

9.  A  short  bar  niagnei  is  placed  on  a  table  with  its  axis  perpendicular  to  the 
ma^etic  meridian,  and  passing  through  the  centre  of  a  compass  needle,      la. 
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Ion  the  fompass  nerdic  is  deflected  through  a  certain  angle  when  the  centre 
of  the  magnet  is  25  in<:hcs  fruni  the  centre  of  the  needle.  If  the  expcrinient  be 
repeated  in  Bombay  the  magnet  must  be  muved  5  inches  nearer  to  the  needle  to 
produce  the  same  deflection.  Use  these  data  to  compare  the  horixonul  forcn  in 
London  and  Bombay.     S.  &  A.  D.  (A.)  1895.  Ahi.  0.512. 

The  axis,  about  which  a  dipping  needle  is  movable,  is  slowly  rotated  in  a 
horizontal  plane.  Describe  and  explain  the  behaviour  of  the  needle  during  one 
complete  turn  of  the  axis.     S.  &  A.  U.  (A.)  1894. 


CHAPTERS    III    AND    IV 
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Given  a  large  Hxcd  insulated  sphere,  how  would  you  proceed  to  test  its  charge — 
{1)  for  sign,  (2)  fur  approximate  amount?  In  what  units  would  you  express  the 
r]uantity  of  elcclricity  on  it?     Int.  Sci.  1891. 

Two  equally  charged  spheres  repel  each  other  when  their  centres  are  half  a  raetre 
apart  with  a  force  equal  to  the  weight  of  6  milligrams.  What  is  the  charge  on 
each,  in  electrostatic  uniu?    S.  &  A.  D.  (A.)  1892.  Arts,  121.2  units, 

A  shurt  ebonite  rod,  with  a  snuill  electrified  knob  at  one  end,  is  mounted  su  as  to 
turn  freely  alnrnt  its  centre  in  a  horizontal  plane.  In  a  horizontal  line  with  this 
centre,  and  at  distances  from  it  of  a  quarter  and  half  a  metre  rcs-pectivcly,  are 
placed  insulating  balls  that  are  also  charged.  The  rod  makes  ten  vibrations  in  a 
given  time,  but  makes  thirty  vibrations  in  the  same  time  if  the  balls  are  inter- 
changetl.     Compare  the  charges  on  the  two  bolls.     S.  &  A.  D.  (A.)  1893. 

Ans.  Charges  of  opposite  sign  if  both  balls  are  on  the  same  side  of  needle,  and 
of  same  sign  if  Imlls  are  on  opjKisJie  sides.  Charges  as  I  to  7- 
An  elecirilicd  body  is  brought  into  the  neighbourhood  of  [a)  an  insulated  con- 
ductor, {b)  an  earth-connected  conductor.  Describe  exactly  the  effect  on  the 
potentials  of  the  electrified  body  and  of  the  unelectrified  conductors  in  each  case. 
S.  &  A.  D.  (.V)  1S92. 

Give  a  sketch  of  the  general  form  of  the  lines  offeree  between  two  equal  spheres 
when  they  arc  charged  ( 1 )  with  electricity  of  the  same  sign,  (2)  with  electricity  of 
the  opposite  sign.     Also  between  a  charged  sphere  A  and  an  equal  uncharged 
sphere  /?,  fust  when  B  is  insulated,  and  second  when  B  is  iminsulated. 
Prove  that  a  line  of  force  must  cut  an  etpiipotential  surface  at  right  angles,  and 
hence  that  a  line  of  force  must  always  cut  a  conducting  surface  at  right  angles. 
Two  similar  deep  metal  jars  are  placed  on  the  caps  of  two  simitar  e!ectrosco|ws  at 
.some  distance  apart  and  the  caps  are  connected  by  a  fine  wire ;   a  p^>sitively 
electrifietl  ball  is  lowered  into  one  of  the  jars  without  contact.     Explain  thf  effect 
as  to  potential  and  divergence  on  both  sets  of  leaves,  and  also  that  which  occurs 
on  breaking  the  wire  connection  by  means  of  a  silk  thread  and  then  removing  the 
ball  without  allowing  it  to  touch  the  jar.     S.  &  A.  D.  (A.)  1898. 
Give  what  is  in  your  opinion  the  \xs\  proof  that  the  force  between  point  charges 
of  electricity   varies   inversely  as   the  square  of  the  distance  between  them. 
S.  &  A.  D.  (A.)  1899. 
How  much  energy  is  expended  in  carrying  a  charge  of  50  units  of  electricity  from 
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a  (jUcc  where  the  potential  is  20  to  another  where  it  is  30?     What  is  me 
laying  thai  the  potcnlial  of  a  conductor  \s  20?     S.  &  A.  D.  (A.)  t8^ 

Anu  500  ergs. 
10.    FlKploin  the  term  tltctric  pottntiat.     If  100  units  of  work  mtist  be  done  in  onler  ! 
move  an  electric  charge  equal  104  from  a  place  where  the  potential  is  -  10  tft 
another  place  where  the  putcntia!  is  \\  whdt  is.  the  value  of  \' f    S.  Afc  A-  D.  <A.) 
189S.  AnA,  +15. 


CHAPTER   V 

1.  An  electrified  drop  of  water,  supported  hy  a  nun-conductor,  evaporates     Assmn- 
ing  that  the  vapour  is  not  clecirified,  what  changes  will  the  potential  uf  the  dr 
undergo?    S.  &  A.  D.  (A.)  1S91.  _ 

3.  A  Leydcn  jar  W,  of  capacity  3,  is  insulated  anil  the  i>uter  coating  i^  mnnccted  by 
a  wire  with  the  inner  cnutin^  of  another  Ix-yden  jar  //,  iif  capacity  2,  the  outer 
coating  of  which  Ls  uninsulated.  If  the  inner  coating  of  ^  be  charged  so  that  titr 
potentini  is  V,  what  is  the  potential  of  the  inner  coaling  of  A'/  S.  \  A.  U.  (A.; 
1899.  Am,  3175. 

[These  jars  are  said  to  be  chaf|^  in  rasniJr,  The  condition  to  be  fulftllcd  i 
thnt  the  charge  on  each  jar  mii.st  be  the  same,  and  the  charge  '^n  the  outer  cuntin 
of  A  ii  equal  in  amount,  though  opposite  in  sign,  to  ihe  cliai^e  ••n  the 
coating  of /A] 
8.  Two  Leydcn  jars  arc  exactly  alike,  except  that  in  one  the  tinfoil  coaixngf  mrt 
separated  by  glass  and  in  the  other  by  ebonite.  A  charge  of  clcriricity  U  given  to 
the  glas&  jar,  and  the  potential  of  ils  inner  coating  iii  measured.  The  charge  i« 
then  ihared  l^ctween  the  two  jars,  and  the  potential  h\W  to  0.6  of  it»  (brmei 
value.  U  the  speciBc  inductive  capacity  of  ebonite  lie  2,  what  is  (hat  of  glaia? 
S.  &  A.  D.  (A.)  1S93.  Ans,  3. 

4.  Two  insulated  spheres  charged  respectively  with  -*  5  and  -  5  unit&  are  plaixd  one 
metre  afmrt.  What  is  the  direction  of  the  reKultnnt  electric  iorrv  rxertetS  on  a 
small  •>-  charge  at  a  point  one  metre  distant  from  the  centres  nf  each  of  }ht 
spheres?     S.  k  A.  V.  (A.)  1890. 

A.  Docs  the  energy  of  an  electric  charge  depend  upon  the  magnitude  of  the  chaifV 
only?  If  not,  upon  what  other  circumstances  does  it  depend?  Find  an  «a 
pre^sitin  for  its  magnitude.    S.  tV  A.  D.  (A.)  190a 

6.  A  thunder-cluud  is  over  still  water.     What  is  the  electrostatic  surface  dennty  ( 
the  charge  on  the  water  if  it  riacs  under  the  cloud  o.  1  cm.  above  Ils  previous  te 
B.Sc.  1S93.  Afis.   5.95  electrostatic  units  prr  sq.  cm. 

7.  Define  s[)cc)fic  inductive  ca|iacity,  and  dcscriU-  some  method  by  which  ti 
measured.      A  condenser  is  made  of  two  parallel  metal  plates.     Thc»c  are  i 
lained  at  constant  potentials.     What  effect  will   l^e  produced  00  Ihe  atfractti 
between  the  plutcs  when  a  slab  of  heavy  glnss.  >pecific  inductive  cmpucity  to,  an 
thickness  onehulf  of  their  distance  apart,  is  inserted  l)ctween  them?     Tht  I 
of  the  slab  are  parallel  to  the  plates.     Int.  Sci.  (H.l  1893. 

Ant,   Attraction  will  he  f  }J  limes  the  .attraction  before  the  slabwas  IntTorfmcd. 
[Obtain  the  ratio  of  the  wirfiice  densities  in  the  two  cases  (fi  16^', 
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the  Attraction  is  proportional  tu  2,  which  can  be  deduced  in  the  mftnner  em- 
ployed in  §  466.] 

A  Lcyden  jar  coD&isls  of  two  concentric  spherical  surfaces  of  5  and  6  cm. 
diameter  respectively,  ilic  intervening  space  l«ing  filled  with  air.  The  outer 
sphere  is  uninsulated,  the  inner  is  charged  with  20  units  of  electricity.  How 
much  work  is  done  when  the  inner  sphere  is  put  to  earth?    S,  &  A.  D.  (A)  1895. 

Mfis.  I3i  ergs* 
9.  An  insulated  sphere  of  2  cm.  radius  is  connected  by  a  long  thin  wire  with  another 
insulated  sphere,  the  railius  of  which  is  6  cm.,  and  which  is  sttrrounded  by  a  third 
sphere  of  8  cm.  radius  concentric  with  iL  The  wire  which  connects  the  firet  and 
MTCond  spheres  passes  through  a  small  hole  in  the  third  ^o  as  not  to  touch  il.  Alt 
the  spheres  are  conductors.  Calculate  the  cnfKicity  of  the  two  connected  spheres. 
S.  &  A.  D.  (A.)  1S96.  Ans.  26. 

A  Franklin's  pane  is  formed  by  pasting  two  sheets  of  tinfoil,  each  of  which  is  loo 
square  centimetres  in  area,  on  opposite  sides  of  a  sheet  of  glass  ^  millimetre  thick. 
How  many  sheets  of  tinfoil  of  the  same  size  would  have  to  be  parted  on  opposite 
sides  of  a  sheet  of  ebonite  5  millimetres  thick  to  make  a  condeii^r  of  the  same 
capacity,  the  specific  inductive  capacities  of  glas6  and  clioniic  being  3  and  2 
respectively?    S.  A:  A.  U.  (A.)  1890.  ^«j.  15. 

11.  The  pull  between  the  two  plates  of  a  charged  condenser  in  air  is  I  gram.  What 
will  it  be  (0  with  the  same  charges,  (2)  with  the  same  potential  difference,  when 
a  medium  of  siK-cific  inductive  capacity  ^  is  substituted  fur  air  f     B.Sc.  (II.)  1896. 

.•Itif.    I, k*  gram;  k- grams. 
Two  spheres,  of  diameters  6  and  10  centimetres  respectively  plnced  at  a  distance 
from  each  other,  are  charged  with  8  and  12  uniti  of  [jositivc  electricity  respectively. 
Tliey  are  then  connecicil  by  a  fine  wire.     Does  uny  spark  puss?  if  so,  how  much 
energy  is  diiwipated  ?     S.  ^:  A.  D.  (A. )  1897.  Atts.  Ves  ;  0.06  ergs. 

The  voiinne  of  the  air  enclosed  between  the  coatings  of  a  spherical  condenser  is 
1000  c.  c,  and  80  ergs  of  work  arc  done  in  charging  it.  Calculate  the  uicun  value 
of  the  force  in  the  space  between  the  coatings.  Atts.  0.8  ^  V  dynes. 
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CHAPTER   VI 

Describe  some  form  of  Thomson  guarding  electrometer,  and  how  it  is  to  be  used 
to  measure  differences  of  polenlial  in  absolute  electrostatic  units.  Define  this 
absolute  unit  of  potential  and  show  huw  the  instrument's  determinations  are  in  the 
units  specified  in  your  defmition.  If  the  (nipd(x>r  is  5  cm.  in  diameter,  is  3  mm. 
from  the  under  plate,  and  is  at  1200  volts  potential  difference,  what  force  of  attrac- 
tion would  you  expect  between  them?  Int.  Sci.  (H.)  l89».  [300  volls=  I  electro- 
static unit  of  potential.]  .^"*-  138.8  dynes. 
Describe  an  electrophonis,  and  explain  its  action.  How  would  you  use  it  to  charge 
a  lcyden  jar  ?  How  do  you  explain  the  feci  that  if  the  Lcyden  jar  is  placed  on  an 
insulator,  ond  the  outside  coating  is  not  touched,  the  jar  will  not  take  so  large  a 
charge  as  when  uninsulated?    Int.  Sci.  1893. 

Describe   and    explain    the   action    of   some    form    of   quadrant    electrometer. 
S.  &  A.  D.  (A.)  1900. 


Qiusiiofis  and  ExampUs 

A  chajgcd  clcclruphurtui  bcini;  capatdc  of  supplying  an  indefinitely  large  anxiunt  j 

of  electricity,  explain  why  the  charge  it   can  convey  to  an   insulated    sphere 

practically  limiied.     S.  &  A.  D.  fA.)  1890. 

Descril>e    and     explain    the    action    of    an     electrostatic    induction     inachxD&  ^ 

.S.  &  A.  D.  (A.)  1900. 

(jiven  that  a  iirictional  machine,  turned  steadily,  generates  the  &ame  quantity  of 

electricity  at  every  revolution,  show  how  lo  compare  the  capacities  of  1*0  Leyden 

jars  with  moderate  accuracy.     No  auxiliary  apparatus  but  some  wire  and  a  p«ir 

uf  knolis  on  insulatinj^  pillars  Ls  lo  Ijc  used.     S.  &  A.  D.  (A.)  1892. 

State    and    explain    the    action    of    Lord     Kelvin's    Ucplcnishcr    (mouse    mitl.V 

S.  &  A.  D.  (A.)  189C. 
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1.  Describe  the  action  l>etween  a  current  and  a  magnet,  and  explain  how  it  has  bc<a_ 
used  to  construct  delicate  instruments  to  measure  the  strengths  of  electric  currenb 
Prelim.  Sci.  18S9. 

2.  A  wire  is  stretched  from  east  lo  west  (magnetic).     How,  without  breaking  it»  < 
yotj  test  whether,  and  in  what  direction,  an  electric  current  is  passing  through  h] 
S..&  A.  D.  (A.)  1896. 

A  road  in  the  northern  heiuUphcre  runs  iiugnctic  north  and  south.      At  oi>c  pni:->t' 
an  insulated  conductor  passes  l>eneath  it  in  which  an  electric  current  flows  6xini| 
cast  to  west,     llow  will  the  indicatiuas  uf  a  dip  circle  be  alTccted  at  points  neaf 
to  the  conductor?    S.  &  A.  D.  (A,)  1894. 

4.  Discuss  tlie  several  forces  or  moments  which  act   on  the  needle  of  a  tant^eni  j 
galvanonieler  when  deflertrd  hy  the  action  of  a  current    [la&sing    ihrongh    the! 
coil   of   the   ^Ivanomctcr,   and  deduce   the    law    of  action   of  the   insirunieni. 
S.  &  A,  Df  (A.)  1900. 

5.  A  current  flows  through  two  tangent  galvanometers  in  scries,  each  of  which  con- 
sists of  a  single  ring  of  copper,  the  radius  of  one  ring  being  three  times  that  of  the  I 
other.    In  which  of  the  galvanometers  will  the  deflection  of  the  needle  be  greater  H 
If  the  greater  deflection  be  60*,  what  will  the  smaller  be?     S.  v*<  A.  D.  (A.)  1897.  f 

Am.  In  the  one  having  the  smaller  ring  ;  30'. 
A  coil  of  six  turns,  each  of  which  x^  l  metre  in  diameter*  deflects  a  compms 
needle  at  its  centre  through  45^     Kind  the  strength  of  the  current  in  ainpcf«>» 
having  given  ihal  If -0.18  c.g.N,  unils.     S.  &  A.  D.  (A).  1892. 

Am.  a.  39  amperes. 
The  coil  of  a  tangent  gab'anomcter  is  placed  at  right  angles  to  the  ma^etic  I 
meridian  and  n  steady  current  pa&&e&  through  it.  The  needle  when  set  in  vibration  ] 
makes  5  oscillations  in  a  given  time,  but  only  3  in  the  same  lime  when  the  dircc-, 
lion  of  the  current  is  reversed.  Compare  the  magnetic  force  at  the  centre  of  I 
coil  due  to  the  current  with  that  due  to  the  earth.     S.  iS:  A.  D.  (A.)  189S. 

Am,  ^  IL 
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Define  carefully  strength  of  electric  current,  electromotive  force  and  resistance. 
What  resistance  should  a  wire  have,  which,  when  connected  across  the  tcnninaU 
of  a  galvanometer,  whose  resistance  is  3663  ohms,  would  let  imc  hundredth  part 
of  the  whole  current  pass  through  the  galvanometer,  and  iVc^hs  through  itself? 
Int.  Jjci.  1891.  .///J.  37  ohms. 

A  length  of  uniform  wire,  of  resistance  12  uhms  is  Ivnt  inio  a  circle,  and  two 
[^innts  at  a  (]uarler  of  ihe  cirannference  apart  nre  connected  with  a  l}altery  wliuse 
resistance  is  I  ohm  and  electromotive  force  3  volts  ;  find  the  current  in  the 
different  parts  of  the  citcuir.     Int.  Sci.  1889. 

Ans.  Through    Iwiitery,    \\  ampere  ;    through  the  i|uarter  circumference,   j*| 
ampere  ;  through  remainder  of  circtimfcrence,  v\  ampere. 

A  compass  needle  is  placed  nt  the  centre  Kii  two  concentric  circles  which  are  in 
the  same  vertical  plnne^  ^nd  are  mudc  of  wires  similar  in  all  resf)ccts  except  that 
the  outer  is  copper,  the  inner  German  silver.  The  wires  are  conneclc<i  in  multiple 
arc,  hut  so  that  the  ciirrenls  which  flow  through  them  circulale  in  opposite 
directions.  What  must  \k  the  ratio  of  the  diameters  of  the  circles  that  no  effect 
may  be  produced  on  the  needle?  \^N.B. — Assume  the  conductivity  of  copper  to 
be  twelve  times  that  of  German  silver.]    S.  &  A.  D,  (A.)  1891. 

W//J.  The  diameter  uf  the  copper  circle  must  be  2  ^/J  times  that  of  the  German 
silver  circle. 

4.  What  effeci  is  produced  on  the  magnetising  power  of  a  coil  of  insulated  wire,  the 
ends  i»f  which  are  connected  with  the  poles  of  a  lattery,  by  immersing  it  in  cold 
water?    S.  &  A.  D.  (A.)  1891. 

5^  A  wire  AH  of  0.33  ohm  resistance  forms  port  of  a  circuit  through  which  an 
electric  current  flows  in  the  direction  from  A  lo  11.  The  points  A  and  B  arc  also 
connected  l»y  another  conducting  path,  in  which  is  incUidcfl  n  cell  of  e.ni.fi 
1.287  volts  and  a  galvanometer,  the  positive  |x>lc  of  the  cell  being  that  joined  to 
A.  If  the  galvanometer  is  not  deflected,  what  is  the  strength  of  the  current  in  the 
wire  AH?    S.  &  A,  D.  (A.)  1897.  Ans.  3.9  amperes. 

6.  Twelve  wires  of  e^ual  length  and  elcdncal  resistance  arc  arranged  to  fi>nn  the 
edges  of  a  cube,  and  a  current  of  4  centiamperes  is  led  into  the  cube  at  one 
corner  and  out  at  the  opposite  comer,  hind  the  difference  of  potential  between 
these  two  comers  and  the  effective  resistance  of  the  framework  between  them, 
the  resistance  of  each  wire  being  6  ohms.     S.  \.  A.  D.  (A.)  1898. 

Ans.  0.2.  volt ;  5  ohms.  [I-'ind  the  currents  in  each  of  the  wires.  This  can  lie 
done  fnnn  considerations  of  symmetry.  Thus  each  of  the  wires  which  meet  at  the 
comer  at  which  the  current  enters  must  carrj*  one-third  of  4  centiamperes,  Then 
calculate  the  difference  of  potential  along  one  of  the  paths  between  one  comer  and 
the  opposite  by  multiplying  the  resistance  of  each  conductor  into  the  current 
flowing  through  it  and  adding.] 

7.  Four  points,  A^  /?,  C,  Z>,  are  connected  together  as  follows:  A  to  B^  B  to  C, 
C  \!Q  D^  D  to  A^  each  by  a  wire  of  1  ohm  resistance  ;  A  lo  C,  B  to  />,  each  by  a 
cell  of  I  volt  e.m.f.  and  2  ohms  resistance.  Determine  the  rutrenl  flowing 
through  each  of  the  cells.     &  iV  A.  D.  (A.)  1900.  Am^  \  ampere 
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8.  Explain  fully  a  meth^*d  of  comparing  the  e.m.f/s  of  two  cells  in   whirh 
electrometer  is  not  employed.     S.  &  A.  D.  (A.)  1898. 

9,  Describe  one  form  of  Whcatstone's  bridge,  and  prove  the  formula  .niploycd  who 
using  the  bridge  to  measure  a  re^istanre. 

10    A  current  of  1.5  ampere  is  passed   through  a  wire  of  which  the  length  is   i« 
metre  and  the  diameter  Z  mm.     If  the  specific  resistance  of  the  material  of  th 
wire  is  3.43  x  10-*,  what  will  be  the  difference  of  potential  l)etween  the  ends 
the  wire?  Am.  aoii55  tvlts, 

CHAPTER  IX 

1.  You  are  given  two  equal  lengtlis  of  wire  of  the  same  thickness,  one  of  silver,  f| 
other  of  platinum,  and  wi*>h  to  make  one  of  them  as  hot  as  possible  with  a  faatt 
of  given  e.m.f.  and  negligible  resistance,  which  wire  would  you  use?  Give  lli 
reasons  fur  your  choice.      Prelim.  Sci.   1889.  .^n^.  The  silver. 

2.  A  current  of  one  ampere  flowing  ftr  one  second  through  a  re&ifilancc  of  t  < 
produces  0.239  gram-centigrade  units  of  heat.     What  current  would  have  to  flo 
for  an  hour  through  a  resistance  of  41.84  >hn)&  in  order  that  the  heot  pruduc 
might  suffice  to  raise  a  kilogram   of  water   from  o*  C.   to  the   W>iling-| 
S.  &  A,  D.  (A)  1896.  Am,  r.67  amperrs. 

Ow  A  spiral  of  hne  wire  glows  when  a  current  i.s  passed  through  it.  Explain  ihu 
If  a  pr.t  of  the  spiral  is  cooled  the  remainder  glows  morv  Irrightly,  Explain  \\y 
aU*».     S.  it  A.  I>.  lA.)  1S92. 

4.  The  c.mf.  of  a  liattery  i:.  18  volts  and  its  internal  resistitnce  5  olims.     lite  tltti 
ence  of  potential  l»etwecn  its  )xt|es,  when  they  are  connected  by  a  wire  A^ 
15  voltAf  and  falls  to  12  vulta  when  A  is  replaced  by  another  wire  B.     Co 
the  amounts  of  lieat  developed  in  A  and  B  in  equal  times.    S.  &  A.  D.  (A.)  i>i 

Ans,  II  cat  developed  in  A  is  to  hent  developed  in  A  as  5  is  10  S, 

5.  Part  of  the  circuit  of  an  electric  current  cnn&lits  of  a  bare  wire  whirh   pasMn 
through  a  vertical  glass  tube  corked  at  the  lower  end.     Explain  the  eflect  un  Ih 
temperature  of  the  wire  and  on  the  current  in  the  circuit  of  gmduBlly  filling  ih 
tul)e  with  mercur)'.     S.  &  A.  D.  (A.)  1897. 

6.  Show  how,  by  measuring  the  heat  developed  in  a  wire  by  a  known  current,  tl) 
mechanical  er|uivaleni  of  heat  can  lie  obtained  if  we  know  either  the  resi^jince 
the  wire  or  (he  difference  in  |K)tential  iK-tween  the  ends  of  the  wire  while  th 
cuncnt  is  flowing. 

CHAPTER  X 


1.  Expbin  how  the  metaU  may  be  arranged  in  a  iheruioclecinc  sencsi,  and  ihel 
ditions  under  which  such  a  scries  has  a  dehnite  meaning.     S.  &  A.  I>.  \\.)  \\ 

2.  Dchne  thermoelectric  power.  Describe  the  thermoelectric  diagram,  tnd  tKaj 
on  one  what  represents  the  c.m.f.  of  a  circuit  composed  of  lead  and  *K>iiie 
metal,  with  jimction  at  f\  and  /«.  Given  the  diagram  ri>r  two  metals  how  wo<nh 
you  verify  it  experimentally?     RSc  1893. 

3.  Descritie  how  a  thrrtnopile  i*i  constructed  and  used       How  woidd  you  me*> 
e.ni.f.  under  given  comhtiniis  of  lempemiure?      \Micie  does  ihc  cncr|^ 
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ctirrent  come  from  ?    How  do  you  know  that  the  current  ret^uires  energy?  Prelim. 
Sci.  1892. 

4.  Two  different  metal  wires  are  joined  together  at  two  points,  und  one  of  the  junc- 
tions is  kept  at  a  constant  temperature  while  the  other  is  heated.  Describe  two 
typical  cases  of  the  change  oliser^nl  in  the  electromotive  force  as  the  difference  of 
temperature  increases.     S.  &  A.  D.  (A.)  1893. 

5.  A  thermopile  is  joined  up  in  series  with  a  Daniell  cell,  niul  the  current  allowed  to 
flow  for  a  short  lime.  The  thermopile  is  then  removed  from  the  circuit  and  con- 
nected to  the  terminals  of  a  galvanometer,  the  needle  of  which  is  thereupon  con- 
siderably deflected  hut  grndually  returns  to  its  uniiisturbed  position.  Explain 
this.     S.  &  A.  D.  (A.)  1898. 

6.  Give  an  account  of  the  reasoning  by  means  of  which  Lord  Kelvin  showed  that 
there  must  tw  other  reversible  thermal  effects  due  to  the  passage  of  a  current 
besides  the  Peltier  effects. 

7.  Find  the  e.ro.f.  acting  round  a  circuit  consisting  of  two  metals,  the  junctions  of 
which  are  maintained  at  o**  and  100^  respectively,  if  (he  ordinates  of  the  lines  of 
the  two  mrlals  on  the  thermoelectric  diagram  are  O  and  i  j  micrr>volts  at  o*  and 
2  and  6  microvolts  at  100°  respectively,  -J/w.  850  microvolts. 


CHAPTER  XI 

1.  A  long,  thin  cylindrical  magnet  lias  a  moment  of  616  c.g.s  units,  is  100  cm. 
long  and  3  mm.  in  diameter.  Calculate  the  intensity  of  magnetisation  of  the 
Steel,  and  the  area  uf  cross  section  of  a  tube  of  force  within  the  magnet. 

Jms.  196  ;  1/2464  sq.  cm. 

2.  Explain  what  is  meant  by  the  induction  in  a  piece  of  iron.  A  thin  iron  wire,. 
50  cm.  long  and  .02  sq.  cm.  in  cross  section,  is  placed  vertically,  so  that  its  upper 
end  is  on  a  level  with  and  10  cm.  due  E.  of  a  small  !>uspendcil  magnet.  The  sus- 
pended magnet  is  deflected  through  an  angle  of  14"  2*.  Given  that  the  horizontal 
component  of  the  earth's  magnetic  field  is  aiS  and  the  dip  67',  and  assuming  that 
the  lower  pole  of  the  iron  Is  so  far  removed  a^  not  to  affect  the  suspended  magnet, 
calculate  the  induction  in  the  iron  (tan  67''  =  a.356;  tan  14°  2'=. 250). 

Am.  1  =  225,  11  =  2829. 
3    What  is  meant  by  the  magnetic  permeability  of  a  substance,  and  how  can  it  be 
measured  ?    Describe  generally  how  the  magnetic  permeability  of  a  piece  of  soft 
iron  varies  with  the  intensity  of  the  magnetising  force.     BSc  1896. 

4.  Two  circular  rings  of  iron  are  magnetised,  the  first  by  Iteing  placed  between  the 
p>olcs  of  a  strong  horseshoe  magnet,  so  that  the  line  joining  the  poles  of  ihc  magnet 
is  a  diameter  of  the  ring,  the  second  by  liaving  one  pole  of  a  tar  magnet  drawn 
round  it  several  times.     Describe  the  magnetic  stale  of  each  ring.     S.  &  A.  D.  (A.) 

1894. 

5.  What  is  meant  by  "hysteresis'*  when  u?^  in  connection  with  the  magnetisation 
of  iron?  Describe  generally  the  form  of  the  curve  which  gives  the  relation  between 
the  magnetic  induction  and  the  magnetising  force  in  soft  iron. 

6>  Give  a  general  account  of  Kwing's  theory  of  magnetism,  and  point  out  how  ic 
accounts  for  the  form  of  the  I-H  cun-e. 
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CHAPTER  \\\ 

Describe  how  the   lines  of  magnetic  force  lie  in   the  ncighbuurhood  \a)  of  an 

electric  current,  and  {J>)  of  a  magnet,  and  explain,  from  that,  how  a  coil  tjf  wire 

acti  like  a  magnet  at  points  oulside  the  coil.     In  what  respects  woald  a  hollow 

magnet  diHer  from  the  coil  ?     Int.  Scl  1889. 

State  the  rules  by  which  the  force  acting  on  a  conductor  carrying  u  current  in  a 

niagnetic  5eld  can  be  determined. 

Describe  the  magnetic  system  which  has  the  same  magnetic  6eld  as  a  given  current 

circuit.     Describe  experiments  by  which  the  equivalence  of  the  two  sjrslems  couU) 

be  established.     B.Sc.  1894. 

What  are  the  general  laws  of  attiaction  and  repulsion  of  currents,  and  how  woald 

you  experimentally  investigate  them  ?    S.  &  A,  I).  (A.)  1899. 

A  solenoid  has  a  length  of  40  cm.,  and  is  wound  with  500  turns  of  insulated  wire, 

and  is  traversed  by  a  current  of  1.2  amperes.     Find  the  strength  of  the  lield  at  a 

point  near  the  centre  of  the  solenoid.     If  the  solenoid  is  filled  with  iron»  find  the 

induction  through  the  iron  near  the  centre.     The  permeability  can  be  obtained 

from  Fig.  481.  Am.  18.86  cg.s.  units;   1509a 

Prove  the  formula  for  the  magnetic  moment  of  a  solenoid  by  replacing   each 

turn  of  wire  by  the  equivalent  magnetic  shell. 


I 


CHAPTER  Xin 

1.  State  the  laws  of  electro-magnetic  induction,  and  deserilje  experiments  illustrating 
each  of  them.     InL  Sci.  18S9. 

2.  Describe  how  to  mcA-e  a  wire  forming  part  of  a  closed  drcuit  in  the  earth's 
magnetic  field  so  as  to  induce  a  current  along  the  wire,  and  how  to  move  it  so 
lliat  there  may  be  no  induced  current  along  the  wire.  If  it  be  moved  the  same 
distance,  but  twice  as  fast  on  one  occasion  :ls  upon  another,  what  is  the  rclaiion 
between  the  currents  induced  in  each  case  ?     Int.  Sci.  1892, 

Ans.  The  current  is  twice  as  great. 
8.   Enunciate  Faraday's  and  I^nz's  laws  for  determining  the  currents  induced   bjr 
changes  in  the  magnetic  field.     Show  that  these  laws  lead  to  the  same  result  for 
the  direction  of  the  cuaent  induced  in  a  circuit  moving  in  a  magnetic  field.     InL 
Sci.  1893. 

4.  Describe  the  distribution  of  lines  of  force  near  a  magnet,  and  from  this  show  in 
what  ways  you  could  move  a  circle  of  wire  near  the  magnet  without  causing  any 
current  to  circulate  round  the  circle.     Prelim.  Sci.  1 889. 

5.  Show  huw  to  determine  approximately  the  direction  of  the  magnetic  meridian  at 
a  place  by  experimenting  with  a  coil  of  wire  movable  about  a  vertical  axis,  and 
connected  uith  a  sensitive  galvanometer.     S.  Si,  A.  D.  (.\.)  1899. 

6.  A  flat  coil  of  wire,  the  ends  of  which  are  connected  to  a  sensitive  galvanometer, 
is  (I)  moved  up  towards  the  north  end  of  a  long  bar  magnet,  (2I  threaded  on 
the  bar,  (3)  moved  along  it  to  the  south  end,  (4)  removed  to  a  dislonre-  What 
indications  does  the  galvanometer  give  during  these  operations  ?  S.  \-  A.  P.  (A.) 
1897. 
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7,  A  drcuil  consisting  of  a  batteiy  and  an  electromagnet  can  be  mntlc  ond  hroVcn 
by  a  wire  dipping  into  mercury.  At  every  hreak  n  bright  spark  occurs.  If  the 
electromagnet  be  removed  fiom  itie  circuit,  the  spark  ii  much  less  bright.  Kx- 
plain  these  phenomena.     S.  &  A.  D.  (A.)  1891. 

An  iron  hoop  is  held  in  the  nutgnciic  meridian  and  i.s  allowed  to  fall  over  towards 
the  east.  Explain  why  an  electric  current  traverses  the  hoop,  and  state  whether 
the  current  would  flow  north  or  south  in  the  part  of  the  h<wp  which  touches  the 
ground  if  the  experiment  were  performed  in  England.     .S.  &  A.  D.  (A.)  1894. 

Am,  From  north  to  south. 
If  the  diameter  of  the  hoop  considered  in  the  lost  question  is  one  metre,  and  the 
resistance  of  the  circuit  consisting  of  the  hcxip  is  .25  ohm,  find  the  quantity  of 
electricity  which  will  How  round  the  hoop  white  it  is  falling. 

[/^=o.iS,  dip  67",  tan  67*=3.356.]  During  the  pa.ssagc  of  the  current  rnurui 
the  hoop  heat  will  be  developed*  Explain  whence  the  encrg)*  corresponding  to 
this  heat  is  derived.  Am.  1. 333  <■  10  *  coulombs. 

A  har  magnet  is  suspended  on  a  stirrup  by  a  string,  and  oscillates  in  a  hnrijontat 
plane.  How  are  the  oscillations  affected  (if  at  all)  when  athick  noii-magneiic  metal 
plate  is  placed  horizontally  beneath  the  needle  bo  as  to  be  close  to  without  touching 
it?    S.  &  A.  D.  (A.)  1896. 


CHAPTER  XIV 


1.  A  coil  of  wire,  consisting  of  fifty  turns  in  the  form  of  a  circle,  40  cm,  tn  diamcteri 
rotates  twenty  times  per  second  about  a  vertical  axis.  Find  the  maximum  e.m.f. 
in  volts  induced  in  the  coil  if  the  earth's  horizontal  magnetic  force  Ik  .18  cg.s. 
unit*.  Am.  1.42  >c  io~'  volts. 

2.  Describe  the  means  by  which  coils  rotating  in  a  magnetic  6cUt  may  tic  arranged 
to  furnish  (1)  alternating  currents,  (2)  continuous  currents.     RSc.  1899. 

A  copper  plate  is  rotated  about  an  axis  |>erpendicular  to  its  plane.  A  horseshoe 
magnet  is  placed  with  a  pole  on  each  side  of  the  plate,  the  poles  being,  say,  half- 
way between  centre  and  circumference.  Explain  how  currents  will  lie  induced  in 
the  plate,  and  draw  a  figure  showing  their  direction  ;  the  plate  Ijeing  supposed  to 
turn  clockwise  when  looked  at  from  the  side  on  which  is  the  north-seeking  pole. 

3.  Find  the  relation  between  the  speed  of  revolution  and  the  work  done  in  turning 
the  plate,  if  friction  is  negligible.     B.Sc  1893. 

Am.  The  induced  c.m.f.  is  proporlional  to  the  speed  with  which  the  plate  cuts 
the  lines  of  force,  that  w,  to  the  speed  of  rotation.  The  induced  rurrents  are  pro- 
portional to  the  induced  e.m.f.  The  work  done  is  represented  by  the  heat 
developed  owing  to  the  induced  currents,  and,  therefore,  as  the  heat  is  proportional 
to  the  square  of  the  current,  the  work  is  proportional  to  the  square  of  the  speed  of 
rotation. 

4.  What  is  the  measure  in  c.g.s.  units  in  the  electromagnetic  system  of  measurcnoent 
(1)  of  an  e.m.f.  of  i  volt,  (a)  of  a  resistance  of  I  ohm,  (3)  of  a  current  of  1  ampere. 
Find  the  rate  of  work  in  ergs  per  second  when  a  current  of  i  ampere  flows  round 
a  circuit  under  an  e.m.f.  of  \  volt.     B  Sc.  1894. 

6.  Dcscril>e  the  general  principles  of  the  construction  of  a  simple  form  of  dynamcx 
S.  &  A.  D,  (A.)  1897. 


938 


Questions  and  ExampUs 


CiilcuUtc  the  puwcf  required  lo  Ughl  eighty  incandescent  liunps,  ii*  the  e.m.f. 
required  he  65  volts  and  the  current  r^i^uired  hy  each  be  .S  ampere.  If  the  lamps 
be  all  in  parallel  and  the  leads  have  a  resistance  of  .5  ohm,  calculate  the  power 
wasted  in  them.     H.Sc.  iSqz.  Ahs.  4160  watts;  2048  watl&. 

Give  a  general  account  of  the  '*  magnetic  circuit  "  method  of  dealing  with  magnetic 
problems.  An  elcctromagriet  consists  of  on  iron  ring  wound  with  2000  turns  of 
wire,  and  ha%'ing  «n  air-gap  .5  rin.  wide.  The  length  uf  the  iron  cure  is  loo  cm. 
and  the  cri»u  section  6  sq.  cm.  Kind  the  total  induction  across  the  ^p  when  a 
current  of  i  ampere  flows  through  the  wire.  [Permeability  of  the  iron  ft>r  a  licld 
2500  is  la]  Ans.  14430  cg.a.  units. 

.\ssumlng  iliat  the  energy  («)  used  in  producing  the  heat  developed  in  a  conductor 
of  resistance  r  when  traversed  by  a  current  t  depends  only  on  the  values  of  r  and 
(-,  prove  Trom  the  dimensions  of  r  and  c  that  e  is  proportional  t'l  t^r, 

Ans.  Assume  <?  =  .-•  r"»,  then  write  in  the  dimensional  formulic  for  t  (ener^h 
£  and  r,  and  deduce  the  values  which  must  be  given  to  M  and  m  to  make  the 
dimrnsioos  of  the  two  sides  of  this  e<^ualion  the  sdunc. 


CHAPTER    XV 


1.  Enunciate  Faraday's  laws  of  electrolysis,  explaining  any  terms  used. 

2.  Explain  the  \KX\ii€UcirM^ch€muti!  equh'nUni,  If  3  amperes  deposit  4  grams  of 
silver  in  zoniinules,  what  is  the  clcclio-chemical  equivalent  of  mIvct?  S.  &  A.  D. 
(A.)  I»99-  ^«^-  0.001 1 1. 

3.  Calculate  the  electro-chemical  equivalent  of  nickel,  given  that  nickel  is  a  diud 
and  has  an  atomic  weight  of  58.6.  The  surface  of  a  body  being  1000  sq.  cm.,  how 
much  electricity  must  pass  to  give  the  limly  a  coaling  uf  nickel  .1  ram.  thick  ? 
Density  of  nickel  K.6  ;  elect ro-chemical  equivalent  of  hydrogen  1.0357  ■%.  io~*. 

Am.  aooo304  ;  2^(3400  cuulomtA. 

4.  A  sululiuM  of  copper  »ilphaie  in  water  is  placed  in  a  vertical  C)-1indrical  tube,  in 
the  top  and  tiuttom  of  which  respectively  are  placed  horizontal  copper  discs,  the 
upper  one  being  just  immersed  in  the  liquid.  I>escribe  carefully  what  occur? 
when  an  electric  current  is  sent  ujnvardi  through  ttte  liquid  from  one  disc  tu  the 
oilier,  and  explain  that  which  is  oljserved.     B.Sc.  1H99, 

6  l>esctibc  the  ionic  theury  of  electrolysis,  and  distinguish  between  primary  and 
secondary  chemical  actions  in  elect roly.« is.  Describe  what  occurs  during  the 
electrolysis  of  a  Milulion  <if  sulpliale  of  sodium  with  platinum  and  with  copper 
electrodes  respectively, 

6,  Stiow  how  the  ratio  of  the  veltvity  of  the  Ions  can  l>c  calculated  from  the  value  uf 
the  migration  consianl. 

7.  Find  an  expression  for  the  molecular  conductivity  of  an  electrolyte  in  icnns  of 
(he  velocities  of  the  i'His.  The  molecular  conductivity  for  a  very  dilute  colatitm 
of  a  given  electrolyte  is  .375  ohms~'  cm.*',  while  the  ratio  of  the  ItMs  of  the  ^I 
near  the  kathode  (n  the  total  loss  is  .2;  calculate  the  velocity  of  the  ions  for  a 
potential  gradient  uf  one  volt  per  centimetre. 

Ans.  Velocity  nfkatinn  ,00311  cm./sec.  ;  velocity  of  anion  .OO078  cm./sec. 


Questions  and  Examples  939 

8.  Describe  a  method  by  which  the  polarisation  in  an  electrolytic  celt  can  be 
measured    Give  a  general  account  of  the  phenomenon  of  polarisation. 

9:  Two  small  electrolytic  cells,  consisting  of  pieces  of  lead  dipping  in  dilute  sulphuric 
add,  are  placed  in  series,  and  their  terminals  are  connected  to  the  two  sides  of  a 
make  and  break  key  placed  in  a  circuit,  including  a  battery  of  e.m.f.  3  volts  and 
an  electromagnet.  It  is  noticed  that  whether  the  key  is  open  or  shut  no  electro- 
lysis takes  place  in  the  electrolytic  cells,  and  that  no  spark  occurs  when  the  key 
is  opened  or  shut.  On  disconnecting  the  electrolytic  cells,  however,  a  strong 
spark  is  produced  on  opening  the  key.     Account  for  the  above  observations. 


CHAPTER  XVI 

L  What  is  meant  by  "the  contact  difference  of  potential*'?  Give  reasons  for  sup- 
posing that  the  contact  difference  of  potential  between  zinc  and  copper  is  small. 

2.  Describe  the  distribution  of  potential  in  a  Volta's  cell  when  the  current  is  ( 1 )  open, 
(2)  closed.     S.  &  A.  D.  (A.)  1893. 

8.  Describe  the  capillary  electrometer,  and  explain  how  it  may  be  employed  to 
measure  the  contact  difference  of  potential  between  mercury  and  sulphuric  acid 
solution. 

4.  Describe  {a)  DanicU's,  and  {b)  either  Grove's  or  Bunsen's  cells,  explaining  in  each 
case  the  uses  of  the  various  parts.    Prelim.  Sci.  189a 

5.  Describe  the  construction  of  Latimer  Clark's  standard  cell.  You  are  given 
Bve  such  cells  (e.m.f.  of  each  1.45  volt),  what  method  would  you  adopt  to  find 
the  e.m.f.  of  a  battery  of  100  Daniells  permanently  connected  in  series?  Int.  Sci. 
(H.)i889. 

6.  A  Leclanch^  cell  is  connected  by  long  thin  wires  to  a  galvanometer,  the  needle  of 
which  is  deflected.  The  poles  of  the  cell  are  then  bridged  across  for  a  short  lime 
by  a  piece  of  thick  copper  wire.  After  the  removal  of  the  thick  wire  the  gal- 
vanometer deflection  b  much  less  than  before,  but  gradually  rises  to  its  former 
value.     Explain  this.     S.  &  A.  D.  (A.)  1898. 

7.  Describe  the  construction  of  and  mode  of  charging  a  secondary  liattery.  S.  &:  A.  D. 
(A.)  189a 

CHAPTERS   XVII    AND  XVIII 

1.  A  voltaic  cell  is  made  up  with  zinc  in  a  solution  of  zinc  sulphate,  separated  by  a 
porous  partition  from  a  solution  of  copper  sulphate,  in  which  is  a  copper  plate. 
Elxplain  where  is  the  source  of  energy  that  keeps  the  current  flowing  when  the 
zinc  and  copper  arc  joined.     B.Sc.  1889. 

2.  The  electro-chemical  equivalent  of  «nc  is  0.00034  granis/ampere -second.  Find 
the  cost  of  the  zinc  used  in  a  primary  batter)'  for  each  horse-power  per  hour  if 
zinc  is  /  pence  per  kilo,  and  if  the  cell  in  which  the  zinc  is  used  gives  V  volts 
(746  watte=  I  h.p.)    B.Sc.  1895.  ^«^.  .91 3/*/^' pence. 

8.  Give  the  theory  of  the  voltaic  battery,  showing  how  to  calculate  the  e.m.f.  of  .1 
cell  from  thermo -chemical  data,  and  how  far  such  data  are  sufficient.     B.Sc.  1891. 

4.  A  cell  has  on  open  circuit  an  e.m.f.  of  i.i  volt  at  0%  and  when  enclosed  in  a 
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calorimeter  and  allowed  to  pass  n  current  for  one  hour  the  heat  communicated  to 
the  calorimeter  was  70  calorics.  The  mean  value  of  the  current  waa  .1  ampere, 
and  the  external  resistance,  /.''■  ihc  resistance  nf  the  circuit  outside  \h^  calori- 
meter, was  3  ohms.     Calculate  the  tcmpcralurc  coefficient  ufihis  cell. 


Ans. 


9r 


-  0.000053. 


5  A  current  from  a  storage  hattery  is  passed  throtigh  a  galvanometer  or  ampese- 
meter  and  an  electric  motor.     Describe  and  give  a  general  explanation  of  the 

dilTcrencc  of  the  reiulings  of  the  galvanometer  when  the  machine  is  (i)  prevented 
from  rotatiny,  (2)  allowetl  to  run  free  as  fast  as  it  can.     S.  lV  A.  D.  (A.)  1892. 

6.  Give  a  general  description  of  the  changes  which  take  place  in  the  appcaratice  of 
a  tube,  fiitcd  with  clectnxles,  through  which  an  electric  discharge  is  passed,  as  the 
preikSurc  of  the  air  inside  the  tube  is  decreased. 

7.  Give  an  accuunt  of  the  evidence  for  the  theory  tliat  the  kathode  niys  consist  of 
negatively  charged  particle!*  shot  uut  from  the  neighbourhiHHJ  of  the  kalhixie. 

8.  Describe  experiments   to   show  tliat   a  gas   through   w-hich   a   discharge 
becomes  dissociated. 

CHAPTERS   XIX  and   XX 


1,  Give  a  general  account,  illustrated  by  examples,  uf  Poynting*^  theory  as  to  the 

transference  of  electro  magnetic  energy. 
3.  Assuming  Maxwell's  expression  for  the  velocity  of  on  electro- magnetic  Mnvt,  show  ' 

that  the  refiractive  index  of  any  medium  must  l^e  e<|ual  to  the  square  root  of  the 

specific  inductive  capacity. 

3.  A  piece  of  glass,  of  lengih  10  cm.,  i*  placed  utiir  tlie  centre  of  a  hmg.  thin 
solenoid,  which  is  traversed  by  a  current  of  50  amperes.  If  there  arc  20  turns  per 
cm.  in  the  solcnoiJ,  and  Verdel's  constant  for  the  glass  is  0.07,  find  the  rotation  ol 
the  plane  of  polarisation  uf  a  beam  of  plane  polarised  yellow  light  pruduced  hy 
traversing  the  glass.  Ami.    14*  40'. 

4.  Descrilte  eit()erin)cnts  showing  that  ihe  discharge  of  a  Leyden  jar  is  accompanied 
by  alternations,  and  state  under  what  circumstances  it  Incomes  simply  dead-beat. 
Illustrate  your  answer  by  reference  to  analogous  mechanical  illustraiicms.  Int. 
.Sci.  (H.)  i8q3. 

5.  Explain  how  it  was  that  Hcrt^  was  able  to  obtain  electrical  osdilations  of  snui.!! 
wave- length. 

6.  Give  an  account  of  some  experiments  on  the  reflection  and  refraction  of  electro* 
magnetic  wavet^. 


INDEX 


and  resolu 


Aberration     . 

.,  chromatic 

, ,  spherical 

Absolute  temperature 
,,        units    . 
,,        zero    . 
Absorptive  power 
Absorption,  electrical 
,,  of  gases, 

of  light   . 
thermal . 
Acceleration 

,.  composition 

tlon  of 
Accumulator,  electrical 
Achromatism     . 
Action  and  reaction 
Action  at  a  distance 
Activity 

Adiabatic  curves 
A|;onic  line 

Air,  hygrometric  state  of 
.,   manometer 
,,   pump,  mechanical 
,,        ,,      mercurial 
,,   thermometer 
Alternate  currents 
Amagat's  experiments  on   the 

ticity  of  gases 
Ampere's  rule 

,,        theory  of  magnetism 
Ampere,  the  unit  of  current 
Amplitude  of  S.  H.  M. 

,,  waves,  decrease  of, 

distance 
Analysis  of  musical  notes 
Aneroid  Ixirometer 
Angle  of  contact 
critical     . 
of  deviation 
of  incidence 

measurement  of,  of  prism 
of  minimum  deviation 
of  polarisation 
of  reflect  ion 
of  refraction     . 
Angular  measurement,  units  of 


227 


elas- 

741 
",  with 


PAGE 

520 
470 

334 

5 

237 

303 
658 
x68 
559 
303 
29 

41 
832 

526 

7J 

72 

89 
326 
623 
262 

IS5 
161 
163 
229 

779 

154 

683 

749 
685 

53 

423 
44a 
158 
193 
481 

483 
453 
464 

483 
589 
453 
474 
'3 
94t 


Angular  velocity        ....      47 

Anion 796 

Annual  variation  of  magnetic  elements  630 

Anode 796 

Apparent  expansion  of  liquids   .         .     219 

Aqueous  humour  of  the  eye  .     496 

,,       vapour,  pressure  of      .  259 

Arago's  experiment    ....    764 

Arc  lamp 713 

Archimedes,  principle  of    .  148 

Area,  measurement  of        .  .21 

,,     units  of    .... 

Armatures 773 

Ascent  of  liquids  in  capillary  tubes         194 

Astatic  needle 691 

Astronomical  telescope       .  .     500 

Atymolysis 166 

Atmosphere,  pressure  of    .        .        .     156 
,,  standard  .156 

Atomic  heat 241 

Attraction  and  repulsion    .  .118 

,,  ,,         electrical         634 

M  >.  magnetic     .     597 

Attracted  disc  electrometer  672 

Audition    ......     431 

Avagadro's  law  ....     171,  255 

Axis  of  a  crjrstal         ....     580 


Back  E.M.F.  in  motors 
Balance 

,,       torsional 
Ballistic  pendulum 
Balmer's  formula 
Barlows  wheel 
Barometers,  aneroid 

, ,  mercurial 

Barometric  height,  corrections  to 
Battery      ..... 

Beats 

Beckmann's  apparatus  for  determin 
ing  the  freezing-point 

Bells 

Berthelol's  calorimeter 
Bessel,  experiments  on  gravitation 
Biaxal  crystals  .... 
Bifilar  pendulum        ... 
Boiling-point     .... 


558 
769 
158 
'57 
*59 
825 
432 

269 
4x1 
348 
135 
584 
137 
248 


942 


Index 


Boiling-point,  InAuence  of  dissolved 
subslAnces  on  .         .         . 

BolomelCT 

Botiomley.  thermal    conductivity  of 
water 

Boyle's  law         .... 

Brake,  friction    ... 

Bramah's  hydraulic  press  . 

Branley  coherer, 

Brewster's  law    .... 

Bridge.  Wheatstone^ 

British  system  of  untta 

Bunsen's  cell      ... 
ice  caloritnclcr    . 
.,        photometer 


Cadmium  cell   .... 
Cailletel    and    Mnthias,     density    at 

critical  point  ... 
Calorescenoe      .        .        .        , 
Caloric  theory  of  heat 
Calorie       .... 
Calorimeter 

,,         Biinsen's  ice 
..        Joly's  steam 
.,        water  value  of . 
Calorimelry 

Capacity  of  a  conductor    . 
M         ,,      sphere 
„         „      spherical  conden^-i 

Capillarity 

„        correction     r»f     hamnvtric 
height  for 
Capillary  electrometer 

,.       waves         .  .     35a, 

Carbon,  specific  heal  of 
Carnot's  cycle    . 
Catheiometer     . 
Cau^itic  by  rvflcelion  , 
,.       by  refr.iction  . 
Cavendiah  experiment 
Celsius'  thermomeiric  scale 
Centigrade        ,. 

Centimetre         ..... 
Centre  of  gravity 
,,     of  osdllation    . 
,.     optical     .... 
Ill  suspension  .... 
Cliargc,  electrical,  energy  uf 

.,         residual         .... 
Charles's  Uw      ..... 
Chemical  clian^r.  thermal  phrnnm»'nn 
accompanying 
„        hygrometer 

rays  of  s|jecinini 
Chladni's  figures 
Chords,  vocal    . 

,,        major  and  minor 
Chrrnnatic  .nbernition 
Circle,  motion  in 


»73 

303; 

2971 

ti6l 

X83 
886 
S90, 
703: 
6.  86  I 
829 
M7 
S09 

33« 

^3 

567 
310 

232 
236 
347 
349 
234 
33a 
6Si 
668 
669 
«94 

i6t 

833 
■  354  1 
239 
J30 
ao 
47« 
479 

133 
207 

ao7 

10 

104 

<32 

486 
13a 

655 

658 

a37 

^73 

2O4 
568 
408 

445 
189 

--j8 
44 


Circle  of  reference  2n  S.  H.  M.     . 

Clark  cell 

Clement  and  tWs<jrme"s  exprriinent 
Coefficient  of  expansion,  cubical 
t,  linear. 

Coherer 

Cohesion 

Cold,  produced  by  e^'aporaiion  . 

, ,  . ,        by  expansion  of  gases 

CoUadon  and  Sturm's  experiraeni 
Collision  of  bodies     . 
Colloids     . 
Colour  blindness 
,,      constant 
sensation 
Col  our- photography  . 
Colours,  complementary 
,,         mixture  of  , 
„        of  thin  plates 
..        primary 
Combination  tones 
Comma 
Commutator 
Comparator 
('onipensated  pendulimi 
Compleraentarv  colotirs 
Component  ^TKxdtics 
Composition  of  foroes 

.  ofa  uniform  velocity  with' 

a  uniform  acceleration 
,.  of  velocities  . 

Compound  microscope 
,,  pendulum 

,,  wound  dynamt> 

Compressed  ^las3.doublere(ni<.t)oii  m 
Compressibility  of  gases 
.,  of  liquids 

of  solids 
Concave  mirror  . 

,.       lens 
Toncordant  tones 
Condensation  of  gases 
Condenser,  electrical. 
Conduction  of  electricity 
,.  ill  electrolytes 

of  heat    . 
Conjugate  focus 
Conson.moe 


rAoa 
3*8] 


t89 
386  ' 
3«$* 

37S 

95 

«99 

S70 
M7 

573 
54" 
573 
453 
384 
771 
«9 
a<7 

% 

72^77 


Conservation  of  energy 
Contact,  difference  orpoteniial . 

,,  eleclnlicntion 
Continuity,  law  of  . 
Convection  currents  . 
Convex  lens 

mirror 4^4 

Cooling,  Newton's  law  of  .  jcfl 

Cornea       ....  403 

Corpuscular  theory  of  li^hl  519 

Curt  IS  hbrc^        ....  43% 

Coulomb,  unit  of  electrical  quantity .     66j 


At 

.^ 

'3» 

m 

!£ 

aoa 
1^ 

% 
651 

4i6 

•     435 

01 
Bic,  835 

«»S 
18^ 

^7 
487 


Index 


943 


Coulomb's  balance     ....  605 

„         law,  electro-static     .        .  636 

,,    magnetic  .  605 

Couple 78 

,,      Ihermo- 714 

Critical  an^le 48X 

pomt     .                .    '   .  280 

Cryofaydrate 270 

Crystalloids       ...        .        .        .  199 

Crystals,  biazal 584 

,,        optical  properties  of    .        .  579 

,,        positive  and  negative  .        .  585 

,.        uniaxal        .         •        .         .  584 

Current,  the  electric  .        .       .        .681 

Currents,  action  of,  on  currents         .  75a 

,,       action  of,  on  magnets  683 

, ,        displacement      .  864 

,,        primary  and  secondary       .  757 

Curvature  of  a  suHace        .        .        .  451 

Curves,  magnetic       ....  599 

Curvilinear  motion     ....  42 


Dalton'sUw 260 

Damping 423,  766 

Daniell's  cell 

Dark  lines  in  solar  spectrum 

Davy's  experiment  on  the  nature  of 

heat 

Declination,  magnetic 

, ,  , ,         measurement  of 

Degrees  of  freedom  of  a  body    . 
Defects  of  vision        .... 
Density  of  gases         .... 

,,  liquids       .... 

,,         maximum,  of  water  . 

,,  vapours     . 

,,         water 
Depression  of  the  freezing-point 
Derived  units,  dimension  of 
Despretz,  determination  of  point  of 
maximum    density     of 
water    .... 
,»  measurement    of    thermal 

conductivity  of  water     . 
Deviation,  angle  of    .  .        •     .  _ 

Dew-point 263 

Diama^etisM) 74 1 

Diatonic  scale 382 

Diesis 384 

Diffraction 552 

grating     ....     539 
Diffusion  of  gases       ....     166 

,,*  liquids    ....     197 

DitTusivity 291 

Difi'erence  tone  .....     433 

Dilatometer 220 

Dimensional  equations       ...         7 
•Dimensions  of  electrical  and  magnetic 

units  .         .         .     789 

,,     of  thermal  quantities   .  343 


828 
524 

310 
616 
618 
.   48 

•  496 
.  150 

•  174 
.  223 
.  252 

175'  323 
.  268 


223 

297 
483 


Dimensions  of  units  . 

6 

Dip 

617 

,,  measurement  of  . 

619 

Direct  vision  spectroscope . 

1^ 

Discharge,  electrical .         .         .         . 

Dispersion         ... 

53a 

„         anomalous 

562 

Dispersive  power        .         .         .        . 

535 

Displacement  of  spectral  line     . 

SS' 

M           cturents 

864 

Dissipation  of  energy 

Dissociation,  electrolytic    . 

93 

799 

,,          gaseous                      25 

6,856 

Dissonance 

435 

Diurnal  variation  of  magnetic  element! 

630 

Divisibility 

141 

Dominant 

384 

Doppler's  principle    .         .        .         . 
Double  refraction       .         .         .        - 

394 
S7Q 

„           ,.        produced  by  strain . 

59* 

Drum  armature .... 

776 

Ductility 

201 

Dulong  and  Petii's  law 

341 

Dumas's  method  of  measuring  vapoui 

densities          .... 

2.S4 

Duplex  telegraphy 

786 

Dynamical-equivalent  of  heal    . 

3" 

Dynamo-electric  machines 

772 

Dynamometer,  friction 

116 

Dyne 

70 

Ear 

A^^ 

Earth,  density  of        .         .         . 

122 

„       inductor 

761 

magnetism  of 

616 

Ebullition 

248 

Echo 

390 

Eddy  currents    .... 

765 

Edison's  phonograph 

446 

Efficiency  of  heat-engine    . 

s.-?* 

of  thermal  engine 

333 

Efflux  of  liquid,  velocity  of 

186 

Effusion  of  gases 

X6.S 

Elastic  fati^e    .... 

.     205 

,,      limit       .... 

30.S 

Elasticity 

14a 

of  elongation 

20a 

,,        of  flexure    . 

•       203 

of^es 

.        150 

of  liquids     . 

.        180 

of  torsion    . 

.       204 

,,        volume,  of  solids 

202 

Electric  balance 

■     755 

charge  .... 

.     633 

discharge  in  gases 

.     847 

furnace 

713 

I  ".lecirical  lines  of  force 

6^7 

,,          machine     . 

675 

IClectrification  by  induction 

6i<; 

Electro-chemical  equivalent 

797 

944 


hidtx 


Elect  ro-dyna  ni  on  it'trr 
,,    •kinematic^i 
M     -naaxi^ctic  induction 
,(  ,,        theory  of  ligtu 


rACK 

753 
68x 

757 
867 
684 
801 


,,         units 

,.         waves  along  vrires 

,,  ..rertectionandrc- 

fraction  of  887, 890 
..  ,,  stationary       .     884 

-suiic  tube  of  force      637,  659,  664 


units    . 
Electrodes 

. ,  polarisftlion  of 

Electrolysis 

Electrolyte,  dissociation  of 
.,  resistance  of  . 

Klectrolylic  solution  preuure 
tllectrorat-'ier 

at  traded  disc 
M  quadrant 

Electro.notJve  force    . 
Klectron     .... 
Electrophorus    . 
Electroscope,  gold  leaf 
Emission  tncory  of  light     . 
Emissive  power 
Energy      .... 
availability  of 
,,      conservation  of 
tt      dissipation  of 
,,       kinetic   . 

,,       of  a  charged  condenser 
.,      of  rotation 
,.       of  vibrating  string  . 
,,      potential 

source  of,  voltaic  cell 
,.       transformation  of  . 
Engine,  heat 

Entropy     ,        .        ,        . 
Equilibrium 

,,           of  a  liquid  at  rest 
Equipotcntial  siufacc 
ICquivaleni,  elect ro*chemical 
Erg    ...         , 
Ether,  luminiferous    . 
Ewing's  theory  of  magnetism 
Exchanges,  theory  of 
Expansion,  abjoliitc,  of  mercury 
liquids 
ufffases   . 
real  and  apparent 
solids 
Eve 


KAHRKMlErx's  tbermometric scale 

Farad 

Faraday  eR'ect    . 

,,  tubes  .... 
Faraday's  ice-pail  experiment  . 
Fatigue,  ehuiic .... 


636 

796 
810 
796 

799 
804 
830 
67a 
67a 

67J 
682 

875 
675 
634 

303 
89 

Q2 
9> 
9a 
90 

^55 
93 

433 
90 

834 

90 

330 

■'12 

»73 
64s 

797 
84 

SK> 
739 
30» 

231 

219 
224 

219 
2,   3X8 

495 

208 

794 

872 

637 
641 

»5 


Field,  electric  'S17 

..       magnetic  <•.  1 

,,      magnets  .  -j 
Fiseaus  measurement  ot  iiic  veKxity 
^  ol  light    ....'.     514 

Flame,  sensitive  %<^ 

Fleuss  pump      .  i  • ,:; 

Flexure       .         .  ^  ^ 

Floating  bodies  .  t   - 

Fluid          .  I  ii 

Fluorescent*  :... 

Focal  length  467,  48*^ 

Focus,  principle  4'»7,  4S6 

Foot  .         .  ti 
Foot-pound 

Force          .                           .  . 

,.    producing  motioD  in  a  liquid  185 

,,     unit  of       ....  -        69 

Force*,  composition  of  .          73, 77 

'•       graphical  representation  of    .       73 

moment  of    .        .  -75 

parallelogram  of    .  73 

polygon  of     .         .  74 

.,       resolution  of .  74 

triangle  of  7^ 

Forced  vibrations  (84 

Fortins  barometer  -     '  jB 

Foucault's  currents    .  765 

, ,  measurement  of  vdocity  of 

light      ....     516 

Fourier's  theorem       ■         ■  •          .       <^ 

Fruunhofer's  lines  534 

Free  vibrations  .  434 

Freezing  mixtures       .         .  i-j 

point  .                 .  244 

M             ..     depression  of  :txA 

Frequency  ot  S.H.M  5^ 

, ,          of  waves   .  3^ 

Fresnel's  bi-prism  537 

experiments  un  the  interfer. 

ence  of  light  ej^ 

.  ...        theory  57, 

Friction,  static  .  m 

,,         kinetic  1 14 

rolhng  11; 

Fulcrum     .        .  tco 

Furnace,  electrical  71^ 

Fusion  a^ 

.,       latent  heal  of.  246 


Galvavomictex 

, .  siittf 

,.  tAngcnt  . 

Gas  thermometer  , 
Gaseous  dissociation  . 
Gases         .... 

,,     absorption  of,  by  liquids 

,,     compressibility  of     . 

,,     density  of. 

.,    dlfftuioo  of 


a5^«s 


Index 


945 


Gases^  effusion  of       .        .  .165 

.,      expansion  of  .        .        .  234 

«,      kinetic  theory  of     .        .        .  169 

«.      liquefaction  of         .        .        -k  286 

,,      passage  of  electricity  through  847 
„      specific  heat  of        .        ,     237,250 

.,      thermal  conductivity  of  .        .  398 

,,      velocity  of  sound  in          .        ,  373 
Gay-Lussac's  method  of  measuring 

vapour  pressure      ....  257 

Geometrical  clamps  and  slides  .        .  49 

Gold-leaf  electroscope        .        .        .  634 

Gramme  armature     .        .        .        .  773 
Graphic     representation     of    space 

passed  over  by  moving  particle  32 

Gmphic  representation  of  a  velocity  .  35 
, ,           , ,          of  work  done 

by  a  force  87 

Grating 539 

Gmvitation         ....     121,  134 

Gravitational  units    ....  84 
„          waves  .                .        .352 

Gravity,  centre  of      ...         .  124 

,,       value  of,  at  different  ahitudes  133 

Gridiron  pendulum    ....  ax8 

Grove  cell 829 

Guard  ring 673 


Hall  effect 708 

Hardness 201 

Harmonic  curve        ....  56 

Harmonics        ,        .        .        ./      -  389 

Heat 206 

,,    absorption  of    .        .        .        .  303 

,.    atomic 341 

,,    conduction  of  ....  290 

,,     emission  of       ....  303 

,,    latent 346 

,,    mechanical  equivalent  of  .  *     .  311 

,,    molecular         ....  342 

, ,    of  ionisation      ....  844 

,,    of  solution        ....  271 

,,    radiant 301 

,,    specific 233 

Height  of  barometer  .                        ■  J^59 

Helmholtz 573,  835 

Hertz's  experiments   .  .         .881 

Hodograph,  the         ....  42 
Hofmann's    method    uf    measuring 

vapour  density        ....  252 

Holtz's  electrical  machine .                .  677 

Hook's  law 202 

Hope's  experiment     ....  223 

Horizontal  force,  magnetic                 .  617 

,,               measurement  of  623 

Horse-power 89 

Hughes'  microphone.                 .         .  788 

Hvimidity  of  air 262 

Humour,  aqueous      ....  495 


Huyghens's  construction  for  the  re- 
fracted rays  in  uniaxal 
crystals 
, ,  construction  for  the  wave 

front   . 

,,  wave-surface  in    uniaxal 

crystals 
Hydraulic  press 

Hydro-kinetics  .... 
Hydrometers     .... 

,,  Nicholson's . 

Hygrometer,  chemical 

,,          Regnault's    . 
,,         wet  and  dry  bulb  . 
Hygromeiric  state 
Hysteresis 


S8S 

3S8 

584 
183 
i85 
179 
180 
364 
363 
364 
363 
735 


Ice,  lovrering  of  melting-point  of,  by 

I»^ssure 345,  337 

Iceland  spar 580 

Images 4^ 

Impact,  obUque          ....  97 

,,       of  elastic  bodies    ...  96 

„      of  inelastic  bodies  95 

Impulse 68 

Impulsive  force 71 

Incandescent  electric  lamp  7x3 

lamp    ....  712 

Inch  . 10 

Incident  ray 453 

Inclination         ....     617, 6x9 

Inclined  plane 103 

Index  of  refraction     ....  475 

,,               measurement  of  .  503 

Indicator  diagram      ....  88 

Induced  current         ....  756 

Induction  coil 766 

,,        magnetic   ....  734 

Inductive  capacity,  specific        .  653 

Ino'tia 67 

Insulators 633 

Intensity  of  light        ....  506 

,,      of  magnetisation                 .  736 

Interference  of  light  waves         .  533 

.,          of  sotmd  wav»      .        .  393 

,,  of  waves  on  surface  of 

liquid         .        • 

Interna!  work  done  when  a  gas  expands 

Intervals,  musical 

Inverse  square,  law  of 

Inversion,  thermo-electric 

Ionisation,  coefficient 

M  heat  of 

Ions 


migration  of 
,,    velocity  of . 
Iris    . 

Irreversible  cycles 
Isobars 
Isoclinal  lines     . 


35S 
^^7 
387 
506 
.  714 
.  808 
.  844 
.  796 
.  801 
801.  804 

•  495 

•  339 
-  275 

633 


30 


^94*3 


Index 


rAGB 

rAcs 

liodvniriin' lines          .          ,          .          . 

636 

Light,  polarised 

|i,,y..(Ml    llM.-         . 

633 

rcrtcction  of    . 

Is<Mti!-rrii.i]  Imps 

977 

refraction  of   . 

'- , 

Isotropic  bodie*          .... 

aot 

.,       undulalory  theory  ol 

, 

,,       velocity  of 

;    . 

JAK.  Leyden 

653 

Limiting  anf^le  .... 

tta 

Joly'i  steam  calonmeirr 

349 

Lindc's  method   for  Hquefiictlon  of 

Joule.  ih«  unit  of  energy    . 

-10 

gases 

.     3» 

Joule's  tletermi nation  of  mechanical 

Linear  expaniion 

aia 

eijuivalent  .... 

3" 

Lipmann's  capillary  eJcctroineter 

82> 

,,       rxpcrimenls  on  ihe  expansion 

, ,          cotour-phocogiaptiy . 

547 

of  gases       .         .         .         , 

3»7 

Liquefaction  of  gases 

^06 

law 

710 

Liquidf.  density  of    . 

174 

Jupiter,  occtiltation  of  salelUlea  . 

5" 

,,        clasiicily  of. 

iSo 

,,         thermal  conductivity  of 

*97 

Katkk's  pendulum 

13a 

velocity  of  outDo«' of  . 

ta^ 

Kathode    ... 

796 

Lissajous's  figures 

406 

mys 

850 

Litre 

as 

Kaiioo              

796 

Loadstone 

596J 

Kelvin's  absolute  scale  of  temperature 

^l^ 

Luminiferous  ether 

S^\ 

Kepler*  IftWi 

ISO 

Luminositv         .... 

sn^ 

Kerr's  expcrinwnts  on  doubtc  refrao- 

Lumu)er-6rudbum  photometer. 

5» 

lion  in  dielectrics . 

658 

,,      phenomenon  . 

375 

.VUCHINK.S.  simple    , 

9»A 

Kineiic  energy  ... 

90 

Magic  lantcm 

509I 

theory  of  gaies 

169 

Magnctiu  atLraclion  and  repulsion 

m\ 

Km>t          .... 

a8 

circuit         .... 

7^1 

Ktrnig's  miinomctric  flam'- 

415 

elements    .... 

61^1 

Kundl's  exi)enment  .        ,        .        . 

4^9 

neld  ....      tei-«OT 

law  (anom.iloiu  dispersion) . 

563 

.,           .,    tnoasuremeni  of 

strength  of    . 

«f4 

LAMP.urc 

7«3 

induction    . 

7*4 

,.      incandescent. 

71a 

lines  of  force 

59* 

LAplace's  calculation  of  velocity  of 

meridian     . 

6l«    ■ 

sound  in  gasrs       .... 

378 

moment     .... 

606^  J 

Langley     .... 

564 

of  circuit 

749" 

Latent  heat  of  fusion 

42 

rotation  of   Ihe    plane    0 

r 

M              vaporisAtion 

248 

polarisation     . 

87a 

Lavoi&iL-r  and   Laplace's  method  of 

shell  . 

74fl 

meiisuring  linear  expansion    . 

^U 

,.     •  storms 

651 

Leclancht^s  cell          .... 

830 

Magnetising  force 

7*9 

Lees'    measurement  of  thermal  con- 

Magnetism  

50 

ductivity         ..... 

294 

,.          Amp^'s  theory             74 

<>749 

Length,  measurement  of  . 

16 

induced    . 

9n 

.,        units  of 

9 

pcrmaoctu 

m, 

lenses       .                .        . 

486 

terrestrial 

achromatic     .... 

5a8 

Magnelographs . 

fi^ 

I.«ns's  law 

757 

Magneto  rlectric  machine 

773 

XAmnvLy,  Mac4  de,  measuremcnl   of 
density  of  water      .         .         ■         . 

7«» 

<74 

Magnets     ... 

5? 

Level         .        .      •. 

»73 

Magnification  of  a  telescoy>r 

.9)0 

,,    of  liijuid  surfaces  in  communi- 

MaKnifyinc  [wwcr     . 

W*> 

caiing  lubes  .... 

174 

M.ijLinitudes.  physical 

4 

l-ever         ...... 

too 

Major-tone 

.''4 

I^ydcn  jar         ....        . 

652 

Malleability 

j-'i 

,,          oscillatory  diitchorgc  of    . 

876 

Manometer 

'=5 

I..iclU 

h8 

M.\nomclric  flaiiit- 

41^ 

intensity  of 

^o6 

Mass.  units  of    . 

II 

„       interference  of 

hys 

M.iteriftl  particle 

J  3 

„      Majcwcll's  theory  of 

8^ 

Matter 

Indtx 


947 


I' ACE 

Matter,  constitution  of     .        .        -144 

,,       general  properties  of    .  140 

,,       states  of       .         .  -'43 

Maximum  density  of  water  333 

.,         thermometer     .  ais 

Maxwell's  electro-mngnetic  theory  of 

light 867 

Mean  free  path  of  molecule  170 

Measurement  of  angle  of  a  prism       .     464 
,,  of  length     ...       16 

,,  of  mass        .  X06 

„  of  power  .     X16 

,,  of  refractive  index        .     s**3 

,,  of  small  angles  by  reflec- 

tion      .        .        .     458 
,,  of  volume     .        .         .     276 

Mechanical  equivalent  of  heat   .        •     311 
,,  „  calculation  of  316 

Melde's  experiment  .  •  .  .  403 
Melting-pomt  .  .  ■  .  .  344 
,.        depression    of,   produced 

by  dissolved  substances  368 


,.        effect  of  pressure  on 
Mercury,  coefficient  of  expansion  of 

pump 
Nfetaccntre 
Metre 

Michelson's  interference  apparatus 
Microfarad 
Micrometer  screw 
Microphone 
Microscope 
Migration  constant    . 
„         of  the  ions 
Millimetre  . 

Minimum  thermometer 
Minor-tone 
Mirrors,  concave 
,,        convex 
,,        inclined 
parabolic 
parallel 
plane   . 
rotating 

spherical,  aberration  in 
Mirror  and  scale  to  measure  an  angle 
Mixtures,  freezing 

,,         method    of,  for  measuring 
specific  heat    . 
Modulus  of  elasiicity 
Moisture  in  the  atmosphere 
Molecular  conductivity 

,,         depression  of  the  freezing- 
point 
forces,  range  of 
,,         magnets    . 
Molecules,  size  of 
Moment  of  a  force 
,.        of  inertia 
Momentum 


345 

33  f 
163 
178 

9 

548 

794 

18 

788 

497 

8o3 

Sox 

xo 

313 

384 
464 
464 
460 
473 
463 

454 
457 
470 

458 
371 

333 
'43 
263 

804 

368 
189 
603 
146 
75 
93 
68 


Monochord 

Moon,  force  of  gravity  at  distance  of 
Motion 

,,       cun'ilinear 

.,       in  a  circle 

,,       Newton's  laws  (f  . 

,,       quantity  of    . 

,,       rectilinear 

,.       uniformly  accelerated     . 
Mouse  mill         .... 
Multiple  image  formed  by  mirrors 
Musical  intervals 

.,  .,         consonant 

,,  ,,  dissonant 

,,        scale     .... 


Needle,  astatic 

dipping     . 
Negative  charge 
,,        crystal 
„        spark  . 
Neutral  equilibrium  . 
,,       temperaturt; . 
Newton's  expression  for  the 
of  a  longitudinal 
,,        law  of  cooling    . 
law  of  gravitation 
laws  of  motion   . 
rings. 
Nicholson's  hydrometer 
Nickle,  permeability  of 

,,       steel  alloy 
Nicol's  prism     . 
Nobili's  thermopile 
Nodes  and  loops 
Non-conductors 
Notes,  njusical,  frequency  of 


Dbject-glass  . 
Occlusion  of  gases 
Occultation  of  Jupiter's  satellites 
Octave  .... 
CErsteds experiment . 
Ohm,  determination  of  the  value 
Ohm's  law 
Opera^glasses  . 
Optic  axis. 
Optical  activity  . 
,,  centre  . 
Organ  pipes 
Oscillations,  electrical 
Oscillatory  discharge 
Osmosis  .... 
Osmotic  pressure 
Overtones  .... 


Parabolic  mirror 
Parallel  forces    . 
Parallelogram  of  forces 

„  of  velocities 


rAUR 

398 

I3X 

as 
4a 
44 
66 
68 
37 

a9 

676 
463 
383 

435 

% 

691 

619 
634 
585 
859 

136 

714 

368 
308 

I3E 

66 

544 
180 

734 

734 
587 

30a,  714 
363 
633 

38X,  386 

-  499 
.  X69 
.  5" 
•  383 

xSi,  683 

of  .  763 

.  696 

-  50a 
486,  580 

593 


velocity 
wave 


486 
4«7 
876 
876 
199 
199 
389 

47a 
77 
73 
36 


^B  P 

m^^^^H 

■ 

^H  C 

^^^K  ^^^^^^ 

■      948 

/ffrtkr 

■ 

^B 

tMiM 

1 

HH^H 

^^m         Paramagnetic  bodies . 

•       74' 

Princtpttl  plane  of  a  crystal 

5?x^H 

^^M         Panials      .... 

38V 

Prism,  nicasnrcment  of  angle  uX 

4^4  ^H 

^^H          Tnth,  mean  free,  of  inulecules    . 

171. 

Pulley 

loa  ^H 

^H          (Vltitrr  rfiect      .... 

;•"'■ 

I'linips 

184  ^H 

^^H          rcnduUun  as  a  mra&urer  of  liiiH* 

i^b 

Pyknometcr 

176  ^1 

^^H                              ballistic 

<39 

^H^                     bifitar 

■|7    QuADKANTcIwrtromcter 
^    (.nialityof sountls 

'>73.^J 
439^1 
>3«^H 

^^^^^P                     cotnpotinil 
^^^^V                    reversible 

J3'  1  Quantity  oF heal 

^^V                           simple 

128 

^^H 

^^K        PenumbiiL. 

AA9 

Radiant  heat,  mi^asurement  ol 

3°^^^l 

^^^H   Period  of  S.H.M.        , 

53 

Radius  uf  gyration 

94^1 

^^^^H  Fcriodic 

5' 

Rainbow    . 

5>9^^B 

^^^^M  Permrability.  fnagneiic 

.     73* 

Rate  of  change  . 

a7^ 

^^V        Pfeflier's   nieasurcnieiiU    of    u&motic 

Ray  . 

3S8         1 

^^^            pressure 

.     aoo 

..  of  light 

-Hfi    ml 

^^^H    Pha^eofS.H.M. 

54 

Rectilinear  propagation  of  hght       ^^y 

ssohI 

^^^^^H    iMiuiiograpli 

4^6 

Reflection  ai  a  plane  surface 

454  ^H 

^^^^^^r     Pho5phoic:3Cc-iii.t- 

■    5'Jr 

Iaw5  of        .         . 

^fl 

^          l*hotarnrlers 

So« 

u(  elcctru-iiiagnclic  wa\-es 

^^M          Photometry 

.     S08 

of  light  waves    , 

4S'^H 

^^H           Physical  mat>nituiie&. 

4 

of  sound  waves  . 

390 ^^H 

^^H           Phy!>ics.  province?  of 

I 

,,         of  water  waves 

3^1 

^^H           PIrzomeicr 

181 

Refraction  of  light,  laws  of 

4*4^^1 

^^H           Pigment  colours 

575 

„         of  sound   . 

39*  ^H 

^^M         Pin-hole  cainer.i 

450 

kefraaivc  index 

47S^H 

^^B          Pipes,  organ       .... 

■      -(17 

i"-'' 'n<-iil5  111 

soj^H 

^^m          Pitch  of  a  scrvw 

r8 

..             '                                 ■            .           . 

s^s^^l 

^^M                           tone  .... 

38. 

Regnault,    ■                           f  elasticity 

^^H          Plant^'s  secondary  Uittcry 

^.y^ 

uf  jjtijies 

''^^l 

^^H          Plates,  colours  of  thii) 

yV 

nicasunenienls  of  cUisticily 

^H                       Cliladni's 

.     408 

of  liquids      . 

xa^^l 

^^H                        vibrniiou^  uf 

.     40S 

measure nienls    of  expan- 

^^^H 

^^m          Platinunk  iheinionictct 

705 

sion  of  glLSOS 

Mtf^^l 

^^M           Polarisation,  angle  u{ 

589 

ine;isurcmr'nl4   of    *pecihc 

^^1 

^^H                       , ,           of  clectrotje^  . 

Sio 

heats  of  gust's  at  oon- 

^^1 

^H                                   ofligbi. 

•      577 

stam  i>ntssurc       .         , 

ajj^^M 

^H                                    .,      by  reflection          580 

measurements   of   vflpour 

^^^M 

^H          Polarised  light   .... 

■      577 

pressure 

's^^H 

^^H          Poluriser    ..... 

;fl^- 

measuremeiils        of      the 

^^H          Poles,  magnetic,  of  the  earth 

(ij'. 

virlcH-ity  of  sound  En  mkr 

T^^l 

^^H                     of  a  magnet 

5vj6 

Reluctance 

^^m          Purouvplug  experiment     ■ 

.?»» 

RiT[X>sc,  angle  of 

64II 

^^M          [*o9itlon     .... 

^.1 

Resistnncf.  riectrfffll . 

^^M          Punitive  char»;e . 

'■^  1 

•i  conunciori  . 

TOt^H 

^^M                         crystal . 

"^' ; 

.f     .         .         . 

^^B          Potential,  electrical    . 

■    'h;. 

Rcsoluiloii  ,:  ;  ._  .    , 

74^^ 

^^H                              gravitational 
^^M          Polygon  of  velocities. 

lao 

.,          of  velocit>r?. 

3«     '1 

38 

ResKinAnce 

S^     ^ 

^^m          Power 

89 

.,          in  i^yden  Jai  citcmi.s 

^^1           Poyntuig'&  ibeory 

,     860 

Rcionutor.  •rlcctxo- magnetic 

M3 

^^B         PracilcAl  system  of  electrical  urn 

is      .     794 

Resonators                               4^6.  44CV  «8a__| 

^^H          Pre&stire  eicerled  by  n  Huid 

«47 

Re.stitution,  onelBcaanI  of  ,        1 

w^^H 

^^H                                    by  a  gas  on  k 

netlo 

Resultant  of  two  foroo                          7%7S^^M 

^^V 

'7' ' 

'    r iijKctmlUtws  . 

jw^^l 

^M                 ofth. 

I                             'nginc 

Si^^l 

^^H                                  Withn 

".*.-:     !..■!; 

•^^ 

^^H           Prevtjst'a  Ibfory  ttl  excliaitget    . 

.^1  1  kigidtly 

909             1 

^^H          I'hmnry  colours 

.     573  1        M        »imple 

•P4            J 

Index 


949 


Rtimer,  determination  of  the  velocity 

of  light  . 
Rontgen  rays     . 
Rotation    . 

,.      composition  and  resolution  of 
,,      of  the  plane  of  polarisation 
Rowland's      mfeistirement     of     the 

mechanical  equivalent  of  heat 
Roy    and    Ramsden  's      method      of 

measuring  linear  expansion 

Ruhmkorffs  coil 

Rumfwd's  experiments  on  the  nature 

of  beat  . 

,,        photometer 

Rutherford's  maximum  and  minimum 

thermometers 

Saccharimetry 

Scalar 

Screw 

,,    micrometer 
Second  of  angle 

„      of  time  . 
Secondary  battery 
,,  current 

Secular  change,  magnetic . 

, ,        , ,    of  «ero  of  thermometers 
Self-induction     .... 

Semitone 

Sensitive  flame  .... 
Series-wound  dynamo 

Sextant      

Shadows    

Short-sight        .... 
Shunt'wound  dynamo 

Shunts 

Siemens  armature 
Simple  harmonic  motion    . 

,,  ,,  ,.  composition 

,.      microscope    . 

,.      pendulum 

, ,  , .        time  of  oscillation 

Sine  galvanometer     . 
Sines,  curve  of  . 
Singing  flame     .... 
Six's  thermometer 

Snell's  law 

Solar  spectrum  . 

. ,  , ,  dark  lines  in 

Solidification,  change  of  volume  on 

Solids 

„       thermal  conductivity  of  . 
Solenoid,  magnetic  field  inside  . 
Solution     .        .         . 
Solutions,  conductivity  of  . 
,,        freezing-point  of 
,,         vapour  pressure  of 
Sonometer  .... 

Sound         

,,   interference  of 


of  57. 


of 


524 


5" 

'% 

48 

593 

aiS 

766 

310 

509 


595 

35 

'»o5 
.18 

13 

832 

757 
630 
s'xi 
759 
387 
390 
777 
459 
449 
496 

777 
702 

773 
SI 
62 

497 

128 

139 
69s 
57 
420 
2x2 
474 
.  564 
524 
244 

20t 
291 
750 
197 
804 
268 
273 
398 
372 
392 


Tangent  galvanometer    . 
Telegraph 

,,  duplex 

,,  Morse  code 

Telegraphy  without  connecting  wires 

Telephone 

Telescope 


FACE 

373 
441 

431 
443 


Sotmd,  reflection  of    . 
„        refraction  of  . 
„        velocity  of 
Sounds,  analysis  of    . 

„      limit  of  audibility 

.,       synthesis  of   . 
Space  passed  over  by  a  particle  mov< 

ing  with  uniform  acceleration  .  54 
Spar,  Iceland  .....  579 
Spark  discharge  .  .  847, 859 
Specific  gravity X50 

.,      heat 33a 

„        , ,    change  of,  with  tempera- 
ture   ....    339 

,,        ,,    measurement      of,     by 

method  of  cooling      .    308 

,.      heats,  differen;-  of,  of  gases.     321 

,.      ratio  of,  of  gases.     325,  328 

inductive  capKicity .        .        .    653 

,,      resistance      ....    697 

Spectacles 496 

Spectra 556 

Spectral  lines,  series  of       .         .         .     557 

Spectroscope 534 

Spectrum 533 

.,         dark  lines  in       .         .         .     534 
, ,        distribution  of  energy  in    .     564 

Speed 27. 38 

Spherical  aberration  ....  470 
Spheroidal  state         ....     300 

Spirit  level 173 

Sprengel's  pump  ....  163 
Stable  equilibrium  .  .  .  .126 
Stationary  waves        .       362,  394,  547,  884 

Stoke's  law 560 

Storage  cell 83a 

St<»'ms,  magnetic  .  '  631 

Stroboscopic  disc       ....    405 

Stress 66 

Strings,  velocity  of  transverse  wave  on    364 

,,      vibrations  of,        .        .        .     398 

Sublimation 366 

Summation  tone  ....  433 
Surface,  measurement  of  .        .        .21 

„       tension         ,        .  .189 

,,       units  of        ....      31 

Susceptibility,  magnetic     .  .     731 

Synthesis  of  musi(^  notes .        .        .     443 

,,       of  vowel  sounds .        .        .    446 

Syren 38X 

Syphon 185 

,       barometer      .        .        .        .157 


693 

78s 
786 

78s 
894 
787 
Soo 


950 


Index 


l-AGK 

Tcmpcmnicnt,  musical       .         .         .  387 

Temperature 906 

alttoUite  scale  or        :  ^,  334 

..                .,        zero  of    .         .  S97 

.,            crHicfll          •         .         .  380 

,.           o\  earth's  cru.o(     .  295 

Teosion  of  vapotir      .                           -  351 

Terrcsirial  inagiittistn  616 

Tbctiual  unit      .....  23a 

,,        conductivity  291 

Thcrroo-chemistry     ....  273 

„         dynamics,  lirst  law  of  .  3*' 

M               .»          second  Uw  of     .  337 

,,        nlectric  diagrem  .         .         .  715 

.,       power      .  .715 

,.  ,,      scrie*       .  -714 

,,         electricity      ....  714 

Thermometer,  air      .                ,  239 

,,               caliU-atiun  ol     .         .  ato 

,f  detenni nation  of  iixed 

points  of          .         .  ao8 
«,                maximum   nnd    mirti- 

mum       .  212 

„               mercurial   .         .  aoB 

.,                        ,,          crrori  of    .  21 1 

„                 phitinum     .         .         .  705 

Tbetmometric  >icales          .         .         .  207 

.,              conductivity        .        .  291 

Thomson  rffi»ct 723 

Thomson.   James,   form    of    iMither- 

maU 279 

Thin  plaie-i,  colours  of       .         .         .  ,S4> 

Timbre 439 

Time,  uniUuf 12 

,,      uf  vibration  of  a  rnaynct .  613 

Tone 389 

Tones,  combination    ....  433 

Tonic 384 

Toplcr's  uump   ....  164 

Tomcelli  &  experimfut  155 

..  law  .         .  .186 

Torsion 204 

,,      balnnce.        .  123,204 

Torsional  pendulum  ....  205 

.,         vibrations  .  413 

Total  reflection  .....  480 

Tourmaline 577 

Trnn»furmalion  or  energy  .  90 

Transformers     ...  781 

Transmitter,  microphon-'   .  788 

Triple  point        ...  ^^ 
Tuning-fork                                   ,.(04 

Tubes  of  force,  electrical    .  659 
,.           ,,          magnetic  force  caused 

by  motion  of 863 

Umdulatory  theory  of  light    .        .  520 

Uniaxal  crystals         ....  5S4 

Unit  ni;iKii'*tic  p<.ile     ....  606 

Units,  absolute  syitiem  of  .        .        .  5 


Units,  derived    .... 

,,       electrical  and  m.t{;netic    . 

„       fundamental    . 
LTostable  equilibrium 

V'.\.V  DEH  WaALS 
Van'l  lloff.  osmotic  pm&ure 
N'^fwnsation.  Utent  nrat  o4' 
V'nfiotir  density  .... 

,,       pressure,  effect  n(  cur«Atu/r 

of  iurr\tc  oil 

prevsure  or  tension        .      25 

,,       saturated 

„        tension,  tabk:  of  values  of 
unsaturalcil  . 
V'iinaiion,  diumnl,  magnetic 
,,         magnetic  . 

Vfctor 

Velocity 

,,       curve      .         ,         .  , 


VACS 

4 

7«9 

t22 


)K«1 

a4« 
2S» 


of  light .... 
,.       of  longitudinal  wave 
o(  moteculcs  of  a  gas 
,,       of  outflow  of  liquid 
of  Mitind  in  air 

,.         in    gases,    effect    of 
temperature  on 
in  liquids 
,,  ,,         in  solids  .  -*», 

Velocities,  composition  01  , 
parallelogram  of 
,,         resolution  of      . 
X 'tna  li'Mtrixcta  . 
Verdcls  constant 
Vernier       .         .         .         . 
V^crtical  force,  magnetic 
Vibration  microscope 
Vibiatinns  maintained  by  heal  . 

of  bells      .... 
lit  columns  of  gas 
of  pUtes    .... 
,,  of  rods  .  403. 

of  strings  .  .      398, 

Victor  Meyer's  method  of  measurinf 

vapour  density 
Virtual  image     . 
Viscosity    .... 
Vision,  dcft'cls  of        .         .         . 
Vitreous  humour 
Vocal  cords        .... 

.,      sotmdft 
Volt   ...        . 

Volla'slist 

Voltaic  cell 

„       „   source  of  energy  uf. 
Volume,  change  of,  with  change  of 
state        .        .        ,        . 
,,  measurement  of . 

,,  units  of 

Vowel  cbancicristics 


3fiA 
171 

186 

sn 

X79 
375 
413 

187 

»7^ 

■6 
617 
40» 
419 
4>« 
414 

411 
4" 

!-/• 


Index 


9SI 


Water,  density  of   , 

(,         maximum  density  of 
Watt's  indicator  diaf^in 
Water-dropper 
Wave 

,,     front. 

,,    length 

,,    velocity 

,,     motion 

.,     surface  in  uniaxal  crystal 
Waves  on  surface  of  liquids 
Weight       .... 
Weljcr,  measurement  of  sf^cific 

of  carbon,  boron,  and  silicon 
Wet-lnilb  hygrometer 
Whcat^tone's  bridge  . 


heal 


PAGE 

175 
223 
329 
679 
346 
358 
348 
3SO 
346 
5841 

84; 

340 

364 
703 


Wheel  and  axle . 

White  light,  decomposition  of 

,,         ,,      recomposition  of 
Wireless  telegraphy   . 
Work         .         .    '     .         .       ^ 

,,      unit  of      .         .         .       ' 


Yaki) 

Yellow  siK  n 

Young-lh'lmholtr  theory  of  colour 

Young's  modulus 


PACK 
lOI 

323 

894 

83 

84 

496 

573 
203 


/.KRO,  absolute 337 

,,      secular  rise  of.  of  thermometers     21 1 
Z<>eman  effect 875 


THE  END 


Printed  by  Ballantvhb,  Hanjion  ^  Ca 
EdiDlHirgh  (9'  London 


\\ 


Sdtntific   Works  published  by  Longmans^   Grttn^  ^  Co> 


CH  EM  I8TRY-  OoMUnttwif. 

MUIJi.~\  COURSE  OF  PRACTICAL  CHEMISTRY.     By  M. 
M.  P.  MuiR,  M.A..  Fellow  and  Pnslector  in  Chemistry  of  GonviUe  and  Caius 
'  College,  Cambridge.    (3  Parts. ) 

Part  I.     Elementary.     Crown  8vo.,  4^.  6d, 

Part  II.     Intermediate.     Crown  8vo.,  45.  6^ 

Fart  III.  [In  preparation . 

NElVTIf,— Works   by  G.  S.   NE\VTH,    F.I.C.,   F.C.S.,   Demon- 
strator in  the  Royal  Collie  of  Science,  London. 
CHEMICAL     LECTURE      EXPERIMENTS.        With      230 

Illustrations.     Croi«-n  8vo.,  &5. 

CHEMICAL  ANALYSIS.  QUANTITATIVE  AND  QUALI- 
TATIVE.    With  100  Illustrations.     Crown  8vo.,  6j.  6d. 

A  TEXT-BOOK  OF  INORGANIC  CHEMISTRY.    With  146 

Illustrations.     Crown  8vo..  6r.  &/. 

ELEMENTARY    PRACTICAL    CHEMISTRY.      With    108 

Illusiraiions  and  254  Experiments.     Crown  8vo.,  ai.  6J. 

OSTWALD.—SOLVTIOKS.      By    W.    Ostwald,    Professor    of 

Chemistry  in  the  University  of  Leipzig.     Being  the  Fourth  Book,  with  some 

additions,   of   (he  Second   Edition  of  Oswald's  '  Lebrbuch  der  allgemeinen 

I  Chemie'.    Translated  by  M.  M.  PAmsos  MuiR.  Fellow  and  Prelector  in 

I  Chemistry  of  Gonville  and  Caius  Collie,  Cambridge.     8vo.,  loj.  6d. 

-PEi^jT/iV.— QUALITATIVE    CHEMICAL    ANALYSIS    (OR- 
GANIC AND  INORGANIC).    By  F.  Moixwo  Peskin.  Ph.D..  Head  of  the 
[  Chemistry   Department,    Borough   Polytechnic    Institute.   London.      With  9 

li  Illustrations  and  Spectrum  Plate.     8vo.,  3J,  6</. 

^-fiyTV^OZ/)^.— EXPERIMENTAL       CHEMISTRY       FOR 

JUNIOR   STUDENTS.      By  J.  Emerson   Reynolds.  M.D,,  F.R.S.,  Pro- 
fessor of  Chemistry,  Univcmty  of  Dublin.    Fcp.  8vo.,  with  mmierous  Woodcuts. 

Part  L     Introductory.     Fcp.  3vo.,  is.  6d. 

Part  II.     Non-Metals,  with  an  Appendix  on  Systematic  Testing 

for  Acids.     Fcp.  8vo.,  aj.  6ef. 

Part  III.     Metals,  and  Allied  Bodies.     Fcp.  8vo.,  3X.  6</. 
Part  IV.     Carbon  Compounds.     Fcp.  8vo.,  4s, 

S/f£NSTONE,—VioTks  by  W.  A.  SHENSTONE.  F.R.S.,  Lecturer 
on  Chemistry  in  Clifton  College. 

,     THE   METHODS   OF  GLASS-BLOWING.     For  the  use  of 

Physical  and  Chemical  Students.    With  4a  Illustrations.    Crown  8va,  ir.  6d. 

A     PRACTICAL     INTRODUCTION    TO    CHEMISTRY. 

Intended  to  give  a  Practical   acquaintanct  with  the  Elementary  Facts  and 
I  Principles  of  Cbemiitry.     With  as  Illusuations.     Crown  8vo.,  ar. 


4        Scientific  WorH^^Msfud  by  Longmans^  Grten^  &>  Co* 


CHEMISTRY— 0>/>/f'N«/«/f. 

THORNTON  axd  PEARSON.—l^OTES  ON  VOLUMETRIC 

ANALYSIS.  By  Arthur  Thornton.  M.A.,  and  Marchant  Pearson,  B.A., 
Assmani  Science  Master,  Bradford  Grammar  School.     Medium  8va,  qj. 

THORPE,— WoxVs  by  T.  E.  THORPE,  C.B.,  B.Sc  (Vict.),  Ph.D., 
F.R.S.,  Professor  of  Chemistry  in  the  Royal  College  of  Science, 
South  Kensington.     Assisted  by  Eminent  Contributors, 
A    DICTIONARY    OF    APPLIED    CHEMISTRY.      3    vols. 

8vo.    Vols.  I.  and  II..  43J.  each.     Vol.   111.,  635. 

QUANTITATIVE  CHEMICAL  ANALYSIS.    With  88  Wood- 

cuts.     Fcp.  8vo.,  4J.  &/. 

THORPE  AND  i1/C//A'.— QUALITATIVE  CHEMICAL  AN- 
ALYSISAND  LABOR^\TORY  PRACTICE.  By  T.  E.Thorpe.  CD.,  Ph.D.. 
D.Sc,,  F.R.S..  and  M.  M.  Pattison  Muir,  M.A.  With  Plate  of  Spectra  and 
57  Woodcuts.     Fcp.  8vo..  5*.  td. 

TILDEN.—\\oT\is  by  WILLIAM   A.  TILDEN,  D.Sc.   London. 
F.R.S.j  Professor  of  Chemistry  in  the  Royal  College  of  Science^ 
South  Kensington. 
A  SHORT  HISTORY  OF  THE  PROGRESS  OF  SCIENTIFIC 

CHEMISTRY  IN  OCR  OWN  TIMES.     Crown  8vo..  SJ- neL 

INTRODUCTION     TO    THE    STUDY    OF    CHEMICAL 

PHILOSOPHY.     The  Principles  of  Theoretical  and  Systematic  Chcmisuy. 
With  5  Woodcuts.     Willi  or  without  the  ANSWERS  of  Problems.     Fcp^ 

8vo.,  4J.  6d. 

PRACTICAL   CHEMISTRY. 

Analysis.     Fcp.  Bvo. ,  is.  6J. 

HINTS  ON  THE  TEACHING  OF  ELEMENTARY 
CHEMISTRY  IN  SCHOOl^  AND  SCIENCE  CLASSES.  WHh  7 
Illustratiooa.     Crown  8vo.,  ar. 

IVATTS  DICTIONARY  OF  CHEMISTRY.     Revised  and  en- 

lirely  Rewritten  by  H.  Forster  Morley,  M.A.,  D.Sc.,  Fellow  of,  and  lately 
Assistant  FVofcssor  of  Chemistry  in.  University  College.  London,  and  M.  M. 
Pattison  Muir,  M.A.,  F.R.S.E.,  Fellow,  and  Prcclector  in  Chemistry,  of 
Qonvillc  and  Caius  College,  Cambridge.  Assisted  by  Eminem  Coniributocs. 
4  vols.     8vo..  jCs  n*l' 

WHITELEY.—\Wor\i%  by  R.  LLOYD  WHITELEY,  F.I.C, 
Principal  of  the  Municipal  Science  School,  West  Bromwich, 

CHEMICAL    CALCULATIONS.      With    Explanatory   Notes, 

Problems  and  Answers,  specially  adapted  for  use  in  Colleges  and  Scienoe 
Schools.     With  a  Preface  by  Professor  F.  Clowes,  D.Sc.  (Lood.),   F.I.C. 

Crown  8vo,,  ax. 


The   principles   of   Qualitative 


ORGANIC   CHEMISTRY 

Illustrations.     Crovm  Bvo..  3/. 


64. 


the  Fatty  Compounds.      With  45 


Sd€ntific  Works  published  by  Langmans^  Gretn^  cf  Co. 


Translated  and 


PHYSICS.  ETC. 

GANOT.—Woxks  by  PROFESSOR   GANOT, 
Edited  by  E.  ATKINSON,  Ph.D.,  F.C.S. 

ELEMENTARY   TREATISE    ON    PHYSICS,    Experimental 

and  Applied.  With  9  Coloured  Plates  and  Maps,  and  1057  Woodcuts,  and 
Appendix  of  Problems  and  Examples  with  Answers.     Crown  8vo. ,  ly, 

NATURAL  PHILOSOPHY  FOR  GENERAL  READERS 

AND  YOUNG  PEOPLE.  Revised  by  A.  W.  Reinot.P.  MA,  K.R.S, 
Witb  7  Plates.  63a  Woodcuts,  and  an  Appendix  of  (Questions.  Crown  Bvo. 
71.  6d. 

GLAZEBROOK  and  5//-4fr.— PRACTICAL  PHYSICS.    By 

R.   T.   GLAZEBROOK.   M.A.,  F.RS.,  and  W.  N.  Shaw,  M.A.     With  134 
Woodcuts.     Fcp.  8va,  75.  6rf. 

tPC/TVyy?/^.— MOLECULAR   PHYSICS   AND   SOUND.      By 
F.  Guthrie.  Ph.D.    With  91  Diagrams.    Fcp.  6vo.,  u.  6J. 


HELMHOLTZ,—VO?\JL\R   LECTURES   ON   SCIENTIFIC 

SUBJECTS.    By  H£Kmann  von  Helmholtz.    TranaUilcd  by  E.  Atkinson, 
Ph,D.,  F.C.S. ,  formerly  Professor  of  Experimenul  Science.  Staff  College.   With 
68  Illustrations.     2  vols.,  crown  8vo.,  3J.  tki.  each. 
CuNTENTs.— Vol.  t.— Tb«  ReUtioD  of  Nacurml  Science  to  Science  in  General — Goethc't 
Scientific  kesearches — The  Ph>*«ioloKical  Cao6efi  of  Hftrmoay  in  Music — Ice  and  Glaciers — The 
Interaction  of  the  Naiural  Forces— Ttie  Recent  Proves*  of  the  Theory  of  Vision — The  Conser- 
vation of  Force — The  Aim  and  Progress  of  Phyaical  Science. 

CoHTEWTS.— Vol.  II  — Gustav  Ma^us.  In  Mcmoriam— The  Origin  and  SignificsDce  of 
Geometrical  Axiomi — The  Relation  of  Optics  10  Paiating— The  Origin  of  the  Piaoeiary  System 
'— Thouxht  in  Medicine — Academic  Frecdoin  in  German  Universities — Hermaan  Von  Helm* 
bolts— An  AQtobiograpbtcal  Sketch. 

/(^.£.VZ?.£i?5(9iV:— ELEMENTARY     PHYSICS.       By    John 

Hknderson.  D.Sc  (Edin.),  A.L&.E.,  Pbysu:s  Deportment,   Borough  Road 
Polytechnic     Crown  Bvo..  ax.  &</. 


^y4C/:^/fA^.— EXERCISES    IN    NATURAL   PHILOSOPHY. 

By  Magnus  Maci-ean,  D.Sc.,  Professor  of  Electrical  Enpneenng  at  the 
Glasgow  and  West  of  Scotland  Tochnicat  College,     Crown  6vo.,  4/.  dd. 

MEYER.—'YllE  KINETIC  THEORY  OF  GASES.  Elemen- 
laO'  Treatise,  with  Mathematical  Appendices.  By  Dr.  OSKAR  Emil 
ME>rEK,  Professor  of  Physics  at  the  University  of  Breslatt.  Second  Revised 
Edition.  Translated  by  RoBRkT  £.  BavN£&,  M. A.,  Student  of  Christ  Church, 
Oxford,  and  Dr.  Lee's  Reader  in  Physics.    8vo. ,  15/.  net 

VAN     tI/OEK— THE    ARRANGEMENT    OF    ATOMS    IN 

SPACE  By  J.  H.  VAN  yHOFF.  Second.  Revised,  and  Enlarged  Edition. 
With  a  Preface  by  Johannes  Wislicenus.  Professor  of  Chemistry  at  the 
University  of  Letpcig ;  and  .in  Appendix  'Stereo-chemistry  among  Inorganic 
Substances,'  by  Alfrkd  Werner,  Professor  of  Chemistry  ai  the  University  of 
Zurich.    Traoslaled  and  Edited  by  ARNOLD  EiuuART.     Crown  Bvo,*  6j.  6(/. 


Scientific  IVorks  published  by  Longmans^  Green^  ^  CtK 


PHYSICS,  ETC.-a>«/«HK«/. 

IVATSON,—\\ot)^  by  W.  WATSON.  F.R.S.,  B.Sc.,  Assistant 
Professor  of  Physics  at  the  Royal  College  of  Science,  London  ; 
Assistant  Examiner  in  Physics,  Science  and  Art  Department. 
ELEMENTARY     PRACTICAL    PHYSICS:     a     LabocattM^J 

Manual  for  Use  In  Organised  Sciexic«  Schools.     With  lao  niastratioos  ■■  ~ 

Z93  Exercises.     Crown  8vo.»  2j.  (id.  . 

A    TEXTBOOK    OF    PHYSICS.      With  564   Diagrams   and !  ./ 

lUustraiioRS.     Large  crown  6vo.,  xoj.  6J»  <^  ^ 

WORTHINGTON.^K    FIRST    COURSE    OF     PHYSICAL 

LABORATORY    PRACTICE.      Conuining    264    Expcnmenis.      By  A.    M. 
WoRTHiNGTON.  M.A..  F. R.S.    With  Illustrations.    Crown  Svo.,  41.  6rf. 

^^/CP^r.— ELEMENTARY     PHYSICS.       By     Mark     R. 

Wkight.  M.A.,  Professor  of  Normal  Education,  Durham  College  of  ScieDoe. 
With  343  Illustrations.     Crown  8vo.,  ai.  6</. 


MECHANICS,    DYNAMICS,    STATICS,    HYDRO- 
STATICS.   ETC. 

BALL.— A  CLASS-BOOK   OF   MECHANICS.      By  Sir    R.  S. 

Ball,  LL.D.     89  Diagrams.     Fcp.  8vo.,  u.  6d. 

G£LI)AJ!D.— STATICS  AND  DYNAMICS.     By  C  Gkldard, 

M.A.,  formerly  Scholar  of  Trinity  College,  Cambridge.     Crown  8vo..  51. 

GOODEVE.—V^otV^  by  T.  M.  GOODEVE,  M.A.,  formerly 
Professor  of  Mechanics  at  the  Normal  School  of  Science,  and 
the  Royal  School  of  Mines. 

THE    ELEMENTS    OF    MECHANISM.      With    357    Wood- 
cuts.   Crown  8vo..  6*. 
PRINCIPLES  OF  MECHANICS.      AVith  253  Woodcuts  and 

numerous  Examples.    Crown  8vo..  6j. 
A   MANUAL   OF   MECHANICS:    an    Elementary  Tcxt-Boolc 
for  Students  of  Applied  Mechanics.     With  138  lUusirations  and  DiflLgrajns 
and  x88  Examples  taken  from  the  Science  Department  Examination  Papers. 
Vkitb  Answers.     Fcp.  8vo.,  s/.  64/. 

GOODMAN.— yiECHA^lCS  APPLIED  TO  ENGINEERING. 

By  John  Goodman,  Wh.Sch.. A.  M.I. C.E., M.I. M.E.,  Professor  of  Engineering 
in  the  Yorkshire  College,  Leeds  (Victoria  University).  With  6ao  lllustrauons 
and  numerous  examples.     Croum  Svo, ,  71.  td,  net. 

GUIEVE.-VE.SSO'^S     IN     ELEMENTARY     MECHANICS. 

By  W,  H.  Gkikve,  late  Engineer,  R.N.,  Science  Demonstrator  for  the  LoodoD 
School  Board,  etc. 
Stage  X.     With  165  IllustrAtions  and  a  large  number  of  Examples.     Fcp.   Svo.. 

M.(>J. 

Stage  2.  With  laa  lUtistrations.     Fcp.  8vo.,  x/.  bd. 
Stage  3.  With  103  Illustrations,     Fcp.  8vo.,  x;. 


Scientific  Works  published  by  Longmans^  Green, 


MECHANICS.    DYNAMICS,    STATICS.    HYDROSTATICS,    ETC.- 

Conff'nHetf. 

MAGNUS— Works  by  SIR  PHILIP  MAGNUS,  B.Sc.  B.A. 
LESSONS  IN  ELEMENTARY  MECHANICS.     Introductory 

to  the  study  of  Physical  Science     Designed  for  the  Use  of  Schools,  and  of 
Candidates  for  the  London  Matriculation  and  other  Examinations.     With 
numerous  Exercises,  Examples,  Examination  Questions,  and  Soluiioiu,  etc., 
from  1870-1895.     With  Answera,  and  131  Woodcuts.     Fcp.  8vo.,  y.  bd. 
Key  for  the  use  of  Teachers  only,  price  5J.  3^. 

HYDROSTATICS  AND  PNEUMATICS.     Fcp.  8vo.,  u.  6d. . 

or,  with  Answers,  u.    The  Worked  Solutions  of  the  Problems,  2/. 


HOBJNSON.— ELEMENTS    OF    DYNAMICS    (Kinetics    and 

Statics).      With    numerous    Exercises.      A    Text-book  for  Junior  Students. 
By  the  Rev.  J.  U  Robinson.  M.A.    Crown  8vo.,  6/, 

SMITH.— Works  by  J.  HAMBLIN  SMITH,  M.A. 
ELEMENTARY  STATICS.     Crown  8vo.,  is. 
ELEMENTARY  HYDROSTATICS.     Crown  8vo.,  3^. 
KEY  TO  STATICS  AND  HYDROSTATICS.    Crown  8vo.,  6j. 


TARLETON.—K^  INTRODUCTION  TO  THE  MATHE- 
MATICAL THEORY  OF  ATTRACTION.  By  Francis  A.  Tarleton, 
LL.D,,  Sc.D.,  Fellow  of  Trinii^-  College,  and  Professor  of  Natural  Philosophy 
in  Ibe  University  of  Dublin.     CroMi'n  Svo.,  toi.  6d. 


TA  VLOR.—WoTks  by  J.  E.  TAYLOR,  M.A.,  B.Sc.  (Lond.). 
THEORETICAL   MECHANICS,  including   Hydrostatics   and 

Pneumatics.     With  175  Diagrams  and  II  Just  rations,   and  522  Examination 
Questions  and  Answers.     Crown  8vo..  2s.  6J. 

THEORETICAL   MECHANICS— SOLIDS.     With  163  Illus- 

trations.  lao  Worked  Examples  and  over  500  Examples  from  Examination 
Papers,  etc.    Crown  8vo. ,  ir.  6rf. 

THEORETICAL  MECHANICS.— FLUIDS.     With  132  lUus- 

I  trations,  numerous  Worked  Examples,  and  atwui  500  Examples  from  Ex- 

amination Papers,  etc    Crown  8vo..  a/.  W. 

,  r-^C7i?iVr(:>iV;— THEORETICAL    MECHANICS— SOLIDS. 

Including  Kinematics,  Statics  and  Kinetics.  By  Arthi;r  Thornton,  M.A., 
F.  R.A.S.  With  200  Illustrations.  130  Worked  Examples,  and  over  900 
Examples  from  Examination  Papers,  etc.    Crown  8vo.,  4s.  6d. 


i 


8        Scientific  Works  published  by  Longmans,  Green^  df  Co^ 


mECHANICS,    DYNAMICS,    STATICS,    HYDROSTATICS.    ETC.— 

TWISDEN.—VJ Oiks  by  the  Rev.  JOHN   F.  TWISDEN.   M,A. 
PRACTICAL   MECHANICS;  an  Elementary  Introduction  to 

their  Study.     With  855  Exercises,  and  184  Figures  and  Dtagraou.      Crovm 
8va ,  los.  6d. 


THEORETICAL      MECHANICS.        With      172      Examples, 

numerous  Exercises,  and  154  Uiagraras.    Crown  8vo.,  &;.  6«f. 


^/ZZ/^J/5(? a:— INTRODUCTION    TO    THE    MATHE 

MATICAL  THEORY  OF  THE  STRESS  AND  STRAIN  OF  ELASTIC 
SOLIDS.     By  Benjamin  Williamson.  D.Sc.,  F.R.S.    Crown  8vo..  5J. 

WILLIAMSON    AND     TARLETON.—A^     ELEMENTARY 

TREATISE  ON  DYNAMICS.  Comaining  Applications  to  Thermodynamics. 
with  numcrotis  Examples.  B^  Bknjamin  WILLIAMSON,  D.Sc.,  F.R.S..  and 
Francis  A.  Tarleton,  LL.D.    Crown  8vo..  icw.  bd.  ~ 

WOI^TII/NG TON— D\UAUICS  OF   ROTATION:    an    Ele-" 

mentary  Introduction  to  Rigid  Dynamics.  By  A.  M.  Worthington.  M*A., 
F.R.S.     Crown  8vo.,  4s.  6d. 


M 


OPTICS  AND  PHOTOGRAPHY. 

W^A^^K— A  TREATISE  ON  PHOTOGRAPHY.  BySirAVit 

DE  WiVELESLiK  Abney.  K.C.B.,  F.R.S..  Principal  Assistant  Stfcretary  oT  I 
Secondary  Department  ol  the  Board  of  Education. 

GLAZEBH^OOIC,— PHYSICAL    OPTICS.      By    R.   T.   Glaii 

BROOK.  M.A.,  F.R.S.,  Principal  of  University  College,  Liverpool.  With  xSj 
Woodcuts  of  Apparatus,  etc     Fcp.  Bvo.,  6j. 

W^.^/6;/^r.— OPTICAL  PROJECTION:  a  Treatise  on  the  Use 

of  the  Lantern  in  Exhibition  and  Scientific  Demonstration.  By  Lewis  Wricrt, 
Author  of  '  Light :  a  Course  of  Experimental  Optics '.  With  333  lUustratioitt. 
Crown  8vo.,  6j. 


SOUND,  LIGHT,  HEAT,  AND  THERMODYNAMICS. 

Z?^K— NUMERICAL    EXAMPLES    IN    HEAT.      By    R. 
Day.  M.A.     Fcp.  8vo..  y.  bd. 

EMTAGE.— LIGHT.      By  W.  T.  A.  Emtage,  M.A.,  Director  of 
Education,  Mauritius.    With  33fl  Illustrations.     Crown  8vo..  6j« 


Scientific  IPorks  published  by  Longmans^  Green,  &*  Co. 


SOUND.  LIGHT.   HEAT,   AND  THERmODYNAMIC8-f>Mi/>*«fUMf.  | 

//ELMNOLTZ—ON  THE  SENSATIONS  OF  TONE   AS  A 

PHYSIOLOGICAL  BASIS  FOR  THE  THEORY  OF  MUSIC.      By  HER- 
MANN  vohf  Helmholtx.     Royal  8vo.,  28i. 


MA XIVELL. ^THEORY  OF  HEAT.     By  J.  Clerk  Maxwel^ 

M.A..  F.R.SS..  L.  tind  E.     With  Corrections  and  Additions  by  Lord  RAY 
LEIGH.     With  38  lUustraiions.     Fcp.  8vo.,  41.  6d. 

SM/TB.-^TKE  STUDY  OF  HEAT.      By  J.  Hamblin  Smith. 

M.A.,  or  Gonville  and  Caius  College,  Cambridge.     Crown  Bvo.,  3/. 

^TVNDJLL.—\Wor\is    by    JOHN    TYNDALL,    D.C.l-,    F.R.I 
See  p.  28. 

WORMELL.~-K    CLASS-BOOK    OF    THERMODYNAMICS 
By  Richard  Wormei-L.  B.Sc.  M..A.    Fcp.  8vo.,  \s.  6d. 

lV/?/GJ/T.— Works  by  MARK  R.  WRIGHT,  M.A.  f 

SOUND,    LIGHT,    AND    HEAT.      With   160   Diagrams  and 

lUustralioos.     Crown  8vo..  aj.  6</, 

ADVANCED    HEAT.       With    136   Diagrams   and   numerous 
Examples  and  Examination  Papers.    Crown  8va,  ^r.  6d, 


H 


I 


I 


STEAM,  OIL,  AND  GAS  ENGINES. 
-A  HAND-BOOK  FOR  STEAM   USERS;  being 

for  EnRinc  Drivers  and  Boiler  Aiicndanis,  with  Notes  on  Steam  Engine  and 
Boiler  Management  and  Steam  Boiler  Explosions.  By  M.  Powis  Bale, 
M.I.M.E..  A.M.I.C.E.     Fcp.  8vo.,  a*.  6J. 

'LEJiA'.—TUE    GAS    AND     OIL     ENGINE.       By    Dugald 

Ci.EKK.  Member  of  the  Institution  of  Civil  Eneineers,  Fellow  of  the  Chemical 
Society.  Member  of  the  Royal  Insliiution.  Fellow  of  the  Institute  of  Pateni^ 
Agents,     With  saS  lUustrattons.     Svo.,  151.  J 

HOLMES.— THE    STEAM    ENGINE.       By    George    C.    V." 

Hoi.MES,  Chairman  of  the  Board  of  Works,  Ireland.  With  aia  Woodcuts. 
Fcp.  8vo.,  6lj. 

NORmS.—A   PRACTICAL   TREATISE  ON  THE  'OTTO' 

L  CYCLE  GAS  ENGINE.      By  Wiluam  NORRtS,  M.I.Mech.E.     With  ao7 

■  Illustrations,     five,  10s.  fxi. 

RlPPEJi.—WoxVshy  WILLIAM  RIPPER,  Professor  of  Mechani- 
cal Engineering  in  the  Sheffield  Technical  School.  ^- 

STEAM.     With  J42  Illustrations.     Crown  8vo..  2s.  6d.  i| 

STEAM  ENGINE  THEORY  AND  PRACTICE,      With  438 
lUnstmtions.    8to.. 


10      Sdentifa  Works  published  by  Longmans^  Green^  &*  Co. 


STEAM.  OIL.  AND  GA8  E.HOIHE.S-€^h finned, 

SENNETTaxd  OJ^J^U.—THE  MARINE  STEAM  ENGINE: 

A  Treatise  for  Engineering  Sludenis,  Young  Engineers  and  Officers  of  ibe 
Royal  Navy  and  Mercantile  Marine.  By  the  late  RiCHAKD  Sennktt. 
Engineer- in- Chief  of  the  Navy,  etc.  ;  and  Henry  J.  Oram,  Senior  Engfineer 
Inspector  at  the  AdmiraUy,  Inspector  of  Machinery  in  H.M.  Fleet,  etc 
With  414  Diagrams.     8vo.,  21s. 

STI^OM£y£E.—UARl}^E   BOILER    MANAGEMENT  AND 

CONSTRUCTION.  Being  a  Treatise  on  Boiler  Troubles  and  Repair*, 
Corrosion.  Fuels,  and  Heat,  on  the  properties  of  Iron  and  Steel,  on  Boiler 
Mechanics,  Workshop  Practices,  and  Boiler  Design.  By  C.  E.  Stromctek. 
Chief  Engineer  of  the  Manchester  Steam  Users'  Association,  Member  of 
Council  of  the  Institution  of  Naval  Architects,  etc.  With  453  Diagrams,  etc 
Gvo.,  I2J.  net. 


BUILDING  CONSTRUCTION.  ETC. 
ADVANCED  BUILDING  CONSTRUCTION.     By  the  Author 

of  '  Rivingtons*  Notes  on  Building  Construction*.  With  385  lUustraiiona. 
Crown  6vo. ,  45.  6d. 

£l//i/^ELL,— BUILDING  CONSTRUCTION.     By  Edwakd  J. 

BuRRELL,  Second  Master  of  the  People's  PaJace  Technical  School,  London, 
With  303  Working  Drawings.     Crown  8va ,  aj.  6rf. 

PARKER   AND    UJVIV/M— THE    ART    OF    BUILDING    A 

HOME :  A  Collection  of  Lectures  and  Illustrations.  By  Barry  Pakkrr  and 
Raymond  Uswin.    With  68  Full-page  Plates.     Cr.  8vo.  loj.  6rf.  net. 

SEDDON.^BmLDER'S    WORK     AND    THE    BUILDING 

TRADES.  By  Col  H.  C.  Seddon.  R.E,.  late  Su peri n lending  En|ineeT. 
H.M. '5  Dockyard,  Portsmouth;  Examiner  in  Building  Construction,  Science 
and  Art  Department,  South  Kensington.  With  numerous  Iliiisirationi. 
Medium  8vo.,  i6j. 

rALDER,— BOOK   OF  TABLES,  giving  the  Cubic   Contents 

of  from  One  to  Thirty  Pieces  Deals,  Battens  and  Scantlings  of  the  Sixes  usually 
imported  or  used  in  the  Building  Trades,  together  with  an  Appendix  showing 
a  laree  number  of  sIecs,  the  Contents  of  whicli  may  be  round  by  referhog  to 
the  aKkressid  TabEes.     By  Thomas  Valdeh.    Oblong  410, 


RIVIKGTONS'  COURSE  OF  8UILDINC  C0M8TRUCTI0N. 
NOTES  ON  BUILDING  CONSTRUCTION.     Arranged  to  meet 

tbe  requirements  of  the  syllabus  of  the  Board  of  Education.     Medium  6vo. 

Part  I,    Elementary  Stage.     With  552  ^lustrations,  10s.  6d, 

Part  IL     Advanced  Stage.     With  479  Illustrations,  lox.  6d, 

Part  III.     Materials.     Course  for  Honours.     With  18S  Illustra- 
tions, aij. 

Part    IV.      Calculations   for    Building   Structures.      Course   for 

Honours.     With  597  Illustrations,  15J. 


Scientific  Works  published  by  Longmans^  Green,  &'  Co,      ri 


ELECTRICITY  AND  MAGNETISM. 

C^i?  6^5- /r/Z56>iV.—ELECTR0-DVNAMICS  :  the  Direct- 
Currcni  Motor.  By  Chakles  Ashley  Carlts-Wiuson,  M.A.  Cantab.  With 
71  Diagrams,  and  a  Series  of  Problems,  with  Answere.     Crown  8vo.,  ys.  fai. 

C Z7 J/ J//^(;.— ELECTRICITY  TREATED  EXPERIMEN- 
TALLY. By  LINN^USCUMMING,  M.A.  With 24a  Illusiratioiw.  QT.^\o.,is.bJ, 

Z>^y:— EXERCISES   IN   ELECTRICAL    AND    MAGNETIC 

MEASUREMENTS,  with  Answers.     Ry  R.  E.  DAY.     lanio.,  y.  6d. 

GOJ^E,— THE  ART  OF  ELECTRO-METALLURGY,  including 

all  known  Processes  of  Electro- Deposition.  By  G.  Gore.  LL.  D..  K  R.S.  With 
56  Woodcuts.     Fcp.  8vo.,  6j. 

^^7V7>^i?5<97V:— WorksbyJOHNHENDERSON,D.Sc.,F.R.S.E. 
PRACTICAL  ELECTRICITY  AND   MAGNETISM.      With 

ic;9  Illustrations  and  Diagrams.     Crown  8vo.,  (ks.  6d, 

PRELIMINARY  PRACTICAL  MAGNETISM  AND  ELEC- 
TRICITY :  A  Text-book  for  Organised  Science  Schools  and  Elementary 
Evening  Science  Schools.     Crown  8vo..  is. 

/^W'^/A^— ELECTRICITY  AND  MAGNETISM.    By  Fleeming 

JENKIN,  F.R,S..  M.I.C.E.     With  177  Illustrations.     Fcp.  8vo..  y.  6J. 

/O^^^^r.— ELEMENTARY  TREATISE  ON  ELECTRICITY 
AND  MAGNETISM.  By  G.  C.  Foster.  F.R.S,.  and  E.  Atkinson,  Ph.D. 
With  381  Illustrations.     Crown  8vo.,  75.  6d. 

/OyC£.— EXAMPLES   IN    ELECTRICAL    ENGINEERING. 

By  Samukl  JorCK,  A.l.E.E.     Crown  8vo.,  y, 

LA/dDi:N.— ELECTRICITY  FOR  PUBLIC  SCHOOLS  AND 

COLLEGES.    By  W.  Larden.  M.A.     With  2x5  lUusiralions.    Cr.  Bvo.,  6s. 

MACLEAN  AND  AfAJ^CIfAJVT,— ELEMENTARY  QUES- 
TIONS IN  ELECTRICITY  AND  MAGNETISM.  With  Answers.  Com- 
pUed  by  Magnus  Maclean.  D.Sc..  M.I.E.E..and  E.  W.  Marchant,  D.Sc. 
A.I.E.E.     Crown  8vo.,  ts. 

MERRIFIELD.— MAGNETISM  AND  DEVIATION  OF  THE 

COMPASS.     By  John  MERRiprEi,D,  LL.D..  F.R.A.S.,  i8ino..  ai.  6rf. 
P^j^i?.— PRACTICAL  ELECTRICAL  TESTING  IN  PHYSICS 

AND  ELECTRICAL  ENGINEERING,  being  a  Course  suitable  for  First 
and  Second  Year  Students  and  others.  By  G.  D.  Aspinall  Parr.  Assoc. 
M.I.E.E.     With  231  Illustrations.     8vo.,  8j.  6rf. 

POySEIi,—\\ox\is  by  A.  W.  POYSER,  M.A. 

MAGNETISM  AND  ELECTRICITY.    With  235  Illustrations. 

Crown  8vo. ,  3J.  6t/. 

ADVANCED    ELECTRICITY   AND    MAGNETISM.      With 

317  lUustralions.     Crown  8vo. ,  4^.  6d. 

SLINGO  AND  BROOKER.—V^otVs  by  W.   SLINGO  and   A. 
BROOKER. 
ELECTRICAL  ENGINEERING  FOR  ELECTRIC  LIGHT 

ARTISANS  AND  STUDENTS.    With  371  Illustraiions.    Crown  8va,  lai. 

PROBLEMS      AND      SOLUTIONS      IN      ELEMENTARY 

ELECTRICITY  AND  MAGNETISM.    With  98  Illustrations.    Cr.  8vo..aj. 

rKA^^^ZZ.— Works  by  JOHN  TVNDALL,D.C.L.,F.R.S.Seep.a8. 


LONGMANS'  CIVIL  ENGINEERING  SERIES. 

Edited  by  Lhe  Author  of  '  Notes  on  Buildint;  Construction  *. 

NOTES  ON  DOCKS  AND  DOCK  CONSTRUCTION.  By  C. 
CoL&ON,  M.Insi.CE.,  Deputy  Civil  Engineer -in -Chief,  Admiralty.  Wlih  365 
Illustrations.     Medium  tivo.,  au.  net. 

CALCULATIONS     IN     HYDRAULIC     ENGINEERING:     a 

Practical  Text-Book  for  the  use  of  Students,  Draughtsmen  and  Engineers.  By 
T.  Claxton  Fidler,  M.lnst.C.E.,  Professor  of  Engint«nng,  University 
College,  Dundee. 

Part  L  Fluid  Pressure  and  the  Calculation  of  its  Effects  in  En- 
{pncering  Structures.  With  numerous  Illtistralioos  and  Examples.  Svo.. 
6j.  6ti.  net. 

RAILWAY   CONSTRUCTION.      By  W.   H.   Mills.   M.I.C.E., 

Enginccr-in-Chief  of  the  Great  Northern  Railway  of  Irrland,  Wuh  516  Hliu- 
tratioos  and  Diagrams.     Svo.,  ]3.t.  net, 

PRINCIPLES  AND  PRACTICE  OF  HARBOUR  CON- 
STRL'CTION.  By  William  Shield.  F.R.S.E.,  M.Inst.C.E..  and  Executive 
Engineer,  National  Harbour  of  Refuge,  Peterhead,  N.B.  With  97  Illustrations. 
Medium  8vo..  155.  net. 

TIDAL  RIVERS:  their  (i)  Hydraulics,  (2)  Improvement,  (3) 
Navigation.  By  W.  H.  Whe£L£B.  M.tostUK.  With  75  Illustrations. 
Medium  8vo..  its.  net. 


NAVAL  ARCHITECTURE. 

A  TTIVOOD.— TEXT 'BOOK    OF    THEORETICAL    NAVAL 

ARCHITECTURE  .  a  Manual  for  Students  of  Science  Classes  and  Draughts- 
men Engaged  in  Sbipbuildcrs*  and  Naval  Arcbttecti>'  Dra^^-ing  Offices.  E^ 
Edward  Lewis  Attwood,  Assistant  Constructor,  Royal  Navy;  Meml)cr  of 
the  Institution  of  Naval  Architects ;  Lecturer  on  Naval  Construction  at  the 
Roy:il  Naval  School.  Greenwich.     With  1x4  Diagrams.     Crown  Svo.,  7/.  6*/. 

fr.//r56>iV.— NAVAL  ARCHITECTURE  :  A  Manual  of  Uying- 
off  Iron,  Steel  and  Composite  Vessels,  By  Thomas  H.  Watson,  Lecturer  on 
Naval  Arcliitecture  at  the  Durham  College  of  Science,  Newcastle-upon-Tyne. 
With  niunerous  Illustrations.     Royal  Svo.,  i,^.  net. 


4 

i 

i 


MACHINE  DRAWING  AND  DESIGN. 
ZOfV.—Works  by  DAVID  ALIjVN  LOW,  Professor  of  Engineer- 
ing, East  London  Technical  College  (People's  Palace). 
IMPROVED  DRAWING  SCALES,     6d.  in  case. 
AN    INTRODUCTION   TO    MACHINE    DRAWING    AND 

DESIGN.     With  153  Illustrations  and  Duigrams.     Crown  Svo,  aj.  6</. 

LOIV  A.XD  BEFIS.—k  MANUAL  OF  MACHINE  DRAWING 
AND  DESIGN.  By  David  Allan  Low  and  Alpbed  William  Bbvis. 
M.I.Mech.E.     With  700  Illustrations.     Sva,  7/.  (sJ. 

C/NIV/N,—^THE   ELEMENTS  OF  MACHINE   DESIGN.     By 
W.  Cawthornb  Unwin.  r.  R.S. 
Part    L       General     Principles,    Fastenings,    and     Transmissive 

Machinery.     With  345  Diagrams,  etc.     Fcp.  8va.  7J.  6*/. 

Part   II.      Chiefly   on    Engine   Details.      With    174   Woodcuts. 
Fcp.  Sva,  4i.  td. 


14      Scientific   Works  published  by  Longmans^  Green^  6*  Co^ 


WORKSHOP  APPLIANCES.  ETC. 

NORTffCOTT,~l.kTHES  AND  TURNING.  Simple,  Mecha- 
nical and  Ornamental.  By  W.  H.  Northoott.  With  338  III ust rations. 
8vo.,  r8^ 

^^^ZZjEK— WORKSHOP  APPLIANCES,  including  Descrip- 
tions of  some  of  the  Gauging  and  Measuring  Instnuiients,  Hand-cutting  Tools, 
Lathes.  Drilling,  Planeing.  and  other  Machine  Tools  used  by  Engineers.  By 
C.  P.  B.  Shellky,  M.l.C.E.  With  an  additional  Chapter  on  Milliag  bf  R. 
R.  LiSTKR.     With  333  Woodcuu.     Fcp.  8vo.,  5/. 


MINERALOGY,  METALLURGY,  ETC. 

BAUE/^AfAN.^WoTks  by  HILARY  BAUERMAN,  F.G.S. 
SYSTEMATIC    MINERALOGY.      With   373   Woodcuts    and 


Diagrams.     Fcp.  8vo. ,  6s. 

DESCRIPTIVE    MINERALOGY. 

DiagnuDS.     Fcp.  8vo.,  6i. 


With  236  Woodcuts  and 


GOJi£,—rnE  ART  OF  ELECTRO-METALLURGY,  including 

all  known  Processes  of  Electro- Deposit  ion.  By  G.  Gore.  LL.D.,  F.R.S. 
With  56  Woodcuts.     Fcp.  avo..  6^. 

HUNTINGTON  AND  MCMILLAN  -METALS:  their  Properties 

and  Treatment  By  A.  K.  HuNTiNGTON,  Professor  of  Metallurgv  in  King's 
College,  London,  and  W.  G.  M'Millak,  Lecturer  on  Metallurg>'  in  Muon's 
College.  Birmingham.     With  122  lUustratioas.     Fcp.  Bvo.,  71.  bd. 

HI/EAI).— METALLURGY,      An  Elementar>'  Text-Book.      By 

E.  C.  Rhkad,  Lecturer  on  Metallurgy  at  ibe  Municipal  Technical  School, 
Manchester,    With  94  Illustrations.     Fcp.  8va,  y.  6rf. 

JRUTLEY.—THE  STUDY  OF  ROCKS:  an  Elementary  Text- 
book of  Petrology.  By  F.  RuTLEy,  F.G.S.  With  6  Plates  and  88  WoodctiM, 
Fcp.  8vo. ,  45.  (kd. 


ASTRONOMY,  NAVIGATION,  ETC. 
ABBOTT—YA.YME^yKKY    THEORY    OF    THE    TIDES: 

the  Fundamental  Theorems  Demonstrated  without  Mathematics  and  the  In- 
fluence on  the  Length  of  the  Day  Discussed.  By  T.  K.  ABBOTT,  B.D.,  Fellow 
and  Tutor,  Tricuty  College.  Dublin.     Crown  8vo. ,  ai. 

^>*ZZ.— Works  by  Sir  ROBERT  S.  BALL.  LL.I).,  F.R.S. 

ELEMENTS  OF  ASTRONOMY.     With  130  Figures  and  Dia- 


grams.    Fcp.  6vo.,  61.  6t/. 

A   CLASS-BOOK    OF    ASTRONOMY. 

Fcp.  8vo.,  xf.  6d. 


With   41    Diagrams. 


SdiHtifi4   Works  published  by  L&ngmans^   Green^  &*  Co, 


ASTRONOMY.   NAVIGATION.   ETC.-eWt/iW«e//. 

D£    CAAfP/GJVE (/LL£S.  — OBSEKVATIOSS   TAKEN    AT 

DUMRAON.  BEHAR.  INDIA,  during  itie  Eclipse  of  ibe  aand  lanuary.  1898, 
by  a  Party  of  Jesuit  Fathers  of  the  Western  Bengal  Mission.  By  the  Rev,  V, 
DE  Campignei/lles,  S.J.     With  14  Plates.     4I0.,  ioj.  6*/.  net. 

(J/ZZ.— TEXT-BOOK  ON  NAVIGATION  AND  NAUTICAL 
ASTRONOMY.  By  J.  GiLL,  F.R.AS..  late  Head  Master  of  the  Liverpool 
Corporation  Nautical  College.     8vo. .  xoj.  6d, 

//E/?SC/f£L,—OVTlA^ES  OF  ASTRONOMY.  By  Sir  Johm 
F.  W.  Herschbi.,  Bart,  K.H.,  etc.  With  9  Plates  and  numerous  Diagrams. 
6vo.,  X2i. 

rO/i DAM —ESSAYS  IN  ILLUSTRATION  OF  THE  ACTION 

OF  ASTRAL  GRAVITATION  IN  NATURAL  PHENOMENA.  By 
WiLUAM  Leighton  JORDAN'.     With  Diagrams.     8vo.  ,9i. 

LAUGHTON.—K^     INTRODUCTION    TO    THE     PRAC- 

TICAL  AND  THEORETICAL  STUDY  OF  NAUTICAL  SURVEYING. 
By  John  Knox  Laughton,M.A,F.R.A.S.  With  35  Diagrams.  Crown8va,6i. 

LOWELL,— ^ASiS.     By  Percival  Lowell,  FeUow  American 

Academy.  Member  Royal  Asiatic  Society,  Great  Britain  and  Ireland,  etc. 
With  34  Plates,     8vo. ,  xar.  (td, 

il/'^^77jV:— NAVIGATION  AND  NAUTICAL  ASTRONOMY. 

Compiled  by  Staff  Commander  W.  R.  Martin,  R.N.     Royal  8vo..  i8j. 

MERRIFJELD,—k    TREATISE    ON    NAVIGATION.      For 

the  Use  of  Students.  By  J.  Merripield.  LUD..  F.R,A.S.,  F.M.&  With 
Charts  and  Diagrams.     Crown  8vo. ,  51. 

PARKER,— EAJEME^TS  OF  ASTRONOMY.     With  Numerous 

Examples  and  Examination  Papers.      By  GEORGE   W.    Pakker,   M.A.,   of 

Trinity  College,  Dublin.     With  84  Diagrams,     8vo. ,  s*.  61/.  net. 

H^^^^.— CELESTIAL  OBJECTS  FOR  COMMON  TELE- 
SCOPES By  the  Rev.  T.  W.  WEBB,  M.A..  F.R.A.S.  Fifth  Edition, 
Revised  and  greatly  Enlarged  by  the  Rev.  T.  E  Espin.  M.A..  F.R.A.S.  (Two 
Volumes.)  Vol  I.,  with  Portrait  and  a  Reminiscence  of  the  Author,  2  Plates, 
and  numerous  Illustrations.  Crown  8va,  6/.  Vol.  II.,  with  numerous  Illustra* 
lions.     Crown  8vo.,  6j.  &/. 


WORKS  BY  RICHARD  A.  PROCTOR. 

THE  MOON :  Her  Motions,  Aspect,  Scenery,  and  Physical 
Condition.  With  many  Plates  and  Charts,  Wood  Engravings,  and  a  LunAi 
Photographs.     Crown  8vo. ,  51.  6(f. 

OTHER    WORLDS    THAN    OURS:    the   Plurality  of    Worlds 

Studied  Under  tbe  Light  of  Recent  Scientific  Researches.    With  14  Illustrations; 
Map,  Charts,  etc.     Crown  8vo.,  ys,  fat. 

OUR  PLACE  AMONG  INFINITIES:  a  Series  of  Essays  con- 
trasting our  Lutle  .Abode  in  Space  and  Time  with  the  Infinities  around  us. 
Crown  8vo.,  y.  ^i. 


1 


1 6      Scientific  Works  published  by  Longmans^  Green^  ^  Co. 


WORK8  BY  RICHARD  A.   PROCTOR-rv>ff/#n««</. 

MYTHS   AND   MARVELS    OF   ASTRONOMY.      Crown  Zso.^ 

31.  6(/. 

LIGHT  SCIENCE  FOR  LEISURE  HOURS:    Familiar  Essays 

on  Sciemific  Subjects,  Natural  Phenomena,  etc     Vol  I.     Crovrn  8vo..  3J.  drf. 
THE  ORBS  AROUND  US;    Essays  on  the  Moon  and  PlaneU, 

Meteors  and  Comets,  the  Sun  and  Coloured  Pairs  of  Suns.    Crown  8vo. .  31.  htL 

THE  EXPANSE  OF  HEAVEN:  Essays  on  the  Wonders  of  the 

Firmament.     Crown  8vo. ,  5/.  bd. 

OTHER  SUNS  THAN  OURS:  a  Series  of  Essays  on  Suns— Old. 

Voune,  and  Dead.  With  other  Science  Gleanings.  Two  Essays  on  \\1ust» 
and  Correspondence  with  Sir  John  Herscbel.  With  9  Star-Maps  and  DtagramL 
Crown  Bvo.,  y.  td, 

HALK-HOURS   WITH  THE  TELF^COPE :   a   Popular  Guide 

to  the  Use  of  the  Telescope  as  a  means  of  Amusement  and  Instruction.  With 
7  Plates.     Fcp.  Bvo. ,  zi.  6*/. 

NEW   STAR   ATLAS   FOR  THE    LIBRARY,  the  School,  and 

the  Observatory,  in  Twelve  Circular  Maps  (with  Two  Index-Plates).  With  an 
1  ntroduclion  on  the  Study  of  the  Stars.    I  llustrated  by  9  Diagrams.   Cr.  Bvo. ,  51. 

THE  SOUTHERN  SKIES:  a  Plain  and  Easy  Guide  to  the 
Const elhitions  of  the  Southern  Hcnjisphcre.  Showing  in  xa  Maps  the  positicn 
of  the  principal  Star-Groups  night  after  night  throughout  the  yesu.  with  an 
Introduction  and  a  separate  Explanation  of  each  Map,  True  for  every  Year. 
4to..  5J. 

HALF-HOURS  WITH  THE  STARS:  a  Plain  and  Easy  Guide 

to  the  Knowledge  of  the  Constellations.  Showing  in  13  Maps  the  position  of 
the  principal  Star-Groups  night  lifter  night  throughout  the  year,  wiih  Intro- 
duction and  a  separate  Explanation  of  each  Map.  True  for  ever)-  Year. 
410. ,  y.  6d. 

LARGER  STAR  ATLAS  FOR  OBSERVERS  AND  STUDENTS. 

In  Twelve  Circular  Maps,  showing  6000  Stars,  1500  Double  Stars,  Nebulae,  etc. 

With  a  Index-Plates,     rolio,  151. 

THE    STARS    IN   THEIR    SEASONS:    an   Easy  Guide   to  a 

Knowledge  of  the  Star-Groups.     In  la  Large  Maps,     Imijerial  8vo.,  51. 
ROUGH     WAYS     MADE     SMOOTH.        Familiar    Essays    od 

Scientific  Subjects.      Crown  Svo.,  p.  bd. 

PLEASANT  WAYS  IN  SCIENCE.     Crown  8vo,.  y,  td. 
NATURE  STUDIES.      By  R.  A.  Proctor,  Grant  Ai.len,  A. 

Wilson,  T.  Foster,  and  E.  Clodd.    Crown  Bvo.,  3*.  td. 

LEISURE   READINGS.      By  R.   A.    Proctor,   E.   Clodd.   A. 

WiLEON,  T.  Foster,  and  A.  C.  Ran  yard.    Crown  8vo.,  v.  ^d. 


PHYSIOGRAPHY  AND  GEOLOGY. 
.ff/^Z>.— Works  by  CHARLES  BIRD,  B.A. 

ELEMENTARY  GEOLOGY.     With   Geological   Map  of  the 

British  Isles,  and  247  Illustrations.     Crown  Bvo.,  aj.  &/. 

ADVANCED  GEOLOGY.     A  Manual  for  Students  in  Advanced 

Classes  and  for  Genera!  Readers.  With  over  kx)  lUustraiions.  a  Geological 
Map  of  the  British  UIk  (coloured),  and  a  %t  of  Questions  for  Examination. 
Crown  8vo.,  7J.  f>d. 


Scientific  Works  published  by  Longmans^  Grten^  &*  Co. 


PHYSIOGRAPHY   AND   GEOLOGY- ^Vih/^nm^c/. 

G/^E£N.—  PH\^ICA],   GI'XJLOOV    KOK   STUDKNTS   AND 

GENERAL  READERS.  By  A.  H.  Green,  M.A.,  K.G.S.  Wiih  336  lUus- 
trattODs.     Svo.f  2tt. 

MORGAN.— '\VoxV.s  by  Alex.  Morgan^  M.A.,  D.Sc,  F.R.S.E. 
ELEMENTARY  PHYSIOGRAPHY.     Treated  Experimentally. 

With  4  Maps  and  243  Diagrams.     Crown  8vo. ,  3J.  61/. 

JFADVANCED     PHA^SIOGRAPHY.       With    215    Illustrations. 

Crown  8vo.,  4J.  fai. 

THORNTON.~\\ovk^  by  J.  THORNTON,  M.A. 
ELEMENTARY  PRACTICAL  PHYSIOGRAPHY. 
Part  I.     With  215  Illustrations.     Crown  Svo.,  2s.  6rf. 
Part  II.     With  98  Illustrations,     Crown  Svo.,  is.  6</. 
ELEMENTARY    PHYSIOGRAPHY  :    an  Introduction  to  the 

Study  of  Nature.     \S'ilh  13  Maps  and  395  Hlustrjlion^.     With  Appendix  on 
Astronomical  InAtrumcnls  and  Mcasurcincnls.     Crown  8vo. ,  u,  td, 

ADVANCED    PHYSIOGRAPHY.      With    11    Maps   and    255 

Illustrations.     Crown  8vo.,  41.  f>ii. 

NATURAL  HISTORY  AND  GENERAL  SCIENCE.       ! 

BEDDARD.—'VHE  STRUCTURE  AND  CLASSIFICATION 
or  BIRDS.  By  Fkank  E.  Bkduaku.  M.A..  I''.R.S.,  Prosector  and  Vice- 
Secretary  of  the  Zoological  Society  of  London.     With  353  Illus.     8vo.,  2U.  net. 

FURNEAUX.—WovVs  by  WILLIAM   FURNEAUX,  F.R.G.S. 
THE  OUTDOOR  WORLD;  or,  The  Young  Collector's  Hand- 

book.     With  iS  Plates.  16  of  which  arc  coloured,  and  549  lUusiraiions  in  the 
Text.     Crown  8vo.,  6j.  net. 

LIFE  IN  PONDS  AND  STREAMS.     With  8  Coloured  Plates 

and  331  Illustrations  in  the  Text.     Crown  8vo.,  6j.  net. 

BUTTERFLIES  AND  MOTHS  (British).     With  12  Coloured 

Plates  and  241  Illustrations  >n  the  Text.     Cro^vTi  Svo.,  6i.  net. 

HCDSON.—^KYYISH  BIRDS.     By  W.  H.  Hudson.  C.M.Z.S. 

With  S  Coloured  Plates  from  Original  DrawTngs  by  A.  Thouburn.  and  8  Plates 
and  100  Figurt:s  by  C  E.  Lodgr.  and  3  Illustrations  from  Photographs. 
Crown  8vo.,  6j.  net, 

NANSEN.-^TWE.  NORWEGIAN  NORTH  POLAR  EX- 
PEDITION. 1S93-1896:  Scientific  Rcsulu.     Edited  by  FRiOTjoif  Nansen. 

Volurac  I.     With  44  Plates  nnd  nunicrous  Illusiralions  in  the  Text     Dcray 

4to.,  401.  net. 
►CosTiNis     The  /■><;")— The  Jurassic  Fauna  of  Cape  Flora.     With  •  Oeok>(CicAl  Slccich 
Cape  Flora  and  iti  S'elghbonrhood — Fosail  Plant*  from  Fnnz  Joaef  Lasd — \n  Account  of 
tin  Birds— Cruitacea. 

Volume  It.     With  a  Charts  and  17  Plates.     Demy  4I0.,  301.  net. 
CoNTLNis.  A&troDomicml ObaerA'ation* — Terreatrlal  Magnetimm — Kesuluofthe  Pendulum 
— Obseri*atioaB  and  soine  Rcmarki  on  tbe  ConKtitution  of  the  Eartb'a  Cruat. 

ORAfEROD.—^KlTX'^H   SOCIAL   WASPS  :    An  Introduction 

to  their  Anatomy  and  Physiology*,  Architecture  and  General  Natural  History. 
With  14  Plates  illustrating  the  Different  Species  and  their  Nests.  By  Edwasd 
LathAN  ORMUiROD.  M.D.     Crown  8vo. .  ioj.  6rf- 

STANLEY.— K  FAMILIAR  HISTORY   OF   BIRDS.      By  F 

Stanley.  D.D..  formerly  Bishop  of  Norwich.    With  t6o  Illustrations.     C>- 
8vo.,  IS.  td. 


,  1 8      Scientific   Works  published  by  Longmans^   Greeny  df  Co. 


MANUFACTURES.  TECHNOLOGY,  ETC. 

BELL.^J ACQVARD  WEAVING  AND  DESIGNING.  By  F.  T. 
Bkll.     With  199  Diagrams.     8vo..  izi.  nei. 

CROSS  Ar^D  £EVAN.—\\or\i^  by  C.  F.  Cross  and  E.  J.  Bkvan. 
CELLULOSE  :    an  Outline  of  the  Chemistry  of  the  Structural 

»  Elements  of  Plants.     Wiih  reference  to  their  Natural  History  and  Industrial 

Uses.     (C.  F.  Cross,  E.  J.  Bkvan  and  C.  Beadle.)     With  14  Plates^ 
Crown  Bvo.,  la;.  net. 

RESEARCHES  ON  CELLULOSE,  1895-1900.    Crown  8vo., 

6j.  net. 
/  UPTON.— Works  by  ARNOLD  LUPTON,  M.I.C.E..  F.G.S..  etc. 
MINING.     An  Elementary  Treatise  on  the  Getting  of  Minerals. 

■  With  596  Diagrams  and  Dlustratioiu.     Crown  8vo. ,  91.  net. 

A     PRACTICAL    TREATISE    ON     MINE    SURVEYING. 

With  Illustrations.     8vo. 

MORRIS  AND  WILKINSON,— THE  ELEMENTS  OF  COT- 
TON SPINNING.  By  John  Morris  and  F.  Wilkinson.  With  a  Preface 
by  Sir  B.  A.  Dobsok.  C.E.  ,  M.I.M.E.  With  169  Diagrams  and  Illustrations^ 
Crown  8vo. ,  7/.  6</.  net. 

j?/C/^^i^Z?^.— BRICKLAYING  AND  BRICK-CUTTING.     By 

H.  W.  Richards.  Examiner  in  Brickwork  and  Masonry  to  the  City  and 
Guilds  of  London  institute,  Head  of  Building  Trades  Department.  Nonhem 
Polytechnic  Institute,  London,  N,  With  over  200  Illustrations.  Medium  8vo.» 
y.td, 

TJ  VLOR.— COTTON    WEAVING    AND    DESIGNING.      By 

John  T.  Taylor,     With  373  Diagrams.    Crown  8vo,.  75,  6rf.  net 

WATTS.— AN  INTRODUCTORY  MANUAL  FOR  SUGAR 
GROWERS.  By  Francis  Watts.  F.C.S.,  F.I.C.  With  ao  Ulusiraiioiis. 
Crown  8\*o.,  6j.  ^^^^ 

HEALTH  AND  HYGIENE. 

\ASIIBY.— HEALTH  IN  THE  NURSERY.     By  Henry  Ashby, 

M.D.,  F.R.C.P.     With  35  Illustralions.     Crown  fivo.,  35.  net. 

\M(/CKTON,— HEALTH  IN  THE  HOUSE.      By  Mrs.  C.  M. 

Bi;cKTON.     With  41  Woodcuts  and  Diagrams.     Crown  8vo. ,  aj. 

CORFIELD,— THE  LAWS  OF  HEALTH.     By  W.   H.  CoR- 

riKLD.  M.A.,  M.D.     Fcp.  Bvo.,  is.  6d. 

INOTTER  AND  FIRTH,— WoxVs  by  J.  L.  NOTTER,  M.A.,  M.D., 
and  R.  H.  FIRTH,  F.R.C.S. 
HYGIENE.     With  95  Illustrations.     Crown  8vo.,  35.  6d. 
PRACTICAL  DOMESTIC  HYGIENE.     With  83  Illustrations. 

Crown  8vo.,  zs.  td. 

FOORE.— Works  by  GEORGE  VIVIAN  POORE,  M.D. 
ESSAYS  ON  RURAL  HYGIENE.     Crown  8va.  6s.  6//. 
THE  DWELLING-HOUSE.      With   36  Illustrations.     Crown 

Bvo..  3J.  6d, 

WILSON— A   MANUAL  OF   HEALTH-SCIENCE:    adapted 

for  use  in  Schools  and  Colleges.  By  Andrew  Wilson.  F.R.S.E..  F.US..  etc 
With  T.4  Illustrations.     Crown  8vo.,  aj.  6rf, 


Scientific   Works  pubiished  by  Longmans^ 


MEDICINE   AND  SURGERY. 

ASH  BY  AND  WRIGHT.— T¥iY.  DISEASES  OF  CHILDREN 

MEDICAL  AND  SURGICAL.  By  HENRY  ASHBY.  M.D..  Lend..  F.k.C.P.* 
Physician  to  the  General  Hospital  for  Sick  Children.  Manchester;  and  G.  A. 
Wright,  RA..  M.B.  Oxon.,  F.R.C.S.,  Eng..  Assistant-Sxirgeon  to  the  Mft^. 
Chester  Royal  Infirmary,  and  Surgeon  to  the  Children's  Hospital.  Enlarged 
and  Improved  Edition.     With  19a  Illustrations.     8vo. ,  35J. 

BENNETT.— WoTks  by  Sir  WILLIAM  BENNETT,  K.C.V.O., 
F.R.C.S.,  Surgeon  to  St.  George's  Hospital;  Member  of  the 
Board  of  Examiaers,  Royal  College  of  Surgeons  of  England. 

CLINICAL  LECTURES  ON  VARICOSE  VEINS  OF  THE 

LOWER  EXTREMITIES.     With  3  Plates.     8vo..  ts. 

ON  VARICOCELE  ;   A  PRACTICAL  TREATISE.     With  4 

Tables  and  a  Diagram.     8vo..  55. 

CLINICAL     LECTURES     ON     ABDOMINAL     HERNIA: 

chiefly  irt  relation  to  Treatment,  including  the  Radical  Cure.  With  xs  Dia- 
grams in  the  Text.     Bvo. ,  8j.  6d. 

ON    VARIX,    ITS    CAUSES    AND    TREATMENT,    WITH 

ESPECIAL  REFERENCE  TO  THROMBOSIS:  an  Address  delivered 
at  the  Inaugural  Meeting  of  the  Nottingham  Medico-Chirurgical  Society, 
Session  xd96-99.     8vo. ,  35.  6<1. 

THE    PRESENT  POSITION  OF  THE  TREATMENT  OF 

SIMPLE  FR.'VCTURES  OF  THE  LIMBS.     Bto.,  ai.  6rf. 

ON    THE    USE    OF    MASSAGE   AND   EARLY   PASSIVE 

MOVEMENTS  IN  RECENT  FRACTURES  AND  OTHER  COMMON 
SURGICAL  INJURIES.  AND  THE  TREATMENT  OF  INTERNAL 
DERANGEMENTS  OF  THE  KNEE-JOINT.  With  xa  Illustrations. 
8vo.,  4J.  6d. 

BENTLEY,—\    TEXT-BOOK    OF    ORGANIC    MATERIA 

MEDICA  Comprising  a  Description  of  the  Vegetable  and  Animal  Drugs  of 
the  British  Pharmacopoeia,  urith  some  others  in  common  use.  Arranged 
Systematically,  and  Especially  Designed  for  Students.  By  Robert  Bentlev, 
M.R.C.S.  Eng.,  F.L.S.     With  62  Illustrations  on  Wood.     Crown  8vo.,  yj.  6</. 

BROn/E.— THE  ESSENTIALS  OF  EXPERIMENTAL  PHY- 
SIOLOGY. For  the  Use  of  Students.  By  T,  G.  Brouik,  M.D.,  Lecturer  on 
Physiology,  St.  Thomas's  Hospital  Medical  School.  With  2  Plates  and  177 
Illustrations  in  the  I'exl.     Crown  8vo.,  6s.  6d* 

CABOT— A  GUIDE  TO  THE  CLINICAL  EXAMINATION 

OF  THE  BLOOD  FOR  DIAGNOSTIC  PURPOSES.  By  Richard  C. 
Capot,  M.D.,  Physician  to  Out-patients.  Massachusetts  General  Hospital. 
With  3  Coloured  Plates  and  a8  Itlustraiions  in  the  Text.     8va,  i6r. 

C^ZZ/— MALARIA,    ACCORDING    TO    THE    NEW    RE- 

SEARCHES.     By  Prof.  Angfxo  Celli,  Director  of  the  Institute  of  HyRiene, 
University  of  Rome.     Translated  from  the  Second  Italian  Edition  by  John 
Joseph  Eyre.  M.R.C.P.,  L.R.C.S.  Ireland.  D.P.H.  Cambridge.     With  .in 
Introduction  by  Dr.  PATRICK  Manson.  Medical  Adviser  to  tbe  Colonial  OflSci 
8vo.,  lof,  6(/. 


20      Scientific  Works  published  by  Longmans^  Green^  &*  Cc, 


MEDICINE  AND  8URCERY-09iff//iiM#(/. 

CHEYNE  AND  BURGHARD.~K  MANUAL  OF  SURGICAL 

TREATMENT.  By  W.  Watson  Chey>e,  C.B..  M.B.,  F.R.C.S..  F.R-S., 
Professor  of  Surgery  in  King's  College,  Londoa,  Surgeon  to  King's  CoUe|{r 
Hospital,  etc.  ;  and  F.  F.  Bukuharu,  M.D.  and  M.S.,  F.R.C.S..  Teacher  of 
Practical  Surgery  in  King's  CoUege,  London,  Surgeon  to  Kind's  CoUcs^. 
Hospital  (Lontt),  etc- 

Part  L     The  Treatment  of  General  Surgical  Diseases,  including 

InHanimation,  Suppuralion,  LMceration.  Gangrene.  Woundsand  thf^irCompU- 
cations,  Infecti\e  Diseiises  and  Tumours;  the  Administration  of  Anaesthetics. 
With  66  Ilhislrations.     Royiil  8vo.,  loi.  td,  [Krady, 

Part  IL     The  Treatment  of  the  Surgical  Affections  of  the  Tissues, 

including  the  Skin  and  Subcutaneous  Tissues,  the  Nails,  the  Lymphatic 
VesseJs  and  Glands,  the  Fascia-,  Bursa;,  Muscles.  Tendons  and  Tendoo- 
sheaths,  Nerves,  Arteries  and  Veins,  Deformities,  With  141  Illustrations. 
Royal  8vo.,  14J.  [h'caJy. 

Part  IlL     The  Treatment  of  the  Surgical  Affections  of  the  Bones, 

Amputations.     With  100  Illustrations.     Royal  8vo.,  laj. 

Fart  IV.     The  Treatment  of  the  Surgical  Affections  of  the  Joints 

(including  Exci&ions)  and  theSr>ine.    With  138  Illustrations.     Royal  8va  ,  14/. 

Part  V.     The  Treatment  of  the  Surgical  Affections  of  the  Head, 

Face,  Jaws,  Lips,  I.Amyx  and  Trachea ;  and  the  Intrinsic  Diseases  of  ibe 
Nose,  Ear  .and  Larynx,  by  H.  Lamdkrt  Lack,  M.D.  (Lond.),  F.R.C.S., 
Surgeon  to  the  Hospital  for  Diseases  of  the  Thro^it,  Golden  Square,  and  to 
the  Throat  and  Ear  Department.  The  Children's  Hospital.  Paddin^on 
Green.     With  145  Illustrations.     Royal  8vo.,  iSj. 

CLi4/?A'£.— POST-MORTEM  EXAMINATIONS  IN  MEDICO- 
LEGAL AND  ORDINARY  CASES.  With  Special  Chapters  on  the  I.egsU 
Aspects  of  Post-mortems,  and  on  Certificates  of  Death.  By  I.  Jacxsum 
Clarke,  M.B,  Lond.,  F.R.C.S.,  Assisum  Surgeon  at  the  North-west  London 
and  City  Orthopaedic  Hospitals,  etc     Fcp.  8vo.,  2J.  td. 

COATS,— k     MANUAL    OF     PATHOLOGY.       By    Joseph 

Coais,  M.D,,  late  Professor  of  Pathology  in  the  Universuy  of  Glasgow. 
Fourth  Edition.  Revised  throughout  and  ^ited  by  Lewis  R.'Suthext-AKD. 
M.D.,  Professor  of  Pathology,  University  of  Sl  Andrews.  With  490  lUostra- 
tions.     8>-o.,  3Zi.  (nt 

COOKE.—Works  by  THOMAS  COOKE,  F.R.C.S.  Eng.,  B.A., 
B.Sc.   M.D.,   Paris. 
TABLETS  OF  ANATOMY,     being  a  Synopsis  of  Demonstra- 
tions given  in  the  Westminster  Hospital  Medical  SchooL     Eleventh  Editkm 
in  Three  Parts,  thoroughly  brought  up  to  date,  and  with  over  700  Mlustra* 
tions  from  all  the  best  Sources,  British  and  Forngn.     Foist  4(0. 
Part  I.     The  Hones.     7.^.  6d.  net. 
Part  IL     Limbs,  Abdomen,  Pelvis.     loi.  64A  net. 
Part  III.     Hciid  and  Neck,  Thorax,  Brain,     loj.  6d.  net. 
APHORISMS  IN  APPLIED  ANATOMY  AND  OPERATIVE 

SURGERY.  Including  xoo Typical  virJ  iw/  Questions  on  Surface  Marking, 
etc.     Crown  8vo..  ji.  torf. 

DISSECTION  GUIDES.    Aiming  at  Extending  and  Facilitating 
^  such  Practical  work  m  Anatomy  as  will  be  specially  useful  m  conaectioa  with 

an  ordinary  Hospital  Curriculum.     8vo.,  icu.  6d. 


I 


MEDICINE  AND  8URGERY-a>M/f>iiiM/. 

DAKIN.—k  HANDBOOK  OF   MIDWIFERY.      By  Wiuu^ 


Radkord   Dakjn,   M.D.,   F.R.C.P.,   Obstetric  Physician   and   Leciuro- 
Midwifery  at  St.  George's  Hospital,  etc.  " 

crown  8va ,  x8j. 


OQ 


With  394   niustraiions.      L^rjPe 


\% 


niCKINSON.~~V^o\\is  by  W.  HOWSHIP  DICKINSON,  M.D 
Cantab.,  F.R.C.P. 
ON    RENAL   AND    URINARY   AFFECTIONS.       With 

Plates  and  122  Woodcuts.     Three  Pans.     8vo.,  ^^3  4J.  6d, 

THE    TONGUE    AS    AN    INDICATION    OF    DISEASE; 

being  the  Lumleian  T^ectures  delivered  March,  1886.     8vo.,  yj.  61/. 

OCCASIONAL  PAPERS  ON  MEDICAL  SUBJECTS.  1855- 

IB96.       8vO.  ,    I2J. 

MEDICINE  OLD  AND  NEW.  An  Address  Delivered  on 
the  Occasion  of  the  Opening  of  the  Winter  Session,  1899-1900.  at  St.  George's 
Hospital  Medical  School,  on  and  October.  1899.     Crown  8vo..  zj.  6</. 

DUCKlVOJiTJI.—\\ox\i%  by  Sir  DYCE  DUCKWORTH.  M.D., 
LL.D.p  Fellow  and  Treasurer  of  the   Royal   College  of  Phy- 
sicians, etc. 
THE  SEQUELS  OF  DISEASE:  being  the  Lumleian  Lectures, 

I0g6.     8vo.,  lOJ.  6rf. 

rTHE     INFLUENCE    OF    CHARACTER    AND     RIGHT 
■  JUDGMENT  IN  MEDICINE:   the  Harveian  Oration,  1898.     Post  410. 


ERICHSEN.^T^VE  SCIENCE  AND   ART  OF  SURGERY; 

a  Treatise  on  Surgical  Injuries,  Diseases,  and  Operations.     By  Sir  John  Eric 
"'■'■*■""•        "        M.Ch.  and  F.R.CS.  Ireland. 

4S/. 


EmCHSKN,  Bart.,  F.R,S.,  LL.D,   Edin..  Hon. 
Illustrated  by  nearly  1000  Engravings  on  Wood. 


2  vols.     Royal  8vo. , 


i 


FOWLER    AND     GODLEE.^TUE     DISEASES    OF    THE" 

LUNGS.  By  James  Kingstok  Fowlek.  M.A..  M.D.,  K.R.C.P.,  Physician 
to  the  Middlesex  Hospital  and  lo  the  Hospital  for  Consumption  ond  Diseases 
of  the  Chest,  Brompton.  etc.  ;  and  RiCKMAN  John  Godlee,  Honorary  Surgeon 
in  Ordinaiy  lo  His  .Majesty,  M.S.,  F.R.C.S.»  Fellow  and  Professor  of  Clinical 
Surgery,  IJniversity  CoH^e,  London,  etc.     With  260  lUustrationa.     8vo.,  25/. 

GARROD.— Works    by    Sir    ALFRED    BARING    GARROD, 
M.D.,  F.R.S.,  etc. 
A    TREATISE    ON    GOUT    AND    RHEUMATIC    GOUT 

(RHEUMATOID  ARTHRITIS).      With  6  Plates,  comprising  21    Figures 
1X4  Coloured),  and  27  Illustrations  engraved  on  Wood.     8vo..  21J. 
THE  ESSENTIALS  OF  MATERIA  MEDICA  AND  THERA- 
PEUTICS.   Crown  Bvo..  13/.  6d. 

GOODSALL  AND  J//ZiT5.— DISEASES  OF  THE  ANUS  AND 

RECTUM.  By  D.  H.  Goodsall.  F.R.C.S..  Senior  Surgeon,  Metropolitan 
Hospital ;  Senior  Surgeon,  St.  Mark's  Hospital ;  and  W.  Eknest  Miles. 
F.R.C.S.,  Assistant  Surgeon  to  the  Cancer  Hospital.  Surgeon  (oui-paticnis), 
10  the  Gordon  Hospital,  etc.  (In  Two  Parts.)  Part  I.  With  91  Illustrations. 
8vo..  7J.  6-/.  neL 


2  2       Scientific  Works  published  by  Longmans^  Green,  &•  C*. 


MEDICINE  AND  8URGERY-0>M/»*Mfr«f. 

GRA  K.— ANATOMY.  DESCRIPTIVE  AND  SURGICAL.      By 

Hesrv  Gray.  F.R.S.  The  Fifteenth  Edition,  Enlarged,  edited  by  T. 
Pickering  Pick,  F.R.C.S,,  Consulting  Surgeon  to  St.  Georges  Hospitad, 
and  by  Ro»ERT  HowDCN.  M.A..  M.B.,  CM..  Profe&sgr  of  Anatomy  in  the 
University  of  Durham.  With  77a  large  Woodcut  lUustrations.  a  large  pro 
portion  of  which  are  Coloured,  the  Arteries  being  coloured  red.  the  Veioi 
Islae,  and  the  Nerves  yellow.  The  attachments  of  the  muscles  10  liie  boocs, 
in  the  section  on  Osteology,  are  also  sboi^Ti  in  coloured  outline.  Rg^taI 
8vo.,  32J. 

HALLIBURTON.~\SoxV.%  by  W.  D.  HALLIBURTON,  M.D., 

F.R.S.,  Professor  of  Physiology  in  King's  College,  London. 
A    TEXT-BOOK    OF    CHEMICAL    PHYSIOLOGY     AND 

PATHOLOGY.     With  104  Illustrations.     8vo..  aSx. 

ESSENTIALS   OF  CHEMICAL    PHYSIOLOGY.      Wth  77 

Illustrations.    8vo..  51. 

L^iVG.— THE    METHODICAL    EXAMINATION    OF    THE 

EYE.  Being  Part  I.  of  a  Guide  to  the  Practice  of  Ophthalmology  for  Studenu 
and  Practitioners.  By  WiLt^iAM  Lang,  F.R.C.S.  Eng.,  Surgeon  to  the  RoTml 
London  Ophthalmic  Hospital,  MooriSelds,  etc  With  15  [UustratioaSL 
Crown   8vo.,  y.  td 

LIVEING.— HANDBOOK  ON    DISEASES  OF   THE   SKIN. 

With  especial  reference  to  Di:ignosis  and  Treatment.  By  Robert  Liveing. 
M.A.  and  M.D.,  Cantab.,  F.K.C.P.  Lond..  etc..  Physician  to  the  Department 
for  Diseases  of  the  Skin  at  the  Middlesex  Haspital.  etc.     Fcp.  8vo..  51. 

Z67^^— TEXTBOOK    OF    FORENSIC     MEDICINE     AND 

TOXICOLOGY.  By  Arthur  P.  Luff.  M.D..  B.Sc.  (Lond.).  Physician 
in  Charge  of  Out-patients  and  Lecturer  on  Medical  Jurisprudence  and 
Toxicology  in  St.  Marys  Hospital.  With  13  full-page  Plates  (i  in  colours)  and 
33  Illustrations  in  the  Text,     a  vols.    Crown  8vo.,  24^. 

/VCA".— SURGERY :   a  Treatise  for  Students  and  Praclitionera, 

By  T.  Pickering  Pick,  Consulting  Surgeon  to  St.  George's  Hospital ;  Senior 
Surgeon  to  the  Victoria  Hospital  for  Children ;  H.M.  Inspector  of  Anatomy  ui 
England  and  Wales.     With  441  Illustrations.     Mediiun  8vo.,  ay. 

POOL£.— COOKERY  FOR  THE  DIABETIC.     By  W.  H.  and 

Mrs.  PooL£,     With  Preface  by  Dr.  Pavy.     Fcap.  Svo-,  ax.  6«/. 

PROBYN' WILLI AMS.—K  PRACTICAL  GUIDE  TO   THE 

ADMINISTRATION  OF  AN-ESTHETICS.  By  R.J.  PROBYN-WiLUAMs. 
M.D..  Anaesthetist  and  Instnicior  in  Anaesthetics  at  the  London  HospitaJ : 
Lecturer  in  Anesthetics  at  the  London  Hospital  Medical  College,  etc  Crown 
8vo.,  4J.  6i/.  net. 

QUAIN.  —  A     DICTIONARY    OF     MEDICINE;     Including 

General  Pathology.  General  Therapeutics,  Hygiene,  and  the  Diseases  of 
Women  and  Children.  By  Various  Writers.  Edited  by  Sir  Kicmard  Quain, 
Bart..  M.D.  I.ond.,  LL.D.  Edin.  (Hon.)  F.R.S.  Assisted  by  Frederick 
Thomas  Roberts,  M.D.  Lond..  B.Sc,  Fellow  of  the  Royal  College  of  Physi- 
cians, Fellow  of  University  College,  etc. ;  and  J.  Mitchell  Bruce.  M.A. 
Abdn.,  M.D.  Lend.,  Fellow  of  the  Royal  College  of  Physicians  of  London,  eta 
a  Vols.    Medium  8vo.,  40J.  net. 


Sdentifi(  Works  published  by  Longmans^  Gretn^  &• 


MEDICINE  AND  8URGERY-e3oM/«ffMM/. 

<)iM/jV.— QUAIN'S   (JONES)  ELEMENTS   OF   ANATOMY. 

The  Ttiilh  Edition.     Edited  by  EUWARU  AlbkrtSchafek,  F.R.S.,  Professor 
of  Physiology  in  the  University  of  Edinburgh  ;  and  GEORGE  Dancer  ThaNb, 
Professor  of  Anatomy  in  University  CoUege.  I^ndon. 
•»•  The  several  pans  of  this  work  form  COMPLETE  TEXT-BOOKS  OF  their  rr. 

8PECTIVK  SUBJECTS. 


Vol.  i.,  PART  I.  EMBRYOLOGY. 
By  E.  A.  Schafer,  F.R.S.  With 
aoo  niustrations.     Royal  8vo..  or. 

Vol.  I..  Part  II.  GENERAL  ANA- 
TOMY OR  HISTOLOGY.  ByE. 
A.  SchXfer,  F.R.S.  With  391 
Illustrations.     Royal  Bvo.,  12;.  6</. 

Vol.  II..  Part  I.  OSTEOLOGY— 
ARTHROLOGY.  ByG.D. Thane. 
With  324  I^lus.     Royal  8vo.,  lu. 

Vol.  11..  Part  II.  MYOLOGY— 
ANGEIOLOGY.  By  G.  D.  THANE. 
With  199  Illustrations.  Royal  8vo. . 
i6j. 

Vol.  IIL.  Part  I.  THE  SPINAL 
CORD  AND  BRAIN.  By  E,  A. 
Schafer.  F.R.S.  With  139  Illus- 
trations.    Royal  8vo..  laj.  td. 

SCHAFER. 


VOU  UL,  Part  IL  THE  NERVES. 
By  G.  D.  Thane,  With  loa 
Jllustrations.     Royal  8vo.,  91. 

Vol,  in,,  part  in.    the  organs 

OF  THE  SENSES.  By  E.  A. 
SchXfeh.  F.R.S.  With  178  Illttt- 
trations.     Royal  8vo.,  91. 

Vou  in..  Part  IV.  SPLANCH- 
NOLOGY. By  E.  A.  SchXfer. 
F.R.S  .and  Johnson  Symington, 
M,  D.  With  337  Illustrations.  Royal 
8vo.,  x6j. 

Appendix.  SUPERFICIAL  AND 
SURGICAL  ANATOMY.  By 
Profosor  G.  D.   Thane  and  Pro- 


fessor R.  J.  Godlee,  M.S.    Wiib 
29  Illustrations.   Royal  8vo.,  6;.  6^. 

Works  by  E.  A.  SCHAFER,  F.R.S.,  Professor  of 


Physiolog)-  in  the  University  of  Edinburgh. 

THE  ESSENTIALS  OF  HISTOLOGY.  Descriptive  and 
Practical.  For  the  Use  of  Students.  Hlustmted  by  nearly  400  Figures,  Fifth 
Edition,  Revised  and  Enlarged.     8vo..  8i. 

PRACTICAL     DIRECTIONS     FOR    CLASS    WORK     IN 

PHYSIOLOGY ;  Elementary  Physiology  of  Muscle  and  Nerve  and  of  the 
Vascular  and  Nervous  Systems.     With  Diagrams.     8vo. 

SCHENK.— MANUAL   OF    BACTERIOLOGY.      For    Practi- 

tioners  and  Students.  With  especial  reference  to  Practical  Methods.  By  Dr. 
S.  L.  ScHENK.  Professor  (Extraordinary)  in  the  University  of  Vienna.  Trans- 
lated from  the  German,  with  an  Appendix,  by  W.  R.  Dawson.  B.A.»  M.D.. 
Univ.  Ehib.  ;  late  University  Travelling  Prizeman  In  Medicine.  With  joo 
Illustrations,  some  of  which  are  coloured.     8vo..  ioj.  net. 

SMALE  AND   COLVER.      DISEASES  AND  INJURIES  OF 

THE  TEETH,  including  Pathology  and  Treatment:  a  Manual  of  Practical 
Dentistry  for  Students  and  Practitioners.  By  MoRTON  Smale,  M.R.C.S., 
L.S.A.,  L.D.S.,  Denial  Surgeon  to  St.  Mary's  Hospital,  Dean  of  the  School, 
Denial  Hospital  of  London,  etc  ;  and  J.  F.  COLYER,  L.R.C.P.,  M.R.C.S., 
L.D.S.,  Assistant  Dental  Surgeon  to  Cbaring  Cross  Hospital,  and  Assistant 
Dental  Surgeon  to  the  Dental  Hospital  of  London.  With  640  Illustrations. 
Large  crown  8vo. 

SMITH  {H.  R).     THE  HANDBOOK  FOR  MIDWIVES.     By 
Henry  FlySmith.B.A..  M.B.  Oxon..  M.R.C.S.    41  Woodcuts.    Cr.  avo,,5J. 

STEVENSON.— \^0\J^DS  IN  WAR:  the  Mechanism  of  their 

Pioduction  and  their  Treaimcnl.  By  Surgeon -Col  on  el  W.  F.  Stevknson 
(Army  Medical  Staflf).  A.B..  M.B..  M.Ch.  Dublin  University.  Professor  of 
MilitarySurgery,  Army  Medical  School,  Nedey.  With  86  Illustration*.  8vo.,x8r. 


24      Scientific   Works  publishid  by  Longfunns,  Green^  <y  Co. 


MEDICINE  AND  8URCERV-0>m/iiw«/. 

TAPPEINER.—  INTRODUCTION      TO      CHEMICAL 

METHODS  OF  CLINICAL  DIAGNOSIS.  By  Dr.  H.  Tappeineb. 
Professor  of  Pbannaco)og>-  and  Principal  of  Ibe  Ptu^acological  Institute  ol 
ibc  Cniversiiy  of  Munich.  Translated  by  Eduond  J.  McWekney.  M.A..  M.D. 
(Royal  Univ.  of  Ireland),  UR.C.P.I.,  etc     Cro«-n  8vo..  31.  6rf. 

Jf'^ZZ^^.— Works  by  AUGUSTUS  D.  WALLER,  M.D., 
Lecturer  on  Ph>'siology  at  St.  Mar)''s  Hospital  Medical  School, 
London ;  late  External  Examiner  at  the  Victorian  L^niversiiy. 

AN  INTRODUCTION  TO  HUMAN  PHYSIOLOGY.     Third 

Edition,  Revised,     With  ji-t  llUisirations.    8vo,,  i8j. 

LECTURES  ON  PHYSIOLOGY.      First  Series.      On  Animal 

Electricity.     Bvo. ,  y.  net. 

IVEICBSELBAUM.—IHE  ELEMENTS  OF   PATHOLOGI- 

CAL  HISTOLOGY.  With  Special  Reference  to  Practical  Methods.  By  Dr. 
Anton  WeichselbAUM.  Professor  of  Pathology  in  the  University  of  Vienn*. 
Translated  by  W.  R.  DawsON.  M.D.  (Dub.),  Denionstrator  of  Pathology  in 
the  Royal  College  of  Surgeons,  Ireland,  late  Medical  Travelling  Prucman  of 
Dublin  University,  etc  with  2ai  Figures,  partly  in  Coloiu^,  a  Chromo-Utho* 
graphic  Plate,  .and  7  Photographic  Plates.     Royal  8vo.,  an.  net. 

WILKS  AUD  Jft^A'C^A^.— LECTURES  ON   PATHOLOGICAL 

ANATOMY.  By  Sir  SAMUEL  WiLKS.  Bart..  M.D,.  F.R.S..  Past  President  of 
the  Royal  College  of  Physicians,  and  the  late  Walter  Moxon,  M.  D..  F.  R.C.  P.. 
Phwician  10,  and  some  time  I,«:turer  on  Pathology  at,  Guy's  HospitaJ.  Third 
Edition,  thoroughly  Revised.  By  Sir  SAMUEL.  WiLES.  Bart,,  M.D.,  LL,D., 
F.R.S.     8vo..  16/. 


VETERINARY  MEDICINE,  ETC. 

//7Z//*KGi^-/ J/.— HORSES  AND  STABLES.  By  Lieut.- General 

Sir  F.  FiTZWVGaAM,  Bart.     With  56  pages  of  Illustrations.     Bvo..  y.  net. 

^STEEL.~-^Sox\^  by  JOHN  HENRY  STEEL,  F,R.C.V.S.,  F.Z.S., 
A.V.D.,  late  Professor  of  Veterinary  Science  and  Principal  of 
Bombay  Veterinary  College. 
A  TREATISE  ON  THE  DISEASES  OF  THE  DOG;  Ijemg 
I  a  Manual  of  Canine  Pathology.     Especially  adapted  for  the  use  of  Vcterinaiy 

I  Practitioners  and  StudenLs.     With  88  Illustnttions.    8vo..  loi  6*/. 

A  TREATISE  ON  THE  DISEASES  OF  THE  OX  ;  being  a 
Manual  of  Bovine  Pathology.  Especially  adapted  for  the  use  of  Veterinary 
Practitioners  and  Studenu.  With  a  PUitcs  and  117  Woodcuts.  Bvo.  13/. 
A  TREATISE  ON  THE  DISEASES  OF  THE  SHEEP  ;  being 
a  Manual  of  Ovme  Pitthology  for  the  use  of  Veterinary  Practitioners  and 
S)tudenls.     With  Coloured  Plate  and  99  Woodcuts.    8vo.,  lax. 

YOUATT.—\\qxV%  by  WILLIAM  VOUATT. 
THE  HORSE.     With  52  Wood  Engravings.     8vo.,  7^.  6</. 
THE  DOG.     With  33  Wood  Engravings.     8vo.,  6j. 


Scientific   Works  published  hy  Longmans^  Green,  if  Co. 


PHYSIOLOGY,  BIOLOGY,  BACTERIOLOGY,  AND 
ZOOLOGY. 

(And  see  MEDICINE  AND  SURGERY.) 

ASJ/B  K— NOTES  ON  PHYSIOLOGY  FOR  THE  USE  OP 
STUDENTS  PREPARING  FOR  EXAMINATION.      By  Henry  Ashbv. 

M.D,  Lond..  F.R.C.P.,  Physician  lo  the  Genera!  Hospital  for  Sick  Cbildrcii, 
Manchester ;  formerly  Demonstrator  of  Physiology,  Liverpool  School  of 
Medicine.     With  148  Illustrations.     i8mo. ,  v. 

BAENETT.—IH^  MAKING  OF  THE  BODY:  a  Children's 

Book  on  Anatomy  and  Physiology.  By  Mrs.  S.  A.  Baakbtt.  With  113  tllus- 
trations.     Crown  8vo. ,  \s.  9c/. 

BEDDARD.—WoxVs  by  FRANK  E.  BEDDARD.  M.A.  Oxon. 
ELEMENTARY  PRACTICAL  ZOOLOGY.     With  93  Illustra- 

lions.     Crown  8vo. ,  as.  Scf. 

THE  STRUCTURE  AND  CLASSIFICATION  OF  BIRDS. 

With  25a  Illustrations.     8vo..  au.  net. 

BIDGOOD.—k  COURSE  OF  PRACTICAL  ELEMENTARY 

BIOLOGY.  By  John  Biooood.  B.Sc.,  F.L.S.  With  336  Illustrations. 
Crown  8vo. ,  4J.  6J. 

^^^K— PHYSIOLOGY  AND  THE  I^VVS  OF  HEALTH,  in 

Easy  Lessons  for  Schools.     By  Mrs,  Charles  Bray.     Fcp.  8vo..  \5. 

BJ^ODIE.  —  THE  ESSENTIALS  OF  EXPERIMENTAL 
PHYSIOLOGY.  For  the  Use  of  Students.  By  T,  G.  Brodie,  M.D..  Lecturer 
on  Physiology,  St.  Thdma^s  Hospital  Medic-il  School.  With  a  Plates  and  177 
Illustiations  in  the  Text.     Crown  8vo.,  6j.  Sd. 

CURTIS.— THE  ESSENTIALS  OF  PRACTICAL  BACTERI- 
OLOGY :  An  Elomenlarv  Laboratory!  Hook  for  Students  and  Practitioners.  By 
H,  J.  Curtis.  B.S.and  M.D.  <Lond.)'.F.R.C.S.  With  133 Illustrations.  8VO..9J. 

/:^^7YA'Z.4iVZ?.— MICRO-ORGANISMS    IN    WATER.       To- 

f ether  with  an  Account  of  the  Bacteriological  Methofls  involved  in  their 
nvestigalion.  Specially  designed  for  the  use  of  those  connected  with  the 
Sanitary  Aspects  of  Water-Supply.  By  Pekcy  Franklakd.  Ph.D..  aSc. 
(Lond.).  F.R.S. ,  and  Mrs.  Percy  Frankland.  With  a  Plates  and  Numerous 
Diagrams.     8vo,.  167.  net. 

FURNEAUX.~n\JUkN  PHYSIOLOGY.     By  W.  Furneaux, 

F.R.G.S.     With  ai8  Illustrations.     Crown  8vo..  aj.  6d. 

HUDSON  AND    GOSSE,—'VY{'£.   ROTIFERA.   or  MVHEEL- 

ANIMACULES*.  By  C.  T.  Hudson.  LL.D.,  and  P.  H.  Gosse,  F.R.S. 
With  30  Coloured  and  4  Uncoioured  Plates.  In  6  Parts.  410.,  los.  61/.  each. 
Supplement  laj.  6d.     Complete  in  a  vols. .  with  Supplement.  410..  £\  4J. 

AfACALISTE/^.  —  WoAs   by    ALEXANDER    MACALISTER, 
M.D. 
AN  INTRODUCTION  TO  THE  SYSTEMATIC  ZOOLOGY 

AND     MORPHOLOGY    OF     VERTEBRATE    ANIMALS.       With  41 
Diagrams      8vo..  tot.  6d. 

ZOOLOGY  OF  THE  INVERTEBRATE  ANIMALS.     With 

59  Diagrams.     Fcpw  8vo. .  x^.  6^. 

ZOOLOGY  OF  THE  VERTEBRATE  ANIMALS.     With  77 

Diagrams,     Fcp,  8vo.,  is.  6tf.  __ 


i6      Scientific  Works  publishtd  by  Longmans,  Green,  <y  Co, 


PHYSIOLOGY.  BIOUOGY.  BACTERIOLOGY.  AND  ZOOLOOY-Om/. 

MACDOUGAL.—VKXCllCM.  TEXT-BOOK  OF  PLANT 
PHYSIOLOGY.  By  Daniel  Trembly  MacDougal.  Ph.D..  Director  of  tbc 
Laboratories  of  the  New  York  Botanical  Garden.  With  159  lUustratioos. 
8vo.,  7i.  6t/.  net 

^(9(?j^^.— ELEMENTARY     PHYSIOLOGY.      By    Benjamjm 

Moore,  M.A..  Lecturer  on  Physiology  at  the  Charing  Cross  Hospital  Medical 
School.     With  135  Illustrations.     Crou-n  8vo..  3).  Sd. 

MOJ^GAJV.—ASIUAL  BIOLOGY  :  an  Elementar)'  Text-Boolc 
By  C.  Lloyd  Morgan,  F.FLS.,  Pnncipal  of  University  College,  Bristol  With 
103  lUust  rat  ions.     Crown  8vo.,  Si.  6d. 

5C^^AX.— MANUAL  OF  BACTERIOLOGY,  for  Practitioners 
and  Students,  with  Especial  Reference  to  Practical  Methods.  By  Dr.  S.  L. 
SCHENK.    With  100  Illustrations,  some  Coloured.    Svo.,  los.  net. 

I/fO/ilVTOAr.—HVMAN  PHYSIOLOGY.    By  John  Thornton, 

M.A.     With  367  Illustrations,  some  Coloured.     Crown  Bvo.,  6/. 


BOTANY. 

^/rA-^iVl  — ELEMENTARY    TEXT-BOOK    OF    BOTANY. 

By  EoiTH  AiTKEN,  late  Scholar  of  Ginon  College.  With  400  Diagrams. 
Crown  Bvo..  4J.  6i. 

BENNETT  and  J/i/^iP^K.— HANDBOOK  OF  CRYPTO- 
GAM IC  BOTANY.  By  Alfred  W.  Bennett.  M.A..  B.Sc..  F.L.S..  Lecturer 
on  Botany  at  St.  Thomas's  Hospiul ;  and  George  MURRAY.  F.L.S.,  Keeper 
of  Botany,  British  Museum.     With  378  Illustrations.     Bvo.,  x6i. 

CROSS  AND  BE  VAN— Works  by  C.  F.  Cross,  E.  J.  Bevan  and 
C.  Beadle. 
CELLULOSE:  an  Outline  of  the  Chemistry  of  the  Structural 
Elements  of  Plants.     With  Reference  10  their  Natuml  History  and  Industrial 
Uses.     With  14  Plates.     Crown  Bvo.,  xar.  net. 

RESEARCHES  ON  CELLULOSE,  1895-1900.     Crovm  8vo.» 
6s.  net, 

CUET/S.—A  TEXT-BOOK   OF   GENERAL    BOTANY.      By 

Carlton  C.  Curtis.  A.M..  Ph.D..  Tutor  m  Botany  in  Columbia  University. 
U.S.A.     With  87  Illustrations.     8vo.,  lax.  net. 

EDMONDS.— Works  by  HENRY  EDMONDS.  B.Sc.  London. 
ELEMENTARY  BOTANY.  With  342  Illustrations.  CT,Svo^2s,6d. 
BOTANY   FOR   BEGINNERS.     With  85   Illustrations.     Fcp. 

8vo.,  u.  6rf. 

FARMER.— A    PRACTICAL    INTRODUCTION    TO    THE 

STUDY  OF  BOTANY  ;  Flowering  Plants.  By  J.  Bretlano  Farmer.  F-R.S.. 
M.A.,  Professor  of  Botany  in  the  Royal  College  of  Science,  London.  With  lai 
Illustrations.     Crown  Svo,  a/.  6rf. 

KITCHENER.— A  YEAR'S  BOTANY.  Adapted  to  Home  and 
School  Use.   By  Frances  A.  Kitchener.   With  195  Illusirationa.   Cf.8vo..5j. 

UNDLEY  AND  AfOORE.— THE  TREASURY  OF  BOTANY. 

Edited  by  J.  LiNDLEY.  M.D.,  F.R.S.,  and  T.  MooRC,  F.L.S.  With  ao  Stoe 
Platea  and  aiunerons  Woodcuts.    Two  parts.     Fcp.  8vo..  xaf. 


BOTANY— n>H//«Mtfr/. 

AfcJVAB.—CLASS-BOOK  OF   BOTANY.     By  W.  R.  McNab. 

MORPHOLOGY        AND       PHYSI- 1    CL-\SSIFICAT10N     OF     PLANTS. 
OLOGY.        With    4a     Diagrams.  Wilh   iiB   Diagrams.      Fcp.  8vo.. 

Fcp.  8vo.,   I  J.  bd.  '  u.  6d, 

SORA  U£R,—h  POPULAR  TREATISE  ON  THE  PHYSIO- 
LOGY OF  PLANTS,  By  Dr.  Paul  Soraukh.  Translated  by  F.  E.  Weiss. 
B.Sc.,  F.L.S.     With  33  Illustrations.     8vo.,  <^.  net. 

THOME  AND  ^^AWffrr.— STRUCTURAL  AND  PHYSIO- 
I  LOGICAL  BOTANY.     By  Otto  Wu.hklm  TuoMff  and  by  Alfred  W. 

I  Bennett,  B.Sc,.  F.L.S,   With  Coloured  Map  and  600  Woodcuts.   Fcp.8vo.,6j. 

I     7-^7^^  Z7/:— DISEASES    OF     PLANTS     INDUCED     BY 

L  CRYPTOGAMIC  PARASITES.      Introduction  to  the  Study  of  Pathogenic 

■  fl'^E^'  Slime  Fungi,   Bacteria  and  AlgiC.      By  Dr.   Karl  Freiherr  voN 

V  Al 


TUBEUF,  Privatdocent  in  the  University  of  Munich.  English  Edition  by 
William  G.  Smith.  B.Sc..  Ph.D..  Lecturer  on  Plant  Physiology,  Univenity- 
of  Edinburgh.     With  330  Illustrations.     Royal  8vo.,  i8.r.  net. 

T     AGRICULTURE  AND  GARDENING. 

^Z>ZPK/J/^jV:— AGRICULTURAL  ANALYSIS.     A  Manual  of 

Quantitative  Analysis  for  Students  of  Agriculture.  By  FRANK  T.  AddyMAN» 
~  ~      '        -  •    F.f.C      " 


• 


B.Sc.  (Lond.),  F.I.C.     With  49  Illustrations.     Crov^n  8vo.,  55.  net. 

COLEMAN  AND  A DnyMAN  — PRACTICAL  AGRICUL- 
TURAL CHEMISTRY.  By  J.  Bernard  Coleman,  A.R.C.Sc.  F.I.C.  and 
Frank  T.  Addyman.  B.Sc.  (Lend.).  F.I.C.  With  24  Illusirations.  Crown 
8vo. ,  xj  6d.  net. 

HAGGARD.— A  FARMER'S  YEAR:  being  his  Commonplace 
Book  for  1808.  By  H.  Rider  Haggard.  With  36  Illustrations  by  G.  Leon 
Little  ana  three  others.     Crown  8vo.,  7i.  6</.  net. 

WATTS.— A  SCHOOL  FLORA.      For  the  use  of  Elementary 

Botanical  Classes,     By  W.  Marshall  Watts.  D.Sc.  Lond.    Cr,  8vo.,  aj.  td. 

WEATHERS. -- A    PRACTICAL    GUIDE    TO     GARDEN 

PLANTS.  Containing  Descriptions  of  the  Hardiest  and  most  Beautiful 
Annuals  and  Biennials.  Hardy  Herbaceous  and  Bulbous  Perennials.  Hardy 
Water  and  Bog  Plants,  Flowermg  and  Ornamental  Trees  and  Shrubs,  Conifers, 
Hardy  Ferns,  Hardy  Bamboos  and  other  Ornamental  Grasses ;  and  also  the 
best  kinds  of  Fruit  and  Vegetables  that  may  be  grown  in  the  Open  Air  in  the 
British  Islands,  wilh  Full  and  Practical  Instructions  as  to  Culture  and  Propa- 
gation. By  John  Weathers,  F.R.H..S.,  late  Assistant  Secretary  to  the  Royal 
Horticultural  Society,  formerly  of  the  Royal  Gardens,  Kew.  etc.  With  163 
Diagrams.     8vo..  zis.  net. 

WEBB.— Works  by  HENRY  J.  WEBB.  Ph.D..  B.Sc.  (Lend.). 
ELEMENTARY    AGRICULTURE.      A   Text-Book   specially 

■  adapted  to  the  requirements  of  the  Science  and  Art  Department,  the  Junior 

H  ExaniiiiBtion  of  the  Koyal  Agiicuitural  Society,  and  Other  Elementary  Exami- 

m  nations.     With  34  Illustrations.     Crown  Bvo.,  2j.  6J. 

I       AGRICULTURE.     A  Manual  for  Advanced  Science  Stud^^^'^'^ 
ft  With  100  Illustratioos.    Crown  8va,  7^.  bd.  net 


2  8       Sderttifit   IVorks  published  by  Longmans,   Green^  &*  Co, 


WORKS  BY  JOHN  TYNDALL,  D.G.L.,  LL.D.,  F.R.S. 

FRAGMENTS    OF    SCIENCE:    a   Series  of  Detached    Essays, 

Addresses,  and  Reviews.     3  vols.     Crown  8vo. ,  i6j. 

Vol  I.— The  ConititQttoD  of  Nature— Radiatf on— On  RsdUnt  Heat  Id  Relation  to  the 
Colour  and  Chemicat  CoDililation  of  Hodies — New  Chemical  Rcuciiooa  produced  bjr 
Light— Od  Dust  and  DiscaM — VoyAge  to  AJcerU  to  obaerve  the  Ecllpae— Niacnn — 
The  Paraltcl  Roadi  of  Glen  Ro^— Alpine  Sculpture — Rrccnt  EtperiiDcotf  oo  Fog- 
Slgoala — On  the  Study  of  Physici — On  CryvTallioe  and  Slaty  Cleavage — On  Para- 
magnetic and  Diamagnctic  Forces — PhyMcai  Baiii  of  Solar  Chcmialry — Elcmentaiy 
Magnetiam — On  Force — Contributions  to  Molecular  Phv^ica — Life  and  Letter*  m 
Fakaimv— The  Copley  Medalliit  of  1871^— The  Copley  Medallist  of  1S71— Death  by 
LightoinK — Science  and  the  Spirits. 

Vol.  11.— Reflections  on  Prayer  and  Natural  Law— Miraclea  and  Special  Providence:! — On 
Prayer  as  a  Form  of  Physical  Energy— Vitality— Matter  and  Force— Scientific  Ma* 
terialism — An  Address  to  Students— Scieniitic  Use  of  the  Imaguatioo- The  Belfa*! 
Addresa— Apology  for  the  U'Mfast  Address— The  Rev.  Jamus  Martixeal'  and  the 
BelfaBt  Addresa- Kerroenution.  and  its  BeanngB  oo  Surgery  and  Medicine — SpoD- 
taneous  Gen rrat ion— Science  and  Man— Professor  Virchow  and  Erolarioo — Tlia 
Electric  Light. 

NEW  FRAGMENTS.     Crown  8vo..  los.  6d. 

CosTKNTs.— The  Sabbath- Goelhe'i '  Farbenlehre  '-Atoms.  Molecule*,  and  Ether  Warea 
— Connt  Rumford— Louis  Pasteur,  his  Life  and  Labours— The  Rainbow  and  its  Coagener>— 
Address  delivered  at  the  Blrkbeck  Institution  od  October  za,  15^4 — Thomas  Youne — Life  in  the 
Alps— About  Common  \Vater— Pergonal  Recollections  of  Thomas  Carlyle — On  Unveiling  the 
Statue  of  Thomas  Carlyle— On  the  Origin,  PropagatiOD.  and  Pre\-entioo  of  Phihi&ia— Old 
Alpine  Jottings- A  Morning  on  Alp  Lusgen. 

LECTURES  ON  SOUND.     With  Frontispiece  of  Fog-Syren,  and 

303  other  Woodctiis  and  Dia^Ams  in  the  Text.     Crcn^'n  Svo..  icu.  Sd. 

HEAT,   A   MODE  OF   MOTION.      With    125    Woodcuts    and 

Diagrams.     Crown  Svo. ,  i3J. 

LECTURES   ON    LIGHT  DELIVERED   IN  THE   UNITED 

STATES  IN  1872   AND   1873.     Wilh  Portrait,  Lithographic  Plaie,  tod  59 
Diagrams.     Crown  8vo..  5;. 

ESSAYS  ON  THE  FLOATING   MATTER  OF  THE  AIR  IN 

REL.ATION  TO  PUTRKF ACTION  AND  INFECTION.    With  24  Wood- 
cuts.    Crown  8vo..  7J.  6d. 

RESEARCHES   ON    DIAMAGNETISM    AND    MAGNECRV- 

STALLIC  ACTION ;  including  the  Question  of  Diamagnetic  Polanly.    Crown 
8vo.,  I  or. 

NOTES  OF  A  COURSE  OF  NINE  LECTURES  ON  LIGHT, 

delivered  at  the  Royal  Irutitution  of  Great  Britain,  1869,     Crown  6vo. ,  x/.  6<^. 

NOTES    OF    A    COURSE    OF    SEVEN     LECTURES    ON 

ELECTRICAL  PHENOMENA  AND  THEORIES,  delivered  at  the  Royml 
Institutton  of  Great  Britain,  xSya     Crowii  8x'0.,  is.  bd, 

LESSONS  IN  ELECTRICITY  AT  THE  ROYAL  INSTI- 
TUTION 1875-1876.     With  58  Woodcuts  and  Diagnuns.     Crown  8va.  ax.  6rf, 

THE  GLACIERS  OF  THE  ALPS:  being  a  Narrative  of  Excur- 
sions and  Ascents.  An  Account  of  the  Origin  and  Pheaooiena  of  Glaciers,  and 
an  Exposition  of  the  Physical  Principles  to  which  they  are  related.  With 
7  Ulustnitions.     Crown  8vo.,  6j.  &/.  net. 

HOURS  OF  EXERCISE  IN  THE  ALPS.     With  7  Illustrations. 

Crown  8vo.,  6j.  6rf.  net. 

FARADAY  AS  A  DISCOVERER.     Crown  8vo.,  31,  6d, 


Scientific  Works  published  by  Longmans,   Gretn^  cr  Co.       29 


TEXT-BOOKS  OF  SCIENCE. 


PHOTOGRAPHY.      By    Sir    William 

DE     Wl\'KLK5LIE     ABNEY,     K.C.B.. 

F.R.S.  Wiih  lUustrations.  Fcp. 
8vo. 
THE  STRENGTH  OF  MATERIAL 
AND  STRUCTURES.  By  Sir  J. 
Anperson.  C.E.  With  66  lUus- 
iratioas.     Fcp.  Bvc,  y.  6d. 

RAILWAY  APPLIANCES.  BySirJOHN 

Wolfe    Barry.     K.C.B.,    F.R-S.. 

M.I.C.E.       With    ai8    lUusirations. 

Fcp.  Svo.,  41.  6rf. 
INTRODUCTION    TO  THE  STUDY 

OF    INORGANIC    CHEMISTRY. 

By  WlLUAM  ALLEN  MlLLER,  M.D., 

lL  D.,  F.  R.S.    With  7a  lUmirations. 

QUANTITATIVE  CHEMICAL  ANA- 
LYSIS. By  T.  E.  Thorpe,  C.a, 
F.R.S.,  Ph.D.  Wth  88  lUustrations. 
Fcp.  8vo.,  4J.  6rf. 

QUALITATIVE  ANALYSIS  AND 
LABORATORY  PRAC^TICE.  By 
T.  E  THOKfE.  C.B..  Ph.D..  F.R.S.. 
and  M.  M.  Pattison  Muir,  M.A. 
and  F.R.S. E.  With  Plate  of  Spectra 
and  57  Illustrations.    Fcp.  Svo. .  ^r.  6d. 

INTRODUCTION  TO  THE  STUDY 

OF    CHEMICAL    PHILOSOPHY. 

By   William    A.    Tilden.    U.Sc.. 

I-ondon,  F.R.S.   With  5  Illustrations. 

With  or  without  Answers  to  Problems. 

Fcp.  8vo,.  41.  6(i 
ELEMENTS   OF   ASTRONOMY.     By 

SirR.  S.  Ball.  LUD..  F.R.S.    With 

130  Illustrations.     Fcp.  8vo.,  6f.  6d. 

SYSTEMATIC  MINERALOGY.  By 
HiLAKY  Baurrman,  F.G.S.  With 
373  lUuslralions.     Fcp.  8vo..  6u. 

DESCRIPTIVE  MINERALOGY.  By 
Hilary  Bai/erman,  F.G.S. .  etc. 
With  236  Illustrations.     Fcp.  8vo..  6s. 

METALS:  THEIR  PROPERTIES 
AND  TREATMENT.  By  A.  K. 
HtWTiNGTONandW.G.  McMillan. 
With  laa  Illustrations.  Fcp.  8vo., 
7/.  6d. 

THEORY  OF  HEAT.  By  J.  Clerk 
Maxwell.  M.A.,  LL,D,.  Edin,. 
F.R.SS.,  U  A  E.  With  38  lUuslra- 
tioos.     Fcp.  8vo.,  4s.  6J. 

PRACTICAL  PHYSICS.  By  R.  T. 
Gl-AiCE BROOK.  M^.  F.R.S.,  and  W. 
N.  Shaw,  M.A.  With  134  Illustra- 
tions.    Fcp.  8vo.   js.  6rf 


PRELIMINARY  SURVEY   AND   ES- 
TIMATES. By  Theodore  Graham 
Gribble,  Civil  Engineer.     Inclu^ltng 
Elementary  Astronomy,    Route   Sur- 
veying, Tacheometry,  Curve-niuging, 
Graphic      Mensut-ation,      Estiuiait:3, 
Hydrography  and  Instruments.  With 
133  lUusiralions,     Fcp.  8vo.,  7J.  6J. 
ALGEBRA   AND   TRIGONOMETRY. 
By  WiLUAM  Nathaxiel  Gkippin, 
B.D.     31.  6t/.     Notes  on,  with  Solu- 
lions  of  the  more  difficult  Questions. 
Fcp.  8v(j.,  31.  60*. 
THE  STEAM   ENGINE.     By  Georgk 
C.  V.  Holmes.  Secretary  of  the  Insti- 
tution of  Naval  Architects.     With  aia 
Illustrations.     Fcp.  8vo..  6/. 
ELECTRICITY  AND  M.AGNETiSM. 
By  Flelming  Jenkin.  F.RSS.,  L. 
&  E.     With  177  Illustrations.     Fcp. 
8vo.,  y.  M. 
THE    ART    OF    ELECTRO-METAL- 
LURGY.       By    G.    Goke.     LLD., 
F.R.S.    With  S6  lUus.    Fcp.  8vo..6r. 
TELEGRAPHY.  "By  Sir  W.  H.  Preeck, 
K.C. B. .  F. R.S. .  M. I. C. E.,  and  Sir  J. 
SiVEWRiGHT.  M.A..  K.C.M.G.  With 
367  Illustrations.     Fcp.  Bvo.,  6j. 
PHYSICAL       OPTICS.     By      R.      T. 
Glazkbro*)k.  M.A..  F.R.S.      With 
1S3  Illustrations.     Fcp.  Bvo.,6j. 
TECHNICAL    ARITHMETIC     AND 
MENSURATION.      By   Charles 
W,    Mekriefield.  F.R.S.     y.  td. 
Key,    by    the    Rev.   JoHN    HUNTER, 
M.A.     Fcp.  Svo..  y.  &/. 
THE  STUDY  OF  ROCKS.     By  Frank 
RiTTLKT,  F.G.S.     With  6  Plates  and 
88  Illustrations    Fcp.  Svo..  4J.  bd. 
WORKSHOP  APPLIANCES,  including 
Descriptions  of  some  of  the  Machine 
Tools  used  by  Engineers.     By  C.  P. 
B.   Shelley.   M.LC.E.     With  323 
Ulustratioas.     Fcp.  Svo.,  v. 
ELEMENTS  OF  MACHINE  DESIG.N. 
By  W.  Cawthorne  Unwin.  F.R-S,. 
B.Sc.    M.LC.E. 

Part  I.    General  Principles.  Fasten 
\n^  and  Transmtssive  Machinery. 
With  345  Illustrations.     Fcp.  Bvo., 
75.  6d. 
Part   II.       Chiefly  on   Engine  De- 
tails.       With      174     lllustrmtions. 
Fcp.  Svo. ,  41.  6d, 
STRUCTURAL  AND  PHYSIOLOGI- 
CAL BOTANY.  ByOrroWiLHELM 
Thome,  and  A.  W.  Bennett,  M.A., 
B.Sc..  F. US.    With  600  Illusiraiion*- 
Fcp.  Bvo. ,  6v.  ^ 

PLANEANDSOLIDGEO*A.«-'^V^i-      ^ 
H .  W.  W  kt:^^*.  .Vi  -t^  "«^».^^^-  -V*  - 


i©^  'M 

r;  ■    '      "  '  ■ 

^H 

1 

^^M 

LANE 

To  avoid  fine. 

or  before 

MEDICAL  LIBI 

lARY 

c  returned  on 
>ed  below. 

1 

BUILOINC 

0>«  Am) 

f  11  1  let  I     1  I 

this  book  should  h 
the  date  last  stam; 

ni«     J 

1  1 1  nil  1  .11 

THEORE' 
Solids,  if 
and    Kb 
M.A..  F 

lions,   13 
over  goo 
Papers,  c 

'"r 
S 

HEAT.     By 
Inter.  B.. 

»ra 

tralions  a 
Eraraina 
4J.  6(/. 

Ifhm 

LIGHT.     By 
With  333 

*iia«, 

MAGNETIS 
By  Arth 
With  317 
4i.  &/. 

INORGANIC 

RETICA 
A  Mantia 
Classes  of 
mem.    Bj 
F.I.C.  W 
Woodcuts 

E 

u 

'.•  WriiUHSi 

f 

■ 

OF  SC 

■ 

tory  0/ 

■ 

PRACTICAL.  PLANE.  AND  SOLID 
GEOMETRY,  including  Graphic 
Anihinetic.  By  I.  H.  Morris.  Fully 
Illustrated  with  Drtiwings.  Crown 
8vo. .  aj.  W, 

GEOMETRICAL  DRAWING  FOR 
ART  STUDENTS.  Embracing 
Plane  Geometry  and  its  Applicalioiu, 
Ittt  Vm  or  Scales,  and  the  Plans  and 
ElMjjtfMorScUds.  By  I.  H.  Mcrkis. 

GTVMrVr'O'.j  2S, 


I  TEXT  ■  BOOK       ON       PT^  '  --i       y\ 
SOLID,  OR  DESLRIi  ty, 

MKTRY.  By  Davip  _  .  .^^^ 
(Wbitworth  Scholar)  P*it  i.  i^rown 
8vo..  aj.     Part  U.  Crowti  gvo..  3*. 

AN  INTRODUCTION  TO  *'*'"»VK 
DRAWING    AND    D.  > 

David  Au.an  Low.    W  ^v. 

tralions.    Crown  Bva,  ai.  Ck^, 


j21     Vliatson,    V..                3^^^^ 
YiZ4          A   text-boolc   of                          1 
1902            physics.                                 i 

NAME 

DATE  Dt/B        ^^^^^ 

~^^^ 

. 

/ 

_/ 

-i 

